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ARTICLE INFO ABSTRACT

Keywords: The problem of barrier-crossing is considered in the case when the surroundings of the barrier
Kramers’ reaction rate maintain some memory, while, at the same time, the heat bath is at equilibrium. The system
Fractional Gaussian noise is modelled by the generalised fractional Langevin equation with the noise term described by

Reactive flux method

S fractional Gaussian noise (fGn). The analytical solutions, in the time domain, are given in terms
Multinomial Mittag-Leffler

of the multinomial Mittag-Leffler function and the transmission coefficient is expressed in closed
form as a function of the friction coefficient, of the barrier height, and of the Hurst exponent.
Kramers’ theory rate constant is a special case of the present treatment.

1. Introduction

Many processes in diverse scientific fields can be comprehended under the magnifying lens of reaction rate theory that offers
pertinent information on the long-term behaviour of systems with various metastable states. Arrhenius was the first who quantified
the rate k of a chemical reaction, k = vexp(—AU /kgT), in terms of a free energy-like quantity, AU, and of a prefactor v whose
units contain 1/s [1]. k5T is the Boltzmann’s constant times the temperature of the bath, and the exponential factor exp(—AU /kgT)
is attributed to van’t Hoff [2], see also discussion in Ref [3]. Application of Arrhenius law in complex kinetics is questionable
because the estimation of AU and v is challenging. Theories trying to unravel these two parameters usually consider the reaction
as a conformational transition along a one-dimensional path (reaction coordinate) containing a peak, which is called the transition
state (TS), also known as the point of no return since if the reactant passes the TS, it automatically becomes product.

Kramers, in his seminal work [4], presented an appealing explanation of chemical kinetics in solution. He considered the
dynamics along the reaction coordinate as Brownian motion within a force field. In this theoretical framework, the TS is no longer
the no-return point but rather a point where environmental fluctuations decide if the reactant moves towards the product state or
returns back to its initial one. Kramers used the Langevin equation — constant friction coefficient and thus a memoryless noise
term (white noise). He derived in phase space a Fokker—Planck equation also known as Kramers equation. He demonstrated that in
the high friction regime, the mean first passage time (z) is proportional to the magnitude of the friction coefficient. This finding is
the opposite of the low friction limit, where 7 is proportional to the inverse of the friction coefficient [4]. Kramers used the flux
over population formulation for the rate constant [5], and in his approach assumed three time scales: (a) the collision timescale,
which is shorter than, (b) the equilibration time within the well, which is shorter than (c) the escape time from the well. The three
timescales imply that barrier-crossing is a thermally activated process. Over time, Kramers theory has undergone numerous tests
and extensions [3,6-9].

Grote and Hynes calculated the transmission coefficient for Gaussian-distributed and oscillatory friction coefficients [10], relaxing
the coupling between heat bath and reaction coordinate around the barrier by considering only local memory effects in the barrier
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region while at the same time assuming the dynamics of the population in the potential well to be Markovian. Mel'nikov and
Meshkov, by using an integral equation in energy variable, bridged the gap between low and high friction regimes, and their
approach is valid for the entire spectrum of friction values [11]. Hanggi and Mojtabai by using the flux over population method
generalised Kramers’ modelling for thermally activated processes with long time memory, and turned out to the Grote-Hynes
transmission coefficient [12]. Some years later, Pollak made use of the equivalency of the generalised Langevin equation GLE to a
harmonic bath, and by using normal mode analysis for the system plus the Hamiltonian of the bath, ended up with the Grote-Hynes
formula [13].

Tannor and Kohen by using the reactive flux method obtained Kramers formula. In their derivation, they exploited the
equivalence of the Fokker-Planck equation and the Langevin equation [14]. The reactive flux method (RFM) assumes that reactants
and products are at equilibrium and the total flux through any surface that divides reactants and products is zero, trajectories start
at the top of the barrier, and one enquires, in the long time limit, whether they end up as products or reactants. RFM due to its
computational ease, has become the major tool for determining rate constants through molecular dynamics simulations. Details of
the method can be found in Ref. [14] and the references therein.

By using the reactive flux formalism [14], the Grote-Hynes transmission coefficient for the rate of barrier crossing in the presence
of memory friction has been extracted, and the behaviour of the rate constant at all times has been provided [15]. The transmission
coefficient in the presence of coloured noises, using the same approach, has been expressed with the help of the two-parameter
Mittag-Leffler function, which provides closed results for some specific values of the Hurst exponent [16]. It is important to note
that the RFM applies when the different time scales that depict equilibration within the well and escape times are well separable, as,
for instance, happens in the presence of high barriers, opposed to the low ones where different time scales coexist [17]. Moreover,
according to recent reports, the first passage time of a Brownian particle at a target point is not minimised by free diffusion or,
equivalently, by the absence of a barrier; rather, the process is sped up by the barrier itself [18]. As of right now, there is still no
straightforward expression for the transmission coefficient that takes into account the barrier height, the Hurst exponent, and the
friction coefficient. Since the Hurst exponent is a measure of memory of the dynamics of the molecules involved in the reaction
and ultimately influences how the barrier is overcome, it is desirable to establish a direct relationship between the transmission
coefficient, this exponent, and the rest of the parameters.

Herein, in the context of the RFM we solve the generalised Langevin equation, which describes the motion of a reactant (probe
particle) in the presence of an inverted parabola playing the role of the barrier, in the presence of a fractional Gaussian noise
(fGn) that incorporates memory effects around the barrier. The heat bath is considered to be at equilibrium, and we consider the
strong damping limit. The analytical solutions are given in terms of the multinomial Mittag-Leffler function, and the transmission
coefficient at equilibrium takes a simple form that depends only on the parameters of the system, i.e., the friction coefficient, the
barrier height, and the type of noise represented by the corresponding Hurst exponent. We show that anti-correlated noises favour
barrier-crossing as opposed to correlated ones. The result states that anti-correlated noises extend the time a probe molecule stays
over the barrier before being renewed.

2. Crossing over a barrier

Assuming that conditions RFM must satisfy are fulfilled, and by following the work of Tannor and Kohen [14,15], the reaction
rate reads

_E pe ™G e %
k(1) = M kgT / duge BT ”0/ dx/ du x P(x,u,t;xq = 0,uy,0) (€Y
hQ — 0 —0

)

_EL
where the term kpgp = kQLhTe k5T js the reaction rate according to TST, with E' being the energy difference between the top of the
barrier and reactants. The propagator P(x,u,t;xy = 0,u,,0) is defined by Eq. (2).

1 _
P(x,u,t;x9 = 0,1,0) = L sie o) (@3]
2zA\/o(t)
where x(r) describes the reaction coordinate, u(f) is the velocity along the reaction coordinate, r(r) = [x(r) — (x()), u(t) — (u(?))] is a
vector, and o(?) is the covariance matrix containing the second moments: 6, (f) = 6,,.(t) = {(x(?) = (X(D)?), 61(t) = 61 (1) = 6,,(1) =
6, (D) = ((x(®) = (xON W) — (u®)))), and 65, (1) = 6,,() = ( — (u))?), x, the position along the reaction coordinate at the initial time
t=0.

We start with an inverted parabola as potential energy, V(x) = V(x;) — %mwz(x_xb)z’ w is the angular frequency in the transition
state that plays a major role in Kramers’ theory, and x, is the location of the barrier that separates reactants from products. The
motion of a probe particle in this potential field under the influence of fGn noise [19] is described by the generalised Langevin
Eq. (3). [20-22]

t
mx(t) +/ Yt = Hx("dt' — mo*(x(1) — x;) = ErGn® 3)
0
where, y(1) ~ F(Z"_ a)t"’ expresses the generalised friction as a power law, and the thermal &, (¢) noise is the time derivative of
1
fractional Brownian motion (fBm), which was defined by Mandelbrot and van Ness [19] as By (1) := ﬁ ( fot(t -t )H T2dB(t)+
3
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/ 0 ((t—-1 )H T2 — (-~ )H “2)dB( )). B being the ordinary Brownian motion and H the Hurst exponent with H € (0, 1). fBm is the only
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Gaussian self-similar process, By (Af) ~ |4|'By(f), with stationary increments [19,23]. fBm is widely used to describe phenomena
across diverse fields of science, and is especially helpful when modelling diffusion in noisy and crowded environments [24-28].
Eq. (3) can be formally recast as a fractional Langevin equation in the overdamped limit (m — 0) [29], and its ergodic properties
have been noted (the time average mean square displacement equals the ensemble-averaged mean squared displacement) [30].
However, the ergodicity of fBm has recently been questioned due to either inertial effects [31] or the impact of nonlinear time
and space properties superimposed onto the fBm-type dynamics [32]. The covariance function of a fBm process has the form
(By®)By (")) ~2H 4 2 H s — ¢ |2H for 1,/ > 0, and accordingly the covariance of a fGn noise (¢ () = dB’: (r)) reads as follows
(ErenDEren) ~ GHQH - D)t =244l — ¢ )2 50— 1) [33). Asymptotically, for an internal noise, the second dissipation
fluctuation relation holds true (&;6,(1)é;G,(t")) = kgTy (|t —']) [34]. The friction term thus has the form y (1) ~ 12H-2 where

r(zy D
we identify a =2 —2H. For H € (0, %) / He (%, 1), the values of a represent antipersistent/persistent noises, respectively.

The integral, /0’ y(t — t)x(t")dt' is well defined for H € (%, 1), but it diverges for H € (0, %). This divergency is at odds with
the physical model of a power law friction force that affects the motion for large times compared to the collision time between
the bath molecules, and of course the latter time scale is larger than 0; too much of importance at zero. There are two options:
either raise the exponent’s power and continue with integration by parts or truncate the integral from below. We will proceed with
the former [20]. We write the term fO'(t "y %" )dr as fo (a Gt ymatl ) x(')dt" and integrating by parts we end up with

tla

—t fo(’ 1")!1=ex(¢')dr’', which is a well-defined integral for 1 < a < 2. By using the Laplace pair, L{f()}(s) = [y~ ¢™* f(t)dt1,
and the initial conditions x(t = 0) = x, u(t = 0) = u;, we find that the Laplace transform of the kernel y, fo (t —1")"%x(t')dt for both
l <a<2and0<a< 1 are identical the same and reads y,s% — y,x,s~ 1%

We use the Laplace pair to solve Eq. (3), after some algebra we find

@G (s)

x(s) = 2 0)G(s) + 0P (xg — x,)I(s) )]

and
Ergn(s)

u(s) = (ug + )8(8) + @*(xg — x,)G(5) (5)
where, G1(s) = 52 + isy(s) — w?, I(s) = G(s)/s, and g(s) = sG(s) are response functions. We define the generalised response
function [35],

50

Rs(s) = —————— 6

5(5) sz+iy(s)—w2 ©

whose inversion in the time domain provides the analytical forms of g(s), G(s), I(s) since for 6 = —1,0,1, it holds true that
R_;(s) = I(s), Ry(s) = G(s), and R(s) = g(s) The Laplace pair of the generalised friction function reads L{y(t)} = y,s~'*¢, and
the denominator of Eq. (6) has the form s> + % «”. Note that the parameter y, has units M /T>%, and all arguments present in

Egs. (7), (8), and (9) are dimensionless. It is worth mentioning that if the noise were white, then the denominator would take the
simpler form of s2 + 2 s — ®”* whose inversion in the time domain is made through factoring the denominator.

The inversion of Eq. (6) in the time domain is made through the multinomial Mittag-Leffler function, see the Ref. [35] and
references therein, and has the form

_ Ya o
Rs(t) =1! 5E(2’2_a)'2_5(w2t2,—;“12 &) @

For %"ﬂ‘“ > 1, Eq. (7) is reduced to a two-parameter Mittag-Leffler function and reads

Ryt = M5 g, (1 g0y (8)
ya a
Eq. (8) expresses the generalised response function in the overdamped limit, which can also be taken from Eq. (6) by considering
the limit s — 0, 5%/ (—s — w?), and then inverting it in the time domain. Eq. (7) provides the response functions g(t), G(t), and I(f)
in the entire time domaln. For t — 0, we find gt =0) =1, Gt = 0) =0, and I(t = 0) = 0. On the other hand, asymptotic expansion
of Eq. (8), E,,(2) = (]_r1M) e _ Zk . r(ml it ~k whenO<n<2and yeR: % < pu < min[x,nrx] [36], leads to

1 2 (1-a+é) a+5) mo? 1/ay
Rs(t) = yﬂ—(’"“’ ) e el )

a a

Assuming that x, = 0 as well as x, = 0, we find from Eq. (4) that (x)(f) = uyG(r). Substitution of the latter into Eq. (1) and
integrating yields
G(1)

Z—W’kTST
1 /G (t) + kaTO-X‘Vx(t)

where o, (1) = “2L21(1) - G*(1) + 0* I*(1)), see Appendix A.

Substituting into Eq. (10) the response functions, G(t) and I(¢), as predicted by Eq. (9), and taking the limit  — co obtains

L/ e\ /@2
k(H) = — < S ) kyst an
a

k(1) = 10)
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Fig. 1. Left Panel: The energy barrier frequency raised to a power that is a function of the Hurst exponent of the applied noise, w'i versus the barrier

frequency, o, is depicted. Right panel: ( )Z"H versus the parameter 2 for various values of H is illustrated. The values of H cover both anti-persistent and

persistent noises. Dashed line for H = 0.2, dot line for H = 0.3, and dashed-dot line for H = 0. 4; dark green for antipersistent noises. For H = 0.5, a solid black
line represents white noise. For persistent noises, dark orange is used: filled circles for H = 0.8, crosses for H = 0.7, and open circles for H = 0.6.

Assuming that y,/m — y, we write Eq. (11) that allows direct comparison to the reaction rate predicted by TST.

1/Q-2H
k() _ o <9> /G=2HD 12)
krst 14

Eq. (11) is the primary outcome of this work. It provides the reaction rate, as far as the reaction flux formalism is in use, as a
function of the energy barrier, the friction coefficient, and the Hurst exponent for both persistent and antipersistent noises. For the
same barrier and friction coefficient, Eq. (11) states that the reaction rate is higher for antipersistent noises than for white noise
(Kramers’ formula), which, in turn, is higher in relation to the impact of a persistent noise on the reaction rate; see also discussion.
Our findings are in line with reports where an overdamped Langevin equation has been integrating and the dependence of the mean
escape time on the noise intensity and the Hurst exponent for both persistent and antipersistent noises, as well as the probability
density for the escape times, have been evaluated [37]. Eq. (12) provides the same information as Eq. (11). However, when the
ambient noise is not white, it also provides a straightforward final result in the strong damping limit, which includes the Kramers’
’;{’T(;{T) has been examined before in a variety of ways; for
instance, for persistent fractional Gaussian noises in Ref. [16], the authors express it as the ratio of two Mittag-Leffler functions; see
Appendix B.

3. Discussion

Kramers, in his seminal work [4], found that the reaction rate as predicted by TST is reduced by a transmission coefficient of
=L+ §+w2
the form k(y) = —_— By setting ¢ = i, the reaction rate becomes k,(H = %) =(—e+ey/1+ eiz)kT s In the strong damping
limit, y > o, by setting y = ¢~! and taking the expansion, we find k,(H = %) = %kTST. By substituting in Eq. (12) H = 1/2, one
can readily verify that the ratio of the two rates satisfies Kramers’ theory.

Eq. (11) is a direct generalisation of Kramer’s result, since the latter is a subcase of the former. It is an exact result under the
assumption that the reactive flux formalism is valid and describes the impact of antipersistent and persistent noises on a molecule
for crossing a barrier. The value of the transmission coefficient, Eq. (12), is the result of the competition of two power law terms,

H-1/2
namely, ® -7 and (V )2 7

H-1/2
Both terms are functions of the Hurst exponent, which takes values 1n the range H € (0,1). The first term, w T-# , is always

equal to one if @ = 1 (in arbitrary units) or if H = 0.5. If w < 1, then wh: H > 1 for antipersistent noises (0 < H < 0.5) and its value
grows by lowering the value of H. On the other hand, for @ > 1 the value of this term is larger the higher the value of the persistent
noise is; see details in the left panel of Fig. 1. The second term describes Kramers’ result in the strong damping limit raised to a
power that is equal to the reciprocal of the exponent 2 — 2H.

On the other hand, the right panel of Fig. 1 shows the dependence of the parameter describing the strong damping limit, % <1,
when it is expressed as a power law of % For the illustration we use a cut-off value of 0.1 as the maximum value the damping
parameter can take. The value of the second term becomes larger the lower the value of H, which means that for strong antipersistent
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0.8 - 0.4

Fig. 2. The reaction rate as it is predicted by (12) is shown. The type of lines and the colour code remain the same as in Fig. 1.

noises, the contribution of this term is maximised. The combination of these two terms, which are displayed in Fig. 1 defines the
reaction rate, as it is expressed by (12), and it is shown in Fig. 2. The latter displays the dependency of the reaction rate on the
damping parameter, £, for four different values of the energy barrier, @ = 0.1,0.5,0.8, 1.2. In every instance, the rate decreases to
zero when 2 — 0, indicating that a very strong damping environment is not conducive to any reaction.

As the hypothesis of very strong damping weakens, the value of the reaction rate increases as the value of the Hurst exponent
decreases. Moreover, the lower the value of the energy barrier, the higher the value of the reaction rate for a given value of the
Hurst exponent; see Fig. 2, where for some values of the frequency term the reaction rate is displayed as a function of the damping
parameter. This observation is in line with the first passage behaviour of fBm, whose analytical form is known [38,39] and has been
confirmed by numerical simulations [40]. And yet, it is worth mentioning the linear increase of the rate when it is subject to white
noise (the solid line), whose magnitude depends on the height of the energy barrier.

4. Conclusions

In the present work we examined the barrier crossing problem, assuming that the reactive flux formalism is valid. The problem
is formulated with a fractional Langevin equation whose noise term is given by a fractional Gaussian noise and describes the
fluctuations around the barrier. The solutions are expressed in terms of the multinomial Mittag-Leffler functions. In the long-time
limit, we get a closed analytical form for the reaction rate. In fact, we proved in a straightforward and precise manner the dependency
of the reaction rate on the energy barrier, the Hurst exponent that classifies the type of fGn noise, and the friction coefficient.
Moreover, the result states that anticorrelated noises extend the time a probe molecule stays over the barrier before being renewed.
The compact form and simplicity of the reaction rate make it an excellent candidate for understanding experimental systems and
the role that environmental noise plays in crossing barriers.
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Appendix A

The mean square displacement, ((x()—x(¢'))?) = (x(t)*)=2{x(®)x(t"))+(x(")?), and C, ,(t,1') = (u(t)u(*')) the velocity autocorrelation
function, are quantities directly evaluated in an experiment. Towards assessing the dynamics of a tracer particle the following
response functions are also of interest; position covariance o, ,(t, ) = (x(®) — (x)(x(") — (x)), velocity covariance o u(ts ) =
(u(®) = (u))(u(") — (u)), and o, ,(1,1") = (x(r) — (x))u(t’) — (u)) the position velocity covariance. Common in all mentioned measures is
either the term (x(¢)x(¢')) or the term (u(*)u(r')), which can be easily constructed in Laplace space by using Egs. (4) and (5) of the
main text.

(x(s)x(s")) = A(9)A(s) + Lz<6fGn(S)éfGn(S,»G(S)G(S/) (A1)
m
and
(u(s)u(s")y = B(s)B(s") + #<§/'Gn(S)éfGn(S’»g(s)g(S,) (A.2)
where, A(s) = @ + u(0)G(s) + w*(xy — x,)I(s), and B(s) = u(0)g(s) + w*(xy — x,)G(s). In Laplace space the covariance functions read

_ <§fGn(s)§fGn(s/)>G(S)G(S/)

o (A.3)
. —
Gua(s,s) = (5/”0"(5)5/0"(25 Ne(s)g(s") "
m
/ G ’
Gruls,s) = <5fGn(S)5fGn(; NG(s)g(s") "
m

By using the fluctuation dissipation relation, which in Laplace space reads, (£;¢,(5)¢ fGn(s’ ) = kBT%Z,M, and after some
algebra [41], Egs. (A.3) and (A.4) take the form

! ! k T ! /
(E(s)E(s ))f(S)G(S) =l 1(s") + i{S) O] +I,(S ) G(5)G(s") + @ I(5)I(s')) (A.6)
m m N N S+s
and
! ! kT /
(E(s)E(s )Zg(s)g(s) _ L{g(s)+gl(3 ) — g(5)2(s)) + *G(5)G(s)} (A7)
m m s+ s
In the time-domain, position and velocity covariance read
! kBT / ! ’ 2 !
o x(t,1) = 7(1(1) +I@) = I(Jt=1']) - GOGE) + 0" 1) (1)) (A.8)
and
’ kBT ’ / 2 !
Ot 1) = T(g(lf —t)—gg) + 0 GH)G({")) (A.9)
Egs. (A.8) and (A.9) can be used to define variances, when we set t = ¢/ [35,41-43],
kgT 2 22
ax‘x(t) = T(ZI(I) —1(0) = G“(t) + " I°(1)) (A.10)
_ kgT 2 2 2
6,,(1) = T(g(o) - g7 () + 0 G (1)) (A.11)
and
d t 2k T
o u(t) = %JZ—X() = =261 - g(t) + @* 1 (1)) (A.12)
t m
Appendix B
In Ref. [16], the authors have defined the transmission coefficient k() = —%’) with x(¢) = k"i The function 5(¢) is given through
a modified response function as follows s
x@)
1) =—-—"— B.1
n() ) (B.1)
where y(s) = —229_ in Laplace space. For ¢(r) ~ 1212, the inverse Laplace pair gives, y(1) = E,_,y((t/7)/@=2H)), with

sy(s)—w?
T = (#)I/(2—2H).
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(I=m) a
Since, 7() = (1/0)/C2DA2HE,) )0 Hy((t/7)!/@2M), and by using the asymptotic expansion E,,(z) = %z et -
ZkN=1 mz‘k whenO0O<n<2and u€R: % < pu < min[r, nx] [36], leads to
2
kr = 00) = ()20 ®.2)

Eq. (B.2) is exactly the transmission coefficient presented in the main text, Eq. (11) for %’ 7.
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