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CONTINUOUS PRIMITIVES FOR HIGHER DEGREE
DIFFERENTIAL FORMS IN EUCLIDEAN SPACES,

HEISENBERG GROUPS AND APPLICATIONS

ANNALISA BALDI
BRUNO FRANCHI

PIERRE PANSU

ABSTRACT. It is shown that higher degree exact differential forms on
compact Riemannian n-manifolds possess continuous primitives whose
uniform norm is controlled by their Ln norm. A contact sub-Riemannian
analogue is proven, with differential forms replaced with Rumin differ-
ential forms.

Il est démontré que les formes différentielles exactes de degré supérieur
sur des variétés riemanniennes compactes de dimension n possèdent
des primitives continues dont la norme uniforme est contrôlée par leur
norme Ln. Un analogue dans des variétés sous-riemanniennes de con-
tact est prouvé, les formes différentielles étant remplacées par des formes
différentielles de Rumin.
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8.2. Poincaré inequalities with the Beppo Levi-Sobolev space: the

case of primitive in En
0 33

9. Some more approximation results 36
10. Continuous primitives of forms in En

0 : proof of Theorem 8.10 38
11. Continuous primitives of locally defined forms: proof of

Theorem 4.6 45
11.1. Intermediate tools 46
11.2. The interior result 47
12. Compact Riemannian and contact subRiemannian manifolds 50
12.1. A smoothing homotopy 50
12.2. A C0 Poincaré inequality 50
12.3. Leray’s acyclic covering theorem 50
Acknowledgements 52
References 52

1. INTRODUCTION

1.1. The problem. Poincaré’s inequality in the flat n-torus Rn/Zn states
that a function u whose gradient belongs to Lp, p < n, is itself in Lq, up to
an additive constant cu, provided that 1

p
− 1

q
= 1

n
. Moreover

∥u− cu∥q≤ Cp,q∥∇u∥p.
Such an estimate fails to hold when p = n and q = ∞ (see e.g. [42],

p. 484 and [39]). However, when one passes to higher degree differential
forms, the limiting case holds. This discovery, at least for top degree differ-
ential forms, is due to J. Bourgain and H. Brezis, [16]. The statement takes
the following form: let ω be an exact n-form on the n-torus, which belongs
to Ln, then there exists a bounded differential (n − 1)-form ϕ on the torus
such that dϕ = ω and

∥ϕ∥∞≤ C∥ω∥n.
Furthermore, Bourgain and Brezis show that the primitive can be taken

to be continuous, with a similar estimate.
The global version on Rn itself is even slightly stronger: the primitive

can be taken to be continuous and to tend to zero at infinity, with a similar
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estimate, as shown by L. Moonens & T. Picon [32], and T. De Pauw &
M. Torres [19].

In this paper, we shall extend Moonens and Picon’s result to differential
forms of all degrees > 1 on Rn, and prove a version for the Heisenberg
group Hn, with Rumin’s complex dc replacing de Rham’s differential d. A
special instance, in general Carnot groups for top degree Rumin forms, is
considered by A. Baldi & F. Montefalcone [14].

In the next statement, C0 denotes spaces of continuous differential forms
that tend to zero at infinity.

Theorem 1. The following global Poincaré inequalities hold.
i) (Euclidean spaces:) if 2 ≤ h ≤ n, then a d-exact h-form ω ∈
Ln(Rn,

∧h) admits a primitive ϕ ∈ C0(Rn,
∧h−1) such that

∥ϕ∥C0(Rn,
∧h−1)≤ C∥ω∥Ln(Rn,

∧h);

ii) (Heisenberg groups:) if 2 ≤ h ≤ 2n+ 1, h ̸= n + 1, then a dc-
exact Rumin h-form ω ∈ L2n+2(Hn, Eh

0 ) admits a primitive ϕ ∈
C0(Hn, Eh−1

0 ) such that

∥ϕ∥C0(Hn,Eh−1
0 )≤ C∥ω∥L2n+2(Hn,Eh

0 )
;

iii) (Heisenberg groups:) a dc-exact Rumin (n + 1)-form ω ∈
Ln+1(Hn, En+1

0 ) admits a primitive ϕ ∈ C0(Hn, En
0 ) such that

∥ϕ∥C0(Hn,En
0 )
≤ C∥ω∥Ln+1(Hn,En+1

0 ).

Note the game with critical exponents: they are determined by the degree
of volume growth, which is equal to n for Euclidean space Rn, but Q =
2n+2 for Heisenberg group. Moreover, since Rumin’s differential dc from
n-forms to (n + 1)-forms has order 2, the critical exponent turns out to be
Q/2 = n+ 1 instead of Q in this special degree.

We shall also prove a local version, from which Poincaré inequalities can
be deduced on arbitrary compact Riemannian or compact contact subRie-
mannian manifolds. Detailed statements are given in Section 4. In particu-
lar, we recover Bourgain-Brezis’ original result on the torus.

Question. Can one improve Theorem 1 by establishing a uniform mod-
ulus of continuity for primitives?

1.2. The method. Let us focus on Heisenberg groups (the Euclidean case
follows the same lines, with less technicalities, see [6] for an announcement
of this simpler case). A Poincaré inequality providing a bounded measur-
able primitive can be found in [10]. However one cannot take the results
there as a black-box.



4 ANNALISA BALDI, BRUNO FRANCHI, PIERRE PANSU

Following Bourgain-Brezis, the proof of Theorem 1 goes by duality. The
general principle, that a closed unbounded operator with dense domain be-
tween Banach spaces has a closed range if and only if its adjoint does, is
applied to Rumin’s differential dc : C0 → Lp, p = Q or Q/2. The adjoint
operator maps Lp′ to the space M of Rumin currents of finite mass. The
L1-Poincaré inequalities proven in [8] provideLp′ primitives ϕ toL1-Rumin
forms ω, dcϕ = ω, and

∥ϕ∥p′≤ C∥ω∥1.
By approximation of Rumin currents of finite mass with currents defined by
L1-Rumin forms, such an estimate can be upgraded to provide Lp′ primi-
tives ϕ to L1-Rumin currents T of the form T = ∂cS, with

∥ϕ∥p′≤ C∥T∥M.

This is the required closed range estimate for the adjoint operator of dc.
The procedure needs be modified in degree n + 1. Indeed, there is a

technical point when identifying the domain of the adjoint: when handling
the second order operator dc, cut-off arguments require extra control on first
derivatives. Hence the space Lp′ is replaced with the Beppo Levi space (see
e.g. [20]) BL1,Q′

(Hn) of Rumin forms whose coefficients have their first
derivatives in LQ′ . One therefore needs an L1 Poincaré inequality of the
form

∥ϕ∥BL1,Q′ (Hn)≤ C∥ω∥1.
Unfortunately, one cannot use [8] as a black box. Instead, one follows the
strategy of [8], based on the Gagliardo-Nirenberg inequalities of [7].

The local version builds upon Theorem 1 and the local L∞−Lp-Poincaré
inequality of [10].

1.3. Organization of the paper. As already stressed above, all proofs are
given for Hn since the case of Rn just requires less technicalities. After
fixing notations in Section 2, a vademecum on Rumin’s complex is provided
in Section 3, focusing on Leibniz’ formula and commutation properties of
Rumin’s Laplacian. Detailed statements of Theorem 1, its local version
and its avatar for compact manifolds are given in section 4. The duality
principle is formulated in Section 5. The spaces of currents to which this
principle is applied are defined in Section 6, whose main result is a Poincaré
inequality: solving dc in C0 for a current datum. The proof of Theorem
1 appears in Section 7, except for degree (n + 1)-forms. In this special
degree, a new Gagliardo-Nirenberg inequality is proven as Theorem 8.12;
a Poincaré inequality, first for L1 forms and then for currents of finite mass
follows in Section 8. A density result needed to identify the domain of
an adjoint operator is proven in Section 9. Section 10 contains the proof
of Theorem 1 in the middle degree n + 1. Section 11 contains the proof
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of the local version of Theorem 1, and Section 12 draws consequences for
bounded geometry manifolds.

2. HEISENBERG GROUPS

2.1. Definitions and preliminary results. We denote by Hn the n-dimensional
Heisenberg group, identified with R2n+1 through exponential coordinates.
A point p ∈ Hn is denoted by p = (x, y, t), with both x, y ∈ Rn and t ∈ R.
If p and p′ ∈ Hn, the group operation is defined by

p · p′ = (x+ x′, y + y′, t+ t′ +
1

2

n∑
j=1

(xjy
′
j − yjx

′
j)).

The unit element of Hn is the origin, that will be denoted by e. For any
q ∈ Hn, the (left) translation τq : Hn → Hn is defined as

p 7→ τqp := q · p.

The Lebesgue measure in R2n+1 is a Haar measure in Hn (i.e., a bi-invariant
measure on the group). It is denoted by L2n+1, and when we need to stress
the integration variable p, will be denoted also by dp.

For a general review on Heisenberg groups and their properties, we refer
to [37], [28], [15], and to [40]. We limit ourselves to fix some notations,
following [26].

The Heisenberg group Hn can be endowed with the homogeneous norm
(Cygan-Korányi norm)

(1) ϱ(p) = (|p′|4+16 p22n+1)
1/4,

and we define the gauge distance (a true distance, see [37], p. 638), that is
left invariant i.e. d(τqp, τqp′) = d(p, p′) for all p, p′ ∈ Hn) as

(2) d(p, q) := ϱ(p−1 · q).

Finally, the balls for the metric d are le so-called Korányi balls

(3) B(p, r) := {q ∈ Hn; d(p, q) < r}.

Notice that Korányi balls are smooth convex sets.
A straightforward computation shows that there exists c0 > 1 such that

(4) c−2
0 |p|≤ ρ(p) ≤ |p|1/2,

provided p is close to e. In particular, for r > 0 small, if we denote by
BEuc(e, r) the Euclidean ball centred at e of radius r,

(5) BEuc(e, r
2) ⊂ B(e, r) ⊂ BEuc(e, c

2
0r).



6 ANNALISA BALDI, BRUNO FRANCHI, PIERRE PANSU

We denote by h the Lie algebra of the left invariant vector fields of Hn.
The standard basis of h is given, for i = 1, . . . , n, by

Xi := ∂xi −
1

2
yi∂t, Yi := ∂yi +

1

2
xi∂t, T := ∂t.

The only non-trivial commutation relations are [Xi, Yi] = T , for i = 1, . . . , n.
The horizontal subspace h1 is the subspace of h spanned byX1, . . . , Xn and
Y1, . . . , Yn: h1 := span {X1, . . . , Xn, Y1, . . . , Yn} .
Coherently, from now on, we refer to X1, . . . , Xn, Y1, . . . , Yn (identified
with first order differential operators) as the horizontal derivatives. Denot-
ing by h2 the linear span of T , the 2-step stratification of h is expressed
by

h = h1 ⊕ h2.

The stratification of the Lie algebra h induces a family of non-isotropic
dilations δλ : Hn → Hn, λ > 0 as follows: if p = (x, y, t) ∈ Hn, then

(6) δλ(x, y, t) = (λx, λy, λ2t).

Notice that the gauge norm (1) is positively δλ-homogenous, so that the
Lebesgue measure of the ball B(x, r) is r2n+2 up to a geometric constant
(the Lebesgue measure of B(e, 1)).

The constant
Q := 2n+ 2,

is said the homogeneous dimension of Hn with respect to δλ, λ > 0, It
is well known that the topological dimension of Hn is 2n + 1, since as a
smooth manifold it coincides with R2n+1, whereas the Hausdorff dimension
of (Hn, d) is Q.

The vector space h can be endowed with an inner product, indicated by
⟨·, ·⟩, making X1, . . . , Xn, Y1, . . . , Yn and T orthonormal.

Throughout this paper, we write also

(7) Wi := Xi, Wi+n := Yi and W2n+1 := T, for i = 1, . . . , n.

As in [24], we also adopt the following multi–index notation for higher-
order derivatives. If I = (i1, . . . , i2n+1) is a multi–index, we set

(8) W I = W i1
1 · · ·W i2n

2n T i2n+1 .

By the Poincaré–Birkhoff–Witt theorem, the differential operatorsW I form
a basis for the algebra of left invariant differential operators in Hn. Further-
more, we set

|I|:= i1 + · · ·+ i2n + i2n+1

the order of the differential operator W I , and

d(I) := i1 + · · ·+ i2n + 2i2n+1
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its degree of homogeneity with respect to group dilations.
Let U ⊂ Hn be an open set. We shall use the following classical no-

tations: E(U) is the space of all smooth function on U , and D(U) is the
space of all compactly supported smooth functions on U , endowed with the
standard topologies (see e.g. [38]). The spaces E ′(U) and D′(U) are their
dual spaces of distributions. We recall that E ′(U) is the class of compactly
supported distributions.

Let 1 ≤ p ≤ ∞ and m ∈ N, Wm,p
Euc (U) denotes the usual Sobolev space.

We recall also the notion of (integer order) Folland-Stein Sobolev space
(for a general presentation, see e.g. [23] and [24]).

Definition 2.1. If U ⊂ Hn is an open set, 1 ≤ p ≤ ∞ and m ∈ N, then the
space Wm,p(U) is the space of all u ∈ Lp(U) such that, with the notation
of (8),

W Iu ∈ Lp(U) for all multi-indices I with d(I) ≤ m,

endowed with the natural norm

∥u∥Wk,p(U):=
∑

d(I)≤m

∥W Iu∥Lp(U).

Folland-Stein Sobolev spaces enjoy the following properties akin to those
of the usual Euclidean Sobolev spaces (see [23], and, e.g. [25]).

Theorem 2.2. If U ⊂ Hn is an open set, 1 ≤ p ≤ ∞, and k ∈ N, then
i) W k,p(U) is a Banach space.

In addition, if p <∞,
ii) W k,p(U) ∩ C∞(U) is dense in W k,p(U);

iii) if U = Hn, then D(Hn) is dense in W k,p(U);
iv) if 1 < p <∞, then W k,p(U) is reflexive.
v) W k,p

Euc,loc(U) ⊂ W k,p(U), i.e. for any compact set K ⊂ U and for
any u ∈ W k,p

Euc,loc(U),

∥u∥Wk,p(K)≤ CK∥u∥Wk,p
Euc,loc(K).

vi) W 2k,p(U) ⊂ W k,p
Euc,loc(U), i.e. for any compact set K ⊂ U and for

any u ∈ W 2k,p(U),

∥u∥Wk,p
Euc(U)(K)≤ CK∥u∥W 2k,p(K).

Theorem 2.3. [see [23], Theorem 5.15] If p > Q, then

W 1,p(Hn) ⊂ L∞(Hn)

algebraically and topologically.
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Definition 2.4. If U ⊂ Hn is open and if 1 ≤ p < ∞, we denote by
◦
W k,p(U) the completion of D(U) in W k,p(U).

Remark 2.5. If U ⊂ Hn is bounded, by (iterated) Poincaré inequality (see
e.g. [30]), it follows that the norms

∥u∥Wk,p(U) and
∑
d(I)=k

∥W Iu∥Lp(U)

are equivalent on
◦
W k,p(U) when 1 ≤ p <∞.

2.2. Convolution in Heisenberg groups. If f : Hn → R, we set vf(p) =
f(p−1), and, if T ∈ D′(Hn), then ⟨vT |ϕ⟩ := ⟨T |vϕ⟩ for all ϕ ∈ D(Hn).
Obviously, the map T → vT is continuous from D′(Hn) to D′(Hn).

Following e.g. [24], p. 15, we can define a group convolution in Hn: if,
for instance, f ∈ D(Hn) and g ∈ L1

loc(Hn), we set

(9) f ∗ g(p) :=
∫
f(q)g(q−1 · p) dq for q ∈ Hn.

We recall that, if, say, g is a smooth function and P is a left invariant differ-
ential operator, then

P (f ∗ g) = f ∗ Pg.
We also recall that the convolution is well defined when f, g ∈ D′(Hn),
provided at least one of them has compact support.

In this case the following identities hold:

(10) ⟨f ∗ g|Φ⟩ = ⟨g|vf ∗ Φ⟩ and ⟨f ∗ g|Φ⟩ = ⟨f |Φ ∗ vg⟩
for any test function Φ.

Definition 2.6. A kernel of type µ is a homogeneous distribution of degree
µ − Q (with respect to group dilations δr), that is smooth outside of the
origin.

The convolution operator with a kernel of type µ is called an operator of
type µ.

Proposition 2.7. Let K ∈ D′(Hn) be a kernel of type µ.
i) vK is again a kernel of type µ;

ii) WK and KW are associated with kernels of type µ − 1 for any
horizontal derivative W ;

iii) If µ > 0, then K ∈ L1
loc(Hn).

Theorem 2.8. Suppose 0 < α < Q, and let K be a kernel of type α. Then
i) if 1 < p < Q/α, and 1/q := 1/p − α/Q, then there exists C =
C(p, α) > 0 such that

∥u ∗K∥Lq(Hn)≤ C∥u∥Lp(Hn)
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for all u ∈ Lp(Hn).
ii) If p ≥ Q/α and B,B′ ⊂ Hn are fixed balls with B ⊂ B′, then for

any q ≥ p there exists C = C(B,B′, p, q, α) > 0

∥u ∗K∥Lq(B′)≤ C∥u∥Lp(B)

for all u ∈ Lp(Hn) with supp u ⊂ B.
iii) If K is a kernel of type 0 and 1 < p < ∞, then there exists C =

C(p) > 0 such that

∥u ∗K∥Lp(Hn)≤ C∥u∥Lp(Hn).

Theorem 2.9 ([18], Theorem 1). Let Φ ∈ D(Hn, h1) be a smooth compactly
supported horizontal vector field. SupposeG ∈ L1

loc(Hn, h1) is H-divergen-
ce free, i.e. if

G =
∑
i

GiWi, then
∑
i

WiGi = 0 in D′(Hn).

Then
|⟨G,Φ⟩L2(Hn,h1)| ≤ C∥G∥L1(Hn,h1)∥∇HΦ∥LQ(Hn,h1).

3. RUMIN’S COMPLEX OF DIFFERENTIAL FORMS

When dealing with differential forms in Hn, the de Rham complex lacks
scale invariance under anisotropic dilations (see (6)). M. Rumin, in [36] has
defined a substitute of de Rham’s complex for arbitrary contact manifolds,
that recovers scale invariance under δλ. In the present section, we shall
merely list a few properties of Rumin’s complex that we need in this paper.
We send a reader, interested to understand better Rumin’s complex, to the
Appendix of [10] for a quick review, or to [36] and [11], [9] for more details
of the construction.

The dual space of h is denoted by
∧1 h. The basis of

∧1 h, dual to the ba-
sis {X1, . . . , Yn, T}, is the family of covectors {dx1, . . . , dxn, dy1, . . . , dyn, θ}
where

θ := dt− 1

2

n∑
j=1

(xjdyj − yjdxj)

is the contact form in Hn. We denote by ⟨·, ·⟩ the inner product in
∧1 h

that makes (dx1, . . . , dyn, θ) an orthonormal basis and by dV the associated
volume form

dV := dx1 ∧ . . . ∧ dxn ∧ dy1 ∧ . . . ∧ dyn ∧ θ.
Throughout this paper,

∧h h denotes the h-th exterior power of the Lie
algebra h. Keeping in mind that the Lie algebra h can be identified with the
tangent space to Hn at x = e (see, e.g. [27], Proposition 1.72), starting from
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still denote by

∧h h ≃
∧h T ∗Hn. Moreover, a scalar product in h induces a

scalar product and a norm on
∧h h.

We can think of h-forms as sections of
∧h h and we denote by Ωh the

vector space of all smooth h-forms.

• For h = 0, . . . , 2n + 1, the space of Rumin h-forms, Eh
0 , is the

space of smooth sections of a left-invariant subbundle of
∧h h (that

we still denote by Eh
0 ). Hence it inherits the inner product and the

norm of
∧h h.

• If we denote by ⋆ the Hodge duality operator associated with the
inner product in E•

0 and the volume form dV , then ⋆Eh
0 = E2n+1−h

0 .

In particular we have

Remark 3.1. If α ∈ Eh
0 , then ⋆ ⋆ α = (−1)(2n+1−h)hα = α. Thus

α ∧ ϕ = ϕ ∧ (⋆ ⋆ α) = ⟨⋆α, ϕ⟩ dV.

Moreover, if β ∈ Eh
0

⟨⋆α, ⋆β⟩ dV = α ∧ ⋆β = (−1)h(2n+1−h) ⋆ β ∧ α
= ⟨⋆ ⋆ β, α⟩ dV = ⟨β, α⟩ dV = ⟨α, β⟩ dV.

• A differential operator dc : Eh
0 → Eh+1

0 is defined. It is left-
invariant, homogeneous with respect to group dilations. It is a first
order homogeneous operator in the horizontal derivatives in degree
̸= n, whereas it is a second order homogeneous horizontal operator
in degree n.

• Altogether, operators dc form a complex: dc ◦ dc = 0.

• This complex is homotopic to de Rham’s complex (Ω•, d). More
precisely there exist a sub-complex (E, d) of the de Rham complex
and a suitable “projection” ΠE : Ω• → E• such that ΠE is a differ-
ential operator of order ≤ 1 in the horizontal derivatives.

• ΠE is a chain map, i.e.

dΠE = ΠEd.

• Let ΠE0 be the orthogonal projection on E•
0 . Then

ΠE0ΠEΠE0 = ΠE0 and ΠEΠE0ΠE = ΠE.

(we stress that ΠE0 is an algebraic operator).
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• The exterior differential dc can be written as

dc = ΠE0dΠEΠE0 .

• The L2-formal adjoint d∗c of dc on Eh
0 satisfies

(11) d∗c = (−1)h ⋆ dc ⋆ .

Let us list a bunch of notations for vector-valued function spaces (for the
scalar case, we refer to Section 2.1).

Definition 3.2. If U ⊂ Hn is an open set, 0 ≤ h ≤ 2n+1, 1 ≤ p ≤ ∞ and
m ≥ 0, we denote by Lp(U,

∧h h), E(U,
∧h h), D(U,

∧h h),Wm,p(U,
∧h h)

(by
◦
Wm,p(U,

∧h h)) the space of all sections of
∧h h such that their compo-

nents with respect to a given left-invariant frame belong to the correspond-
ing scalar spaces. The spacesLp(U,Eh

0 ), E(U,Eh
0 ), D(U,Eh0),Wm,p(U,Eh

0 )

and
◦
Wm,p(U,Eh

0 ) are defined in the same way.
In other words, for the definition of Sobolev spaces of non-negative order,

we identify a differential form with the vector-valued function of its coor-
dinates with respect to a left-invariant frame, keeping in mind that these
coordinates belong to L1

loc(Hn). This makes possible to avoid the use of the
notion of currents associated with Rumin’s complex (for this notion, see,
e.g., [11], [26], [41]). With this identification, dc and its L2-formal adjoint
d∗c are identified with matrix-valued left-invariant differential operators.

Clearly, all these definitions are independent of the choice of frame.

When dc is second order (when acting on forms of degree n), (E•
0 , dc)

stops behaving like a differential module. This is the source of many com-
plications. In particular, the classical Leibniz formula for the de Rham com-
plex d(α ∧ β) = dα ∧ β ± α ∧ dβ is true in Rumin’s complex only in spe-
cial degrees, as shown in [13], Proposition A.1 and [35], Proposition 4.1.
However, in general, the Leibniz formula fails to hold (see [13]-Proposition
A.7). This causes several technical difficulties when we want to localize our
estimates by means of cut-off functions.

The following Leibniz’ formula for Rumin’s differential forms holds.

Lemma 3.3 (see also [8], Lemma 4.1). If ζ is a smooth real function, then
the following formulae hold in the sense of distributions:

i) if h ̸= n, then on Eh
0 we have

[dc, ζ] = P h
0 (Wζ),
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where P h
0 (Wζ) : Eh

0 → Eh+1
0 is a linear homogeneous differential

operator of order zero with coefficients depending only on the hori-
zontal derivatives of ζ . If h ̸= n+ 1, an analogous statement holds
if we replace dc in degree h with d∗c in degree h+ 1;

ii) if h = n, then on En
0 we have

[dc, ζ] = P n
1 (Wζ) + P n

0 (W
2ζ),

where P n
1 (Wζ) : En

0 → En+1
0 is a linear homogeneous differ-

ential operator of order 1 (and therefore horizontal) with coeffi-
cients depending only on the horizontal derivatives of ζ , and where
P h
0 (W

2ζ) : En
0 → En+1

0 is a linear homogeneous differential op-
erator in the horizontal derivatives of order 0 with coefficients de-
pending only on second order horizontal derivatives of ζ . If h =
n + 1, an analogous statement holds if we replace dc in degree n
with d∗c in degree n+ 1.

Lemma 3.4. If 0 ≤ h ≤ 2n and ϕ ∈ D(Hn, Eh
0 ) and α ∈ W 1,1

loc (Hn, E2n−h
0 ),

then we have:

(12)
∫
Hn

dcα ∧ ϕ = (−1)h
∫
Hn

α ∧ dcϕ .

Proof. The statement follows by the formula of “integration by parts” of
[11], Remarks 2.16, together with an approximation argument.

□

The wedge of two closed forms of complementary degrees has the fol-
lowing property.

Lemma 3.5. Let 1 ≤ h ≤ 2n + 1 and let α ∈ Lp(Hn, Eh
0 ) and ω ∈

Lp
′
(Hn, E2n+1−h

0 ) be closed forms with 1 < p < Q and 1
p
+ 1

p′
= 1. Then

(13)
∫
α ∧ ω = 0.

In addition, if p = Q, then (13) still holds provided 2 ≤ h ≤ 2n+ 1.

Proof. Since the differential dc is left-invariant, by mollification (convolu-
tion with smooth kernels), one can assume that α and ω are smooth.

Suppose first 1 < p < Q. Without loss of generality, we can assume
h ̸= n + 1 (indeed, if h = n + 1, then 2n + 1 − h = n ̸= n + 1 so we
can consider ω in place of α in the following argument). By Theorem 1.1
of [9], there exists ϕ ∈ LpQ/(Q−p)(Hn, Eh−1

0 ) such that dcϕ = α and

(14) ∥ϕ∥LpQ/(Q−p)(Hn,Eh−1
0 )≤ C∥α∥Lp(Hn,Eh

0 )
.
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If N > 0, let now χN be a smooth cut-off function supported in B(e, 2N),
χN ≡ 1 on B(e,N), |WχN |≤ 2/N . Obviously∫

Hn

χNα ∧ ω →
∫
Hn

α ∧ ω.

On the other hand, by Lemma 3.3,∫
Hn

χNα ∧ ω

=

∫
Hn

χNdcϕ ∧ ω

=

∫
Hn

dc(χNϕ) ∧ ω +

∫
Hn

P h−1
0 (WχN)(ϕ) ∧ ω

=

∫
Hn

P h−1
0 (WχN)(ϕ) ∧ ω by (12).

(15)

We are then left to prove that

(16)
∫
Hn

P h−1
0 (WχN)(ϕ) ∧ ω → 0 as N → ∞.

Obviously,

P h−1
0 (WχN)(ϕ) ∧ ω → 0 pointwise as N → ∞,

since WχN ≡ 0 on B(e,N). On the other hand, if 1 < p < Q, by Hölder
inequality and (14),∫

Hn

|P h−1
0 (WχN)||ϕ||ω| dV

≤ ∥P h−1
0 (WχN)∥LQ(Hn,E1

0)
·∥ϕ∥LpQ/(Q−p)(Hn,Eh−1

0 )·∥ω∥Lp′ (Hn,E2n+1−h
0 ),

since 1
Q
+ Q−p

pQ
+ 1

p′
= 1. But

∥P h−1
0 (WχN)∥LQ(Hn,E1

0)
≤ C

1

N
|B(e, 2N)|1/Q≤ C.

This proves (16), and hence (13), when 1 < p < Q.
The proof in the case p = Q needs slightly different arguments. Indeed

we distinguish the case h = n + 1, i.e., α ∈ LQ(Hn, En+1
0 ), from the case

α ∈ LQ(Hn, Eh
0 ) with h ̸= n + 1. In the latter case, by [10], Theorem 1.8

(see also Theorem 4.3 below), there exists ϕ ∈ L∞(Hn, Eh−1
0 ) such that

dcϕ = α and

(17) ∥ϕ∥L∞(Hn,Eh−1
0 )≤ C∥α∥LQ(Hn,Eh

0 )
.

Hence the proof can be carried out in the same way, using the estimate
(17), since 1

Q
+ 1

∞ + Q−1
Q

= 1. Suppose now α ∈ LQ(Hn, En+1
0 ), hence
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ω ∈ LQ/(Q−1)(Hn, En
0 ). Since 1 < Q

Q−1
< Q, we can apply Theorem 1.1

of [9] to ω, and we conclude arguing as we have done above for the case
1 < p < Q (replacing α by ω).

□

Remark 3.6. The above lemma still holds for p = 1: see [35].

3.1. Rumin’s Laplacian.

Definition 3.7. In Hn, Rumin defined in [36] the operators ∆H,h acting on
Eh

0 , by setting

∆H,h =

 dcd
∗
c + d∗cdc if h ̸= n, n+ 1;

(dcd
∗
c)

2 + d∗cdc if h = n;
dcd

∗
c + (d∗cdc)

2 if h = n+ 1.

Notice that −∆H,0 =
∑2n

j=1(W
2
j ) is the usual sub-Laplacian of Hn.

We stress that the order of ∆H,h (with respect to group dilations) is 2 if
h ̸= n, n + 1 and 4 if h = n, n + 1. Notice also that, once a basis of Eh

0

is fixed, the operator ∆H,h can be identified with a matrix-valued map, still
denoted by ∆H,h

(18) ∆H,h = (∆ij
H,h)i,j=1,...,Nh

: D′(Hn,RNh) → D′(Hn,RNh),

where D′(Hn,RNh) is the space of vector-valued distributions on Hn, and
Nh is the dimension of Eh

0 (see [5]).

Theorem 3.8 (see [7], Theorem 4.6). If 0 ≤ h ≤ 2n + 1, denote by a the
order of ∆H,h with respect to group dilations ( a = 2 if h ̸= n, n + 1 and
a = 4 if h = n, n+ 1). Then there exist

(19) Kij ∈ D′(Hn) ∩ C∞(Hn \ {0}) for i, j = 1, . . . , Nh,

with the following properties:
i) if a < Q then the Kij’s are kernels of type a, for i, j = 1, . . . , Nh.

If a = Q, then the Kij’s satisfy the logarithmic estimate |Kij(p)|≤
C(1 + |ln ρ(p)|) and hence belong to L1

loc(Hn). Moreover, their
horizontal derivatives WℓKij , ℓ = 1, . . . , 2n, are kernels of type
Q− 1;

ii) when α = (α1, . . . , αNh
) ∈ D(Hn,RNh) (here againNh = dimEh

0 ),
if we set

(20) ∆−1
H,hα := (

∑
j

αj ∗K1j, . . . ,
∑
j

αj ∗KNhj),

then
∆H,h∆

−1
H,hα = α.
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Moreover, if a < Q, also

∆−1
H,h∆H,hα = α.

iii) if a = Q, then for any α ∈ D(Hn,RNh) there exists
βα := (β1, . . . , βNh

) ∈ RNh , such that

∆−1
H,h∆H,hα− α = βα.

The following lemma states that dc and ∆H,h commute.

Lemma 3.9 ([9], Lemma 3.14). We notice that the Laplace operator com-
mutes with the exterior differential dc. More precisely, if α ∈ C∞(Hn, Eh

0 )
and n ≥ 1,

i) dc∆H,hα = ∆H,h+1dcα, h = 0, 1, . . . , 2n, h ̸= n− 1, n.
ii) dcd∗cdc∆H,n−1α = ∆H,ndcα, (h = n− 1).

iii) dc∆H,nα = dcd
∗
c∆H,n+1dcα (h = n).

iv) dcd∗c∆H,nα = ∆H,ndcd
∗
cα (h = n).

Coherently with formula (18), the matrix-valued operator ∆−1
H,h can be

identified with an operator (still denoted by ∆−1
H,h) acting on smooth com-

pactly supported differential forms in D(Hn, Eh
0 ). Moreover, when the no-

tation will not be misleading, we shall denote by ∆−1
H,h its kernel.

The commutation of dc and d∗c with ∆−1
H,h follows from the previous

lemma:

Lemma 3.10 ([9], Lemma 3.15). If α ∈ D(Hn, Eh
0 ) and n ≥ 1,

i) dc∆−1
H,hα = ∆−1

H,h+1dcα, h = 0, 1, . . . , 2n, h ̸= n−1, n+1.
ii) dc∆−1

H,n−1α = dcd
∗
c∆

−1
H,ndcα (h = n− 1).

iii) dcd∗cdc∆
−1
H,n+1α = ∆−1

H,n+2dcα, (h = n+ 1).
iv) d∗c∆

−1
H,hα = ∆−1

H,h−1d
∗
cα h = 1, . . . , 2n+ 1, h ̸= n, n+ 2.

v) d∗c∆
−1
H,n+2α = d∗cdc∆

−1
H,n+1d

∗
cα (h = n+ 2).

vi) d∗cdcd
∗
c∆

−1
H,nα = ∆−1

H,n−1d
∗
cα, (h = n).

4. POINCARÉ INEQUALITIES IN HEISENBERG GROUPS

In [9] we gave the definition of what we meant by Poincaré inequalities
for differential forms in Hn. We also distinguished from global Poincaré
inequalities versus its interior (or local) version. More precisely we give
the following definitions.

Definition 4.1. If 1 ≤ h ≤ 2n + 1 and 1 ≤ p ≤ q ≤ ∞, we say that
the global H-Poincarép,q inequality holds in Eh

0 if there exists a constant
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C such that, for every dc-exact differential h-form ω in Lp(Hn;Eh
0 ) there

exists a differential (h− 1)-form ϕ in Lq(Hn, Eh−1
0 ) such that dcϕ = ω and

∥ϕ∥Lq(Hn,Eh−1
0 )≤ C ∥ω∥Lp(Hn,Eh

0 )
globalH-Poincarép,q(h).(21)

Definition 4.2. Given 1 ≤ h ≤ 2n + 1 and 1 ≤ p ≤ q ≤ ∞, we say
that the interior H-Poincarép,q inequality holds in Eh

0 if there exists λ > 1
such that, if we set B := B(e, 1) and Bλ := B(e, λ), there exists a constant
C > 0 such that, for every dc-exact differential h-form ω in Lp(Bλ;E

h
0 )

there exists a differential (h− 1)-form ϕ in Lq(B,Eh−1
0 ) such that dcϕ = ω

and

∥ϕ∥Lq(B,Eh−1
0 )≤ C ∥ω∥Lp(Bλ,E

h
0 )

interiorH-Poincarép,q(h).(22)

In [9] we proved the validity of Poincaré inequalities when p > 1, and in
[8] we dealt with the case p = 1. Finally, in [10] we proved the following
end-point Poincaré inequalities:

Theorem 4.3. If 2 ≤ h ≤ 2n+ 1, we have:
i) if h ̸= n+ 1, then the global H-PoincaréQ,∞(h) holds;

ii) if h = n+ 1, then the global H-Poincarén+1,∞(n) holds.
Analogous statements hold for interior Poincaré inequalities on Hn.

The aim of the present paper is to improve Theorem 4.3 by proving the
following two statements, the first one of which is a global estimate and the
second one that is its local counterpart.

Theorem 4.4. The following global Poincaré inequalities hold:
i) if 2 ≤ h ≤ 2n+ 1, h ̸= n+1, then a dc-exact form ω ∈ LQ(Hn, Eh

0 )
admits a primitive ϕ ∈ C0(Hn, Eh−1

0 ) such that

∥ϕ∥C0(Hn,Eh−1
0 )≤ C∥ω∥LQ(Hn,Eh

0 )
;

ii) a dc-exact form ω ∈ LQ/2(Hn, En+1
0 ) admits a primitive ϕ ∈ C0(Hn, En

0 )
such that

∥ϕ∥C0(Hn,En
0 )
≤ C∥ω∥LQ/2(Hn,En+1

0 ).

Remark 4.5. Statement ii) of Theorem 4.4 will follow from a more general
result presented in Theorem 8.10 below.

We are able to prove also an interior Poincaré inequality which is a local
version of previous theorem (i.e. that there exists a continuous primitive).
In the following statements, exact means the d or dc of a form with distri-
butional coefficients.

Theorem 4.6. There exists λ > 1 such that, if we set B := B(e, 1) and
Bλ := B(e, λ), there exists C > 0:
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i) if 2 ≤ h ≤ 2n+ 1, h ̸= n+1, then a dc-exact form ω ∈ LQ(Bλ, E
h
0 )

admits a primitive ϕ ∈ C(B,Eh−1
0 ) such that

(23) ∥ϕ∥C(B,Eh−1
0 )≤ C∥ω∥LQ(Bλ,E

h
0 )
;

ii) a dc-exact form ω ∈ LQ/2(Bλ, E
n+1
0 ) admits a primitive ϕ ∈ C(B,En

0 )
such that

(24) ∥ϕ∥C(B,En
0 )
≤ C∥ω∥LQ/2(Bλ,E

n+1
0 ).

A result for general compact Riemannian and contact subRiemannian
manifolds follows.

Theorem 4.7. Let M be a compact m-dimensional manifold.
i) First assume that M is equipped with a smooth Riemannian metric.

There exists C > 0 such that every exact h-form ω on M with Lm

coefficients, h ≥ 2, admits a continuous primitive ϕ such that

(25) ∥ϕ∥C(M,
∧h−1)≤ C∥ω∥Lm(M,

∧h).

Next assume that m = 2n + 1 is odd, that M carries a contact
structure and a smooth subRiemannian metric. Let Q = 2n+ 2.

ii) if 2 ≤ h ≤ 2n+ 1, h ̸= n + 1, then every dc-exact form ω ∈
LQ(M,Eh

0 ) admits a primitive ϕ ∈ C(M,Eh−1
0 ) such that

(26) ∥ϕ∥C(M,Eh−1
0 )≤ C∥ω∥LQ(M,Eh

0 )
;

iii) every dc-exact form ω ∈ LQ/2(M,En+1
0 ) admits a primitive ϕ ∈

C(M,En
0 ) such that

(27) ∥ϕ∥C(M,En
0 )
≤ C∥ω∥LQ/2(M,En+1

0 ).

5. BOURGAIN-BREZIS’ DUALITY ARGUMENT FOR THE GLOBAL
POINCARÉ INEQUALITY

The basic idea for proving the Poincaré inequalities stated in Theorem
4.4 is a duality argument inspired by Bourgain-Brezis.

Let us collect here a few facts of functional analysis as stated in Brezis’
book [17].

Theorem 5.1 ([17], Section 2.7). Let A : D(A) ⊂ E → F be a closed
unbounded operator between Banach spaces. Assume that D(A) is dense
in E. Then the adjoint A∗ : D(A∗) ⊂ F ∗ → E∗ is uniquely defined, and
closed.

1. The following are equivalent:
(1) A(D(A)) ⊂ F is closed.
(2) A∗(D(A∗)) ⊂ E∗ is closed.
(3) A(D(A)) = Ker(A∗)⊥.
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(4) A∗(D(A∗)) = Ker(A)⊥.

2. The following are equivalent:

(1) ∃C, ∀f ∗ ∈ D(A∗), ∥f ∗∥F ∗≤ C ∥A∗f ∗∥E∗ .
(2) A(D(A)) = F .
(3) A∗(D(A∗)) is closed and Ker(A∗) = 0.

3. The following are equivalent:

(1) ∃C, ∀e ∈ D(A), ∥e∥E≤ C ∥Ae∥F .
(2) A∗(D(A∗)) = E∗.
(3) A(D(A)) is closed and Ker(A) = 0.

Combining all items of Theorem 5.1, one gets

Lemma 5.2. Let A : D(A) ⊂ E → F be a closed unbounded operator be-
tween Banach spaces. Assume that D(A) is dense in E. Then the following
are equivalent.

(1) A(D(A)) ⊂ F is closed.
(2) ∃C, ∀e∗ ∈ A∗(D(A∗)), ∃f ∗ ∈ D(A∗), A∗f ∗ = e∗ and ∥f ∗∥F ∗≤

C ∥e∗∥E∗ .
(3) A∗(D(A∗)) ⊂ E∗ is closed.
(4) ∃C, ∀f ∈ A(D(A)), ∃e ∈ D(A), Ae = f and ∥e∥E≤ C ∥f∥F .

Proof. Let F̃ denote the closure of A(D(A)) in F . Let D(B) = D(A) and
B : D(B) → F̃ coincide with A. Then B is a closed operator and its
domain is dense. Since A(D(A))⊥ = Ker(A), D(B∗) identifies with the
quotient D(A∗)/Ker(A∗), and A∗ factors via this quotient, yielding B∗ :
D(B∗) → E∗. Since Ker(B∗) = 0, Lemma 5.1 2 gives

B(D(B)) = F̃ ⇐⇒ ∃C, ∀[f ∗] ∈ D(B∗), ∥[f ∗]∥F ∗/Ker(A∗)≤ C ∥B∗[f ∗]∥E∗ .

Since B(D(B)) = A(D(A)), this translates into (1) ⇐⇒ (2).
Let Ẽ = E/Ker(A). Since A is closed, Ker(A) is a closed subspace

of E, so Ẽ is a Banach space. Let D(B̃) = D(A)/Ker(A). The operator
A factors via this quotient, yielding B̃ : D(B̃) → F which is a closed
operator, with dense domain. Since Ker(B̃) = 0, Lemma 5.1 3 gives

B̃(D(B̃)) = Ẽ ⇐⇒ ∃C, ∀[e] ∈ D(B̃), ∥[e]∥E/Ker(A)≤ C ∥B̃[e]∥F .

Since B̃(D(B̃)) = A(D(A)), this translates into (3) ⇐⇒ (4).
By Lemma 5.1 1, (1) ⇐⇒ (3), so all four properties are equivalent.

□

Next on the paper, we apply these general facts to the exterior differential
on spaces of differential forms. Namely, let us denote by C0 the Banach
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space of continuous functions vanishing at infinity with the L∞-norm; in
this paper, we shall deal with the space

E := C0(Hn, Eh−1
0 ),

and the operator A will be the Rumin’s exterior differential dc (in a suitable
weak sense).

In any case, the first step we have to do, if we want to use a duality
argument, is to identify the dual E∗ of E; this is done in the next section
where we prove that E∗ can be identified with the set of currents with finite
mass.

6. CURRENTS AND MEASURES

Definition 6.1. Let 0 ≤ h ≤ 2n + 1. If Ω ⊂ G is an open set, we say that
T is a h-current on Ω if T is a continuous linear functional on D(Ω, Eh

0 )
endowed with the usual topology. We write T ∈ D′(Ω, Eh

0 ) and we denote
by ϕ→ ⟨T |ϕ⟩ its action on D(Ω, Eh

0 ).
The definition of E ′(Ω, Eh

0 ) (compactly supported currents) is given anal-
ogously.

If T ∈ D′(Ω, Eh
0 ), h ≥ 1, we define its boundary ∂cT ∈ D′(Ω, Eh−1

0 ) by
the identity

⟨∂cT |ϕ⟩ = ⟨T |dcϕ⟩ for all D(Ω, Eh−1
0 ).

Proposition 6.2. If Ω ⊂ G is an open set, and T ∈ D′(Ω) is a (usual)
distribution, then T can be identified canonically with a (2n + 1)-current
T̃ ∈ D′(Ω, E2n+1

0 ) through the formula

(28) ⟨T̃ |α⟩ := ⟨T |∗α⟩

for any α ∈ D(Ω, E2n+1
0 ). Conversely, by (28), any (2n+ 1)-current T̃ can

be identified with an usual distribution T ∈ D′(Ω).

Proof. See [21], Section 17.5, and [12], Proposition 4. □

Following [22], 4.1.7, we give the following definition.

Definition 6.3. If T ∈ D′(Ω, E2n+1
0 ), and φ ∈ E(Ω, Eh

0 ), with 0 ≤ h ≤
2n+ 1, we define T φ ∈ D′(Ω, E2n+1−h

0 ) by the identity

⟨T φ|α⟩ := ⟨T |α ∧ φ⟩

for any α ∈ D(Ω, E2n+1−h
0 ).

The following result is taken from [12], Propositions 5 and 6, and Defi-
nition 10, but we refer also to [21], Sections 17.3, 17.4 and 17.5.
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Definition 6.4. Let 1 ≤ h ≤ 2n+1. A form α ∈ L1
loc(Hn, E2n+1−h

0 ) can be
identified with a current Tα ∈ D′(Hn, Eh

0 ) through the action

(29) ⟨Tα|ϕ⟩ :=
∫
Hn

α ∧ ϕ =

∫
Hn

ϕ ∧ α for ϕ ∈ D(H,Eh
0 ).

Indeed α ∧ ϕ = (−1)h(2n+1−h)ϕ ∧ α, and 2n+ 1− h is even if h is odd.

Remark 6.5. If α ∈ L1
loc(Hn, E2n+1−h

0 ), we notice that ∂cTα = 0 if and
only if dcα = 0 in the sense of distributions. Indeed, if ϕ ∈ D(Hn, Eh−1

0 )
(and hence ⋆ϕ ∈ D(Hn, E2n+2−h

0 )), keeping in mind Remark 6.5, we have

⟨∂cTα|ϕ⟩ = ⟨Tα|dcϕ⟩ =
∫
Hn

α ∧ dcϕ =

∫
Hn

⟨⋆α, dcϕ⟩ dV

=

∫
Hn

⟨⋆α, ⋆ ⋆ dcϕ⟩ dV =

∫
Hn

⟨α, ⋆dcϕ⟩ dV =

∫
Hn

⟨α, ⋆dc ⋆ ⋆ϕ⟩ dV

= (−1)h
∫
Hn

⟨α, d∗c ⋆ ϕ⟩ dV

Proposition 6.6. If α ∈ L1
loc(Hn, E2n+1−h

0 )∩d−1
c (L1

loc(Hn, E2n+2−h
0 )), then

∂cTα = (−1)h−1Tdcα.

Proof. If ϕ ∈ D(H,Eh−1
0 ), then

⟨∂cTα|ϕ⟩ = ⟨Tα|dcϕ⟩ =
∫
Hn

α ∧ dcϕ

= (−1)h−1

∫
Hn

dcα ∧ ϕ = (−1)h−1⟨Tdcα|ϕ⟩.

□

The notion of convolution can be extended by duality to currents.

Definition 6.7. Let 0 ≤ h ≤ 2n + 1 and φ ∈ D(Hn). Let T ∈ E ′(Hn, Eh
0 )

be given, and denote by vφ the function defined by vφ(p) := φ(p−1). Then
we set

⟨φ ∗ T |ϕ⟩ := ⟨T |vφ ∗ ϕ⟩
for any ϕ ∈ D(Hn, Eh

0 ).

Lemma 6.8. If α ∈ L1
loc(Hn, Eh

0 ), 1 ≤ h ≤ 2n+ 1, and J = vJ ∈ D(Hn),
then

(30) J ∗ ∂cTα = ∂c(J ∗ Tα) = ∂cTJ∗α.

Proof. By definition, Tα is a (2n+ 1− h)-current. If ϕ ∈ D(Hn, E2n−h
0 ) is

a test form, then, by Definition 6.7,
⟨J ∗ ∂cTα|ϕ⟩ = ⟨∂cTα|J ∗ ϕ⟩ = ⟨Tα|dc(J ∗ ϕ)⟩ = ⟨Tα|J ∗ dcϕ⟩

= ⟨J ∗ Tα|dcϕ⟩ = ⟨∂c(J ∗ Tα)|ϕ⟩.



CONTINUOUS PRIMITIVES FOR HIGHER DEGREE DIFFERENTIAL FORMS 21

On the other hand,

⟨∂cTJ∗α|ϕ⟩ = ⟨TJ∗α|dcϕ⟩ =
∫
⟨⋆(J ∗ α), dcϕ⟩dV

=

∫
⟨J ∗ (⋆α), dcϕ⟩dV =

∫
⟨⋆α, J ∗ dc(ϕ)⟩dV

= ⟨Tα|J ∗ dcϕ⟩ = ⟨J ∗ Tα|dcϕ⟩ = ⟨∂c(J ∗ Tα)|ϕ⟩.
□

Definition 6.9. If T ∈ D′(Hn, Eh
0 ), we define its mass M(T ) by

M(T ) := sup{⟨T |ϕ⟩, ϕ ∈ D(Hn, Eh
0 ), |ϕ|≤ 1}.

Lemma 6.10. If α ∈ L1(Hn, E2n+1−h
0 ), then

(31) M(Tα) = ∥α∥L1(Hn,E2n+1−h
0 ).

Moreover, if α ∈ L1
loc(Hn, E2n+1−h

0 ) and M(Tα) <∞, then

α ∈ L1(Hn, E2n+1−h
0 ) and (31) holds.

Proof. The first assertion is basically contained in Exercise 4.26 of [17].
Suppose now α ∈ L1

loc(Hn, E2n+1−h
0 ) and M(Tα) < ∞. Consider now a

sequence of compactly supported smooth functions (ρk)k∈N, 0 ≤ ρk ≤ 1,
ρk → 1 in Hn as k → ∞ and set αk := ρkα ∈ L1(Hn, E2n+1−h

0 ). If
ϕ ∈ D(Hn, Eh

0 ), ∥ϕ∥L∞≤ 1, then

⟨Tαk
|ϕ⟩ =

∫
Hn

ρkα ∧ ϕ =

∫
Hn

α ∧ ρkϕ ≤ M(Tα),

so that M(Tαk
) ≤ M(Tα), and the assertion follows by Fatou’s lemma.

□

As for Federer-Fleming currents, the mass of currents is lower semicon-
tinuous with respect to weak* convergence.

Lemma 6.11. If 1 ≤ h ≤ 2n + 1, T, Tk ∈ D′(Hn, Eh
0 ) for k ∈ N and

Tk → T in D′(Hn, Eh
0 ), then

M(T ) ≤ lim inf
k

M(Tk).

If 1 ≤ h ≤ 2n + 1, and Ξh0 is a left invariant basis of Eh
0 , then the linear

maps on Eh
0

α → (ξhj )
∗(α) := ⋆(α ∧ ⋆ξhj )

belong to (Eh
0 )

∗ (the dual of Eh
0 as a finite-dimensional vector space) and

(ξhj )
∗(ξhi ) = ⋆(ξhi ∧ ⋆ξhj ) = δi,j ⋆ dV = δi,j,

i.e. (Ξh0)
∗ = {(ξh1 )∗, . . . , (ξhNh

)∗} is a left invariant dual basis of (Eh
0 )

∗.
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Let us also remind the notion of distribution section of a finite-dimensional
vector bundle F : a distribution section is a continuous linear map on the
space of compactly supported sections of the dual vector bundle F∗ (see,
e.g., [38], p. 77). Then we can give the following remark.

Remark 6.12. Let T be a current on Eh
0 ,

T =
∑
j

T̃j (⋆ξhj ),

where T1, . . . , TNh
∈ D′(Ω). Then T can be seen as a section of (Eh

0 )
∗.

Indeed, if α =
∑

i αiξ
h
i ∈ D(Ω, Eh

0 )

⟨T |α⟩ =
∑
j

⟨T̃j (⋆ξhj )|α⟩ =
∑
j

⟨T̃j|α ∧ (⋆ξhj )⟩

=
∑
j

⟨Tj|αj⟩ =
∑
i,j

⟨Tj|(ξhj )∗(αiξhi )⟩ =
∑
j

⟨Tj|(ξhj )∗(α)⟩,

where the dualities in the first line are meant as dualities between currents
and test forms, where the dualities in the second line are meant as dualities
between distributions and test functions. Thus we can write formally

(32) T =
∑
j

Tj(ξ
h
j )

∗

and we can identify T with a vector-valed distribution (T1, . . . , TNh
).

We notice also that, if α =
∑

j αjξj ∈ E(Ω, Eh
0 ), then

Tα =
∑
j

αj(ξ
h
j )

∗.

We are now in position to identify the dual of C0(Hn, Eh
0 ).

Remark 6.13. Let T ∈ D′(Hn, Eh
0 ) be a current of finite mass M(T ).

By density of D(Hn, Eh
0 ) in C0(Hn, Eh

0 ), T can be continued as a linear
bounded functional on C0(Hn, Eh

0 ) with norm M(T ). For sake of simplicity
we still denote by T its extension and by ⟨T |ϕ⟩C∗

0 ,C0 the action of the exten-
sion on ϕ ∈ C0(Hn, Eh

0 ). By Riesz’ representation theorem (see e.g. [3],
Theorem 1.2.4) there exists a vector-valued Borel measure (µ1, . . . , µNh

) ∈
D′(Hn)Nh such that, for any ϕ ∈ C0(Hn, Eh

0 ) (identified as above with
(ϕ1, . . . , ϕNh

) ∈ C0(Hn)Nh),

(33) ⟨T |ϕ⟩C∗
0 ,C0 =

∑
j

∫
Hn

ϕj dµj.

In addition

(34) M(T ) = ∥T∥C∗
0
= |µ|(Hn).
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Conversely, if µ = (µ1, . . . , µNh
) is a finite vector-valued Borel measure,

the map T : D(Hn, Eh
0 ) → R defined by

(35) T :
∑
j

ϕjξj →
∑
j

∫
Hn

ϕj dµj

is a h-current of finite mass M(T ) = |µ|(Hn).
In particular, if T ∈ C∗

0 (and therefore admits an expression as in (35))

(36) ⟨T |ϕ⟩C∗
0 ,C0 = ⟨T |ϕ⟩D′,D for all ϕ ∈ D(Hn, Eh

0 ).

6.1. Poincaré and Sobolev inequalities for currents via an approxima-
tion result. Theorem 1.1− (2) in [8] contains the following result.

Theorem 6.14 (Global Poincaré and Sobolev inequalities in degree h ̸= n+1).
Let h = 1, . . . , 2n, h ̸= n+ 1. For every dc-exact h-form ω ∈ L1(Hn, Eh

0 ),
there exists an (h− 1)-form ϕ ∈ LQ/(Q−1)(Hn, Eh−1

0 ), such that

dcϕ = ω and ∥ϕ∥LQ/(Q−1)(Hn, Eh−1
0 ) ≤ C ∥ω∥L1(Hn,Eh

0 )
.

Furthermore, if ω is compactly supported, so is ϕ.

Remark 6.15. As in [8], Section 1.2, we stress that Poincaré inequality fails
to hold in top degree (see also [35]).

We show that the previous result can be reformulated in terms of currents.
This is done after we prove the following approximation result (see also [4]
for Euclidean currents).

Proposition 6.16. If 1 ≤ h ≤ 2n+1 and T ∈ D′(Hn, Eh
0 ) is a current of fi-

nite mass M(T ) (identified with a vector-valued measure as in Proposition
6.13), then there exists a family (ωϵ)ϵ>0 of forms in E(Hn, Eh

0 )∩L1(Hn, Eh
0 )

such that, if we set Tϵ := T⋆ωϵ ∈ D′(Hn, Eh
0 ), then

i) M(Tϵ) <∞ for all ϵ > 0;
ii) (Tϵ)s>0 converges weakly* to T as ϵ→ 0;

iii) ∥ωϵ∥L1(Hn,Eh
0 )
= M(Tϵ) → M(T ) as ϵ→ 0;

iv) if T = ∂cS, S ∈ D′(Hn, Eh+1
0 ), then dc(⋆ωϵ) = 0 for all ϵ > 0.

If T is compactly supported, then the ωϵ’s are supported in a neighbor-
hood of supp T .

Proof. We denote by µ the finite vector-valued Borel measure associated
with T as in Proposition 6.13. Arguing as in [2], Section 2.1, if ϵ > 0 let
Jϵ =

vJϵ is an usual (group) Friedrichs’ mollifier, we define the fuctions

f ϵ(η) := Jϵ ∗ µ(η) :=
∫
Hn

Jϵ(η · p−1) dµ(p) =

∫
Hn

Jϵ(p · η−1) dµ(p).
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We point out that the family of functions {f ϵ , ϵ > 0} is bounded in (L1(Hn))Nh .
Indeed, if j = 1, . . . , Nh∫

Hn

|f ϵ(η)| dη =

∫
Hn

|
∫
Hn

Jϵ(η · p−1) dµ(p)| dη

≤
∫
Hn

(

∫
Hn

Jϵ(η · p−1) d|µ|(p)) dη

=

∫
Hn

(

∫
Hn

Jϵ(η · p−1) dη) d|µ|(p) = |µ|(Hn).

(37)

We notice that, for all ϵ > 0, we can associate with f ϵ the measure
µϵ(p) := f ϵ dL2n+1. Moreover, f ϵ ∈ (E(Hn))Nh . Indeed, if j = 1, . . . , Nh

and W is a horizontal vector field, then the following identity holds in the
sense of distributions

W (Jϵ ∗ µj) = Jϵ ∗Wµj =
vW vJϵ ∗ µj,

so that, arguing as in (37), the f ϵ’s are smooth.
We can also write

f ϵ = (Jϵ ∗ µ1, . . . , Jϵ ∗ µNh
) =: (f ϵ1, . . . , f

ϵ
Nh

).

Thus we can define a family of smooth forms in L1(Hn, Eh
0 )

ωϵ =
∑
j

f ϵj ξj

and a family of h-currents Tϵ := T⋆ωϵ . By (31),

(38) M(Tϵ) = ∥⋆ωϵ∥L1(Hn,Eh
0 )
= ∥ωϵ∥L1(Hn,Eh

0 )
= |µϵ|<∞.

Thus i) is proved.
We notice now that for all test form ϕ =

∑
j ϕjξj ∈ D(Hn, Eh

0 ), if we
identify ϕ with the vector-valued function (ϕ1, . . . , ϕNh

), we have

(39) ⟨T |Jϵ ∗ ϕ⟩ =
∫
Hn

⟨f ϵ, ϕ⟩ dL2n+1 =:

∫
Hn

⟨ϕ, dµϵ⟩,

that we can also written as

(40) ⟨T |Jϵ ∗ ϕ⟩ =
∫
Hn

⟨ωϵ, ϕ⟩ dL2n+1.

Indeed, first of all, we notice that if j = 1, . . . , Nh,∫
Hn

(

∫
Hn

Jϵ(q) |ϕj(q−1p)| dµj(p)) dq <∞.
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Thus, by (33),

⟨T |Jϵ ∗ ϕ⟩ =
∑
j

∫
Hn

(Jϵ ∗ ϕj)(p) dµj(p)

=
∑
j

∫
Hn

(

∫
Hn

Jϵ(q)ϕj(q
−1p) dq) dµj(p)

=
∑
j

∫
Hn

(

∫
Hn

Jϵ(pη
−1)ϕj(η) dη) dµj(p)

=
∑
j

∫
Hn

(

∫
Hn

Jϵ(pη
−1) dµj(p))ϕj(η) dη

=
∑
j

∫
Hn

(

∫
Hn

Jϵ(ηp
−1) dµj(p))ϕj(η) dη (since J = vJ)

=
∑
j

∫
Hn

(Jϵ ∗ µj)(η)ϕj(η) dη =

∫
Hn

⟨f ϵ, ϕ⟩(η) dη =

∫
Hn

⟨ϕ, dµϵ⟩.

This proves (39).
Let us prove ii). Take again ϕ ∈ D(Hn, Eh

0 ): By (40), we have:

⟨Tϵ|ϕ⟩ = ⟨T⋆ωϵ|ϕ⟩ =
∫
Hn

⋆ωϵ∧ϕ =

∫
Hn

⟨ωϵ, ϕ⟩ dL2n+1 = ⟨T |Jϵ ∗ ϕ⟩ → ⟨T |ϕ⟩

as ϵ→ 0, since Jϵ ∗ ϕ→ ϕ in D(Hn, Eh
0 ).

In particular,
∫
Hn⟨f ϵ, ϕ⟩ dL2n+1 → ⟨T |ϕ⟩ for all ϕ ∈ D(Hn, Eh

0 ). Thanks
to the density of D(Hn, Eh

0 ) in Ccomp(Hn, Eh
0 ), by (37), µϵ → µ weak* in

the sense of measures.
Now, we can prove iii). By [2], Theorem 1.59

M(T ) = |µ|(Hn) ≤ lim inf
ϵ→0

|µϵ(Hn)|= lim inf
ϵ→0

M(Tϵ).

On the other hand, by (37)

lim sup
ϵ→0

M(Tϵ) ≤ M(T ),

and iii) follows.
Finally, let us prove that ⋆ωϵ is dc-closed. Take again ϕ ∈ D(Hn, Eh+1

0 ).
Keeping in mind that ∂cT = 0, by (39) we have:∫
Hn

⟨dc ⋆ ωϵ, ϕ⟩ dL2n+1 =

∫
Hn

⟨⋆ωϵ, d∗cϕ⟩ dL2n+1 = ±
∫
Hn

⟨⋆ωϵ, ⋆dc ⋆ ϕ⟩ dL2n+1

= ±
∫
Hn

⟨ωϵ, dc ⋆ ϕ⟩ dL2n+1 = ±⟨T |Jϵ ∗ (dc ⋆ ϕ)⟩

= ±⟨T |dc(Jϵ ∗ (⋆ϕ))⟩ = ±⟨∂cT |Jϵ ∗ (⋆ϕ)⟩ = 0,
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and hence dc(⋆ωϵ) = 0. Thus iv) is proved.
□

Thanks to previous result, theorem 6.14 can reformulated in terms of
currents as follows:

Theorem 6.17 (Global Poincaré and Sobolev inequalities for currents). Let
h = 1, . . . , 2n.

If h ̸= n and T ∈ D′(Hn, Eh
0 ) is a current of finite mass of the form T =

∂cS with S ∈ D′(Hn, Eh+1
0 ), then there exists a form ϕ ∈ LQ/(Q−1)(Hn, E2n−h

0 ),
such that

∂cTϕ = T and ∥ϕ∥LQ/(Q−1)(Hn,E2n−h
0 )≤ CM(T ).

Furthermore, if T is compactly supported, so is ϕ.

Proof. Let us prove a). By Proposition 6.16 with ϵ = ϵk → 0 as k → ∞,
with the notations therein, for any k ∈ N there exists a sequence (⋆ωk)k∈N ∈
E(Hn, E2n+1−h

0 ) ∩ L1(Hn, E2n+1−h
0 ) satisfying i), ii), iii), iv). In particular,

dc ⋆ ωk = 0. Therefore, since 2n + 1 − h ̸= n + 1 (by hypothesis h ̸= n),
Theorem 6.14 implies that there exists ϕk ∈ LQ/(Q−1)(Hn, E2n−h

0 ), such
that

dcϕk = ⋆ωk and ∥ϕk∥LQ/(Q−1)(Hn,E2n−h
0 )≤ C ∥⋆ωk∥L1(Hn,E2n+1−h

0 ).

By Proposition 6.16, iii), we know also that

∥⋆ωk∥L1(Hn,E2n+1−h
0 )= ∥ωk∥L1(Hn,Eh

0 )
→ M(T )

as k → ∞. Therefore the ϕk’s are equibounded in LQ/(Q−1)(Hn, Eh−1
0 ) and

hence we can assume that ϕk → ϕ̃ weakly in LQ/(Q−1)(Hn, E2n−h
0 ).

Thus
∥ϕ̃∥LQ/(Q−1)(Hn,E2n−h

0 )≤ CM(T ).

By definition, with ϕ := (−1)hϕ̃we can associate the current Tϕ ∈ D′(Hn, Eh+1
0 ).

Eventually, we are left with the proof of ∂cTϕ = T . Let ψ ∈ D(Hn, Eh
0 ) be

a test form. We have:

⟨∂cTϕ|ψ⟩ = ⟨Tϕ|dcψ⟩ =
∫
Hn

ϕ ∧ dcψ = (−1)h lim
k→∞

∫
Hn

ϕk ∧ dcψ

= (−1)2h lim
k→∞

∫
Hn

dcϕk ∧ ψ = lim
k→∞

∫
Hn

⋆ωk ∧ ψ

= lim
k→∞

⟨T⋆ωk
|ψ⟩ = ⟨T |ψ⟩,

by 6.16, ii). This completes the proof of the statement.
□
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7. PROOF OF THEOREM 4.4–I): CONTINUOUS PRIMITIVES OF FORMS
IN Eh

0 , h ̸= n+ 1

The proof of Theorem 4.4 will follows by duality. Having in mind Sec-
tion 5, we start with a few definitions.

Definition 7.1. Denote again by C0 the Banach space of continuous func-
tions vanishing at infinity with the L∞-norm. We set

E := C0(Hn, Eh−1
0 ),

By Remark 6.13, the dual space E∗ can be identified with the set of (h−1)-
currents with finite mass. If 2 ≤ h ≤ 2n+ 1, h ̸= n+ 1, we set

D(A) := {ψ ∈ E, dcψ ∈ LQ(Hn, Eh
0 )} ⊂ E,

and A : D(A) → F , where

F = LQ(Hn, Eh
0 ) and Aψ := dcψ.

Remark 7.2. Notice that D(A) is dense since contains D(Hn, Eh−1
0 ) and

A is closed since is a differential operator.
In addition F ∗ can be identified with LQ/(Q−1)(Hn, E2n+1−h

0 ) through the
identity: if β ∈ LQ/(Q−1)(Hn, Eh

0 ), then we put

f(α) =

∫
Hn

β ∧ α

for α ∈ LQ(Hn, Eh
0 ).

Lemma 7.3. Suppose h ̸= n+1. If ψ ∈ D(A), then there exists a sequence
(ψk)k∈N in D(Hn, Eh−1

0 ) such that

(41) ψk → ψ in E and dcψk → dcψ in F .

Proof. Let show preliminarily that there exist a sequence

(ψk)k∈N in Ccomp(Hn, Eh−1
0 )

satisfying (41). Let us take a sequence of smooth cut-off functions (ϕk)k∈N,
0 ≤ ϕk ≤ 1, supp ϕk ⊂ B(e, 2k), ψ ≡ 1 in B(e, k), |Wϕk|≤ C/k, where
C is independent of k. Set ψk := ϕkψ. Obviously, ψk → ψ in E. By
Leibniz’ formula (see Lemma 3.3), if h ̸= n,

∥dcψk − dcψ∥QF⪅ ∥(ϕk − 1)dcψ∥QF+
∫
Hn

|Wϕk|Q |ψ|Q dp

⪅ ∥(ϕk − 1)dcψ∥QF+(
1

k
)Q

∫
k≤∥p∥≤2k

|ψ|Q dp

≤ ∥(ϕk − 1)dcψ∥QF+(
1

k
)Q|B(e, 2k)| sup

k≤∥p∥
|ψ|→ 0
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as k → ∞, since ψ ∈ E and dcψ ∈ F .
□

Proposition 7.4. We have: D(A∗) is dense in F ∗ and

(42) D(A∗) = {β ∈ F ∗, M(∂cTβ) <∞}.

In addition, if β ∈ D(A∗),

(43) A∗β = ∂cTβ.

Proof. Since F is reflexive, then D(A∗) is dense in F ∗ (see [17], Remark
15 of Section 2.6). To prove (42) we have first to show that, if β ∈ F ∗ and
there exists cβ such that

(44) |
∫
Hn

β ∧ dcψ|≤ cβ∥ψ∥E for all ψ ∈ D(A),

then M(∂cTβ) <∞. The assertion is straightforward since, ifψ ∈ D(Hn, Eh−1
0 ) ⊂

D(A), ∥ψ∥E≤ 1 then

|⟨∂cTβ|ψ⟩|= |⟨Tβ|dcψ⟩|= |
∫
Hn

β ∧ dcψ|≤ cβ.

This shows that D(A∗) ⊂ {β ∈ F ∗, M(∂cTβ) <∞}.
Let us prove now the reverse inclusion. Suppose β ∈ F ∗ is such that

M(∂cTβ) < ∞. If ψ ∈ D(A), by Lemma 7.3 there exists a sequence
(ψk)k∈N in D(Hn, Eh−1

0 ) such that

ψk → ψ in E and dcψk → dcψ in F .

Hence, (44) holds. Indeed,

|
∫
Hn

β ∧ dcψ|= lim
k
|
∫
Hn

β ∧ dcψk|= lim
k
|⟨∂cTβ|ψk⟩|

≤ M(∂cTβ) lim sup
k

∥ψk∥E= M(∂cTβ)∥ψ∥E.

This completes the proof of (42).
Again following [17], Section 2.6, if β ∈ D(A∗), then A∗β is uniquely

determined by the identity

⟨A∗(β), ψ⟩E∗,E = ⟨β,Aψ⟩F ∗,F for ψ ∈ D(A).

Taking ψ ∈ D(Hn, Eh−1
0 ), then (43) follows.

□

Proof of Theorem 4.4-i). With the notations of Definition 7.1, let us show
preliminarily that

(45) A∗(D(A∗)) is closed in E∗.
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To this end, let (Tn)n∈N a sequence in A∗(D(A∗)) that converges to a h−1-
current T ∈ E∗ (i.e. in the mass norm). Hence, M(Tn) = ∥Tn∥E∗≤ C1 for
all n ∈ N. Moreover, in particular Tn → T weakly in D′, i.e.

⟨T |σ⟩ = lim
n→∞

⟨Tn|σ⟩

for all σ ∈ D(Hn, Eh−1
0 ). By (42) and (43) there exists a corresponding

sequence (Sn)n∈N in D′(Hn, Eh
0 ) such that

(46) Tn = ∂cSn, with Sn = Tβn , βn ∈ LQ/(Q−1)(Hn, E2n+1−h
0 )

for any n ∈ N. Since the (h − 1)-currents ∂cSn’s satisfy M(∂cSn) =
M(Tn) < ∞, by Theorem 6.17 (that we can apply since 1 ≤ h − 1 ≤ 2n
and h−1 ̸= n), again for any n ∈ N there exists ϕn ∈ LQ/(Q−1)(Hn, E2n+1−h

0 )
such that ∂cTϕn = ∂cSn = ∂cTβn , and

∥ϕn∥LQ/(Q−1)(Hn,E2n+1−h
0 )≤ C2M(∂cSn) = CM(Tn) ≤ C1C2.

Since Q/(Q− 1) > 1 we cas assume that

ϕn → ϕ weakly in LQ/(Q−1)(Hn, E2n+1−h
0 ).

Thus Tϕn → Tϕ weakly* in D′ and Tn = ∂cSn = ∂cTϕn → ∂cTϕ weakly*
in D′; therefore, since also Tn → T weakly*, it follows that T = ∂cTϕ. To
prove that T ∈ A∗(D(A∗)), by (42) we have only to show that M(∂cTϕ) <
∞. Because of the lower semicontinuity of the mass with respect to the
weak* convergence, we have

M(∂cTϕ) ≤ lim inf
n→∞

M(∂cSn) = lim inf
n→∞

M(Tn) = M(T ).

Thus (45) is proved.
By Theorem 5.1, 1), (45) implies that

(47) A(D(A)) = (kerA∗)⊥.

Moreover, by Lemma 5.2, (45) implies that there exists C > 0 such that for
all f ∈ A(D(A)) there exists e ∈ D(A), satisfying

(48) Ae = f and ∥e∥E≤ C ∥f∥F .
We are left to show that {α ∈ LQ(Hn, Eh

0 ), dcα = 0} ⊂ A(D(A)). This
will be done by showing that

(49) {α ∈ LQ(Hn, Eh
0 ), dcα = 0} ⊂ (kerA∗)⊥.

Indeed, let α ∈ LQ(Hn, Eh
0 ) be a closed form, and take β ∈ LQ/(Q−1)(Hn, E2n+1−h

0 ) ∈
kerA∗, i.e. β ∈ LQ/(Q−1)(Hn, E2n+1−h

0 ) is a closed form, by Remark 6.5.
Then, by Proposition 3.5, ∫

Hn

α ∧ β = 0,
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i.e. (49) holds.
Thus, combining (49) and (47),

{α ∈ LQ(Hn, Eh
0 ), dcα = 0} ⊂ A(D(A)),

and hence, by (48), we have proved the theorem.
□

8. THE MAIN GLOBAL RESULT IN DEGREE n+ 1: POINCARÉ
INEQUALITIES WITH BEPPO LEVI-SOBOLEV SPACES

The proof of our main result when h = n+1 is technically more delicate
since in this case the equation dcϕ = ω involves a differential operator of
order two. In this case, we prove a more general result involving the Beppo
Levi-Sobolev space BL1,Q/Q−1(Hn) that implies, as a corollary, statement
ii) of Theorem 4.4. Let us start by mentioning some general facts regarding
Beppo Levi-Sobolev spaces BL1,p(Hn).

8.1. Beppo Levi-Sobolev spaces BL1,p(Hn).

Definition 8.1. If 1 < p < Q, we denote by BL1,p(Hn) the homogeneous
Sobolev space (called also Beppo Levi space) defined as the completion of
D(Hn) with respect to the norm

∥u∥BL1,p(Hn):=
2n∑
j=1

∥Wju∥Lp(Hn).

Remark 8.2. Since BL1,p(Hn) is reflexive, it can be identified with its bid-
ual via the canonical isomorphism τ(u)(f) = f(u) for all BL1,p(Hn) and
f ∈ (BL1,p(Hn))∗.

Proposition 8.3. If 1 < p < Q, then

(BL1,p(Hn))∗ = {T ∈ D′(Hn) ; T =
∑
j

Wjfj , fj ∈ Lp
′
(Hn)}.

If F = (f1, . . . , f2n) is a horizontal vector field, then we set

divH F :=
∑
j

Wjfj.

By Sobolev inequality with sharp exponents in Carnot groups (see e.g.,
[31]) it is easy to prove the following theorem.

Theorem 8.4. If 1 < p < Q, we have: u ∈ BL1,p(Hn) if and only if

u ∈ LpQ/(Q−p)(Hn) and Wju ∈ Lp(Hn), j = 1, · · · , 2n,
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and the two norms are equivalent, i.e.,

∥u∥BL1,p(Hn)≈ ∥u∥LpQ/(Q−p)(Hn)+
∑
j

∥Wju∥Lp(Hn).

In particular, the embeddingBL1,p(Hn) ⊂ LpQ/(Q−p)(Hn) is continuous.

For sake of completeness, let us provide a full proof of the above state-
ment. Let us state preliminarily the following (trivial) result.

Lemma 8.5. Let X be a Banach space, and X0 ⊂ X a dense subspace. Let
Y0 be a normed space and Y its completion. If T0 : X0 → Y0 is a linear
isomorphism such that

(50) ∥u∥X0≈ ∥T0u∥Y0 for u ∈ X0,

then T0 can be continued as a linear isomorphism T between X and Y .

Proof. Take u ∈ X; then there exists a sequence (uk)k∈N in X0 converging
to u in X . Then, by (50), (Tuk)k∈N is a Cauchy sequence in Y0 converging
to an element of Y . We set Tu := limk T0uk. Trivially, the continuation
T is a well defined bounded linear operator between X and Y . Clearly, T
is injective. On the other hand, take v ∈ Y . By definition, there exists a
sequence (vk)k∈N in Y0 converging to v in Y . Again by (50), (T−1

0 vk)k∈N
has a limit u ∈ X . By continuity, Tu = limk TT

−1
0 vk = limk T0T

−1
0 vk = v.

Therefore, T is also surjective and hence is a linear isomorphism.
□

Proof of Theorem 8.4. With the notation of previous Lemma 8.5, set

X := LpQ/(Q−p)(Hn) ∩ {u ∈ D′(Hn) , |Wu|∈ Lp(Hn)},

where we set |Wu|:=
∑2n

j=1|Wju|, and (with a slight abuse of notation)
endowed with the norm

∥u∥X= ∥u∥LpQ/(Q−p)(Hn)+∥Wu∥Lp(Hn).

A standard argument shows that X is a Banach space. Let us prove that
X0 := D′(Hn) is dense in X . We notice first that E(Hn)∩X is dense in X .
Indeed, if ϵ > 0, let Jϵ = vJϵ denote again a (group) Friedrichs’ mollifier.
If u ∈ X , then Jϵ ∗ u ∈ E(Hn), and

Jϵ ∗ u→ u in LpQ/(Q−p)(Hn),

and
W (Jϵ ∗ u) = Jϵ ∗Wu→ Wu in Lp(Hn)2n.

as ϵ → 0. Therefore, from now on we can assume u ∈ E(Hn) ∩ X . Let
us fix a sequence of cut-off functions {χk}i∈N ⊂ D(Hn) such that for any
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k ∈ N supp(χk) ⊂ B(e, 2k), χk ≡ 1 in B(e, k), and k |Wχk|≤ C for all
k ∈ N. Set uk := χku. Obviously,

uk → u in LpQ/(Q−p)(Hn) as k → ∞.

Moreover, since

|Wuk|≤ C
1

k
|u|+χk|Wu|,

then
|Wuk|→ |Wu| in Lp(Hn) as k → ∞.

Again with the notations of previous Lemma 8.5, we choose Y0 := D(Hn)
endowed with the norm ∥u∥Y0 := ∥|Wu|∥Lp(Hn). The inequality (50) is noth-
ing but the sharp Poincaré inequality of [31], and the statement is proved.

□

Definition 8.6. If 1 ≤ h ≤ 2n+1, then a form α belongs to BL1,p(Hn, Eh
0 )

if and only if all its components with respect to a fixed left invariant basis

Ξh0 = {ξh1 , . . . ξhNh
}

of Eh
0 belong to BL1,p(Hn).

Proposition 8.7. The dual space (BL1,p(Hn, Eh
0 ))

∗ can be identified with a
family of currents T ∈ D′(Hn, Eh

0 ) such that, with the notation of (32)

T =
∑
j

Tj(ξ
h
j )

∗,

with Tj ∈ D′(Hn), j = 1, . . . , Nh of the form

Tj = divH Fj.

with Fj ∈ (Lp
′
)2n, j = 1, . . . , Nh.

More precisely, by the density of D(Hn, Eh
0 ) in BL1,p(Hn, Eh

0 ), an ele-
ment of (BL1,p(Hn, Eh

0 ))
∗ is fully identified by its restriction to D(Hn, Eh

0 ).
In particular, if T ∈ (BL1,p(Hn, Eh

0 ))
∗ ⊂ D′(Hn, Eh

0 ) and, if for sake of
simplicity we write W := BL1,p(Hn, Eh

0 ), we have

(51) ⟨T |ϕ⟩W∗,W = ⟨T |ϕ⟩D′,D.

Proof. Let T ∈ (BL1,p(Hn, Eh
0 ))

∗ be given, and consider a sequence (ϕk)k∈N
of test forms, ϕk → 0 in D(Hn, Eh

0 ). Since there exists a compact set K
such that supp ϕk ⊂ K for all k ∈ N and ϕk → 0 uniformly with all its
derivatives, then

∥ϕk∥BL1,p(Hn,Eh
0 )
→ 0 as k → ∞,

so that ⟨T |ϕk⟩W∗,W → 0 as k → ∞. This proves that T is a h-current.
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Take now ϕ ∈ D(Hn). If 1 ≤ k ≤ Nh, define

⟨Tk|ϕ⟩D′,D = ⟨T |ϕξhk ⟩W∗,W ≤ C∥ϕξhk∥BL1,p(Hn,Eh
0 )
= C∥ϕ∥BL1,p(Hn,Eh

0 )
,

so that Tk ∈ (BL1,p(Hn, Eh
0 ))

∗. By Proposition 8.7 there exists a horizontal
vector field in Fk ∈ (Lp

′
)2n such that

Tk(ξ
h
k )

∗ = (divH Fk)(ξ
h
k )

∗

and

(52) T =
∑
j

(divH Fj)(ξ
h
j )

∗.

□

In the sequel, we will often use the identification given in (8.7), omitting
the subscript.

The next two assertions follow straightforwardly from Theorem 8.4 .

Proposition 8.8. If ϕk → ϕ weakly in BL1,p(Hn, Eh
0 ), then

Tϕk → Tϕ weak* in D′(Hn, E2n+1−h
0 ).

Lemma 8.9. If ω ∈ LQ/2(Hn, En+1
0 ), then Tω ∈ (BL1,Q/(Q−1)(Hn, En

0 ))
∗

and
∥Tω∥(BL1,Q/(Q−1)(Hn,En

0 ))
∗≤ C∥ω∥LQ/2(Hn,En+1

0 ).

Proof. Let ϕ ∈ D(Hn, En
0 ), then

⟨Tω|ϕ⟩ =
∫
Hn

ω ∧ ϕ ≤ ∥ω∥LQ/2(Hn,En+1
0 )∥ϕ∥LQ/(Q−2)(Hn,En

0 )

≤ C∥ω∥LQ/2(Hn,En+1
0 )∥ϕ∥BL1,Q/(Q−1)(Hn,En

0 )
,

by Theorem 8.4 □

8.2. Poincaré inequalities with the Beppo Levi-Sobolev space: the case
of primitive in En

0 . One of the main results of this paper is contained in
the following theorem.

Theorem 8.10. Let Ω be a n-current identified with an element of

(BL1,Q/(Q−1)(Hn, En
0 ))

∗

(i.e. of the form described in Proposition 8.7).
If ∂cΩ = 0, then there exists ϕ ∈ C0(Hn, En

0 ) such that ∂cTϕ = Ω and

∥ϕ∥C0(Hn,En
0 )
≤ C∥Ω∥(BL1,Q/(Q−1)(Hn,En

0 ))
∗ .

As a corollary we get:

Proof of Theorem 4.4-ii). By Lemma 8.9, the statement follows from The-
orem 8.10. □
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The first step in order to prove Theorem 8.10, is a result that contains an
improvement of Theorem 1.1 (2) in [8] in the case h = n+ 1.

Theorem 8.11 (Global Poincaré and Sobolev inequalities in degree h = n+1).
For every dc-exact form ω ∈ L1(Hn, En+1

0 ), there exists an n-form

ϕ ∈ BL1,Q/(Q−1)(Hn, En
0 )

such that

dcϕ = ω and ∥ϕ∥BL1,Q/(Q−1)(Hn,En
0 )
≤ C ∥ω∥L1(Hn,En+1

0 ).

Furthermore, if ω is compactly supported, so is ϕ.

The proof of Theorem 8.11 follows the same line as the proof of The-
orem 1.1 (2) in [8], after proving the following Gagliardo-Nirenberg type
inequality, which generalizes Theorem 1.6 in [7] (see also Theorem 5.1 in
[8]).

Theorem 8.12. Let u be a smooth compactly supported Rumin n-form on
Hn. Assume that d∗cu = 0. Then

(53) ∥u∥BL1,Q/(Q−1)(Hn,En
0 )
≤ C∥dcu∥L1(Hn,En+1

0 ).

Proof. Remember, by Theorem 8.4,

∥u∥BL1,Q/(Q−1)(Hn,En
0 )
≈ ∥u∥LQ/(Q−2)(Hn,En

0 )
+∥Wu∥LQ/(Q−1)(Hn,En

0 )

In addition, by Theorem 1.6 in [7], we already know that

∥u∥LQ/(Q−2)(Hn,En
0 )
≤ C∥dcu∥L1(Hn,En+1

0 );

thus we have but to show that

(54) ∥Wu∥LQ/(Q−1)(Hn,En
0 )
≤ C∥dcu∥L1(Hn,En+1

0 ).

Arguing as in [7], if ψ ∈ D(Hn, En
0 )

⟨Wu,ψ⟩L2(Hn,En
0 )

= −⟨u,Wψ⟩L2(Hn,En
0 )

= −⟨u,∆H,n∆
−1
H,nWψ⟩L2(Hn,En

0 )

= −⟨u, (δcdc + (dcδc)
2)∆−1

H,nWψ⟩L2(Hn,En
0 )

= −⟨u, δcdc∆−1
H,nWψ⟩L2(Hn,En

0 )

− ⟨u, (dcδc)2)∆−1
H,nWψ⟩L2(Hn,En

0 )

=: I1 + I2.

(55)

Consider first the term I2. Since u is coclosed, I2 = 0:

⟨u, (dcδc)2)∆−1
H,nWψ⟩L2(Hn,En

0 )
= ⟨d∗cu, d∗cdcd∗c)∆−1

H,nWψ⟩L2(Hn,En−1
0 ) = 0.

Consider now the term I1:

⟨u, d∗cdc∆−1
H,nWψ⟩L2(Hn,En

0 )
= ⟨dcu, dc∆−1

H,nWψ⟩L2(Hn,En+1
0 ).
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By Theorem 3.8 and Proposition 2.7, dcKW is a kernel of type 1. On the
other hand, as proved in [7], Theorem 5.1, the components with respect to
a given basis of the closed forms dcu are linear combinations of the com-
ponents of a horizontal vector field with vanishing horizontal divergence.
Thus we can apply Theorem 2.9 and we get eventually

|⟨Wu,ψ⟩L2(Hn,En
0 )
| ≤ C∥dcu∥L1(Hn,En+1

0 )·∥∇Hdc∆
−1
H,nWψ∥LQ(Hn,En+1

0 )

≤ C∥dcu∥L1(Hn,En+1
0 )·∥ψ∥LQ(Hn,En

0 )
,

by Theorem 2.8-iii). Thus (54) follows.
□

Proof of Theorem 8.11. As in [8], we can take ϕ := d∗c∆
−1
H,n+1ω. In partic-

ular, Theorems 5.2-iii) in [8] shows that

∥ϕ∥LQ/(Q−2)(Hn,En
0 )
≤ C∥ω∥L1(Hn,En+1

0 ).

Repeating verbatim the proof of Theorems 5.2-i) in [8], combined now with
Theorem 8.12, we arrive to show that Wϕ satisfies

∥Wϕ∥LQ/(Q−1)(Hn,En
0 )
≤ C∥ω∥L1(Hn,En+1

0 ).

To this end, we replace u in (53) by a suitable compactly supported smooth
approximation of ϕ (see formula (33) in [8]). This completes the proof of
Theorem 8.11.

□

Remark 8.13. It is important to stress that in the statement of Theorem
5.2 in [8] it is required that ω has vanishing average. However, Pansu &
Tripaldi in [35] proved that such an assumption can be removed.

Theorem 8.11 can reformulated in terms of currents as follows:

Theorem 8.14 (Global Poincaré and Sobolev inequalities for currents). Let
h = 1, . . . , 2n. If T ∈ D′(Hn, En

0 ) is a current of finite mass of the
form T = ∂cS with S ∈ D′(Hn, En+1

0 ), then there exists a form ϕ ∈
BL1,Q/(Q−1)(Hn, En

0 ), such that

∂cTϕ = T and ∥ϕ∥BL1,Q/(Q−1)(Hn,En
0 )
≤ CM(T ).

Furthermore, if T is compactly supported, so is ϕ.

The proof of this statement is omitted since it can be carried out analo-
gously to the proof of Theorem 6.17 combining Proposition 6.16 and The-
orem 8.11.
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9. SOME MORE APPROXIMATION RESULTS

Lemma 9.1. If β ∈ BL1,Q/(Q−1)(Hn, En
0 ) and M(∂cTβ) < ∞, then there

exists a sequence (βk)k∈N in D(Hn, Eh
0 ) such that

i) βk → β as k → ∞ in BL1,Q/(Q−1)(Hn, En
0 );

ii) M(∂cTβk) → M(∂cTβ) as k → ∞.

Proof. If ϵ > 0, let Jϵ = vJϵ be a (group) Friedrichs’ mollifier. Since
β ∈ LQ/(Q−2)(Hn, En

0 ) then

Jϵ ∗ β → β in LQ/(Q−2)(Hn, En
0 ).

In particular,

(56) TJϵ∗β → Tβ in D′(Hn, En+1
0 ).

In addition, since Wβ ∈ LQ/(Q−1)(Hn, En
0 )

W (Jϵ ∗ β) = Jϵ ∗Wβ → Wβ in LQ/(Q−1)(Hn, En
0 ).

Thus
Jϵ ∗ β → β in BL1,Q/(Q−1)(Hn, En

0 ).
If ϕ is a test form, ∥ϕ∥L∞≤ 1, we have now

⟨∂c(Jϵ ∗ Tβ)|ϕ⟩D′,D = ⟨Jϵ ∗ ∂cTβ|ϕ⟩D′,D (by (30))

= ⟨∂cTβ|Jϵ ∗ ϕ⟩D′,D (by Definition 6.7)

≤ M(∂cTβ)∥Jϵ ∗ ϕ∥L∞≤ M(∂cTβ)∥ϕ∥L∞ ,

so that
M(∂c(Jϵ ∗ Tβ)) ≤ M(∂cTβ).

On the other hand, by (56) and Lemma 6.11,

M(∂cTβ) ≤ lim inf
ϵ→0

M(∂c(Jϵ ∗ Tβ)),

and then

(57) M(∂c(Jϵ ∗ Tβ)) → M(∂cTβ) as ϵ→ 0.

Therefore, from now on we can assume β ∈ E(Hn, En
0 ). Let us fix a se-

quence of cut-off functions {χk}i∈N ⊂ D(Hn) such that for any k ∈ N
supp(χk) ⊂ B(e, 2k), χk ≡ 1 in B(e, k), and k |Wχk|+k2 |W 2χk|≤ C for
all k ∈ N.

Set βk := χkβ ∈ D(HnEn
0 ). By Theorem 8.4 β ∈ LQ/(Q−2)(Hn,En

0 ), and
hence, obviously,

(58) βk → β in LQ/(Q−2)(Hn,En
0 ) as k → ∞.

In particular,

(59) Tβk → Tβ in D′(Hn, En+1
0 ) as k → ∞.
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Moreover, again by Theorem 8.4, if W is a horizontal derivative, then
|Wβ|∈ LQ/(Q−1)(Hn, En

0 ). By dominated convergence, χkWβ → Wβ
in LQ/(Q−1)(Hn, En

0 ) as k → ∞. On the other hand, again by Theorem 8.4,
β ∈ LQ/(Q−2)(Hn, En

0 ) so that∫
Hn

(|Wχk| |β|)Q/(Q−1) dV

≤ k−Q/(Q−1)

∫
B(e,2k)\B(e,k)

|β|Q/(Q−1) dV

≤ k−Q/(Q−1)(

∫
B(e,2k)\B(e,k)

|β|Q/(Q−2) dV )
(Q−2)/(Q−1) · |B(e, 2k)|1/(Q−1)

= C(

∫
B(e,2k)\B(e,k)

|β|Q/(Q−2) dV )
(Q−2)/(Q−1) → 0 as k → ∞.

Thus

(60) Wβk = χkWβ + (Wχk)β → Wβ

in Lp(Hn, En
0 ). Combining (58) and (60) statement i) is proved

Now, let us prove ii). If ψ is a test form, ∥ψ∥L∞≤ 1,

⟨∂cTβk |ψ⟩ = ⟨Tχkβ|dcψ⟩ =
∫
Hn

χkβ ∧ dcψ =

∫
Hn

dc(χkβ) ∧ ψ

=

∫
Hn

dcβ ∧ χkψ +

∫
Hn

P0(W
2χk)β ∧ ψ +

∫
Hn

P1(Wχk)β ∧ ψ

≤ M(β)∥χkψ∥L∞+
1

k2
∥ψ∥L∞

∫
B(e,2k)\B(e,k)

|β| dV

+
1

k
∥ψ∥L∞

∫
B(e,2k)\B(e,k)

|Wβ| dV

≤ M(β) +
1

k2
(

∫
B(e,2k)\B(e,k)

|β|Q/(Q−2) dV )
(Q−2)/Q · |B(e, 2k)|2/Q

+
1

k
(

∫
B(e,2k)\B(e,k)

|Wβ|Q/(Q−1) dV )
(Q−1)/Q · |B(e, 2k)|1/Q

≤ M(β) + C(

∫
B(e,2k)\B(e,k)

|β|Q/(Q−2) dV )
(Q−2)/Q

+ C(

∫
B(e,2k)\B(e,k)

|Wβ|Q/(Q−1) dV )
(Q−1)/Q

.
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Taking the supremum with respect to ψ, it follows that

M(∂cTβk) ≤ M(β) + C(

∫
B(e,2k)\B(e,k)

|β|Q/(Q−2) dV )
(Q−2)/Q

+ C(

∫
B(e,2k)\B(e,k)

|Wβ|Q/(Q−1) dV )
(Q−1)/Q

.

By Theorem 8.4 β ∈ LQ/(Q−2)(Hn, En
0 ), and hence∫

B(e,2k)\B(e,k)

|β|Q/(Q−2) dV → 0 as k → ∞.

In addition, |Wβ|∈ LQ/(Q−1)(Hn,En
0 ), and hence∫

B(e,2k)\B(e,k)

|Wβ|Q/(Q−1) dV → 0 as k → ∞

Thus
lim sup

k
M(∂cTβk) ≤ M(β).

On the other hand, combining (59) and Lemma 6.11,

M(β) ≤ lim inf
k

M(∂cTβk)

and statement ii) follows.
□

10. CONTINUOUS PRIMITIVES OF FORMS IN En
0 : PROOF OF THEOREM

8.10

Let us consider the following abstract setting:

Definition 10.1. We set

E := C0(Hn, En
0 ), F := (BL1,Q/(Q−1)(Hn, En

0 ))
∗.

D(A) := {ψ ∈ E, ∂cTψ ∈ F}, Aψ := ∂cTψ,

where, according to Proposition 8.7, we use the identification of (BL1,p(Hn, En
0 ))

∗

with a space of n−currents.
Again by Remark 6.13, the dual space of E can be identified with the set

of n-currents with finite mass.

Lemma 10.2. The domain D(A) is dense in E and the map A : D(A) → F
is closed.

Proof. The first assertion follows since D(Hn, En
0 ) ⊂ D(A). Moreover, if

ψ ∈ D(Hn, En
0 ), then dcψ ∈ D(Hn, En+1

0 ) ⊂ LQ/2(Hn, En+1
0 ). Hence,

by Lemma 8.9, Tdcψ ∈ F . By Proposition 6.6, up to a sign, Tdcψ = ∂cTψ,
hence we can conclude that ψ ∈ D(A).



CONTINUOUS PRIMITIVES FOR HIGHER DEGREE DIFFERENTIAL FORMS 39

Suppose now (ψk)k∈N is a sequence in D(A) such that ψk → ψ in E and
∂cTψk

→ T in F . By definition, D(Hn) is dense inBL1,Q/(Q−1)(Hn), hence
for any φ ∈ D(Hn, En

0 ) we have

⟨∂cTψ|φ⟩ = ⟨Tψ|dcφ⟩ =
∫
Hn

ψ ∧ dcφ

= lim
k

∫
Hn

ψk ∧ dcφ = lim
k
⟨Tψk

|dcφ⟩ = ⟨T |φ⟩.

Therefore ∂cTψ = T ∈ (BL1,Q/(Q−1)(Hn))∗.
□

Lemma 10.3. If ψ ∈ D(A), then there exists a sequence

(ψk)k∈N in E(Hn, En
0 ) ∩ E

such that

(61) ψk → ψ in E and Aψk → Aψ weakly in F

as k → ∞.

Proof. Consider a family of group Friedrichs’ mollifiers (Jϵ)ϵ>0 with Jϵ =
vJϵ. Obviously Jϵ ∗ ψ ∈ E(Hn, En

0 ) ∩ E. In addition, if we take φ ∈
D(Hn, En

0 ), ∥φ∥BL1,Q/(Q−1)(Hn)(Hn,En
0 )
≤ 1, by (30),

⟨∂cTJϵ∗ψ|φ⟩ = ⟨Jϵ ∗ ∂cTψ|φ⟩ = ⟨∂cTψ|Jϵ ∗ φ⟩
≤ ∥∂cTψ∥F∥Jϵ ∗ φ∥BL1,Q/(Q−1)(Hn,En

0 )
≤ C∥∂cTψ∥F .

Therefore {∂cTJϵ∗ψ} is bounded in F and then we may assume that there
is a subsequence weakly convergent in F . Then, since A is closed, (61)
follows.

□

Proposition 10.4. The domain D(A∗) is dense in F ∗ and

(62) D(A∗) = {τ(β) : β ∈ BL1,Q/(Q−1)(Hn, En
0 ) ;M(∂cTβ) <∞}.

In addition, if β ∈ D(A∗), then, by definition, for any ψ ∈ D(A)

⟨A∗β|ψ⟩E∗,E = ⟨β|Aψ⟩F ∗,F .

In particular, if ψ ∈ D(Hn.En
0 ), then

(63) ⟨A∗τ(β)|ψ⟩E∗,E = ⟨A∗(τ(β))|ψ⟩D′,D = ⟨∂cTβ|ψ⟩D′,D,

i.e.
A∗(τ(β)) = ∂cTβ

in the sense of currents.
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Proof. Since F is reflexive, then D(A∗) is dense in F ∗ (see [17], Remark
15 of Section 2.6). In the sequel, to avoid cumbersome notations, we shall
also write

W := BL1,Q/(Q−1)(Hn, En
0 ),

so that F = W∗. To prove (62) we first show that D(A∗) ⊂ {τ(β) :, β ∈
W ;M(∂cTβ) <∞} that is, if τ(β) ∈ F ∗ and there exists cβ such that

(64) |⟨τ(β)|Aψ⟩F ∗,F |≤ cβ∥ψ∥E for all ψ ∈ D(A),

then M(∂cTβ) <∞.
First of all, Remark 8.2 says that

(65) ⟨τ(β)|Aψ⟩F ∗,F = ⟨Aψ|β⟩W∗,W ,

so that (64) becomes

(66) |⟨∂cTψ|β⟩W∗,W |= |⟨Aψ|β⟩W∗,W |≤ cβ∥ψ∥E for all ψ ∈ D(A).

Now, if β ∈ W satisfies (66), by definition there exists a sequence (βN)N∈N
of test forms converging to β in W , and then, by Theorem 8.4, converging
to β also in L1

loc(Hn, En
0 ). Thus,

TβN → Tβ in D′(Hn, En+1
0 )

and
∂cTβN → ∂cTβ in D′(Hn, En

0 ).
Take now φ ∈ D(Hn, En

0 ), ∥φ∥E≤ 1. By Lemma 3.4 we have:

|⟨∂cTβ|φ⟩D′,D| = | lim
N
⟨∂cTβN |φ⟩D′,D| = | lim

N
⟨TβN |dcφ⟩D′,D|

= | lim
N

∫
Hn

βN ∧ dcφ| = | lim
N

∫
Hn

dcβN ∧ φ|

= | lim
N
⟨Tφ|dcβN⟩D′,D| = | lim

N
⟨∂cTφ|βN⟩D′,D|

= | lim
N
⟨Aφ|βN⟩D′,D| = | lim

N
⟨Aφ|βN⟩W∗,W |

(by (51), since ∂cTφ = ±Tdcφ, and dcφ ∈ L1
loc)

= |⟨Aφ|β⟩W∗,W | ≤ cβ∥φ∥E≤ cβ,

by (66), since D(Hn, En
0 ) ⊂ D(A). Taking the supremum with respect to φ

we conclude that M(∂cTβ) <∞.
Now we have to prove the reverse inclusion: take β ∈ BL1,Q/(Q−1)(Hn, En

0 )
such that M(∂cTβ) <∞. We must prove that (64) holds. By Lemma 10.3,
there exists a sequence (ψk)k∈N in E(Hn, En

0 ) ∩ E such that

(67) ψk → ψ in E and Aψk → Aψ weakly in F

as k → ∞. Hence

|⟨τ(β)|Aψ⟩F ∗,F |= lim
k
|⟨τ(β)|Aψk⟩F ∗,F |.
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Suppose for a while we have proved (64) for ψk ∈ E(Hn, En
0 )∩D(A); then

|⟨τ(β)|Aψk⟩F ∗,F |≤ cβ lim
k
∥ψk∥E= cβ∥ψ∥E,

i.e. (64) holds for any ψ ∈ E. Therefore, we may suppose ψ ∈ E(Hn, En
0 )∩

D(A).
By definition of D(A), Aψ ∈ W∗. Let (βk)k∈N the approximation of β

of Lemma 9.1. By (51), we have

|⟨τ(β)|Aψ⟩F ∗,F | = |⟨Aψ|β⟩W∗,W | = lim
k

|⟨Aψ|βk⟩W∗,W |

= lim
k

|⟨Aψ|βk⟩D′,D| = lim
k

|⟨∂cTψ|βk⟩D′,D|

= lim
k

|⟨Tψ|dcβk⟩D′,D| = lim
k

|
∫
Hn

ψ ∧ dcβk|.

(68)

Let now k ∈ N be fixed for a while, and let χ ∈ D(Hn), 0 ≤ χ ≤ 1 be a
cut-off function, χ ≡ 1 on supp βk. Then, keeping in mind that χψ is a test
form,

|
∫
Hn

ψ ∧ dcβk| = |
∫
Hn

(χψ) ∧ dcβk|

= |
∫
Hn

dc(χψ) ∧ βk| (by Lemma 3.4)

= |⟨Tβk |dc(χψ)⟩| (by (29))

= |⟨∂cTβk |χψ⟩| ≤ M(∂cTβk)∥χψ∥E≤ M(∂cTβk)∥ψ∥E.

(69)

Thus, combining (69) with (68) and keeping in mind Lemma 9.1, ii), we
obtain eventually

|⟨τ(β)|Aψ⟩F ∗,F | ≤ M(∂cTβ)∥ψ∥E,

i.e. (64) is proved.
We are now left to prove (63). First, we remind that, following [17],

Section 2.6, if τ(β) ∈ D(A∗), then A∗(τ(β)) is uniquely determined by the
identity

⟨A∗(τ(β))|ψ⟩E∗,E = ⟨τ(β)|Aψ⟩F ∗,F for ψ ∈ D(A).

Finally, take ψ ∈ D(Hn, Eh
0 ).
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By Lemma 9.1, i) there exists a sequence compactly supported smooth
forms (βk)k∈N converging to β in W . Now, by (65),

⟨A∗(τ(β))|ψ⟩E∗,E = ⟨τ(β)|Aψ⟩F ∗,F = ⟨Aψ|β⟩W∗,W

= lim
k
⟨Aψ|βk⟩W∗,W = lim

k
⟨Aψ|βk⟩D′,D

= lim
k
⟨∂cTψ|βk⟩D′,D = lim

k

∫
Hn

ψ ∧ dcβk

= lim
k

∫
Hn

dcψ ∧ βk =
∫
Hn

dcψ ∧ β = ⟨∂cTβ|ψ⟩D′,D,

and we are done.
□

In order to prove Theorem 8.11 we need a last result, that is akin to
Lemma 3.5 which was used in the proof of Theorem 4.4. To avoid cum-
bersome notations, let us write again W := BL1,Q/(Q−1)(Hn, En

0 ).

Lemma 10.5. Suppose β ∈ BL1,Q/(Q−1)(Hn, En
0 ) and Ω ∈ (BL1,Q/(Q−1(Hn, En

0 ))
∗

are such that
∂cTβ = 0 and ∂cΩ = 0.

Then
⟨Ω|β⟩W∗,W = 0.

Proof. By Remark 6.5, dcβ = 0 in the sense of distributions. If ϵ > 0, let
Jϵ =

vJϵ be a (group) Friedrichs’ mollifier. Then

Jϵ ∗ β → β in BL1,Q/(Q−1)(Hn, En
0 )

and
dc(Jϵ ∗ β) = 0.

Thus, without lack of generality, we can assume β ∈ W ∩ E(Hn, En
0 ). In

particular, β ∈ LQ/(Q−2)(Hn, En
0 ). Keeping in mind Theorem 2.8, let us set

ϕ := d∗dcd
∗
c∆

−1
c β ∈ LQ/(Q−3)(Hn, En−1

0 ),

since d∗dcd∗c∆
−1
c is a kernel of type 1. As in [9], Section 1.6,

dcϕ = β.

Let us fix a sequence of cut-off functions {χN}N∈N ⊂ D(Hn) such that for
any N ∈ N, supp(χN) ⊂ B(e, 2N), χN ≡ 1 in B(e,N), and

N |WχN |+N2 |W 2χN |≤ C

for all N ∈ N.
We notice that χNβ ∈ D(Hn, En

0 ) and

χNβ → β in W .
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The proof of this fact is already done in Lemma 9.1.
Thus we can write

⟨Ω|β⟩W∗,W = lim
N
⟨Ω|χNβ⟩W∗,W = lim

N
⟨Ω|χNdcϕ⟩W∗,W .

Therefore, the statement of the Lemma will follow by showing that

(70) lim
N
⟨Ω|χNdcϕ⟩W∗,W = 0.

First of all, by Lemma 3.3,

dc(χNϕ) = χNdcϕ+ P n−1
0 (WχN)ϕ,

where P n−1
0 (WχN) : En−1

0 → En
0 is a linear homogeneous differential

operator of order zero with coefficients depending only on the horizontal
derivatives of χN . Thus, by (51),

⟨Ω|χNdcϕ⟩W∗,W

= ⟨Ω|dc(χNϕ)⟩W∗,W − ⟨Ω|P n−1
0 (WχN)ϕ⟩W∗,W

= ⟨Ω|dc(χNϕ)⟩D′,D − ⟨Ω|P n−1
0 (WχN)ϕ⟩W∗,W

= ⟨∂cΩ|χNϕ⟩D′,D − ⟨Ω|P n−1
0 (WχN)ϕ⟩W∗,W

= −⟨Ω|P n−1
0 (WχN)ϕ⟩W∗,W ,

(71)

since ∂cΩ = 0.
We notice now that P n−1

0 (WχN)ϕ can be seen as a linear combination of
the element of the basis Ξn0 of En

0 of the form (WkχN)ϕℓ, where the ϕℓ are
coordinates of ϕ with respect to the basis Ξn−1

0 .
Thus, in order to prove (70), we have but to show that

(72) (WkχN)ϕℓ → 0 in BL1,Q/(Q−1)(Hn).

The proof of (72) will be articulated in three steps.
Step 1. Consider first

∥(WkχN)ϕℓ∥Q/(Q−2)

LQ/(Q−2)(Hn)
≤ N−Q/(Q−2)

∫
B(e,2N)\B(e,N)

|ϕ|Q/(Q−2) dp

≤ CN−Q/(Q−2)(

∫
B(e,2N)\B(e,N)

|ϕ|Q/(Q−3) dp)
(Q−3)/(Q−2)|B(e, 2N)|1/(Q−2)

≤ C(

∫
B(e,2N)\B(e,N)

|ϕ|Q/(Q−3) dp)
(Q−3)/(Q−2) → 0

as N → ∞, since ϕ ∈ LQ/(Q−3)(Hn, En−1
0 ).

Step 2. If Wi is a horizontal derivative, consider now the LQ/(Q−1)-norm of
Wi((WkχN)ϕℓ). It holds,

Wi((WkχN)ϕℓ) = (WiWkχN)ϕℓ + (WkχN)Wi(ϕℓ).
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Step 2a Now,

∥(WiWkχN)ϕℓ∥Q/(Q−1)

LQ/(Q−1)(Hn)
≤ N−2Q/(Q−1)

∫
B(e,2N)\B(e,N)

|ϕ|Q/(Q−1) dp

≤ CN−2Q/(Q−1)(

∫
B(e,2N)\B(e,N)

|ϕ|Q/(Q−3) dp)
(Q−3)/(Q−1)|B(e, 2N)|2/(Q−1)

≤ C(

∫
B(e,2N)\B(e,N)

|ϕ|Q/(Q−3) dp)
(Q−3)/(Q−1) → 0

as N → ∞, again since ϕ ∈ LQ/(Q−3)(Hn, En−1
0 ).

Step 2b. Consider eventually the LQ/(Q−1)-norm of

(WkχN)Wi(ϕℓ) = (WkχN)Wi(d
∗
cdcd

∗
c∆

−1
c β)ℓ =: (WkχN)ϕ̃ℓ.

We notice now that the map β → ϕ̃ℓ is associated with a kernel of type 0
and then is continuous from LQ/(Q−2)(Hn) to itself (again by Theorem 2.8,
since Q/(Q− 2) > 1). Therefore

∥(WkχN)ϕ̃ℓ∥Q/(Q−1)

LQ/(Q−1)(Hn)
≤ N−Q/(Q−1)

∫
B(e,2N)\B(e,N)

|ϕ̃ℓ|Q/(Q−1) dp

≤ CN−Q/(Q−1)(

∫
B(e,2N)\B(e,N)

|ϕ̃ℓ|Q/(Q−2) dp)
(Q−2)/(Q−1)|B(e, 2N)|1/(Q−1)

≤ C(

∫
B(e,2N)\B(e,N)

|ϕ̃|Q/(Q−2) dp)
(Q−2)/(Q−1) → 0

since ϕ̃ℓ ∈ LQ/(Q−2)(Hn).
This completes the proof of (72) and hence of the Lemma. □

We are now in a position to conclude the proof of Theorem 8.10.

Proof of Theorem 8.10. With the notations of Definition 10.1, let us show
preliminarily that

(73) A∗(D(A∗)) is closed in E∗.

To this end, let (Tk)k∈N a sequence of n-currents in A∗(D(A∗)) that con-
verges to a current T ∈ E∗ (i.e. in the mass norm). Hence, M(Tk) =
∥Tk∥E∗≤ C1 for all k ∈ N. In particular Tk → T weakly* in D′(HnEn

0 ),
i.e.

⟨T |σ⟩ = lim
k→∞

⟨Tk|σ⟩

for all σ ∈ D(Hn, En
0 ). By (62) and (63) there exists a corresponding

sequence βk ∈ BL1,Q/(Q−1)(Hn, En
0 ) such that

Tk = ∂cTβk
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for any k ∈ N. Since the n-currents ∂cTβk’s satisfy M(∂cTβk) = M(Tk) <
∞, by Theorem 8.14, for any k ∈ N there exists ϕk ∈ BL1,Q/(Q−1)(Hn, En

0 )
such that ∂cTϕk = ∂cTβk , and

∥ϕk∥BL1,Q/(Q−1)(Hn,En
0 )
≤ CM(Tk) ≤ CC1.

Since Q/(Q− 1) > 1 we cas assume that

ϕk → ϕ weakly in BL1,Q/(Q−1)(Hn, En
0 ).

Thus, by Proposition 8.8, Tϕk → Tϕ weakly* in D′(Hn, En+1
0 ) and Tk =

∂cTϕk → ∂cTϕ weakly* in D′; therefore, since also Tk → T weakly*, it
follows that T = ∂cTϕ. To prove that T ∈ A∗(D(A∗)), by (62) we need
merely show that M(∂cTϕ) < ∞. Because of the lower semicontinuity of
the mass with respect to the weak* convergence, we have

M(∂cTϕ) ≤ lim inf
k→∞

M(∂cTβk) = lim inf
k→∞

M(Tk) = M(T ).

Thus (73) is proved.
By Theorem 5.1, 1), (73) implies that

(74) A(D(A)) = (kerA∗)⊥.

Moreover, by Lemma 5.2, (73) implies that there exists C > 0 such that for
all f ∈ A(D(A)) there exists e ∈ D(A), satisfying

(75) Ae = f and ∥e∥E≤ C ∥f∥F .

To complete the proof, taking into account (74), we only need to show
that

(76) {Ω ∈ (BL1,Q/(Q−1(Hn, En
0 ))

∗, ∂cΩ = 0} ⊂ (kerA∗)⊥.

Indeed, take Ω ∈ (BL1,Q/(Q−1(Hn, En
0 ))

∗ such that ∂cΩ = 0. For any
β ∈ BL1,Q/(Q−1(Hn, En

0 ) belonging to kerA∗ (i.e. ∂cTβ = 0), by Lemma
10.5

⟨Ω|β⟩ = 0,

that proves (76). Hence, we have proved the theorem.
□

11. CONTINUOUS PRIMITIVES OF LOCALLY DEFINED FORMS: PROOF
OF THEOREM 4.6

From the global Poincaré inequalities proved in the previous sections, we
can now quite easily obtain the interior ones, stated in Theorem 4.6. In the
next section we need first to collect some results already proven in [9] and
[10].
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11.1. Intermediate tools. The proof of Theorem 4.6, when h = n + 1,
relies also on an approximated homotopy formula proved in [9] for closed
forms ω. Indeed, if we take λ > λ′ > 1 and set B′ := B(e, λ′) and
Bλ := B(e, λ), in Theorem 5.19 in [9] formula (56), it is proved that

(77) ω = dcTω + Sω in B′

where

T : LQ(Bλ, E
h
0 ) → W 1,Q(B′, Eh−1

0 ) for h ̸= n+ 1

and
T : LQ/2(Bλ, E

n+1
0 ) → W 2,Q/2(B′, En

0 ).

Moreover, S is a regularizing operator, i.e. mapsLp(Bλ, E
n+1
0 ) into E(B′, En+1

0 ).
In particular, S is bounded from Wm,p(Bλ, E

n+1
0 ) to W s,p(B′, En+1

0 ) for
any m, s, 0 ≤ m < s and 1 < p <∞ (see also Theorem 5.14 and Theorem
5.15 of [9]).

In addition, again in [9] (see formula (37) and Lemmata 5.7 and 5.8) an
operator K that inverts Rumin’s differential dc on closed forms of the same
degree has been defined. More precisely, we have:

Lemma 11.1. If ω is a smooth dc-exact differential form in the ball B′, then

(78) ω = dcKω if 1 ≤ h ≤ 2n+ 1.

Morever,
i) if 1 < p < ∞ and h = 1, . . . , 2n + 1, then K : W 1,p(B′, Eh

0 ) →
Lp(B′, Eh−1

0 ) is bounded;
ii) if 1 < p < ∞ and n + 1 < h ≤ 2n + 1, then K : Lp(B′, Eh

0 ) →
Lp(B′, Eh−1

0 ) is compact;
iii) if 1 < p <∞ and h = n+1, thenK : Lp(B′, En+1

0 ) → Lp(B′, En
0 )

is bounded.

Let us recall the precise definition of the operator K. In [29] the authors
proved that, starting from Cartan’s homotopy formula, if D ⊂ RN is a
convex set and 1 < p < ∞, 1 ≤ h ≤ N , then there exists a bounded linear
map:

KEuc : L
p(D,

∧
h) → W 1,p

Euc(D,
∧

h−1)

that is a homotopy operator, i.e.

(79) ω = dKEucω +KEucdω for all ω ∈ C∞(D,
∧h).

(see Proposition 4.1 and Lemma 4.2 in [29]).
The operator K defined in [9] is

K = ΠE0 ◦ ΠE ◦KEuc ◦ ΠE .(80)
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The following theorem provides a continuity result in W k,p of Iwaniec &
Lutoborski’s kernel KEuc, though with a loss on domain. It has been proved
in [10], Theorem 5.1.

Theorem 11.2. Let BEuc(0, a) and BEuc(0, a
′), 0 < a < a′, be concentric

Euclidean balls in RN . Then for k ∈ N and p ∈ [1,∞], Iwaniec and
Lutoborski’s homotopy KEuc is a bounded operator

KEuc : W
k,p
Euc(BEuc(0, a

′),
∧

h) → W k,p
Euc(BEuc(0, a),

∧
h−1)

(the spacesWm,p
Euc (U,

∧h h) andWm,p
Euc (U,E

h
0 ) are defined replacing Folland-

Stein Sobolev spaces by usual Sobolev spaces).

11.2. The interior result.

Theorem 11.3. There exists λ > 1, such that, if we set B := B(e, 1) and
Bλ := B(e, λ), then there exists a geometric constant C > 0 such that

i) if 2 ≤ h ≤ 2n+ 1, h ̸= n+1, then a dc-exact form ω ∈ LQ(Bλ, E
h
0 )

admits a primitive in ϕ ∈ C(B,Eh−1
0 ) such that

(81) ∥ϕ∥C(B,Eh−1
0 )≤ C∥ω∥LQ(Bλ,E

h
0 )
;

ii) a dc-exact form ω ∈ LQ/2(Bλ, E
n+1
0 ) admits a primitive in ϕ̂ ∈

C(B,En
0 ) such that

(82) ∥ϕ∥C(B,Eh−1
0 )≤ C∥ω∥LQ/2(Bλ,E

n+1
0 ).

Proof. We suppose first h ̸= n + 1. As above, we take λ > λ′ > 1 such
that the interior Poincaré inequality proved in [9] (Theorem 5.19-i) with
p = q = Q) holds for the pair B′ and Bλ. That is, if ω ∈ LQ(Bλ, E

h
0 ) is a

closed form, then there exists ϕ̃ ∈ LQ(B′, Eh−1
0 ) such that dcϕ̃ = ω in B′

and

(83) ∥ϕ̃∥LQ(B′,Eh−1
0 )∥≤ C∥ω∥LQ(Bλ,E

h
0 )
.

Let now ζ ∈ D(B′), and set ω′ := dc(ζϕ̃) continued by zero outside of B′,
ζ ≡ 1 in B. Keeping in mind (83), by Lemma 3.3

∥ω′∥LQ(Hn,Eh
0 )
= ∥ω′∥LQ(B′,Eh

0 )
≤ Cζ(∥ϕ̃∥LQ(B′,Eh−1

0 )+∥dcϕ̃∥LQ(B′,Eh
0 )
)

≤ Cζ∥ω∥LQ(Bλ,E
h
0 )
.

(84)

Since ω′ is closed, Theorem 4.4 yields the existence of a continuous prim-
itive ϕ of ω′, ϕ ∈ C0(Hn, Eh−1

0 ) such that

(85) ∥ϕ∥C0(Hn,Eh−1
0 )≤ C∥ω′∥LQ(Hn,Eh

0 )
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On the other hand, in B

dcϕ = ω′ = dc(ζϕ̃) = dcϕ̃ = ω.

Moreover, by (85) and (84),

∥ϕ∥C(B,Eh−1
0 )≤ ∥ϕ∥C0(Hn,Eh−1

0 )≤ C∥ω′∥LQ(Hn,Eh
0 )
≤ Cζ∥ω∥LQ(Bλ,E

h
0 )
.

This proves Theorem 4.6 when h ̸= n+ 1.

Now we deal with the case h = n+ 1.
We use the homotopy formula (77). In particular, Sω is closed in B′, so

that we can apply Lemma 11.1 to ω. Set now

Φ := (KS + T )ω in B′.

Trivially, by (77) and Lemma 11.1, dcΦ = dcKSω+dcTω = Sω+dcTω =
ω in B′. With the notations of (5), take λ > λ′ > λ′′ > 1 so that c0

√
λ′′ <

λ′. Then

B′′ := B(e, λ′′) ⋐ BE := BEuc(0, c0
√
λ′′)

⋐ B′
Euc := BEuc(0, 2c0

√
λ′′) ⋐ B′ ⋐ Bλ.

(86)

Let us prove that

(87) ∥Φ∥W 1,Q/2(B′′,En
0 )
≤ C∥ω∥LQ/2(Bλ,E

n+1
0 ) .

Indeed, we have

∥Φ∥W 1,Q/2(B′′,En
0 )
≤ ∥KSω∥W 1,Q/2(B′′,En

0 )
+∥Tω∥W 2,Q/2(B′′,En

0 )

By the continuity of the operator T we have that

(88) ∥Tω∥W 2,Q/2(B′′,En
0 )
≤ ∥ω∥LQ/2(B′′,En+1

0 ) .

Let us consider now the term ∥KSω∥W 2,Q/2(B′′,En
0 )

and remember that, in

B′′, by Theorem 2.2, v), W 1,Q/2
Euc (B′′) ⊂ W 1,Q/2(B′′). By [1], Theorem

4.12, keeping in mind that ΠE is an operator of order 0 on (n + 1)-forms
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and it is a differential operator of order 1 on n-forms, we have

∥KSω∥W 1,Q/2(B′′,En
0 )
≤ C∥KSω∥

W
1,Q/2
Euc (B′′,En

0 )

= C∥(ΠE0 ◦ ΠE ◦KEuc ◦ ΠE)Sω∥W 1,Q/2
Euc (B′′,En

0 )

≤ C∥(ΠE ◦KEuc ◦ ΠE)Sω∥W 1,Q/2
Euc (B′′,

∧n)

≤ C∥(KEuc ◦ ΠE)Sω∥W 2,Q/2
Euc (B′′,

∧n)

≤ C∥(KEuc ◦ ΠE)Sω∥W 2,Q/2
Euc (BE ,

∧n)

≤ C∥ΠESω∥W 2,Q/2
Euc (B′

E ,
∧n+1)

(by Theorem 11.2)

≤ C∥ΠESω∥W 2,Q/2
Euc (B′,

∧n+1)

≤ C∥Sω∥
W

2,Q/2
Euc (B′,En+1

0 )

≤ C∥Sω∥W 4,Q/2(B′,En+1
0 ) (by Theorem 2.2-vi))

≤ C∥ω∥LQ/2(Bλ,E
n+1
0 ) (by (86)),

(89)

where the last inequality uses the fact that S is a smoothing operator. There-
fore, we get (87).

Let now ζ ∈ D(B′′), ζ ≡ 1 in B, and set ω′′ := dc(ζΦ) continued by
zero outside of B′′.

Keeping in mind (87) and by Leibniz formula stated in Lemma 3.3,

∥ω′′∥LQ/2(Hn,En+1
0 )= ∥ω′′∥LQ/2(B′′,En+1

0 )

≤ Cζ(∥Φ∥W 1,Q/2(B′′,En
0 )
+∥dcΦ∥LQ/2(B′′,En+1

0 ))

≤ Cζ∥ω∥LQ(Bλ,E
h
0 )
.

(90)

Since ω′′ is closed, Theorem 4.4 yields the existence of a continuous
primitive ϕ̂ of ω′′, ϕ̂ ∈ C0(Hn, En

0 ) such that

(91) ∥ϕ̂∥C0(Hn,En
0 )
≤ C∥ω′′∥LQ/2(Hn,En+1

0 )

On the other hand, in B

dcϕ̂ = ω′′ = dc(ζΦ) = dcΦ = ω.

Moreover, by (91) and (90),

∥ϕ̂∥C(B,En
0 )
≤ ∥ϕ̂∥C0(Hn,En

0 )
≤ C∥ω′′∥LQ/2(Hn,En+1

0 )≤ C∥ω∥LQ/2(Bλ,E
n+1
0 ).

and we are done.
□



50 ANNALISA BALDI, BRUNO FRANCHI, PIERRE PANSU

12. COMPACT RIEMANNIAN AND CONTACT SUBRIEMANNIAN
MANIFOLDS

For a convenient use in subsection 12.3, let us recall weak consequences
of two results of [9] that are stated in Propositions 12.1 and 12.2 below.

12.1. A smoothing homotopy.

Proposition 12.1. There exists λ > 1 such that, if we denote by B :=
B(e, 1) and Bλ := B(e, λ) two concentric Heisenberg balls, there ex-
ist operators S : C∞(Bλ, E

•
0) → C∞(B,E•

0) and T : C∞(Bλ, E
•
0) →

C∞(B,E•−1
0 ) such that S + dcT + Tdc equals the restriction operator from

Bλ to B. Furthermore, T extends to a bounded operator on C0, i.e. from
C(Bλ, E

•
0) to C(B,E•−1

0 ) and on C1, i.e., from C1(Bλ, E
•
0) to C1(B,E•−1

0 ).
S extends to a bounded operator from C(Bλ, E

•
0) to Cℓ(B,E•−1

0 ) for every
ℓ ∈ N.

Proof. Pick q > Q. Then Theorem 5.14 of [9] provides such a homo-
topy, where T is bounded from Lq to W 1,q. Since C(B,E•

0) ⊂ Lq(B,E•
0)

and Sobolev’s embedding implies that W 1,q(B,E•−1
0 ) ⊂ C(B,E•−1

0 ), T is
bounded from C0 to C0. A slight extension of the proof of Theorem 5.14 of
[9] shows that T is bounded from W 1,q to W 2,q, hence from C1 to C1. □

12.2. A C0 Poincaré inequality.

Proposition 12.2. There exists λ > 1 such that, if we denote by B :=
B(e, 1) and Bλ := B(e, λ) two concentric Heisenberg balls, there exists an
operator P : C∞(Bλ, E

•
0) → C∞(Bλ, E

·−1
0 ) such that dcP +Pdc equals the

restriction operator from Bλ to B. Furthermore, P extends to a bounded
operator on C0, i.e. from C(Bλ, E

•
0) to C(Bλ, E

·−1
0 ).

Proof. The proof of Theorem 5.19 of [9] provides such an operator. It
is of the form P = KS + T where S, T is the homotopy occurring in
Proposition 12.1 and K is cooked up from the Euclidean homotopy of
Iwaniec-Lutoborsky and Rumin’s homotopy between de Rham and Ru-
min complexes. For every q > Q, P is bounded from Lq(Bλ, E

•
0) to

W 1,q(Bλ, E
•−1
0 ), hence on C0. □

12.3. Leray’s acyclic covering theorem. Leray’s acyclic covering theo-
rem relates the de Rham cohomology of a manifold and the simplicial co-
homology of a simplicial complex, the nerve of an acyclic covering. Acyclic
means that de Rham cohomology of all intersections of pieces of the cover-
ing vanishes. The nerve is the complex with one vertex per piece, and with
a simplex through a set of vertices each time the corresponding pieces have
a nonempty common intersection.
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An application of Leray’s acyclic covering theorem to Poincaré inequal-
ities on bounded geometry Riemannian manifolds is given in [34]. A per-
sistent version of Leray’s acyclic covering theorem is described in [33]. It
provides the same conclusion under weaker requirements on the covering.
The analytical ingredients are

• A smoothing homotopy, as in Proposition 12.1, to circumvent the
obstacle arising from the Leibniz formula.

• Poincaré inequalities provided by linear operators, with losses on
domains allowed, as in Proposition 12.2.

The context here is slightly different from [34] and [33]. In these papers,
manifolds are noncompact and are assumed to have vanishing cohomology.
Here, manifolds are compact and the vanishing assumption is replaced with
the following fact: there exists a radius r0 such that balls of radius < r0
have vanishing cohomology.

There is a second difference. To prove Theorem 4.7 in degree h, one uses
the vector of exponents (∞, . . . ,∞, Q), meaning that the LQ norm is used
on h-forms (replace Q with Q/2 if h = n+ 1), and the L∞ norm on spaces
of continuous j-forms is used when j < h. To apply the machinery of [33],
one would need a linear operator P that solves dc on a pair of concentric
Heisenberg balls (B,Bλ), with estimates: P is bounded from LQ(Bλ, E

h
0 )

to C(B,Eh−1
0 ). As observed by Bourgain and Brezis, such a linear operator

cannot exist. Theorem 4.6 merely provides a nonlinear map ω 7→ ϕ. It turns
out that this does not seriously affect the argument.

Morally (this is the point of view adopted in [34]), Leray’s method goes
as follows. Pick a suitable finite covering {Ui} by small enough balls, so
that each of them comes with a nearly isometric contactomorphism to an
open set in Heisenberg group. Given a dc-closed LQ h-form ω on M , pick
a continuous primitive on each Ui, using Theorem 4.6. This yields a 0-
cochain ω1 of the covering, with values in spaces of continuous (h − 1)
forms on pieces Ui. Let δω1 denote the 1-cochain which on a pair (i, i′)
is equal to the restriction to Ui ∩ Ui′ of ω1

i − ω1
i′ . It is dc-closed. Pick a

primitive on each Ui ∩ Ui′ , using the operator P of Proposition 12.2. This
yields a 1-cochain ω2 of the covering with values in spaces of continuous
(h−2)-forms on intersections Ui∩Ui′ . And so on. After h steps, one gets a
h-cochain with values in spaces of constant functions, i.e. a combinatorial
h-cochain.

Conversely, given a j-cocycle ψ with values in spaces of continuous j-
forms on h + 1-uple intersections Ui ∩ Ui′ ∩ · · ·, using a smooth partition
of unity to extend forms to intersections of less pieces and adding them up,
one produces a (j − 1)-cochain ϵψ such that δϵψ = ψ. In order to be able
to apply dc to ϵϕ, one applies to it the smoothing operator S of Proposition



52 ANNALISA BALDI, BRUNO FRANCHI, PIERRE PANSU

12.1. Given a combinatorial h-cocycle κ ∈ ℓQKh, i.e. a skew-symmetric
real valued function on h-simplices of the nerve which satisfies δκ = 0 and
is Q-summable, one defines κ1 = dcSϵκ, which is a (h − 1)-cocycle with
values in spaces of smooth 1-forms on h-uple intersections, and which is
again Q-summable. And so on. After h steps, one gets a 0-cocycle with
values in spaces of smooth h-forms, i.e. a smooth globally defined LQ h-
form.

The machinery shows that both constructions are inverses of each other
in cohomology. Indeed, the nonlinear step occurs only once, at the very
beginning, so its nonlinear character does not affect the needed identities.
The constructions define a biLipschitz bijection in cohomology. Since one
of them is linear, one gets a linear and bounded bijection between de Rham
cohomology

(ker(dc) ∩ LQ(M,Eh
0 ))/dc(C(M,Eh−1

0 ) ∩ d−1
c (LQ))

and combinatorial cohomology

(ker(δ) ∩ ℓQKh)/δ(ℓ∞Kh−1 ∩ δ−1ℓQ).

It also shows that exact cohomology

(im(dc) ∩ LQ(M,Eh
0 ))/dc(C(M,Eh−1

0 ) ∩ d−1
c (LQ))

is mapped to exact cohomology

(im(δ) ∩ ℓQKh)/δ(ℓ∞Kh−1) ∩ δ−1ℓQ),

which is 0. Indeed, the nerve is finite, all cochains belong to ℓQ or ℓ∞, so
exact cohomology vanishes. It follows that exact cohomology vanishes too
on the de Rham/Rumin side: every exactLQ h-form is the dc of a continuous
(h− 1)-form, with estimates. This proves Theorem 4.7.
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