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CONTINUOUS PRIMITIVES FOR HIGHER DEGREE
DIFFERENTIAL FORMS IN EUCLIDEAN SPACES,
HEISENBERG GROUPS AND APPLICATIONS

ANNALISA BALDI
BRUNO FRANCHI
PIERRE PANSU

ABSTRACT. It is shown that higher degree exact differential forms on
compact Riemannian n-manifolds possess continuous primitives whose
uniform norm is controlled by their L™ norm. A contact sub-Riemannian
analogue is proven, with differential forms replaced with Rumin differ-
ential forms.

Il est démontré que les formes différentielles exactes de degré supérieur
sur des variétés riemanniennes compactes de dimension n possedent
des primitives continues dont la norme uniforme est contrdlée par leur
norme L". Un analogue dans des variétés sous-riemanniennes de con-
tact est prouvé, les formes différentielles étant remplacées par des formes
différentielles de Rumin.
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1. INTRODUCTION

1.1. The problem. Poincaré’s inequality in the flat n-torus R"/Z" states
that a function u whose gradient belongs to L, p < n, is itself in L9, up to
1

an additive constant c,, provided that % —. = L. Moreover

|u — CquS Cp,quu”p'

Such an estimate fails to hold when p = n and ¢ = oo (see e.g. [42],
p. 484 and [39]). However, when one passes to higher degree differential
forms, the limiting case holds. This discovery, at least for top degree differ-
ential forms, is due to J. Bourgain and H. Brezis, [16]. The statement takes
the following form: let w be an exact n-form on the n-torus, which belongs
to L™, then there exists a bounded differential (n — 1)-form ¢ on the torus
such that d¢ = w and

16llo0< Cllwll.

Furthermore, Bourgain and Brezis show that the primitive can be taken
to be continuous, with a similar estimate.

The global version on R" itself is even slightly stronger: the primitive
can be taken to be continuous and to tend to zero at infinity, with a similar
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estimate, as shown by L. Moonens & T. Picon [32], and T. De Pauw &
M. Torres [19].

In this paper, we shall extend Moonens and Picon’s result to differential
forms of all degrees > 1 on R", and prove a version for the Heisenberg
group H", with Rumin’s complex d,. replacing de Rham’s differential d. A
special instance, in general Carnot groups for top degree Rumin forms, is
considered by A. Baldi & F. Montefalcone [14].

In the next statement, Cy denotes spaces of continuous differential forms
that tend to zero at infinity.

Theorem 1. The following global Poincaré inequalities hold.
i) (Euclidean spaces:) if 2 < h < n, then a d-exact h-form w €
L™(R™, A") admits a primitive ¢ € Co(R™, A" ") such that

19lley @ v S Cllewll o gen Ay

ii) (Heisenberg groups:) if 2 < h < 2n+1, h # n+ 1, then a d.-
exact Rumin h-form w € L*""2(H", E}) admits a primitive ¢ €
Co(H™, EM1) such that

H¢HCO(H",E6‘_1)§ CHWHL%+2(Hn,EQ)§

iii) (Heisenberg groups:) a d.-exact Rumin (n + 1)-form w €
LY (H", E§™) admits a primitive ¢ € Co(H"™, E}) such that

[@llcoqn 25y < Cllewll g n, gty

Note the game with critical exponents: they are determined by the degree
of volume growth, which is equal to n for Euclidean space R", but () =
2n + 2 for Heisenberg group. Moreover, since Rumin’s differential d.. from
n-forms to (n + 1)-forms has order 2, the critical exponent turns out to be
()/2 = n + 1 instead of () in this special degree.

We shall also prove a local version, from which Poincaré inequalities can
be deduced on arbitrary compact Riemannian or compact contact subRie-
mannian manifolds. Detailed statements are given in Section 4. In particu-
lar, we recover Bourgain-Brezis’ original result on the torus.

Question. Can one improve Theorem 1 by establishing a uniform mod-
ulus of continuity for primitives?

1.2. The method. Let us focus on Heisenberg groups (the Euclidean case
follows the same lines, with less technicalities, see [6] for an announcement
of this simpler case). A Poincaré inequality providing a bounded measur-
able primitive can be found in [10]. However one cannot take the results
there as a black-box.
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Following Bourgain-Brezis, the proof of Theorem 1 goes by duality. The
general principle, that a closed unbounded operator with dense domain be-
tween Banach spaces has a closed range if and only if its adjoint does, is
applied to Rumin’s differential d. : Co — LP, p = @ or ()/2. The adjoint
operator maps L' to the space M of Rumin currents of finite mass. The
L'-Poincaré inequalities proven in [8] provide L' primitives ¢ to L'-Rumin
forms w, d.¢p = w, and

6l < Cllwls.

By approximation of Rumin currents of finite mass with currents defined by
L'-Rumin forms, such an estimate can be upgraded to provide L”" primi-
tives ¢ to L'-Rumin currents 7" of the form T" = 0,.S, with

@1l < ClIT || -

This is the required closed range estimate for the adjoint operator of d..

The procedure needs be modified in degree n + 1. Indeed, there is a
technical point when identifying the domain of the adjoint: when handling
the second order operator d.., cut-off arguments require extra control on first
derivatives. Hence the space L”' is replaced with the Beppo Levi space (see
e.g. [20]) BL"?'(H") of Rumin forms whose coefficients have their first
derivatives in L?'. One therefore needs an L' Poincaré inequality of the
form

16/l pr.er gamy < Cllwlls-

Unfortunately, one cannot use [8] as a black box. Instead, one follows the
strategy of [8], based on the Gagliardo-Nirenberg inequalities of [7].

The local version builds upon Theorem 1 and the local L*° — LP-Poincaré
inequality of [10].

1.3. Organization of the paper. As already stressed above, all proofs are
given for H" since the case of R™ just requires less technicalities. After
fixing notations in Section 2, a vademecum on Rumin’s complex is provided
in Section 3, focusing on Leibniz’ formula and commutation properties of
Rumin’s Laplacian. Detailed statements of Theorem 1, its local version
and its avatar for compact manifolds are given in section 4. The duality
principle is formulated in Section 5. The spaces of currents to which this
principle is applied are defined in Section 6, whose main result is a Poincaré
inequality: solving d. in Cy for a current datum. The proof of Theorem
1 appears in Section 7, except for degree (n + 1)-forms. In this special
degree, a new Gagliardo-Nirenberg inequality is proven as Theorem 8.12;
a Poincaré inequality, first for L' forms and then for currents of finite mass
follows in Section 8. A density result needed to identify the domain of
an adjoint operator is proven in Section 9. Section 10 contains the proof
of Theorem 1 in the middle degree n + 1. Section 11 contains the proof
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of the local version of Theorem 1, and Section 12 draws consequences for
bounded geometry manifolds.

2. HEISENBERG GROUPS

2.1. Definitions and preliminary results. We denote by H" the n-dimensional
Heisenberg group, identified with R?"*! through exponential coordinates.

A point p € H" is denoted by p = (z,y,t), with both x,y € R” and ¢t € R.

If p and p’ € H", the group operation is defined by

1 n
pop = (ataly+y 5D (g - yiah).
j=1
The unit element of H" is the origin, that will be denoted by e. For any
q € H", the (left) translation 7, : H" — H" is defined as

p'—)quI:C]'p.

The Lebesgue measure in R2?"*! is a Haar measure in H” (i.e., a bi-invariant
measure on the group). It is denoted by £***!, and when we need to stress
the integration variable p, will be denoted also by dp.

For a general review on Heisenberg groups and their properties, we refer
to [37], [28], [15], and to [40]. We limit ourselves to fix some notations,
following [26].

The Heisenberg group H" can be endowed with the homogeneous norm
(Cygan-Koranyi norm)

(1) o(p) = (|p'[*+16 p2,.) """,

and we define the gauge distance (a true distance, see [37], p. 638), that is
left invariant i.e. d(7,p, 7,p") = d(p,p’) for all p,p’ € H") as

) d(p,q) = o(p™" - q).
Finally, the balls for the metric d are le so-called Korédnyi balls
(3) B(p,r) = {q € H"; d(p,q) <r}.

Notice that Kordnyi balls are smooth convex sets.
A straightforward computation shows that there exists ¢y > 1 such that

) o 2Ip|< plp) < |2,

provided p is close to e. In particular, for » > 0 small, if we denote by
Bguc(e, ) the Euclidean ball centred at e of radius r,

5) BEuc(e,TQ) C B(e,r) C Bguc(e, cgr).
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We denote by b the Lie algebra of the left invariant vector fields of H".
The standard basis of § is given, fori =1, ..., n, by

1 1
Xi = 0Oy, — §yiat7 Y, =0y, + §$iat> T := 0.

The only non-trivial commutation relations are [ X;, Y;] = T, fori = 1,... n.
The horizontal subspace b, is the subspace of h spanned by X7, ..., X, and
Yi,..., Y by i=span { Xy, ..., X,,,Y1,..., Y, }.
Coherently, from now on, we refer to Xq,...,X,,Y:,...,Y, (identified
with first order differential operators) as the horizontal derivatives. Denot-
ing by b, the linear span of 7', the 2-step stratification of h is expressed
by

h=b1 D bhs.

The stratification of the Lie algebra  induces a family of non-isotropic
dilations 0, : H"™ — H"™, A > 0 as follows: if p = (x,y,t) € H", then

(6) ox(z,y,t) = (A, Ay, \*t).

Notice that the gauge norm (1) is positively d,-homogenous, so that the
Lebesgue measure of the ball B(z,r) is 7" up to a geometric constant
(the Lebesgue measure of B(e, 1)).

The constant

Q:=2n+2,

is said the homogeneous dimension of H" with respect to d,, A > 0, It
is well known that the topological dimension of H" is 2n + 1, since as a
smooth manifold it coincides with R?”*!, whereas the Hausdorff dimension
of (H",d) is Q.

The vector space h can be endowed with an inner product, indicated by
(-,-), making Xy,..., X, Y],...,Y, and T orthonormal.

Throughout this paper, we write also

7 Wy=X;, Wi, =Y, and Wy, =T, fori=1,... n.

As in [24], we also adopt the following multi—index notation for higher-

order derivatives. If I = (i1, ..., 42,.1) is a multi-index, we set
® W= Wit Wy Tn,

By the Poincaré—Birkhoff-Witt theorem, the differential operators W/ form
a basis for the algebra of left invariant differential operators in H". Further-
more, we set

[I]:= i1+ - + g + d2n s
the order of the differential operator 1/, and

d(I) =iy + - + oy + 2i2p1
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its degree of homogeneity with respect to group dilations.

Let U C H" be an open set. We shall use the following classical no-
tations: E£(U) is the space of all smooth function on U, and D(U) is the
space of all compactly supported smooth functions on U, endowed with the
standard topologies (see e.g. [38]). The spaces £'(U) and D’'(U) are their
dual spaces of distributions. We recall that £'(U) is the class of compactly
supported distributions.

Let1 < p < ooandm € N, Wg"?(U) denotes the usual Sobolev space.

We recall also the notion of (integer order) Folland-Stein Sobolev space
(for a general presentation, see e.g. [23] and [24]).

Definition 2.1. [fU C H" is an open set, 1 < p < oo and m € N, then the
space W™P(U) is the space of all u € LP(U) such that, with the notation

of (8),
Wlu € LP(U)  for all multi-indices I with d(I) < m,

endowed with the natural norm

||u||W’“¢P(U)3: Z ||WIU||LP(U).

d(I)<m

Folland-Stein Sobolev spaces enjoy the following properties akin to those
of the usual Euclidean Sobolev spaces (see [23], and, e.g. [25]).

Theorem 2.2. I[f U C H" is an open set, 1 < p < oo, and k € N, then
i) WP(U) is a Banach space.
In addition, if p < oo,
i) WhP(U) N C>=(U) is dense in W*P(U);
iii) if U = H", then D(H") is dense in W*P(U);
iv) if 1 < p < oo, then WFP(U) is reflexive.
v) WeP  (U) € WFP(U), i.e. for any compact set K C U and for

Euc,loc

anyuw € WhP (U),

Euc,loc

HUHW'W(K)S OKHUHWIMJ

Euc,loc

(K)

vi) W2k2(U) € WEE | (U), i.e. for any compact set K C U and for

Euc,loc

any u € WP (U),
Hu”wgﬁ(U)(K)S Ci[lullwezea (1.
Theorem 2.3. [see [23], Theorem 5.15] If p > @, then
W'P(H") C L>°(H")
algebraically and topologically.
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Definition 2.4. If U C H" is open and if 1 < p < oo, we denote by
Wk’p(U) the completion of D(U) in W’“’(U)_

Remark 2.5. I[f U C H" is bounded, by (iterated) Poincaré inequality (see
e.g. [30]), it follows that the norms

lullwesw) and Y Wl Loy

are equivalent on I/f/’“’p(U) when 1 < p < 0.

2.2. Convolution in Heisenberg groups. If f : H" — R, we set v f(p) =
f(p7), and, if T € D'(H"), then ("T'|¢) := (T|"¢) for all ¢ € D(H").
Obviously, the map 7" — V7 is continuous from D’'(H") to D' (H").

Following e.g. [24], p. 15, we can define a group convolution in H": if,
for instance, f € D(H") and g € LIOC(H”) we set

©) o g(p /f p)dg forq € H".

We recall that, if, say, ¢ is a smooth function and P is a left invariant differ-
ential operator, then
P(f *g) = f*Pyg.
We also recall that the convolution is well defined when f,g € D'(H"),
provided at least one of them has compact support.
In this case the following identities hold:

(10)  (fxg|®) = (g["f+®) and (fxg|®) = (f|®*"g)
for any test function .
Definition 2.6. A kernel of type 1 is a homogeneous distribution of degree
— @ (with respect to group dilations 6,), that is smooth outside of the
origin.
The convolution operator with a kernel of type 1 is called an operator of
type [t.
Proposition 2.7. Let K € D'(H") be a kernel of type .
1) YK is again a kernel of type |1,
i) WK and KW are associated with kernels of type p — 1 for any
horizontal derivative W ;
iii) If u > 0, then K € L. (H").
Theorem 2.8. Suppose 0 < a < (), and let K be a kernel of type o. Then
D)ifl <p<Q/a,and1/q = 1/p — a/Q, then there exists C =
C(p, ) > 0 such that

|u* K| oy < Cllull Lo @ny

loc
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foralluw € LP(H").
i) If p > Q/a and B, B" C H" are fixed balls with B C B’, then for
any q > p there exists C = C(B,B',p,q,«a) >0

lus Kl[zasn < Cllullzrm)

forall uw € LP(H"™) with supp u C B.
i) If K is a kernel of type 0 and 1 < p < oo, then there exists C' =
C(p) > 0 such that

lu* K[ zogam < Cllul o em).-

Theorem 2.9 ([18], Theorem 1). Let & € D(H", b) be a smooth compactly
supported horizontal vector field. Suppose G € L (H", b,) is H-divergen-
ce free, i.e. if

G=> GW; then » WG;i=0 inD'(H").

Then
(G, @) 2@ o) | < COlG| i@ n) | VeP|| Lo @n p,)-

3. RUMIN’S COMPLEX OF DIFFERENTIAL FORMS

When dealing with differential forms in H", the de Rham complex lacks
scale invariance under anisotropic dilations (see (6)). M. Rumin, in [36] has
defined a substitute of de Rham’s complex for arbitrary contact manifolds,
that recovers scale invariance under J,. In the present section, we shall
merely list a few properties of Rumin’s complex that we need in this paper.
We send a reader, interested to understand better Rumin’s complex, to the
Appendix of [10] for a quick review, or to [36] and [11], [9] for more details
of the construction.

The dual space of b is denoted by A" b. The basis of A" by, dual to the ba-
sis{ X1, ...,Y,, T}, is the family of covectors {dz, ..., dx,, dy, ..., dy,, 0}

where
n

1
0=dt— 5 ;(%dw — yjd;)
is the contact form in H". We denote by (-,-) the inner product in A\'h

that makes (dz1, . . ., dy,, #) an orthonormal basis and by dV the associated
volume form

AV :=dxy N...Ndx, Ndy; A ... Ndy, N\ 6.

Throughout this paper, /\h h denotes the h-th exterior power of the Lie
algebra . Keeping in mind that the Lie algebra h can be identified with the
tangent space to H" at z = e (see, e.g. [27], Proposition 1.72), starting from
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/\h b we can define by left translation a fiber bundle over H" that we can
still denote by /\h h ~ /\h T*H". Moreover, a scalar product in ) induces a
scalar product and a norm on /\h b.

We can think of A-forms as sections of /\hf) and we denote by Q" the
vector space of all smooth hA-forms.

e For h = 0,...,2n + 1, the space of Rumin h-forms, EZ, is the
space of smooth sections of a left-invariant subbundle of /\h b (that
we still denote by E!'). Hence it inherits the inner product and the

norm of A" b.

e If we denote by x the Hodge duality operator associated with the
inner product in £ and the volume form dV, then xEl! = E2+1=h,

In particular we have
Remark 3.1. If o € E!, then « x a = (—1)®"+1=Mho = o, Thus
aNp=0¢N (xxa)= (xa,¢)dV.
Moreover, if 3 € E!

(v, #B) AV = @ A xf = (—1)ME 1) 4 7 g
= (xxB,a)dV = (B,a)dV = (a, B) dV.

e A differential operator d, : El' — EI'*!is defined. It is left-
invariant, homogeneous with respect to group dilations. It is a first
order homogeneous operator in the horizontal derivatives in degree
=+ n, whereas it is a second order homogeneous horizontal operator
in degree n.

e Altogether, operators d. form a complex: d. o d. = 0.

e This complex is homotopic to de Rham’s complex (2°*,d). More
precisely there exist a sub-complex (E, d) of the de Rham complex
and a suitable “projection” Il : Q2* — E* such that I is a differ-
ential operator of order < 1 in the horizontal derivatives.

e [y is a chain map, i.e.

dllp = lgd.
e Let IIg, be the orthogonal projection on Ej. Then
HEOHEHEO = HEO and HEHEQHE = HE

(we stress that I1g, is an algebraic operator).
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e The exterior differential d. can be written as

dc - HEOdHEHEO

e The L2-formal adjoint d* of d. on EJ} satisfies

(11) &= (1) xd, * .

C

Let us list a bunch of notations for vector-valued function spaces (for the
scalar case, we refer to Section 2.1).

Definition 3.2. I[fU C H" isan open set, 0 < h <2n+1,1 < p < oo and
m > 0, we denote by L"(U, A" b), £(U, A" b), D(U, \" ), Wm»(U, \" b)

(by s (U, N''B)) the space of all sections of N" b such that their compo-
nents with respect to a given left-invariant frame belong to the correspond-
ing scalar spaces. The spaces LP (U, E}), £(U, EY), D(U,ER), W™ (U, E})

and W (U, EY) are defined in the same way.

In other words, for the definition of Sobolev spaces of non-negative order,
we identify a differential form with the vector-valued function of its coor-
dinates with respect to a left-invariant frame, keeping in mind that these
coordinates belong to Li., .(H"). This makes possible to avoid the use of the
notion of currents associated with Rumin’s complex (for this notion, see,
e.g., [11], [26], [41]). With this identification, d. and its L*-formal adjoint
d’ are identified with matrix-valued left-invariant differential operators.

Clearly, all these definitions are independent of the choice of frame.

When d, is second order (when acting on forms of degree n), (Eg,d.)
stops behaving like a differential module. This is the source of many com-
plications. In particular, the classical Leibniz formula for the de Rham com-
plex d(a A B) = da A B £ a A dp is true in Rumin’s complex only in spe-
cial degrees, as shown in [13], Proposition A.1 and [35], Proposition 4.1.
However, in general, the Leibniz formula fails to hold (see [13]-Proposition
A.7). This causes several technical difficulties when we want to localize our
estimates by means of cut-off functions.

The following Leibniz’ formula for Rumin’s differential forms holds.

Lemma 3.3 (see also [8], Lemma 4.1). If ( is a smooth real function, then
the following formulae hold in the sense of distributions:

i) if h # n, then on Eg we have

[de, ¢] = Py (W),
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where PL(W ) : B — EI™ is a linear homogeneous differential
operator of order zero with coefficients depending only on the hori-
zontal derivatives of (. If h # n + 1, an analogous statement holds
if we replace d. in degree h with d. in degree h + 1;

i) if h = n, then on E§ we have

[de, ¢] = Pr(W¢) + Py (W),

where PP(W() : Ey — E' is a linear homogeneous differ-
ential operator of order 1 (and therefore horizontal) with coeffi-
cients depending only on the horizontal derivatives of ¢, and where
PrW?2() . B} — EJ*'is a linear homogeneous differential op-
erator in the horizontal derivatives of order 0 with coefficients de-
pending only on second order horizontal derivatives of (. If h =
n + 1, an analogous statement holds if we replace d. in degree n
with d; in degree n + 1.

Lemma3.4. [f0 < h < 2nand ¢ € D(H", Ef}) and a € Wi (H", EG"™"),
then we have:

(12) /ndca/\gb:(—l)h/na/\dcqﬁ.

Proof. The statement follows by the formula of “integration by parts” of
[11], Remarks 2.16, together with an approximation argument.
O

The wedge of two closed forms of complementary degrees has the fol-
lowing property.

Lemma 3.5. Let 1 < h < 2n+ 1 and let « € LP(H", E}) and w €
LY (H™, B3 ") be closed forms with 1 < p < Q and Ilj + z% = 1. Then

(13) /a Aw = 0.
In addition, if p = Q, then (13) still holds provided 2 < h < 2n + 1.

Proof. Since the differential d. is left-invariant, by mollification (convolu-
tion with smooth kernels), one can assume that o and w are smooth.

Suppose first 1 < p < ). Without loss of generality, we can assume
h # n-+1(indeed,if h =n+ 1,then2n+1—h =n # n+ 1 so we
can consider w in place of « in the following argument). By Theorem 1.1
of [9], there exists ¢ € LPP/(@=P)(H" E}~') such that d.¢ = a and

(14) ||¢||LPQ/(Q*F)(H7L,E571)S CHO‘HLP(HmEgy
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If N > 0, let now X be a smooth cut-off function supported in B(e, 2N),
X~y = 1on B(e, N), |Wxn|< 2/N. Obviously

/ XNONAW — aNw.
n Hn

On the other hand, by Lemma 3.3,

/ XN AW

= / XNdCQb/\CU
(15) !

— /n d.(xn9) /\w+/n Py (Wxw)(¢) Aw

= / Py~ (Wxn)(¢) Aw by (12).
We are then left to prove that
(16) / P Wxn) (@) Aw—0  as N — oo.

Obviously,
P (Wxn) (@) Aw — 0 pointwise as N — oo,

since Wxy = 0 on B(e, N). On the other hand, if 1 < p < @, by Holder
inequality and (14),

; [Py~ (Wxw)l|6]|w| dV

< Hpoh_l<WXN) HLQ(H”,ES)'H¢HLPQ/(Q—II)(HW,E3_1)'Hw‘|LP'(]1-]1n7E§"+1—h)>

i 14, Qw1 _
since 5 + =5+ 5 = 1. But
_ 1
[Py 1(WXN)HLQ(Hn7Eé)§ CN|B(€72N)‘1/Q§ C.

This proves (16), and hence (13), when 1 < p < Q.

The proof in the case p = () needs slightly different arguments. Indeed
we distinguish the case h = n + 1, i.e., a € LQ(H”, Eg“), from the case
o € LQ(H”, E{}) with A # n + 1. In the latter case, by [10], Theorem 1.8
(see also Theorem 4.3 below), there exists ¢ € L>(H", E('}_l) such that
d.¢ = a and

(7) ||¢||Loo(Hn,Eg*1)§ C||04||LQ(Hn,Eg;)-

Hence the proof can be carried out in the same way, using the estimate
(17), since % + =+ % = 1. Suppose now o € L9 (H", E;*'), hence
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w € LY@ (MH", ED). Since 1 < Q - < @, we can apply Theorem 1.1
of [9] to w, and we conclude arguing as we have done above for the case
1 < p < @Q (replacing « by w).

O

Remark 3.6. The above lemma still holds for p = 1: see [35].
3.1. Rumin’s Laplacian.

Definition 3.7. In H", Rumin defined in [36] the operators Ay ;, acting on
E?, by setting
d.d; + dd, if h#n,n+1;
AH,h = (dcd:)z + d:dc lf h = n;
ded: + (did.)?  if h=n+1

Notice that —Ap g = Zfil (W?) is the usual sub-Laplacian of H".

We stress that the order of Ay ; (with respect to group dilations) is 2 if
h # n,n+ 1 and 4 if h = n,n + 1. Notice also that, once a basis of E}
is fixed, the operator Ay j, can be identified with a matrix-valued map, still
denoted by Ay p,

(18)  Amp = (AL )ij-1,..n, : D'(H,RM™) — D'(H", R™),
where D’(H", RNr) is the space of vector-valued distributions on H", and

N}, 1s the dimension of Eg (see [5)).

Theorem 3.8 (see [7], Theorem 4.6). If0 < h < 2n + 1, denote by a the
order of Ay j, with respect to group dilations ( a = 2 if h # n,n + 1 and
=41ifh =n,n+ 1). Then there exist

(19) Kij S D/(Hn) ﬂCOO(Hn\{O}) fori,j = 1,...,Nh,
with the following properties:

1) if a < @ then the K;’s are kernels of type a, fori,j = 1,..., N},
If a = @, then the K,;’s satisfy the logarithmic estimate |K;;(p)|<
C(1 + [lnp(p)]) and hence belong to LlOC(H"). Moreover, their

horizontal derivatives W, K;;, { = .,2n, are kernels of type
ii) gh;nlz; = (ay,...,ay,) € D(H",RN") (here again N), = dim E!),
if we set
(20) Agho = Za]*Klj,...,Zaj*KNhj),
J
then

-1
AHﬁAH,ha = Q.
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Moreover, if a < Q, also
A]}T]I}hAH,hOé = Q.

iii) if @ = @Q, then for any a € D(H", R ) there exists
Bo = (B, ., Bn,) € RN such that

Aﬁ}hAHJLOé — = ﬁa.
The following lemma states that d. and Ay ;, commute.

Lemma 3.9 ([9], Lemma 3.14). We notice that the Laplace operator com-
mutes with the exterior differential d.. More precisely, if « € C*°(H", E})
andn > 1,
1) d.Apgpa = Ay piadeo, h=0,1,...,2n, h#n-—1n.
i) ded}d.App_100 = Agpdeoy, (h=n—1).
111) chH,nOf = dchAH,n+1dca (h = 7’L)
iv) dd;Ap o = Ay ,d.dio (h =n).

Coherently with formula (18), the matrix-valued operator A]}_ﬁ}h can be
identified with an operator (still denoted by A]}_n,lh) acting on smooth com-

pactly supported differential forms in D(H", E}). Moreover, when the no-
tation will not be misleading, we shall denote by Aﬁ}h its kernel.

The commutation of d. and d* with Ay’ follows from the previous
lemma:

Lemma 3.10 ([9], Lemma 3.15). If a € D(H", E}') and n > 1,
D) dAgha= Ay, dea, h=0,1,...,2n, h # n—1,n+1.
i) deAy',_ja = dedi Ay dea (h=mn—1).
iii) dedjd.Ag) o= Ayl odeo, (h=n+1).
iv) diAgha = Agh_ dio h=1,...,2n+1, h#n,n+ 2.
V) diAg 0 = did Ay L dia (h=n+2).

vi) didodiAg o = Ayl dia, (h =n).

4. POINCARE INEQUALITIES IN HEISENBERG GROUPS

In [9] we gave the definition of what we meant by Poincaré inequalities
for differential forms in H". We also distinguished from global Poincaré
inequalities versus its interior (or local) version. More precisely we give
the following definitions.

Definition 4.1. If 1 < h < 2n+1land1 < p < q < oo, we say that
the global H-Poincaré, , inequality holds in E} if there exists a constant
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C such that, for every d.-exact differential h-form w in LP(H"; E}') there
exists a differential (h — 1)-form ¢ in L(H", E}™") such that d.¢ = w and

(21 |]¢HLq(Hn7Eg_1)§ C'l|wl Lo n,gpy  global H-Poincaré, 4 (h).

Definition 4.2. Given 1 < h < 2n+1land1 < p < q < o0, we say
that the interior H-Poincaré, , inequality holds in E}! if there exists X > 1
such that, if we set B := B(e, 1) and By, := B(e, \), there exists a constant
C > 0 such that, for every d.-exact differential h-form w in LP(By; EY)
there exists a differential (h — 1)-form ¢ in LB, EX™") such that d.¢ = w
and

(22)||¢|]LQ(B’E£L_1)§ C'llwl|Le(p,,zp)  interior H-Poincaré, 4 (h).

In [9] we proved the validity of Poincaré inequalities when p > 1, and in
[8] we dealt with the case p = 1. Finally, in [10] we proved the following
end-point Poincaré inequalities:

Theorem 4.3. If 2 < h < 2n + 1, we have:

i) if h # n + 1, then the global H-Poincarég - (h) holds;
ii) if h = n + 1, then the global H-Poincaré, 1 ~.(n) holds.

Analogous statements hold for interior Poincaré inequalities on H".

The aim of the present paper is to improve Theorem 4.3 by proving the
following two statements, the first one of which is a global estimate and the
second one that is its local counterpart.

Theorem 4.4. The following global Poincaré inequalities hold:
i) if2<h<2n+1,h+#n+l, thenad.-exactformw € L°(H", E})
admits a primitive ¢ € Co(H", E}™") such that
H¢Hc0(Hn,E{;—1)§ CHWHLQ(H”,E{)‘);
ii) ad.-exact formw € LO/2(H", Byt admits a primitive ¢ € Co(H", ETY)
such that
10]lcoen, ) < Cllwll Lar2 @, grry-

Remark 4.5. Statement ii) of Theorem 4.4 will follow from a more general
result presented in Theorem 8.10 below.

We are able to prove also an interior Poincaré inequality which is a local
version of previous theorem (i.e. that there exists a continuous primitive).
In the following statements, exact means the d or d. of a form with distri-
butional coefficients.

Theorem 4.6. There exists A\ > 1 such that, if we set B := B(e, 1) and
B, := B(e, \), there exists C > 0:
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i) if2<h <2n+1,h# n+tl, thenad.-exact formw € L9(By, Ef)
admits a primitive ¢ € C(B, E{™") such that

(23) ||¢||C(E,Eg*1)§ CHWHLQ(BA,E{)L);
ii) ad.-exactformw € LO/?(By, E}™) admits a primitive ¢ € C(B, ET)
such that
(24) 10lle@,5m < CllwllLerzs, got):

A result for general compact Riemannian and contact subRiemannian
manifolds follows.

Theorem 4.7. Let M be a compact m-dimensional manifold.

i) First assume that M is equipped with a smooth Riemannian metric.
There exists C' > 0 such that every exact h-form w on M with L™
coefficients, h > 2, admits a continuous primitive ¢ such that

(25) [8llear pr-1) < Cllewll o ar pmy-

Next assume that m = 2n + 1 is odd, that M carries a contact
structure and a smooth subRiemannian metric. Let () = 2n + 2.
i) if2 < h < 2n+1, h # n+ 1, then every d.-exact form w €
L9(M, El) admits a primitive ¢ € C(M, El™") such that

(26) H¢||C(M,Eg*1)§ CHWHLQ(M,E(’;);

iii) every d,-exact form w € LR/*(M,EJ™") admits a primitive ¢ €
C(M, E}) such that

27) I8llcor.zp)< Cllwll s gy

5. BOURGAIN-BREZIS’ DUALITY ARGUMENT FOR THE GLOBAL
POINCARE INEQUALITY

The basic idea for proving the Poincaré inequalities stated in Theorem
4.4 1s a duality argument inspired by Bourgain-Brezis.

Let us collect here a few facts of functional analysis as stated in Brezis’
book [17].

Theorem 5.1 ([17], Section 2.7). Let A : D(A) C E — F be a closed
unbounded operator between Banach spaces. Assume that D(A) is dense
in E. Then the adjoint A* : D(A*) C F* — E* is uniquely defined, and
closed.
1. The following are equivalent:

(1) A(D(A)) C Fis closed.

(2) A*(D(A*)) C E* is closed.

(3) A(D(A)) = Ker(A*)*.
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(4) A*(D(A*)) = Ker(A)*.
2. The following are equivalent:

(1) 3C, Vf* € D(A"), [[f*]|lr-< C|A"f7]

(2) A(D(A)) = F.

(3) A*(D(A*)) is closed and Ker(A*) = 0.
3. The following are equivalent:

(1) 3C, Ve € D(A), |lelle< C || Ae] .

(2) A*(D(A*)) = E*.

(3) A(D(A)) is closed and Ker(A) = 0.

E*-

Combining all items of Theorem 5.1, one gets

Lemma 5.2. Let A : D(A) C E — F be a closed unbounded operator be-
tween Banach spaces. Assume that D(A) is dense in E. Then the following
are equivalent.

(1) A(D(A)) C F is closed.

(2) 3C, Ve* € A*(D(A*)), 3f* € D(A*), A*f* = e* and || f*|
Clle| -

(3) A*(D(A*)) C E* is closed.

(4) 3C, Vf € A(D(A)), 3e € D(A), Ae = f and ||e|| < C ||| p-

JS

Proof. Let F' denote the closure of A(D(A)) in F. Let D(B) = D(A) and
B : D(B) — F coincide with A. Then B is a closed operator and its
domain is dense. Since A(D(A))* = Ker(A), D(B*) identifies with the
quotient D(A*)/Ker(A*), and A* factors via this quotient, yielding B* :
D(B*) — E*. Since Ker(B*) = 0, Lemma 5.1 2 gives

B(D(B)) = F <= 3C,Y[["] € D(B"), [[[f"]lr+/ker(an < C{| B[]
Since B(D(B)) = A(D(A)), this translates into (1) <= (2).

Let B = E/Ker(A). Since A is closed, Ker(A) is a closed subspace
of F, so F is a Banach space. Let D(B) = D(A)/Ker(A). The operator
A factors via this quotient, yielding B : D(B) — F which is a closed

operator, with dense domain. Since Ker(B) = 0, Lemma 5.1 3 gives

B(D(B)) = E = 3C, V[e] € D(B), ||[e]llz/xer(y < C || Ble] ||

E*-

Since B(D(B)) = A(D(A)), this translates into (3) <= (4).
By Lemma 5.1 1, (1) <= (3), so all four properties are equivalent.
U

Next on the paper, we apply these general facts to the exterior differential
on spaces of differential forms. Namely, let us denote by Cy the Banach
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space of continuous functions vanishing at infinity with the L°°-norm; in
this paper, we shall deal with the space

E = Cy(H", B!,

and the operator A will be the Rumin’s exterior differential d.. (in a suitable
weak sense).

In any case, the first step we have to do, if we want to use a duality
argument, is to identify the dual E* of E; this is done in the next section
where we prove that /* can be identified with the set of currents with finite
mass.

6. CURRENTS AND MEASURES

Definition 6.1. Let 0 < h < 2n + 1. If Q C G is an open set, we say that
T is a h-current on Q if T is a continuous linear functional on D(Q, EX)
endowed with the usual topology. We write T € D'(Q), E}') and we denote
by ¢ — (T|¢) its action on D(Q), E}).

The definition of £'(, E) (compactly supported currents) is given anal-
ogously.

IfT € D'(Q, E), h > 1, we define its boundary 0,T € D'(Q, E}™') by
the identity

(0.T|¢) = (T|d.¢)  forall D(Q, E)™).

Proposition 6.2. If Q) C G is an open set, and T € D'(Q) is a (usual)
distribution, then T" can be identified canonically with a (2n + 1)-current
T € D'(Q, E3") through the formula

(28) (T|or) := (T

for any o € D(Q, E2"Y). Conversely, by (28), any (2n + 1)-current T can
be identified with an usual distribution T' € D'({2).

Proof. See [21], Section 17.5, and [12], Proposition 4. ]

Following [22], 4.1.7, we give the following definition.

Definition 6.3. If T € D'(Q, E;"*Y), and ¢ € E(Q, EL), with 0 < h <
2n + 1, we define T € D'(Q, EZ"™'™") by the identity

(TLyla) == (T|anp)
for any a € D(Q, E2"17h),

The following result is taken from [12], Propositions 5 and 6, and Defi-
nition 10, but we refer also to [21], Sections 17.3, 17.4 and 17.5.
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Definition 6.4. Let 1 < h < 2n+ 1. A forma € L (H", E3"™") can be

loc

identified with a current T,, € D'(H", EL) through the action

29)  (T,|¢) := / aNd= [ ¢ANa  forp e DHED).
n Hn
Indeed o \ ¢ = (—1)"C =M@ A o, and 2n + 1 — h is even if h is odd.

Remark 6.5. If o € L. (H", E2"™~"), we notice that 0.T, = 0 if and

loc
only if dea = 0 in the sense of distributions. Indeed, if ¢ € D(H", EI'™")
(and hence x¢ € D(H", Eg””_h) ), keeping in mind Remark 6.5, we have

(0T 6) = (Taldo) = / andd= [ (v dos)dV

n H~»

:/ (*a,**dc@dV:/ (a,*dc¢>dV:/ {a, xd. *x *x@p) AV

(' [ (adegav
Proposition 6.6. Ifa € L] _(H", E3"**")nd (LY.

0T, = (—1)"Ty ..
Proof. If ¢ € D(H'E!™"), then

(OTa|6) = (Tulded) = / o N duo

(H", E2"F271), then

n

= (1" [ dané = ()" Tualo)

0

The notion of convolution can be extended by duality to currents.

Definition 6.7. Let 0 < h < 2n + 1 and ¢ € D(H"). Let T € £'(H", E!)
be given, and denote by ¥ ¢ the function defined by “o(p) := p(p~t). Then
we set

(pxT|g) = (TI"¢ * ¢)
for any ¢ € D(H", E}).
Lemma 6.8. Ifa € L] (H",E}),1<h<2n+1,and J="J € D(H"),
then
(30) J % 0. Ty = 0.(J xT,) = 0T ysa-

Proof. By definition, T}, is a (2n 4+ 1 — h)-current. If ¢ € D(H", E3"~") is
a test form, then, by Definition 6.7,

(J * 0.Told) = (OTu]J * @) = (Tolde(J * ¢)) = (Tu]J * dcp)
= (J x Tp|dcp) = (0c(J * T0)|9).
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On the other hand,
(0T 10|} = (Trealdeds) = / (+(] * ), dod)dV

= /(J % (xa), d.0)dV = /(*a, J xd.(9))dV
= (To|J * dep) = (J * Tp|deg) = (Oc(J * To)|d).

Definition 6.9. If T € D'(H", E), we define its mass M(T) by
M(T) = sup{(T'|¢), ¢ € D(H", Ey), |¢|< 1}.
Lemma 6.10. If o € L'(H", E2""'="), then
(3D M(T,) = ||a||L1(Hn,E§"+1—h).
Moreover, if a € L (H", E2"™") and M(T,,) < oo, then

loc

o€ LYH", B3t and (31) holds.

Proof. The first assertion is basically contained in Exercise 4.26 of [17].
Suppose now a € Li (H" E3"™") and M(T,) < oo. Consider now a
sequence of compactly supported smooth functions (px)ren, 0 < pr < 1,
pr — 1in H® as k& — oo and set ay = ppa € LY(H", B2, If

6 € D(H", EM, || ]| < 1, then
(T, |6) —/ mand= [ anmo< ML),
n Hn

so that M(T,, ) < M(T,), and the assertion follows by Fatou’s lemma.
U

As for Federer-Fleming currents, the mass of currents is lower semicon-
tinuous with respect to weak™* convergence.

Lemma 6.11. If 1 < h < 2n+ 1, T,T, € D'(H", E}) for k € N and
T, — T in D'(H", E}), then

M(T) < limkinf./\/l(Tk).
Ifl1<h<2n+1,and Eg is a left invariant basis of Eg, then the linear
maps on EJ
o — (fjh)*(oc) = x(a A *@h)
belong to (Eg)* (the dual of E(’} as a finite-dimensional vector space) and
(1) (&) = *(E AxEl) = by dV = b,
ie. (Z4) = {(&M)*, ..., (€}, )"} is a left invariant dual basis of (E{;)*.



22 ANNALISA BALDI, BRUNO FRANCHI, PIERRE PANSU

Let us also remind the notion of distribution section of a finite-dimensional
vector bundle F: a distribution section is a continuous linear map on the
space of compactly supported sections of the dual vector bundle F* (see,
e.g., [38], p. 77). Then we can give the following remark.

Remark 6.12. Let T be a current on E,

T =2 T,

where Ty, ..., Ty, € D'(Q). Then T can be seen as a section of (E})*.
Indeed, if o = Y, ;& € D(Q, E})

(Tla) = Y AT;L=ENa) = Y (Tila A (=€)
j j
= (Tilay) = D (TI(€)) (ugh)) = Y (T31(&5) (),
j 0] j
where the dualities in the first line are meant as dualities between currents
and test forms, where the dualities in the second line are meant as dualities
between distributions and test functions. Thus we can write formally

(32) T=> T

and we can identify T with a vector-valed distribution (T}, ..., Ty, ).
We notice also that, if o = 3 a;§; € E(SL, El), then

Tu=3_ os(§)

We are now in position to identify the dual of Co(H", ET).

Remark 6.13. Ler T € D'(H", E}) be a current of finite mass M(T).
By density of D(H", El) in Co(H", EL), T can be continued as a linear
bounded functional on Co(H", E) with norm M(T). For sake of simplicity
we still denote by T its extension and by (T|¢)cx c, the action of the exten-
sion on ¢ € Co(H", E). By Riesz’ representation theorem (see e.g. [3],
Theorem 1.2.4) there exists a vector-valued Borel measure (fiy, . .., i, ) €
D'(H")Nr such that, for any ¢ € Co(H", E}) (identified as above with
(¢17 s 7¢Nh) € CO(Hn)Nh)

(33) (T|@)esco = / ¢ dp;.

In addition
(34) M(T) = ||T||cz= || (H").
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Conversely, if jt = (11, . . ., fin, ) is a finite vector-valued Borel measure,
the map T : D(H", EI') — R defined by

(35) T:;d)ﬁj %;/H 05 di

is a h-current of finite mass M(T) = || (H™).
In particular, if T' € C} (and therefore admits an expression as in (35))

(36) (T|p)csco = (T|d)pp  forall p € D(H", E}).

6.1. Poincaré and Sobolev inequalities for currents via an approxima-
tion result. Theorem 1.1 — (2) in [8] contains the following result.

Theorem 6.14 (Global Poincaré and Sobolev inequalities in degree h # n+1).
Leth =1,...,2n, h # n+ 1. For every d.-exact h-form w € L'(H", E}),
there exists an (h — 1)-form ¢ € L9/ @=V(H", E)), such that

dp=w and  ||¢llrese-n(H", By < O llwll i gy
Furthermore, if w is compactly supported, so is ¢.

Remark 6.15. As in [8], Section 1.2, we stress that Poincaré inequality fails
to hold in top degree (see also [35]).

We show that the previous result can be reformulated in terms of currents.
This is done after we prove the following approximation result (see also [4]
for Euclidean currents).

Proposition 6.16. If1 < h < 2n+1and T € D'(H", E") is a current of fi-
nite mass M(T') (identified with a vector-valued measure as in Proposition
6.13), then there exists a family (w¢)c~o of forms in E(H", EX)N LY (H", E})
such that, if we set T, := T, € D'(H", E}), then
i) M(T.) < oo foralle > 0;

i) (T¢)s>0 converges weakly*to T as e — 0;

iil) ||| 1 @n, gry= M(Te) = M(T) as € = 0;

iv) if T = 0,5, S € D'(H", E}™), then d.(xw) = 0 for all ¢ > 0.

If T is compactly supported, then the w*’s are supported in a neighbor-
hood of supp T

Proof. We denote by p the finite vector-valued Borel measure associated
with 7" as in Proposition 6.13. Arguing as in [2], Section 2.1, if ¢ > 0 let
Je = VJ is an usual (group) Friedrichs’ mollifier, we define the fuctions

F(n) = Jox l) = / T p ) du(p) = / Jop-nY) dup).

n n
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We point out that the family of functions { f¢, € > 0} is bounded in (L*(H"))"»
Indeed,if j =1,..., N,

/Ife !dn—/ / ((n-p~") dp(p)| dn

a7 < [ ([ n ) e dn
= [ ([ atwmydy i) = ),

We notice that, for all ¢ > 0, we can associate with f¢ the measure
p(p) := fedL* 1, Moreover, f¢ € (£(H"))™:. Indeed, if j = 1,..., Ny
and W is a horizontal vector field, then the following identity holds in the
sense of distributions

W(JE * ,UJ) = Je * W[L] = VWVJE * Wy,

so that, arguing as in (37), the f’s are smooth.
We can also write

fo=Texp, . Jexpn,) = (ff, -, fx,)-

Thus we can define a family of smooth forms in L' (H", E})
W=D 1
J
and a family of h-currents 7, := T, .. By (31),

(38 M(T) = [ N prgn gy = Mool prgan, )= 1)< o0

Thus 1) is proved.
We notice now that for all test form ¢ = > . ¢;§; € D(H", ED), if we
identify ¢ with the vector-valued function (¢, . .., ¢, ), we have

6 Teed) = [ (raaet = [ o,

that we can also written as
(40) (T|Je % ¢) = / (W, @) L1,

Indeed, first of all, we notice thatif 7 = 1,..., IV,

/ . (/ @) 16507 Pl dig(p)) dg < oc.



CONTINUOUS PRIMITIVES FOR HIGHER DEGREE DIFFERENTIAL FORMS 25

Thus, by (33),

(110 =3 [ Uer )l s
—Z/ / 9)0;(¢~"p) dg) du;(p)
= [ o st dn) s
= ZJ:/ (/n Je(pn™") dps(p)) 5 (n) dn
= ;/n (/n Je(np™") dp;(p))d;(n) dn  (since J ="J)
-3 | s mmesman= [ ronman= [ (o.du0)

n

This proves (39).
Let us prove ii). Take again ¢ € D(H", E): By (40), we have:

(Tlo) = Turld) = [ wno= [ (w'0pat™ = (7115 6) » (T1o)

as € — 0, since J, * ¢ — ¢ in D(H", E}).

In particular, [, (f€, ¢) dL*"** — (T'|¢) forall ¢ € D(H", E{). Thanks
to the density of D(H", E}) in Ceomp(H™, EL), by (37), u¢ — 1 weak* in
the sense of measures.

Now, we can prove iii). By [2], Theorem 1.59

M(T) = |p|(H") < lim i§1f|,u6(]H[”)|: lim iOnfM(Te).

On the other hand, by (37)
lim sup M(T¢) < M(T),

e—0

and 1ii) follows.
Finally, let us prove that «w¢ is d,-closed. Take again ¢ € D(H", EiT™).
Keeping in mind that 9. 7" = 0, by (39) we have:

/ (d,* w, @)y dL*" ! = / (%W, dip) LT = £ / (k€ xd, * @) AL

= ﬂ:/n<w5,dc*¢> d£2n+1 = j:<T|J€ * (dc*¢)>
= £(T|d.(Je * (x¢))) = £(0.T|J. * (x¢)) =
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and hence d.(*w®) = 0. Thus iv) is proved.
U

Thanks to previous result, theorem 6.14 can reformulated in terms of
currents as follows:

Theorem 6.17 (Global Poincaré and Sobolev inequalities for currents). Let
h=1,...,2n.

Ifh #nand T € D'(H", EY) is a current of finite mass of the form T =
0.S with S € D'(H", E'*Y), then there exists a form ¢ € LO/@~1(H", E3"~M),
such that

1y =T and H¢HLQ/<Q—1)(Hn,E§"—h)§ CM(T).
Furthermore, if T' is compactly supported, so is ¢.

Proof. Let us prove a). By Proposition 6.16 with € = ¢, — 0 as k — oo,
with the notations therein, for any k& € N there exists a sequence (*xwy)gen €
E(H", B2 M)y A LY (H", B2 ") satisfying i), ii), iii), iv). In particular,
d. x w, = 0. Therefore, since 2n + 1 — h # n + 1 (by hypothesis h # n),
Theorem 6.14 implies that there exists ¢, € L%/(@~D(H" EZ" "), such
that

der, = *wg and H¢k”LQ/<Q—1)(Hn,E§"—h)§ C H*WkHLl(Hn,EgnJrl—")'
By Proposition 6.16, iii), we know also that
H*wkHLl(Hn,ES"H*h): HwkHLl(Hn,EQ)_> M(T)

as k — oo. Therefore the ¢;’s are equibounded in L%/(@~D(H", E{~") and
hence we can assume that ¢}, — ¢ weakly in L@/ (@=D(H» E2r").
Thus

HéHLQ/(Qfl)(HmEgn—h)g CM(T).
By definition, with ¢ := (—1)" we can associate the current T,, € D' (H", Ei+1).

Eventually, we are left with the proof of 0.7, = T. Let ¢» € D(H", E!') be
a test form. We have:

OTol) = (Loldet) = | o ndetp = (1) lim | o Nt

o Jpn

= (D% lim | doppAtp= B[ A

k—oo H~ — 00 Hn

by 6.16, i1). This completes the proof of the statement.
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7. PROOF OF THEOREM 4.4-1): CONTINUOUS PRIMITIVES OF FORMS
INE} h#n+1

The proof of Theorem 4.4 will follows by duality. Having in mind Sec-
tion 5, we start with a few definitions.

Definition 7.1. Denote again by Cy the Banach space of continuous func-
tions vanishing at infinity with the L*>°-norm. We set

E = Cy(H", E}™),
By Remark 6.13, the dual space E* can be identified with the set of (h —1)-
currents with finite mass. If 2 < h < 2n+ 1, h # n + 1, we set
D(A) :={y € E, d € L°(H", E})} C E,
and A : D(A) — F, where
F=L°MH"E)N and Ay :=da.

Remark 7.2. Notice that D(A) is dense since contains D(H", E'™") and
A is closed since is a differential operator.

In addition F* can be identified with L2/ Q=1 (H", E2"*'=") through the
identity: if B € L9/ @Q-V(H" E}), then we put

fle)= | Bra
Hn
fora € LO(H", E).
Lemma 7.3. Suppose h # n+ 1. If ¢ € D(A), then there exists a sequence
(Vi) ren in D(H", EXY) such that
41 Yy — Y inkE and dapy — dop in F.

Proof. Let show preliminarily that there exist a sequence

(wk)keN in Ccomp<Hn> Egil)
satisfying (41). Let us take a sequence of smooth cut-off functions (¢ )ken,
0 < ¢ < 1,supp ¢ C Ble,2k), v = 1in B(e, k), |[W¢i|< C/k, where
C is independent of k. Set ¢, := ¢r1). Obviously, ¥y — ¢ in E. By
Leibniz’ formula (see Lemma 3.3), if h # n,

[ detpn — dab|| 25 11(d — DA 34 [ [Wen|? 0|9 dp
Hn
1

Dol
k<|pll<2k

1
< [[(¢x — 1)dcw|\?+(E)Q\B(€, 2k)| sup || = 0

k<[pll

< |l(dr — 1)dap]| 2+
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as k — oo, sincey € Fandd .y € F'.

U
Proposition 7.4. We have: D(A*) is dense in F* and
(42) D(A*) ={p € F*, M(0.13) < oo}
In addition, if § € D(A"),
(43) A*B = 0.Tp.

Proof. Since F is reflexive, then D(A*) is dense in F* (see [17], Remark
15 of Section 2.6). To prove (42) we have first to show that, if 5 € F™* and
there exists cg such that

(44) | BAdp|< cgl|le for all v € D(A),
HTL

then M(9.T) < oo. The assertion is straightforward since, if ¢y € D(H", Ei~')
D(A), ||¢]|p< 1 then

[{0cTsl) = [{Tsldetp)|= | Hnﬁ N dep|< cp.

This shows that D(A*) C {5 € F**, M(0.13) < oo}.

Let us prove now the reverse inclusion. Suppose 5 € F™* is such that
M(0.1p) < oo. If ¢y € D(A), by Lemma 7.3 there exists a sequence
(Vi) ren in D(H", EX7) such that

Y — Y ink and dapy — dap in F.
Hence, (44) holds. Indeed,

[ andasi=timl [ 5 dnl=timl(0.Tl)
Hn Hn
< M(0Tp) lim sup [ || 5= M(0:T5) [V ]| -
This completes the proof of (42).

Again following [17], Section 2.6, if 5 € D(A*), then A*{3 is uniquely
determined by the identity

(A*(B), V)pep = (B, AY) p» for ) € D(A).

Taking «» € D(H", E}~'), then (43) follows.
O

Proof of Theorem 4.4-i). With the notations of Definition 7.1, let us show
preliminarily that

(45) A*(D(A")) is closed in E*.
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To this end, let (7},),en a sequence in A*(D(A*)) that converges toa h — 1-
current 7' € E* (i.e. in the mass norm). Hence, M(T,) = ||1,|| g~ < C; for
all n € N. Moreover, in particular 7,, — 7" weakly in 7, i.e.

(Tlo) = lim (T,o)

for all ¢ € D(H", E!™'). By (42) and (43) there exists a corresponding
sequence (S, )nen in D' (H", EX) such that

46) T, =0.S,, withS,=Ts, B,¢c LY VH", EZr")

for any n € N. Since the (h — 1)-currents 0.5,,’s satisfy M(0.S,) =
M(T,) < oo, by Theorem 6.17 (that we can apply since 1 < h —1 < 2n
and h—1 # n), again for any n € N there exists ¢,, € L?/(@=D(H" Ear+1=h)
such that 0,7}, = 0.5, = 0.13,, and

||¢n||LQ/(Q*1)(Hn,E(2)n+17h)§ CoM(0.5,) = CM(T,) < C1Cs.
Since Q/(Q — 1) > 1 we cas assume that
¢n — Qb Weakly in LQ/(Q—l)(Hn7 Egn+1—h)'

Thus T, — T weakly* in D" and T, = 0.5, = 0.1, — 0.1, weakly*
in D’; therefore, since also T,, — T" weakly*, it follows that 7" = 0. Ty. To
prove that 7' € A*(D(A*)), by (42) we have only to show that M(0,.T}) <
0o. Because of the lower semicontinuity of the mass with respect to the
weak* convergence, we have

M(0.T,) < liminf M(0.S,) = liminf M(T,,) = M(T).

n—oo

Thus (45) is proved.
By Theorem 5.1, 1), (45) implies that

(47) A(D(A)) = (ker A*)*.
Moreover, by Lemma 5.2, (45) implies that there exists C' > 0 such that for
all f € A(D(A)) there exists e € D(A), satisfying
(48) Ae=f and |e[[p< C|f]p

We are left to show that {« € Le(H", E}), d.a = 0} C A(D(A)). This
will be done by showing that
(49) {a € Le(H", EY), dea = 0} C (ker A)™ .
Indeed, let « € L2(H", E) be a closed form, and take 3 € L?/(@=D(H" E2rt1=h) ¢
ker A*, ie. f € L/@-D(H" E2*"'~") is a closed form, by Remark 6.5.
Then, by Proposition 3.5,

/ aNpB =0,
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1.e. (49) holds.
Thus, combining (49) and (47),

{a € Le(H", EY), d.a = 0} C A(D(A)),

and hence, by (48), we have proved the theorem.

8. THE MAIN GLOBAL RESULT IN DEGREE 7 + 1: POINCARE
INEQUALITIES WITH BEPPO LEVI-SOBOLEV SPACES

The proof of our main result when i = n+ 1 is technically more delicate
since in this case the equation d.¢ = w involves a differential operator of
order two. In this case, we prove a more general result involving the Beppo
Levi-Sobolev space BLY?/@~1(H") that implies, as a corollary, statement
i1) of Theorem 4.4. Let us start by mentioning some general facts regarding
Beppo Levi-Sobolev spaces BL'?(H").

8.1. Beppo Levi-Sobolev spaces BL'*(H").

Definition 8.1. If 1 < p < Q, we denote by BL'?(H") the homogeneous
Sobolev space (called also Beppo Levi space) defined as the completion of
D(H"™) with respect to the norm

2n
||U||BL1vP(H"):: Z”WjuHLP(H")'
j=1

Remark 8.2. Since BL'?(H") is reflexive, it can be identified with its bid-
ual via the canonical isomorphism 7(u)(f) = f(u) for all BL**(H") and
fe (BLMP(H"))".

Proposition 8.3. If1 < p < @), then
(BL"(H")) ={T e D'(H"); T =>_ W,f;, f; € L' (H")}.
J

If F' = (f1,..., fan) is a horizontal vector field, then we set
diveg F = > W, f;.
J
By Sobolev inequality with sharp exponents in Carnot groups (see e.g.,
[31]) it is easy to prove the following theorem.
Theorem 8.4. If 1 < p < Q, we have: v € BL"?(H") if and only if
u e P QPH) and Wiu € LP(H"), j=1,---,2n,
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and the two norms are equivalent, i.e.,

lull prrsEm~ ull rer@-nEm+ > Wit o).
J

In particular, the embedding BL"P(H") C LP?/(Q=P)(H") is continuous.

For sake of completeness, let us provide a full proof of the above state-
ment. Let us state preliminarily the following (trivial) result.

Lemma 8.5. Let X be a Banach space, and X, C X a dense subspace. Let
Yo be a normed space and Y its completion. If Ty : Xo — Yy is a linear
isomorphism such that

(50) HUHX()% HTOU’HYO foru S XO,
then Ty can be continued as a linear isomorphism " between X and Y .

Proof. Take u € X; then there exists a sequence (ug)ren in X converging
to w in X. Then, by (50), (T'uy)ren is a Cauchy sequence in Y; converging
to an element of Y. We set T'u := limy Thug. Trivially, the continuation
T is a well defined bounded linear operator between X and Y. Clearly, T
is injective. On the other hand, take v € Y. By definition, there exists a
sequence (vg)ren in Yy converging to v in Y. Again by (50), (T, 'vx)ren
has alimit uw € X. By continuity, T'u = lim;, TT, 'vy = limy, Ty T, vy, = v.
Therefore, 7' is also surjective and hence is a linear isomorphism.

O

Proof of Theorem 8.4. With the notation of previous Lemma 8.5, set
X = PYQPME) N {u € D'(H"), |[Wu|e LP(H")},
where we set |Wu|:= Zjilﬂ/V]uL and (with a slight abuse of notation)
endowed with the norm
[l x= [lull Lres@=p ey Wl Lo m).-

A standard argument shows that X is a Banach space. Let us prove that
Xy := D'(H") is dense in X. We notice first that £(H") N X is dense in X.
Indeed, if € > 0, let J. = V.J. denote again a (group) Friedrichs’ mollifier.
If u € X, then J, xu € E(H"), and

Jekxu—u in LPR/(Q=p)(H"),

and
W(J.*xu) = Jx Wu — Wu in LP(H")?".

as € — 0. Therefore, from now on we can assume v € E(H") N X. Let
us fix a sequence of cut-off functions {x; }ien C D(H™) such that for any
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k € N supp(xx) C B(e,2k), xx = 1 in B(e, k), and k |Wy|< C for all
k € N. Set uy := yxu. Obviously,

U —> U in LPQ/(@=P)(H") as k — oo.
Moreover, since

1
(W< O lul+xiWal,

then

|Wug|— [Wul in LP(H") as k — oo.

Again with the notations of previous Lemma 8.5, we choose Yj := D(H")

endowed with the norm ||u||y,:= |||Wul||| » (). The inequality (50) is noth-

ing but the sharp Poincaré inequality of [31], and the statement is proved.
O

Definition 8.6. [f 1 < h < 2n+ 1, then a form o belongs to BL'?(H", E!*)
if and only if all its components with respect to a fixed left invariant basis

=5 ={&l - &)
of E} belong to BLYP(H").
Proposition 8.7. The dual space (BLY*(H", E}))* can be identified with a
family of currents T € D'(H", E?) such that, with the notation of (32)

R

with T; € D'(H"), j =1,..., N, of the form
with F; € (LP)*", j =1,..., N

More precisely, by the density of D(H", E") in BL**(H", E}), an ele-
ment of (BL'?(H", E))* is fully identified by its restriction to D(H", El).
In particular, if T € (BLYP(H", E}))* C D'(H", E!) and, if for sake of
simplicity we write W := BLY(H", E), we have
(5D (To)w=w = (T|d)pr -

Proof. LetT € (BLY?(H", E!*))* be given, and consider a sequence (¢y,)ken
of test forms, ¢ — 0 in D(H", E}). Since there exists a compact set K
such that supp ¢ C K for all £ € N and ¢, — 0 uniformly with all its
derivatives, then

quk”BLl,p(Hn7E61)—> 0 as k — oo,

so that (T'|¢ )+ — 0 as k — oo. This proves that 7" is a h-current.
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Take now ¢ € D(H"). If 1 < k < N, define

(Til¢) > = (T16& ) W < Cllo€R | primgan z1y= ClEN priwn, mm,

so that T}, € (BLYP(H", E))*. By Proposition 8.7 there exists a horizontal
vector field in F}, € (L”")?" such that

Te(&0)" = (dive F) (&))"

and

(52) T = (divy F})(&})".

O

In the sequel, we will often use the identification given in (8.7), omitting
the subscript.
The next two assertions follow straightforwardly from Theorem 8.4 .

Proposition 8.8. If ¢, — ¢ weakly in BL*?(H", E"), then
Ty, — Ty weak*in D'(H", B3
Lemma 8.9. Ifw € L?2(H", E}™), then T, € (BL“</(@=V(H", E7))*

and
1ol (Brrese-vmn gy < Cllwll Lor @, gy

Proof. Let ¢ € D(H", Ef}), then

(Tld) = [ w06 < folluorsgon e |8l sara-niem. s
H’ﬂ
< CHWHLQM(HH,E(?“)||¢HBLLQ/<Q—1)(H",E3)>
by Theorem 8.4 U

8.2. Poincaré inequalities with the Beppo Levi-Sobolev space: the case
of primitive in 7. One of the main results of this paper is contained in
the following theorem.

Theorem 8.10. Let ) be a n-current identified with an element of
(BLW/ @D, Ey))”

(i.e. of the form described in Proposition 8.7).
If 0.8 = 0, then there exists ¢ € Co(H", EY) such that 0. Ty = S and

[@llco @, z5) < CllQ| (BLres @1 @R, By~
As a corollary we get:

Proof of Theorem 4.4-ii). By Lemma 8.9, the statement follows from The-
orem 8.10. U
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The first step in order to prove Theorem 8.10, is a result that contains an

improvement of Theorem 1.1 (2) in [8] in the case h = n + 1.

Theorem 8.11 (Global Poincaré and Sobolev inequalities in degree h = n+1).
For every d.-exact form w € L*(H", Eg‘“), there exists an n-form

= BLLQ/(Q—U(]HI”7 EY)
such that
de¢p = w and H(bHBLlaQ/(Q*U(H",Eg})S ¢ Hw||L1(Hn,Eg+1)-
Furthermore, if w is compactly supported, so is ¢.

The proof of Theorem 8.11 follows the same line as the proof of The-
orem 1.1 (2) in [8], after proving the following Gagliardo-Nirenberg type
inequality, which generalizes Theorem 1.6 in [7] (see also Theorem 5.1 in

[8D).

Theorem 8.12. Let u be a smooth compactly supported Rumin n-form on
H". Assume that d;u = 0. Then

(53) HUHBLLQ/@—l)(Hn,Eg)S CHchHLl(Hn,Eg“y
Proof. Remember, by Theorem 8.4,

lull prr.as@- @n g™ [l Las@-2 @n g+ Wl Lore-v @n gp)
In addition, by Theorem 1.6 in [7], we already know that

HuHLQNQ*?)(Hn,E{;)S CHdCuHLl(H",ESL“);

thus we have but to show that
(54) IWull Lar@-v @, g < Clldet]l pr g, gy
Arguing as in [7], if ©» € D(H", EY)
(W, ¢>L2(Hn,E(;) = —(u, WWH(Hn,E{;)

= —(u, AH,nAﬁ}nWWB(Hn,Eg)

= —(u, (Oede + (debe)®) Ay, W) L2n o)

= —(u, 0ede Ay W) L2320 )

— <U, (dcéc)Q)Aiﬂ}nW¢>L2(H",Eg)
== [1 + [2.

(55)

Consider first the term . Since u is coclosed, I5 = 0:
(u, (de0e)®) A, W) r2gan gy = (dyu, dided?) A, W) 1o ggn -1y = 0.
Consider now the term /;:

(u, ddeAﬁ}nW@b)L?(Hn,E(ﬁl) = (du, dCA]IT]I,anw>L2(H”,Eg+1)‘
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By Theorem 3.8 and Proposition 2.7, d.KXW is a kernel of type 1. On the
other hand, as proved in [7], Theorem 5.1, the components with respect to
a given basis of the closed forms d.u are linear combinations of the com-
ponents of a horizontal vector field with vanishing horizontal divergence.
Thus we can apply Theorem 2.9 and we get eventually

|<WU7 ¢>L2(Hn,EQ)‘ < C”dcuHLl(HmEg"'l)'HVHdCAﬁ}nwwHLQ(HmESL"’l)
< C“dcuHLl(H",Engl)'||77Z}||LQ(H",E6L)7

by Theorem 2.8-iii). Thus (54) follows.
O

Proof of Theorem 8.11. As in [8], we can take ¢ := d*Ag!

H.np1w- In partic-
ular, Theorems 5.2-iii) in [8] shows that

¢l Les@—2 @n, gy < CHWHLl(Hn,Eg“)-

Repeating verbatim the proof of Theorems 5.2-1) in [8], combined now with
Theorem 8.12, we arrive to show that W ¢ satisfies

Wl st sn gy < Clwll 1 m, gy

To this end, we replace u in (53) by a suitable compactly supported smooth
approximation of ¢ (see formula (33) in [8]). This completes the proof of
Theorem 8.11.

O

Remark 8.13. It is important to stress that in the statement of Theorem
5.2 in [8] it is required that w has vanishing average. However, Pansu &
Tripaldi in [35] proved that such an assumption can be removed.

Theorem 8.11 can reformulated in terms of currents as follows:

Theorem 8.14 (Global Poincaré and Sobolev inequalities for currents). Let
h =1,....2n. If T € D'(H",E}) is a current of finite mass of the
form T = 0,S with S € D'(H", Ey*"), then there exists a form ¢ €
BLY“Q/Q=Y(H", E), such that

9Ty =T and HQSHBLLQ/(Q—U(H”,E[’;)S CM(T).
Furthermore, if T is compactly supported, so is ¢.

The proof of this statement is omitted since it can be carried out analo-
gously to the proof of Theorem 6.17 combining Proposition 6.16 and The-
orem 8.11.
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9. SOME MORE APPROXIMATION RESULTS

Lemma 9.1. If 3 € BLY/Q-V(H", E?) and M(0.Tj) < oo, then there
exists a sequence (B,)pen in D(H", EY) such that

i) Br — Bask — ooin BLY/@-D(H", En);
ii) M(9.Tp,) — M(9.Tp) as k — <.

Proof. If € > 0, let J. = YJ, be a (group) Friedrichs’ mollifier. Since
B € LY/Q-D(H" E}) then
JoxB— B in LY@ EY).
In particular,
(56) Tr.s— Ts  inD'(H, EFtH.
In addition, since W3 € L¥/@-V(H" EY)
W(J.xB)=J+xWB—Wa  in LY @YMH" E}).
Thus
JoxB— B in BLY/@Q-V(H" EP).
If ¢ is a test form, |||/~ < 1, we have now
(0c(Je % Tp)|¢)pr D = (Je * O:Tp|P)p D (by (30))
= (0.T3|Jec * d)pr (by Definition 6.7)
< M(0Tp) || Je * @l oo < M(9:T5) || 8] v
so that
M(0c(Je x T)) < M(0.Tp).
On the other hand, by (56) and Lemma 6.11,
M(0:T) < lim inf M(8.(Je x Ty)),
and then
(57) M(D.(J. * Tp)) = M(0.Tp) ase — 0.

Therefore, from now on we can assume 5 € E(H", E). Let us fix a se-
quence of cut-off functions {xj}iey C D(H") such that for any k¥ € N
supp(xx) C Ble,2k), xx = 1in B(e, k), and k |W x| +k* [W? x| < C for
all k € N.

Set B := 1B € D(H"EY). By Theorem 8.4 3 € L?/(@=2EH"EY) and
hence, obviously,
(58) Br = in LY/ Q-DWEE) a5 | — 0.
In particular,

(59) Ts, —Ts  inD'(H", E}*Y) as k — oo.
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Moreover, again by Theorem 8.4, if W is a horizontal derivative, then
(WB|le LR/@-V(H", E}). By dominated convergence, ;W3 — Wp
in L9/(@=Y(H", E7) as k — oco. On the other hand, again by Theorem 8.4,
B € LR/Q=2(H", E}) so that

/ (W xel 18D @D av

]H[n

< k9@ / 181Q/@D) gy
B(e,2k)\B(e,k)

< kQ/(Ql)(/ ‘ﬁ‘Q/(Qﬂ) dv)(Q—Z)/(Q—I) - | B(e, 2]{)|1/(Q71)
B(e,2k)\B(e,k)

= O( / 189/@=2 q)@2QD 0 ask — .
B(e,2k)\B(e,k)

Thus
(60) Wh=xiWB+ (Wxi)B8 — Wp

in LP(H", E}). Combining (58) and (60) statement i) is proved
Now, let us prove ii). If ¢ is a test form, [|1|| =< 1,

<80T3k‘w> = <TXkﬁ|de> = / XeB A deap = dC(Xkﬁ) A

n H™

_ / B At + / R(WP)fAG+ / Pi(Wxi)B A0

n

1
< M) o=+ 5 19 [ 81

B(e,2k)\B(e,k)

1
+ ol [ s v
B(e,2k)\B(e,k)

1 _ _
< M)+ 5 [ 5191972 qv) @/ | B(c, 2p)/9
B(e,2k)\B(e,k)

1 _
s f WHI/@D ay) O e, 2]/
B(e,2k)\B(e,k)
<m(@) -+ [ 1310/ gy -2/
B(e,2k)\ B(e,k)

- C(/ W B|Q/@-1 gy @-b/e,
B(e,2k)\B(e,k)
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Taking the supremum with respect to v, it follows that

M(9:Tp,) < M(B) + C( / 18|9/(@=2) q17)@~2/Q

B(e,2k)\B(e,k)

el / W@ qy)@/@
B(e,2k)\B(e,k)
By Theorem 8.4 3 € L%/(@=2(H", E"), and hence

/ 18|9/@"DaqV -0 ask — oo.
B(e,2k)\B(e,k)

In addition, |W 3|e LO/(Q-DEEF) "and hence
/ (W B9/ @D ay — 0 as k — oo
B(e,2k)\B(e,k)

Thus
lim sup M(0:.13,) < M(p).

k
On the other hand, combining (59) and Lemma 6.11,

M(B) < limkinf M(0.Tp,)

and statement ii) follows.
O

10. CONTINUOUS PRIMITIVES OF FORMS IN Eg: PROOF OF THEOREM
8.10

Let us consider the following abstract setting:

Definition 10.1. We set
E:=Cy(H", Ey),  F:=(BL'*/@VH" E}))".
D(A) :={y € E,0.T, € F}, Ay = 0.1y,
where, according to Proposition 8.7, we use the identification of (BL'*(H", E}))*
with a space of n—currents.

Again by Remark 6.13, the dual space of E can be identified with the set
of n-currents with finite mass.

Lemma 10.2. The domain D(A) is dense in E and the map A : D(A) — F
is closed.

Proof. The first assertion follows since D(H", Ef}) C D(A). Moreover, if
Y € D(H", EY}), then d.yp € D(H", EftY) ¢ L92(H", Ej*™). Hence,
by Lemma 8.9, T;.,, € F. By Proposition 6.6, up to a sign, Ty, = 0.1},
hence we can conclude that ¢ € D(A).



CONTINUOUS PRIMITIVES FOR HIGHER DEGREE DIFFERENTIAL FORMS 39

Suppose now (1 )ren is a sequence in D(A) such that ¢, — 1) in £ and
d.T,, — T in F. By definition, D(H") is dense in BLY?/(@=Y(H"), hence
for any ¢ € D(H", E}) we have

O.Lleh = (Tuldes) = [ v ndep

= h’gn Yr Ndep = 1i]£n<ka ‘dc(p> = <T‘30>
Hn

Therefore 9.7, = T € (BL“?/(Q=VD(H"))*.

Lemma 10.3. If¢) € D(A), then there exists a sequence
(r)ken in E(H", EF)NE

such that

(61) Y = inE  and Ay — Ay weaklyin F

as k — oo.

Proof. Consider a family of group Friedrichs’ mollifiers (J,)e~o with J, =
VJ.. Obviously J. x ¢ € EH™, Ef) N E. In addition, if we take ¢ €
D(H", Eg), [l¢ll pLres@-n@ny@n, g < 1, by (30),
(0T x| p) = (Je % OTylp) = (0.Ty| e * )
< N0 Tyl pllJe ol prrere—n@n gy < ClOTy | F.

Therefore {0.1,.,} is bounded in F' and then we may assume that there
is a subsequence weakly convergent in F'. Then, since A is closed, (61)
follows.

U

Proposition 10.4. The domain D(A*) is dense in F* and
(62) D(A*) ={7(B) : € BL*Y@VMH", E}); M(9.T3) < oo}
In addition, if B € D(A*), then, by definition, for any 1) € D(A)
(A*Bl) g+ e = (BlAY) pr .
In particular, if v € D(H".E}), then
(63) (AT (B)Y) e = (A" (7(B) )0 = (0T |v) D D,
ie.
A™(7(P)) = 015

in the sense of currents.
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Proof. Since F is reflexive, then D(A*) is dense in F™* (see [17], Remark
15 of Section 2.6). In the sequel, to avoid cumbersome notations, we shall
also write
W = BL"/@-YV(H", E}),

so that F' = W*. To prove (62) we first show that D(A*) C {7(p) :,5 €
Wi M(0.15) < oo} thatis, if 7(5) € F™* and there exists ¢z such that
(64) [(T(B)|A)pe p|< csllpllz forall 4 € D(A),
then M(0.13) < oo.

First of all, Remark 8.2 says that
(65) (T(B)|AY) e & = (A|B) e,
so that (64) becomes

(©6)  [{0:Ty|B)wewl= [(AY[B)w- w|< cslldbllz forally € D(A).

Now, if 5 € W satisfies (66), by definition there exists a sequence (Sx)nen
of test forms converging to 3 in W, and then, by Theorem 8.4, converging
to (8 also in Li. (H", E}). Thus,
Tsy —Ts  inD'(H", EFT
and
8CT5N — 8CTB in D/<Hn, Eg)
Take now ¢ € D(H", E}), ||¢||z< 1. By Lemma 3.4 we have:
{05l dp o] = [ (Oc Ty [0) o o] = [ (Tsy |dep) v 0|

= [l (To|defn) o p| = [ (0T, | B ) o
= [lim(Ap[fn)pp| = [Im(Ap[On)w-w

(by (51), since 0.1, = £T.,, and d.p € Li..)
= [{(Ap|B)w-w| < callelle< cg,

by (66), since D(H", E{') C D(A). Taking the supremum with respect to ¢
we conclude that M (0,.7j) < 0.

Now we have to prove the reverse inclusion: take 3 € BL@/(Q=V(H" ED)
such that M(0.75) < co. We must prove that (64) holds. By Lemma 10.3,
there exists a sequence (1 )xen in E(H", EY') N E such that

(67) Y = inE and Ay — Ay weakly in F
as k — oo. Hence

(T (B)|AY) pe = 1iI£n|<T(5)|A¢k>F*,F|-
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Suppose for a while we have proved (64) for ¢, € E(H", E}) N D(A); then
[{T(B)|Adbi) p- < cpliml[ge]| = cs[ ]l s,

i.e. (64) holds for any ¢ € E. Therefore, we may suppose ¢ € E(H"™, Ef)N
D(A).
By definition of D(A), Ay € W*. Let (Bk)ren the approximation of /3
of Lemma 9.1. By (51), we have

(T (B ALY - | = [(AY[B)w ] = lim [(AY] B - w ]

(68) = lim (49|} p| = lim [(0.Ty| By ol

= lim [(Ty|dcBy)prp| = lim | Y A deByl.
Let now k£ € N be fixed for a while, and let x € D(H"), 0 < x < 1 be a

cut-off function, x = 1 on supp . Then, keeping in mind that 1) is a test
form,

| ?ﬂ A dcﬂk‘ = ’ (Xw) A dcﬁk'
H" H"

(69) =| [ de(x¥) A Byl (by Lemma 3.4)
Hn

(Talde(x))| - (by (29)
(0T, [x )| < M(O:Ts ) Ix¥le< M(9eTs,) |9 ]| -

Thus, combining (69) with (68) and keeping in mind Lemma 9.1, ii), we
obtain eventually

(T (B)AY) e | < M(O:T3)[¢]| e,

1.e. (64) is proved.

We are now left to prove (63). First, we remind that, following [17],
Section 2.6, if 7(3) € D(A*), then A*(7(()) is uniquely determined by the
identity

(AT (PN e & = (T(B)|AP)pe - for i € D(A).

Finally, take ¢ € D(H", E}).
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By Lemma 9.1, 1) there exists a sequence compactly supported smooth
forms (k)ren converging to 3 in WW. Now, by (65),

(A (T ()W) e e = (T(B)AY) P p = (AY|B)w=
= 11£I1<A¢|5k>w*,w = li£1<A¢|5k>D/,p

= hin<acT¢|6k>D’,D = lillgﬂ A deSy

Hn
= 1i]£n de) N B = / dep N\ B = (0:T5|v)p D,
Hnr n

and we are done.
O

In order to prove Theorem 8.11 we need a last result, that is akin to
Lemma 3.5 which was used in the proof of Theorem 4.4. To avoid cum-
bersome notations, let us write again W := BLYQ/(@~-V(H" Ep).

Lemma 10.5. Suppose f € BLYQ/Q@=V(H", E7) and Q) € (BLYQ/@~1(H", E7))*
are such that
013 =0 and 0.0 = 0.
Then
(Q[B)w=w = 0.

Proof. By Remark 6.5, d.f = 0 in the sense of distributions. If ¢ > 0, let
Je = VJ. be a (group) Friedrichs’ mollifier. Then

JoxB— B in BLY/(@-D(H" ER)
and
de(Je * ) = 0.
Thus, without lack of generality, we can assume § € W N E(H", Eg). In
particular, 3 € L?/(@=2)(H", E7). Keeping in mind Theorem 2.8, let us set

¢ = d*d.d: A B e LY @I (H, B Y,
since d*dcdiAgl is a kernel of type 1. As in [9], Section 1.6,
dc¢ = B

Let us fix a sequence of cut-off functions {xn } yen C D(H") such that for
any N € N, supp(xn) C B(e,2N), xy = 1in B(e, N), and

N [Wxn|+N? [W2xn|< C

forall N € N.
We notice that x5 € D(H", Ef}) and

xnB — B mW.
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The proof of this fact is already done in Lemma 9.1.
Thus we can write

(Q1F)w-w = T (Qxn B)w=w = Im(Q|x v ded)w- -
Therefore, the statement of the Lemma will follow by showing that
(70) hj{fn<Q|XNdc¢>W*,W = 0.

First of all, by Lemma 3.3,
d.(xn9) = xndet + Py~ (Wxw)o,

where P '(Wyxy) : Ejf~' — EP is a linear homogeneous differential
operator of order zero with coefficients depending only on the horizontal
derivatives of x . Thus, by (51),

(QIxnded)w+w
= (Qlde(xn®))w=w — (AP (Wxn)d)wew
(71) = (Qd.(xn¢))p > — (QUF ™ (Wxn)o)wew
= (0Q0xnd) oo — (QUPFH(Wxn)d)wew
—(QPF (W xn)d)we w,

since 0.2 = 0.

We notice now that P! (W )¢ can be seen as a linear combination of
the element of the basis = of E{ of the form (W xx)ds, where the ¢, are
coordinates of ¢ with respect to the basis =0 !

Thus, in order to prove (70), we have but to show that

(72) (Wexn)de — 0 in BLMQ/(@-D(HM),

The proof of (72) will be articulated in three steps.
Step 1. Consider first

I(Wixx)dell F5%- 22>(Hn < N~Q/(@- 2)/ 16|Q/@-2) g

B(e,2N)\B(e,N)

< ON-Q/Q-2)( / 16]2/@=3) 41)(@9)/(@D)| g 9 \)1/(@-2
B(e,2N)\B(e,N)

<c(f 619/ dp) @@ g
B(e,2N)\B(e,N)

as N — oo, since ¢ € L9/(@=3)(H", Eg_l),
Step 2. If W; is a horizontal derivative, consider now the L%/(@=Y_norm of
Wi(Wixn)¢e)- It holds,

Wi((Wixw)ée) = (WilWixn) oo + (Wixn ) Wilde).
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Step 2a Now,
Q//(Q-1 — — _
(Wi ) el it gy < N2/ 1)/ 6|9/ dp
B(e,2N)\B(e,N)

<cone@n [ 6/ dp)( @@V B e, 2N PO
B(e,2N)\B(e,N)

< / 16]Q/(@=3) gp)(@-3/@-D _,
B(e,2N)\B(e,N)

as N — oo, again since ¢ € L9/(Q=3)(H" Ep—1).
Step 2b. Consider eventually the L?/(@~Y-norm of
(Wixn)Wilde) = (Wixn)Wildided: A7 ) =: (Wixn) e

We notice now that the map § — ggg is associated with a kernel of type O
and then is continuous from L?/(?=2)(H") to itself (again by Theorem 2.8,
since Q/(Q) — 2) > 1). Therefore

~ 1 B - ~ B
H(WkXN)QbéHfé(/iQQ—l))(Hn)S N QN@ 1)/ |¢4|Q/(Q 1 dp
B(e,2N)\B(e,N)

< CNQ/(QD(/ || @/ (@2 ) @=D/Q=V)| B¢, 2N V(@D
B(e,2N)\B(e,N)

< / 13[@/(@=2) gp)(@-D/@-D _,
B(e,2N)\B(e,N)

since ¢y € L9/(@-2)(H"),
This completes the proof of (72) and hence of the Lemma. U

We are now in a position to conclude the proof of Theorem 8.10.

Proof of Theorem 8.10. With the notations of Definition 10.1, let us show
preliminarily that

(73) A*(D(AY)) is closed in E*.

To this end, let (T} )kren a sequence of n-currents in A*(D(A*)) that con-
verges to a current 77 € E* (i.e. in the mass norm). Hence, M(T}) =
|Tk||g+< C for all k € N. In particular T, — T weakly* in D'(H"E}'),
Le.

(Tlo) = Jim (TiJo)

for all o € D(H", Ef). By (62) and (63) there exists a corresponding
sequence (3 € BLV?/(@=Y(H", E7) such that

Ty = 0.1,
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for any k € N. Since the n-currents 0,1, ’s satisfy M (0,13,) = M(T}) <
00, by Theorem 8.14, for any k € N there exists ¢, € BLM?/(Q=V(H" Ep)
such that 0,7}, = 0.1p,, and

10kl pLr.as @1 @m gy < CM(T;) < CCL.
Since Q)/(Q — 1) > 1 we cas assume that
¢r — ¢  weakly in BLMQ/(Q-D(H" ED).

Thus, by Proposition 8.8, T,,, — T, weakly* in D'(H", E{™") and T}, =
0.1y, — 0.1 weakly* in D’; therefore, since also 7}, — 1" weakly*, it
follows that 7" = 0,.T,. To prove that ' € A*(D(A*)), by (62) we need
merely show that M (9, T) < oo. Because of the lower semicontinuity of
the mass with respect to the weak* convergence, we have

M(0.Ty) < li;n inf M(0.T3,) = lilgn inf M(T},) = M(T).

Thus (73) is proved.
By Theorem 5.1, 1), (73) implies that

(74) A(D(A)) = (ker A*)*.

Moreover, by Lemma 5.2, (73) implies that there exists C' > 0 such that for
all f € A(D(A)) there exists e € D(A), satisfying

(75) Ae=f and |lefz< C|f]lp.

To complete the proof, taking into account (74), we only need to show
that

(76) {Q € (BL"Y/QYH" EM)*, 0.0 =0} C (ker A*)*.

Indeed, take Q € (BLY¥/(@~Y(H" E}))* such that 9.2 = 0. For any
B € BLY/(Q-Y(H" E}) belonging to ker A* (i.e. 9,15 = 0), by Lemma
10.5

(Q[8) =0,

that proves (76). Hence, we have proved the theorem.
U

11. CONTINUOUS PRIMITIVES OF LOCALLY DEFINED FORMS: PROOF
OF THEOREM 4.6

From the global Poincaré inequalities proved in the previous sections, we
can now quite easily obtain the interior ones, stated in Theorem 4.6. In the
next section we need first to collect some results already proven in [9] and
[10].



46 ANNALISA BALDI, BRUNO FRANCHI, PIERRE PANSU

11.1. Intermediate tools. The proof of Theorem 4.6, when h = n + 1,
relies also on an approximated homotopy formula proved in [9] for closed

forms w. Indeed, if we take A > X > 1 and set B’ := B(e, \') and
B, := B(e, A), in Theorem 5.19 in [9] formula (56), it is proved that

(77) w=d w4+ Sw in B’/

where

T:L9By,E}) — WH(B' Bl 1Y) forh#n+1

and
T : L92(By, EptY) — W*9/2(B' E}).

Moreover, S is a regularizing operator, i.e. maps LP( By, E; 1) into £(B’, Ej ).
In particular, S is bounded from W™?(By, Eft) to W*P(B', E*') for
any m,s,0 < m < sand 1 < p < oo (see also Theorem 5.14 and Theorem
5.15 of [9]).

In addition, again in [9] (see formula (37) and Lemmata 5.7 and 5.8) an
operator K that inverts Rumin’s differential d. on closed forms of the same
degree has been defined. More precisely, we have:

Lemma 11.1. If w is a smooth d.-exact differential form in the ball B', then
(78) w=dKw ifl<h<2n+1.
Morever,
)ifl<p<oocandh=1,...,2n+ 1, then K : W'?(B', E}) —
LP(B', ') is bounded;
i)ifl<p<oocandn+1<h<2n+1, then K : LP(B',El) —
LP(B', B} is compact;
iii) ifl <p<ocandh =n+1, then K : LP(B', Ey*") — LP(B', E})
is bounded.

Let us recall the precise definition of the operator K. In [29] the authors
proved that, starting from Cartan’s homotopy formula, if D C R" is a
convex setand 1 < p < oo, 1 < h < N, then there exists a bounded linear
map:

Kgue - LP(D, \") = Wi (D, A7)
that is a homotopy operator, i.e.
(79) w = dKguew + Kgyedw forallw € C*(D, /\h)

(see Proposition 4.1 and Lemma 4.2 in [29]).
The operator K defined in [9] is

(80) K:HEOOHEOKEucoHE~
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The following theorem provides a continuity result in W*? of Iwaniec &
Lutoborski’s kernel Ky, though with a loss on domain. It has been proved
in [10], Theorem 5.1.

Theorem 11.2. Let Bry(0,a) and Bg,.(0,d'), 0 < a < d/, be concentric
Euclidean balls in RY. Then for k € N and p € [1,00], Iwaniec and
Lutoborski’s homotopy Kgy. is a bounded operator

Kpuc WEQZ)C(BEUC(()? a/)7 /\h) - WE])ch(BEUC(Q a)? /\h_l)

(the spaces WP (U, N" b) and WP (U, E!) are defined replacing Folland-

Euc
Stein Sobolev spaces by usual Sobolev spaces).

11.2. The interior result.

Theorem 11.3. There exists A > 1, such that, if we set B := B(e, 1) and
B, := B(e, \), then there exists a geometric constant C' > 0 such that

i) if2 < h<2n+1, h# n+l, then a d.-exact formw € L9(By, E})
admits a primitive in ¢ € C(B, E}™") such that

(81) ||¢HC(§,EQ—1)§ OHWHLQ(BA,E{;);
i) a d-exact form w € L?2(By, E'Y) admits a primitive in ¢ €
C(B, E') such that
(82) HﬁbHc(E,Eg*l)S CHWHLQ/?(BMESH)'

Proof. We suppose first h # n + 1. As above, we take A > X' > 1 such
that the interior Poincaré inequality proved in [9] (Theorem 5.19-1) with
p = q = Q) holds for the pair B’ and By. That is, if w € L?(By, E}) is a
closed form, then there exists ¢ € L2(B’, E"~') such that d,¢ = w in B’
and

(83) H¢||LQ(B’,E6“1)HS CH"‘JHLQ(BA,E(’;y

Let now ¢ € D(B’), and set w’ := d,((¢) continued by zero outside of B’,
¢ = 11in B. Keeping in mind (83), by Lemma 3.3
(84)
Hw/HLQ(H”,E{;): ||w,||LQ(B’,E6”)S CC(||¢~5HLQ(B/,E3*1)+’|dc¢~5||LQ(B/,Eg))
< CCHWHLQ(B)\,E{;)-
Since ' is closed, Theorem 4.4 yields the existence of a continuous prim-

itive ¢ of W', ¢ € Co(H", EX~1) such that

(85) ||¢HCO(Hn,Eg*1)§ CHW,HLQ(Hn,Eg)
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On the other hand, in B

Moreover, by (85) and (84),
H¢HC(§,EQ*1)§ H‘Zﬁuco(Hn,E{;*l)S CHM/HLQ(H",E(’;)S CCHWHLQ(BA,E(’;y
This proves Theorem 4.6 when h # n + 1.

Now we deal with the case h = n + 1.
We use the homotopy formula (77). In particular, Sw is closed in B’, so
that we can apply Lemma 11.1 to w. Set now

¢ = (KS+Tw in B
Trivially, by (77) and Lemma 11.1, d.® = d K Sw+d.Tw = Sw+d.Tw =
w in B’. With the notations of (5), take A > X > X\’ > 1 so that gV ' <

N. Then

B" := B(e,\") € Bg := Bguc(0, coV'N')
(& B]/-Euc = BEuc(07 260\/ )\//) c BI S B)\.

(86)

Let us prove that
(87) 1@l wrerzmr g < Cllwllerz s, gy -

Indeed, we have

1@l wrerzpr g < 1K Swllwrarmpr g+ Twllwzerzm gy

By the continuity of the operator 7" we have that
(83) HTWHWQ»Q/?(B“,E(’;)S ||W”LQ/2(B//,E3+1) :
Let us consider now the term || K'Sw|[y2.e/2(pr gpy and remember that, in

B”, by Theorem 2.2, v), Wéfgm(B”) c W4Q/2(B"). By [1], Theorem
4.12, keeping in mind that IIg is an operator of order O on (n + 1)-forms



CONTINUOUS PRIMITIVES FOR HIGHER DEGREE DIFFERENTIAL FORMS 49
and it is a differential operator of order 1 on n-forms, we have
||KS(JJ||W1’Q/2(B”,E6L)§ C”KS(JJ”WE%;%/Q(B”,EE})

= C”(HEO o HE o KELIC o HE)SWHW];Q/?(

< O”(HE o Ky © HE)SWHWé,Q/?

< O[[(Kgue 0 Ug)Swl|; 2.0/

Euc

< O||(Kgue o Hg)Swl| 2.0/

Euc
S C”HESOJHWEL%/Q(

B",Ep)
(B",A\"™)
(B",A\"™)

(Be:A")

(89)
(by Theorem 11.2)

B, A"
B
< OlSwllyzern gy

< Cl|Swllyaerz(p gt (by Theorem 2.2-vi))
< Cllwll perz(p, o) (by (86)),

where the last inequality uses the fact that S is a smoothing operator. There-
fore, we get (87).

Let now ( € D(B”), ( = 1in B, and set w” := d.((®) continued by
zero outside of B”.

Keeping in mind (87) and by Leibniz formula stated in Lemma 3.3,

Hw"HLQ/z(Hn,EgH): HMHHLQ/Q(B",E{)’"H)
(90) < Ccll1@llwrarpr, gy Hlde®l porzpr my+s))

< CCHWHLQ(B,\,ES‘)'

Since w” is closed, Theorem 4.4 yields the existence of a continuous
primitive ¢ of w”, ¢ € Co(H", Ef}) such that

1) Iéllcoten < Cllw” | Laraqan 1)
On the other hand, in B
detp = " = d(CD) = d, P = w.
Moreover, by (91) and (90),
HQASHC(E,E{})S ||¢A5||Co(H“,E5‘)§ C||w”||LQ/2(H"7ES+1)§ CHWHLQ/?(BMESH)'

and we are done.
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12. COMPACT RIEMANNIAN AND CONTACT SUBRIEMANNIAN
MANIFOLDS

For a convenient use in subsection 12.3, let us recall weak consequences
of two results of [9] that are stated in Propositions 12.1 and 12.2 below.

12.1. A smoothing homotopy.

Proposition 12.1. There exists A > 1 such that, if we denote by B =
B(e,1) and By = B(e, \) two concentric Heisenberg balls, there ex-
ist operators S : C®(By,E}) — C®(B,Ej) and T : C*(By, Ej) —
C=(B, ES™Y) such that S + d.T + Td, equals the restriction operator from
B, to B. Furthermore, T extends to a bounded operator on C°, i.e. from
C(By, E3) to C(B, Ey™") and on C*, i.e., from C*(By, E3) to C*(B, E;™Y).
S extends to a bounded operator from C(By, E) to C*(B, E3™') for every
¢ e N

Proof. Pick ¢ > (). Then Theorem 5.14 of [9] provides such a homo-
topy, where 7' is bounded from L? to W'4. Since C(B, E}) C LB, E})
and Sobolev’s embedding implies that W(B, E;~') ¢ C(B, E;™"), T'is
bounded from C° to C°. A slight extension of the proof of Theorem 5.14 of
[9] shows that 7" is bounded from W4 to W24, hence from C' to C'. O

12.2. A C° Poincaré inequality.

Proposition 12.2. There exists A\ > 1 such that, if we denote by B :=
B(e, 1) and By, := B(e, \) two concentric Heisenberg balls, there exists an
operator P : C*(By, E3) — C®(By, E;"") such that d.P + Pd, equals the
restriction operator from By to B. Furthermore, P extends to a bounded
operator on C°, i.e. from C(By, E3) to C(By, E; ).

Proof. The proof of Theorem 5.19 of [9] provides such an operator. It
is of the form P = KS + T where S, T is the homotopy occurring in
Proposition 12.1 and K is cooked up from the Euclidean homotopy of
Iwaniec-Lutoborsky and Rumin’s homotopy between de Rham and Ru-
min complexes. For every ¢ > (@, P is bounded from L%(B,, E) to
WL4(By, E;~"), hence on C°. O

12.3. Leray’s acyclic covering theorem. Leray’s acyclic covering theo-
rem relates the de Rham cohomology of a manifold and the simplicial co-
homology of a simplicial complex, the nerve of an acyclic covering. Acyclic
means that de Rham cohomology of all intersections of pieces of the cover-
ing vanishes. The nerve is the complex with one vertex per piece, and with
a simplex through a set of vertices each time the corresponding pieces have
a nonempty common intersection.



CONTINUOUS PRIMITIVES FOR HIGHER DEGREE DIFFERENTIAL FORMS 51

An application of Leray’s acyclic covering theorem to Poincaré inequal-
ities on bounded geometry Riemannian manifolds is given in [34]. A per-
sistent version of Leray’s acyclic covering theorem is described in [33]. It
provides the same conclusion under weaker requirements on the covering.
The analytical ingredients are

e A smoothing homotopy, as in Proposition 12.1, to circumvent the
obstacle arising from the Leibniz formula.

e Poincaré inequalities provided by linear operators, with losses on
domains allowed, as in Proposition 12.2.

The context here is slightly different from [34] and [33]. In these papers,
manifolds are noncompact and are assumed to have vanishing cohomology.
Here, manifolds are compact and the vanishing assumption is replaced with
the following fact: there exists a radius 7y such that balls of radius < rg
have vanishing cohomology.

There is a second difference. To prove Theorem 4.7 in degree h, one uses
the vector of exponents (o, . .., 00, ), meaning that the L? norm is used
on h-forms (replace () with /2 if h = n + 1), and the L* norm on spaces
of continuous j-forms is used when j < h. To apply the machinery of [33],
one would need a linear operator P that solves d. on a pair of concentric
Heisenberg balls (B, By ), with estimates: P is bounded from L%(By, E})
to C(B, E}™"). As observed by Bourgain and Brezis, such a linear operator
cannot exist. Theorem 4.6 merely provides a nonlinear map w > ¢. It turns
out that this does not seriously affect the argument.

Morally (this is the point of view adopted in [34]), Leray’s method goes
as follows. Pick a suitable finite covering {U;} by small enough balls, so
that each of them comes with a nearly isometric contactomorphism to an
open set in Heisenberg group. Given a d.-closed L% h-form w on M, pick
a continuous primitive on each U;, using Theorem 4.6. This yields a 0-
cochain w' of the covering, with values in spaces of continuous (h — 1)
forms on pieces U;. Let dw' denote the 1-cochain which on a pair (i,4’)
is equal to the restriction to U; N Uy of wil — w}/. It is d.-closed. Pick a
primitive on each U; N Uy, using the operator P of Proposition 12.2. This
yields a 1-cochain w? of the covering with values in spaces of continuous
(h —2)-forms on intersections U; N U;. And so on. After h steps, one gets a
h-cochain with values in spaces of constant functions, i.e. a combinatorial
h-cochain.

Conversely, given a j-cocycle ¢ with values in spaces of continuous j-
forms on h + 1-uple intersections U; N Uy M - - -, using a smooth partition
of unity to extend forms to intersections of less pieces and adding them up,
one produces a (j — 1)-cochain €y such that dep = 1. In order to be able
to apply d. to ep, one applies to it the smoothing operator S of Proposition
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12.1. Given a combinatorial h-cocycle k € (?K", ie. a skew-symmetric
real valued function on h-simplices of the nerve which satisfies 6x = 0 and
is Q-summable, one defines k' = d.Ser, which is a (h — 1)-cocycle with
values in spaces of smooth 1-forms on h-uple intersections, and which is
again (Q-summable. And so on. After h steps, one gets a 0-cocycle with
values in spaces of smooth h-forms, i.e. a smooth globally defined L% h-
form.

The machinery shows that both constructions are inverses of each other
in cohomology. Indeed, the nonlinear step occurs only once, at the very
beginning, so its nonlinear character does not affect the needed identities.
The constructions define a biLipschitz bijection in cohomology. Since one
of them is linear, one gets a linear and bounded bijection between de Rham
cohomology

(ker(d.) N L(M, Ey))/d(C(M, Eg") nd; ' (L9))
and combinatorial cohomology
(ker(0) NLQK™) /§(0° K"t = 1@).
It also shows that exact cohomology
(im(d.) N LY(M, Ey)) /d.(C(M, Eg~") nd;*(LY))
is mapped to exact cohomology
(im(0) N K™ /§(0° K1) N §~19),

which is 0. Indeed, the nerve is finite, all cochains belong to (9 or (>, so
exact cohomology vanishes. It follows that exact cohomology vanishes too
on the de Rham/Rumin side: every exact L% h-form is the d.. of a continuous
(h — 1)-form, with estimates. This proves Theorem 4.7.
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