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Abstract. In this paper, we propose a simultaneous system of stochastic
frontiers for dynamic panel data models with spatial dependence. Specif-
ically, the model allows differentiating between productivity spillovers
within a single production frontier and among different production pro-
cesses. This model is particularly relevant in empirical studies consid-
ering multi-output and multi-input economic systems characterized by
interrelated input-output linkages, spatial correlation, and temporal dy-
namics. As an example, an application to European OECD data for the
agricultural and food and beverage industrial sectors is provided.

Keywords: Simultaneous equations; Stochastic frontiers; Multiple out-
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1 Introduction

Stochastic frontier models (SF) were initially proposed by [1] and [12] in order
to create a tool for efficiency analysis capable of distinguishing between two dif-
ferent error terms: the inefficiency component and random shocks. This paper
extends the existing literature on SF models by introducing a multivariate dy-
namic spatial stochastic frontier model that incorporates simultaneous effects
across different frontier functions, as well as time and spatial effects. The pro-
posed model is particularly suited for empirical analyses of production processes
characterized by (i) spatio-temporal dynamics and (ii) multi-output and multi-
input factors as well as input-output linkages.

Economic systems are characterized by intensive relationships and depen-
dencies, especially due to multisectoral and multiproduct production processes.
Multivariate SF models have been developed to jointly model such complex pro-
duction systems, taking into account distinct frontier functions and simultane-
ities in production processes [9, 4, 10]. However, to our knowledge, none of these
models considers the possibility of accounting for spatial dependence within and
between different production frontiers. Indeed, based on the economic geography
theory and on empirical evidence on spatial phenomena like agglomeration and
clustering [13, 2], in the last two decades, authors have strongly recognized the
inadequacy of assuming cross-sectional independence in non-spatial SF models,
leading to a growing body of literature addressing spatial dependence in the SF
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framework [7, 8, 6, 5, 14]. However, there is a notable absence of works incorpo-
rating spatial correlation in a multivariate SF setting.

Therefore, this paper bridges the gap by merging techniques from spatial
stochastic frontier literature with those from the multivariate framework, creat-
ing a simultaneous system of stochastic frontiers for dynamic panel data models
with spatial dependence.

In the subsequent sections, we introduce the model specification and estima-
tion in Section 2, we show an application to European data in Section 3, and we
conclude and provide some future directions of research in Section 4.

2 Methodology

2.1 The model

The model specification is presented in Eq. (1)-(3) for Nm units observed over
T time periods, where m denotes the number of equations identifying distinct
interdependent frontier functions and Nm represents the number of units char-
acterizing each production process. Throughout the remainder of this section,
without loss of generality, we assume m = 2 and a balanced panel structure with
a constant number of units and temporal instants across equations.

Bzt = ΨWzt + ΦWzt−1 + Pzt−1 +XtΠ + Vt − cUt (1)

Vt ∼ Nm(0, Σv) (2)

Ut ∼ N+
m(0, Σu) (3)

In particular, zt is a (Nm × 1) vector of outcome variables representing
production outputs andXt = (Im⊗xt) where xt is a (N×k) matrix of production
inputs with associated (mk × 1) vector of coefficients Π. B = (B

⊗
IN ) is an

Nm×Nm matrix capturing mutual impacts among the m output variables by
the off-diagonal entries. For m = 2, this implies vec(B) = (1, b2, b1, 1).

Following the literature on simultaneous equations for spatial dynamic panel
data models (e.g. [15, 3]) we assume Ψ = Ψ

⊗
IN as an (Nm × Nm) ma-

trix capturing the impact of spatially lagged dependent variables at time t
between and within frontiers, where Ψ is an (m × m) matrix with vec(Ψ) =
(ψ1,1, ψ2,1, ψ1,2, ψ2,2) for m = 2. Similarly, the matrices P = P

⊗
IN and

Φ = Φ
⊗
IN are included to account for possible dynamic time and space-time

effects respectively.
The vector Ut refers to the (Nm × 1) i.i.d. half-normally distributed ineffi-

ciency error component, while Vt is a (Nm × 1) vector of random error terms.
Inefficiency is defined based on the internal transformation of resources into out-
put, and its form depends on the type of frontier (c = 1 for a production and
c = −1 for a cost frontier). The covariance matrices Σu and Σv capture the
variances and covariances of these error components. The model allows for each
equation to have its own inefficiency-generating process, considering inefficiency
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as context-specific and thus, Σu = Σu

⊗
IN , where diag(Σu) = (σu,1, σu,2),

for m = 2 and zero off-diagonal entries. On the other hand, we assume that
a random shock to the first production process of the system may also influ-
ence the second one due to productive interdependencies and thus, we define
Σv = Σv

⊗
IN , where vech(Σv) = (σv,1, σv,12, σv,2), for m = 2. Finally, ac-

cording to usual assumptions in SF literature, the random shocks Ut and Vt are
assumed to be independently distributed.

2.2 Estimation

The loglikelihood function at time t associated with the model in Eq. (1)-(3) can
be written as

1

nT
logLt =

1

n
log |S|+m log (2)− m

2
log(2π)− 1

2
log |Σu| −

1

2
log |Σv|

+
1

2
log |Σµ| −

1

2nT
(ε′tΣ

−1
v εt − µ′

tΣ
−1
µ µt) +

m

nT
logΦ(µtC

−1),

(4)

where µt = −cεtΛ−1, with Λ = (Σv + Σu)Σ
−1
u , Σ−1

µ = Σ−1
v (Σv + Σu)Σ

−1
u ,

and εt = Bzt − ΨWzt − ΦWzt−1 − Pzt−1 − XtΠ. Moreover, C is obtained by
Choleski decomposition of Σµ, such that Σµ = CC ′, Φ represents the cumulative
distribution function of the multivariate normal, and |S| is the determinant of
the Jacobian deriving from the transformation from εt to zt given by |B′ ⊗ IN −
(Ψ

⊗
IN )W |.

3 Application to European Data

In this section, we show, as an example, a brief empirical application to aggregate
production in Europe by means of OECD data for 20 European countries in the
time period 1995-2019. The system is given by two production frontiers, the first
modelling the production process of the agricultural sector and the second re-
ferring to the food and beverage manufacturing sector. Specifically, we estimate
the model in Eq.(1)-(3) using a Cobb-Douglas specification with value added as
the outcome variable and fixed assets and annual employment as input variables
(all in log-form). The spatial structure is defined as a combination of a first and
a second order spatial weight matrix, the first capturing inter-sectoral spillovers
(off-diagonal blocks of W ) and the second for intra-sectoral spatial effects (di-
agonal blocks of W ), ensuring identification of the model (see [3]). Indeed, as
discussed by [11], spatial effects within a given sector are more likely to materi-
alize and propagate across space when compared to inter-sectoral spillovers due
to a shared technological and knowledge base. Therefore, we consider a larger
number of neighbouring countries for intra-sectoral spatial effects by means of a
second order contiguity matrix.
The estimation results presented in Table 1 suggest that the outcome of the
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agricultural sector is positively associated with the one of the food and bev-
erage industry, while indicating a negative opposite relationship. Accounting
for spatial effects, we observe positive and statistically significant coefficients at
time t both within and across sectors. Additionally, temporal effects are sta-
tistically significant, with spatial effects at time t − 1 showing negative val-
ues and lagged outputs positive values. Moreover, diag(Σ̂u) = (0.03, 0.07) and
vech(Σ̂v) = (0.20, 0.41, 0.85). Overall, these estimates corroborate the idea that
industrial sectors composing the agricultural filiére are highly linked and shaped
by intense simultaneous relationships driven by cross-sectoral effects, spatial cor-
relation and time dynamics. However, ad hoc evaluation of long and short run
impacts should be carried out through the computation of marginal effects (as
further development of this study).

Table 1. Estimation results

Agriculture Food & Beverage

Coeff. SD Coeff. SD

zAt - - -0.29 *** 0.02
zMt 0.42 *** 0.01 - -
WzAt 0.12 *** 0.01 0.27 ** 0.03
WzMt 0.21 *** 0.01 0.47 *** 0.01
WzAt−1 -0.13 ** 0.01 -0.38 *** 0.03
WzMt−1 -0.26 *** 0.01 -0.45 *** 0.02
zAt−1 0.84 *** 0.01 0.13 0.04
zMt−1 -0.40 *** 0.01 0.87 *** 0.04
LAt -0.02 0.01 -0.05 0.01
LMt 0.07 0.02 0.23 0.04
KAt 0.02 0.01 0.03 0.01
KMt 0.20 *** 0.01 0.34 *** 0.02

Note: *:p-value≤0.10;**:p-value≤0.05;****:p-value≤0.01

Based on the estimates shown in Table 1, efficiency scores equalling 1 for
fully efficient countries and 0 for fully inefficient ones can be computed. Figure
1 displays the map of mean efficiency scores throughout the entire period (agri-
cultural sector in the upper panel and the food and beverage manufacturing
industry in the lower panel). Overall, technical efficiency scores related to the
agricultural sector tend to be higher than those of the manufacturing industry.
However, countries demonstrating high efficiency levels in one sector also tend to
exhibit satisfactory efficiency scores in the other. Analyzing cross-country varia-
tions, the Figure indicates that Italy, Sweden, Finland, the Netherlands, Latvia,
the Czech Republic, and the UK consistently outperform other countries. In con-
trast, Ireland, Germany, Austria, Slovakia, Denmark, and Norway achieve lower
efficiency levels.
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Fig. 1. Map of the mean efficiency scores by sector
Notes: Black areas indicate countries not in the estimation sample

4 Conclusions and Further Developments

This paper develops a simultaneous system of stochastic frontiers for dynamic
panel data models with spatial dependence. The applied relevance of the pro-
posed model is demonstrated through an empirical application to aggregate pro-
duction in Europe for agriculture and the manufacturing sector using OECD
data. The estimation results indicate the significant influence of cross-sectoral
connections and spatio-temporal effects at the European level between the agri-
cultural sector and the food and beverage manufacturing industry. Consequently,
policymakers should consider these spatial and cross-sectoral feedbacks when for-
mulating international development plans and economic programs to effectively
support the growth of the whole agri-food economy.
Future developments of this paper should consider computing short-run and
long-run marginal effects of input factors as well as of an innovation in a given
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sector, and the inclusion of a partially time-varying spatial structure, allowing
each production outcome to be influenced by a specific combination of spatial
weight matrices that can vary over time. Moreover, robustness checks for alter-
native spatial weight matrices and controlling for country-specific characteristics
should be provided. Finally, alternative estimation methods using copula-based
techniques may be introduced and tested.
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