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Abstract. The flow resulting from the combination of forced and natural convection within a
horizontal porous layer filled with Newtonian fluid is analyzed. The layer boundaries are subjected to
uniform and symmetrical heating/cooling. The porous layer is anisotropic such as the permeability is
function of the coordinates, and a fully developed flow occurs in the layer, where the temperature is a
function of both spanwise and streamwise directions. The latter steady basic state undergoes the onset
of thermal instability for adequate values of the Darcy—Rayleigh number, with the neutral stability
condition being heavily influenced by the Péclet number, which is linked to the mass flow rate of
the basic state. A streamfunction approach is applied and the normal modes method is employed
to investigate the linear stability of the basic state. The system of ordinary differential equations
obtained is tackled numerically and the critical values of the governing parameters are studied as
functions of the Péclet number and of the permeabilities fraction.

1. Introduction

The emergence of buoyancy driven convection in fluid saturated porous layers has been extensively
studied. Within this field, the foundational works by Horton and Rogers [1], along with Lapwood
[2], were the first to establish the key characteristics of this phenomenon. These researchers
explored and solved what is now referred to as the Horton—Rogers—Lapwood (HRL) or Darcy—
Bénard (DB) problem. They identified the threshold values of the governing parameters for the
triggering of buoyancy driven instability in a porous medium heated from below, which is the
porous equivalent of the Rayleigh-Bénard problem. The basic state studied by HRL is a still
fluid characterized by a negative transverse, to the porous layer, temperature gradient. The Darcy—
Rayleigh number is employed to define the stability threshold. The modified HRL problem where
the basic state is characterized by a moving fluid had been studied by Prats [3]. He found that the
moving fluid does not affect the threshold value of the Darcy—Rayleigh number.

When symmetric heat fluxes at the walls (either heating or cooling) are introduced in the HRL
problem, a stationary rest state no longer exists. In this case, a non—zero mass flow rate is required to
balance the energy under steady conditions. With a given horizontal pressure gradient and the given
thermal boundary conditions, the temperature depends both on the streamwise and on the spanwise
directions. Barletta [4] studied the stability of this configuration, focusing on an isotropic porous
layer, where permeability is uniform in all directions. Anisotropic porous materials, however, are
common in real-world applications, and the growing field of 3D printing yields an easier fabrication
of engineered porous media displaying these features. The stability of anisotropic porous layers
against the onset of thermal convection has been investigated for classical configurations in [5, 6].
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Figure 1. Qualitative drawing of the problem investigated

This study is focused on examining how non isotropic porous structures impact the triggering
of buoyancy driven instabilities when the thermal boundary conditions are of symmetric heat flux.
To this end, the value of streamwise direction permeability is considered to be different to the
permeability of the spanwise direction. The stability analysis is carried out by integrating the
ordinary differential equations obtained by assuming that the disturbances superposed to the basic
state are in the form of Fourier modes. To reduce the complexity of the problem, the dependence
on the streamwise coordinate y is parametrized by imposing an inclined basic flow. Given the two—
dimensional nature of the stability problem, a streamfunction—temperature formulation is used. The
neutral stability curves and critical values are presented for given values of the basic flow inclination
angle, of the Péclet number and of the ratio of the two different permeabilities employed.

2. Mathematical model

Consider a porous layer saturated with fluid, having a height of H and extending infinitely in the
horizontal directions x and y. The layer boundaries are both heated or both cooled (see Fig. 1)
and a horizontal throughflow is assumed. To study the mass transport, Darcy’s law is employed
where we apply the Oberbeck-Boussinesq approximation [7]. The local energy balance equation
is a conduction/convection equation for fluid saturated porous media while the local mass balance
equation is the one for incompressible fluids, namely

V.u=0,
K dp H dp U dp
5" K 5 K" aZ+POgl3( 0)s
oT )
poc G§+U'VT =xVT,
oT
z=0: w=0, —X—=-=qo,
dz
oT
7z=H: w=0, X—= =qo- @9
dz

The nomenclature follows the classical choice of (x,y,z) for the position vector, u = {u,v,w} for
the Darcy velocity, p for the pressure, T and ¢ for temperature and time, i for the viscosity, Kj, for
the streamwise direction permeability, K for the spanwise direction permeability, po for the density
of the saturating fluid, Ty for the Oberbeck-Boussinesq temperature, g for the modulus of g, B for
the thermal expansion coefficient, ¢ for the specific heat capacity, o for the heat capacity ratio, )
for the effective thermal conductivity, and go = O for the heat flux.
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The scaling employed to render the governing equations dimensionless is:

H Ky
C2d) vy Ky, PoeH o Pk
H pocH?*c X xu
T-T
07, for AT=—XE ?)
AT pscBegKyH
By applying Eq. (2) to Eq. (1) one obtains
V.u=0,
ap dap ap
= = —_—— = —q — T
ox’ dy’ v 0z tal
or +u-VT = VT,
ar
z=0 w=0, a—T——Ra,
dz
aT
z=1: W:O7 7:R(l, (3)
dz
with the Darcy—Rayleigh number and the fraction between the two permeabilities defined as

JcBgKyH? K.
Ra:Pocﬁgzh w0 K @

XH K

Since go = 0 then also Ra = 0.

2.1. Stationary flow
The steady state which stability is investigated is solution of Eq. (3), namely

Ra(2z—1
u, = [Pe - a(z)} (cospe,+singey),
Pe :
2R . 2Ra*(? —z
V71, = P—:(cos¢ex+s1n(pey) + |Ra(2z—1) - 15,62)] e, Vpo=(~up,—vp,Tp), (5)

where the subscript “b” stands for “basic state” and (ey, ey, e;) are the unit vectors in the Cartesian
directions. The definition of the Péclet number is set to obtain the average velocity on the layer
cross section:

1
Pe:/ u,-ndz, for mn=cos@e,+sin@e,. (6)
0

The velocity and temperature profiles in Eq. (6) reach a singularity for vanishing values of Pe.
This behavior is expected since throughflow is necessary to attain a steady state when simmetric
Neumann conditions are imposed at the walls. It is worth noting that this fundamental state is
identical to the one analyzed by Barletta [4] for the isotropic case a = 1.

In the context of a mixed convection steady state solution a inclination angle ¢ to the x—
direction is employed to parametrize the perturbation dependence on the y—direction. This angle
varies within the range [0,7/2] where @ = 0 corresponds to transverse modes, while ¢ = /2
results in longitudinal modes. Additionally, it is important to point out that only the gradient of
temperature 73 is given: inside the local energy balance equation and the boundary conditions (3)
just the derivatives of the temperature are present thus the temperature scale is not defined.
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3. Stability analysis
The analysis is carried out by adding perturbations to the basic state in the form of normal modes.
As previously stated, we assume to parametrize the dependence on y—direction by employing the
angle @. Since the problem is formally two dimensional, it is useful to define the disturbances by
using the streamfunction W, as follows:

v ¥

, v=w+e€eV, w=—e—, T=T,+€0. 7

dz ox’
The streamfunction formulation makes the local mass balance an identity while one may
straightforward obtain, from Darcy’s law in (3), that V = 0. By considering the y component of
the curl of Darcy’s law in (3), one can encompass the presence of the pressure. By considering just
terms of order O(¢€), the linearized equations for the disturbances are derived from (3), (5), and (7),

uU=up+€——

namely
*¥ n ’¥ n a0 0
o2 1oz Ty T
00 JT, 0¥ JT,d¥ 00 9’0 090
e oA T = 55 T
ot dx dz Jz ox dx  ox 0z
20
z=0,1: ¥Y=0 —=0. (8)
dz
Streamfunction and temperature are thus defined in terms of normal modes as
W(z,0) =if(z)e @ e, O(z,t) = h(z)e! e, ©)

where k is the wavenumber of the single Fourier mode, 1 the growth rate of the mode and ® the
angular frequency of the mode. By employing (9), the (8) can be rewritten, namely

af"—k f+akh=0,
oT; oT;
W' — (k4 ikup+n —io)h—i a—;f k—hf 0,
z=0,1: f=0, H=0. (10)

Barletta [4] proved that longitudinal modes (¢ = 7/2) are the most unstable modes. We thus assume
¢© = 1/2, leading to up = 0 and 97}, /dx = 0, as can be inferred from (5). With this assumption (10)
reduces to:

af' =k f+akh=0,

2Ra (2~
W — (K +1—i)h—k|Ra(2—1)— % f=0,
e
2=0,1:  f=0, K=0. an

It is worth noting that the system (11) does not change when the transformation
Ra— —Ra, z—1—z2 12)

is applied. The invariance of the system (11) on the Darcy—Rayleigh number sign simplifies the
analysis since lets one treat just the case Ra > 0.

The system of ordinary differential equations (11) is treated numerically by using the shooting
method [8, 9]. The objective is to identify the critical values of the angular frequency @ and
of the Darcy—Rayleigh number Ra for given values of the wavenumber k, of the Péclet number
Pe, and of the permeabilities fraction a. The shooting method is performed by employing the
software Mathematica 14.0[10]. To determine how the Darcy—Rayleigh Ra number depends on the
wavenumber k for null temporal growth rates 11 = 0, an additional condition to eliminate the scale
invariance of (f,h4) is imposed, h(0) = 1. Finally, the boundary condition 4’(1) = 0 is employed to
obtain the pair (Ra, ®) through a root-finding process.
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Figure 2. Darcy—Rayleigh number as a function of the wavenumber k for given values of a when
Pe>1

a=1/2 a=1 a=2

Pe k. Ra, ke Ra,. k. Ra,

25 2.95157 232.193 | 3.31888 163.326 | 3.85083 127.081
50 2.40635 159.844 | 2.90868 126.769 | 3.51080 104.888
100 | 2.30341 150.041 | 2.82692 120.866 | 3.44169 100.958
1000 | 2.27058 147.139 | 2.80097 119.081 | 3.41980  99.7531
oo 227025 147.110 | 2.80071 119.064 | 3.41958 99.7411

Table 1. Ra. and k. as functions of Pe

4. Discussion of the results

There is an intriguing asymptotic scenario that focuses on basic states characterized by Pe > 1. This
situation becomes evident in equations (11) by assuming that Ra? / Pe? — 0. For this particular case,
the curves Ra(k) for null growth rate (neutrally stable condition) are presented in Fig. 2 for various
permeabilities fraction a. Compared with the case (¢ = 1), we can clearly observe destabilization
for @ > 1 and a stabilization for a < 1. The configurations prescribing linear instability are, in fact,
those values of k and Ra which identify those points, in Fig. 2, lying above the curves: the threshold
values of the governing parameters for the onset of thermal convection are obtained by finding the
minima of the curves. These minima let one define the critical conditions for the triggering of
convection (k., Ra.). Therefore, linear instability is only possible when Ra > Ra,. and, from Fig. 2,
it is clear that Ra. decreases with a. This phenomenon can be physically interpreted recalling that
larger values of a correspond to higher vertical permeability relative to horizontal permeability.
Higher values of vertical permeability thus enhance the formation of buoyancy—driven convection
cells, thereby promote instability.

Figure 3 illustrates, by fixing the permeabilities fraction a = 1/2,1 and 2, the destabilizing
impact of Pe: as Pe increases, the curves move downward. Figure 3 displays that the case Pe — oo
can be reasonably estimated by employing Pe = 1000 and even Pe = 100.

It is worth noting that, for the solutions reported, the angular frequency value is always null,
® = 0. One can thus conclude that just non—oscillatory modes may occur, or in other words, that
the principle of exchange of stabilities applies.

Numerical values of k. and Ra, are listed in Table 1: both a and Pe have a destabilising effect
since Ra, decreases with increasing values of the two parameters.
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Figure 3. Darcy-Rayleigh number as a function of the wavenumber k for a = 1/2,1,2 and fixed
values of Pe

5. Conclusions
The analysis of linear instability in mixed convection steady flows within a porous layer where the
boundaries are subjected to uniform and symmetrical heating/cooling is performed. This analysis
employed Darcy’s law where the Oberbeck—Boussinesq approximation is applied. The porous
layer displays different permeabilities in the spanwise and streamwise directions. A permeabilities
fraction a was introduced to represent the relationship between the spanwise direction and
streamwise direction permeabilities. The Darcy—Rayleigh number Ra is related to the heat flux
applied to the layer walls.

The steady state which stability has been investigate is driven by both the buoyancy force and by
a pressure gradient: the intensity of the flow is driven by the Péclet number Pe. The stability analysis
is performed by using normal mode method. It was found that both the permeabilities fraction a
and the Péclet number Pe contribute to destabilization. Specifically, a higher valued of the spanwise
direction permeability compared with the streamwise direction permeability leads to unstable state
for lower values of the Darcy—Rayleigh number Ra. Similarly, the destabilizing role of the Péclet
number implies that increasing the net mass flow rate induces the triggering of instability for lower
values of Ra. Additionally, the solutions obtained for the limiting case Pe > 1 comes out to be a
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valuable and accurate approximation for those case characterized by Pe > 100.
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