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BAYESIAN NONPARAMETRIC INFERENCE
ON A FRECHET CLASS

EMANUELA DREASSI, LUCA PRATELLI, AND PIETRO RIGO

ABSTRACT. Let (X, F,u) and (Y, G, v) be probability spaces and (Z5) be a sequence
of random variables with values in (X X Y, F ® G). Let I'(1, v) be the collection of
all probability measures p on F ® G such that

p(AxY)=pu(A) and p(X¥ xB)=wv(B) forall A€ F and B €G.

In this paper, we build some probability measures II on I'(, ). In addition, for each
such II, we assume that (Z,) is exchangeable with de Finetti’s measure II and we
evaluate the conditional distribution II(- | Z1,...,Zy). In Bayesian nonparametrics,
if (Z1,...,2Zn) are the available data, II and II(- | Z1,...,Zy) can be regarded as
the prior and the posterior, respectively. To support this interpretation, it suffices
to think of a problem where the unknown probability distribution of some bivariate
phenomenon is constrained to have marginals p and v. Finally, analogous results are
obtained for the set I'(u) of those probability measures on F ® G with marginal p on
F (but arbitrary marginal on G). That is, we introduce some priors on I'(1) and we
evaluate the corresponding posteriors.

1. INTRODUCTION

An intriguing problem in Bayesian nonparametrics is to build a (suitable) prior distribu-
tion supported by a given subset Py of the set of all probability measures on the sample
space. Depending on Py, such a problem may be quite hard. This paper focuses on this
problem when Py is a Fréchet class (to be meant as in Section 1.2).

Throughout, (Z,7H) is a measurable space and (Z, : n > 1) is a sequence of random vari-
ables with values in (£, H). All random elements appearing in this paper are defined on
the same probability space, say (2, A, P). Moreover, P is the collection of all probability
measures on H and ¥ is the o-field over P generated by the evaluation maps p — p(H)
for all H € H.

1.1. Bayesian nonparametric inference with exchangeable data. In a nutshell,
the standard framework of Bayesian nonparametrics can be summarized as follows.

Let Z be a random element, taking values in (Z,H), and let £(Z) denote its probability
distribution. The goal is to make inference on £(Z), or on some functional of £(Z),
based on the available observations Z1, Zs,... on Z. To this end, some assumptions on
the data sequence (Z,,) are to be made. It is quite usual, even if not mandatory, to
assume (Z,) exchangeable or partially exchangeable; see e.g. [3], [5], [6], [8], [13], [14].
In the sequel, (Z,,) is supposed to be exchangeable.
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2 EMANUELA DREASSI, LUCA PRATELLI, AND PIETRO RIGO

We refer to [1] for an exhaustive treatment of exchangeability. Here, we just recall that
(Z,) is exchangeable if

(Zjyyo o Z5,) ~ (Zay. .o Zn)
for all m > 1 and all permutations (j1,...,j,) of (1,...,n). Ani.id. sequence is obviously
exchangeable while the converse is not true (just take Z,, =V for all n > 1, where V is

a non-degenerate random variable). However, under mild conditions on (Z,H), if (Z,)
is exchangeable there is a unique probability measure II on ¥ such that

P(Z, € Hy,...,Z € Hy) = /p(Hl) -..p(H}) T(dp)

for all k > 1 and Hy,...,Hy € H. Such II is called the de Finetti’s measure or the prior
distribution.

If (Z,) is exchangeable, then, for each n > 1, the sequence (Z,4r : k > 1) is still
exchangeable conditionally on (Z4,...,Z,). Hence, there is an a.s. unique probability
measure II(- | Z1,...,Z,) on ¥ such that

P(Zps1 € Hi, .., Znii € Hy | Z1,..., Z) :/p(Hl)...p(Hk)H(dp|Zl,...,Zn)

a.s. for all k > 1 and Hy,...,H, € H. If (Z3,...,7Z,) are the available observations,
II(- | Z1,...,2,) is called the posterior distribution.

In real problems, to make inference on £(Z), one first selects a prior IT and then evaluates
the posterior II(- | Zy,...,Z,). Clearly, evaluating the posterior may be very difficult,
and one is often forced to use numerical approximations. Anyway, if and when II(- |
Z1,...,Zy,) is available, any inference regarding £(Z) should be based on it. Among
other things, given II(- | Z,...,Z,), one can evaluate the predictive distribution

P(Zni1€H | Zy,...,Zy) :/p(H)H(dp|Z1,...,Zn) for all H € H.

Suppose now that £(Z) is known to belong to some class Py € W. This actually happens
in a number of situations. Some obvious examples are:

o Py = {p € P : p is absolutely continuous with respect to )\}
where X is a reference measure on H; see [5];

o Py = {p € P : p is invariant under G}
where G is a group of transformations on Z; see [7, Example 17], [11], [15];

° Poz{peP:p:p* onH*}
where H* C H and p* is a given element of P;

e Z=Rand Py = {p € P : p has given moments up to a certain order}.

Obviously, if it is known that £(Z) € Py, the prior II should satisfy
II(Py) = 1.

However, to build a reasonable prior, with large support and satisfying II(Py) = 1, is
usually hard; see e.g. [11]. Similarly, once a prior is selected, to obtain the posterior may
be difficult as well.
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1.2. Fréchet classes. In the sequel,
(X,F,p) and (V,G,v)

are probability spaces. To avoid annoying complications, (X', F) and (Y, G) are assumed
to be standard Borel spaces.

Let
Z=X%xY and H=F®QG.
For each p € P, the marginals of p are
p1(A) =p(AxY) and py(B)=p(X xB) forall A€ Fand BeGg.

Obviously, p; and py are probability measures on F and G, respectively. The Fréchet
class of the pair (p,v) is

D(p,v) = {p € P : p has marginal g on F and v on g}.
Similarly, in this paper,
I'() = {p € P : p has marginal y on F}
is said to be the Fréchet class of p.
Our goal is to build some priors II such that II(Py) = 1 where
Po=T(p,v) or Po=T(n).

In addition, assuming to have an exchangeable sequence (Z,) with one of such priors,
we evaluate the corresponding posterior.

The first choice of Py does not require a lot of comments. Indeed, I'(i, ) plays a role
in a number of settings, including contingency tables, mass transportation, Wasserstein
distances, statistical physics, gradient flows and their many ramifications; see e.g. [2],
[17] and references therein. We just note that I'(u, v) reduces to the collection of bivariate
copulas if X = Y = [0,1] and g and v are uniform. Hence, in this case, our problem is
to build a (reasonable) prior on the set of bivariate copulas. The second choice of Py,
while less intriguing than the first, makes some interest as well. In general, I'(11) comes
into play if one marginal of £(Z) is known but the other is not. As an example, suppose
Z = (X,Y) where Y is a response variable and X is a vector of covariates. If £(X) is
known, say £(X) = p, making inference on £(Z) amounts to making inference on the
conditional distribution £(Y | X). Hence, for instance, I'(u) is meaningful when £(X) is
known and the object of inference is some functional of L(Y | X), such as the regression
function g(x) = E(Y | X = z). Note also that there are situations where £(X) is given
while £L(Y | X) is arbitrary. A well known example, concerning variable selection, is the
knockoff procedure by Barber and Candes; see e.g. [4] and [10].

1.3. Content of this paper. As already noted, we aim to introduce some priors, sup-
ported by T'(u,v) or I'(1), and to evaluate the corresponding posteriors.

To fix ideas, let us consider I'(u, v) (the case I'(u) is quite analogous). A prior on I'(u, v)
can be regarded as the probability distribution of a random probability measure (see
Section 2) taking values in I'(u,v). Accordingly, each of our priors is the probability
distribution of a measurable map P : Q — I'(u, v), and our main task is to build such P.
In Section 3, in addition to P € I'(u,v), we require P to admit a density with respect
to the product measure p x v. This has two advantages. First, at least for us, it is
easier to argue in terms of densities than in terms of probability measures. Second, if P
is absolutely continuous with respect u x v, we are actually dealing with a dominated
statistical model. Hence, the posterior can be evaluated via Bayes theorem.
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Once a random probability measure P has been built, we look for explicit formulas for its
probability distribution. Our results are more or less informative depending on the differ-
ent situations. In some cases, we completely obtain the finite dimensional distributions
of P, that is, we evaluate the distribution of the random vector (P(Hy),...,P(Hy))
where Hy, ..., Hp, is a finite measurable partition of X x ). In other cases, we only find
the distribution of P(H) for fixed H € H. Finally, as regards the posterior, we obtain
the conditional distribution of (P(Hy),...,P(Hy,)) or P(H) given (Z1,..., Zy,).

2. RANDOM PROBABILITY MEASURES

In this section, we just report some well known definitions. Recall that (Q2,.4,P) is a
probability space and (£, H) a measurable space. Moreover, P is the set of all probability
measures on ‘H and ¥ the o-field over P generated by the evaluation maps p — p(H) for
all H e H.

A random probability measure (r.p.m.) on (Z,H) is a measurable map
P:(Q,A4) — (P,U).

Equivalently, an r.p.m. is a map P : Q@ — P such that w — P(w, H) is a real random
variable for fixed H € H. Obviously, the distribution of an r.p.m. P is the probability
measure Il on U defined as

(L) =P(PecL) forLeW.
In the sequel, P(H) denotes the real random variable w — P(w, H).

Let v, ..., ay, be non-negative constants such that Y ;" a; > 0 and let Uy,..., U, be

i

independent Gamma random variables with scale parameter 1 and shape parameter «a;

(with U; = 0 a.s. if @; = 0). The Dirichlet law of parameters ay, ..., a,,, denoted
Dir(aq, ..., m),

is the probability distribution of the vector

(sro )
Z?llUi""’Z?llUi .

Let ¢ > 0 be a constant and A € P. A r.p.m. P is said to be Dirichlet with parameters
c and A if

(P(Hl), - P(Hm)) ~ Dir[e A(H)), ..., c A(Hy)]

whenever Hy,..., H,, is a finite measurable partition of Z. A Dirichlet prior is the
probability distribution of a Dirichlet r.p.m. Dirichlet priors are a basic ingredient of
Bayesian nonparametrics. They also play a role in many other frameworks, including
population genetics and species sampling. Here, we just recall their conjugacy property.

Suppose (Z,,) is exchangeable and the prior II is Dirichlet with parameters ¢ and A\. Then,
C)\—‘rz::l:l 6Zi
ct+n !

the posterior II(- | Z1,...,Z,) is still Dirichlet with parameters ¢ + n and
where J, denotes the unit mass at z for every z € Z. See e.g. [9], [12], [18].

Despite their various merits, however, Dirichlet priors do not work for our purposes.
Suppose in fact Z2 =X x Y, H = F ® G, and Il is a Dirichlet prior. The parameter A of
IT is a probability measure on F ® G. If A is not trivial on F, then

(T (p,v)) = I(T(w)) = 0.
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To see this, take a Dirichlet r.p.m. P with distribution II. Since A is not trivial on F,
there is A € F such that A(A x V) € (0,1). Hence, P(A x )) has a beta distribution,
which in turn implies

(T (p, v)) <TUT(p)) =P(P € T(n)) <P[P(AxY) = p(A)] = 0.
Finally, a copula is a distribution function on R™ whose marginals are uniform on [0, 1].
If C'is a copula and FY, ..., F, are distribution functions on R, then
(2.1) F(zy,...,z,) = C[Fl(scl), el Fn(mn)], (x1,...,2p,) €R",

is a distribution function on R™ with marginals Fi,..., F,,. Conversely, for each dis-
tribution function F' on R™ (with marginals Fy, ..., F),) there is a copula C satisfying
equation (2.1). Moreover, such C' is unique whenever Fi,..., F,, are continuous. In the
sequel, we are concerned with bivariate copulas (i.e., n = 2).

3. SOME PRIORS ON I'(p, V)

Let again Z2 = X x Y and H = F ® G. In this section, we denote by A the product
measure
A=pxv
and we focus on
Po = {p € I'(u,v) : p is absolutely continuous with respect to )\}.

Our goal is to introduce some priors IT such that II(Py) = 1 and to obtain the corre-
sponding posteriors.

Some more notation is needed. Let
D= {f : f is a probability density with respect to A and Py € I'(g, V)}

where P; is the probability measure
Pf(H):/ fdx for all H € H.
H

The set D is equipped with the o-field ¥* generated by the map f +— Pj. Precisely, ¥*
is the collection of events of the form {f €eD: Pre L} for some L € U. A random
density is a random element of (D, U*). Moreover, we denote by

Zn = (X’VL)Y’II)? n > la
a sequence of random variables taking values in (X x Y, H).
One advantage of Py is that it is a dominated statistical model, in the sense that each
element of Py is absolutely continuous with respect to a fixed probability measure on

‘H. Hence, if the prior is concentrated on Py, the posterior can be obtained via Bayes
theorem. This is formalized in the next result.

Lemma 3.1. (Z,) is exchangeable and the prior is concentrated on Py if and only if
there is a random density f such that

(3.1) (Z) | f is ii.d. with Zy ~ f.

Moreover, if I denotes the probability distribution of f, one obtains

(df | Zy,...,2Zn) = fﬂgﬁ(g)zﬁ(d@ I(df)  a.s.

whenever [[[i_, ¢(Z;)I1(d¢) € (0,00). (Here, Il and (- | Z,...,Zy,) are probability
measures on (D, U*)).
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Proof. The “if” part is trivial. Conversely, since (X, F) and (), G) are standard Borel
spaces, if (Z,) is exchangeable there is an r.p.m. P on (X x Y, H) such that

(Zn) | P isiid. with Z; ~ P.

Since the prior is concentrated on Py, one also obtains P € Py a.s. Hence, to get (3.1),
it suffices to take f as the density of P with respect to A. Finally, as noted above,
since Py is a dominated statistical model, the posterior can be evaluated via Bayes
theorem. Precisely, assume condition (3.1), call II the probability distribution of the
random density f, and define

* = [1;, /(%) whenever - ; o)
) = i g @) whenever [ T[o(Zm@0) € 0.00)

Such IT* is an r.p.m. on (D, ¥*). Moreover, using Fubini’s theorem, it is straightforward
to show that

/Pf(Hl)...Pf(Hk)H*(df) —P(Zni1 € Hi, .o, Zysr € Hy | Z1, ..., Z)

a.s. for all k > 1 and Hy,..., Hy € H. Therefore, I1(- | Z1,...,7,) = II* as. O

An rpm. P on (X x Y, H) such that P € Py a.s. can be identified with a random
density. Similarly, a prior on Py can be identified with the probability distribution of a
random density. Accordingly, in the rest of this section, we will speak of random densities
rather than priors on Py. Importantly, by Lemma 3.1, once a random density has been
defined, the posterior can be written in closed form. Hence, from a Bayesian perspective,
it remains only to introduce some (suitable) random densities. We will do it following
two different approaches.

3.1. First approach. Let
f(@,y) =1+g(x)h(y)  forall (z,y) € X' x Y,
where

(3.2) g: X — Rand h:)Y — R are Borel functions such that
suplg| <1, suplh| <1 and E,(g9) = E,(h)=0.

Then, f is a non-negative Borel function on X x ). In addition, for all A € F and B € G,
Fubini’s theorem yields

/A D= (A) 4 Bylo 1) B(h) = (),
[ rax=v(B)+ Eulg) Eu(h1n) = v(B),
XxB

Therefore, f is a probability density with respect to A and Py € I'(u,v), that is, f € D.
Similarly, one still obtains f € D if f is defined as

f(xvy) =1+ Zun gn(m) hn(y)

n=1

where u, is a constant, Y __|u,| < 1, and the pair (g, hy,) satisfies condition (3.2).
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Based on the previous remarks, to build a random density, it suffices to select g,,, h,, and
Uy, randomly. A straightforward way to do it is to let

(3.3) Fla,y) =14 Ungn(z) ha(y)

n=1

where g, and h,, are fixed deterministic functions satisfying condition (3.2) while the U,
are real random variables such that ) |Uy| <1 a.s. Then, for each H € H,

P;(H)=\H) + Z an(H) Uy, where a,(H) = /Hgn(x) hn(y) Mdz, dy).

Hence, the distribution of P;(H) is available at least when the random variables U,, are
independent. In this case, in fact,

E{exp(itPf(H))} = exp(iM(H)t) H &n(an(H)T) forallte R

where ¢,, is the characteristic function of U,.

In passing, we also note that, if (X, F) = (¥,G) and u = v, it is possible to let g, = h,
for all n. In this case,

]Df(AXB):Pf(BXA) for all A, B e F

so that the r.p.m. Py is exchangeable. Hence, if 4 = v and g, = h, for all n, one a.s.
selects exchangeable elements of IT'(u, ).

The random density (3.3) is very simple but, just for this reason, potentially useful in
real problems. We now turn to a more involved random density.

Say that I is a random distribution function on R™ if
F(xy,...,x,) = P((—oo,xl] X ... X (—oo,mn]), (x1,...,2,) €R",

for some r.p.m. P on (R™,B(R™)). Write Pr to denote such P and m to indicate the
Lebesgue measure on [0,1]. A random bivariate copula is a random distribution function
C on R? such that Pc € I'(m,m) a.s.

We now assume
X=Y=10,1 and p=v=m.

However, the results obtained in this case can be easily extended to X = Y = R. In fact,
if 4 and v are Borel probabilities on R and C' is a random bivariate copula, then

F(z,y) = C[Fu(2), F,(y)],  (z,y) € R,
is a random distribution function on R? with marginals F}, and F,, where

Fu(#) = p((~o0,2)) and Ey(y) = v((~o0,4]).

Hence, any random bivariate copula C induces a random distribution function F on R?
such that Pr € T'(u, v). Equivalently, any prior on bivariate copulas induces a prior on

T(u,v).

Let ¢ : R — R be a bounded Borel function and W; = {W;(t) : ¢t € [0,1]} be a real
stochastic process with Borel paths, where ¢ = 1,2. Suppose also that

1
(3.4) sup ‘@(Wi(t)) —/ o(Wi(s)) ds‘ <1 fori=1,2.
te[0,1] 0
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Under these conditions, define

o(t) = (Wi (8)) — / p(Wi(s))ds and  h(t) = (Wa(t)) - / o (Wa(s)) ds.

Our next result deals with the random density f(x,y) = 1+ g(«) h(y) when Wy and Wy
are standard Brownian motions. We denote by

Li={Li(t,z): t €[0,1], z € R}

the local time process corresponding to W;. Here, L; is meant according to [16, p. 201].
Among other things, L; has non-negative continuous paths and the map x +— 2L;(t, z)
is a density of the occupation measure of W; on [0,¢]. The latter measure is defined as

0;1(A) = /Ot 14 (Wi(s)) ds for all A € B(R).

Theorem 3.2. Let Wi and Wy be standard Brownian motions and ¢ : R — R be a Borel
function such that —1/2 < v < 1/2 or 0 < ¢ < 1. Define

fla =1+ {o(m) - [ (W) s} {etma) - [ o(W(s) s}

0

for all (z,y) € [0,1]2. Then, f is a random density and
Pf([o,a] x [O,b]) = ab + 4U;(a) Us(b)
for all0 < a, b <1, where
Ui(t) = /OO {Li(t,z) =t L;(1,2)} p(x) d fori=1,2 and t € [0,1].

Proof. Condition (3.4) holds since —1/2 < ¢ < 1/2 or 0 < ¢ < 1. Hence, f is a random
density. Let O;+ be the occupation measure of W; on [0,¢]. Since 2 L;(t,-) is a density
of O; ¢+, one obtains

oo

/Ot 0 (Wi(s)) ds = /OO o(2) O 4(dx) = 2 / Li(t 2) () da.

— 00 — 00

Therefore,

a b
Pf([O,a]x[O,b]):/O /0 £ (@) dedy
a 1 b 1
:ab+{/0 o(Wi(s)) ds—a/o o(Wi(s)) ds} {/0 ©(Wa(s)) ds—b/o ©(Wa(s)) ds}
=ab+4 /fo {Li(a,z) —aLi(1,2)} ¢(z) dx /jo {Ls(b, ) —bLo(1,2)} (x) da.
]

The random variables Uy (a) and Us(b) are independent whenever Wy and W5 are inde-
pendent. In this case, to evaluate the distribution of Py ([07 a] x [0, b]), it suffices to know

the distribution of U;(t). Possibly, the latter distribution is known, at least if ¢ has a
simple form, but we are not aware of this fact.
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3.2. Second approach. We now develop a different idea to build a random density. We
still assume X = Y = [0,1] and p = v = m where m is the Lebesgue measure on [0, 1].
As explained in Section 3.1, however, any result obtained in this case extends easily to
X =Y =R. Note also that A = 4 x v = m x m is Lebesgue measure on [0, 1]2.

Fix an integer k > 1 and define the intervals

ij—1 3 .
I; = (k’ k] forj=1,... k.
Call X the set of all permutations o = (o(1),...,0(k)) of (1,...,k). For each ¢ € %,
denote by f, the uniform density (with respect to ) on the set

k
S, = U Ij X Ia(j)-
j=1
Hence,
k
fola,y) =klg, (z,v) —kZ]l[ z) 11, (y)-
j=1
For any Borel set A C [0, 1],
k
/ fgd)\ka(S (A x [0,1]) ) Y m(ANT) = m(A),
Ax[0,1] =1

k
/ fo dA = kA(S5 01 ([0,1] x 4)) = S m(AN L)) = m(A).
[0,1]x A =
Therefore, Py, € T'(m,m) or, equivalently, f, € D. Since D is a convex set, one also

obtains
Z Uy fo €D
ogEY

provided each u, is a non-negative constant and Us = 1.

ceX

Based on the previous remarks, to get a random density, it suffices to select the weights
U4y in a random way. To do this, we write X as

S ={01,02,...,0u}

and we fix a random vector U = (Ul, ceey ng) satisfying U; > 0 for all ¢ and Zflzl U, =1
a.s. In this notation, we focus on the random density

k!
(35) f = ZUZ fai'
i=1

Theorem 3.3. If f is defined by (3.5), then

k! [ka]
Pf([o,a] x [O,b]) - Z:U Zm(fc,i(j) N [o,b]) + (ka— [ka])m([ai([ka]H) N [o,b])

for all a, b € [0,1]. Moreover, f can be written as

k

flz,y) =k Z Djp ()17, (y) where Djj = Z U;.

j.h=1 i:oi(j)=h
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Proof. Just note that

Pf([o, a] x [0, b]) - i U, Py, ([0, a] x [0, b]) —k kZ' Ui A(Sai N ([0, 4] % [0, b]))

i=1

k! k
=k Z U; Zm(fj N 1[0,a]) m(Iy, .y N[0, b))
i=1 j=1

_ Z Ui 43 m (Lo, 010,8) + (ra — (b)) m (T, a0 [0,8])

Similarly,

k! k k k!

1

Ef(x,y) = E Ui E :]lfj(x) Lr,,. () = § :]lfj () § :Ui]lfa,-m(y)
=1 j=1 j=1 i=1

k

k k
=" 1,@) Y 1, Y. Ui= > Dinly(2)1s,(y).
j=1 h

=1 i:0;(4)=h j,h=1
U

By Theorem 3.3, for simple choices of the vector U, the probability distribution of

Py ([0, a] x [0, b]) can be written in closed form. For instance, one could select a proper

subset of permutations, say {o1,...,0,}, and define

Um+1:...:Uk!:0 and (Ul,...,Um)NDiI‘(Oél,...,OLm)
for some ay,...,a, > 0. Note also that, if ka and kb are both integers, Theorem 3.3
yields

k!
Pf<[0,a] X [O,b]) = % anrd{j :1<j <kaando;(j) < kb}U;.
i=1

Finally, the random density f could be generalized by replacing k with an integer-valued
random variable K independent of U. We don’t develop this hint but we note that,
if P(K = k) > 0 for each k£ > 1, the probability distribution of P; has a very large
support. To motivate the latter (vague) claim, we prove that any element of I'(m,m)
can be weakly approximated by P, for some density g € D of the form

k
(3.6) g(z,y) = Y dinlp (@) 11, (y)

jh=1

where the d;; are suitable constants. In the next result, dp; denotes the bounded
Lipschitz metric between Borel probabilities on [0, 1], that is

dpr(p,q) =sgp‘/¢dp—/¢dq‘

where p and ¢ are Borel probabilities on [0, 1] and sup is over the 1-Lipschitz functions
¢ : [Oa 1] - [_17 1]

Theorem 3.4. Given k > 1 and p € T'(m, m), define g by (3.6) where
din =k p(I; x I).
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Then,

2v2
g€D and dBL(p,Pg)S%.

Proof. Since p € T'(m, m), it is straightforward to check that
Py(Ax[0,1]) = P,([0,1] x A) = m(A)

for each Borel set A C [0,1]. Hence, g € D. Next, fix a 1-Lipschitz function ¢ : [0,1] —
[—1,1] and define
k

Z (i /k, h/k) p(I; x I,).

Since ¢ is 1-Lipschitz,

6,1) — 63k, h/K) < ) — (i, /)] < V2

where ||-|| is the Euclidean norm on R2. Therefore,

[odr—al- | Z /mh — 0(3/k, 1K)} plde, dy)|

2
S el — otk h/k)|p<fjxfh)g§
j,h=1 (z,y) €L x I

for all (z,y) € I; x I

Since Py(I; x I) = p(I; x I) for all j and h, one similarly obtains

o< 2

[ow~ [oan|<|[ot—a|+]a~ [oar| <22

Hence,

4. DIRICHLET TYPE PRIORS ON I'(u)

To build a prior on I'(¢), a naive idea is to fix an r.p.m. @ on (), G) and let
P=uxaqQ.

Then, P is an r.p.m. on (X x Y, F® G) and P(A x V) = u(A) for all A € F, so that
the probability distribution II of P satisfies H(F(,u)) = 1. It is tempting to take @ as a
Dirichlet r.p.m. In this case, P is basically a mixture of Dirichlet r.p.m.’s as defined in
[3]. The main features of P are collected in the next result. To state it, for all x € X
and H C X x ), we denote by

={yed:(zy) e H}
the section of H with respect to x.
Theorem 4.1. Let P = pxQ, where Q is a Dirichlet r.p.m. on (Y, G) with parameters c
and v (as defined in Section 2). Moreover, let Z, = (X,,Yn), n > 1, be an exchangeable
sequence such that
(Zn) | P isi.i.d. with Zy ~ P.
Then:
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(a) For each finite measurable partition Hy,...,Hy of X X Y,
(P(Hy),...,P(Hyp)) ~ / Dir[cv(HY),...,cv(HE)] p(dr);
X

(b) For each n > 1, conditionally on (Z1,...,Zy), one obtains

(P(H),...,P(Hy)) ~ /){Dir[un(Hf),...,un(an)] wu(dx)

where Hy, ..., H,, is a finite measurable partition of X XY and v, is the random

measure
n
Up =cv+ E 0y;;
i=1

(¢) For all A€ F and B € G,

]P)(Xn+1 S A7 Yn+1 €B | Zl; c 7Zn) = /”L(A)

Proof. First note that HY,..., HY is a finite measurable partition of Y for each z € &.
Since @ is Dirichlet with parameters ¢ and v, it follows that

(Q(Hf), e Q(Hffl)) ~ Dir[cy(Hf), - mu(HﬁL)].
Moreover, P(H) = [, Q p(dz) for each H € F ® G. Hence,

(P(HY),...,P </ Q(H?) u(dz), /QH‘” d:c>
= [ (QUIE)....QUz) ) ~ [ Dixlentd)......cvtiz)] utdo)

This proves point (a). As to (b), it suffices noting that:

— Conditionally on (Y7, ...,Y,), the r.p.m. @ is Dirichlet with parameters (c+n) and
Hence, conditionally on (Y71,...,Y,), one obtains

c+n’
(QUHY),...,Q(H},)) ~ Dir[vn(HY), ..., va(Hy,)];

— P is conditionally independent of (X1,...,X,) given (Y1,...,Y,).

Taking these two facts into account, point (b) can be proved exactly as (a). Finally, to
get (c), consider a sequence
Z, = (X, Y,))

of random variables with values in X x ) and predictive distributions
c(pxv) + 3 (1 x Oy

c+n '
By the results of [7] (see Theorems 7 and 9), (Z;) is exchangeable and has the same prior
as (Zy,). (That is, the prior of both (Z*) and (Z,,) is the probability distribution of P).
Therefore, (Z,) ~ (Z}), which in turn implies
cu(A)v(B) + u(A) 37, v (B) _

c+n c+n’

P(Zyne-|Z1,....2,) =

]P(Xn+1 € A7 Y’n+1 €B | Zlv’"azn) =
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The idea underlying Theorem 4.1 can be developed further. Suppose
X=Y=R

and denote again by F,(t) = p((—o0,t]) and F,(t) = v((—o0,t]) the distribution func-
tions corresponding to p and v. Moreover, fix a bivariate copula C', a random distribution
function GG on R, and define

(4.1) F(z,y) = C[F.(z), G(y)] for all (z,y) € R%,

Then, F is a random distribution function on R* and Pr € I'(1) by construction. (Recall
that Pp denotes the r.p.m. induced by F). If C is the product copula, equation (4.1)
yields F(x,y) = F,(z) G(y) so that Pr = ju x Pg. Hence, in the special case where C'is
the product copula and Pg is Dirichlet, Pr reduces to the r.p.m. involved in Theorem
4.1.

Theorem 4.2. Define F by (4.1) where Pg is Dirichlet with parameters ¢ and v. Fiz
(z,y) € R? such that 0 < F,(z), F,(y) < 1 and denote by B, the beta distribution
function with parameters ¢ Fy,(y) and ¢ (1 — F,(y)). Then,

]P’(F(:my) < a) =B, [r(z,a)] for all a € [0, F,(x)]

where

r(z,a) =sup{v € [0,1] : C[F,(z), v] = a}.
Moreover, if Z,, = (X,,Yn), n > 1, is an exchangeable sequence such that

(Zp) | F s i.i.d. with Z; ~ F,
then
P(F(m,y) <al|Yy,.. .,Yn) =B, ,[r(z,a) a.s. for alln >1,

where By, , is a beta random distribution function with parameters

F +Z]l{y<y} and C 1— +Z]l{y>y}

i=1

Proof. For each v € [0, 1], define
¢z (v) = C[Fu(x), v].
Then, ¢, is a non-decreasing continuous map from [0, 1] onto [0, F,(x)]. Moreover,
{F(s,y) < a} = {6u(Gy)) < a} = {Gy) <r(w,0)}  for cach a € [0, Fy(2)].

Since Pg is Dirichlet with parameters ¢ and v, then G(y) has a beta distribution with
parameters ¢ F,(y) and ¢ (1 — F,(y)). Therefore,

]P’(F(x,y) < a) = ]P(G(y) < r(x, a)) =B, [r(z,a)] for each a € [0, F,(x)].

Next, conditionally on (Y73,...,Y,), Pg is Dirichlet with parameters (n 4 ¢) and
where v, = cv + >, dy,. Hence, G(y) has a beta distribution with parameters

n+c

Un((—00,9]) = cF,(y +Z]].{y<y} and v, ((y,00)) = (17F,,(y))+Z]l{yi>y}.

=1

Therefore,
]P’(F(amy) <al|Yi,... ,Yn) = P(G(y) <r(z,a)|Y1,... ,Yn) =B,y [r(z,a)] as.
(]
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It is worth noting that Theorem 4.2 provides the conditional distribution of F' given
(Y1,...,Y,) but not the conditional distribution of F' given (Zy,...,Z,). In fact, we did
not find any (useful) general formula for the latter.

In Theorem 4.2, C' is a fized bivariate copula. An obvious development is to allow C to
be random. For instance, C could be distributed according to Section 3. Anyway, if C
is random, r(x,a) is random as well (as it depends on C'). To make this fact explicit, in
our last result, we write rc(x,a) instead of r(z, a).

Corollary 4.3. Define F' by (4.1) where Pg is Dirichlet with parameters ¢ and v and
C is a random bivariate copula. Suppose C is independent of G and fix (z,y) € R? such
that 0 < Fy,(x), F,(y) < 1. Then,

]P’(F(a:,y) < a) = /]By [re(z,a)] T1(dC) for all a € [0, F,,(x)]
where 11 denotes the probability distribution of C.
Proof. Since C and G are independent, it suffices to apply Theorem 4.2. |

A last remark is that the results of this section (suitably adapted) are still true if the
Dirichlet is replaced by any r.p.m. with a known probability distribution.
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