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ABSTRACT: No-slip boundary conditions are often employed in idealized axisymmetric models to study tornadoes.
These boundary conditions result in a poor representation of near-ground winds, which are of crucial importance for torna-
does. In this study, the boundary layer of tornadoes is investigated using more realistic semislip conditions as the lower
boundary of axisymmetric, idealized simulations. The drag law formulation of semislip conditions introduces the drag coef-
ficient C, as a control parameter, alongside the swirl ratio S, (related to the system’s rotation) and a Reynolds number
(describing diffusive effects) already employed in previous studies employing no-slip conditions. The exploration of a wide
range of C, values shows that the analytical two-tiered potential vortex boundary layer is preserved under semislip condi-
tions. The lower tier becomes shallower as C, decreases, finally vanishing for C; = 0.001. The drag coefficient plays a fun-
damental role in determining the structure of the vortex. A decrease in C, causes the same one-celled to two-celled
transition previously observed for an increase of S, under no-slip conditions. For the range of swirl ratios and Reynolds
numbers used in the present study, a decrease in C, leads to the intensification of the surface inflow and a reduced dissipa-
tion of angular momentum of parcels advected toward the center of the vortex. This intensification for decreasing C, oc-
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curs only for subcritical vortices; thus, the effect appears dependent on vortex structure and corner-flow swirl ratio.
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1. Introduction

Their intensity, small scale, and unpredictable nature hin-
der direct measurements of tornadoes. Hence, the study of
the fluid dynamics of tornadoes has relied primarily on nu-
merical simulations. The significant scale disparity with their
parent supercell thunderstorm renders the study of tornadoes
through three-dimensional storm models computationally ex-
pensive. As a result, axisymmetric, idealized models have
been widely employed (Fiedler 1994, 1995; Nolan 2005;
Rotunno et al. 2016), isolating the features of supercells that
are important for tornadoes. Previous studies (Rotunno 2013;
Rotunno et al. 2016) have shown that, under this idealized
approach, the solutions depend on two nondimensional pa-
rameters: the swirl ratio S,, related to the ratio of the circula-
tion of the fluid to the upward forcing, and a Reynolds
number Re, related to diffusive effects. In these studies, no-
slip boundary conditions were employed, in which the surface
wind is set to zero. This no-slip condition allowed the compar-
ison of the simulations with the results of Burggraf et al.
(1971), who studied the boundary layer of a potential vortex
under a no-slip condition. The assumption of a potential vor-
tex (a vortex with radially constant angular momentum) is
often employed as a convenient simplification since natural
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vortices like tornadoes and tropical cyclones show radial pro-
files of azimuthal velocity akin to potential vortices, from the
radius of the maximum azimuthal velocity outward (Tanamachi
et al. 2007).

The main limitation of no-slip boundary conditions is that
by imposing the wind speed to be identically zero at the sur-
face, the near-surface winds are poorly reproduced. These
low-level winds are of crucial importance, since they damage
structures, cause injuries and fatalities, and lead to significant
economic losses (Smith and Matthews 2015; Ashley and
Strader 2016). Motivated by these shortcomings, the objective
of the present study is to investigate the boundary layer of
idealized tornadoes under semislip boundary conditions, a
more realistic approach between the no-slip and free-slip con-
ditions usually employed. The significance of this objective is
emphasized by recent Doppler on Wheels observations
(Kosiba and Wurman 2023), which show that the strongest
tornadic winds occur at the lowest levels (below 15 m). A
similar result was obtained by Kosiba and Wurman (2013),
who investigated the wind field of a tornado near Russell,
Kansas, observing the peak wind intensity at ~5 m above
ground level through a combination of radar, anemometer,
and ground-based velocity track display (GBVTD).

The boundary layer of a potential vortex was shown to
exhibit a two-tiered structure under no-slip conditions (Burggraf
et al. 1971), with the lower frictional tier below an inviscid upper
tier. The tiers are delimited by the maximum in —ru, where
u is the radial velocity and r is the distance from the vortex
center. With this work, we aim to determine the extent to
which the analytically derived boundary layer structure is
preserved under semislip conditions and, in particular, how
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the two-tiered structure evolves for decreasing values of the
drag coefficient C,.

Laboratory experiments (Ward 1972; Church et al. 1979)
and no-slip idealized simulations (Rotunno et al. 2016) ana-
lyzed the dependence of the vortex structure on the nondi-
mensional parameters. For low swirl ratios, the vortex attains
a one-celled structure, with a single vortex featuring a central
updraft starting from the surface and reaching the top of the
domain. For larger §,, the vortex undergoes an abrupt transi-
tion [vortex breakdown (vb)] at a certain height, with the up-
draft suddenly deviating outward due to the presence of a
central downdraft. The interface between the updraft and
downdraft shifts downward for a further increase in S,. When
the interface reaches the ground, the vortex attains a com-
plete two-celled (2-c) structure, with a central downdraft sur-
rounded by an updraft. For even larger S,, the two-celled
vortex breaks into multiple vortices revolving around a com-
mon center. Rotunno et al. (2016) explored extensively the
S,~Re parameter space, finding that the optimal vortices (vor-
tices with the maximum pressure drop, occurring for vortex
breakdown solutions) lie along the S, « Re™ " diagonal line
in the log-log S,—Re space. The use of surface drag as the
semislip boundary condition allows us to introduce the drag
coefficient C, as a third control parameter. The goal of the
present work is to assess whether C, plays a role in determin-
ing the vortex structure and its effect on the optimal vortex
line in S,—Re space.

The present study was motivated by Fiedler (2017), in which
semislip lower boundary conditions were used for axisymmetric
simulations of tornadoes. Fiedler (2017) comments on a simula-
tion using an intermediate value of the drag parameter v,
“Note, unlike the simulations with larger values of vy, at r = 0,
the updraft is slightly diminished from that in the surrounding
core. This may seem paradoxical that this is happening with less
friction, but the paradox perhaps could be resolved with an un-
derstanding of the boundary layer of a potential vortex....”
The objective of this study is to provide that understanding.
Note that, in the present model, we use the nonlinear drag law
and vary the drag parameter C, instead of the linearized version
used in Fiedler (2017).

Along with idealized axisymmetric simulations, tornado dy-
namics has been investigated through three-dimensional sim-
ulations (Lewellen and Lewellen 2007a,b; Fiedler 2009).
Lewellen et al. (2000) introduced a local measure of the swirl
ratio in the corner flow region, the corner flow swirl ratio
S.. The authors showed the dependence of S. on surface
roughness, among other parameters. Liu and Ishihara (2016)
studied the influence of surface roughness on tornado-like
vortices employing a large-eddy simulation (LES) approach
(Wyngaard 2010) and using semislip conditions. Their results
indicate that the vortex structure changes produced by an
increase in roughness are similar to those observed for a de-
crease in the external swirl ratio. A number of other three-
dimensional LES studies of idealized tornadoes employing
semislip conditions have appeared in recent years (Bryan et al.
2017; Nolan et al. 2017; Wang et al. 2020). Wang et al. (2023),
in particular, examined the effects of a parameterized fric-
tional sublayer.
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Some studies have adopted a different approach to investi-
gate the effects of surface roughness on tornado-like vortices.
Both numerical simulations (Gairola et al. 2023; Natarajan
and Hangan 2012) and laboratory experiments (Neakrase and
Greeley 2010) have modeled surface roughness based on the
density and size of geometric obstacles.

On the opposite side of the spectrum compared to the ide-
alized approach followed here, some individual simulations of
supercells at resolutions fine enough to explicitly resolve tor-
nadoes have been successfully run (Orf 2019; Xue et al. 2014).
Notably, Orf et al. (2017) ran a simulation with 1.84 billion
grid points, with an inner mesh with a grid spacing of 30 m,
simulating the evolution of a long-track, damaging tornado.

The paper is organized as follows: section 2 describes the
physical problem, while section 3 presents the governing equa-
tions and a description of the model setup. The results are pre-
sented and discussed in section 4. Finally, the conclusions are
summarized in section 5.

2. Physical problem

The present study of the effects of semislip boundary condi-
tions on supercell tornadoes is carried out considering an ide-
alized supercell thunderstorm, which simplifies and isolates
the characteristics that are among the critical ingredients for
tornado formation and its features. Following the Fiedler
chamber approach (Fiedler 1995), the supercell is idealized as
a cylinder of radius R and height Z. The domain rotates at the
rate (), producing an angular momentum distribution Qs°.
The fluid is vertically accelerated by a prescribed upward
force per unit mass F(r, z), defined as a surrogate for the thun-
derstorm’s buoyancy. The Fiedler chamber approach allows
us to assume axisymmetry, reducing the physical problem to
only two dimensions, radial and vertical.

A schematic diagram of the domain used for the simula-
tions is presented in Fig. 1, and the parameters characterizing
the physical problem are summarized in Table 1. The physical
problem is as in Rotunno et al. (2016), except for the lower
boundary layer conditions. The r = 0 and » = R boundaries
are impermeable (u - n = 0, where u is the fluid velocity and n
is the normal to the boundary) free-slip walls, while the do-
main’s top boundary (z = Z) is an impermeable no-slip wall.
The defining feature of the present study is the use of semislip
conditions for the domain’s bottom boundary, where “semislip”
refers to the use of a drag-force formulation of the surface shear
stresses:

Ty = pCou,V = pCu,Nu? + 12, (@)

where C, is the drag coefficient and V is the surface wind
speed. We note that the present formulation is nonlinear,
in contrast to the linear approach of Fiedler (2017) [his
Egs. (8)-(10)].

The prescribed upward forcing is active in an elliptically
shaped region of vertical and horizontal semiaxes /, and /,, re-
spectively (Fig. 1). The maximum forcing is located at (r, z) =
(0, zp), the center of the ellipse. Integrating vertically the up-
ward force per unit mass for r = 0,
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FIG. 1. Schematic diagram of the computational domain em-
ployed for the numerical simulations. The red square box is the
1 km X 1 km display domain used in Figs. 8,9, 11, 12, and 14.

2+,
W2 = j 2F(0, 2)dz, )

%=l

where W is the forcing velocity, also called the thermody-
namic speed limit, as it is the velocity that a parcel at rest at
the bottom of the forcing region and for r = 0 would acquire
at the top of the forcing region if buoyancy were the only
force acting on it (Fiedler 1994). The forcing F(r, z) is tuned
sothat W=80ms "

To prevent numerical disturbances produced at the domain
top from recirculating and reaching the vortex below, a damp-
ing layer is introduced above the height z,. In particular, the
damping is a linear relaxation, with time constant 7 = 100 s.
Figure 1 shows that the updraft forcing region and the damp-
ing layer overlap, which implies that the forcing velocity must
be corrected, taking into account the role of the damping
layer. Rotunno et al. (2016) showed that the effective forcing
velocity due to the damping is W, = 66 m s~ '. The radial ex-
tension of the domain (R = 20 km) is significantly larger than
the median radius of maximum wind in tornadoes (=150 m,
Alexander and Wurman 2008) in order for the linear damping
to block the domain top disturbances from being fed back
into the vortex traveling along the outer boundary.

We note from Table 1 that all the parameters have a fixed
value except for ) and C,. The fixed parameters have values
that broadly fulfill the requirement of similarity to a supercell
(Rotunno 2013). The dimensional parameters () and v (kine-
matic viscosity) can be made nondimensional, obtaining a
swirl ratio S, = Q/,/W, related to the system’s rotation, and a
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Reynolds number Re = Wi, /v, representing diffusive effects.
The set S,—Re-C, of nondimensional parameters deter-
mines the solution. The combinations of §,—Re-C,; em-
ployed in the present work are listed in Table 2. Following the
notation of Fiedler (2017), we will refer to the no-slip condi-
tions as C,; = % and to the free-slip conditions as C; = 0. We
kept Re fixed at 10000 (by setting v = 24 m? s~ '), and for
each of the three S, values, we performed 16 semislip simula-
tions, with the C, values reported in Table 2. Along with the
semislip cases, we performed simulations with no-slip and
free-slip boundary conditions, in order to validate the semislip
simulations for very high and very low drag. To put the C, val-
ues of Table 2 into context, we note that, for open sea
C4 ~ 0.0014 (roughness length zo = 2 X 10~* m), for open flat
terrain or grass C; ~ 0.005 (zo = 0.03 m), for low crops
C4 ~ 0.008 (zo = 0.1 m), for high crops C; ~ 0.012 (zo = 0.25 m),
for bushes C; ~ 0.017 (zo = 0.5 m), for a forest C; ~ 0.028
(zo = 1 m), while for a city C; > 0.05 (zo > 2 m) (WMO 2023,
chapter 5, p. 220).

The S,~Re parameter space was thoroughly explored in Ro-
tunno et al. (2016) under no-slip boundary conditions. The so-
lution matrices reported in their Figs. 3-5 show that the
optimal solutions (vortices producing the maximum pressure
drop) occur for S, « Re™ 2. These optimal solutions are vorti-
ces undergoing vortex breakdown (Rotunno 2013), and they
occur along a diagonal line in the log-log S,~Re parameter
space, with single-celled (1-c) vortices below the line, while
those above the line present two-celled structures. Using their
results, we chose three S,—Re combinations leading to differ-
ent structures under no-slip conditions (one-celled for
Re = 10000-S, = 0.005, very close to vortex breakdown for
Re = 10000-S, = 0.01, and two-celled for Re = 10000-S, = 0.04)
and studied the effects of semislip boundary conditions on
these combinations.

3. Governing equations and numerical setup
a. Governing equations

The dynamics of the flow simulated in Fiedler chambers
has usually been described by the axisymmetric, incompress-
ible, constant-density Navier-Stokes equations in a rotating
frame of reference in cylindrical coordinates. The assumption
of constant density reflects the fact that we focus primarily on
the lowest ~1 km AGL, where the constant-density assump-
tion is valid. Unfortunately, the axisymmetric implementation
of the numerical model employed for this study [Cloud Model
1 (CM1)] is not compatible with incompressible solvers. Since
(Vimaxlcs)* << 1, where Vi, indicates the maximum simulated
wind speeds and ¢; = 300 m s~ ! is the speed of sound in air,
the flow is effectively solenoidal (V - u = 0), and it can be con-
sidered effectively incompressible (Batchelor 2000, 167-168).
The constant-density assumption is obtained by following this

TABLE 1. Parameter settings for the domain shown in Fig. 1.

R Z Zp lz lr Za T

w W(, Q v Cd

20 km 15 km 8 km 7 km 3 km 8 km

100 s

80ms ! 66ms ! Variable 24m?s! Variable
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TABLE 2. Combinations of S,—Re-C, employed in the
simulations. The symbols identify the vortex structure: ** for 1-c,
X for vb, and — for 2-c.

Re = 10000 constant S, = 0.005 S, =0.01 S, = 0.04
Cy = 1-c (*%) 1-c (**) 2-c (—)
C, =02 ok vb (X) _
C, =01 ok X —
C; = 0.08 ok X —
C,; = 0.07 ok X —
Cy = 0.06 sk X —
C, = 0.05 ok X —
Cy = 0.04 sk X —
C, = 0.035 ok X —
C, = 0.03 vb (X) X —
C, = 0.025 X X —
C, = 0.02 X 2-¢ (—) —
C, = 0.015 2-c (—) — —
C, = 0.01 — — —
C, = 0.005 — — —
C, = 0.001 — — —
C, = 0.0001 — — —

Cd =0 - - -
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rationale: we impose a dry adiabatic base state, with potential
temperature 6 = 300 K and surface pressure poy = 1000 hPa;
since this base state is in hydrostatic balance and is kept cons-
tant in time, and by exploiting the assumption of solenoidal
flow, all the terms referred to the pressure base state give no
contribution to the tendencies of the fields integrated in time.
Therefore, we can simply consider the perturbation pressure
p’'(t) = p(t) — p(0), which behaves as a pressure divided by a
constant density. We can exploit this property, defining ¢(f)
as p’(¢) divided by a unit density. The resulting equations are

9 9 u 9 2
—u=—u—u—w—u—i)+2ﬂv+v——a(z)z
ot ar dz  or r T
+ 1 18_1”7" + (%J — E (33)
p\r or 9z r/)
J J d
—v:*u,—vfW—U*ZQLt*ﬂ*oz(z)E
ot ar 0z r T
1(10r? 3
+ 7(7 Loy @) (3b)
p\rz or 9z
ow aw aw I w
e - W - F(r, ) — Z
o Yar War o T InATe@7
1(1ort T
P 110 ) (o)
p\r or 0z
J 1a(ru) ow
—¢=—c§[—( )+—, (3d)
at r or a9z

where u, v, and w are the radial, tangential (azimuthal), and
vertical velocity components, respectively, 7;; is the stress ten-
sor, and «(z) is the damping function.

We employ the updraft forcing F(r, z) defined in Nolan
(2005),
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o
F(r, z) = Fox COS(EX) for x <1 . 4)
0 for y = 1
where
12
@ =z) P
- { A ©

is a normalized distance from the center of the ellipse. The
formulation of Fy,,x can be obtained by substituting Eq. (4) in
Eq. (2): Fax = W?a/8L..

Finally, the linear damping is governed by the damping
function «(z), which determines the distance over which full
damping with time constant 7 is achieved,

1 2 cogfm 2= 2a
alz) =42 (Z—zd)

0 forz =z,

forz >z,

(6)

b. Numerical implementation and model setup

The numerical model used in this study is CM1 (Bryan and
Fritsch 2002) in its 19.10 release. CM1 is a nonhydrostatic numer-
ical model designed mainly for idealized simulations. The numer-
ical scheme used to integrate in time equations [(3a)—(3d)] is
the third-order Runge-Kutta scheme described in Wicker and
Skamarock (2002), which uses Klemp-Wilhelmson (Klemp and
Wilhelmson 1978) split-time steps for acoustic modes, with ex-
plicit treatment of the acoustic terms in both vertical and hori-
zontal directions. A weak artificial damping of acoustic waves is
introduced to improve the stability of the split-time integration
scheme, following the three-dimensional divergence damper of
Skamarock and Klemp (1992). An adaptive time step is used to
maintain numerical stability. We employ fifth-order advection
schemes in both vertical and horizontal directions for scalars
and vectors. The advection of velocities is performed using
a fifth-order weighted essentially nonoscillatory (WENO)
scheme on the final Runge-Kutta step (Borges et al. 2008). No
turbulence model is employed in the present work. Along with
the adiabatic base state for pressure, we employed a zero-wind
initial condition.

The equations are solved on a staggered grid with 276 ra-
dial grid points and 266 vertical grid points. The radial grid
spacing is 5 m for r < 1 km (i.e., the first 200 radial grid cells),
and it gradually increases to 495 m at r = 20 km (for the re-
maining 76 grid cells). The stretching in the radial direction is
performed following Wilhelmson and Chen (1982), defining a
transformation between the actual radius r and the radius »’
in the coordinate system with constant radial grid spacing:

7
T = iAr ()

Tygos; = 1000 + (C; + Cyr))r,
fori=1,2,...,76’

where A¥ =250m, C; = 69X 10 %,and C; = 52 X 10 °m " ".
The vertical grid spacing is 5 m for z < 1 km, and the grid
stretching in the remaining 66 cells is performed using a
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geometric progression, limited to a maximum grid spacing of
495 m (reached at ~6 km):

®)

Azypgpivy =5 X Azygy; if Azygp,; =495 m
Azypp4i41 = 495m if Azygy,; =495 m’

where s = 1.0989 is the grid stretch factor.

4. Results

In the present work, steady-state solutions are the objects
of the investigation. The nature of the steadiness is related
to the nature of the vortex: one-celled vortices achieve an
asymptotic steady state (the time derivatives of the solution
tend to zero as t — «), while transitional and two-celled vorti-
ces reach a statistically steady state (given a time window, the
time derivatives of the solution averaged over the window
tend to zero as t — «). Consequently, every simulation has
been carried out until a stationary state was reached. More-
over, all data and plots represent an average over 10000 s
(10 model outputs).

For simplicity, we will refer to ¢ as pressure or pressure
drop in the remainder of this work.

a. Preservation of the potential vortex structure under
semislip conditions

Since one of the goals of the present work is to study how
the boundary layer of a potential vortex changes when em-
ploying semislip conditions instead of no-slip ones, we must
first make sure that the potential vortex structure of the solu-
tions is preserved under semislip conditions. Since the defin-
ing property of a potential vortex is that the angular
momentum per unit mass (hereafter simply angular momen-
tum) I' = rv is radially constant, we analyzed the radial profile
of I above the boundary layer. All the simulations present a
region, roughly delimited by 1 <7 <2km and 1 < z < 2km,
where I is radially constant, hence where the solution displays
a potential vortex structure. An example of this feature is pre-
sented in Fig. 2, showing the radial profile of I''T. for S, =
0.005, where I'.. is the outer angular momentum, i.e., the max-
imum value of I' within the potential vortex region. The pro-
file is sampled at z = 1.5 km under no-slip conditions as well as
semislip conditions for various values of C,. The angular mo-
mentum is approximately constant in the region 1 < r < 2km,
with variations of less than 1% of I'... For r > 2 km, I" slowly de-
creases, and the assumption of a potential vortex becomes less
accurate.

b. Effects on the potential vortex boundary layer

We study the boundary layers of potential vortices under
semislip conditions varying C,, and we compare the results
with the ones of Burggraf et al. (1971), who studied the poten-
tial vortex boundary layer developing on a disc of finite radius
under no-slip conditions. According to that study, the bound-
ary layer presents a two-tiered structure, which can be appre-
ciated by plotting the —ur/I'.. and wvr/l', vertical profiles
sampled at various radii. In tornado dynamics literature, the
upper tier is referred to as the “inertial layer,” while the lower
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[atz = 1.5 km: Sr = 0.005, Re = 10000
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FI1G. 2. Radial profiles of angular momentum I" divided by I'.. for
S, = 0.005 sampled at z = 1.5 km under no-slip conditions (black)
and semislip conditions with C,; = 0.07 (red), C; = 0.02 (blue), and
C,4 = 0.001 (green).

as the “frictional layer.” The authors employed nondimen-
sional coordinates in their work: a is the finite-disc radius, v is
the kinematic viscosity, and £ = —In(r/a); hence, ¢ increases
for decreasing radius. Figure 3 shows that the tiers are delim-
ited by the maximum in —ur/T'., with —ur/I',, increasing with
height in the frictional layer and decreasing in the inertial
layer. The maximum in —ur/I'.. becomes larger and shifts
downward as the radius decreases. As a result, the frictional
layer becomes vanishingly thinner and finally disappears in
the limit r — 0, leaving only the inertial layer. The angular
momentum rv increases monotonically with height from zero
toward the outer value I'., and the increase is larger for
smaller radii. A conceptual model of the two-tiered boundary
layer with respect to the structure of the vortex is shown in
Fig. 4.

The results for a sequence of semislip simulations are pre-
sented in Fig. 5 for C; = 0.2 (black lines), C; = 0.05 (red
lines), C,; = 0.01 (blue lines), C; = 0.005 (magenta lines), and
C,; = 0.001 (green lines). The left column (Figs. 5a,d) shows
the vertical profiles sampled at » = 1.75 km for S, = 0.005, the
middle column (Figs. Sb,e) for S, = 0.01, and the right column
(Figs. 5¢,f) for S, = 0.04. The top row displays the profiles of
—ur/T'., and the bottom row displays the profiles of vr/I..

We preliminarily note that the swirl ratio plays a part in de-
termining the structure of the potential vortex boundary
layer. Scanning Fig. 5 from left to right while keeping C,
fixed, it is evident how for larger S, values the frictional layer
is thinner, and rv reaches the outer value of angular momen-
tum I',; at a lower height.

Focusing on the —ur/l'.. profiles, the two-tier structure
clearly emerges, demonstrating the development of a poten-
tial vortex boundary layer for the semislip simulations. We
can appreciate the role of the drag coefficient by noticing the
differences in the vertical profiles for different C, values,
while keeping S, constant (Figs. Sa—c). While the profiles in
Fig. 3 start from zero for z = 0, as a consequence of the no-
slip conditions, the semislip simulations present nonzero wind
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FIG. 3. Boundary layer profiles of (a) —ur/T'.. and (b) vr/T".. under no-slip conditions for a potential vortex at different
radii, along with the limit » — 0 (for £ — «). Figure adapted from Burggraf et al. (1971).

speed at the lowest grid point. Moreover, a reduction in C, re-
sults in an increase in ground wind speed; hence, the profiles
start from larger values. A decrease in C,; appears to shift the
profile downward, reducing the thickness of the lower tier of
the boundary layer. There is also a small decrease in the

v=0 at r=0

z : I r+ar
4 1
CORE OUTER FLOW
HIHIGH SWIRL) (CONSTANT I =T_ , POTENTIAL FLOW, SWIRL)
3 y 3 2a §
CORNER INERTIAL LAVER g€ 2
(INVISCID (INVISCID, LOW SWIRL) 2
iy s
SWIRL) " FRICTION LAYER 2b 3

(VISCOUS, ~ NO SWIRL)

_br

FIG. 4. Conceptual model of the two-tiered boundary layer under
no-slip conditions. Figure from Bluestein (2013, chapter 6).

magnitude of the maximum of —ur/I'... Examining the vr/T'.,
profiles (Figs. 5d-f), we notice that for lower C,, the asymp-
totic value I'.. is reached at a lower height due to the profiles
starting at larger values.

Since for lower C, values, the lower tier of the boundary
layer becomes thinner, we expect to find a critical value of
drag coefficient for which the frictional layer vanishes and
only the inertial layer is present. Despite the thickness of the
frictional layer being smaller for larger values of S,, we found
C, = 0.001 to be the first of the C, values employed for which
the frictional layer is not present for all three S, values ex-
plored (Fig. 5). The C,; = 0.005 is the smallest value for which
a two-tiered structure is present; hence, the critical C, value
must be included in the range 0.001 = C,; < 0.005. Once the
two-tiered structure is lost, the maximum value of —ur/I"., is
located at the lowest grid point, and —ur/I'., decreases with
height. Moreover, Fig. 5 shows that the magnitude of the max-
imum is significantly smaller than that for the two-tiered pro-
files, indicating a substantial weakening of the radial inflow.
The profile of vr/I'.. shows increased vertical invariance, with
vr/l',, starting at 0.9, and quickly approaching I'.. with
height. This behavior explains how solutions under semislip
conditions reconcile with free-slip ones as C; — 0. Free-slip
solutions, lacking a frictional lower boundary, cannot develop
a boundary layer; hence, they display significant vertical in-
variance. Since the presence of a radial inflow is related to the
action of surface friction (Rotunno 2013), the inflow is not
present in free-slip simulations.
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FIG. 5. Vertical profiles of (top) —ur/T'.. and (bottom) vr/I'.. sampled at r = 1.75 km for (a),(d) S, = 0.005; (b),(e) S, = 0.01; and (c),(f) S, = 0.04.
The profiles are displayed for C,; = 0.2 (black), C; = 0.05 (red), C; = 0.01 (blue), C,; = 0.005 (magenta), and C, = 0.001 (green).

The vertical profiles of —ur/T'., and vr/T"., for the semislip sim-
ulations display the same behavior with decreasing radii as previ-
ously found for no-slip conditions. Figure 6 provides an example,
showing the vertical profiles for §, = 0.005 and C; = 0.05,

sampled at r = 1 km (black), r = 2 km (red), and r = 4 km
(blue). The maximum of —urMT.. (Fig. 6a) increases and shifts
downward for decreasing radius. Clearly, the limit » — 0 is not
applicable in the present case, as we have seen in Fig. 2 that the

- a) —ur/r. : Cd 0.05, Sr = 0.005, Re = 10000
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FIG. 6. Vertical profiles of (a) —ur/T'.. and (b) vr/T'.. sampled at r = 1 km (black), r = 2 km (red), and r = 4 km (blue)
for S, = 0.005, C; = 0.05.
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FIG. 7. Solution matrix in the S,~Re space for the maximum pressure drop (minimum ¢) normalized by W? for no-
slip simulations. Optimal vortices tend to occur along a diagonal line, representing a proportionality of the kind
S, o« Re™'”. The colored boxes identify the S,~Re combinations employed in the present work. Adapted from

Rotunno et al. (2016).

defining property I' = I'. of the potential vortex is true only for
r=1km. Indeed, instead of vanishing for » — 0, the lower tier of
the boundary layer has roughly the same thickness in the range
0.25 < r < 1 km. The vr/I'.. profiles (Fig. 6b) likewise show the
same behavior for decreasing radii as in the no-slip case, with vr
approaching I'.., at lower heights for smaller radii. Figure 6b con-
firms the findings of Fig. 2, as the profiles sampled at r = 1 km
and r = 2 km show very similar asymptotic values, while the one
sampled at » = 4 km tends to an asymptotic value slightly smaller
than I"...

c. The role of C, on the structure of the vortex

As previously mentioned, the structure of a potential vortex
with no-slip boundary conditions depends on two parameters:
the swirl ratio and the Reynolds number. This dependence

has been thoroughly explored in Rotunno et al. (2016). Ac-
cording to these authors, the combination S, o Re 1?3 yields
an optimal vortex, defined as the combination for which the
greatest pressure drop is simulated. They argued that the
constant of proportionality may be dependent on the specific
details of the simulation (such as domain size, upper-layer
damping, etc.), but the proportionality should be universal.
On a log-log S,—Re space, the proportionality appears as a di-
agonal line, with single-celled vortices below the line, whereas
those above are two-celled solutions (Fig. 7, where the col-
ored boxes represent the S,—Re combinations chosen for this
study). In the present work, the use of semislip conditions in-
troduces another parameter, the drag coefficient C,. It is
therefore natural to ask if this additional parameter plays a
role in defining the nature of a vortex. We investigate the
effects of semislip boundary conditions on the structure of the
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vortex examining the solutions for the C, values listed in
Table 2. It can be seen from Fig. 7 that the three S,—~Re com-
binations represent different positions with respect to the
S, o« Re™ '3 diagonal line: the choice of parameters allows us
to study the role of C, for vortices with different structures
under no-slip conditions.

1) THE EFFECT OF C, ON THE STRUCTURE OF THE
VORTEX FOR S, = 0.005

To study the role of C, in determining the structure of the
vortex, we examined the angular momentum and the pressure
(Fig. 8), along with the tangential, radial, and vertical wind
components (Fig. 9). Scanning Figs. 8 and 9 from left to right,
we can visualize these fields for S, = 0.005 and decreasing fric-
tion, from no-slip conditions (C; = =) to C; = 0.035, C; = 0.03,
and C; = 0.015. All the fields are plotted in a 1 km X 1 km win-
dow with the origin as the bottom-left corner.

Under no-slip conditions, the vortex exhibits a single-celled
structure, as expected considering the red box in Fig. 7 lies
firmly below the diagonal line. The single-cell structure is evi-
dent by looking at the vertical wind speed, which shows a
central updraft across the windowed in view of the domain
(Fig. 9). We notice how the no-slip condition results in weak
fields close to the surface. In particular, the updraft and the
pressure drop show near-zero values in the proximity to the
origin and gradually increase in magnitude with height.

Moving to semislip conditions with C; = 0.035, the vortex
tightens and intensifies considerably while retaining a one-celled
structure. The I" contours are closer to the surface and the ori-
gin, indicating that parcels with larger angular momentum are

advected by the inflow toward the origin, and then deviate up-
ward in a more confined region of the domain, feeding the up-
draft. We can better visualize this behavior by plotting the
streamline (black solid line in the T" plot) passing from the point
of maximum tangential velocity (red X), which describes a radial
movement toward the origin occurring closer to the surface, fol-
lowed by a sharp deviation upward, in contrast to the smoother
curve described by the no-slip streamline. The inflow is therefore
able to penetrate further in the corner flow region (toward the
origin) before deviating, causing gradients to intensify. Past stud-
ies have shown the same behavior as the corner flow swirl ratio
S. approaches the critical value (Lewellen et al. 2000; Lewellen
and Lewellen 2007a,b). The discussion and computation of S.
for the present simulations are provided in section 4c(4). The
upward deviation of the inflow is a consequence of mass conser-
vation: due to the axisymmetric nature of the simulations, a ra-
dial inflow would collide with the inflow coming from the
opposite direction with respect to the origin, and the only mass-
conserving possibility is to deviate upward. This is numerically
reproduced by imposing an impermeable » = 0 boundary. The
transition from the relatively broad no-slip structure to the in-
tense swirling motion adjacent to the vertical axis displayed for
C, = 0.035 illustrates the tightening of the vortex for a de-
creasing drag coefficient. In particular, max(v) is reached
around r =~ 0.3 km in the no-slip case and around r =~ 0.1 km
for C; = 0.035. It is worth pointing out the intense radial gra-
dient of v develops as a result of the tightening. The intensifi-
cation of the vortex is significant: max(v) increases from 29.29
to 41.83 ms !, max(w) increases from 59.42 to 78.65 m s
and min(¢) deepens to more than double the no-slip pressure
drop, going from —2530 to —5684 (Pa m® kg™ !).
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A feature that emerges for C, = 0.035 is an intensification
of the tornado within the corner flow region (near the origin).
While this is true for all the fields, it is particularly evident for
w and ¢, which show significant values close to the origin, in
contrast to the small values of the no-slip case. This phenome-
non is a consequence of the change in lower boundary condi-
tions from no-slip to semislip, which allows the wind speed to
have nonzero values at the surface, heightening the impor-
tance of the region in proximity to the origin. This region re-
presents the near-surface, central portion of the tornado and
is therefore important in determining the impact on buildings
and structures. Figure 9 shows that the shift to semislip condi-
tions causes an intensification of the inflow, which moves to-
ward the origin and becomes narrower. It is worth noting that
we chose to display the C,; = 0.035 case to better appreciate
the differences between the no-slip and semislip cases, but
these occur gradually as we decrease the value of C; em-
ployed in the simulations.

In clear contrast with the progressive tightening of the vor-
tex for decreasing drag coefficient, a slight reduction in C,
from C,; = 0.035 to C; = 0.03 leads to an abrupt modification

of the vortex structure. Examining the vertical velocity, we
note that the central updraft is suddenly forced to deviate out-
ward at around z ~ 0.7 km by a central downdraft coming
from above (Fig. 9). The deviation outward is evident in the
radial velocity field, with a radial outflow. These features indi-
cate that the vortex undergoes a breakdown for C; = 0.03.
The abrupt expansion of the vortex is visible in the v field as
an area of reduced tangential velocity above z ~ 0.7 km and
in the I' field as a bulge of low angular momentum. Interest-
ingly, we observe that the streamline passing through max(v)
describes an almost vertical flow from z = 0.2 to 0.6 km,
followed by a deviation around the interface between the
one-celled vortex below and the two-celled one above. The
solution arising from the present combination of parameters
displays the structure found in “optimal vortices,” with the co-
existence of a two-celled vortex suspended above a single-
celled one (Rotunno 2013; Rotunno et al. 2016; Fiedler and
Rotunno 1986; Fiedler 2009). In fact, the maximum pressure
drop is simulated for the next lower value of C,, namely,
C,4 = 0.025. The vortex is considered optimal in the sense that it
is the vortex for which the tangential velocity in the one-celled
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portion (influenced by the boundary layer) has the maximum
amplification with respect to the core velocity aloft v, i.€.,
downstream of the vortex breakdown (v,jof is determined by
the buoyancy of the updraft). Rotunno (2013) showed that
Umax =~ 5/3 v, Under the assumption of no-slip conditions;
this proportionality holds for the optimal semislip solutions
of this work. The vortex exhibits further intensification com-
pared to the C; = 0.035 case, in particular, close to the origin.

A further decrease in the drag coefficient leads to the de-
scent of the interface between the one-celled and two-celled
vortices. For C; = 0.015, the interface reaches the surface,
and the vortex displays a complete two-celled structure. In
the w field, the downdraft extends all the way to the surface,
surrounded by a weakened updraft (bottom-right corner of
Fig. 9). After the transition to a two-celled structure, the pres-
sure drop weakens considerably (bottom-right corner of
Fig. 8), while the inflow strengthens further (central-right
edge of Fig. 9). The vortex exhibits a significantly stronger
swirling motion localized in proximity to the origin (top-right
corner of Fig. 9). Interestingly, the streamline passing through
max(v) describes a radial motion that follows the inflow at the
lowest grid point, followed by an abrupt deviation upward
(top-right corner of Fig. 8).

To further assess the role of C, on the structure of the vor-
tex, we plot the extrema of v, u, w, ¢, and their positions for
S, = 0.005 and for all the C, values employed in this work
(Fig. 10). The search for the extrema is carried out in a 3 km
X 3 km window starting from the origin. The most striking

feature of Fig. 10 is that all the fields display a clear peak in
the magnitude of the extrema. The peaks occur for C, values
between the vortex breakdown (C, = 0.03) and the two-celled
vortex (C; = 0.015). Figure 10 highlights all the structural
changes brought by a decrease in the C, value employed:

1) Tightening and intensification of the vortex, increased im-
portance of the origin (from no-slip up to the transition to
a two-celled structure at C; = 0.015): The tightening is
clear by the progressive shift of the extrema of v and u to-
ward smaller radii (dashed red line). The gradual decrease
in the height of the extrema (dashed blue line) illustrates
the evolution of the area close to the origin from a broad
stagnant area to a region of intense swirling motion and
strong gradients.

2) Vortex breakdown (C,; = 0.03) and transition to a two-
celled structure (C; = 0.015): The radial position of the
maximum updraft is zero (central updraft) up to C; = 0.03,
and then it shifts to larger radii for lower drag coefficient
(updraft surrounding a central downdraft). The decrease in
the radial position of max(v) and min(u) is abruptly re-
verted for C, from 0.025 to 0.015, pointing out the transi-
tion to a two-celled structure.

3) Widening of the two-celled vortex for decreasing drag coeffi-
cient (C; = 0.025): As illustrated by the increase in the radial
position of the extrema of v, u, and w, the vortex widens for
decreasing C, after achieving a two-celled structure.

4) Tendency to free-slip solution for C; — 0: u and w tend
to zero after the peak as the solutions converge to the
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free-slip case for C; — 0. Free-slip solutions are charac-
terized by a complete lack of inflow and reduced updraft
at low levels.

The sharp increase in the height of the extrema of v under
free-slip conditions is a consequence of the vertical invariance
of free-slip solutions, which are almost constant with height;
hence, the vertical position of the extrema loses significance
(in fact, the maximum of v is reached outside of the 3 km X 3 km
window that we explored, at around 3.5 km, yet the difference
with the maximum within the window is less than 0.1% of the ab-
solute maximum of v). For w, the sharp increase of z reflects the
lack of an updraft at low levels for semislip solutions; therefore,
the updraft is only present at higher levels, in correspondence
with the area where the forcing is active.

A feature worth pointing out is that the maximum tangen-
tial wind speed is found at very low levels for C; < 0.03. In
particular, for C; = 0.02, max(v) is found as low as z = 12.5 m.
This finding is in agreement with recent Doppler on Wheels
measurements (Kosiba and Wurman 2023), which observed
max(v) for z < 15m.

It is remarkable how the transitions of the vortex structure
for decreasing drag coefficient are in complete analogy to the
structural evolution observed under no-slip conditions for an in-
crease in swirl ratio. These findings demonstrate the crucial role
of the drag coefficient in determining the structure of the vor-
tex, and they suggest that the S,—Re parameter space should be
extended to a three-dimensional space that includes the drag
coefficient. A possible consequence of this result is that the po-
tential vortex line, described in Rotunno et al. (2016), might be
a slanted surface in the three-dimensional parameter space.

It is worth pointing out that Fig. 10 shows how the maximum
tangential wind speed simulated under semislip conditions is

significantly larger than the ones simulated under no-slip and
free-slip conditions, the two conditions more commonly used in
idealized axisymmetric simulations of tornadoes.

2) THE EFFECT OF C,; ON THE STRUCTURE OF THE
VORTEX FOR S, = 0.01

In light of the results of the semislip simulations for S, = 0.005,
it is natural to expect that for S, = 0.01, the vortex undergoes
breakdown for much larger values of the drag coefficient, as the
vortex is very close to the transition under no-slip boundary condi-
tions. In fact, Fig. 7 shows that the combination S, = 0.01 — Re =
10000 (green rectangle) sits right below the line indicating the op-
timal vortex (and, therefore, the vortex breakdown).

The analysis for S, = 0.01 is carried out using the same ap-
proach of Figs. 8 and 9 but displays the simulations for differ-
ent C, values: C; = 0.2, 0.02, and 0.005 (Figs. 11 and 12).
These specific values reflect the transitions in vortex structure
across the C, range for S, = 0.01. Consistent with the results
for S, = 0.005, a decrease in friction from no-slip to semislip
conditions triggers a vortex breakdown event. However, the
closeness of the no-slip case to the optimal vortex line in the
S, — Re parameter space results in the occurrence of the vor-
tex breakdown already in the simulation for the largest value
of C, explored in this study, C; = 0.2. For the same reason,
the no-slip solution is a very tight and intense vortex display-
ing a very strong vertical jet, with a maximum updraft speed
of ~140 m s~ !. As for the previous case, the vortex break-
down is evident by the bulge of low I' and low v from around
z ~ 0.8 km, in correspondence with a radial outflow. The
downdraft is less evident compared to the previous case, as it
descends diagonally rather than centrally, but it still results
in a sudden interruption of the vertical updraft jet. It is
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FIG. 12. As in Fig. 9, but for S, = 0.01. (from left to right) The boundary conditions employed are no slip (C, = «) and semislip with
C;=02,C,=0.02,and C; = 0.005.

noteworthy that there is no evidence of a peak in intensity of
the vortex but rather a slight weakening going from no-slip to
semislip conditions with C; = 0.2. Considering that the simu-
lation for the highest C; already represents a vortex break-
down event, and how close the corresponding no-slip case is
to transition, the optimal vortex may occur for higher values
of C, than those explored in this study. A continuation of this
work, including more semislip simulations for vortices close
to transition, might shed some light on this topic.

Similarly to the previous case, the breakdown progresses
downward for decreasing friction, and the downdraft reaches
the surface for C; = 0.02, marking the transition to a two-
celled vortex, which is met with a significant decrease in the
pressure drop and the updraft intensity. As for S, = 0.005, a
decrease in C, leads to increased importance of the area in
proximity of the origin. The simulation for C, = 0.02 illus-
trates this phenomenon, with large values of tangential veloc-
ity close to the origin.

A further decrease in friction leads to the expansion of the
vortex. For C,; = 0.005, the I', v, and u fields show negligible
values from r = 0 up to r =~ 0.2 km, in the inner part of the
two-celled vortex, characterized by a weak central downdraft.

Moreover, there is a clear tendency toward the free-slip solu-
tion, indicated by the enhanced vertical invariance of all the
fields.

Figure 13 shows the extrema of the fields and their posi-
tions for all the C, values. As previously mentioned, there is
no intensity peak: since for the largest value of drag coeffi-
cient, the vortex undergoes breakdown, an intensity peak may
be present for larger values of C,; than the ones explored
here. There is limited variation with C; in the maximum tan-
gential velocity. Most of the variation is concentrated around
C, = 0.035, where the v field adjusts from largely one-celled
to mostly two-celled (Fig. 14). The simulations for S, = 0.01
present the same structural transitions previously listed, start-
ing from the vortex breakdown onward (Fig. 13). For vortex
breakdown solutions with S, = 0.01, the single-celled portion
of the vortex weakens as the interface between the one-celled
and two-celled regions descends; therefore, maxima are found
at a larger radius from the core instead of directly below the
vortex breakdown. This is in contrast with the intensification
of the lowest region of the vortex observed for S, = 0.005.
This difference between the two cases will be examined in the
following section. As a result of this behavior, the sharp
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change from the tightening of the one-celled vortex to the en-
largement of the two-celled vortex following the transition to
a two-celled structure is masked by the sudden shift in the po-
sition of the extrema. Despite this behavior making it harder
to see the transition in Fig. 13 compared to Fig. 10, the struc-
ture of the vortex is made clearer by looking at the fields. For
instance, visualizing the tangential velocity for C;, = 0.035
(Fig. 14), it is evident that for this value of the drag coefficient,

v: Cd = 0.035, Sr = 0.01, Re = 10000
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FIG. 14. Tangential velocity v contour lines in the 1 km X 1 km
window from the origin for S, = 0.01, Re 10000, and C,
0.035.
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the vortex undergoes breakdown, with the single-celled re-
gion reduced to the area below z ~ 0.1 km and the two-celled
portion exhibiting larger values of tangential velocity. Com-
bining the information from Figs. 13 and 14, we obtain once
again that a reduction in C, causes the same structural
changes observed for an increase of S, under no-slip condi-
tions: starting from a single-celled structure, the vortex under-
goes breakdown, and its position descends. As the vortex
breakdown reaches the surface, the vortex exhibits a two-
celled structure. Finally, a further decrease in C, leads to an
enlargement of the vortex, and the solution tends to the free-
slip case, with significantly reduced low-level updraft and
inflow.

3) THE EFFECT OF C,; ON THE STRUCTURE OF THE
VORTEX FOR S, = 0.04

Moving to the S, = 0.04 simulations, we expect that a de-
crease in friction will continue to induce structural changes
akin to those produced by a variation of swirl ratio for a fixed
Re and under no-slip boundary conditions. For S, = 0.04 and
Re = 10000, the no-slip solution is a two-celled vortex, as il-
lustrated by the position of the yellow box in the parameter
space of Fig. 7, firmly above the optimal vortex diagonal line.
For very large swirl ratios, two-celled vortices lose their axial
symmetry and break into satellite vortices revolving around
the center axis (Rotunno 2013). Naturally, the present work’s
axisymmetric model is not capable of capturing this behavior.
Therefore, it is reasonable to anticipate that the introduction
of semislip conditions for S, = 0.04 will not lead to any change
in structure other than the previously described vortex
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enlargement and convergence to the free-slip solution for
C, — 0, but rather we expect the simulations to show more
unsteadiness. Indeed, while remaining statistically stationary,
the semislip simulations under lower friction showed increased
unsteadiness.

Across the entire range of C, values explored, the vortex
does not undergo structural modifications. The two-celled
structure simulated under no-slip conditions is preserved for a
decrease in friction. This behavior can be seen in Fig. 15,
which displays the extremes of the fields. The tangential ve-
locity field shows little variation in the magnitude of max(v),
before rapidly converging to the free-slip solution value. The
increase in the radial position of max(v) evidences a gradual
enlargement of the vortex for decreasing Cy,.

The radial and vertical velocities confirm these results, with
min(x) and max(w) remaining stable across a wide range of
C, values before steeply going to zero toward free-slip condi-
tions. The radial position shows the same behavior as for the
tangential velocity. The pressure field gives a clear indication
of the preservation of a two-celled structure, as min(¢) re-
mains very stable at a moderate value of pressure drop.

The progressive decrease in the vertical position of the ex-
trema of the tangential and radial velocities is related to the
increased shallowness of the boundary layer as C, decreases,
which was described in section 4b. The large variation in the
vertical position of max(w) and the sudden jump in the loca-
tion of min(¢) is a consequence of the increased homogeneity
of these fields: different areas of the vortex have marginally
different field magnitudes; hence, the extrema can be found at
very different positions without an underlying change in the
structure of the vortex.
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4) FINAL REMARKS ON THE ROLE OF C,; ON THE
STRUCTURE OF THE VORTEX

The analysis of the semislip simulations reveals that the
drag coefficient is a fundamental parameter in determining
the structure of a vortex, suggesting that, under semislip con-
ditions, the parameter space depicted in Fig. 7 is, in fact,
three-dimensional, with C, being the third dimension. The re-
sults reveal that a decrease in C, for fixed S, and Re induces
the same one-celled to two-celled transition that occurs for an
increase in S, for fixed Re under no-slip conditions: a single-
celled vortex undergoes vortex breakdown and transitions to
a two-celled structure for increasing swirl ratio as well as for
decreasing drag coefficient.

These results are confirmed by the study of the corner flow
swirl ratio S.. Unlike the swirl ratio used as a fundamental pa-
rameter, the corner flow swirl ratio focuses on the flow from
the surface layer to the core, and it does not depend on the
large-scale geometry (Lewellen et al. 2000; Lewellen and
Lewellen 2007a,b). The vortex structure has been observed to
be related to the value of S, relative to a critical value of S,
(Lewellen et al. 2000), analytically found to be S} = 1.5 (Bluestein
2013). For S, << S, the structure is one-celled; for S, >> S, the
vortex is two-celled; while for S, the vortex shows peak inten-
sity (optimal vortex). By varying the roughness length z,
Lewellen et al. (2000) found a decrease in S. when surface
roughness is increased. Figure 16 shows the values of S. in the
range of C,; from 0.005 to 0.2 for S, = 0.005 (circles) and
S, = 0.01 (crosses). The color of each point is determined by
the ratio ®/®,,;,, where ®;, is the minimum pressure (i.e.,
the maximum magnitude of pressure drop) simulated across
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FIG. 16. Scatterplot of the corner flow swirl ratio S, as a function
of C, for S, = 0.005 (circles) and S, = 0.01 (crosses). The color is
related to the ratio ®/®;, of the pressure drop to the maximum
pressure drop for a given S,. The black solid line highlights the criti-
cal S., S; =1.5.

c

the whole C, range (including no-slip and free-slip cases) for a
given value of S,: The color goes from blue to red as the solutions
approach the optimal vortex. We have highlighted S = 1.5 with
a solid black line. Focusing on S, for S, = 0.005, we can see that
S, < S~ for high C, values, and it approaches the critical value
for decreasing C,, which is reached for C; = 0.025. For this value
of C,, the vortex has maximum intensity, as evidenced by the
high ®/®, ratio. For S, > S:, a decrease in C, results in a re-
duced intensity, as the vortex structures evolve from breakdown
events to two-celled vortices. Moving to the simulations for
S, = 0.01, we preliminarily note the large difference in S, for no-
slip conditions (S, = 1.25, not shown) and for the largest C, value
explored in this study (S, = 2.29 for C; = 0.2). The no-slip case
is well below the critical value, indicating a one-celled structure,
while the C; = 0.2 case is above S, and the vortex undergoes
vortex breakdown. This is in agreement with the hypothesis of
the optimal vortex occurring for larger C, values than those ex-
plored in this work. We notice that for S, = 0.01, S, is always
larger than S, and that the intensity decreases as C, is dimin-
ished. These results are in agreement with the previous analysis.

For a fixed Re, the structure of a vortex is defined by the
position of its solution in the S,—C,; parameter space. A possi-
ble consequence of this result is that the optimal vortex line,
described in Rotunno et al. (2016), might be a slanted surface
in the three-dimensional parameter space. However, it is impor-
tant to remark that in this work, we studied the consequences
of semislip conditions for only three S,—Re combinations.
Therefore, further research is needed to assess the details of
this three-dimensional parameter space.

d. Analysis of the corner flow region

In the previous section, we highlighted how a decrease in
friction for the S, = 0.005 and S, = 0.01 semislip simulations
causes an intensification of all the fields in the vicinity of the
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origin, as long as the solution has not reached a full two-celled
structure. In particular, for §, = 0.005, this intensification
leads to a peak in the intensity of all fields, with magnitudes
larger than the extrema of both the no-slip and free-slip cases.
This region of the domain is usually referred to as the “corner
flow region” and is characterized by both the radial and verti-
cal pressure gradients being significantly different from zero.
Unfortunately, the study of the corner flow is challenging due
to the stationarity of the solution and the fact that almost
every term of the Navier—Stokes equations is important. The
region near the origin must reflect the properties of the radial
inward flow that is located upstream; therefore, we can focus
on the region of the inflow instead.

1) DERIVATION OF A SIMPLIFIED SET OF EQUATIONS

To study the radial inflow, we will obtain a simplified set of
equations. Since the horizontal diffusion for both the radial
and tangential components of the Navier-Stokes equations is
negligible for r > 0.25 km, we can work with simplified equa-
tions limiting ourselves to the region r > 0.25 km. Moreover,
the inflow lies outside of the damping region of the domain;
thus, the damping term can be neglected. Finally, once the
simulation has reached a steady state, the Coriolis component
becomes numerically negligible with respect to the other
terms of the equations. With these assumptions, the radial
component of the cylindrical Navier-Stokes equation [(3a)] is

du_ ¢ v 197,

dt or  r paz’ ©)

where —d¢/r is the pressure gradient, v*/r is the centrifugal
acceleration, and d7,,/pdz is the vertical diffusion. For simplic-
ity, we will define d¢/or = P and v*/r = C:

du _

—=[-P+C]+
7 [-P + (]

1(& (10)
p oz

We note that, when P > C, the pressure gradient drives an in-
ward radial flow, whereas for P < C, the centrifugal accelera-
tion drives an outward radial flow. Now we take a vertical
average, integrating between z = 0 and z = 8, where § is the
height of the upper limit of the lower tier of the boundary
layer. We have seen in section 4b that the upper limit of the
lower layer (frictional layer) is the height of the maximum of
—ur, therefore characterized by du/dz = 0. The average yields
as follows:

=[-P+C]+ 20T, 11
@ ol v
where
1 8
(...) = 5 (...)dz. (12)
Solving the integral, we obtain
1 (oot 1
57PJ‘0 ("); dz = 57p( rzlz=8 Trz|z=0)' (13)
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Substituting the formulation for 7,, at z = §, we notice that
since du/oz = 0 at z = 6,

ow

Lt (14)

aw
=vp—
=5 ar

The vertical average allows us to simplify the equation, limit-
ing the vertical diffusion to its surface contribution. In the
present work, the model computes 7,, at z = 0 under semislip
conditions as

_ [ou
Trz'z:S = vp &

u
Toliso = puz‘—/ Y (15)
where V is the surface velocity
V=V +2 . (16)
and u, is the friction velocity, computed by the model as
KV
U, = W (17)
2y

In Eq. (17), k = 0.40 is the von Kdrman constant; 2.5 is the
height of the first grid point in meters, where this calculation
is carried out; and zo is the roughness length (Lumley and
Panofsky 1964, chapter 3.3)

10
—
expl—| — 1

e
where the number 10 appears because the estimate of z is

conventionally carried out at 10 m. Substituting, Eq. (11)
becomes

iy = (18)

du - 1 u
—=[-P+C] - cut—x| . 19
oL -5 i W (19)

Equation (19) can be written in a more concise way by using
the property ux = C; V? (Lumley and Panofsky 1964, chapter
3.3)

s AT

= 0 (20)

It is worth highlighting the formulation of the vertical diffu-
sion in Eq. (20), with C, multiplying V. A decrease in friction
increases the surface velocity V while decreasing C,. Since the
behaviors of C,; and V are in opposition, the outcome of a de-
crease in friction is nontrivial.

The tangential component of the cylindrical Navier—Stokes
equation [(3b)] can be simplified using the same assumptions
as for the u equation:

dv_ _uv 107y

21
dt r paz’ 1)
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where —uwv/r is the centrifugal acceleration and d7,,/piz is the
vertical diffusion. Multiplying by r and rearranging,
d(rv) _dU' _10(rry,)

& A p e @)

We can now take the vertical average, using the operator de-
fined in Eq. (12) and employing the formulations of 7 de-
scribed for the u equation in Egs. (14) and (15). The result of
the average is

dl' _1{ ar , T (23)
—=—|v— - U ,
dr 6\ 0zl Vu? + v2lz=0
which can be written in a more concise way as follows:
dl' 1 ol
—=<|v— - (c,vr : 24
dt 5(VBZ 7=6 ( d ) ZO) ( )

Combining Egs. (19) and (23), we obtain the set of equations
employed in this section:

du — = 1 u

= =[-P+C] - e

de [ | S Vu? + 12 l;=0

o . (25)
ar_ifer| L T

dr 9 0z z=6 : Vuz + 2 z=0

It must be remarked that the use of the du/dz = 0 property of
the frictional layer’s upper limit does not imply that the equa-
tions are valid only in the region where the potential vortex
assumption holds. The requirement for this set of equations
to be valid is simply the existence of the two-tiered structure
of the boundary layer. Indeed, the two-tiered structure exists
even for r < 1 km. Figure 17 shows an example for S, = 0.005
and C,; = 0.2. The boundary layer does not exhibit the radial
behavior of a potential vortex boundary layer, as the lower
tier has almost the same thickness for z = 0.25, z = 0.5, and
z = 1 km, in agreement with the results of section 4a, where
the potential vortex region was always found to extend from
r=1km. This property of § ~ const is useful, allowing one to
employ a fixed upper limit of integration 8. The black hori-
zontal line in Fig. 17 represents the height of the upper
limit of the lower tier for r = 0.25 km, which is the same for
r = 0.5 km, while the height for » = 1 km differs by only one
grid spacing. More generally, for any fixed C, value between
0.2 and 0.035, & does not vary by more than two grid points
through the 0.25 < r < 1 km range for S, = 0.005 and
S, = 0.01. This property is degraded for C; < 0.035; there-
fore, we limit the analysis to the 0.035 = C,; = 0.2 range. We
note that, for these values of C,, the S, = 0.005 simulations
represent a single-celled vortex, whereas for S, = 0.01, the
vortex undergoes breakdown. We further limit the domain
of the analysis to 0.25 < r < 0.95 km to avoid the numerical
noise introduced by the change in grid spacing that occurs at
r=1km.
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FIG. 17. Vertical profiles of —ur/I".. for S, = 0.005, Re = 10000,
and C; = 0.2 sampled at 1 km (black), 0.5 km (red), and 0.25 km
(blue). The horizontal black line illustrates the upper limit of the
lower tier for the profiles sampled at 0.5 and 0.25 km.

For simplicity, we will introduce the following notations as
follows:

term, = [-P + C]
term, = A Wt
: 8 Vi + 12 li=o
vol' (26)
term-z, Saz S
=
term-z, = i T
0T Vu? + 1% lz=0

In the first of Eq. (25), term; represents the sum of the radial
pressure gradient and the centrifugal acceleration, while
term, is the contribution of the surface drag. The sum of
term; and term, represents the vertical average of the total
derivative of u. In the second of Eq. (25), term z; is related to
the vertical gradient of I" at z = 6, while term gz, is the contri-
bution of the surface drag to the I' equation. The sum of term
z1 and term z( represents the vertical average of the total de-
rivative of I'. In the u equation,

du ou u
—=lu—+w— 27
dt (u ar 62) ’ @7
and we empirically find that
W > 'w"’i‘ (28)
ar 9z

in the region of interest. Therefore,
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i _ {70
dt ar)

Since u < 0 for the inflow, a negative value of the sum be-
tween term; and term, indicates an intensification of the in-
flow moving inward. The radius for which the sum is zero
represents the radial position of the inflow’s strongest region.
Moving inward from r = 0.95 km, we expect a negative value
of the average of du/dt, which eventually goes to zero, before
attaining positive values in the stagnation area, where the in-
flow is stopped and turned. We anticipate term,; to be nega-
tive where the pressure gradient drives the radial inflow and
positive in the stagnation area, where the flow is gradually
stopped. The surface friction term; is expected to always be
positive, as it opposes the inward flow. In the I" equation,

(29)

) o

by e Il
dt ar 9z

and, similarly to Eq. (28), we empirically find that, in the re-
gion of interest,

u(E > ‘w[i . (31)
ar 0z
Thus,
dar ar

and since u < 0 and I' decreases moving inward, we expect
the sum between term z; and term z, to be always negative.
The angular momentum increases with height; thus, we antici-
pate term z; to be always positive. Finally, term z is the dissi-
pation of angular momentum, a negative quantity.

2) ANALYSIS OF THE CORNER FLOW REGION FOR
S, =0.005

Figure 18 presents the terms of Eq. (25) for S, = 0.005. In
the left column, the u equation is described by plotting term;
in blue, term, in orange, and the sum of the two terms in
magenta. In the right column, the I" equation is depicted with
term z; in blue, term z, in orange, and the sum of the terms in
magenta. The top row is for C, = 0.2, and the bottom row is
for C, = 0.035. Studying the left column, we note how the ra-
dius where the sum intersects with zero, representing the posi-
tion of maximum inflow intensity, shifts to smaller radii as
drag is reduced. The shift reveals how the decrease in drag en-
ables the inflow to reach deeper into the corner flow region,
closer to the origin. A similar shift is observed for the mini-
mum of the average of du/dt, indicating that the maximum in-
flow strengthening occurs closer to the origin. A significant
increase in the magnitude of the minimum is also found,
with the average of du/dt increasing from —0.072 m s~ 2 for
C,; = 02to —0.169 m s 2 for C; = 0.035. These results sug-
gest that a decrease in drag causes the inflow to intensify and
move closer to the origin. Notably, term, decreases toward
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the origin for C, = 0.2, whereas it increases for C; = 0.035.
Since term, depends only on C, and surface velocity [Eq. (20)],
for constant C,, the variation is due to the behavior of the sur-
face velocity, indicating that for decreasing drag, the surface ve-
locity near the origin increases. This confirms the results of
section 4b, where the increased magnitude of all the fields in
proximity to the origin for decreasing C,; was highlighted.

The negative value of the average of dl'/dt (magenta line)
indicates dissipation of angular momentum as parcels are ad-
vected toward the origin by the inflow. The second column of
Fig. 18 shows that the dissipation of angular momentum be-
comes more intense as drag diminishes. At » = 0.25 km, the
average of dI'/dt goes from —1.964 m? s™2 for C; = 0.2 to
—9.692m*s~ > for C; = 0.035. The fact that the dissipation be-
comes larger as C,; diminishes suggests that the inflow brings
parcels with larger I' toward the origin. From Egs. (24) and
(26), it can be seen that term zy depends on I'; a larger magni-
tude reflects a larger value of I'. This can be appreciated in
Fig. 19, showing the I field for S, = 0.005 under no-slip condi-
tions (left) and semislip conditions with C; = 0.035 (right):
The value of I' in the window of size 0.2 km starting from the
origin becomes significantly larger for a lower drag coefficient.
It is worth highlighting that while for C; = 0.2, the magnitude of
the average of dl'/dt decreases slightly as r — 0, for C, = 0.035,
it remains steady. The decrease for C; = 0.2 indicates that at
r = 0.25 km, the parcel’s angular momentum approaches zero,

and therefore, the rate of decrease weakens, whereas for
C, = 0.035, the angular momentum at r = 0.25 km is still signifi-
cant, and the rate of decrease is steady.

The analysis of the I' equation gives us insights into the
significant magnitude increase of term; for a decrease in C,
in the u equation (left column of Fig. 18). The advection of
high I parcels toward the corner flow region implies an in-
crease in the centrifugal force, since C = ?lr = T?/r3. The C
gives a positive contribution to term;; hence, the pressure
gradient force has to dramatically increase in magnitude to
produce more negative values of term;. This explains the
drastic intensification of the pressure drop depicted in
Figs. 8 and 10.

The presence of a peak in the intensity of the maximum inflow
as a function of C, noted in Fig. 10 for the simulations with
S, = 0.005, suggests the presence of two competing processes,
one weakening the inflow for decreasing C, (leading to the con-
vergence of the solution to the free-slip case for C; — 0) and the
other strengthening it (causing the rapid inflow intensification
leading to the peak). This results in two regimes, one for
Cy > Cypeax, Where the weakening process dominates, and the
other for Cy > Cppear, Where the strengthening process domi-
nates. The competing effects seen in the two regimes are evident
rewriting term, using the formulation of Eq. (20) as follows:

—C, XV Xul_, (33)
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FIG. 19. Angular momentum I' (m? s~ ') contour lines in the 0.2 km X 0.2 km window from the origin for S, = 0.005,
Re = 10000 under (a) no-slip (C,; = ) conditions and (b) semislip conditions with C; = 0.035.

For C; > Cgpeax, the weakening of peak intensity is the re-
sult of the crucial role played by vertical diffusion in balanc-
ing the pressure gradient at the surface, leading to the
presence of an inflow (Rotunno 2013) (in the absence of sur-
face stress, the inward pressure gradient is exactly balanced
by the centrifugal force). Clearly, a reduction in C, in this
regime leads to a weakening of the inflow. For C; > Cgpeak,
the simulations for S, = 0.005 suggest that a decrease in
C, allows the surface velocity V to increase substantially
(Fig. 9). In this case, the drag increases (term, in Fig. 18)
but allows the aforementioned imbalance between the
pressure gradient and centrifugal force (term;) to produce
a stronger inflow. Along with the intensification of the in-
flow, a reduction in drag implies a smaller depletion of the
angular momentum of the inflow, and parcels with larger I'
are advected toward the origin. Since I' = rv, the advection
of parcels with large I' enhances the swirling motion near
the origin, contributing to the larger V in Eq. (33). The
Caq > Capeax Tegime is effectively a feedback between the
boundary layer and the pressure gradient in the corner flow
region. The resulting enhanced inflow is driven closer to the
origin and forced to perform a tighter turn, as evidenced by
the streamlines in Fig. 8, producing a funneling effect that
contributes to the intensification of the updraft, explaining
the significant intensification as C; > Cgpcak se€en in Figs. 9
and 10.

The results presented in Fig. 18 show that in the regime
for C4 > Cgpeax» a decrease in C, results in a strengthening
of the inflow, which due to the reduced drag brings parcels
with larger angular momentum near the origin. The com-
peting processes occurring for decreasing C; give rise to a
peak in intensity of all fields, explaining the peaking behav-
ior of the extrema shown in Fig. 10. We note that this
behavior is compatible with an increase in the corner flow
swirl ratio S, for decreasing C, for a subcritical vortex, and
Capeak TEpresents the C; value resulting in an optimal vor-
tex (Fig. 16).

3) ANALYSIS OF THE CORNER FLOW REGION FOR
S,=0.01

In section 4c, the extrema of the fields for S, = 0.01 (Fig. 13)
did not exhibit the same peaking behavior as for S, = 0.005.
Instead, the maximum tangential velocity and the minimum
radial velocity showed marginal weakening of the swirling mo-
tion and the inflow. It is therefore interesting to perform the
same analysis on the S, = 0.01 simulations.

In stark contrast to the S, = 0.005 case, the left column of
Fig. 20 shows marginal changes in the radial profile of the av-
erage of du/dt for decreasing C,. The point where the sum in-
tersects with zero does not shift toward the origin for
decreasing friction but instead moves to a slightly larger ra-
dius. The magnitude of the minimum of the average of
du/dt shows minimal variation, going from —0.598 m s~ for
C; = 02 to —0.575 m s 2 for C; = 0.035. The results show
that for S, = 0.01, the competing effects do not cause an inten-
sification of the inflow, which instead remains mostly un-
changed. On the other hand, the right column illustrates that
a decrease in drag causes an increase in the magnitude of the
average of dl'/dt, similarly to the S, = 0.005 case. Quantita-
tively, the average of dI'/dt at r = 0.25 km diminishes from
—-8.095m’s > at C; = 02 to —20.213 m” s> at C,; = 0.035.
The fact that for both S, = 0.005 and S, = 0.01, a decrease in
surface drag leads to parcels attaining larger values of angular
momentum near the origin explains the observed increase in
tangential velocity in the vicinity of the origin.

The present analysis confirms the differences between the
S, = 0.005 and S, = 0.01 semislip simulations observed in
section 4c. While for §, = 0.005, the inflow intensifies and
shifts toward the origin for decreasing drag within the range
C, = 0.2-0.035, for S, = 0.01, the inflow remains mostly un-
changed. The occurrence of the inflow strengthening and shift
appears to be related to the value of the swirl ratio, and in
particular to the vortex structure, which is related to the S,
value (Rotunno et al. 2016). In fact, we have emphasized the
different structures of the two cases: While for S, = 0.005, the
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FIG. 20. As in Fig. 18, but for S, = 0.01.

vortex is single-celled up to C,; = 0.03, for S, = 0.01, the vor-
tex undergoes breakdown throughout the C, range examined.
This also means that in this C, range, the S, = 0.005 vortices
are subcritical, while the ones for §, = 0.01 are supercritical
(Fig. 16). As mentioned in section 4c, since the vortex break-
down for S, = 0.01 is observed for the highest C, value em-
ployed in this study, it is unclear if the inflow strengthening
happens for higher friction. To better understand this phe-
nomenon, more simulations are needed. In particular, the pre-
sent results suggest that investigating the range S, = 0.005-
0.01 can provide important information on the matter.

5. Conclusions

In the present work, we investigated the effect of semislip
lower boundary conditions on simulated supercell tornadoes,
employing the same axisymmetric approach used in Rotunno
et al. (2016) and using 16 values of drag coefficient from
C; = 0.02 to C; = 0.0001 to bridge the gap between no-slip
and free-slip conditions. The simulations for each C, value, as
well as the no-slip and free-slip cases, have been carried out
using a constant value of Re = 10000 and three values of the
swirl ratio, namely, S, = 0.005, 0.01, and 0.04. The simulations
have highlighted the following results:

e The potential vortex structure is preserved under semislip
conditions: The angular momentum per unit mass is approxi-
mately constant in the region 1 < r <2kmand1 =< z < 2km.

¢ The lower tier of the potential vortex boundary layer becomes
thinner for decreasing C,, vanishing between C; = 0.005 and
Cd = 0.001.

e A decrease in Cy, for fixed S, and Re leads to the same
structural transitions previously observed for increasing S,
and fixed Re under no-slip conditions (Rotunno et al.
2016; Ward 1972): For the combinations of S,—Re yielding
one-celled vortices under no-slip conditions (Re = 10000,
S, = 0.005, 0.01), a reduction in surface drag leads to the
occurrence of a vortex breakdown, followed by a transition
to a two-celled structure. For S, = 0.04, the no-slip case is a
two-celled vortex, and a decrease in friction does not lead
to any further transition, in complete analogy to an increase
in S, for two-celled vortices under no-slip conditions. These
results are qualitatively in agreement with those of Fiedler
(2017) and indicate that the drag coefficient plays a funda-
mental role in determining the structure of the vortex.
They suggest that the S,-Re parameter space used in previous
no-slip studies should be expanded to the S,—Re-C, space
with the inclusion of the drag coefficient. The vortex
structure would be determined by the values of the pa-
rameters in the 3D space. Figure 21 summarizes schemati-
cally the dependence of the vortex structure on S, and C,
for constant Re.

e For the range of experiments explored here, the adoption
of semislip boundary conditions results in a more accurate
representation of the lowest levels of a tornado. In particu-
lar, for S, = 0.005 and realistic values of C,;, the maximum
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flow swirl ratio S, and mentioned that surface drag would
play a role by participating in the depletion of angular mo-
mentum; the present study highlighted how the vortex
intensification for decreasing C, stems from the positive feed-
back between the boundary layer and the corner region pres-
sure gradient. This effect has been observed for S, = 0.005
(subcritical vortex) but not for S, = 0.01 (supercritical vortex),
suggesting that the vortex structure and the value of the cor-
ner flow swirl ratio S, relative to S’ might play a role.

e The subcritical tornadoes under semislip conditions are
more intense than the limiting cases of no-slip and free-slip

conditions.

The limitation of the method followed in this work is
that the experimental setup employs somewhat artificial as-
sumptions, with a steady-state, axisymmetric approach, a
prescribed forcing in lieu of the buoyancy acceleration, and
a linear damping near the impermeable top boundary in-
stead of the tropopause. Although artificial, these assump-
tions allow us to simplify the complex dynamics of a

0

0

FIG. 21. Schematic diagram of the vortex structures in the S,-C,
parameter space. A decrease in C, (from top to bottom) results in

0.005 0.01

0.02

0.03

0.04

the same transitions as an increase in S, (from left to right).

tangential wind speed can be found at very low levels, with
a minimum of 12.5 m above the ground. Since the grid
spacing close to the ground is 5 m, this represents just the
third vertical grid point. This is a significant improvement
over no-slip conditions, which lead to weaker winds near
the surface compared to upper levels. The simplicity of
no-slip conditions has previously been instrumental in de-
veloping the basic fluid dynamic theory of tornadoes using
idealized axisymmetric vortex simulations. In this study,
we improved the understanding of the lowest levels of tor-
nadoes by employing semislip conditions. The accurate rep-
resentation of the lowest levels of a tornado is crucial since
the near-surface winds are the cause of the damage and loss
of lives brought by these extreme weather phenomena. Recent
Doppler on Wheels measurements (Kosiba and Wurman
2023) are in qualitative agreement with the present results for
S, = 0.005 and reasonable C, values, indicating that the stron-
gest tornado winds are measured at the lowest levels (<15 m

above ground level).

¢ For subcritical vortices, a decrease in the drag coefficient
leads to an intensification of the vortex. A reduction in
drag strengthens and shifts the inflow toward the center of
the vortex, while the reduced dissipation of angular mo-
mentum allows the advection by the inflow of parcels with
large angular momentum toward the vicinity of the origin.
The combination of these two effects results in a significant
intensification of the swirling motion, while the proximity
of the inflow to the center of the vortex forces the inward
flow to be funneled tightly into the updraft, boosting the
intensity of the vertical velocity. Rotunno (1979) and, subse-
quently, Lewellen et al. (2000) described this corner flow be-
havior for subcritical vortices approaching the critical corner

tornado-producing supercell, enabling us to investigate the
dynamics of tornadoes at a reasonable computational cost.
Notably, the assumptions lead to potential vortex radial
profiles of tangential winds, in agreement with the profiles
observed for natural tornadoes (Tanamachi et al. 2007).
Liu and Ishihara (2016) studied the role of roughness on
tornado-like vortices using a more realistic large-eddy sim-
ulation (LES) approach. Their comparison of the time-
averaged flow with smooth and rough surfaces (their
Figs. 12, 14, 15, and 17) is qualitatively consistent with the
present results. This supports our use of a simplified and
idealized approach, which allowed the physical interpreta-
tions in section 4d.

Additional simulations could offer greater insights into the
role of the surface drag on tornadoes. It would be particularly
valuable to explore the full three-dimensional parameter
space, varying Re also. Moreover, further simulations in the
range of swirl ratios from one-celled to vortex breakdown are
needed to better understand the role of vortex structure in
the intensification for decreasing C,.

The use of semislip lower boundary conditions in the study
of supercell tornadoes has increased considerably in recent
years, replacing the no-slip and free-slip conditions previously
employed. We believe that the results obtained in the present
work could prove useful, providing information on the role of

semislip conditions in simulated tornadoes.
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