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Motivated by the need for analysing large spatio-temporal panel data,
we introduce a novel non-parametric methodology for n-dimensional ran-
dom fields observed across S spatial locations and T time periods. We call
it General Spatio-Temporal Factor Model (GSTFM). First, we provide the
probabilistic and mathematical underpinning needed for the representation
of a random field as the sum of two components: the common component
(driven by a small number q of latent factors) and the idiosyncratic compo-
nent (mildly cross-correlated). We show that the two components are iden-
tified as n → ∞. Second, we propose an estimator of the common compo-
nent and derive its statistical guarantees (consistency and rate of convergence)
as min(n,S,T )→∞. Third, we propose an information criterion to deter-
mine the number of factors. Estimation makes use of Fourier analysis in the
frequency domain and thus it fully exploits the information on the spatio-
temporal covariance structure of the whole panel. Synthetic data examples
illustrate the applicability of GSTFM and its advantages over the extant gen-
eralized dynamic factor model that ignores the spatial correlations.

1. Introduction.

1.1. Big data on spatio-temporal processes. Many data analysis problems in economics,
finance, medicine, environmental sciences, and other scientific areas need to conduct infer-
ence on random phenomena observed over time and registered at different locations.

Supervised and unsupervised learning methods for random fields (henceforth, rf) are suit-
able tools for the statistical analysis of this type of data: they provide an understanding of the
key spatial and/or temporal dynamics of the studied phenomena. For instance, rf are routinely
applied in medicine for fMRI data analysis (see e.g. Lazar, 2008), in geostatistics for satellite
images analysis (see e.g. Cressie and Wikle, 2015), in natural sciences for modeling complex
phenomena (see e.g. Vanmarcke, 2010), in economics for the analysis of spatial panel data
(see e.g. Baltagi, 2008) just to mention few book-length introductions.

In this paper we consider datasets containing records on spatio-temporal rf over a lat-
tice. We let (s1 s2) ∈ Z × Z = Z2 denote the spatial position in and t ∈ Z represent the
time index—in principle, the dimension of the spatial lattice can be larger than two. For
instance, the points (s1 s2) can be: in geostatistics, geographical regions represented as a
network with a given adjacency matrix; in image analysis, the position of pixels in an im-
age. At each (s1 s2) and time t, the object of interest is the n-dimensional rf: xn = {xnς =
(x1ς · · ·xℓς · · ·xnς)⊤, ς = (s1 s2 t)

⊤ ∈ Z3}, for n ∈ N. Typical inference goals for these
types of data include e.g. constructing and analyzing generative models, quantifying spatio-
temporal dependency, prediction or image restoration.

MSC2020 subject classifications: 62H25, 62M15, 62M40, 62H20, 60G35.
Keywords and phrases: Factor models, high-dimensional random fields, spectral analysis, functional/phsyical

dependence.
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One key aspect related to the statistical analysis of this data is that n is of the order of
several hundreds and the number of locations and time points may have the same magnitude.
A common approach to analyze the resulting large spatio-temporal rf datasets is to resort
on standard time series methods, like e.g. spatio-temporal autoregressive models (see e.g.
Cressie and Wikle, 2015). Nevertheless, because of the high-dimensionality, standard para-
metric approaches are not feasible (e.g. in a vector autoregressive model with one time lag for
the time series available at each location s, the number of parameters is n2) and alternative
non-parametric techniques are needed.

To fight against the curse of dimensionality, one may look at the literature on high-
dimensional time series and think of relying on factor models, which can be considered as
an unsupervised learning technique. This class of models is based on a divide and conquer
approach, where a high-dimensional dataset is decomposed into a low-dimensional common
component plus an idiosyncratic component, which might be (serially and cross-sectionally)
correlated or not (see, e.g., Forni et al., 2000; Bai, 2003; Lam and Yao, 2012). Among the
existing approaches to factor analysis, the General Dynamic Factor Model (GDFM) of Forni
et al. (2000) defines the most general, non-parametric, factor model which is based on a de-
composition of the observations into the sum of two mutually orthogonal (at all leads and
all lags) components: the common component (driven by a small number q of factors and
their lags) and the idiosyncratic component (both serially and mildly cross-correlated). This
decomposition looks attractive since it is able to capture not only contemporaneous correla-
tions but all leading and lagging co-movements in time among the n components of the time
series.

In the case of a spatio-temporal rf the set of correlations among its n components is much
richer. Indeed, an observation at time t and spatial location (s1 s2) might depend on observa-
tions at time t′ in the same location, or on observations at the same time but at spatial location
(s′1 s

′
2), but also on observations at time t′ and spatial location (s′1 s

′
2). Thus, factor models

for spatio-temporal rf have to account for this richer correlation structure.

1.2. Our contributions: the paper in brief. We introduce the General Spatio-Temporal
Factor Model (GSTFM), a new a class of factor models which allows us to analyze high-
dimensional spatio-temporal datasets by capturing all relevant correlations, across both time
and space. Our results contribute to different streams of literature on rf theory and inference
on high-dimensional data.

(i) We derive the decomposition of a spatio-temporal rf into a common component, which
depends on q unobservable factors, and an idiosyncratic component, see Theorem 4.1. To
obtain this result, we need to tackle an important challenge rooted into probability theory:
because of the lack of ordering in Z2, the GDFM results already available in the literature
on high-dimensional time series cannot be applied in our setting. Indeed, the extant results
are available for discrete time (regularly spaced) time series indexed by t ∈ Z and rely on a
generalization of the Wold representation to the case of infinite-dimensional stationary pro-
cesses as derived by Forni and Lippi (2001) and Hallin and Lippi (2013). Similar concepts
are not readily available for a rf indexed in Z3. As a possible solution, we might specify a
notion of spatial past, selecting e.g. the half-plane or the quarter-plane formulation. How-
ever, this choice entails the drawback that different versions of the Wold decomposition (see
Mandrekar and Redett, 2017) are available, with no obvious indication on which one has to
be preferred in our context. To avoid this issue, we resort on the Fourier analysis in the fre-
quency domain. This methodological approach requires a careful extension to rf of the time
series notions of canonical isomorphism, dynamic averaging sequences, aggregation space,
dynamic eigenvalues and eigenvectors, spatio-temporal linear filters, idiosyncratic variables,
and many others. Our theoretical developments would not be justified without these prelimi-
nary results. Clearly, our results nest as a special case the GDFM results.
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(ii) The mentioned results are at the population level: to apply our methodology we need an
estimation procedure of the factor decomposition and, in particular, of the common compo-
nent. To this end, we derive a complete and operational estimation theory, which contributes
to the literature on the statistical analysis of rf. More in detail, we build on Deb, Pourahmadi
and Wu (2017) and, making use of a suitable notion of functional dependence measure for
spatio-temporal rf, we derive a consistent estimator of a high-dimensional spectral density
matrix. We provide its statistical guarantees, proving consistency (with rate) of the proposed
estimator. These general results (which are of their own theoretical interest, see Appendix
D) substantially extend the applicability of spectral analysis to non-linear, non-Gaussian, or
non-strong mixing rf. Thanks to these novel results, we derive the rate of converge of our
estimator of the common component of spatio-temporal rf. The asymptotic regime that we
consider is very flexible: it simply requires that the number of locations and the time di-
verge, but does not need a specification of the type of asymptotics (in-fill or a long-span); see
Theorems 6.1 and 6.2 for the mathematical detail.

(iii) The above theoretical developments hinge on a central aspect: the selection of the
number of latent factors. We take care of that and state a simple and operational criterion,
providing its theoretical underpinning in Theorem 7.1.

(iv) We consider the computational aspects needed to implement our methodology by
studying synthetic data examples (see the supplementary material for additional numerical
exercices), in which the underlying data generating process involves different types of con-
volutions over the lattice, which in turn imply different levels of spatio-temporal aggregation.

1.3. Related work. Modern factor models essentially originate in four pioneering contri-
butions: Geweke (1977), Sargent and Sims (1977), and Chamberlain and Rothschild (1983).
The reference factor model for this work is the GDFM introduced by Forni et al. (2000)
and Forni and Lippi (2001), where the idiosyncratic components are allowed to be serially
and weakly cross-sectionally correlated. A criterion for the number of factors is proposed by
Hallin and Liška (2007). The GDFM was then generalized to the presence of a block struc-
ture in the data (where blocks can be seen as spatial locations) by Hallin and Liška (2011),
and further developed in a predictive context by Forni et al. (2005, 2015, 2017). Successful
applications in macroeconomic and financial time series problems are, e.g., in Altissimo et al.
(2010); Cristadoro et al. (2005); Hallin and Trucı́os (2021); Trucı́os et al. (2022).

A second strand of influential papers considers high-dimensional factor models for time
series but of the static type in the sense that the factors are assumed to be loaded only con-
temporaneously by the observed time series, see, e.g., Stock and Watson (2002); Bai (2003);
Fan, Liao and Mincheva (2013). Contrary to the common belief that a GDFM as an equiva-
lent static representation with more factors, Gersing, Rust and Deistler (2024) show that, in
fact, the GDFM nests the static approach and it is therefore a superior approach. Furthermore,
the GDFM decomposition is not a statistical model rather a representation result (Forni and
Lippi, 2001; Hallin and Lippi, 2013). Last, Lam and Yao (2012) propose a time series factor
model with static loadings and white noise idiosyncratic components, while the GDFM puts
no restrictions on their autocorrelations.

Spatial factor models and related techniques for the analysis of large spatial datasets are
also available in the statistical literature. For instance, Christensen and Amemiya (2002) in-
troduce a generalized shifted-factor model for purely spatial data; Wang and Wall (2003)
study correlations which are caused by a common spatially correlated underlying factors;
Park et al. (2009); Bodelet and La Vecchia (2022) propose a semi-parametric (robust) factor
model for spatio-temporal data.

Last, a spatio-temporal dataset as the one considered in this paper can in principle be
described as a tensor, with one mode corresponding to the time dimension, two to the spatial
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dimensions and one to the cross-sectional units. The most natural approach for statistical
inference would then be to model data as a 3-fold tensor evolving in time, i.e., a 3-fold time
series tensor, so that its moments are estimated by taking time averages. This is in-line with
existing tensor factor model approaches (see, e.g., Chen, Yang and Zhang, 2022; Chang et al.,
2023), which, however, are only of the static type and do not embed any notion of spatial lag.
In the next section we consider the case where we unfold such a tensor into a vector and we
show that such approach does not fully capture spatial dependencies.

1.4. Outline. The paper has the following structure. In Section 2 we provide a motivat-
ing example for the necessity of introducing a new class of dynamic spatio-temporal factor
models. In Section 3 we review the main concepts for the spectral analysis of rf and for aggre-
gation. In Sections 4-5 we derive the representation theorem for the GSTFM and we define
the spatio-temporal dynamic principal components. In Section 6 we present our estimator
and its asymptotic properties. In Section 7 we introduce a criterion to estimate the number of
factors. In Section 8, we provide a pseudo code (see Algorithm 1) to implement our method
and we show numerical results on simulated data. In Section 9 we conclude. In the supple-
mentary material: we prove all theoretical results (Appendices A, B, C, E, and F), we prove
new results for the estimation of the spectral density of a spatio-temporal rf (Appendix D), we
give an algorithm to estimate the number of factors (Appendix G), we apply our methodology
to fMRI data (Appendix H), and we provide further numerical results (Appendix I).

1.5. Notation. Given a complex matrix D, we denote by D† the complex conjugate of
the transposed of D, by D⊤ its transposed, by D̄ its complex conjugate, and for a real matrix
D we have D̄ = D and D† = D⊤. A similar notation holds for complex and real vectors.
Given a complex scalar z its complex conjugate is denoted as z†. Given two complex row
vectors w = (w1 · · ·wm) and v = (v1 · · ·vm) we let ⟨w,v⟩=wv† =

∑m
i=1wiv

†
i and ∥w∥=√

⟨w,w⟩ is the L2 or Euclidean norm. Real or integer vectors are always column vectors
and given two such vectorsw = (w1 · · ·wm)⊤ and v = (v1 · · ·vm)⊤ we let ⟨w,v⟩=w⊤v =∑m

i=1wivi and ∥w∥ =
√

⟨w,w⟩. For a complex scalar we have |z| =
√
zz†. We use the

notation L for the Lebesgue measure either on Rd or on Cd or on Θ= [−π,π)× [−π,π)×
[−π,π). When no ambiguity can arise, we use the shortcuts

∑
h =

∑
h1∈Z

∑
h2∈Z

∑
h3∈Z

and
∫
Θ dθ =

∫ π
−π dθ1

∫ π
−π dθ2

∫ π
−π dθ3.

2. Motivating example. To motivate our investigation, we illustrate via numerical ex-
amples, the inadequacy of the classical GDFM by Forni et al. (2000) in the spatio-temporal
setting. Assume we are given realizations of n random variables in S1 × S2 spatial locations
(therefore, the total number of locations is S = S1S2) and T time points. We organize the
data into an n-dimensional rf

xn = {xℓς , ℓ= 1, . . . , n, ς = (s1 s2 t)
⊤, s1 = 1, . . . , S1, s2 = 1, . . . , S2, t= 1, . . . , T}.

Under our GSTFM the ℓ-th component of xn is such that xℓς = χℓς + ξℓς , for ℓ= 1, . . . , n.
The term χℓς is called common component and it is a linear combination of q latent rf, with
q≪ n, located at the same spatial location and time period as well as at neighbouring spatial
points and at various lags. The term ξℓς is called idiosyncratic component and is assumed to
be weakly cross-sectionally correlated. In Theorem 4.1 we show that under the considered
setting the presence of an eigen-gap in the eigenvalues of the spatio-temporal spectral den-
sity matrix (see Section 3.2 for a definition) is a key distinctive feature. In particular, the q
largest eigeinvalues of the spatio-temporal spectral density matrix diverge as n→∞ while
the remaining n− q stay bounded if and only if the common component χℓς is driven by q
spatio-temporal factors. As n→∞, we can then disentangle the common and idiosyncratic
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components and, consequently, we can identify the GSTFM. This is the main feature of gen-
eral factor models, sometimes called blessing of dimensionality, as opposed to the curse of
dimensionality typically affecting large-dimensional models.

To verify this phenomenon we simulate the common component of the GSTFM with
q = 2,3 common factors, loaded according to a quite general and commonly encountered
configuration (see Model (a) in (22) for details) of the spatio-temporal dependencies. For
ease of simulation, the idiosyncratic component is generated from the standard normal dis-
tribution. Then, for different subsets of dimension m = 1, . . . , n we estimate the m × m
spatio-temporal spectral density matrix of xm and we compute its ten largest eigenvalues,
averaged across all frequencies. In Figure 1, we display these eigenvalues as a function of
the cross-sectional dimension m: we clearly see that the eigen-gap becomes more and more
pronounced as m increases, a manifestation of the blessing of dimensionality.
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FIG 1. Spatio-temporal dynamic eigenvalues (averaged over all frequencies) for Model (a) in (22), with n= 100,
(S1, S2, T ) = (10,10,100), and q = 2 (left) or q = 3 (right). The x-axis represents the dimension of the rf
m= 1, . . . , n.

If instead we decide to resort on the extant GDFM, then the natural thing to do is to stack
at each time point t the data into an nS1S2-dimensional time series (the order in which the
locations and variables are stacked is irrelevant for this discussion):

xN = {xit, i= 1, . . . ,N, N = (nS1S2), t= 1, . . . , T}.

Notice that the rf xn and the time series xN contain the same data points but encoded in
different ways. Under the GDFM the i-th component of xn is also such that xit = χGDFM

it +
ξGDFM
it , for i = 1, . . . ,N , where now χGDFM

it is a linear combination of r latent time series,
with r ≪ N , at the same time period as well as at various lags. Given that the stacking
procedure yields a very large dataset, the asymptotic results in Forni et al. (2000) should
apply: the eigenvalues of the estimated spectral density of xn should display an eigen-gap,
between the r-th and (r + 1)-th eigenvalues, increasing as N → ∞. In fact, if there is no
spatial correlation in the data, then we would expect to have r = q, as the only correlations
left would be cross-sectional and temporal and the GDFM is designed precisely to capture
them. But, if there are spatial correlations, then the proposed stacking approach is likely to
be flawed: ignoring spatial correlations might lead to detect more factors due to overlooked
spatial dependencies. Indeed, if there are ignored spatial correlations, the GDFM might not
even be correctly identified. To show this, we consider again the data simulated from the
GSTFM and that yield Figure 1. We estimate the spectral density of the stacked vector xm for
m= 1, . . . ,N and, in Figure 2, we display, as functions of m, the ten largest corresponding
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eigenvalues averaged over all frequencies. Since now N ≫ n, we might expect an eigen-
gap even more evident than the one clearly visible in Figure 1. In contrast, in Figure 2 no
eigen-gap is detectable at all, even for very large cross-sectional dimensions: this means that
the true number r of factors cannot be recovered and the GDFM is not identifiable in this
setting (for further details on identification of factor models, see Corollary 4.2 and the related
discussion).
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FIG 2. Temporal dynamic eigenvalues (averaged over all frequencies) for Model (a) in (22), with n = 30,
(S1, S2, T ) = (10,10,100), and q = 2 (left) or q = 3 (right). The x-axis represents the dimension of the stacked
vector m= 1, . . . , (nS1S2).

The above arguments illustrate a two-fold statistical problem related to the development of
a novel theory of general factor models for spatio-temporal rf. On the one hand, there is the
need for a representation theory for large-dimensional rf, which allows us to capture the com-
mon spatio-temporal factors that explain the spatio-temporal co-movements of the process.
On the other hand, there is the central need for estimation methods which have statistical
guarantees and yield an estimate of the common spatio-temporal component converging to
true spatio-temporal common component. In the next sections, we illustrate how to solve this
statistical problem.

3. Fundamental notions.

3.1. Random fields. Our object of interest is the infinite-dimensional rf on a lattice x=
{x(s t) = (x1,(s t) x2,(s t) · · ·xℓ,(s t) · · · )⊤,s ∈ Z2, t ∈ Z}. We index space-time points as ς =
(s t)⊤ = (s1 s2 t)

⊤ ∈ Z3, with s1, s2, and t allowed to vary independently. We remark that
we may directly extend our approach to rf observed in Zd, with d ≥ 3. Nevertheless, we
prefer to develop our methodology when d= 3, as this case covers most real spatio-temporal
data and it also allows us to keep the notation simple. So, for any ς ∈ Z3, we define the
infinite-dimensional random vector xς = (x1ς x2,ς · · ·xℓς · · · )⊤ and for any n ∈ N, we also
define the n-dimensional column random vector xnς = (x1ς · · ·xnς)⊤, which is an element
of the n-dimensional rf xn = {xnς , ς ∈ Z3}. Clearly, xn is a sub-process of x.

Throughout, we let P = (Ω,F , P ) be a probability space and let L2(P,C) be the linear
space of all complex-valued, square-integrable random variables defined on Ω. Then, if xℓς ∈
L2(P,C), for any ℓ ∈ N, the process {xℓς , ς ∈ Z3} is a complex valued scalar random field
with finite variance, and for any fixed n the process {xnς , ς ∈ Z3} is a complex valued vector
rf with all its elements having finite variance, and the process x= {xς , ς ∈ Z3} is an infinite-
dimensional complex valued rf with all its elements having finite variance. Notice that the
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space L2(P,C) is a complex Hilbert space, thus it possesses the usual inner product given by
Cov(xiς , xjς′) = E[(xiς − E(xiς))(xjς′ − E(xjς′))†], where E(xiς) =

∫
C udP (u) represents

the expected value taken w.r.t. the probability P .
Last, we define X n = span(xn) as the minimum closed linear subspace of L2(P,C),

containing xn, i.e., the set of all L2-convergent linear combinations of xℓς ’s. Therefore, a
generic element of X n is of the form ζnς =

∑n
ℓ=1

∑
κ1∈Z

∑
κ2∈Z

∑
κ3∈Zαℓκ xℓ,ς+κ with

αℓκ ∈C and κ= (κ1 κ2 κ3)
⊤ ∈ Z3. Moreover, define X = span(x), which is such that X =

∪∞
n=1X n and contains also the limits, as n→ ∞, of all L2-convergent sequences thereof.

Hence, both X n and X are Hilbert spaces.

3.2. Spatio-temporal autocovariance and spectral density matrices. A spatio-temporal
shift between pairs of points ς = (s t)⊤ ∈ Z3 and ς ′ = (s′ t′)⊤ ∈ Z3 is defined as a vector
h = (ς − ς ′) ∈ Z3 such that h = ((s1 − s′1) (s2 − s′2) (t − t′))⊤ = (h1 h2 h3)

⊤. We need
to set an origin 0= (0 0 0)⊤, whose location is arbitrary, but once chosen it remains fix. To
make our theory insensitive to origin shifts, we impose space-time stationarity, which implies
that the first two moments (mean and covariance) of a space-time rf are invariant respect to
space-time translation.

To formalize this property, for any n ∈ N and any ς, ς ′ ∈ Z3, we define the n × n au-
tocovariance matrix: Cov(xn,ς ,xn,ς′) = E[(xn,ς − E[xn,ς ])(xn,ς′ − E[xn,ς′ ])†]. Notice that
the covariance matrix Cov(xn,ς ,xn,ς) is non-negative definite; see, e.g., Stein (2012, p.15).
Then, we introduce the following assumption of stationarity.

ASSUMPTION 3.1. For any n ∈N the random field xn = {xnς = (x1ς · · ·xnς)⊤, ς ∈ Z3}
is such that xℓς ∈ L2(P,C) for any ℓ≤ n, and, for any ς ∈ Z3: (i) E(xℓς) = 0 and Var(xℓς)>
0; (ii) Cov(xnς ,xnς+h) = E(xnςx

†
nς+h) = Γx

n(h) for any h ∈ Z3.

A few comments on Assumption 3.1. First, the zero-mean assumption can be made without
any loss of generality. Second, since, all elements of the rf xn are in L2(P,C) then for any
fixed n the covariance matrix Γx

n(0) is finite and so all autocovariances Γx
n(h), h ̸= 0 are

finite too. Third, note that letting Γx
n(h)≡ Γx

n(h1, h2, h3), then the following relations holds

Γx
n(−h1,−h2,−h3) = Γx†

n (h1, h2, h3), Γx
n(−h1, h2, h3) = Γx†

n (h1,−h2,−h3),

Γx
n(h1,−h2, h3) = Γx†

n (−h1, h2,−h3), Γx
n(h1, h2,−h3) = Γx†

n (−h1,−h2, h3),
which are much weaker requirements than assuming space isotropy—for which we would
have Cov(xnς ,xnς+h) = Γx

n(∥(±h1 ±h2)
⊤∥, h3), thus imposing that the second-order mo-

ments are invariant under all rigid axes motions (Stein, 2012, p.17). Then, we introduce (see
Mandrekar and Redett, 2017, p. 45)

DEFINITION 3.1 (Orthonormal white noise rf). For a given finite integer q, let w =
{wς = (w1ς · · ·wqς)

⊤, ς ∈ Z3} be a q-dimensional rf such thatwℓς ∈ L2(P,C) and E(wℓς) =
0, for any ℓ= 1, . . . , q and ς ∈ Z3. Then we call w an orthonormal white noise rf if, for any
ς, ς ′ ∈ Z3, Cov (wς ,wς′) = Iq if ς = ς ′ and it is 0 otherwise.

To conduct spectral analysis we add the following

ASSUMPTION 3.2. For any n ∈ N, the spectral measure of xn is absolutely continuous
(with respect to L on Θ), so xn admits an n× n spectral density matrix given by

Σx
n(θ) =

∑
h

Γx
n(h)e

−i⟨h,θ⟩,

where i=
√
−1 and θ = (θ1 θ2 θ3)

⊤ ∈Θ.
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For a rf the spectral density matrix depends on a vector of frequencies θ (Brillinger, 1970),
and under Assumptions 3.1 and 3.2, Σx

n(θ) is Hermitian and non-negative definite (Leo-
nenko, 1999, p.13) for all θ ∈ Θ and any n ∈ N. The lag-h autocovariance matrix is then
given by Γx

n(h) =
1

8π3

∫
Θ e

i⟨h,θ⟩Σx
n(θ)dθ, for any h ∈ Z3.

Let Σx(θ) denote the infinite matrix having the matrix Σx
n(θ) as its n× n top-left sub-

matrix and notice again that as n→ ∞ we allow for the possibility of its eigenvalues to
diverge (see below), while all its entries are finite by assumption. Moreover, we notice that a
q-dimensional orthonormal white noise rf has spectral density Iq . Then we have

DEFINITION 3.2 (Spatio-temporal dynamic eigenvalues). For any n ∈ N and ℓ ≤ n, let
λxnℓ :Θ→ R+ be defined as the function associating with θ ∈Θ the ℓ-th eigenvalue in de-
creasing order of Σx

n(θ). We call λxnℓ(θ) the spatio-temporal dynamic eigenvalues of Σx
n(θ).

DEFINITION 3.3 (Spatio-temporal dynamic eigenvectors). For any n ∈ N and ℓ≤ n let
pxnℓ :Θ→Cn be such that, for any θ ∈Θ, the row vector pxnℓ(θ) satisfies (i) ∥pxnℓ(θ)∥= 1;
(ii) pxnℓ(θ)p

x†
nj(θ) = 0, for ℓ ̸= j; (iii) pxnℓ(θ)Σ

x
n(θ) = λxnℓ(θ)p

x
nℓ(θ). Then, the functions

{pxnℓ, ℓ= 1, . . . , n} constitute a set of spatio-temporal dynamic eigenvectors associated with
the spatio-temporal eigenvalues λxnℓ and the rf xn.

Hereafter, we also assume strict positive definiteness of Σx
n(θ)

ASSUMPTION 3.3. For any n ∈N and ℓ≤ n, and any θ ∈Θ, λxnℓ(θ)> 0.

REMARK 3.1. Following Forni and Lippi (2001, Lemma 3 and 4), one can easily prove
that: (i) the real functions λxnℓ are Lebesgue-measurable and integrable in Θ, for any given
n ∈ N and ℓ ≤ n; (ii) λxnℓ(θ) is a non-decreasing function of n, for any θ ∈Θ. In particu-
lar, from (ii) it follows that, for all θ ∈Θ, limn→∞ λxnℓ(θ) = supn∈N λ

x
nℓ(θ), and it is well

defined for any ℓ≤ n.

3.3. Spatio-temporal linear filters. First, for any n ∈ N and ℓ ≤ n, let us consider the
three linear operators, Lj :X n →X n, j = 1,2,3, such that, for any ς ∈ Z3,

L1 xℓς = xℓ(s1−1 s2 t), L2 xℓς = xℓ(s1 s2−1 t), L3 xℓς = xℓ(s1 s2 t−1),(1)

so that when Lj is applied to the vector xnς it shift all its n components along the space or
time dimension. L1 and L2 act on the (spatial) dimensions of the lattice (see Whittle (1954)),
while L3 is the usual time lag operator. We also set L≡ L1L2L3 and Lκ ≡ Lκ1

1 L
κ2

2 L
κ3

3 . The
operators are commutative, e.g. L1L2L3 xℓς = L3L1L2 xℓς . In Lemma A.1 in Appendix A,
we show that Lj are unitary operators that can be extended to X .

Second, consider a generic n-dimensional row vector of functions fn = (f1 · · ·fn) with
fℓ : Θ → C being measurable for any ℓ ≤ n and such that the following conditions hold:
(i) ∥fn∥2Σx

n
= 1

8π3

∫
Θ fn(θ)Σ

x
n(θ)f

†
n(θ)dθ < ∞, and (ii) ∥fn∥2 = ∥fn∥2In < ∞, respec-

tively. The space of such functions is a complex Hilbert space denoted as Ln
2 (Θ,C,Σx

n, In),
obtained from the intersection of two Hilbert spaces each endowed with inner products de-
rived from one of the two norms defined above.

Third, consider the map J : Ln
2 (Θ,C,Σx

n, In)→X n, such that, for any n ∈N and ℓ≤ n,

(2) J
[
(δℓ1 · · · δℓk · · · δℓn)ei⟨ς,·⟩

]
= xℓς , for any ς ∈ Z3,

where δℓk = 1 if k = ℓ and δℓk = 0 if k ̸= ℓ and ei⟨ς,·⟩ stands for the mapping θ 7→ ei⟨ς,θ⟩

from Θ to C. Thus, we have

(3) Lxnς = J
[
ιne

i⟨(s1−1 s2−1 t−1)⊤,·⟩
]
= J

[
ιne

−i⟨(1 1 1)⊤,·⟩ei⟨ς,·⟩
]
,
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where ιn is an n-dimensional vector of ones. In Lemma A.2 in Appendix A we prove that
J is an isomorphism (that is, J preserves the inner product and is one-to-one), also called
canonical isomorphism, and it can be extended to the Hilbert space of infinite-dimensional
functions f , with norms ∥f∥2Σx = limn→∞ ∥fn∥2Σx

n
< ∞ and ∥f∥2 = limn→∞ ∥fn∥2 <

∞. Notice that J is an isomorphism between the measure spaces (Θ,B(Θ),L) and
(X n,B(Cn),L), where B(Θ) and B(Cn) are the Borel σ-fields on Θ and Cn, respectively.
The definition of J extends to our setting the classical isomorphism typically applied in time
series analysis (see e.g. Brockwell and Davis, 2006, Section 4.8).

Now, for any fn ∈ Ln
2 (Θ,C,Σx

n, In) consider the Fourier expansion

fn(θ) =
∑
κ∈Z3

fnκe
−i⟨κ,θ⟩,(4)

fnκ =
1

8π3

∫
Θ
ei⟨κ,θ⟩fn(θ)dθ.(5)

where the convergence in (4) is in the sense of the L2-norm, and {fnκ,κ ∈ Z3} are the Fourier
coefficients.

Since also (fnκe
−i⟨κ,·⟩) ∈ Ln

2 (Θ,C,Σx
n, In), then we apply to it the canonical isomor-

phism J to map it into elements X n. This defines the filtered processes associated to fn

(6) f
n
(L)xnς = J

[
fne

i⟨ς,·⟩
]
.

Therefore, from (4), (5), and (6), and by linearity of the canonical isomorphism, we have

(7) f
n
(L)xnς =

∑
κ

fnκL
κxnς =

{∑
κ

[
1

8π3

∫
Θ
ei⟨κ,θ⟩fn(θ)dθ

]
Lκ

}
xnς ,

which defines an n-dimensional linear spatio-temporal filter. Note that f
n
(L)xnς ∈ X n is

the isomorphic map of (fne
i⟨ς,·⟩) ∈ Ln

2 (Θ,C,Σx, In), that is multiplications become con-
volutions via the isomorphism J and viceversa via J −1. Hereafter, the composition of two
linear filters, is denoted as

(8) g
n
(L) ⋆ f

n
(L)xnς =

{∑
κ

[
1

8π3

∫
Θ
ei⟨κ,θ⟩gn(θ)fn(θ)dθ

]
Lκ

}
xnς .

3.4. Aggregation, common, and idiosyncratic components. Our approach is based on
spatio-temporal aggregation of rf. To introduce the key tools needed for our development,
we start by

DEFINITION 3.4 (Spatio-temporal aggregation of rf). For any n ∈ N, consider an n-
dimensional row vector of functions an ∈ Ln

2 (Θ,C,Σn, In). The sequence {an, n ∈N} is a
spatio-temporal dynamic averaging sequence (STDAS) if

lim
n→∞

∥an∥= lim
n→∞

(
1

8π3

∫
Θ
an(θ)a

†
n(θ)dθ

)1/2

= 0.

Moreover, we say that y is an aggregate if for any ς ∈ Z3 there exists a STDAS {an, n ∈N}
such that limn→∞an(L)xnς = yς in mean-square and yς ∈ X . We denote the set of all
aggregates by G(x) and we refer to it as the aggregation space of X .

Intuitively, the aggregation via a STDAS corresponds to averaging an infinite-dimensional
rf both in the cross-section and in the space-time dimensions, simultaneously. Notice that,
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because of the definition of X , any aggregate, i.e., any element of G(x), has variance either
finite strictly positive or zero. By generalizing to rf the definitions given by Forni and Lippi
(2001) and Hallin and Lippi (2013), we have

DEFINITION 3.5 (Idiosyncratic and common components). We say that an infinite-
dimensional rf w with elements wℓς ∈ X for any ς ∈ Z3 and ℓ ∈ N (i) is idiosyncratic
if for any ς ∈ Z3 and any STDAS {an, n ∈ N}, limn→∞an(L)wnς = 0 in mean-square;
(ii) is common if it is not idiosyncratic, i.e., if there exist ς ∈ Z3 and STDAS {an, n ∈ N},
limn→∞an(L)wnς = yaς in mean-square such that yaς ∈X and 0<Var(yaς )<∞.

Hereafter, we also refer to the components wℓ of w as idiosyncratic or common if w is
idiosyncratic or common, respectively. Note that if w is idiosyncratic then G(w) = {0}, that
is it contains only the zero element. In contrast, ifw is common, by aggregating it we get a rf
with finite and strictly positive variance, in other words, G(w) contains only non-degenerate
rf. This yields

DEFINITION 3.6 (Common factors). Given an n-dimensional rf xn with elements xℓς ∈
X for any ς ∈ Z3 and ℓ ≤ n, we say that a scalar rf w is a common factor if there exists
a STDAS {an, n ∈ N} such that wς = limn→∞an(L)xnς in mean-square, wς ∈ X , and
0<Var(wς)<∞.

Clearly, by comparing Definition 3.6 with Definition 3.5(ii) we see that the common fac-
tors are elements of the aggregation space of the common components. Last, since G(x) in
Definition 3.4 is a closed subspace of X , we provide the following

DEFINITION 3.7 (Canonical decomposition). For any ℓ ∈N and any ς ∈ Z3, the orthog-
onal decomposition: xℓς = proj(xℓς |G(x))+ δℓς is called the canonical decomposition of the
rf xℓς .

4. The General Spatio-Temporal Factor Model as a representation result. We show
that any n dimensional rf xn, satisfying Assumptions 3.1-3.3, can be summarized by its pro-
jection, χn, on a q-dimensional sub-space generated by q cross-sectional and spatio-temporal
aggregations of the components of xn, where q is a given finite positive integer indepen-
dent of n. The rf χn is such that as n→ ∞ it survives under cross-sectional and spatio-
temporal aggregation, i.e., it converges in mean-square to a nonzero finite-variance rf. The rf
ξn = xn−χn instead vanishes under cross-sectional and space-time aggregation as n→∞.
Hence, according to Definition 3.5, the elements χn are common rf and the elements of ξn
are idiosyncratic. Intuitively, the distinct asymptotic behavior of the two components under
aggregation means that if any pervasive signal is present in xn, an aggregation operation
should help recovering it as n→∞ and the signal will appear in the elements of χn.

Denote the linear sub-space generated by all components of an idiosyncratic rf (which are
scalars) as X idio ⊆X and the linear sub-space generated by all components of a common rf
as X com ⊆X . Then, by Definition 3.5, we have (⊕ denotes the direct sum of two sub-spaces)

(9) X =X com ⊕X idio.

Therefore, any element of a stationary rf xn satisfying Assumption 3.1 can be decomposed
as the sum of its linear projection onto the the common sub-space, X com, plus its linear pro-
jection onto the orthogonal complement, X idio. This is the essence of our dynamic spatio-
temporal factor decomposition, see Hallin and Lippi (2013) in the GDFM case.

If we now assume the existence of a spectral density matrix as required by Assumption
3.2, and of a finite number of factors q independent of n, we can further characterize the
decomposition implied by (9) by means of the following



11

DEFINITION 4.1 (q-General Spatio-Temporal Factor Model). Let q be a non-negative
integer. We say that the rf x= {xℓς , ℓ ∈N, ς ∈ Z3} with xℓς ∈ L2(P,C) is represented as a q-
General Spatio-Temporal Factor Model (q-GSTFM) if L2(P,C) contains: (a) an orthonormal
q-dimensional white noise rf u= {uς = (u1ς · · · uqς)⊤, ς ∈ Z3}; (b) an infinite-dimensional
rf ξ = {ξℓς , ℓ ∈N, ς ∈ Z3}; both fulfilling Assumptions 3.1 and 3.2 and such that:
(i) for any ℓ ∈N and any ς ∈ Z3

xℓς = χℓς + ξℓς ,(10)

χℓς = bℓ(L)uς =
∑
κ

q∑
j=1

bℓj,κuj,ς−κ,(11)

thus defining an infinite-dimensional rf χ= {χℓς , ℓ ∈N, ς ∈ Z3};
(ii) letting bℓj(θ) =

∑
κ bℓj,κe

−i⟨κ,θ⟩, j = 1, . . . , q, θ ∈Θ, and bℓ(θ) = (bℓ1(θ) · · · bℓq(θ)),
it holds that ∥bℓ∥2 = 1

8π3

∫
Θ bℓ(θ)b

†
ℓ(θ)dθ <∞;

(iii) for any ℓ ∈N, j = 1, . . . , q, and ς, ς ′ ∈ Z3 such that ς ̸= ς ′, it holds that E[ξℓςujς′ ] = 0.
Furthermore, for any n ∈ N consider the n-dimensional sub-processes χn = {χnς =
(χ1ς · · ·χnς)

⊤, ς ∈ Z3} and ξn = {ξnς = (ξ1ς · · · ξnς)⊤, ς ∈ Z3}, with j-th largest dynamic
spatio-temporal eigenvalues λχnj(θ) and λξnj(θ), respectively, then

(iv) inf{M : L[θ : limn→∞ λξn1(θ)>M ] = 0}<∞;
(v) limn→∞ λχnq(θ) =∞, L-a.e. in Θ.

Hereafter, we refer to the infinite-dimensional rf χ and ξ as the common and idiosyncratic
components of the representation (10). Indeed, part (iv) implies that ξ is idiosyncratic, since,
as proved in Proposition B.7 in Appendix B.2, a rf is idiosyncratic if and only if its dynamic
spatio-temporal eigenvalues are essentially bounded functions. Moreover, since by part (iii) ξ
and χ have orthogonal elements, then χ cannot be idiosyncratic, hence it is common. Since
the elements of χ and ξ belong to X com and X idio, respectively, the q-GSTFM representation
of Definition 4.1 and (9) yield equivalent decompositions.

There are essentially two ways to obtain a q-GSTFM. On the one hand, one may assume
that the rf spatio-temporal dynamics can be modeled as in (10)-(11), mimicking the approach
in Forni et al. (2000). On the other hand, one may find a set of very mild assumptions such
that a spatio-temporal rf can be represented as in (10)-(11), extending to the rf setting the
results of Forni and Lippi (2001). In what follows, we consider the latter approach, which is
more general and powerful than the former one: indeed, (10)-(11) is a representation which
holds under Assumptions 3.1-3.3, only, and it is not a model imposed by the statistician. The
main result of this section is the following

THEOREM 4.1. Under Assumptions 3.1-3.3, the rf x is represented as a q-GSTFM as
in Definition (4.1) if and only if (i) inf{M : L[θ : limn→∞ λxnq+1(θ) > M ] = 0} < ∞;
(ii) limn→∞ λxnq(θ) =∞, L-a.e. in Θ.

It follows that the presence of an eigen-gap in the dynamic spatio-temporal eigenvalues
of the infinite-dimensional rf x is a necessary and sufficient condition for the q-GSTFM to
hold. To this end no assumption is needed other than Assumptions 3.1-3.3, which are very
mild. Notice also that the case q = 0 is possible, in which case x is purely idiosyncratic.

An immediate consequence of Theorem 4.1 is the following

COROLLARY 4.2. If x is represented as a q-GSTFM as in Definition (4.1), then
span(χ) = span(u) = G(x) and χℓς = proj(xℓς |G(x)). Moreover, the number of factors q,
the common component χ, and the idiosyncratic component ξ, are uniquely identified.



12 4 THE GENERAL SPATIO-TEMPORAL FACTOR MODEL AS A REPRESENTATION RESULT

From Corollary 4.2 and Definitions 3.6 and 3.7, it follows that u is a vector of common
factors, and the factor decomposition implied by (9) is equivalent to the canonical decom-
position. Uniqueness of the latter implies uniqueness of the q-GSTFM. In other words the
q-GSTFM is identified. It has to be stressed though that, since the definition of common and
idiosyncratic components hold in the limit as n→∞ (see Definition 3.5), identification is
achieved only asymptotically. Indeed, as shown later, if n is fixed no consistency result can
be derived when we estimate the model.

The q-GSTFM in Definition 4.1 has two distinctive properties. First, differently from the
GDFM, the common component in (11) accounts for the spatio-temporal dependence. The
q-dimensional rf of factors u is loaded by each element of x dynamically in time (possibly
in a causal way, see Remark 6.3) and in space, since the filters depend on both dimensions.
This means that, being a rf, a common shock to x can impact different points in space hetero-
geneously at the same time and at different points in time and it can impact also the variables
observed in a given point in space at different times. Second, we do not impose any specific
structure on the second moment of the of vector of idiosyncratic components ξ whose ele-
ments can be both cross-sectionally and spatio-temporally cross-auto-correlated, as long as
part (iv) is satisfied.

We conclude with a series of remarks about Definition 4.1 and Theorem 4.1.

REMARK 4.1. Because of Remark 3.1, the function limn→∞ λχnq is the q-largest dy-
namic spatio-temporal eigenvalue of the infinite-dimensional rf χ, and, similarly the function
limn→∞ λξn1 is the largest dynamic spatio-temporal eigenvalue of the infinite-dimensional rf
ξ. Now, by part (v) of Definition 4.1 the former is to be intended as an extended function
in the sense that its value is infinite but measurable (Royden and Fitzpatrick, 1988, p. 55),
while, by part (iv) the latter is instead an essentially bounded function (Rudin, 1987, p. 66). It
follows also that there exists a finite C > 0 independent of θ such that: limn→∞ λξn1(θ)≤C ,
L-a.e. in Θ.

Moreover, by the monotone convergence theorem, Remark 3.1, and part (iv) in Definition
4.1, we have

lim
n→∞

∫
Θ
λξn1(θ)dθ =

∫
Θ

lim
n→∞

λξn1(θ)dθ ≤C.

This, in turn implies that the idiosyncratic covariance matrix Γξ
n(0) = E(ξnςξ

†
nς) has largest

eigenvalue µξn1 such that

lim
n→∞

µξn1 = lim
n→∞

max
b:b⊤b=1

b⊤
(∫

Θ
Σξ

n(θ)dθ

)
b≤ lim

n→∞

∫
Θ
λξn1(θ)dθ ≤C.

The latter condition is the usual assumption made in the vector static factor model literature to
characterize an idiosyncratic component (see, e.g., Forni et al., 2009). Notice, however, that
(v) in Definition 4.1 in general does not imply that the common covariance matrix Γχ

n(0) =

E(χnςχ
†
nς) has eigenvalues diverging as n→ ∞, for the effect of common factors might

be just lagged and not contemporaneous, in which case only the products Γχ
n(κ)Γ

χ
n(κ) for

κ ̸= 0 will display diverging eigenvalues. This aspect has been studied by Lam and Yao
(2012) in the vector case.

REMARK 4.2. A sufficient condition for part (ii) in Definition 4.1 to hold is to ask for
square summability of the coefficients of the linear filter bℓ(L), i.e., to assume

∑
κ |bℓj,κ|2 ≤

C for some finite C > 0 independent of j. Indeed, by definition

∥bℓ∥2 =
1

8π3

∫
Θ

q∑
j=1

∑
κ

|bℓj,κ|2 dθ ≤ max
j=1,...,q

∑
κ

|bℓj,κ|2 ≤C.
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REMARK 4.3. Theorem 4.1 characterizes the class of rf which admit the q-GSTFM in
Definition 4.1. In general, neither the q-dimensional orthonormal white noise rf u nor the
filters bℓ(L) in (11) are identified. Indeed, if (10) and (11) hold, then infinitely many other
equivalent representations of χℓς are obtained by setting χℓς =mℓ(L)zℓς for a q-dimensional
rf z such that zℓς =D(L)uℓς , mℓ(θ) = bℓ(θ)D

†(θ), with D(θ) which is q × q and such
that ∥D∥2 = 1

8π3

∫
ΘD(θ)D†(θ)dθ <∞ andD†(θ)D(θ) = Iq for all θ ∈Θ. It follows that

z is also a q-dimensional orthonormal white noise rf. In fact, if D†(θ) were not orthogonal,
as assumed, but just invertible, we could still find equivalent representations of χℓς where,
however, z would no more be a white noise rf, but it is a rf autocorrelated in both the spatial
and time dimension.

REMARK 4.4. The proof of Theorem 4.1 is rather technical and lengthy and is given in
Appendix B. The necessary condition part (“only if”) is is easy to prove (see Appendix B.3).
Indeed, by Weyl’s inequality (see Appendix B.1), it is straightforward to see that if (iv) and (v)
in Definition 4.1 hold then (i) and (ii) in Theorem 4.1 hold. The sufficient condition part (“if”)
is more difficult to prove and it based on a series of intermediate results. In a nutshell, in the
proof we proceed by first constructing a q-dimensional orthonormal white noise vector rf, z,
say (see Proposition B.5). Then, we show span(z) = G(x) (see Proposition B.6). It follows
that the canonical projection xℓς = proj(xℓς |G(x)) + δℓς , is such that δℓς is idiosyncratic
(Propositions B.7 and B.8), hence proj(xℓς |G(x)), being orthogonal to δℓς , is common. The
proof is completed by means of the arguments in the following remark on the identifiability
of the white noise.

5. Recovering the common component - Population results. From Corollary 4.2, it
follows that, given an observed n-dimensional rf xn, common factors are obtained as limits
as n→∞ of aggregates of xn and the common component is obtained by projecting xn onto
such factors. Indeed, projecting onto the aggregation space of x or onto the aggregation space
of the common component is equivalent, since the aggregation space of the idiosyncratic
component contains only the zero element.

In this section we prove that among all possible q dimensional aggregates which we can
project xn on, the first q-dynamic spatio-temporal principal components, obtained from the
spectral density matrix Σx

n(θ) (see Definition 5.1 below), are the optimal ones in the sense
that they are those with largest variance, hence satisfying a discrete version of the optimality
property of the Karhunen-Loève expansion (see, e.g, Hallin, Hörmann and Lippi, 2018, for
the GDFM). In Theorem 5.1 we prove that by projecting xn onto such aggregates we can
recover the common component χn in the limit n→∞.

The canonical decomposition in Definition 3.7 is optimal in the sense that, by definition
of linear projection, it minimizes the variance of the residual idiosyncratic term. However, to
achieve such decomposition in practice we need to define a basis for the space of aggregates
G(x) to project an the elements of x onto. Therefore, given a q-GSTFM in Definition 4.1 all
we need to do is to find a q-dimensional rf of common factors, which, because of Definition
3.6 belong to G(x), have finite and strictly positive variance. Moreover, we shall require this
q-dimensional rf of factors to be an orthonormal white noise rf.

The definition of common factors holds asymptotically, but in practice we deal with a
given fixed n, then, for such given n and any j = 1, . . . , q, we should look for those weights
{αnjκ,κ ∈ Z3}, such that αnj(L)xnς =

∑
καnjκxn,ς−κ, has maximum variance. In view

of the canonical isomorphism in (6), we shall then consider the equivalent maximization
problem in the frequency domain, i.e., for any θ ∈Θ we shall solve:

(12) max
αnj

αnj(θ)Σ
x
n(θ)α

†
nj(θ) s.t. ∥αnj∥= 1, αnjα

†
nk = 0, j, k = 1, . . . , q, j ̸= k.
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Notice that the objective function is the variance of the discrete Fourier transform of
αnj(L)xnς . For any given θ ∈ Θ, the solution of (12) is clearly given by the eigenvector
pxnj(θ) of the spectral density matrix Σx

n(θ) corresponding to the j-th largest eigenvalue
λxnj(θ), see Definition 3.3. For any j = 1, . . . , q, to this solution corresponds a scalar filtered
rf {px

nj
(L)xnς , ς ∈ Z3} which has spectral density λxnj(θ) and variance

∫
Θ λ

x
nj(θ)dθ. So the

first, j = 1, dynamic spatio-temporal principal component has largest variance as expected.
Moreover, these rf are orthogonal contemporaneously and at any spatio-temporal shift, in-
deed, for j ̸= j′, we have E[(px

nj
(L)xnς)(p

x
nj′

(L)xnς′)†] = 0 for all ς, ς ′ ∈ Z3. Notice that if
E(xnς) = µn ̸= 0 then the filtered process should be defined as px

nj
(L)(xnς − µn), hence,

they always have zero-mean.
However, the q filtered processes defined by solving (12) cannot be directly used as a

basis for G(x) for two reasons. First, they are not white noise rf. Second, and most im-
portantly, as n→ ∞, their variance is not finite, indeed, under a q-GSTFM, we know that
limn→∞ λxnj(θ) =∞ for all j = 1, . . . , q. Therefore, we need to rescale and whiten those rf.
This is accomplished by means of the following (recall the notation in (8)).

DEFINITION 5.1 (Normalized dynamic spatio-temporal principal components). For any
n ∈N and ℓ≤ n, the filtered rf processes

ψn
ℓς = [λxnℓ(L)]

−1/2 ⋆ px
nℓ
(L)xnς =

{∑
κ

[
1

8π3

∫
Θ
ei⟨κ,θ⟩[λxnℓ(θ)]

−1/2pxnℓ(θ)dθ

]
Lκ

}
xnς

form a set of normalized dynamic spatio-temporal principal components associated with xnς .

Notice that this definition makes sense since Assumption 3.3 implies that [λxnℓ(θ)]
−1

is finite for any n ∈ N and ℓ ≤ n. Now, for any n ∈ N, define the rf ψn = {ψn
ς =(

ψn
1ς · · ·ψn

qς

)⊤
, ς ∈ Z3}. Then, from Definition 5.1 we have:

(13) ψn
ς = [Λn(L)]

−1/2 ⋆P n(L)xnς ,

where the linear spatio-temporal filters Λn(L) and P n(L) are, respectively, obtained from
the q × q diagonal matrix Λn(θ) having as entries the dynamic spatio-temporal eigenval-
ues λxnj(θ), for j = 1, . . . , q, and the q × n matrix Pn(θ) = (px⊤n1 (θ) · · ·px⊤nq (θ))⊤ hav-
ing as rows the q corresponding dynamic spatio-temporal eigenvectors. Now, let Φn(θ) be
the n − q × n − q diagonal matrix having as entries the dynamic spatio-temporal eigen-
values λxnj(θ), for j = q + 1, . . . , n, and let Qn(θ) be the n − q × n matrix having as
rows the n − q corresponding dynamic spatio-temporal eigenvectors. Then, for all θ ∈ Θ,
Σx

n(θ) = P
†
n(θ)Λn(θ)Pn(θ) +Q

†
n(θ)Φn(θ)Qn(θ). Therefore, since In = P †

n(θ)Pn(θ) +

Q†
n(θ)Qn(θ), from (13) we immediately see that ψn has spectral density Iq , hence it is a

q-dimensional orthonormal white noise rf as required. By letting n→∞, we obtain from ψn

the basis for G(x) we are looking for. This is formalized by means of the following

THEOREM 5.1. For any n ∈N and ℓ≤ n, denote by πnℓ(L) the ℓ-th q-dimensional row
of P †

n(L). Suppose that (i) and (ii) of Theorem 4.1 and Assumptions 3.1-3.3 hold. Then, for
all ς ∈ Z3, limn→∞πnℓ(L) ⋆Λ

1/2
n (L)ψn

ς = limn→∞πnℓ(L) ⋆ P n(L)xnς = χℓς in mean-
square.

This result provides the basis for our estimation approach. It implies that if, for a given n ∈
N, we knew the spectral density matrix of xn, then, for any ℓ≤ n and ς ∈ Z3, an estimator
of the common component would be:

(14) χ
(n)
ℓς = πnℓ(L) ⋆P n(L)xnς =K

x
nℓ(L)xnς , say.
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This is a consistent estimator since as n→∞ it converges in mean-square to the unobserv-
able common component χℓ. Notice that since we are dealing with projections the rescaling
by means of the eigenvalues introduced in Definition 5.1 is actually not needed in practice,
as we just need the eigenvectors.

REMARK 5.1. For any n ∈N, let P χ
n (θ) be the q × n matrix having as rows the spatio-

temporal dynamic eigenvectors of the spectral density matrix of the common component
Σχ

n(θ). Let also P χ
n(L) the associated linear spatio-temporal filter and for any ℓ≤ n, denote

by πχ
nℓ(L) the ℓ-th q-dimensional row of P χ†

n (L). Then, since rk(Σχ
n(θ)) = q for all n ∈ N

and L-a.e. in Θ, we immediately see that, for any ℓ≤ n and ς ∈ Z3, we can always write:

(15) χℓς = π
χ
nℓ(L) ⋆P

χ
n(L)χnς = π

χ
nℓ(L) ⋆P

χ
n(L)xnς =K

χ
nℓ(L)xnς , say,

because Cov(χnς ,ξnς′) = 0 for all ς, ς ′ ∈ Z3. This, together with (14), implies that, as n→
∞, the coefficients of Kx

nℓ(L) converge in mean-square to the coefficients of Kχ
nℓ(L).

REMARK 5.2. In general, the dynamic spatio-temporal eigenvectors are complex vec-
tors. However, for any n ∈N, we know that In =P⊤

n (θ)P̄n(θ)+Q
⊤
n (θ)Q̄n(θ), and that the

spectral density matrix is Hermitian, i.e., Σ̄x
n(θ) =Σx⊤

n (θ) =Σx
n(−θ) and Λn(θ) is a real

matrix. Therefore, we can always impose pxnℓ(−θ) = p̄xnℓ(θ) for all ℓ≤ n. This implies that∫
Θ e

i⟨κ,θ⟩[λxnℓ(θ)]
−1/2pxnℓ(θ)dθ is always a real number, and, thus, the normalized dynamic

spatio-temporal principal components are real rf, see also Hallin, Hörmann and Lippi (2018).

6. Recovering the common component - Estimation.

6.1. Estimation in practice. The population results derived in Section 4 show that the
spatio-temporal common component χℓ can be recovered as n→∞ from a sequence of pro-
jections, see Theorem 5.1. The filters needed to define this projection are given in Definition
5.1 and depend on the dynamic spatio-temporal eigenvalues and eigenvectors of the unknown
spectral density matrix.

Let us assume now to be given a finite n-dimensional realization xn of the infinite-
dimensional rf x over S1 × S2 points on a 2-dimensional lattice and over T time periods.
In order to proceed we need to fix the origin of the lattice, because of stationarity this can
be chosen arbitrarily in any location of Z2. Here we adopt the convention that the point
(s1 s2) = (1 1) corresponds to the South-West corner of the given lattice. Then, index s1
grows by moving East while the index s2 grows by moving North. With this definition of the
spatial coordinates, our observations are collected into the n× S1S2T -dimensional matrix:
{xℓς = xℓ(s1 s2 t), ℓ= 1, . . . , n, s1 = 1, . . . , S1, s2 = 1, . . . , S2, t= 1, . . . , T}.

If the spatio-temporal dynamic eigenvalues of xn satisfy Theorem 4.1, then, according
to the q-GSTFM, for all ℓ = 1, . . . , n, s1 = 1, . . . , S1, s2 = 1, . . . , S2, and t = 1, . . . , T we
can write xℓ(s1 s2 t) = χℓ(s1 s2 t) + ξℓ(s1 s2 t), where χℓ is the common component and ξℓ is
idiosyncratic. For any given n, we denote as χn and ξn the n-dimensional rf of the common
and idiosyncratic components. Throughout this section we assume that the number of fac-
tors, q, driving the common component is known (see Section 7) and we now describe our
estimation strategy.

Let ς1 = (s11 s12 t1)
⊤ and ς2 = (s21 s22 t2)

⊤, then an estimator of Σx
n(θ) is

(16)

Σ̂x
n(θ) =

1

S1S2T

(S1 S2 T )⊤∑
ς1,ς2=(1 1 1)⊤

xnς1x
⊤
nς2K1

(
s11 − s21
BS1

)
K2

(
s12 − s22
BS2

)
K3

(
t1 − t2
BT

)
e−i⟨ς1−ς2,θ⟩,
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withK1(·),K2(·), andK3(·) being kernel functions andBS1
,BS2

, andBT being bandwidths,
whose properties are discussed later.

In agreement with the population results of Theorem 5.1, the common component is es-
timated by projecting xn onto the space spanned by linear filters generated by the q lead-
ing spatio-temporal dynamic eigenvectors. For all θ ∈Θ let us denote by P̂n(θ) the q × n

matrix having as rows the spatio-temporal dynamic eigenvectors of Σ̂x
n(θ) and, for any

ℓ = 1, . . . , n, let π̂nℓ(θ) the ℓ-th q-dimensional row of P̂ †
n(θ), and, in agreement with (14)

define K̂x
nℓ(θ) = π̂nℓ(θ)P̂n(θ), generating the linear filter K̂

x

nℓ(L). Now, since K̂
x

nℓ(L) is in
general infinite and two-sided, but xnς is not available for ς < (1 1 1) and ς > (S1 S2 T ), we
consider instead a truncated linear filter, whose definition depends on the space-time location
ς = (s1 s2 t)

⊤ in correspondence of which the filter is applied to xn. Namely, we consider
(17)

K̂
x,ς

nℓ (L) =
1

8π3

κ1(s1)∑
κ1=κ1(s1)

κ2(s2)∑
κ2=κ2(s2)

κ1(t)∑
κ3=κ3(t)

(∫
Θ
K̂x

nℓ(θ)e
i⟨(κ1 κ2 κ3)⊤,θ⟩dθ

)
Lκ1

1 L
κ2

2 L
κ3

3 ,

where, for some integers MS1
<S1,MS2

<S2, and MT < T , we defined

κ1(s1) =max{s1 − S1,−MS1
}, κ1(s1) =min{s1 − 1,MS1

},

κ2(s2) =max{s2 − S2,−MS2
}, κ2(s2) =min{s2 − 1,MS2

},(18)

κ3(t) =max{t− T,−MT }, κ3(t) =min{t− 1,MT }.

For any given ℓ = 1, . . . , n and any ς = (s1 s2 t)
⊤ such that s1 =,1 . . . , S1, s2 =,1 . . . , S2,

and t= 1, . . . , T , the common component is then estimated as

(19) χ̂
(n)
ℓς = K̂

x,ς

nℓ (L)xnς .

REMARK 6.1. In practice all estimated quantities in the frequency domain, as Σ̂x
n(θ),

P̂n(θ), and K̂x
nℓ(θ), should be computed only for a finite number of frequencies, defined

as θh = (θ1,h1
θ2,h2

θ3,h3
)⊤, with θ1,h1

= πh1/BS1
, θ2,h2

= πh2/BS2
, and θ3,h3

= πh3/BT ,
for integers h1 = −BS1

, . . . ,BS1
, h2 = −BS2

, . . . ,BS2
, and h3 = −BT , . . . ,BT . For sim-

plicity, in this and the following sections we implicitly assume the identities
∫
Θ dθ ≡∑

|h1|≤BS1

∑
|h2|≤BS2

∑
|h3|≤BT

, 8π3 ≡ (2BS1
+ 1)(2BS2

+ 1)(2BT + 1), and supθ∈Θ ≡
max|h1|≤BS1

max|h2|≤BS2
max|h3|≤BT

.

REMARK 6.2. Our approach allows us to directly estimate the common components.
Differently, if one were interested in estimating the dynamic spatio-temporal principal com-
ponents as given by Definition 5.1, one would need an estimator of the spatio-temporal dy-
namic eigenvectors matrix Pn(θ) that is smooth with respect to θ. To this end one may
consider employing the

√
2-estimation procedure, see Motta, Wu and Pourahmadi (2023).

6.2. Assumptions. For estimation we need to add few more assumptions. First, the
GSTFM has two-sided filters as defined in (11), however, it is desirable to have one-sided
filters in the time dimension. This can be obtained by imposing the following

ASSUMPTION 6.1. For any ς ∈ Z3 and ℓ ∈ N: (i) χℓς = cℓ(L)vς =
∑

κ1,κ2∈Z
∑∞

κ3=0∑q
j=1 cℓj,κvj,ς−κ, where {vς = (v1ς · · ·vqς)⊤, ς ∈ Z3} is an i.i.d. q-dimensional zero-

mean orthonormal rf; (ii) ξℓς = βℓ
(L)ες =

∑
κ1,κ2

∑∞
κ3=0

∑∞
j=1 βℓj,kεj,ς−k, where {ες =

(ε1ς ε2ς · · · )⊤, ς ∈ Z3} is an i.i.d. infinite-dimensional zero-mean orthonormal rf; (iii) For
any ς ′ ∈ Z3, any j = 1, . . . , q, and any i ∈N, Cov(vjς , εiς′) = 0.
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The existence of one-sided time representations in parts (i) and (ii) is a mild one. For the
idiosyncratic component, our requirement is for the Wold representation to exist also for an
infinite-dimensional process. For the common component, which is singular, the existence of
the assumed one-sided representation has been investigated by Forni et al. (2015) in the pure
time series case (see also Remark 6.3 below). Notice also that Hallin and Lippi (2013) derived
an analogous of our Theorem 4.1, where only one-sided filters are used. Such approach,
however, does not ensure the existence of a q-dimensional white noise rf driving the common
component, and its existence is instead assumed. For the common component the two-sided
representation in space is implied by the q-GSTRF in Definition 4.1, and for the idiosyncratic
component we make an analogous assumption but based on an infinite-dimensional white
noise rf.

By means of parts (i) and (ii) we also strengthen the conditions on the rf v and ε which
are now independent along the spatio-temporal dimensions. Note that the independence as-
sumption could be relaxed. For example we could just assume v and εn to be martingale
differences in the time dimension so to allow for conditional heteroskedasticity in time (see,
e.g., Barigozzi, Cho and Owens, 2023).

Part (iii) implies orthgonality of common and idiosyncratic components at all leads and
lags consistently with the GSTFM in Definition 4.1.

REMARK 6.3. If for any fixed n ∈ N the n-dimensional vector of common components
has a spectral density matrix Σχ

n(θ) which is a rational function of θ3, then, from Rozanov
(1967, Ch.1, Section 10) it follows that, for all ℓ≤ n and ς ∈ Z3,

χℓς =

q∑
j=1

aℓj(L1,L2,L3)

dℓj(L3)
vjς =

q∑
j=1

∑
κ1,κ2∈Z

p1∑
κ3=0

aℓj,(κ1 κ2 κ3)L
κ1

1 L
κ2

2 L
κ3

3

[
p2∑

h3=0

dℓj,h3
Lh3

3

]−1

vjς ,

for some finite positive integers p1 and p2, which, without loss of generality we can as-
sume to be independent of ℓ. Moreover, dℓj(z) ̸= 0 for all z ∈ C such that |z| ≤ 1, and
aℓj(z1, z2, z3) ̸= 0 for all z3 ∈ C such that |z3| < 1. By defining fℓj(θ3) = [dℓj(θ3)]

−1 =∑∞
κ3=0 fℓj,κ3

e−i⟨κ3,θ3⟩, it follows that

χℓς =

q∑
j=1

∑
κ1,κ2∈Z

∞∑
κ3=0

p1∑
m3=0

aℓj,(κ1 κ2 m3)fℓj,κ3−m3
Lκ1

1 L
κ2

2 L
κ3

3 vjς ,

which, by setting cℓj,(κ1 κ2 κ3) =
∑p1

m3=0 aℓj,(κ1 κ2 m3)fℓj,κ3−m3
, coincides with Assumption

6.1(i). Thus, for all n ∈ N and all ς ∈ Z, vς ∈ span(χnς−κ,κ = (κ1 κ2 κ3)
⊤, κ1, κ2 ∈

Z, κ3 ≥ 0), i.e., v is fundamental for χn. The generalization of this reasoning to the infinite-
dimensional process χ is considered in Forni et al. (2015, Lemma 1 and 2) in the case of
pure time series, where it is shown that, under rationality of the spectral density, then funda-
mentalness of v is always true for any n > q generically, i.e., for any value of the coefficients
cℓj,κ such that Assumption 6.1(i) holds with the exception of a zero-measure set (see also
Anderson and Deistler, 2008).

The coefficients of the representations in Assumption 6.1 are characterized by

ASSUMPTION 6.2. For all ℓ ∈ N, j = 1, . . . , q, and κ = (κ1 κ2 κ3)
⊤ ∈ Z2 × N0:

(i) |cℓj,κ| ≤ Aχ
ℓjρ

χ|κ1|
1 ρ

χ|κ2|
2 ρχκ3

3 , for some finite ρχ1 , ρ
χ
2 , ρ

χ
3 ∈ (0,1) independent of ℓ, j, and

κ, and some finite Aχ
ℓj > 0 independent of κ and such that

∑q
j=1A

χ
ℓj ≤Aχ, for some finite

Aχ > 0 independent of ℓ; (ii) |βℓj,κ| ≤Aξ
ℓjρ

ξ|κ1|
1 ρ

ξ|κ2|
2 ρξκ3

3 , for some finite ρξ1, ρ
ξ
2, ρ

ξ
3 ∈ (0,1)

independent of ℓ, j, and κ, and some finite Aξ
ℓj > 0 independent of κ and such that∑∞

j=1A
ξ
ℓj ≤Aξ and

∑∞
ℓ=1A

ξ
ℓj ≤Aξ , for some finite Aξ > 0 independent of ℓ and j.
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This assumption implies square-summability of the coefficients of the filters, which for
the common component is a sufficient condition for (ii) in Definition 4.1 to hold, see Remark
4.2. This assumption has three other important implications. First, part (ii) implies that the
largest spatio-temporal dynamic eigenvalue of ξn satisfies (see Proposition E.1 in Appendix
E)

(20) sup
θ∈Θ

lim
n→∞

λξn1(θ)≤C,

for some finite C > 0. Hence, according to (i) in Theorem 4.1, ξn is effectively an idiosyn-
cratic component. Second, the generic (i, j)th element of the spatio-temporal spectral density
matrix has first derivatives with respect to the components of θ which are uniformly bounded
over all i, j and θ (see Forni et al., 2017, Proposition 2, for the pure time series case).
Third, in part (i) we do not require summability of the coefficients along the rows, so that
the spatio-temporal dynamic eigenvalues of χn can be diverging with n. Divergence of those
eigenvalues is made formal by means of the following assumption which strengthens (ii) in
Theorem 4.1:

ASSUMPTION 6.3. For all j = 1, . . . , q − 1 there exist continuous functions θ 7→ ω̃j(θ)

and θ 7→ ω˜j(θ) such that for all θ ∈ Θ 0 < ω˜j+1(θ) ≤ limn→∞
λχ
n,j+1(θ)

n ≤ ω̃j+1(θ) ≤
ω˜j(θ)≤ limn→∞

λχ
nj(θ)

n ≤ ω̃j(θ)<∞.

The requirement of linearly diverging eigenvalues is standard in the factor model literature.
It implies that here we are dealing only with factors which are pervasive for the whole cross-
section, which in turn implies that the ordering of the cross-sectional units is irrelevant for
estimation. We also stress the fact that we do not require distinct eigenvalues. We just need the
model to be identified and this is always the case as long as we have an eigengap, diverging
with n, between the qth and the (q+1)th dynamic spatio-temporal eigenvalues, as guaranteed
by Lemma E.5 in Appendix E.

We do not make any distributional assumption and we require only the following moment
conditions

ASSUMPTION 6.4. For all j = 1, . . . , q and ℓ ∈N, max{E(|vhς |p) ,E(|εjς |p)} ≤ Ā, for
some p≥ 4 and Ā > 0 independent of j and ℓ.

Two technical assumptions are also required. First, we characterize the kernel functions
and bandwidths needed to estimate the spectral density matrix and the truncation levels in
(18) by the following

ASSUMPTION 6.5. (i) For any l = 1,2,3, the kernel functions Kl : [−1,1] → R+ are
symmetric and bounded, and such that (a) Kl(0) = 1; (b) for some ϑl > 0, |Kl(u) − 1| =
O(|u|ϑl) as u→ 0; (c)

∫
RK

2
l (u)du <∞; (d)

∑
h1∈Z sup|h1−h2|≤1 |Kl(h1u)−Kl(h2u)| =

O(1) as u→ 0. (ii) The bandwidths are such that c1Sb1
1 < BS1

< c2S
b2
1 , c∗1S

b∗1
2 < BS2

<

c∗2S
b∗2
2 , and c∗∗1 T

b∗∗1 <BT < c∗∗2 T
b∗∗2 , for some c1, c2, c∗1, c

∗
2, c

∗∗
1 , c

∗∗
2 > 0 and 0< b1 < b2 < 1,

0 < b∗1 < b∗2 < 1, 0 < b∗∗1 < b∗∗2 < 1. (iii) d1S
p1

1 < MS1
< d2S

p2

1 , d∗1S
p∗
1

2 < MS2
< d∗2S

p∗
2

2 ,
and d∗∗1 T

p∗∗
1 < MT < d∗∗2 T

p∗∗
2 , for some d1, d2, d∗1, d

∗
2, d

∗∗
1 , d

∗∗
2 > 0 and 0 < p1 < p2 < 1,

0< p∗1 < p∗2 < 1, 0< p∗∗1 < p∗∗2 < 1.

Part (i) and (ii) are standard. Part (iii) controls the truncation of the linear filter defined in
(17) and (18).

Second, we assume that the effect of the linear spatio-temporal filters Kχ
nℓ(L), as defined

in (15), decreases geometrically.
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ASSUMPTION 6.6. For any ℓ = 1, . . . , n, let Kχ
nℓ(L) =

∑
(κ1 κ2 κ3)⊤∈Z3K

χ
nℓ,(κ1 κ2 κ3)

Lκ1

1 L
κ2

2 L
κ3

3 , then, ∥Kχ
nℓ,(κ1 κ2 κ3)

∥ ≤C0(1+ε1)
−|κ1|(1+ε2)

−|κ2|(1+ε3)
−|κ3|∥Kχ

nℓ,(0 0 0)∥,
for some finite C0, ϵ1, ϵ2, ϵ3 > 0 independent of ℓ.

6.3. Asymptotic results. To study the asymptotic properties of the estimated spectral den-
sity matrix, we generalize to the case of spatio-temporal rf the approaches by Wu and Zaf-
faroni (2018) and Zhang and Wu (2021) for time series and by Deb, Pourahmadi and Wu
(2017) for purely spatial models, which in turn are all are based on the notion of functional
dependence originally proposed by Wu (2005) in a univariate time series context. The result-
ing estimation theory is available in Appendix D and represents a novel contribution to the
literature on the inference for spatio-temporal rf.

Letting σ̂xij(θ) be the (i, j)-th entry of the estimator Σ̂x
n(θ), defined in (16), we prove the

following

THEOREM 6.1. Let Assumptions 3.1, 3.2, 6.1, 6.2, 6.4, and 6.5 hold. Define

αS1,S2,T =max

{
(logBS1

logBS2
logBT )

2BS1
BS2

BT

S1S2T
,

1

B2ϑ1

S1

,
1

B2ϑ2

S2

,
1

B2ϑ3

T

}
,

where ϑ1, ϑ2, and ϑ3 are defined in Assumption 6.5. Then, there exists a finite C > 0 inde-
pendent of n,S1, S2 and T , such that

max
1≤i,j≤n

sup
θ∈Θ

E
∣∣σ̂xij(θ)− σxij(θ)

∣∣2 ≤CαS1,S2,T .

Our results are nonstandard in the literature on spatial statistics: we do not need to choose
between in-fill or long-span asymptotic regime and we simply require that both S1 and S2
diverge, so S→∞. With this regard, we emphasize that our estimator of the spectral density
matrix entries as in (16) bears some similarities with the tapered estimator of the Fourier
transform of the covariance matrix of a spatial rf on a lattice proposed by Dahlhaus and
Künsch (1987). Differently from their method, in our approach we replace data tapers with
kernels. This yields a two-fold advantage: first, it allows to control for the estimation bias
of σxij(θ), taking care of the boundary effects; second, it offers the possibility of using the
mentioned flexible asymptotic regime. We refer to El Machkouri, Volnỳ and Wu (2013) for a
related discussion; see also Deb, Pourahmadi and Wu (2017) for similar comments.

REMARK 6.4. The rate in Theorem 6.1 depends on the kernel smoothness ϑl, l= 1,2,3
and the bandwidths BS1

, BS2
, and BT (see Assumption 6.5). Typically the same kernel is

used in all dimensions, so we can assume ϑl = ϑo for all l = 1,2,3. In our applications we
used the Epanechnikov kernel for which ϑo = 2. We consider some special cases. First, con-
sider the case in which S1 ≍ S2 ≍ T , then, up to logarithmic terms, the optimal bandwidths
are such that BS1

≍ S
3/7
1 , BS2

≍ S
3/7
2 , and BT ≍ T 3/7. This implies that the optimal rate of

consistency for our estimator of the spectral density matrix is S6/7
1 = S

6/7
2 = T 6/7.

Second, consider the case in which S1 ≍ S2, and, given that each bandwidth must
satisfy Assumption 6.5, we have two sub-cases. Either, we can set BS1

≍ S
1/3
1 , BS2

≍
S
1/3
2 , and BT ≍ T 1−η , for some small η > 0, which would entail a consistency rate

min(S
2/3
1 T η/2, S

2/3
1 , T 2−2η) = min(S

2/3
2 T η/2, S

2/3
2 , T 2−2η), which for large T is approx-

imately S
2/3
1 = S

2/3
2 . Or we can set BS1

≍ S1−η
1 , BS2

≍ S1−η
2 , for some small η >

0, and BT ≍ T 1/5, which would entail a consistency rate min(Sη
1T

2/5, S2−2η
1 , T 2/5) =

min(Sη
2T

2/5, S2−2η
2 , T 2/5), which for large S1 and S2 is approximately T 2/5 as in a pure
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time series model (Barigozzi and Farnè, 2022). In both cases, we could let η grow but at the
price of slower consistency rates along the other dimensions. The case of spatial bandwidths
depending also on T and/or time bandwidth depending also on S1, S2 is ruled out by our
Assumption 6.5.

We then prove consistency of the common component estimator χ̂(n)
ℓς defined in (19)

THEOREM 6.2. Let Assumptions 3.1, 3.2 and 6.1-6.6 hold. Recall the definition of
αS1,S2,T in Theorem 6.1. Then, there exists finite C,C∗, C̃ > 0 independent of n,S1, S2, and
T , such that, for n large enough,

(i) for any ς = (s1 s2 t)
⊤ with s1 = 1, . . . , S1, s2 = 1, . . . , S2, and t= 1, . . . , T ,

max
1≤ℓ≤n

E
∣∣∣χ̂(n)

ℓς − χℓς

∣∣∣− bς ≤Cmax(n−1/2, α
1/2
S1,S2,T

)MS1
MS2

MT ,

where bς =C∗(1+ε1)
−κ∗

1(s1)(1+ε2)
−κ∗

2(s2)(1+ε3)
−κ∗

3(t), with κ∗1(s1) =min{|κ1(s1)−
1|, κ1(s1) + 1}, κ∗2(s2) = min{|κ2(s2) − 1|, κ2(s2) + 1} and κ∗3(t) = min{|κ3(t) −
1|, κ3(t) + 1}, and where MS1

, MS2
, and MT are defined in Assumption 6.5, ε1, ε2, and

ε3 are defined in Assumption 6.6, and κ1(s1), κ1(s1), κ2(s2), κ2(s2), κ3(t), and κ3(t) are
defined in (18).

(ii) for any ς = (s1 s2 t)
⊤ with s1 =MS1

, . . . , S1 −MS1
and s2 =MS2

, . . . , S2 −MS2
and

t=MT , . . . , T −MT ,

max
1≤ℓ≤n

E
∣∣∣χ̂(n)

ℓς − χℓς

∣∣∣≤ C̃max(n−1/2, α
1/2
S1,S2,T

)MS1
MS2

MT .

We derive L1 bounds which are more general than those derived for the GDFM in the
purely time series case. If the number of lags MS1

, MS2
, and MT used in (17) is not too

large and n, S1, S2 and T all diverge to infinity, then, since Theorem 6.2 directly implies
convergence in probability, consistency of χ̂(n)

ℓς readily follows. As it is clear from Theorem
5.1, we need a large n to disentangle the common and the idiosyncratic components, while
from Theorem 6.1 we see that we need large S1, S2, and T to consistently estimate the
spectral density matrix of the observed rf. We remark that part (i) characterizes the bias due
to boundary effects and it yields a rate of convergence when the spatial locations and the
time are close to the boundaries: to the best of our knowledge, this inference aspect has been
neglected in the literature on factors models.

REMARK 6.5. The consistency rate depends on the truncation level we choose when
applying the two-sided filter in (17). When considering the same setting as in Remark 6.4
where S1 ≍ S2 ≍ T , the consistency rate for the estimate spectral density is T 6/7, and as-
suming MS1

=MS2
=MT =M , we need M = o(T 2/7).

7. Determining the number of factors. An essential aspect for the implementation of
the GSTFM is the correct identification of the number of factors q. Theorem 4.1 provides
a rough guideline for this: intuitively, one should choose the value of q such that the q-
th dynamic eigenvalue should be “sufficiently large” while the q + 1-th one should not be
“small”. To provide a more precise selection procedure, we define an information criterion
(IC) that enables us to estimate q consistently. To this end, we propose the use of a criterion
which is based on the eigenvalues, λ̂xnj(θ), j = 1, . . . , n, of Σ̂x

n(θ).
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Letting p(n,S1, S2, T ) denote a penalty depending on both n and on S1, S2, and T , we
consider the information criterion

ÎC
(n)

(k) = log

 1

n

n∑
j=k+1

1

8π3

∫
θ∈Θ

λ̂xnj(θ)dθ

+ k p(n,S1, S2, T ),

and we define the estimator of the number of factors

(21) q̂(n) = arg min
0≤k≤qmax

ÎC
(n)

(k),

for some a priori chosen maximum number of factors qmax. We assume the following stan-
dard divergence rate of the penalty

ASSUMPTION 7.1. As n,S1, S2, T →∞, p(n,S1, S2, T )→ 0 and

min

{
n,

1

logBS1
logBS2

logBT

√
S1S2T

BS1
BS2

BT
,Bϑ1

S1
,Bϑ2

S2
,Bϑ3

T

}
p(n,S1, S2, T )→∞.

Finally, we establish consistency of q̂(n)

THEOREM 7.1. Let Assumptions 3.1, 3.2, 6.1-6.5, and 7.1 hold. Then, as n,S1, S2, T →
∞, P(q̂(n) = q)→ 1.

8. Monte Carlo experiments. Before delving into numerical studies, we summarize the
estimation procedure in the following

Algorithm 1: Algorithm for estimating the common component.

Input: data {xℓς , ℓ= 1, . . . , n, ς = (s1 s2 t)
⊤, s1 = 1, . . . , S1, s2 = 1, . . . , S2, t=

1, . . . , T}; estimated number of factors q̂(n) (see Algorithm 1 in Appendix G);
kernel functions K1(·), K2(·), and K3(·);
bandwidths integers BS1

,BS2
, and BT ;

truncation integers MS1
, MS2

, and MT .
Output: {χ̂(n)

ℓς , ℓ= 1, . . . , n,
ς = (s1 s2 t)

⊤, s1 = 1, . . . , S1, s2 = 1, . . . , S2, t= 1, . . . , T}.
1 Compute Σ̂x

n(θh) as in (16), with θh as in Remark 6.1.
2 Compute the q̂(n) eigenvectors p̂xnj(θh), j = 1, . . . , q̂, of Σ̂x

n(θh), with θh as in
Remark 6.1.

3 Compute K̂x
nℓ(θh) and K̂

x,ς

nℓ (L) as in (17), with θh as in Remark 6.1.

4 Compute χ̂(n)
ℓς = K̂

x,ς

nℓ (L)xnς as in (19).

We illustrate how Algorithm 1 works and we provide evidence of our key theoretical re-
sults. In Section 2 we already showed the presence of the eigen-gap in finite-samples as pre-
dicted by our results in Section 4, further evidence is available in Appendix I; in Section 8.1,
we study the performance of the estimator of the common component proposed in Section 6,
and we provide a comparison of our GSTFM with the extant GDFM; in Section 8.2, we
explain how to select the number of factors following Section 7.

In the whole section we simulate data using xℓς = χℓς + ξℓς , for ℓ = 1, . . . , n, ς =
(s1 s2 t)

⊤ with s1 = 1, . . . , S1, s2 = 1, . . . , S2, and t= 1, . . . , T . The case of cross- and se-
rially correlated idiosyncratic components is studied in Appendix I. The idiosyncratic com-
ponent ξℓς is i.i.d. from a standard normal distribution and the common component χℓς is
generated according to two different mechanisms.
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Model (a) is an infinite convolution over the lattice:

(22) χℓς =
∑
κ

q∑
j=1

aℓjb
|κ1|+|κ2|+|κ3|
ℓj Lκuj,ς .

Model (b) is a finite convolution over the lattice:

(23) χℓς =

(1 1 1)⊤∑
κ=(−1 −1 0)⊤

q∑
j=1

aℓj0.5
|κ1|+|κ2|+|κ3|Lκuj,ς .

We generate aℓj and uj,ς , j = 1, . . . , q, from i.i.d. standard normal distributions and bℓj from
i.i.d. uniform distributions on [0.5,0.8]. The Monte Carlo (MC) experiments are repeated
N = 100 times.

8.1. The common component. Section 6 contains the asymptotics of the proposed esti-
mation methods. A practically relevant question is related to the finite-sample behaviour of
the proposed estimators. To investigate this aspect, we set q = 2 and we study numerically
how the mean square error (MSE)

E1 =
1

nS1S2T

n∑
ℓ=1

S1∑
s1=1

S2∑
s2=1

T∑
t=1

(χ̂
(n)
ℓς − χℓς)

2

and the standardised MSE

E2 =

∑n
ℓ=1

∑S1

s1=1

∑S2

s2=1

∑T
t=1(χ̂

(n)
ℓς − χℓς)

2∑n
ℓ=1

∑S1

s1=1

∑S2

s2=1

∑T
t=1χ

2
ℓς

change with n and with the spatio-temporal dimensions S1, S2 and T .
In the top panel of Table 1, we display the averaged (over all MC runs) E1 and E2 for

n= 20,40,60,80 and (S1, S2, T ) = (20,20,20). The table clearly shows that the estimation
errors decrease as n increases: this illustrates the blessing of dimensionality for the estimation
of the common component. Interestingly, we remark that already with n = 20, E1 and E2

have values that are very similar to the ones obtained for larger sample sizes (e.g. n= 60).
In the bottom panel of Table 1 we report the averaged (over all MC runs) values of E1 and

E2 for n= 40 and (S1, S2, T ) = (10,10,10)d, with d= 1,2,3,4. In line with the theoretical
results, the errors decrease as the spatio-temporal dimensions increase.

To elaborate on the motivating example of Section 2, we compare the performance of the
GSTFM and the GDFM in terms of estimation accuracy of the common components. We
set n= 30, q = 2 and (S1, S2, T ) = (10,10,20) or (S1, S2, T ) = (20,10,20). In Table 2, we
report the average (over all MC runs) values of E1 and E2, for the GSTFM and GDFM.
The advantage of our approach is evident: the GSTFM produces smaller estimation errors
of the common components than the GDFM. We emphasize that E1 of the GDFM displays
a sharp rise as S1 increases from 10 to 20. This aspect illustrates that there is no blessing
of dimensionality for the GDFM if the spatial dependencies are ignored: adding more time
series does not yield any accuracy improvement and the results of Forni et al. (2000) do not
apply. Indeed, when S1 increases, stacking the new observations in a vector, as in Section
2, implies that we are dealing with a larger number of spatially dependent variables: the
GDFM ignores these spatial dependencies and, as a result, it becomes less reliable in the
estimation of the common component, entailing larger values of E1—incidentally, this point
is not detectable looking at E2 because of its standardisation based on the variance of the true
common component.
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TABLE 1
E1 and E2 of the GSTFM, q = 2.

n

(S1, S2, T ) = (20,20,20) 20 40 60 80

Model (a) in (22)
E1 0.389 0.346 0.339 0.331
E2 0.066 0.060 0.059 0.058

Model (b) in (23)
E1 0.251 0.193 0.175 0.164
E2 0.047 0.036 0.031 0.030

(S1, S2, T )

n= 40 (10,10,10) (20,20,20) (30,30,30) (40,40,40)

Model (22)
E1 0.372 0.289 0.302 0.301
E2 0.077 0.051 0.050 0.046

Model (23)
E1 0.196 0.115 0.146 0.118
E2 0.036 0.021 0.027 0.021

TABLE 2
E1 and E2 of the GSTFM and GDFM, n= 30, S2 = 10, T = 20, and q = 2.

Model (a) in (22) Model (b) in (23)
GSTFM GDFM GSTFM GDFM

S1 = 10 E1 0.606 1.632 0.566 2.773
E2 0.325 0.807 0.149 0.709

S1 = 20 E1 0.817 4.202 0.470 4.160
E2 0.150 0.747 0.085 0.731

TABLE 3
Under- and over-identification rates for q̂(n)

ĉ
, with q = 0,1,2,3.

q = 0 q = 1 q = 2 q = 3

Model (a) in (22) Under-identification 0 0 0 0
Over-identification 0 0.10 0.08 0.04

Model (b) in (23) Under-identification 0 0 0 0
Over-identification 0 0 0 0

8.2. Selection of the number of factors . We investigate the finite sample performance
of the estimator of q defined in Section 7. However, looking at (21), we remark that, if the
estimator q̂(n) is consistent, then the estimator q̂(n)c obtained via the penalty cp(n,S1, S2, T ),
c > 0, is consistent as well. Hence, in practice, one needs to choose also c to estimate q
consistently. The detailed procedure for the automatic selection of the number of factors is
summarized in Algorithm 1 in Appendix G. To evaluate the estimation accuracy of Algo-
rithm 1, we set n = 100, (S1, S2, T ) = (25,25,25), and q = 0,1,2,3 and we run 200 MC
replications. Table 3 shows the under- and over-identification proportions for q̂(n)ĉ . The re-
sults illustrate good finite-sample performance of the selection procedure of q: for Model (b)
in (23), the algorithm identifies q correctly for all replications and for all values of q; for
Model (a) in (22), the over-identification rate is not zero for q = 1,2,3 but it is nevertheless
very small.
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9. Conclusions and further developments. We develop the theory and provide the
complete inference toolkit (estimation of the common component and selection of the number
of factors) for the factor analysis of high-dimensional spatio-temporal rf defined on a lattice.
Our model accounts for all spatio-temporal common correlations among all components of
the rf. We give statistical guarantees of the proposed estimation methods. Our asymptotic
theory extends the one available in Forni et al. (2000), whose rates of convergence, which
are unavailable in the literature on factor models for time series, can be derived as a special
case of our rates in Section 6. Monte Carlo studies illustrate the applicability and the good
performance of our GSTFM under many different settings, commonly encountered in data
analysis.

We foresee some extensions of our results. For instance, one may define estimators of the
common component which involve one-sided filters in time, thus allowing for forecasting.
We conjecture that this is possible along the lines of Forni et al. (2005) or Forni et al. (2017).
Moreover, one may consider the case of irregularly spaced (in time and in space) data. Given
that in this case the frequencies are no longer in Θ the main challenge is then to introduce a
new notion of spectral density and its estimator; see, e.g., Deb, Pourahmadi and Wu (2017)
where it is also shown that, in the case of irregularly spaced data on a lattice, the implied
asymptotic properties of the related estimator are likely to be affected in a non-trivial way.
These extensions are part of our ongoing research.
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HALLIN, M. and TRUCÍOS, C. (2021). Forecasting value-at-risk and expected shortfall in large portfolios: A
general dynamic factor model approach. Econometrics and Statistics 27 1–15.

LAM, C. and YAO, Q. (2012). Factor modeling for high-dimensional time series: inference for the number of
factors. The Annals of Statistics 40 694–726.

LAZAR, N. (2008). The statistical analysis of functional MRI data. Springer Science & Business Media.
LEONENKO, N. (1999). Limit theorems for random fields with singular spectrum 465. Springer Science & Busi-

ness Media.
MANDREKAR, V. S. and REDETT, D. A. (2017). Weakly Stationary Random Fields, Invariant Subspaces and

Applications. Chapman and Hall/CRC.
MOTTA, G., WU, W. B. and POURAHMADI, M. (2023).

√
2-estimation for smooth eigenvectors of matrix-valued

functions. Biometrika 110 1077–1098.
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