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Localization with Joint Diffusion-based
Molecular Communication and Sensing Systems:

Fundamental Limits and Tradeoffs
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Abstract—This paper introduces and examines a novel joint
communication and sensing system based on molecular diffusion.
Using a configuration of at least four fully absorbing spherical re-
ceivers, the proposed system achieves precise 3D-localization of a
pointwise transmitter by counting the same molecules emitted for
communication purposes. We develop an analytical framework to
explore the fundamental limits of communication and localization
within this context. Exact closed-form expressions for the bit
error probability and the Cramér-Rao bound on localization
error are derived, considering both Poisson concentration and
timing transmitter models, with and without accounting for
molecule degradation. For the first time, theoretical trade-offs
between communication and localization performance are estab-
lished, taking inter-symbol interference and molecule degradation
into account. In scenarios without molecule degradation, inter-
symbol interference detrimentally affects communication but
enhances localization. Conversely, the introduction of degradation
improves communication performance but partially compro-
mises localization effectiveness. These trade-offs are navigated
by adjusting number of transmitted symbols or degradation
rate, respectively. Furthermore, we compare communication and
localization ranges, alongside the associated costs measured in
terms of average emitted molecules required to meet performance
requirements.

Index Terms—Joint molecular communication and sensing, 3D
localization, bit error probability, Cramér-Rao bounds, molecule
degradation

I. INTRODUCTION

THE INTEGRATION of communication and sensing func-
tions is becoming increasingly crucial in the realms of

5G, 6G, and IoT, with a myriad of papers published in recent
years addressing the so-called Joint communication and sens-
ing (JCS) systems [1]–[6]. Strictly speaking, this term refers
to a system wherein the same waveform serves both to convey
information and to provide sensing functions such as passive
target localization [7]–[9]. This feature will be increasingly
essential in future communication systems, as it enables the
addition of the ever more demanded sensing function without
necessitating additional resource expenditure in terms of, for
instance, occupied bandwidth and emitted power. In light of
this evidence, one may wonder if something similar can be
achieved even in micro- or nano-scale communication systems,
such as molecular ones, where the resource to be “saved” is
constituted by the number of transmitted molecules.
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Unlike electromagnetic and acoustic communications,
which rely solely on waves, and optical and quantum com-
munications, which involve both wave and particle properties,
molecular communications are particle-based in nature [10]–
[12]. Moreover, in this case, it is not necessary to spend energy
on transmission, as information-carrying molecules are con-
veyed by the fluid’s Brownian motion. However, the negative
aspect is the inherent unpredictability associated with this ran-
dom motion. In electromagnetic and acoustic communications,
noise is usually represented by a source independent of the
useful signal, e.g., additive white Gaussian noise (AWGN).
Thus, increasing the power improves the signal-to-noise ratio
(SNR). In molecular communication via diffusion (MCvD),
however, the signal itself is intrinsically affected by random
disturbances. More specifically, if the information is encoded
in the local concentration of information-carrying molecules
(i.e., in the number of molecules observed by a certain model
of receiver in certain volume within a certain time), the signal
results in a random process (or, equivalently, a random variable
(RV) if a given time instant is considered).

It is demonstrated in [13] that the number of emitted
molecules can be modeled by a Poisson RV. Moreover, it
is shown in [10], [14] that also the number of received
molecules after diffusion is a Poisson RV. The pioneering
study conducted by [15] investigated the capacity of the MCvD
channel. Nevertheless, the attainment of theoretical capacity
values presents obstacles due to inter-symbol interference (ISI)
originating from the high temporal correlation inherent in the
molecular channel. Unfortunately, unlike in electromagnetic
communications, in molecular communications, the utilization
of a counterpart to raised cosine equalization is not feasible.
Primarily, this is because, due to the particle-based nature
of this communication paradigm, the number of received
molecules (upon which information encoding relies, such as
in the case of on-off keying (OOK) modulation) follows a
Poisson distribution, rendering any physical significance to
filtering that entails negative values meaningless. However, this
does not imply that ISI cannot be at least partially mitigated
using alternative signal processing techniques, such as power
adjustment techniques [16], or physically realizable frequency
filtering approaches [17].

In a point-to-point MCvD, thanks to the Poisson nature of
the observation variable, the evaluation of the average number
of received molecules (first order analysis) is sufficient to
quantify the effectiveness of the communication (see, e.g.,
[18], where the bit error probability (BEP) is evaluated con-
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sidering a programmed molecule degradation to mitigate ISI).
If, instead, there are multiple transmitters randomly positioned
in space (referred to as “large scale molecular communication
systems”, see [19]–[22]), it can be demonstrated that a second-
order statistical analysis is necessary.1.

In such systems, it is analytically demonstrated in [22] that
the theoretically optimal approach to enhance transmission
reliability (by mitigating both the effects of molecular noise
and ISI) is to increase the density of transmitters.2 However,
due to physical constraints related to the finite number of
chemical receptors on the surface of an actual receiver, the
quantity of absorbable molecules per unit time is limited
[23]–[25]. Exceeding a certain threshold in the number of
transmitters (and consequently, the amount of molecules to
be received) results in a saturation effect that renders commu-
nication infeasible [26].

At this stage, it is worth exploring whether, in addition
to its communication functionality, that is constrained by the
aforementioned issues, molecular diffusion could serve another
joint purpose, such as microscale localization or sensing.
The emission of molecules represents a form of nanoscale
communication inherently poised for utilizing molecules to
transmit information between nanoscale devices (as seen in
the referenced papers) and for developing sensors based on
molecular communication principles for various applications
such as environmental monitoring or medical diagnostics [27].
Applications of molecular communication in the biomedical
field encompass drug delivery (utilizing molecules to transport
drugs to precise targets within the body) [28], health monitor-
ing (tracking biochemical markers within the body for early
disease detection) [29], and implant communication (establish-
ing communication between implanted medical devices using
molecules as messengers) [30]. Moreover, within the realm of
synthetic biology, there is ongoing research into developing
biosensors that leverage molecular communication to detect
specific molecules in the environment or within biological
systems [31].

Many papers discussed in [32] explore practical applica-
tions where molecules emissions (unrelated to transmitting
information bits) can be used for anomaly detection or lo-
calization. Anomaly detection relies on both stationary and
mobile sensors. Stationary sensors employ non-cooperative
and cooperative methods. For instance, a single sensor detects
virus-laden aerosols [33], while multiple sensors and a fusion
center enhance monitoring [34]. Mobile sensors are primarily
used in cooperative detection, aiding in early cancer detec-
tion in the circulatory system [35] and monitoring pipeline
abnormalities [36]. Anomaly localization is a step further
with respect detection. Stationary sensors employ various
techniques, while mobile sensors can be propelled or non-

1This is because the randomness of the transmitter-receiver distance affects
the overall statistics of received molecules, which are no longer Poisson [22]

2Intuitively, this can be explained as follows: when the transmitters density
is very high, the distance between the receiver and the nearest transmitter is
very small and, this, the contribution of that transmitter dominates over all
others. Since it is very close, it has a greatly reduced ISI contribution (because
the arrival delay of molecules rarely exceeds the symbol time) and a reduced
probability that the transmitted molecules do not reach the receiver (because
the distance they must travel via Brownian motion is small).

propelled, each offering distinct benefits. Application-centric
frameworks, such as touch communication for drug delivery
[37] and tumor detection with external devices [38], improve
anomaly management. The sensors have the capability to
release molecules, either singly or in multiple types, for
diverse functions. For instance, they can be utilized for inter-
sensor communication and communication with the fusion
center [36], as well as for the targeted delivery of drug
molecules [39]. These molecules might be stored within the
sensor’s storage or synthesized by the sensor through chemical
processes. The process of molecule release is regulated by the
sensor itself, which can be achieved through mechanisms such
as ion channels [40] and ion pumps [41].

The initial exploration of utilizing molecule transmission to
localize a target represented by a nanomachine is evident in
previous works like [42], [43]. However, these studies primar-
ily focus on estimating the distance from the target rather than
directly determining its position, given the challenges posed
by the chaotic nature of Brownian motion.

In [44], target localization is achieved through distance
estimation within a constrained scenario resembling ’vessel-
like’ diffusion, as opposed to diffusion in an ideal fluid
without limitations. The early endeavors to evaluate local-
ization performance in a three-dimensional diffusion-based
context are documented in [45]–[47]. While [45] lacks analyt-
ical results, [46] introduces a generalized Cramér-Rao bound
(CRB), although it relies on a Gaussian approximation for
the number of received molecules. This approximation, as
cautioned in [18], may introduce inaccuracies, particularly
noticeable when transmitted molecules are scarce, potentially
distorting the bound. Finally, [48] is prompted by the challenge
of utilizing molecular communication for signaling and local-
izing anomalies that emit insufficient molecules. It explores
a two-dimensional scenario, potentially extendable to three
dimensions. The assessment metric employed revolves around
the probability of correct or incorrect localization, with no
explicit evaluation of a genuine communication function (e.g.,
bit transmission).

In contrast to the approaches taken in [48] and the studies
outlined in [32], we consider a scenario where an emitter
(biological or artificial) releases molecules to transmit bits of
information to a certain number of receivers. These receivers
precisely localize the emitter due to this emission, which
would occur regardless. This is why we refer to it as joint
communication and sensing. The motivation for the present
work stems from the observation that in numerous previously
cited studies within the literature nanomachines communi-
cate by emitting molecules [15]–[26], and these emissions
are solely used for communication purposes, typically the
transmission of bits of information. We propose to also utilize
these molecular emissions for localizing the emitter, which
is feasible in a 3D environment if there are at least four
collaborating receivers. Our investigation directly addresses
the fundamental question: “What are the joint performance
limits of molecular communication and localization?” Our
objective is to discern these limits while adjusting various
system parameters. More specifically, our contributions are as
follows:
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• Regarding the communication aspect, we extend the
analytical framework proposed by [18] to include the
case of a Poisson timing transmitter (with rectangular
intensity function). This extension is essential because a
nanomachine transmitting molecules for localization may
not always emit all of them at the beginning of the time
symbol [47].

• Concerning the localization aspect, we develop a novel
analytical framework by completely reformulating the
method used in anchor-based 3D radar localization [49]
to suit the vastly different molecular diffusion scenario.
This CRB calculation methodology was first proposed by
us in [50], where, however, the communication function
was completely absent.3

• We derive exact and closed-form expressions for the BEP
in digital transmission and the CRB on target localiza-
tion error, for both Poisson concentration and timing
transmitter models, without resorting to any Gaussian
approximation as seen in previous literature.

Leveraging the analytical framework, we are now able to
investigate the fundamental limits of joint molecular commu-
nication and sensing for the first time. This includes comparing
communication and localization ranges, as well as assessing
the efficiency of both tasks in terms of the average number of
emitted molecules required to achieve a target performance
level. By examining the opposing effects of factors such
as ISI and molecular degradation on communication and
localization performance, we derive tradeoff figures essential
for understanding the fundamental limits of JCS. This enables
us to quantify how much the BEP increases if a localization
error not exceeding a certain threshold is required, or vice
versa.

The paper is organized as follows. In Sec. II, the system
model is described. In Sec. III and Sec. IV, analytical ex-
pressions for, respectively, the BEP and the CRB on target
localization error of the considered JCS molecular system are
obtained for both Poisson concentration and timing transmitter
models. In Sec. V numerical results for a case study are dis-
cussed based on the closed forms previously derived. Finally,
in Sec. VI conclusions are drown

II. SYSTEM MODEL

We consider a joint molecular communication and sens-
ing system like that sketched in Fig. 1. The environment
considered is an ideal fluid unlimited in three dimensions.
The target to be localized is a pointwise transmitter which
emits molecules for communication purposes according to a
Poisson concentration or timing model (see Fig. 2). The system
is constituted by L > 4 fully absorbing spherical receivers
which can cooperate to perform anchor-based 3D localization
using range measurements. Measurements are done based
on the number of molecules received. Each receiver can
autonomously decode the information delivered by the emitted

3In fact, in [50], the transmitter to be localized emits molecules contin-
uously (according to the propensity function of an autocatalytic reaction),
while here the emission follows the pattern of a PAM signal that transmits
information bits, according to (20).

Fig. 1. Sketch of the proposed joint molecular communication and sensing
system.

molecules for the communication task. We assume that each
spherical fully absorbing receiver is sufficiently far apart from
the others so that the mutual reduction effect on the hitting rate
of each receiver, investigated in [17] and [51], is negligible.4

A. Brownian motion and absorption process
The main source of randomness in molecular communi-

cations via diffusion is the Brownian motion of molecules
themselves, that can be described stochastically thanks to
Fick’s law of diffusion. Here we define the function Fhit(d, t),
which describes the fraction of molecules received (i.e., the
probability that the emitted molecules is received) at distance
r from the point transmitter till time t , provided that the
emission takes place at the time origin and t > 0. This function
depends on the receiver model and on the way of considering
finite molecule’s lifetime.

1) Fully absorbing receiver without molecule degradation:
According to [52], the fraction of molecules received by a
spherical fully absorbing receiver (with radius R) at distance
d from the point transmitter till time t is given by

Fhit(d, t) =
R

d
erfc

✓
d�Rp
4Dt

◆
, (1)

where D is the diffusion coefficient (in m2/s, see, e.g., [53]),
provided that the emission happens at the time origin and t >
0.5 We assume that each information molecule undergoes its
own separate diffusion and absorption processes. This allows
us to apply the superposition of effects.

The so-called hitting rate is defined as the derivative of (1)
with respect to the time:

fhit(d, t) =
R

d

1p
4⇡Dt

d�R

t
exp


� (d�R)2

4Dt

�
. (2)

As is known, fhit(d, t) represents the (infinitesimal) probability
that a molecule emitted at the time origin at distance d is
received (exactly) at time t. The probability that a molecule

4This happens when the minimum distance between the fully absorbing
receivers is greater than 1-2 orders of magnitude compared to the radius R
of the receivers themselves.

5For t < 0 it is Fhit(r, t) = 0 since no molecule can be received before
the emission.
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Fig. 2. Poisson concentration transmitters emit all molecules at t = 0. Poisson
timing transmitters emit molecules one-by-one at random instants [22].

emitted at t = 0 is observed within the interval [t0, t0 + T0]
is thus given by

Z t0+T0

t0

fhit(d, t)dt = FT0(d, t0) , (3)

where
FT0(d, t) , Fhit(d, t+ T0)� Fhit(d, t) . (4)

The time invariance of the Fick’s law of diffusion allows us to
write that, if the emission happens at ⌧0, the probability that
a molecule is received in the interval [t0, t0 + T0] is

FT0(d, t0� ⌧0) = Fhit(d, t0+T0� ⌧0)�Fhit(d, t0� ⌧0) . (5)

2) Fully absorbing receiver with molecule degradation: By
taking the molecule degradation into account, the fraction of
molecules received within time t becomes [19]:

Fhit(d, t) =
R

d
e�

q
kd
D (d�R) � R

2d
e�

q
kd
D (d�R)

·


erf
✓
d�Rp
4Dt

�
p
kdt

◆
+ e2

q
kd
D (d�R)

·
✓

erf
✓
d�Rp
4Dt

+
p
kdt

◆
� 1

◆
+ 1

�
,

where kd is the molecule degradation rate. For future purposes,
we can re-write such expression in a more convenient form as:

Fhit(d, t) =
R

2d
e

q
kd
D (d�R)erfc

✓
d�Rp
4Dt

+
p
kdt

◆

+
R

2d
e�

q
kd
D (d�R)erfc

✓
d�Rp
4Dt

�
p
kdt

◆
, (6)

that easily reduces to (1) for kd = 0. The probability that a
molecule is received in the interval [t0, t0+T0] is still formally
described by (5), but with (1) replaced by (6) in (4).

B. Transmitter models

1) Reception with Poisson concentration transmitter: If a
deterministic number of molecules were emitted at a certain
time (e.g., t = 0, without loss of generality) no randomness
would be obviously introduced in the emission process (exact

concentration model). However, according to the chemical-
physical reasons explained in [13] (the molecules are the prod-
ucts of certain reactions that occur randomly.),6 the number
of emitted molecules is a RV (e.g., Poisson concentration
transmitter) [54]. In the Poisson concentration model, the
number nTx of emitted molecules at t = 0 is not deterministic,
but it is modeled by a Poisson RV with mean NTx. Each of the
nTx molecules has probability Fhit(d, t) of being received at a
distance d till time t. More formally, the diffusion process of
the n-th molecule can be stochastically described (for given d
and t) by the Bernoulli RV bn|d,t

bn|d,t ⇠ B[Fhit(d, t)] , (7)

which takes value 1 if the n-th emitted molecule is received
and 0 otherwise.

However, unlike the exact case, the number a|d,t of received
molecules at distance d till time t is no more a binomial
RV, but it is given by the random sum of the aforementioned
Bernoulli RVs

a|d,t =
nTxX

n=1

bn|d,t , (8)

where bn|d,t can be considered as independent identically dis-
tributed (IID) due to the assumption of independent diffusion
of each information molecule.

If Fhit(d, t) were equal to 1, (8) would result in a Poisson
RV with average NTx. Due the (independent) retention process
and the properties of the Poisson RV,7 in the general case we
still obtain a Poisson RV with average:

E {a|d,t} = E
(

nTxX

n=1

bn|d,t

)
= E

(
nTxX

n=1

Fhit(d, t)

)

= NTxFhit(d, t) , (9)

where the first equality comes from the substitution of (8),
the second from taking the average over bn|d,t, which has
mean Fhit(d, t), and the third from summing equal identical
terms and averaging over nTx. According to (3) and (5), if the
emission happens at ⌧0 (instead of at 0) and if the observation
is done in the interval [t0, t0+T0] (instead of [0, t]), Fhit(d, t)
has to be replaced by FT0(d, t0 � ⌧0) and the number of
received molecules results to be distributed as:8

a[t0, t0 + T0]
(con)
⌧0 ⇠ Pois

⇥
NTxFT0(d, t0 � ⌧0)

⇤
, (10)

where by Pois(�) we indicate the Poisson distribution with
parameter �.

6Each molecule to be emitted in the interval [t, t + ⌧ ] is produced by a
reaction of a certain type that occurs independently of the others (of the same
type), but with the same probability (determined by the propensity function
of the reaction itself). Therefore, the number of molecules that can be emitted
in the interval [t, t+ ⌧ ], being the sum of independent Bernoulli RVs, which
take the value zero if the reaction does not occur and one if it does (with the
probability given by the propensity function), follows a Poisson distribution.

7The sum of independent Poisson RV is still Poisson.
8Here, the superscript ”(con)” stands for ”concentration model”, as well as,

in the following subsection, ”(tim)” will stand for ”timing model”.
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2) Reception with Poisson timing transmitter model: Ac-
cording to the timing transmitter model, the transmitter re-
leases individual molecules one by one, at specified time
instances. If such instants are unknown a priori, they can
be modeled by RVs. When emission times are independent
of each other, they can be considered as instantiations of
a temporal (generally, non-stationary) Poisson point process
(PPP) P with intensity �Tx(t).9

Formally, the n-th molecule is emitted at the random time
tn 2 P and thus can be described (given d, t) by the Bernoulli
RV

bn|d,t ⇠ B[Fhit(d, t� tn)] , (11)

where Fhit(d, t� tn) (thanks to the time invariance of Fick’s
law) represents the probability of being received at distance
d till time t. As a consequence, the number of received
molecules at distance d till time t is given by the random
sum

a|d,t =
X

n2I{P}

bn|d,t , (12)

where I{P} indicates the index set of P.
By comparing (12) to (8), it can be noticed that the Poisson

concentration model can be derived as a special case of
Poisson timing transmitter model where P is a PPP with
�Tx(t) = NTx�(t) in the sense of distributions.

If Fhit(d, t � tn) were equal to 1 for all n, (12) would
result in a sum of “ones” arriving as the points belonging to
a PPP with intensity �(t), that is a Poisson RV. Due to the
(independent) retention process and the properties of a PPP,10

in the general case we still obtain a Poisson RV with average:

E {a|d,t} = E
n X

n2I{P}

bn|d,t
o
= E

n X

n2I{P}

Fhit(d, t� tn)
o

=

Z +1

0
�Tx(⌧)Fhit(d, t� ⌧)d⌧ , (13)

where the first equality arises from substitution (12), the sec-
ond from averaging over bn|d,t, which has a mean Fhit(d, t�
⌧), and the last from applying Campbell’s theorem, [55]–[57]
recalling that tn belongs to the PPP P, which has intensity
function �Tx(·). According to (3), if the observation is done in
the interval [t0, t0 + T0], instead of [0, t], Fhit(d, t) has to be
replaced by FT0(d, t0) and the number of received molecules
due to the transmission with intensity �Tx(·) results to be
distributed as:

a[t0, t0 + T0]
(tim)
�Tx

⇠ Pois
Z +1

0
�Tx(⌧)FT0(d, t0 � ⌧)d⌧

�
.

(14)

III. COMMUNICATION FUNCTIONALITY

As for communication purposes, d is intended as the dis-
tance between the transmitter and one of the receivers we

9The intensity function ⇢(t) of a generic time domain point process (PP)
in [20] is going to be identified with �(t) in this case, since here we deal
with a time domain PPP.

10Recall that if each point of a stationary PPP is deleted with probability
p, the resulting point process is still Poisson with mean scaled by a factor of
1� p (see [55]).

arbitrarily consider for studying point-to-point transmission.
We consider transmitting K+1 bits with an OOK modulation
and denote as dk 2 {0, 1} the value of the k-th bit, with {kTb}
with k = {0, 1, · · · ,K}. Let p0 be the probability that the k-th
transmitted bit is 0 and p1 = 1�p0 be the probability that it is
1. Without loss of generality we focus on the last transmitted
bit dK .

A. Bit data transmission and decision variable

1) Data transmission with Poisson concentration trans-
mitter: In the case of Poisson concentration transmitter,
molecules emissions occur at time instants kTb (Tb is the bit
time). Thus, by using (10) with t0 = KTb, T0 = Tb, and
⌧0 = kTb, due to the superpositions of effects, the number of
molecules received in the interval [KTb, (K + 1)Tb] can be
written as:

ctot = dKa[KTb,KTb + Tb]
(con)
KTb

+ cISI (15)

where

cISI ,
K�1X

k=0

dka[KTb,KTb + Tb]
(con)
kTb

(16)

and {a[KTb,KTb +Tb]
(con)
kTb

} result to be independent Poisson
RVs with parameters:

�k , E
n
a[KTb,KTb + Tb]

(con)
kTb

o
= NTxFTb(d,KTb � kTb) .

(17)
For the properties of the Poisson RVs,11 we can write the
probability mass function (PMF) of ctot conditioned to dK as:

Prob {ctot = m|dK=0} =
�m

ISI e
��ISI

m!
(18a)

Prob {ctot = m|dK=1} =
(�K + �ISI)m e�(�K+�ISI)

m!
, (18b)

where �K is obtained by (17) for k = K, while �ISI can be
evaluated as the sum of the means of each term in (16), as
follows:

�K = NTxFhit(d, Tb) (19a)

�ISI =
K�1X

k=0

E {dk}�k

= p1NTx

K�1X

k=0

=Fhit[d,(K�k+1)Tb]�Fhit[d,(K�k)Tb]z }| {
FTb [d, (K � k)Tb]

= p1NTx[Fhit(d,KTb + Tb)� Fhit(d, Tb)] . (19b)

We recall that, in case of no molecule degradation, Fhit(d, t)
in (19) is given by (1) while, with molecule degradation, it is
provided by (6).

11The sum of independent Poisson RVs is a Poisson RV with parameter
equal to the sum of the parameters.
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2) Data transmission with Poisson timing transmitter:
In the case of Poisson timing transmitter, molecules emis-
sions randomly occur one by one during the whole interval
[0, (K + 1)Tb]. However, the statistical characterization of
the random emission time instants tn belonging to the time
domain PPP P is based on a continuous-time function, that
is the intensity function �Tx(t) of P. Indeed, for the point
processes theory [55]–[58], the probability that there is a
point of P in the interval [t, t+ dt] is �Tx(t)dt. Furthermore,
by denoting as a(t) the propensity function of the chemical
reaction that leads to the emission of molecules [13], the
probability that an emission occurs in the interval [t, t+dt] is
equal to a(t)dt. Thus the intensity function of P can be seen
as the propensity function. In other words, in such a molecular
emission model, data transmission is based on controlling a(t)
in the same way that, in traditional communications, it is
based on controlling the waveform. We assume to control the
emission of molecules over time (in terms of the probability
of emission in a given interval) in such a way that:

�Tx(t) =
KX

k=0

dk g(t� kTb) , (20)

where g(t) can be considered a sort of waveform with duration
(activation time) Ta 6 Tb such that

R Ta

0 g(t)dt = NTx and
g(t) = 0 outside [0, Ta]. According to (14), the number of
molecules received in the interval [KTb, (K + 1)Tb] can be
written as:

ctot ⇠ Pois (�tot) , (21)

where, by setting t0 = KTb and T0 = Tb, and using the
properties of the Poisson RVs, we obtain

�tot = E {a[KTb,KTb + Tb]}(tim)
�Tx

=

Z +1

0
E {�Tx(⌧)}FTb(d,KTb � ⌧)d⌧

=
KX

k=0

E {dk}
Z +1

0
g(⌧ � kTb)FTb(d,KTb � ⌧)d⌧

= p1

KX

k=0

�k , (22)

where the first equality follows by substituting (14) and taking
the average given the fixed {dk}, the second equality is derived
by averaging with respect to {dk} and utilizing linearity, and
the third equality is obtained by defining:

�k ,
Z +1

0
g(⌧ � kTb)FTb(d,KTb � ⌧)d⌧

=

Z Ta

0
g(⌧)FTb [d, (K � k)Tb � ⌧ ]d⌧ . (23)

For a given value of dK , (22) can be written as �tot = dK�K+
p1
PK�1

k=0 �k. Thus, thanks to the properties of the Poisson

RV,12 ctot|dK can be decomposed as:13

ctot|dK = dKcK + cISI ⇠ Pois

 
dK�K + p1

K�1X

k=0

�k

!
, (24)

where

cK ⇠Pois(�K) (25)
cISI ⇠Pois (�ISI) , (26)

with �ISI = p1
PK�1

k=0 �k. In other words, we can interpret ctot
as the sum of the useful component and the ISI where both
the components are Poisson RVs. From (23) we readily get

�K =

Z Ta

0
g(⌧)FTb [d,�⌧ ]d⌧ =

Z Ta

0
g(⌧)Fhit[d, Tb � ⌧ ]d⌧

(27a)

�ISI = p1

K�1X

k=0

Z Ta

0
g(⌧)FTb [d, (K � k)Tb � ⌧ ]d⌧

= p1

Z Ta

0
g(⌧)

=Fhit(d,KTb+Tb�⌧)�Fhit(d,Tb�⌧)
z }| {
K�1X

k=0

FTb [d, (K � k)Tb � ⌧ ] d⌧

= p1

"Z Ta

0
g(⌧)Fhit(KTb + Tb � ⌧)d⌧

�
Z Ta

0
g(⌧)Fhit(Tb � ⌧)d⌧

#
. (27b)

Also in this case, therefore, the PMF of the total number of
received molecules conditioned on dK is formally expressed
by (18), where now �K and �ISI are given by (27) instead of
(19). Note that, for g(t) = NTx�(t), expressions (27) reduce
to (19). For g(t) equal to a rectangular pulse with amplitude
NTx/Ta and duration Ta, we can write, instead:

�ISI =p1NTx [Fact(d,KTb + Tb)� Fact(d, Tb)] (28a)
�K =NTxFact(d, Tb) , (28b)

where the expression

Fact(d, T ) ,
1

Ta

Z Ta

0
Fhit(d, T � ⌧)d⌧ (29)

depends on the eventual presence of molecule degradation.

12The sum of two independent Poisson RVs with parameters �K and �ISI
is a Poisson RV with parameter �K + �ISI. Conversely, a Poisson RV with
parameter �K +�ISI can be seen as the sum of two independent Poisson RVs
with parameters �K and �ISI.

13With a slight abuse of notation, we use ctot|dK when we consider the
PMF of the total number of received molecules conditioned to the value of
the K-th data dK , as in (24), while ctot when we consider the unconditional
PMF, as in (21).
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a) Without molecule degradation: In the case of no
molecule degradation, (29) results in:

Fact(d, t) =
1

Ta

Z Ta

0

R

d
erfc

 
d�Rp

4D(T � ⌧)

!
d⌧

=
R

d

(
T

Ta
erfc

✓
d�R

2
p
DT

◆
�
✓
T

Ta
� 1

◆
erfc

 
d�R

2
p
D(T � Ta)

!

�
(d�R)2

h
�
⇣
� 1

2 ,
(d�R)2

4DT

⌘
� �

⇣
� 1

2 ,
(d�R)2

4D(T�Ta)

⌘i

4
p
⇡DTa

)
,

(30)

where �(s, x) is the upper incomplete Gamma function.
b) With molecule degradation: In case of molecule

degradation, (29) becomes, after some algebra:

Fact(d, T ) =
R A(d)

2d

h
1� E(+)

Ta
(d, T )

i

+
R

2d A(d)

h
1� E(�)

Ta
(d, T )

i
, (31)

where we defined

A(d) , e

q
kd
D (d�R) (32a)

h(d) , 4D

(d�R)2
(32b)

E(+)
Ta

(d, T ) , 1

Ta

Z Ta

0
erf

 
1p

h(d)(T � ⌧)
+
p
kd(T � ⌧)

!
d⌧

(32c)

E(�)
Ta

(d, T ) , 1

Ta

Z Ta

0
erf

 
1p

h(d)(T � ⌧)
�
p
kd(T � ⌧)

!
d⌧ ,

(32d)

with the resulting expression of E(+)
Ta

(d, T ) and E(�)
Ta

(d, T )
reported in (57) and (58), respectively (see Appendix A).

B. Bit Error Probability

Let us denote the threshold as Nth. For both transmitter
models, the BEP conditioned on having transmitted a 0 at the
K-th instant is

Pe|0 = Prob{ctot|dK=0 > Nth} = Prob{cISI > Nth}
= 1�Q(bNth + 1c,�ISI) , (33)

where Q(s, x) is the regularized upper incomplete Gamma
function, defined as

Q(s, x) , 1

�(s)

Z +1

x
ts�1e�tdt , (34)

with �(·) being the ordinary gamma function.
The BEP conditioned to having transmitted a 1 at the K-th

instant is

Pe|1 = Prob{ctot|dK=1 < Nth} = Prob{cK + cISI < Nth}
= Q(bNth + 1c,�K + �ISI) , (35)

where �K and �ISI are provided by (19) and (27) for the Pois-
son concentration and timing transmitter models, respectively.
The unconditioned BEP can be computed as:

Pe = p0Pe|0 + p1Pe|1 , (36)

which depends on the chosen threshold Nth via (33) and (35).
However, once �ISI and �K are known, the discrete threshold
value minimizing (36) can be obtained as suggested by [18].
Given the discrete nature of such an optimization problem, we
can evaluate (36) among all possible options [0,�K+�ISI] and
then choose

N⇤
th , argmin

Nth
Pe . (37)

All of the results that are further discussed assume the choice
Nth = N⇤

th.

IV. SENSING FUNCTIONALITY

We define the sensing functionality in terms of the localiza-
tion of the molecule emitter. In this section, we introduce the
concept of Fisher information applied to molecular localization
to derive the CRB on the error in position estimation. The
rationale lies in the possibility of obtaining lower bounds
on performance curves that are absolutely general, meaning
they do not depend on the specific estimation algorithm
used (assuming it is based on the observation of received
molecules).14. We revisit the methodology presented in [49]
for the formal setup of the problem. However, starting from
the calculation of the log-likelihood function, we need to
develop a new framework based on the Poisson statistics of
the received molecules (inherently different, as it is discrete,
from the continuous Gaussian statistics typically involved in
traditional localization).

A. Cooperative localization

We denote as p , [x, y, z]T the unknown 3D position of the
target (the nanomachine working as transmitter) which is to be
estimated, and as pl , [xl, yl, zl]T the known 3D coordinates
of the l-th receiver working as anchor. Let L > 4 the number
of receivers/anchors. The distance between the target and the
l-th anchor is

dl = kp� plk =
p
(xl � x)2 + (yl � y)2 + (zl � z)2 . (38)

The range measurement is done based on the observation rl
of the number of molecules received by the l-th anchor in the
interval [0, T0], where we can consider T0 = (K + 1)Tb as a
reference, due to the emission at all bit time {kTb}. Based on
the previous discussion, rl can be modeled as a Poisson RV
with parameter �l depending on the transmitter model.

Let us define the observations vector r as

r , [r1, r2, . . . , rL]
T . (39)

14As is well known, the CRB, based on the performance of a hypothetical
maximum likelihood (ML) estimator, provides a theoretical minimum bound
on the variance of the error, which in reality will always be greater than (or
at most equal to) that of the ML estimator (for which, moreover, an explicit
derivation is not required for the purposes of the CRB)
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By considering the L receivers far enough to neglect the
correlation between the observations rl the case of absorbing
receivers, we can write the PMF of r as:

p(r) , Prob{r1 = n1, r2 = n2, . . . , rL = nL}

=
LY

l=1

Prob{rl = nl} =
LY

l=1

�nl
l e��l

nl!
. (40)

The log-likelihood of the observations is:

ln p(r) = ln

"
LY

l=1

�nl
l e��l

nl!

#
=

LX

l=1

ln

✓
�nl
l e��l

nl!

◆

=
LX

l=1


ln

✓
�nl
l

nl!

◆
� �l

�
=

LX

l=1

[nl ln�l � �l � lnnl!] .

(41)

As is known, the Fisher information matrix (FIM) is calculated
by taking the second derivatives of the log-likelihood function
with respect to the components of the parameter vector to
be estimated (in this case, the position vector p). Thus, a
3 ⇥ 3 matrix, denoted as [J(p)]3⇥3, will be obtained, whose
elements can be derived starting from (41). In the Appendix
B we show that J(p)3⇥3 results in (67), where the expression
for �l (the parameter of the l-th observation rl) depends on
the transmitter model and will be evaluated in the following
subsections. Therefore, denoting p̂ as the estimated position
of the target, the Cramér-Rao Bound on the localization error
results in:

E
�
kp̂� pk2

 
> CRB(p) , Tr

�
[J�1(p)]3⇥3

 
. (42)

B. Localization with Poisson concentration transmitter
For the case of Poisson concentration transmitter, using (10)

with T0 = (K + 1)Tb, t0 = 0, and ⌧0 = kTb, considering the
superposition effects and the properties of the Poisson RVs,
the observation variable rl has parameter15

�l = E
n
a[0, T0]

(con)
kTb

o
= p1NTx

KX

k=0

FT0(dl,�kTb)

= p1NTx

KX

k=0

Fhit(dl, T0 � kTb) , (43)

where the last equalities follow from the fact that Fhit(d, t) is
identically zero for t 6 0. Thus, we have

@�l

@x
= p1NTx

KX

k=0

@Fhit(dl, T0 � kTb)

@dl

@dl
@x

, (44)

where, from (38) it is:
@dl
@x

=
2(xl � x)(�1)

2
p
(xl � x)2 + (yl � y)2 + (zl � z)2

. (45)

and (as for the BEP evaluation) the expression of Fhit(d, t) to
be used depends on the possible degradation of the molecules.

15Easily apply the same steps used to derive the first equality in (19) with
the summation extended from K � 1 to K (because even molecules bound
to the K-th data contribute to the estimate) and with FTb (d, ·) replaced by
FT0 (dl, ·), because now the observation interval extends from t0 = 0 to
T0 = (K + 1)Tb, not just the K-th bit time, and the distance refers to the
l-receiver.

1) FIM coefficients without molecule degradation: In the
case of no molecule degradation, we use (1) in (43) to find
�l. Then we derive (1) with respect d, yielding:

@Fhit(d, t)

@d
= �R

d2
erfc

✓
d�Rp
4Dt

◆
� R

d
p
⇡Dt

e�
(d�R)2

4Dt . (46)

By using (46) in (44) we can calculate @�l
@x and thus the (1, 1)

element of the FIM. All other elements of the FIM can be
obtained by doing the same for the remaining coordinates y
and z, using the results in accordance with (67).

2) FIM coefficients with molecule degradation: In the case
of molecule degradation, we need to incorporate (6) in (43) to
get �l. Next, we derive (6) with respect d, obtaining:16

@Fhit(d, t)

@d
=� R

2d

✓
1
d �

q
kd
D

◆

e�
q

kd
D (d�R)

erfc
✓
d�Rp
4Dt

+
p
kdt

◆

� R

2d

✓
1
d +

q
kd
D

◆

e

q
kd
D (d�R)

erfc
✓
d�Rp
4Dt

�
p
kdt

◆

� R

2d

e

q
kd
D (d�R)

p
⇡Dt

e
�
⇣

d�Rp
4Dt

+
p
kdt

⌘2

� R

2d

e�
q

kd
D (d�R)

p
⇡Dt

e
�
⇣

d�Rp
4Dt

�
p
kdt

⌘2

. (47)

By using (47) in (44) we get @�l
@x and thus the element (1, 1) of

the FIM. All other elements can be derived by doing the same
for the remaining coordinates y and z, utilizing the results in
accordance with (67).

C. Localization with Poisson timing transmitter

For the case of Poisson timing transmitter, by using (14)
with t0 = 0 and the properties of the Poisson RVs, we can
show that rl has parameter17

�l = p1

KX

k=0

Z +1

0
g(⌧ � kTb)FT0(dl,�⌧)d⌧

= p1

KX

k=0

Z Ta

0
g(⌧)Fhit(dl, T0 � kTb � ⌧)d⌧ . (48)

Thus, we have

@�l

@x
= p1

KX

k=0

Z Ta

0
g(⌧)

@Fhit[dl, T0 � kTb � ⌧ ]

@dl

@dl
@x

d⌧ , (49)

where @Fhit(d,t)
@d and @dl

@x are provided by (47) and (45), respec-
tively. It can be noted that, as expected, for g(t) = NTx�(t),
(48) reduces to (43) and (49) to (44) (the timing transmitter
reduces to te concentration transmitter for Ta ! 0).

16As a sanity check, it can be recognized that (47) reduced to (46) for
kd = 0.

17It is sufficient to use the same methodology adopted for the derivation of
(22) with FT0 (dl, ·) in place of FTb (d, ·).
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If, instead, g(t) is a rectangular pulse with duration Ta 6 Tb
and amplitude NTx/Ta we get:

�l = p1NTx

KX

k=0

1

Ta

Z Ta

0
Fhit(dl, T0 � kTb � ⌧)d⌧

= p1NTx

KX

k=0

Fact(dl, T0 � kTb) (50)

and

@�l

@x
= p1

KX

k=0

fact(dl, T0 � kTb)
@dl
@x

, (51)

where

fact(d, T ) ,
1

Ta

Z Ta

0

@Fhit(d, T � ⌧)

@d
d⌧ , (52)

@dl
@x is given by (45), and the expression of Fact(d, T ) and
Fhit(d, T ) to be used depend on the eventual presence of the
molecule degradation.

1) FIM coefficients without molecule degradation: In the
absence of molecular degradation, we use (30) in (50) to
determine �l and (46) in (52) to get fact(d, T ). Thus, we
obtain:

fact(d, T ) = � R

d2

(
T

Ta
erfc

✓
d�R

2
p
DT

◆

�
✓
T

Ta
� 1

◆
erfc

 
d�R

2
p
D(T � Ta)

!

�
(d�R)2

h
�
⇣
� 1

2 ,
(d�R)2

4DT

⌘
� �

⇣
� 1

2 ,
(d�R)2

4D(T�Ta)

⌘i

4
p
⇡DTa

)

+
R

d

p
T � TaE 3

2

⇣
(d�R)2

4D(T�Ta)

⌘
�
p
TE 3

2

⇣
(d�R)2

4DT

⌘

p
⇡D Ta

,

(53)

where

Ea(x) ,
Z +1

1
e�xttadt (54)

is the generalized exponential integral function. By substitut-
ing (53) in (51), @�l

@x is obtained, as well as the element (1, 1)
of the FIM. The other elements can be derived similarly for
coordinates y and z, using the results in accordance with (67),
as in the previous case.

2) FIM coefficients with molecule degradation: In the case
of molecule degradation, we use (31) in (50) to calculate �l

and (47) in (52) to find fact(d, T ). After some algebra, we
obtain:

fact(d, T ) =� R

2d

(
A(d)

 
1

d
�
r

kd

D

!h
1� E(+)

Ta
(d, T )

i

+

✓
1
d +

q
kd
D

◆

A(d)

h
1� E(�)

Ta
(d, T )

i
+G(d, T )

)
,

(55)

where G(d, T ) is defined by (56). By using(55) in (51) we

obtain @�l
@x and thus the element (1, 1) of the FIM. The other

elements can be obtained according to (67) by performing
similar operations for the coordinates y and z.

V. NUMERICAL RESULTS

In this section, we derive numerical results from the ana-
lytical framework, both in cases with and without molecule
degradation.

A. Parameters values
Unless otherwise specified, the adopted parameters values

are those indicated in Tab. I and justified as follows. Con-
cerning the radius of each fully absorbing receiver, we adopt
R = 5µm as considered in the initial study on the impact of
multiple receivers [59]. Results are presented in a case study
comprising a scenario with L = 8 spherical receivers posi-
tioned at the vertices of a cube with side length lRx = 50µm.
For simplicity, the target position is assumed at the center
of the cube. In this configuration, the distance between the
target and each receiver is dl = d = 2lRx = 100µm for all l
making it irrelevant which receivers is chosen for evaluating
communication performance. Note that we have chosen the
distance values of our geometric setup such that the minimum
distance between each receiver is always almost approximately
one order of magnitude greater than the spherical receiver’s
radius R, thus allowing neglect of impairment effects studied
in [59].

For the parameters related to molecular communication,
the diffusion coefficient is set to D = 1000µm2/s, based
on foundational work on diffusion-based molecular channel
capacity [11]. The average number of transmitted molecules,
NTx = 104, is the middle value (on a logarithmic scale)
from the range [103 � 105], studied in [18], where molec-
ular degradation reduces ISI. Additionally, we choose the
maximum degradation rate of molecules such that half-life
matches the bit time (set to Tb = 0.25s in our case), i.e.,
kd = ln(2)/Tb ⇡ 0.277 s�1. The resulting range for kd, as
well as the value chosen for Tb, fall within the respective
intervals considered in [18].

Activation times (Ta = 25ms, 125ms, 225ms) represent
short, medium, and long durations relative to the bit time,
corresponding to 1/10, 1/2, and 9/10 of Tb, respectively.
Regarding the number of transmitted symbols (related to ISI
length), we consider two cases. Without molecular degrada-
tion, we choose values (K = 0, 2, 4, 8) due to their
known negative impact on BEP. However, in the presence of
molecular degradation, these values can increase exponentially
without affecting BEP, so we select powers of the maximum
value from the previous range (K = 8, 82, 83).

B. The effect of the number of transmitted molecules
The expression of the BEP as a function of the number of

molecules with and without molecular degradation has already
been studied in [18], assuming concentration transmitter: here
we additionally consider of the case of timing transmitter.
Additionally, it is interesting to compare the performance in
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G(d, T ) , 1p
DkdTa

(
1

A(d)

"
erf

 
1p

h(d)(T � Ta)
�
p

kd(T � Ta)

!
� erf

 
1p

h(d)T
�
p
kdT

!#

+A(d)

"
erf

 
1p

h(d)T
+
p
kdT

!
� erf

 
1p

h(d)(T � Ta)
+
p

kd(T � Ta)

!#)
(56)

TABLE I
RANGE OF PARAMETERS ADOPTED IN NUMERICAL RESULTS

Parameter Values
Average number of 104 (see [18])
transmitted molecules (NTx)
Diffusion coefficient (D) 1000 µm2/s (see [11])
Radius of the receivers (R) 5 µm (see [59])
Molecule degradation rate (kd) [0� 0.277] s�1

Number of receivers (L) 8
Minimum distance between Rxs (lRx) 50 µm
Tx - Rx distance (d) 100 µm
Probability to transmit ’0’ (p0) 0.5
and ”1” (p1) 0.5
Number of transmitted symbols (K) {0, 2, 4, 8},

{0, 8, 64, 512}
Bit time (Tb) 0.25 s
Activation time (Ta) {25, 125, 225} ms

terms of communication with that in terms of localization with
an equal number of received molecules, to determine which
of the two tasks is more demanding, once threshold values are
fixed for both functionalities.

In Fig. 3(a) the BEP is depicted as a function of the average
number of transmitted molecules NTx for different values of
transmitted symbols, in a scenario with no molecule degrada-
tion. Both concentration and timing Poisson transmitter models
are considered. As expected, the BEP is a decreasing function
of NTx, but the impact of the ISI is dramatic in this scenario.
Indeed, we can observe that, with no ISI (K = 0) the BEP
drops under 10�3 for less than 2·103 transmitted molecules (in
the case of Poisson concentration transmitter) while, with just
two interfering symbols even 2 ·104 molecules are insufficient
to have the same low BEP. With K = 4 and K = 8 interfering
symbols, the BEP results in approximately 10�2 and 0.05,
respectively, for NTx = 2 · 104. In the case of Poisson timing
transmitter (with activation time Ta = Tb/2 = 0.125 s), BEP
values increase (for each value of K) by about one order
of magnitude for the same number of transmitted molecules
NTx. This is because in the timing model, molecules can be
transmitted with a delay of Ta relative to the start of the
bit time (and observation time), resulting in a lower average
quantity of molecules received within the same observation
time.

In Fig. 3(b) the same situation is analyzed in the presence
of molecule degradation (with kd = ln 2/Tb ⇡ 0.277 s).18. As
expected, molecule degradation worsen the single BEP, but
also reduces the impact of ISI in case of multiple symbols
transmission. On the one hand, in the absence of ISI (K = 0),
more than 2 ·103 molecules are now needed to achieve a BEP
below 10�3. On the other hand, in the presence of ISI, (e.g.,

18This means that the half life of molecule equals the bit time

K = 8), the BEP corresponding to NTx = 2 · 104 decreases
from about 0.05 to about 0.005 and remains the same also for
higher number of transmitted symbols (e.g., K = 64, 512).
It is interesting to note that even in this scenario the impact
of considering a Poisson timing (instead of concentration)
transmitter (with a quite long activation time) is dramatic (the
BEP for NTx = 2 · 104 increases to 0.1).

In Fig. 3(c), we depict the trend of the normalized root CRB
as a function of the average number of emitted molecules in
the absence of molecular degradation for various values of
K, in a scenario with no molecule degradation. Both concen-
tration and timing Poisson transmitter models are again under
investigation. As expected, the normalized root CRB decreases
with an increase in the number of transmitted molecules, but
unlike the BEP, it becomes lower with the growth of the ISI,
which in this case has a constructive effect (symbols previously
transmitted, representing interference on the communication
side, reinforce the estimation SNR on the localization side).
E.g., in case if no ISI (K = 0), the normalized root CRB
decreases from about 0.1 for NTx = 103 to about 0.02 for
NTx = 2 · 104, while, with K = 2, 4 8, considering the
same values for NTx as references, it decreases from about
0.05, 0.04, and 0.03 to about 0.01, 0.0085, and 0.0075,
respectively. In this scenario, considering a Poisson timing
instead of concentration transmitter model has ho dramatic
effect on the localization as for the communication. Indeed,
the curves are almost completely overlapping. Only in the no
ISI case, a slight increase in the root CRB is noticeable. This
can be explained by the fact that over an observation time
span equal to KTb, the maximum delay of Ta in the emission
of molecules becomes irrelevant (unlike in the communication
case).

In Fig. 3(d) the same situation as Fig. 3(c) is analyzed in
the presence of molecule degradation. As expected, molecular
degradation diminishes the accuracy of the estimation upon
which localization is based under the same conditions. Indeed,
both for K = 0 (black line) and K = 8 (blue line), the
normalized root CRB slightly increases (compared to the
corresponding curves in the previous figure). However, since
molecular degradation allows for the transmission of more
symbols before ISI becomes detrimental, these symbols, as
mentioned, tend to improve the estimation. Consequently,
overall, much lower CRB values are observed for K = 64
and K = 512 compared to the previous cases. This can be
easily explained: on one hand, molecule degradation reduces
the number of molecules reaching the receiver after a certain
time, thus reducing the effectiveness of estimation (which
is based on the observation of the number of molecules
received at instant KTb). On the other hand, by significantly
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(a) BEP as a function of the average number of transmitted molecules
without molecule degradation (kd = 0)

(b) BEP as a function of the average number of transmitted molecules
with molecule degradation (kd = ln 2/0.25 s�1)

(c) Normalized Root CRB as a function of the average number of
transmitted molecules NTx without molecule degradation (kd = 0)

(d) Normalized Root CRB as a function of the average number
of transmitted molecules NTx with molecule degradation (kd =
ln 2/0.25 s�1)

Fig. 3. BEP and Normalized Root CRB as functions of the average number of transmitted molecules NTx. The continuous lines refer to the case of
concentration transmitter, while the dashed lines to the case of transmitter timing model.

increasing K, the number of received molecules also in-
creases, compensating greatly for degradation. Regardless of
the presence or absence of molecular degradation, we can
observe that considering a timing Poisson transmitter instead
of a concentration one only slightly worsens the localization
performance (in contrast to what happens for communication).
This can be easily explained once again by considering that
the maximum transmission delay of molecules in the case of a
timing transmitter with activation time Ta becomes irrelevant
compared to the observation time KTb used in the localization
task.

Looking at the four figures as a whole, we observe that, by
targeting a BEP of 10�2 for communication performance and
a normalized root CRB of 0.01 for localization performance,
approximately 104 transmitted molecules are required on av-
erage for K = 4 in a scenario without molecule degradation.
However, if the number of transmitted symbols increases or a
timing transmitter used instead of a concentration model, the
communication task becomes much more demanding in the
terms of NTx. Conversely, the localization task requires only
a slightly higher average number of transmitted molecules.

In the case of molecule degradation (again targeting a BEP

of 10�2 and a normalized root CRB of 0.01 as targets),
when K = 8, approximately 12 · 103 transmitted molecules
are required for both communication and localization tasks.
However, as K increases, the average number transmitted
molecules required remains the same for the communication
tasks, whereas the value of NTx required for the localization
task can be significantly reduced with increasing K (e.g., NTx
is in the order of thousands for K = 64 and in the order of
hundreds for K = 512).

C. The effect of the distance
The performance, both in terms of communication relia-

bility and localization precision, naturally deteriorates with
increasing distance. However, it is interesting to compare the
behavior of BEP with that of the CRB as a function of distance
to ascertain whether, with threshold values set for both, the
communication range exceeds or falls short of the localization
range. In other words, whether molecular communications via
diffusion are inherently more suited to one function over the
other.

In Fig. 4(a), the BEP is depicted as a function of the distance
in the no molecule degradation scenario. Both Poisson concen-
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(a) BEP as a function of the Tx-Rx distance without molecule degra-
dation (kd = 0)

(b) BEP as a function of the Tx-Rx distance with molecule degrada-
tion (kd = ln 2/0.25s�1)

(c) Normalized Root CRB as a function of the Tx-Rx distance without
molecule degradation (kd = 0)

(d) Normalized Root CRB as a function of the Tx-Rx distance with
molecule degradation (kd = ln 2/0.25s�1)

Fig. 4. BEP and Normalized Root CRB as functions of the Tx-Rx distance. The continuous lines refer to the case of concentration transmitter, while the
dashed lines to the case of transmitter timing model.

tration and Poisson timing transmitted models are investigated.
By considering a required BEP of 10�2, we observe that, as
expected, the communication range decreases in the presence
of ISI (e.g., from more than about 60� 70 µm to values less
than 50 µm, depending on K) as well as in the case of timing
transmitter with activation Ta = Tb/2 (of about dozens of
micrometers in all the cases).

In Fig. 4(b), the BEP is still depicted as a function of
the distance, but in a scenario with molecule degradation
(with kd = ln(2)/Tb). It is immediate to notice that the
communication range slightly decrease (slightly more than
50 µm), with respect to the previous case, for no-ISI situation,
while remains substantially the same as before (slightly less
than 50 µm) for any positive value of K. Even in this case
considering a Poisson timing transmitter model instead of a
Poisson concentration on slightly reduce the corresponding
communication performance. The motivations are the same
just explained commenting Fig. 3.

In Fig. 4(c), the normalized root CRB is depicted as a
function of distance in no molecule degradation scenario.
Both Poisson concentration and Poisson timing transmitted
models are investigated as before. By considering a required
normalized root CRB of 10�2, we observe that, for K = 8,

the localization range is slightly higher than 50 µm.
In Fig. 4(b), the normalized root CRB is still depicted

as a function of distance, but in a scenario with molecule
degradation. In this scenario, with the required normalized
root CRB always set to 10�2, we observe that, for K = 8, the
localization range is still slightly higher than 50 µm, while
it increases to about 125 µm and 200 µm for K = 64
and K = 512, respectively. Even for what concerns the
localization task the performance slightly decrease when a
Poisson timing transmitter model is adopted instead of the
Poisson concentration one.

Looking at the four figures collectively, we can observe
that, while the communication range remains around 50 µm
in all cases, the localization range can be expanded as desired
by increasing the number of transmitted symbols. Naturally,
this comes at the cost of increased waiting time to obtain the
estimate, equivalent to KTb.

D. JCS tradeoff without molecule degradation

If the increase in the average number of transmitted
molecules improves both communication and localization per-
formance, and increasing the distance worsens both, with an
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(a) BEP as a function of the number of transmitted
symbols (K) without molecule degradation (kd =
0)

(b) Normalized Root CRB as a function of
the number of transmitted symbols (K) without
molecule degradation (kd = 0)

(c) Normalized Root CRB as a function of BEP
without molecule degradation (kd = 0)

Fig. 5. JCS tradeoff based on the number of transmitted symbols in absence of molecule degradation
.

increase in the number of transmitted symbols, the effect on
the two tasks is instead opposite. Specifically, in the absence
of molecular degradation, the effect of ISI is highly destructive
for communication (because molecules emitted in previous
symbol times also arrive in the observation window of the
current symbol), while it is constructive for localization (since
the position estimation is based on the number of molecules
received within the estimation time window regardless of the
bit time in which they were transmitted). Therefore, it makes
sense (as in the case of traditional communications) to talk
about seeking a tradeoff between communication and sensing.
By adjusting the number of the transmitted symbols, we can
move along on such a trade-off curve.

In Fig. 5(a) we depict the BEP as a function of transmitted
symbols K for different values of the activation time Ta
of the Poisson timing concentration transmitter (Ta = 0
corresponds to Poisson concentration transmitter, while other
values corresponds to Tb/10, Tb/4, and 0.9 ·Tb), in absence of
molecule degradation. We notice that for K ranging from 0 to
64 the BEP raises from less than 10�2 to values in the interval
[0.1� 0.4] depending on Ta. In Fig. 5(b), the normalized root
CRB is represented as a function of K in the same scenario.
We observe that, with K ranging from 0 to 64 as before, the
normalized root CRB decreases from values in the interval
[0.025 � 0.035] (depending on Ta) to less than 0.005 (for all
the considered values of Ta).

Given that both the expression of the BEP and the normal-
ized root CRB are functions of K as shown, in Fig. 5(c) we
depict the normalized root CRB as a function of the BEP, by
varying K in the same range considered in the two previous
figure, thus obtained the desiderd JCS tradeoff in absence of
molecule degradation. We notice that for the case of Poisson
concentration transmitter model, by accepting an increase of
the BEP from 10�2 to 10�1, the normalized root CRB can
decrease from more than 0.015 to less than 0.001. In the case
of Poisson timing transmitter, the value of the normalized root
CRB decreases even more significantly as the activation time
lengthens, for the same BEP.

E. JCS tradeoff with molecule degradation

In the case of molecular degradation, as ascertained in the
preceding subsections, the impact of ISI on communication
is reduced. Therefore, the tradeoff between communication
and sensing needs to be sought by varying the degradation
rate itself. On one hand, an increase in this coefficient re-
duces, as mentioned (and as shown in [18]), the number of
received molecules emitted in the previous symbol intervals,
thereby diminishing the impact of ISI and hence decreasing
the BEP). On the other hand, high molecular degradation
similarly reduces the number of molecules received in the
entire observation interval KTb used by localization, thus
increasing the normalized root CRB.

In Fig. 6(a), we depict the BEP as a function of the molecule
degradation rate kd for different values of the activation time
Ta of the Poisson timing concentration transmitter (Ta = 0
corresponds to Poisson concentration transmitter), in the ab-
sence of molecular degradation. We notice that for kd ranging
from 0 to ln(2)/Tb, the BEP decreases from values around
10�1 (for Ta = 0.225 s and Ta = 0.125 s) and around 0.3
(for Ta = 0.025s and Ta = 0) to values around 3 · 10�2 and
around 0.2, respectively. In Fig. 6(b), the normalized root CRB
is represented as a function of kd in the same scenario. We
observe that, for the same range of kd, the normalized root
CRB increases from values around 0.0092 to values in the
interval [0.0106�0.0109] (depending on Ta). The gap between
lines referring to different values of Ta remains approximately
the same in the considered range of kd.

Now it is clear that, by adjusting the molecule degradation
rate, we are able to move along the curve of JCS tradeoff.
Fig 6(c) depicts the normalized root CRB as a function of
the BEP and is obtained by varying kd from 0 to ln(2)/Tb.
We note that, in the case of Poisson concentration transmitter,
by accepting an increase of the BEP from 0.03 to 0.08, the
normalized root CRB decreases from 0.0106 to less than
0.0092. In the case of Poisson timing transmitter, the decrease
of the normalized root CRB is more rapid the longer the
activation time.
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(a) BEP as a function of the molecule degradation
rate kd

(b) Normalized Root CRB as a function of the
molecule degradation rate kd

(c) Normalized Root CRB as a function of BEP

Fig. 6. JCS tradeoff based on the molecule degradation rate
.

F. Future Works

The future research directions in the field of molecular JCS
could essentially be twofold in our view. On the communica-
tion side, one could explore the advantages of collaboration
among different receivers (who already collaborate in local-
ization in the proposed model), for example, by implementing
soft decoding of the received symbols to reduce the probability
of error. On the localization side, one could assess how
much the performance of practically implementable algorithms
deviates from the theoretical limits calculated in this work. We
intend to pursue these directions in future works, as they go
far beyond the scope of the present paper.

VI. CONCLUSION

In this paper a molecular JCS system where the commu-
nication function consists in transmitting information bits and
the sensing function involves localizing the emitter is proposed
and analyzed for the first time. More specifically, we propose
a micro or nano scale dual function system where both the
communication and the sensing tasks are based on molecules
diffusion in an ideal fluid in three dimension. Under certain
conditions, L > 4 fully absorbing spherical receivers are able
to localize the position of a point wise target by counting
the molecules that such a transmitter releases into the fluid
to convey information to one of them. In such a scenario, we
develop an analytical framework to investigate the fundamental
limits in the terms of both communication and localization.

Closed form exact expressions for the BEP as well as
for the CRB on the localization error are derived, for both
Poisson concentration and timing transmitter models, with
and without considering molecule degradation. Moreover, for
the very fist time, theoretical trade-offs between communica-
tion and localization performance are established, with and
without molecule degradation, by exploiting the simultaneous
dependence of both the BEP and the CRB expressions on
the number of the transmitted symbols and on the molecule
degradation rate. In case of no molecule degradation, inter
symbol interference has a strong negative impact on com-
munication performance, while it has a costruttive effect on
the localization. Thus, in such a case, the trade-off between
communication and sensing can be obtained by varying the

number of transmitted symbol. The introduction of molecule
degradation improves the communication performance in the
presence of ISI, while it reduces the effectiveness of the
localization. Thus, in such a case, the trade-off between com-
munication and sensing performance is obtained by varying
the molecule degradation rate. Finally, we are able to compare
communication and localization ranges, as well as the cost
of both the functionalities in terms of average number of
molecules that we need to emit to ensure given performance.

APPENDIX A
AUXILIARY FUNCTIONS

In this appendix, we report in (57) and (58) the expression
for E(+)

Ta
(d, T ) and E(�)

Ta
(d, T ) obtained by calculating the

integrals in their definitions (32c) and (32d).

APPENDIX B
DERIVATION OF THE FISHER INFORMATION MATRIX

In this appendix we evaluate the FIM required for the
calculation of the CRB on the localization error (42). The
gradient of the log-likelihood (41) with respect to the position
can be computed as:
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Thus, the FIM is a 3⇥ 3 that can be written as:
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where the expectation is done with respect to r. In other words
the operator E {·} applied to a generic function of r, g(r),
means
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in accordance with (40). Thus, the elements of J(p) can be
computed from (60) and (61) as follows. The elements on the
main diagonal can be obtained by averaging the second order

derivatives:
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and, by applying the same method with y and z in the place
of x:
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The other elements can be obtained by averaging the mixed
derivatives as follows:
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that can be extended to all the other combinations of coordi-
nates. Thus, from (61), the FIM becomes (67).
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