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We explore alternative formulations of the analogy between viable Horndeski gravity and Eckart’s
first-order thermodynamics. We single out a class of identifications for the effective stress-energy tensor of
the scalar field fluid that, upon performing the imperfect fluid decomposition, yields constitutive relations
that can be mapped onto Eckart’s theory. We then investigate how different couplings to Einstein’s gravity,
at the level of the field equations, can affect the thermodynamic formalism overall. Last, we specialize the
discussion to the case of “traditional” scalar-tensor theories and identify a specific choice of the coupling
function that leads to a significant simplification of the formalism.
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I. INTRODUCTION AND MAIN RESULTS

A seemingly strict relationship between gravitational
theories and thermodynamics has been attracting attention
since the 1970s, beginning with the modern formulation of
black hole thermodynamics (see, e.g., [1–3]) and evolving
into the thermodynamics of spacetime [4,5]. Jacobson’s
approach [4], in particular, allows for a derivation of the
Einstein field equations as an equation of state, while
modified theories of gravity emerge from a nonequilibrium
formulation of spacetime thermodynamics [5]. These gen-
eral considerations then inspired an alternative perspective
on the relationship between gravity and thermodynamics,
known as the thermodynamics of scalar-tensor gravity [6,7]
(see also [8] for a review). This latter approach relies on an
effective fluid treatment of the contributions of the addi-
tional scalar field degree of freedom in the field equations
of scalar-tensor theories, rather than on a thermodynamic
description of the spacetime.
For the sake of clarity, let us expand on the generalities of

the thermodynamics of scalar-tensor gravity [6,7]. Let us
consider a generic scalar-tensor theory of gravity with a
(total) action

S½gab;ϕ;ψ � ¼ SðgÞ½gab;ϕ� þ SðmÞ½gab;ψ �; ð1Þ

where gab denotes the metric tensor field, ϕ is a scalar field,
SðmÞ½gab;ψ � denotes the action of a collection of matter
fields dubbed by ψ which are minimally coupled to the
metric tensor field, and SðgÞ½gab;ϕ� is the Jordan frame
gravitational action of the theory. Taking the functional
derivatives of SðgÞ½gab;ϕ�, with respect to gab and ϕ, one
can define the following quantities:

Eab ≔
2ffiffiffiffiffiffi−gp δSðgÞ

δgab
; J ≔

δSðgÞ

δϕ
; ð2Þ

while the functional derivative of the matter action with
respect to gab yields the energy-momentum tensor of
matter, i.e.,

TðmÞ
ab ≔ −

2ffiffiffiffiffiffi−gp δSðmÞ

δgab
: ð3Þ

The equations of motion of the system described by the
total action S½gab;ϕ;ψ � then read, in general,

Eab ¼ TðmÞ
ab ; ð4Þ

J ¼ 0; ð5Þ

δSðmÞ

δψ
¼ 0; ð6Þ
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where the latter gives the equations of motion of each
matter field.
Let us assume that Eq. (4) can be rewritten as an effective

Einstein equations, i.e.,

Gab ¼ GeffðϕÞTðmÞ
ab þ TðeffÞ

ab ; ð7Þ

where Gab is the Einstein tensor, GeffðϕÞ denotes the
effective gravitational coupling between matter and

Einstein’s gravity, while TðeffÞ
ab is an effective stress-energy

tensor containing all the remaining contributions of ϕ.
Then, the first step of the procedure developed in [6,7]

begins with interpreting TðeffÞ
ab as the stress-energy tensor of

an effective fluid [9,10] that in the case of scalar-tensor
gravity is often dubbed as ϕ-fluid.
To implement this effective fluid approach to modified

gravity one first needs to observe that TðeffÞ
ab is, by

construction, a rank-2 symmetric tensor field. Hence, given

a normalized timelike vector field ua, i.e., uaua ¼ −1, TðeffÞ
ab

always admits an imperfect fluid decomposition [11], i.e.,

TðeffÞ
ab ¼ ρuaub þ Phab þ 2qðaubÞ þ πab; ð8Þ

where hab ¼ gab þ uaub, ρ ¼ TðeffÞ
ab uaub denotes the effec-

tive energy density, P ¼ 1
3
TðeffÞ
ab hab is the isotropic pressure,

qa ¼ −TðeffÞ
cd uchda is the heat flux density, and πab ¼

hachbdT
ðeffÞ
cd − Phab denotes the anisotropic stress tensor.

Assuming a timelike gradient for the scalar field ϕ, we
identify the 4-velocity of the ϕ-fluid with

ua ≔ ϵ
∇aϕffiffiffiffiffiffi
2X

p ; ð9Þ

where X ≔ − 1
2
∇aϕ∇aϕ and ϵ ¼ �1 is introduced to

ensure that the velocity is future-oriented [12]; one can
then compute the expansion scalar Θ ≔ ∇aua and the shear
tensor σab ≔ ∇ðbuaÞ − 1

3
Θhab, namely the kinematic quan-

tities associated with the ϕ-fluid. The constitutive equations
of the ϕ-fluid can then be inferred by comparing the
expressions of the kinematic quantities with the compo-

nents of TðeffÞ
ab in the imperfect fluid form.

Specializing our discussion to the viable subclass of
Horndeski gravity, i.e.,

SðgÞ ¼ 1

2

Z
d4x

ffiffiffiffiffiffi
−g

p �
G4ðϕÞRþ G2ðϕ; XÞ −G3ðϕ; XÞ□ϕ

�
;

ð10Þ

where Gi are arbitrary functions of ϕ and/or X, and
□ϕ ≔ gab∇a∇bϕ, one finds that the constitutive laws
for the corresponding ϕ-fluid can be mapped into

those of Eckart’s first-order thermodynamics [13] (see
also [14]), i.e.,

P ¼ P̄þ Pvis;

Pvis ¼ −ζΘ; ð11Þ

qa ¼ −Kðhab∇bT þ T u̇aÞ; ð12Þ

πab ¼ −2ησab; ð13Þ

where P̄ denotes the inviscid pressure, Pvis is the viscous
pressure, ζ is the bulk viscosity coefficient, η is the shear
viscosity of the fluid, K is the thermal conductivity, and T
denotes the temperature. This formal analogy, and specifi-
cally the generalized Fourier law in Eq. (12), then allows
one to identify a notion of temperature of gravity that reads
(see [13,14])

KT ≔
ϵ

ffiffiffiffiffiffi
2X

p ðG4ϕ − XG3XÞ
G4

; ð14Þ

where Giϕ and GiX respectively denote the partial deriv-
atives of Gi with respect to ϕ and X, as well as notions of
bulk and shear viscosity for the ϕ-fluid of viable Horndeski
gravity.
Note that, throughout this work, we shall adopt the

notation of Ref. [15], in which the metric signature is
ð−þþþÞ. Furthermore, units are used in which the speed
of light and 8πG (where G denotes Newton’s constant)
are unity.

A. Statement of the problem and main results

From the discussion presented so far it might appear as if
the proposed thermodynamic analogy of viable Horndeski
gravity with Eckart’s thermodynamics (and corresponding
implications) is heavily dependent on the splitting per-
formed in the right-hand side of Eq. (7). In other words,
it can appear as though, given a scalar-tensor theory of
gravity, different identifications for the effective stress-
energy tensor TðeffÞ

ab for the same theory would lead to
different constitutive laws for the corresponding effective
fluid. The aim of this work is to address this point and
determine to which extent of the constitutive laws of the
ϕ-fluid are mapped onto Eckart’s thermodynamics, and to
investigate possible alternative formulations of this analogy.
The procedure followed in Eq. (7) aims at completely

separating the contributions of the scalar field ϕ from the
matter content of the theory. In other words, the ϕ-fluid
and ordinary matter are seen as completely independent
“fluids.” However, a key distinction between the two is the
fact that, while the matter stress-energy tensor is cova-
riantly conserved due to the diffeomorphism invariance of
the action, the same does not hold for the effective ϕ-fluid,
indeed
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∇bTðeffÞ
ab ¼ G4ϕ

G2
4

TðmÞ
ab ∇bϕ; ð15Þ

which is nonvanishing in general. This is a direct conse-
quence of the nonminimal coupling of ϕ to gravity.
Furthermore, another important conclusion that can be

drawn from Eq. (7) and the fluid interpretation of TðeffÞ
ab is

the fact that the ϕ-fluid has a constant coupling to
Einstein’s gravity, whereas that of matter is gauged by
the scalar field ϕ though 1=G4ðϕÞ. This somewhat contra-
dicts the universality of the gravitational interaction in this
effective Einsteinian analogy for scalar-tensor gravity.

However, TðeffÞ
ab was postulated of this form and nothing

prevents us from arbitrarily defining a new effective
energy-momentum tensor

TðfÞ
ab ≔ ½fðϕ; XÞ�−1TðeffÞ

ab ; ð16Þ

with fðϕ; XÞ a nonvanishing continuous function of ϕ and
X, so that the effective Einstein equations can be recast as

Gab ¼
1

G4

TðmÞ
ab þ fðϕ; XÞTðfÞ

ab : ð17Þ

Note that, without loss of generality, we can assume
fðϕ; XÞ > 0. This argument leads to the following results.
Theorem 1. In viable Horndeski gravity, if we define the

effective stress-energy tensor of the ϕ-fluid as

TðfÞ
ab ≔

1

f

�
Gab −

1

G4

Eab

�
; ð18Þ

with f ¼ fðϕ; XÞ an arbitrary strictly positive continuous
function of ϕ and X, then the constitutive laws of the
ϕ-fluid can always be mapped onto those of Eckart’s first-
order thermodynamics. Furthermore, the corresponding
thermal conductivity and temperature of gravity read

KðfÞT ðfÞ ¼ ½fðϕ; XÞ�−1 ϵ
ffiffiffiffiffiffi
2X

p ðG4ϕ − XG3XÞ
G4

; ð19Þ

whereas the evolution equation for the temperature of
gravity for the ϕ-fluid reads

d½KðfÞT ðfÞ�
dτ

¼
�
ϵ

ffiffiffiffiffiffi
2X

p
fϕ − ðϵ

ffiffiffiffiffiffi
2X

p
□ϕ − ΘÞfX

þ
�
ϵ
□ϕffiffiffiffiffiffi
2X

p − Θ
�
f
�
KðfÞT ðfÞ

f

þ 1

f
∇cϕ∇c

�
G4ϕ − XG3X

G4

�
ð20Þ

with τ the proper time of an observer comoving with the
ϕ-fluid.

Remark 1. It is easy to see that for f ¼ 1 we recover the
standard description of the first-order thermodynamics of
scalar-tensor gravity.
Corollary 1. In viable Horndeski gravity, if we define the

effective stress-energy tensor of the ϕ-fluid as in (18) with
f ¼ 1=G4 ≡Geff , then

KðGeffÞT ðGeffÞ ¼ ϵ
ffiffiffiffiffiffi
2X

p
ðG4ϕ − XG3XÞ; ð21Þ

and we also have that

dKðeffÞT ðeffÞ

dτ
¼

�
−ε

ffiffiffiffiffiffi
2X

p G4ϕ

G4

þ
�
ε
□ϕffiffiffiffiffiffi
2X

p − Θ
��

×KðeffÞT ðeffÞ þ G4∇cϕ∇c

�
G4ϕ − XG3X

G4

�
;

ð22Þ

with τ the proper time of an observer comoving with the
ϕ-fluid.
These results are particularly useful since they allow a

simplification of the analysis of the approach to equilibrium
equation for “traditional” scalar-tensor theories, i.e.,

SðgÞst ¼ 1

2

Z
d4x

ffiffiffiffiffiffi
−g

p �
ϕR −

ωðϕÞ
ϕ

∇cϕ∇cϕ − VðϕÞ
�
; ð23Þ

which represents a well-investigated subclass of viable
Horndeski gravity, specifically corresponding to

G4 ¼ ϕ; G2 ¼
2ωðϕÞ
ϕ

X − VðϕÞ; G3 ¼ 0:

In fact, we shall show the following.
Theorem 2. In traditional scalar-tensor theories, for

f ¼ 1=ϕ≡Geff the evolution equation for the temperature
of gravity reads

d½KðGeffÞT ðGeffÞ�
dτ

¼ −ΘKðGeffÞT ðGeffÞ þ□ϕ; ð24Þ

with τ the proper time of an observer comoving with the
ϕ-fluid.
This result allows for a simplified proof of the fact that

electrovacuum scalar-tensor theories satisfying ω ¼ const,
VðϕÞ ¼ 0, and □ϕ ¼ 0 will produce extreme deviations
from general relativity (diverging temperature of gravity)
near spacetime singularities [6,7]. Furthermore, Eq. (24)
allows for a streamlined investigation of peculiar fixed
points, other than general relativity, and their thermal
stability [16].
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B. Structure of the work

The manuscript is organized as follows. In Sec. II we
summarize themain results of the effective fluid approach and
of the first-order thermodynamics of viableHorndeski gravity.
InSec. IIIweprovide theproofs ofTheorem1andCorollary1.
In Sec. IV we specialize the analysis presented in Sec. III to
traditional scalar-tensor theories and discuss the proof of
Theorem2. SectionVdiscusses an alternative definition of the
effective stress-energy tensor for viable Horndeski gravity,
mixing the contributions of both matter and the scalar field,
which is covariantly conserved, and yielding a thermody-
namic analogy with Eckart’s theory only in vacuo. Last, in
Sec. VI we present some concluding remarks.

II. PRELIMINARIES ON VIABLE
HORNDESKI GRAVITY

In this section, we shall briefly summarize the main results
concerning the imperfect fluid representation of viable
Horndeski gravity and the corresponding standard thermody-
namic analogywithEckart’s theory.For details andderivations
of the following results, we refer the reader to [13,14].
Viable Horndeski gravity is a scalar-tensor theory

defined by the action given in Eq. (10). This model
provides the most general modified theory of gravity, built
out of the metric tensor and a scalar field, leading to
second-order field equations and the luminal propagation
of gravitational waves.
Let us consider a scalar field ϕ with a timelike gradient.

Taking advantage of the definition in Eq. (9) one can easily
compute the kinematic quantities associated with the
ϕ-fluid. Indeed, recalling the definitions of expansion
scalar, shear tensor, and 4-acceleration, i.e., respectively,

Θ ≔ ∇aua; ð25Þ

σab ≔ ∇ðaubÞ −
θ

3
hab; ð26Þ

u̇a ≔ uc∇cua; ð27Þ

and then it is easy to show that

Θ ¼ ϵffiffiffiffiffiffi
2X

p
�
□ϕ −

∇X ·∇ϕ

2X

�
; ð28Þ

σab ¼
ϵffiffiffiffiffiffi
2X

p
�
∇a∇bϕ −

∇ðaX∇bÞϕ
X

−
∇X ·∇ϕ

4X2
∇aϕ∇bϕ

−
hab
3

�
□ϕ −

∇X ·∇ϕ

2X

��
; ð29Þ

2Xu̇a ¼ −Ẋua −∇aX; ð30Þ

□ϕ ¼ ϵ

� ffiffiffiffiffiffi
2X

p
Θþ Ẋffiffiffiffiffiffi

2X
p

�
; ð31Þ

with ∇X · ∇ϕ ≔ gab∇aX∇bϕ and Ẋ ≔ uc∇cX. Note that
these quantities are the same for all scalar-tensor models
since their computation relies only on the definition of the
four-velocity of the ϕ-fluid, i.e., Eq. (9).
The imperfect fluid decomposition [Eq. (8)] of the

effective energy-momentum tensor TðeffÞ
ab for viable

Horndeski gravity then yields

TðeffÞ
ab ¼

�
2XG2X −G2 − 2XG3ϕ

2G4

þ ϵ

ffiffiffiffiffiffi
2X

p ðG4ϕ − XG3XÞ
G4

Θ
�
uaub

þ
�

1

2G4

ðG2 − 2XG3ϕ þ 4XG4ϕϕÞ −
ðG4ϕ − XG3XÞ

G4

□ϕþ ϵ
ðG4ϕ − 3XG3XÞ

3G4

ffiffiffiffiffiffi
2X

p
Θ
�
hab

− ϵ
2

ffiffiffiffiffiffi
2X

p ðG4ϕ − XG3XÞ
G4

u̇ðaubÞ þ ϵ

ffiffiffiffiffiffi
2X

p
G4ϕ

G4

σab; ð32Þ

which corresponds to identify the following effective fluid quantities:

ρ ¼ 1

2G4

ð2XG2X − G2 − 2XG3ϕÞ þ ϵ

ffiffiffiffiffiffi
2X

p

G4

ðG4ϕ − XG3XÞΘ; ð33Þ

P ¼ 1

2G4

ðG2 − 2XG3ϕ þ 4XG4ϕϕÞ −
ðG4ϕ − XG3XÞ

G4

□ϕþ ϵ
ðG4ϕ − 3XG3XÞ

3G4

ffiffiffiffiffiffi
2X

p
Θ; ð34Þ

qa ¼ −ϵ
ffiffiffiffiffiffi
2X

p ðG4ϕ − XG3XÞ
G4

u̇a; ð35Þ

πab ¼ ϵ

ffiffiffiffiffiffi
2X

p
G4ϕ

G4

σab: ð36Þ
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Comparing these expressions with Eckart’s constitutive
equations [i.e., Eqs. (11)–(13)] allows for the identification
of the notions of the temperature of modified gravity and
that of shear viscosity of modified gravity, i.e., respectively,

KT ≔
ϵ

ffiffiffiffiffiffi
2X

p ðG4ϕ−XG3XÞ
G4

and η≔−ϵ
ffiffiffiffiffiffi
2X

p
G4ϕ

2G4

: ð37Þ

The identification of the bulk viscosity is not as straightfor-
ward; for details on the bulk viscous pressure and corre-
sponding viscosity for viable Horndeski gravity, we refer
the reader to [14,17].
The evolution equation for the temperature then

reads [17]

dðKT Þ
dτ

¼
�
ϵ
□ϕffiffiffiffiffiffi
2X

p − Θ
�
KT þ∇cϕ∇c

�
G4ϕ − XG3X

G4

�
:

ð38Þ

III. ALTERNATIVE FLUID REPRESENTATIONS:
PROOF OF THEOREM 1

In this section, we shall provide detailed proofs of
Theorem 1 and Corollary 1.
Again, let us consider viable Horndeski gravity with a

scalar field ϕ such that its four-gradient is timelike and
define the future-directed four-velocity ua associated with
ϕ as in (9). If we now consider the modified definition (16)
for the effective energy-momentum tensor of the ϕ-fluid, it
is easy to see that the effective Einstein equations for viable
Horndeski gravity read as in Eq. (17). On the one hand,
since the modification of the effective energy-momentum
tensor of the ϕ-fluid occurs only at the level of the effective
Einstein equations, this procedure does not affect the
kinematic quantities, which therefore remain identical to
the one computed in Eqs. (28)–(31). On the other hand,
because of Eq. (16) we have that the ϕ-fluid still admits an

imperfect fluid decomposition for TðfÞ
ab , i.e.,

TðfÞ
ab ¼ ρðfÞuaub þ PðfÞhab þ 2qðfÞða ubÞ þ πðfÞab ; ð39Þ

with fluid quantities proportional to those in Eqs. (33)–(36),
specifically,

ρ ¼ TðeffÞ
ab uaub ¼ fTðfÞ

ab u
aub ¼ fρðfÞ; ð40Þ

qa ¼ −TðeffÞ
ab uchad ¼ fqðfÞa ; ð41Þ

Πab ¼ Phab þ πab ¼ TðeffÞ
cd hachbd ¼ fΠðfÞ

ab ; ð42Þ

P ¼ 1

3
gabΠab ¼

1

3
habTðeffÞ ¼ fPðfÞ; ð43Þ

πab ¼ Πab − Phab ¼ fπðfÞab ; ð44Þ

or in a more compact form fρðfÞ; PðfÞ; qðfÞa ; πðfÞab g ¼
f−1fρ; P; qa; πabg. Equations (33)–(36) then imply that
the constitutive relations of the ϕ-fluid still map into those
of Eckart’s first-order thermodynamics up to a rescaling of
the temperature and viscosities by a factor 1=f. Let us
consider the constitutive relation for the heat-flux density as
an illustrative example. From Eqs. (35) and (41) we can
conclude that

qðfÞa ¼ −ϵ
ffiffiffiffiffiffi
2X

p ðG4ϕ − XG3XÞ
fG4

u̇a; ð45Þ

which upon comparing this expression with that of Eckart’s
theory [Eq. (12)] implies a definition of “temperature of
modified gravity” that reads

KðfÞT ðfÞ ¼ ϵ
ffiffiffiffiffiffi
2X

p ðG4ϕ − XG3XÞ
fG4

; ð46Þ

or, equivalently, KðfÞT ðfÞ ¼ KT =f.
We can now investigate the evolution of this alternative

definition of temperature as a function of the proper time of
an observer comoving with the fluid. Specifically one
has that

dðKðfÞT ðfÞÞ
dτ

¼ uc∇cðKðfÞT ðfÞÞ ¼ uc∇cðf−1KT Þ

¼ KT
f2

ðϵ
ffiffiffiffiffiffi
2X

p
fϕ − ẊfXÞ þ

ua∇aðKT Þ
f

¼ KT
f2

½ϵ
ffiffiffiffiffiffi
2X

p
fϕ − ðϵ

ffiffiffiffiffiffi
2X

p
□ϕ − ΘÞfX�

þ 1

f
dðKT Þ
dτ

: ð47Þ

Replacing dðKT Þ
dτ with the expression provided by Eq. (38)

yields

dðKðfÞT ðfÞÞ
dτ

¼ KT
f2

½ϵ
ffiffiffiffiffiffi
2X

p
fϕ − ðϵ

ffiffiffiffiffiffi
2X

p
□ϕ − ΘÞfX�

þ
�
ϵ
□ϕffiffiffiffiffiffi
2X

p − Θ
�
KT
f

þ 1

f
∇cϕ∇c

�
G4ϕ − XG3X

G4

�
: ð48Þ

If we now recall that KðfÞT ðfÞ ¼ KT =f, we have that
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d½KðfÞT ðfÞ�
dτ

¼
�
ϵ

ffiffiffiffiffiffi
2X

p
fϕ − ðϵ

ffiffiffiffiffiffi
2X

p
□ϕ − ΘÞfX þ

�
ϵ
□ϕffiffiffiffiffiffi
2X

p − Θ
�
f

�
KðfÞT ðfÞ

f
þ 1

f
∇cϕ∇c

�
G4ϕ − XG3X

G4

�
; ð49Þ

and this concludes the proof of Theorem 1.
If we now choose f ¼ 1=G4, i.e., we assume that gravity couples with the same strength to both matter and the effective

ϕ-fluid (somewhat implementing the weak equivalence principle at the level of the effective Einstein equations), from
Eq. (19) we have that

KðfÞT ðfÞjf¼1=G4
¼ ϵ

ffiffiffiffiffiffi
2X

p ðG4ϕ − XG3XÞ
fG4

				
f¼1=G4

¼ ϵ
ffiffiffiffiffiffi
2X

p
ðG4ϕ − XG3XÞ; ð50Þ

and similarly

d½KðfÞT ðfÞ�
dτ

				
f¼1=G4

¼
�
−ϵ

ffiffiffiffiffiffi
2X

p G4ϕ

G4

þ
�
ϵ
□ϕffiffiffiffiffiffi
2X

p − Θ
��

ðKðfÞT ðfÞjf¼1=G4
Þ þ G4∇cϕ∇c

�
G4ϕ − XG3X

G4

�
; ð51Þ

thus concluding the proof of Corollary 1.

IV. TRADITIONAL SCALAR-TENSOR THEORIES: PROOF OF THEOREM 2

To prove the statement in Theorem 2 we have to specialize our analysis of viable Horndeski gravity to its subclass that
coincides with traditional scalar-tensor theories, i.e., the subclass such that

G4 ¼ ϕ; G2 ¼
2ωðϕÞ
ϕ

X − VðϕÞ; G3 ¼ 0;

with ϕ > 0 over the spacetime manifold.
Taking advantage of Corollary 1 we can easily infer that

KðfÞT ðfÞjf¼1
ϕ;st

¼ ϵ
ffiffiffiffiffiffi
2X

p ðG4ϕ−XG3XÞ
fG4

				
f¼1

ϕ;st
¼ ϵ

ffiffiffiffiffiffi
2X

p
: ð52Þ

Furthermore, from Eq. (20) specialized to traditional scalar-tensor theories we have that

d½KðfÞT ðfÞ�
dτ

				
f¼1

ϕ;st
¼

�
−
ϵ

ffiffiffiffiffiffi
2X

p

ϕ
þ
�
ϵ
□ϕffiffiffiffiffiffi
2X

p − Θ
��

ðKðfÞT ðfÞjf¼1
ϕ;st

Þ þ ϕ∇cϕ∇c

�
1

ϕ

�

¼
�
−
ϵ

ffiffiffiffiffiffi
2X

p

ϕ
þ
�
ϵ
□ϕffiffiffiffiffiffi
2X

p − Θ
��

ϵ
ffiffiffiffiffiffi
2X

p
þ 2X

ϕ

¼
�
ϵ
□ϕffiffiffiffiffiffi
2X

p − Θ
�
ϵ

ffiffiffiffiffiffi
2X

p
¼ □ϕ − Θϵ

ffiffiffiffiffiffi
2X

p

¼ □ϕ − ΘðKðfÞT ðfÞjf¼1
ϕ;st

Þ; ð53Þ

which concludes the proof of Theorem 2.

V. AN EFFECTIVE FLUID WITH COVARIANTLY
CONSERVED STRESS-ENERGY TENSOR

As pointed out in Sec. I A, the effective stress-energy
tensor (32) is not covariantly conserved due to the

nonminimal coupling of the scalar field to Einstein’s
gravity through G4ðϕÞ [Eq. (15)]. Nonetheless, one could
try to look for alternative definitions for the effective stress-
energy tensor that are covariantly conserved and see their
effects on the thermodynamic analogy.
Turning our attention to viable Horndeski gravity, the

simplest way of constructing a conserved rank-two tensor
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consists in considering linear combinations of conserved
quantities. For instance, we know that Eab, as defined in
Eq. (2), andGab are divergence-free tensors (on-shell); thus
a simple proposal for an alternative covariantly conserved
stress-energy tensor reads

T̂ab ≔ Gab − Eab; ð54Þ

leading to the following form of the effective Einstein
equations:

Gab ¼ T̂ab þ TðmÞ
ab : ð55Þ

A nice feature of this definition is that both matter and the
“effective fluid” are equally coupled to Einstein’s gravity.
However, this is done at the price of mixing matter and
scalar field contributions, and this leads to complications in
the thermodynamic analogy. Indeed, the conserved effec-
tive stress-energy tensor T̂ab can be written in terms of the

minimal one TðeffÞ
ab [Eq. (32)] as

T̂ab ¼ TðeffÞ
ab þ

�
1 −G4

G4

�
TðmÞ
ab : ð56Þ

Then, assuming that the scalar field has a timelike gradient
and defining the effective fluid 4-velocity as in Eq. (9) we
can perform an imperfect fluid decomposition of T̂ab which
yields

ρ̂ ¼ ρþ
�
1 −G4

G4

�
TðmÞ
ab uaub; ð57Þ

P̂ ¼ Pþ 1

3

�
1 −G4

G4

�
TðmÞ
ab hab; ð58Þ

q̂a ¼ qa −
�
1 −G4

G4

�
TðmÞ
cd uchda; ð59Þ

π̂ab ¼ πab þ
�
1 − G4

G4

�
TðmÞ
ab

�
hachbd −

1

3
hcdhab

�
; ð60Þ

where ρ, P, qa, and πab as in Eqs. (33)–(36).
Because of the presence of matter in the definition of the

effective stress-energy tensor the fluid quantities read as the
ones resulting from a mixture of tilted fluids [18,19]. Only
in the case of a minimally coupled scalar field, i.e. G4 ¼ 1
corresponding to the so-called kinetic gravity braiding, the

proposed definition is equivalent to that of TðeffÞ
ab [Eq. (32)].

It is now crucial to note that, in light of the above
observations, the thermodynamic analogy with Eckart’s
first-order thermodynamics holds only for TðeffÞ

ab and TðfÞ
ab ,

for which the associated quantities do not explicitly contain
matter contributions, and not for the alternative definition in

Eq. (54). Hence, such a definition would have limited use
within the thermodynamics of scalar-tensor gravity.

VI. DISCUSSION OF THE RESULTS

We examined the foundations of the formalism under-
lying the thermodynamics of scalar-tensor gravity. The
exploration of the properties of the imperfect fluid decom-
position for modified theories of gravity led us to a class of
alternative formulations of the thermodynamic analogy
connecting scalar-tensor theories with Eckart’s first-order
thermodynamics. In particular, we made clear the need for
the identification of an effective stress-energy tensor such
that standard matter does not mix with the additional
(nonminimally coupled) scalar field contribution. The only
additional free parameter that does not spoil the thermo-
dynamic analogy turns out to be the “coupling” fðϕ; XÞ of
this effective stress-energy tensor for the ϕ-fluid to
Einstein’s gravity.
More in detail, in Sec. III we have shown that if we

reformulate the thermodynamic formalism for an effective
stress-energy tensor for the ϕ-fluid defined as in Eq. (16),
then this identification preserves the form of the constit-
utive relations for the ϕ-fluid. This allows for an identi-
fication of the fluid quantities analogous to the standard
formalism, up to a rescaling of a factor ½fðϕ; XÞ�−1, and to a
slightly altered evolution equation for the temperature of
gravity. Furthermore, when restricted to the traditional class
of scalar-tensor theories the identification fðϕÞ ¼ 1=ϕ
allows for a streamlined implementation of the original
thermodynamic analogy, of the investigation of the evolu-
tion of the temperature of gravity, and it has also the
additional perk that the ϕ-fluid couples to Einstein’s gravity
with the same strength as the matter fields.
These results not only reinforce the connection between

alternative theories of gravity and nonequilibrium thermo-
dynamics, but they also open new avenues for exploring
peculiar thermal states and the thermal stability of these
gravitational theories. Future work will focus on further
investigating the implications of this thermodynamic anal-
ogy, particularly in the context of cosmological and
astrophysical scenarios, where the effects of scalar fields
could play a role.
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