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Abstract. Total p-norm Variation (TpV) is a well-established technique
in image processing, used to denoise and preserve edges. However, the
related non-convex minimization is still a challenging task in optimiza-
tion, both for the computational cost and for convergence guarantees
toward a good local minimum. We propose a framework, called (TpV)?,
embedding a convolutional neural network to speed up the iterative re-
construction while preserving converging features. The resulting hybrid
method is robust and accurate. Verifications and comparisons illustrate
that the proposed method is effective and promising.
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1 Introduction

Gradient sparsity is a commonly employed tool in imaging applications, such as
image reconstruction and image processing. In particular, sparse gradients play
a crucial role in compressed sensing, enabling the reconstruction of high-quality
images from a limited amount of data. Forcing gradient sparsity is extremely
useful in fields such as medical imaging, where preserving boundaries of low-
contrast objects is essential for accurate diagnosis and treatment. In model-
based approaches, the sparsity of a gradient is usually embedded as a prior R in
a minimization problem of the form:

min F(x) + AR(x) (1)
xTcR™
where x is an image in R™ and F is a data fitting operator.

It is well known that the ¢y quasi-norm, measuring the cardinality of its
argument, is the best possible sparsifying function, but its minimization is com-
putationally very expensive. Luckily, the signal recovery is still possible if one
substitutes the ¢; norm to the ¢y quasi-norm under suitable hypotheses [2, 11].
The resulting Total Variation (TV) prior (corresponding to the ¢; norm of the
image gradient magnitude) has been widely used in image processing for more
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than two decades [7, 23], above all for tomographic applications [5, 14, 18, 22].
However, it also has certain drawbacks that need to be considered, as it typically
over-smoothes regions with fine details or textures.

In order to better approximate the ¢y quasi-norm, the ¢,, 0 < p < 1, non-
convex sparsifying norm can be adopted. For a fixed p, the isotropic Total p-norm
Variation (TpV) of an image € R™ reads as:

n

TpV (@) = | Dallp = > (\/(Vae)? + (V)?)” 2)

i=1

where (Dz); = \/(Viax)? + (V,x)? reflects the magnitude of the gradient image
and Vj and V, denote the differences among two adjacent pixels in the hori-
zontal and vertical directions, respectively. TpV has already been successfully
used in a number of imaging applications such as image enhancement [9, 17] and
image reconstruction [1, 19, 25]. The drawback of non-convex minimization is
the difficulty in solving the optimization problem, admitting possible multiple
local minima. Many efforts have been made to propose efficient strategies or
adapt the algorithms considered for convex optimization to the non-convex case.
In [8], the authors presented a proof of asymptotic convergence of £, towards g
and demonstrated that even if the global minimum cannot be guaranteed in this
case, finding a local minimizer can produce an exact reconstruction of sparse
signals with many fewer measurements than in case of p = 1. Furthermore, the
TpV practical interest is limited by the difficulty of the computational stage.
Non-convex iterative minimization is often more computationally intensive and
time-consuming than the convex one, as it often requires more iterations to
converge to a solution and may require solving multiple sub-problems at each
iteration. In addition, the dependence of the convergence solution on the starting
iterative guess makes the non-convex framework particularly difficult to tackle.
Beyond a shadow of a doubt, a new wave of innovation is fundamentally
changing the image-processing sector and is represented by deep learning. While
these models can achieve high accuracy when used to enhance images as black
boxes (even in a post-processing phase), from an optimization perspective it is
not even clear whether or not we are still addressing the original associated and
mathematically grounded imaging problem [20] and the reliability of the final
solutions must be discussed [16]. The lack of interpretability, or the inability
to understand how the model arrived at its decision, has motivated the design
of hybrid schemes (also referred to as learnable optimization algorithms), where
deep learning is used to foster the performances of optimization schemes. We
briefly recap the three main classes of algorithms, citing only a few of the several
papers on this topic: (i) plug-and-play schemes, where a denoising network is
embedded in an iterative algorithm as regularizer [4, 13|, (#) unrolling methods,
where a deep network architecture implements an optimization solver and learns
model parameters [15], or (i7) multi-step frameworks [12, 24].
To our knowledge, no one has already considered non-convex regularization in
the last two hybrid approaches. The only exception is [10] where a non-convex
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and non-smooth prior is learned for image reconstruction and used in a descent
algorithm.

Our goal and approach

In this work, we develop a new two-step learnable optimization framework for
solving non-convex image reconstruction problems. Specifically, in the first step,
we apply a robust convolutional neural network to input data to provide a coarse
image with sparse gradients. We underline that neural networks are generally
non-stable with respect to noise when solving an ill-posed inverse problem. We
face this problem by applying a stabilizing strategy based on the TpV prior.
Then, the output of the network is used as the starting guess of an iterative
solver tackling the TpV-regularized imaging task. We denote our proposal as
(TpV)?2, i.e. TpV-squared, since we force the TpV prior in both the two steps.
It is illustrated in Section 2.

We remark that we fully preserve convergence properties and the mathemat-
ical characterization of the final solution, despite the use of a neural network.
In addition, we have performed numerical experiments for tomographic imaging,
and the results (reported in Section 3) demonstrate that our (TpV)? achieves
good solutions but also inherits robustness from the data-driven step outper-
forming iterative non-convex algorithms.

2 The (TpV)? approach

In this paper, we consider imaging tasks stated as under-determined linear in-
verse problems of forms:

y=Kx+e e~N(005%) (3)

where € R™ is the grey-scale image we want to reconstruct from data y €
R™ affected by white gaussian noise e of 02l variance (being I € R™*™ the
identity matrix), K € R™*" is the linear forward imaging operator, and n >
m. Exemplar imaging applications are super-resolution, where K denotes the
downsampling operator and y the low-resolution image, and tomographic image
reconstruction from sparse measurements, where K models the X-ray projections
and y represents the sinogram data. Due also to the typical ill-posedness of
the inverse problems, it is convenient to introduce a regularization item and
reformulate the imaging task as the regularized optimization problem (1). In
this work, we consider the following problem statement:

min (85, (K — ) + M| Dz|[}) (4)
where A > 0 is the regularization parameter and the data fitting is expressed

through the indicator function 0p, () of the 2-norm ball By (e), which is defined
as Ba(e) = {x € R™: ||z||]2 < €} for a suitable € > 0.



4 E. Morotti et al.

1| - 1 |’ 64 64 64 TpV.Net 64 E‘i 6’4 1
i

|

]
Fig. 1: Graphical representation of the proposed (TpV)? procedure, applied to
tomographic image reconstruction.
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In this section, we illustrate our (TpV)? procedure to solve the TpV-regularized
optimization problem (4). It is also graphically represented in Figure 1, for to-
mographic reconstruction from sub-sampled sinograms. As anticipated, it is de-
signed in two steps, and the TpV gradient sparsity prior plays an important role
in both.

2.1 The TpV Chambolle-Pock algorithm

To solve the TpV-regularized problem (4), we use the reweighted Chambolle-
Pock (CP) algorithm illustrated in [19]. The CP algorithm has been first pro-
posed for image processing applications [6] and then efficiently used for convex
TV-based image reconstruction from sub-sampled tomographic data [14, 21].
Exploiting the reweighting strategy illustrated in [3]|, the CP has been applied
to a reformulation of the TpV non-convex minimization into a convex weighted
TV problem. Indeed, we can alter the objective function in (4) as:

min (35, o (K@ — y) + A we Da || (5)

introducing the element-wise product with the weights w € R”, defined by:

-1
w — <\/772+ |Vw2)p

n

with a predefined n > 0. It is now possible to address problem (5) with a slightly
modified version of the CP algorithm, which we will denote in the following as
TpV-CP. We recall it is an iterative procedure solving the primal-dual problem
up to a convergence criterium [19]. Typically, hundreds of iterations are required,
hence the computational effort can be significant.

2.2 The TpV-Net preprocessing

As the numerical solution of a non-convex problem depends on the initial guess
() initialized in the iterative solver, we want to find a good starting point
effortless. This could also accelerate the convergence, reducing the number of
iterations to achieve a good minimum. In this regard, we believe neural networks
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(NNs) can be of help. In fact, once pre-trained, the forward processing of a NN
is characterized by a very short computational time. For this reason, before
applying the TpV-CP algorithm, we use a network to preprocess the data y and
obtain a good x(9).

Precisely, we have designed an architecture that takes inspiration from a
classical residual UNet, similar to [12]. In the case of n > m, it is known that
a fully-convolutional neural network is unable to recover the n-dimensional so-
lution x of an inverse problem from the m-dimensional data, due to the lack of
translation-equivariance. Hence, we transform the input y into a n-dimensional
image (approximating the output) by applying a sequence of K frozen, untrained
layers. Such layers act as the first K iterations of an iterative method, solving the
TpV imaging problem from a pre-fixed starting guess z(?). We always set a(%)
as the zero constant image. In this scenario, we opt for the TpV-CP algorithm
as the underlying solver. As visible in the graphical draft of Figure 1, the input
y is fed to each subsequent K layers by adding skip-connections. The result of
this procedure is then processed by a standard UNet architecture to produce an
approximation of the target image efficiently. Because of the initial frozen layers,
our network embeds the TpV prior strongly; hence we denote it as TpV-Net.
We highlight that the UNet structure needs supervised training. We can use
ground truth images, if available. Alternatively, we can use the images gener-
ated by the TpV-CP at convergence, applying it to a set of available data {y};
to create a specific training set. In this case, the network can properly learn the
sparsifying pattern of the TpV-CP solutions and replicate it onto its outputs.

3 Numerical Results

In this section, we report and discuss results achieved with the proposed (TpV)2.
It has been applied to reconstruct images from synthetic tomographic measure-
ments. We have used the COULE dataset?, whose 256 x 256 gray-level images
contain low- and high-contrast objects, such as overlapping ellipses of uniform
intensities, and dots.

Our tomographic simulation considers 180 scans in a 180-degree angular

range. The detector has 358 recording units. The additive noise e has noise
level 0.003.
In the imaging model, we set p = 0.5 and A = 0.006 as constants, whereas
€ = eovVm||Y||eo with ¢g = 0.001 differs for every image. In the TpV-Net, we
set K = 10. The network has been trained to minimize the mean squared error
between the prediction of the network and the corresponding label, with Adam
optimizer and a step size of 0.001, for a total of 50 epochs. We always use the
null image as starting iterate of the TpV-CP solver, whereas we stopped it at the
k-th iteration if ||z(®) —2(*=1)||, < 1073, Indicatively, it takes 180-300 iterations
to achieve precise (numerical) solutions, in this setting.

The Github to replicate the experiments can be found at: https://github.
com/devangelista2 /TpV-squared.

4 https://www.kaggle.com/datasets/loiboresearchgroup/coule-dataset
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Training to GT  Training to TpV-CP
Image GT TpV-CP TpV-Net (TpV)? TpV-Net (TpV)?

- 0.0082 0.0649  0.0127 0.0654  0.0117
- 0.0212 0.0461  0.0081 0.0493  0.0080

10 0.0136 0.0148 0.0175  0.0150 0.0181  0.0148
TV oy 0.0170 0.0262 0.0197  0.0179 0.0204  0.0180

Table 1: Quantitative metrics for image quality assessment, on test images.

10
RMSE 14

Fig. 2: Results on the test image number 10, by the (TpV)? method trained with
convergence images as target. Left: GT; Center: TpV-Net; Right: (TpV)2. The
zoomed red square highlights a region of interest.

In Table 1, we consider a couple of significant test images that have been
processed with the same setup but exhibit different results. In the table, we
report the root mean square error (RMSE) and the normalized TV value nTV =
Ly (Dx); to compare the Ground Truth (GT) images to the convergence
solutions. In the case of test image number 10, the TpV-CP convergence image
has the smallest error, and all the nT'V values are close to the corresponding
GT one. Independently from the training settings, the TpV-Net images already
have sparse gradients, but the second step of the (TpV)? is necessary to reduce
the RMSE strongly. As visible in Figure 2, when we train our network with
the TpV-CP images as target (thus avoiding GT images at all), the mere TpV-
Net method already provides a good image with thin details. However, the final
solution is much closer to the GT image, with almost perfect edges and great
uniformity. We highlight that it has been achieved in only 33 iterations of the
TpV-CP algorithm, hence the preprocessing has been effective in finding a good
starting iterate.

Differently, the 14-th test image has been poorly reconstructed by the TpV-
CP procedure, in 470 iterations: the image appears noisy in Figure 3, its RMSE
is higher than 2% and its nTV reflects a high gradient magnitude. The global
solution of the reweighted approach has converged to a local minimum of the
original non-convex problem. On the contrary, the (TpV)? is not affected by
the instability issue of non-convex optimization, as the two reported images look



Fig. 3: Results on the test image number 14. Left: TpV-CP at convergence; Cen-
ter: (TpV)? trained with convergence images as target; Right: (TpV)? trained
with GT images as target. The zoomed red square highlights a region of interest.

homogeneous and precise, and they only required about 65 iterations of TpV-CP
in both cases. Also the quality assessment metrics confirm this observation.

4 Conclusion

Deep learning and optimization are two different approaches to solve imaging
tasks, each with its own strengths and weaknesses. We have proposed an algo-
rithm exploiting all their strengths, to solve a non-convex minimization problem
with a data-driven speed-up enforcing the convergence to a reliable minimum.
Results achieved on tomographic reconstructions have confirmed the effective-
ness of our (TpV)? algorithm, outperforming the robustness of mere iterative
solvers for non-convex optimization, with respect to noise and algorithmic pa-
rameters.
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