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On the Convergence to the Non-equilibrium
Steady State of a Langevin Dynamics with
Widely Separated Time Scales and Different
Temperatures

Diego Alberici , Nicolas Macris and Emanuele Mingione

Abstract. We study the solution of the two-temperature Fokker–Planck
equation and rigorously analyse its convergence towards an explicit non-
equilibrium stationary measure for long time and two widely separated
time scales. The exponential rates of convergence are estimated assuming
the validity of logarithmic Sobolev inequalities for the conditional and
marginal distributions of the limit measure. We show that these estimates
are sharp in the exactly solvable case of a quadratic potential. We discuss
a few examples where the logarithmic Sobolev inequalities are satisfied
through simple, though not optimal, criteria. In particular, we consider a
spin glass model with slowly varying external magnetic fields whose non-
equilibrium measure corresponds to Guerra’s hierarchical construction
appearing in Talagrand’s proof of the Parisi formula.

Introduction

Langevin dynamics can be generalised to many time scales, satisfying a
fluctuation–dissipation relation with a different temperature for each time
scale. In this paper, we consider the simplest incarnation of this multi-scale
(or multi-bath) model, that is, a pair of Langevin equations in the overdamped
limit

⎧
⎨

⎩

λ1 dx1 = −∇1V (x1, x2) dt +
√

2D1 dW1

λ2 dx2 = −∇2V (x1, x2) dt +
√

2D2 dW2

(1)

where λ1, λ2 > 0 are friction coefficients that set two time scales, −∇1V (x1, x2),
−∇2V (x1, x2) are driving forces arising from a confining potential V (x1, x2)
coupling two families of degrees of freedom x ≡ (x1, x2) ∈ R

d1 × R
d2 , and
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W1, W2 are independent Wiener processes on R
d1 , Rd2 with diffusion coeffi-

cients D1, D2 > 0 respectively. We adjust the friction and diffusion coefficients
so that the fluctuation–dissipation relation with temperatures β−1

1 , β−1
2 > 0

holds for each degree of freedom separately. In other words, we set

D1 ≡ β−1
1 λ1, D2 ≡ β−1

2 λ2. (2)

By a standard application of Ito calculus, the probability density function ρ =
ρt(x1, x2) describing the system configuration at time t verifies the following
Fokker–Planck (FP) equation:

∂tρ =
1
λ1

∇1 ·
(

1
β1

∇1ρ + ρ∇1V

)

+
1
λ2

∇2 ·
(

1
β2

∇2ρ + ρ∇2V

)

. (3)

The goal of the present work is to study the probability distribution ρt of the
random vector (x1(t), x2(t)), with particular interest in its long-time behaviour
(t → ∞) when the two time scales are widely separated (λ1/λ2 → 0), namely
when the x1 variables thermalise much more quickly than the x2 variables. We
mention that there exists a large literature on the analysis of the stochastic
dynamics (1) in the case of two widely separated time scales for finite times
(see books [1,2] and references therein for a rigorous approach using techniques
of averaging and homogenisation); nevertheless, we are not aware that these
results cover the long-time behaviour and the stationary measure studied here.

For β1 = β2 ≡ β, the stationary solution of (3) does not depend on λ1, λ2 ,
since it is just the equilibrium measure e−β V (x)/Z where Z ≡ ∫

dx e−β V (x).
For β1 �= β2 instead, the stationary solution of (3) exists and does depend
on λ1, λ2 . In general its expression is unknown (except for exactly solvable
cases such as quadratic potentials) but it admits an explicit limit ρ

*
when

λ2 	 λ1 . Higher-order corrections to the measure ρ
*

would also be inter-
esting to investigate. Let us summarise the heuristic argument [3,4] for the
derivation of the limit non-equilibrium measure ρ

*
. The x1 variables quickly

equilibrate on a time scale t = O(λ1) 
 λ2 so that the x2 variables appear as
quenched, and thus, on this time scale the conditional distribution ρ(1)

t (x1|x2)
tends to ρ(1)

*
(x1|x2) ≡ e−β1V (x1,x2)/Z1(x2) where Z1(x2) ≡ ∫ dx1 e−β1V (x1,x2).

For t 	 λ1, the x2 variables are subject to the average force under the measure
ρ(1)

*
(x1|x2), that is,

− 〈∇2V (x1, x2)〉ρ
(1)

*

= β−1
1 ∇2 log Z1(x2). (4)

The associated effective potential is F (x2) ≡ −β−1
1 log Z1(x2), and there-

fore, on a time scale t = O(λ2) the marginal distribution ρ(2)
t (x2) tends to

ρ(2)

*
(x2) ≡ e−β2F (x2)/Z2 where Z2 ≡ ∫

dx2 e−β2F (x2). Putting pieces together
this argument suggests that for t 	 λ2 	 λ1

ρt(x1, x2) → ρ
*
(x1, x2) ≡ ρ

(1)
*

(x1|x2) ρ
(2)
*

(x2) =
e−β1V (x1,x2)

(∫
dx′

1 e−β1V (x′
1,x2)

) β2
β1

−1

∫
dx′

2

(∫
dx′

1 e−β1V (x′
1,x′

2)
) β2

β1

(5)
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The measure ρ
*
(x) obtained for t 	 λ2 	 λ1 differs from the equilibrium

measure e−β V (x)/Z unless β1 = β2 = β . Notice that the change of variables
(t, λ1, λ2) 
→ (

t
λ1

, 1, λ2
λ1

)
does not affect the solution of Eq. (3), therefore we

will assume without loss of generality

λ1 ≡ 1, λ2 ≡ λ (6)

and denote by ρt,λ the time-dependent solution of (3).
The aim of the present paper is to provide a rigorous framework for

the convergence (5) under general hypothesis on the potential V . We base
our analysis on logarithmic Sobolev inequalities (LSI’s), giving a method to
estimate the exponential rates of convergence. The results are presented as
follows.

In Sect. 1, a convergence result is stated under simplified hypothesis on
the potential. For example, let us take V as the sum of a strongly convex
polynomial (of arbitrary degree) and any compactly supported smooth func-
tion. The Kullback–Leibler divergence DKL(ρt,λ ‖ ρ

*
) vanishes as t/λ → +∞,

λ → +∞, and thanks to Pinsker’s inequality the same holds true for the
total variation distance ‖ ρt,λ − ρ

*
‖TV. More precisely, the KL divergence de-

composes as DKL(ρt,λ ‖ ρ
*
) = D1(t, λ) + D2(t, λ) , where D1(t, λ) is the KL

divergence between the conditional distributions ρ(1)

t,λ(·|x2) , ρ(1)

*
(·|x2) averaged

w.r.t. ρ(2)

t,λ , and D2(t, λ) is the KL divergence between the marginal distribu-
tions ρ(2)

t,λ , ρ(2)

*
. Separate estimates for D1(t, λ) and D2(t, λ) are provided, as—a

part from residuals of order λ−1 - D1(t, λ) decays exponentially fast on a time
scale of order 1, while D2(t, λ) decays exponentially fast on a much larger time
scale of order λ .

In Sect. 2, the main Theorem 2.3 generalises the hypothesis on V and
provides a method to estimate the exponential rates of convergence of D1(t, λ),
D2(t, λ) . The potential V is supposed to be smooth, with derivatives of any
order having polynomial growth, and to satisfy suitable confining assumptions.
Assuming both the “conditional potential” x1 
→ β1V (x1, x2) and the effective
potential β2F (x2) (or more precisely the related measures ρ(1)

*
(x1|x2), ρ(2)

*
(x2))

verify logarithmic Sobolev inequalities, we can estimate the rates of convergence
for D1(t, λ), D2(t, λ) by the optimal logarithmic Sobolev constants.

In general, a probability measure p∞(x) ≡ e−β U(x)/Z verifies a LSI if
there exists a constant C > 0 such that for every suitably regular probability
measure π(x)

∫

dx π(x) log
π(x)

p∞(x)
≤ 1

2C

∫

dx π(x)
∣
∣
∣∇ log

π(x)
p∞(x)

∣
∣
∣
2

. (7)

Logarithmic Sobolev inequalities are commonly used to analyse the approach
to equilibrium of the one-temperature Fokker–Planck equation

∂t pt(x) = ∇ ·
( 1

β
∇pt(x) + pt(x)∇U(x)

)
. (8)
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Taking as π the time-dependent solution pt of (8), the l.h.s. of (7) is the
Kullback–Leibler divergence between pt and p∞, while the r.h.s. turns out
to be − β

2C
d
dt DKL(pt‖p∞) . Therefore, (7) provides a first-order differential

inequality for DKL(pt‖p∞), called free energy dissipation inequality, which can
be easily integrated giving exponential rate of convergence to equilibrium equal
to 2C

β . There exists a vast literature on LSI’s, for example, see the review [5]
adopting this dynamical point of view.

The rest of Sect. 2 is devoted to the derivation of a simple sufficient cri-
terion that guarantees the validity of LSI’s for both measures ρ(1)

*
and ρ(2)

*
.

If V is the sum of a strongly convex function and a bounded one, the clas-
sical Bakry–Émery–Holley–Stroock criterion provides a LSI for the measure
e−β V /Z . We show, by means of the Brascamp–Lieb concentration inequality
[6,7], that the same condition on V guarantees the validity of LSI’s both for
ρ(1)

*
and ρ(2)

*
. Unless the potential V is strictly convex, the convergence rate

provided by the Bakry–Émery–Holley–Stroock criterion may be exponentially
slow in the size of the system (i.e., dimensions d1, d2). Investigating for further
criteria for the two LSI’s of interest is an important problem that we postpone
to future work since it requires to focus on a specific potential.

In Sect. 3, we analyse some examples where Theorem 2.3 applies. First
(Sect. 3.1) we study the exactly solvable case of a quadratic potential V : the
multi-bath Langevin dynamics boils down to a multi-dimensional Ornstein–
Uhlenbeck process. The non-equilibrium stationary measure as well as inter-
esting properties such as the associated rotational current densities has been
discussed in detail in [8] (for any λ and dimensions d1 = d2 = 1). Here, we pro-
vide explicit formulas for ρt,λ and its approach to ρ∗ in the case d1 = d2 = 1,
showing that the convergence rates estimated by Theorem 2.3 are sharp. The
second example (Sect. 3.2) is a spin glass model where both the spin degrees
of freedom and the external fields are given a dynamics in order to obtain the
Guerra’s measure [9] in the spirit of [4,10]. The third example (Sect. 3.3) comes
from a paradigm in modern high-dimensional inference, namely the problem
of estimating a rank-one matrix which is observed through a noisy channel
(see [11] for a general review on the subject and a discussion of applications).

Section 4 is devoted to the proof of Theorem 2.3. Integrating the Fokker–
Planck Eq. (3) w.r.t. x1, one can see that marginal measure ρ(2)

t,λ(x2) satisfies a
suitable Fokker–Planck equation itself (Sect. 4.3). We use the two LSI’s for the
conditional and marginal measures ρ(1)

*
, ρ(2)

*
to deduce dissipation inequalities

for the conditional and marginal KL divergences D1(t, λ), D2(t, λ) (Theorems
4.18, 4.20). Unlike the standard FP Eq. (8), in the two-scales case LSI’s are not
enough to control the long-time behaviour, since additional terms appear in the
time derivatives d

dt D1(t, λ), d
dt D2(t, λ) revealing the dependence of the station-

ary measure on λ (unless β1 = β2). In order to control these additional terms,
we show that the measures ρt,λ(x1, x2) and ρ(1)

*
(x1|x2) ρ(2)

t,λ(x2) have uniformly
bounded moments in t, λ (Sect. 4.2). These uniform bounds are obtained
thanks to the confining assumptions on V (see Appendix, Sects. 5.2, 5.3).
Finally, the core computations based on a careful application of integration by
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parts and Pinsker inequality are shown in Sects. 4.4, 4.5 and 4.6. In order to
get a first idea of the proof, the reader can start from the latter subsections.

Appendix (Sects. 5.2, 5.3) contains the proof of the uniform bounds on
moments which is based on repeated use of Gronwall inequalities. The most
technical aspects of the proof of Theorem 2.3 are also postponed to Appendix
(Sect. 5.6). In addition, the regularity of the solution ρt,λ and its marginal ρ(2)

t,λ

are proven in Sects. 5.4 and 5.5.

Physical Motivations

Dynamical systems containing fast and slow degrees of freedom are ubiquitous
in Physics. Actually in many physical problems the first issue is how to split
the dynamics in fast and slow components and then construct an effective
model by a reduction procedure also called adiabatic elimination. In a multi-
bath dynamics like (1), such a division comes from the very definition of the
model, and in other words, one has to assume that the above reduction has
already taken place.

A different, to some extent, interpretation of (1) comes from Statistical
Mechanics of disordered systems. In the context of spin glasses, multi-scale
models have been introduced by Horner [12,13], Coolen, Penney, Sherring-
ton [14,15], Dotsenko, Franz, Mézard [16], and Allahverdyan, Nieuwenhuizen,
Saakian [17,18] as a mean to regularise the long-time behaviour of mean-field
spin glasses dynamics, by giving the couplings a very slow dynamics instead of
taking them quenched. The dynamical system (1) is studied per se in [3], and
the stationary measure is heuristically derived in the limit of widely separated
time scales (as well as corrections to this limit for particular potentials). In
[19], it is shown that the resulting (non-Gibbsian) stationary measure can be
used to characterise out-of-equilibrium systems in the limit of small entropy
production, displaying a natural interpretation in terms of effective tempera-
tures.

The concept of effective temperatures in non-equilibrium systems was
first discussed by Hohenberg and Shraiman [20] for turbulent flows, by Cuglian-
dolo, Kurchan and Peliti [19,21] for spin glasses (see also [22]), and more re-
cently for jamming [23]. In these contexts, the notion of effective temperature
for each time scale arises through ratios of correlation and response func-
tions generalising the usual fluctuation–dissipation relation. We refer the in-
terested reader to [24–28] for comprehensive reviews of theories of fluctuation–
dissipation relations in non-equilibrium systems.

There are not many instances where one can compute stationary measures
in out-of-equilibrium Statistical Mechanics. We mention that much work has
been devoted to transport problems in extended systems coupled to many
reservoirs at different temperatures. (We refer to the review [29] and references
therein for this realm.) The multi-bath model treated here is an easier problem
that does not involve spatial transport (or heat flux); nevertheless, it is of
interest that it is amenable to an explicit solution.

Finally, we highlight the fact that the heuristic argument used to obtain
(5) generalises to more than two families of degrees of freedom with widely
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separated time scales and different temperatures [10] and the analogous of ex-
pression (5) for ρ

*
is obtained through a hierarchy of conditional measures. As

it turns out, the resulting measure appears in Guerra’s interpolation scheme [9]
which leads to Talagrand’s proof [30] of the celebrated Parisi formula [31,32]
for the Sherrington–Kirkpatrick model. Dynamical aspects of the connection
between multi-bath models and Guerra’s scheme have been recently inves-
tigated in [10]. In Example 3.2, we give (non-optimal) criteria to rigorously
establish this connection.

1. Definitions and Main Result Under Very Simple Hypothesis

Let V : Rd1×R
d2 → R be a potential coupling two groups of degrees of freedom

denoted by x ≡ (x1, x2) ∈ R
d1 × R

d2 ≡ R
d . In order to facilitate reading, in

this section we assume that the potential has the simple form

V = Vc + Vb (9)

where Vc is a strongly convex polynomial and Vb is a bounded smooth function
with bounded derivatives of any order. The reader may keep in mind the
following example

V (x) = x · Ax + Vb(x) (10)

where A is a positive-definite matrix, and Vb is any smooth modification on
a compact support. The hypothesis on the potential V will be generalised in
the next section.

Let β1, β2, λ > 0. We want to study the time evolution of the system
according to the SDE (1) with diffusion coefficients (2) through a rigorous
analysis of its probability flux ρ : Rd × (0,∞) → (0,∞) which is described by
the following Fokker–Planck PDE
⎧
⎪⎨

⎪⎩

∂tρt(x) = ∇1 ·
(

1
β1

∇1ρt(x) + ρt(x) ∇1V (x)
)

+ 1
λ

∇2 ·
(

1
β2

∇2ρt(x) + ρt(x) ∇2V (x)
)

ρt
L1(Rd)−−−−−→
t→0+

ρI

(11)

We assume that the initial probability measure at time t = 0 has a density
ρI with respect to the Lebesgue measure. Moreover, we assume that ρI is
bounded, has bounded marginal density w.r.t. x2, and finite moments of any
order. All along the paper, we will denote by ρt(x) or ρt,λ(x) the solution of
(11).

As explained in the Introduction, we are interested in the long-time be-
haviour of the system when the families of degrees of freedom x1, x2 evolve on
widely separated time scales (x2 much slower than x1). Let us introduce the
following probability density ρ

*
: Rd = R

d1 × R
d2 → (0,∞)

ρ
*
(x1, x2) ≡ e−β1V (x1,x2)

Z1(x2)
e−β2F (x2)

Z2
=

e−β1V (x1,x2)

Z1(x2)
Z1(x2)

β2
β1

Z2

= e−β1V (x1,x2) e−(β2−β1)F (x2) Z−1
2

(12)
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where

Z1(x2) ≡
∫

Rd1

e−β1V (x1,x2) dx1 (13)

F (x2) ≡ − 1
β1

log Z1(x2) (14)

Z2 ≡
∫

Rd2

e−β2F (x2) dx2 =
∫

Rd2

Z1(x2)
β2
β1 dx2. (15)

The first way of writing ρ
*

in (12) corresponds to the product of its conditional
and marginal probability densities:

ρ
*
(x1, x2) = ρ(1)

*
(x1|x2) ρ(2)

*
(x2) (16)

where the conditional measure is the Gibbs measure with potential x1 
→
V (x1, x2) and inverse temperature β1, and the marginal measure is the Gibbs
measure with effective potential F and inverse temperature β2. Notice that
F (x2) coincides with the free energy at equilibrium of the fast degrees of free-
dom for fixed x2.

We will estimate the rate of convergence of ρt,λ to ρ
*

studying the Kullback–
Leibler (KL) divergence between the two measures. More precisely, we will
analyse conditional and marginal KL divergences separately. We set

D(t, λ) ≡
∫

Rd

ρt,λ(x) log
ρt,λ(x)
ρ
*
(x)

dx

=
∫

Rd

ρt,λ(x) log
ρ(1)

t,λ(x1|x2)

ρ(1)

* (x1|x2)
dx +

∫

Rd2

ρ(2)

t,λ(x2) log
ρ(2)

t,λ(x2)

ρ(2)

* (x2)
dx2

≡ D1(t, λ) + D2(t, λ) (17)

where

ρt,λ(x1, x2) = ρ(1)

t,λ(x1|x2) ρ(2)

t,λ(x2) (18)

is the decomposition of ρt,λ into conditional and marginal probability densities.
If ρt,λ is replaced by ρI into (17), we denote the corresponding KL divergences
by DI,D1I,D2I, respectively. Now, we can state

Theorem 1.1 (Main result under simple hypothesis). Let β1, β2 > 0. Let V =
Vc + Vb, where Vc is a strongly convex polynomial and Vb is smooth, bounded,
with bounded derivatives of any order. Let ρI be a bounded probability density
having finite moments of any order and bounded marginal density.
Then, there exist positive constants c1 = c1(β1, V ), c2 = c2(β2, V ) and finite
constants C1 = C1(β1, β2, V ), C2 = C2(β1, β2, V ) such that:

(i) for all t > 0 , λ ≥ 1

D1(t, λ) ≤ D1I e−2c1t + C1 λ−1; (19)

(ii) for all t > 0 , λ ≥ max(1, c2/c1)

D2(t, λ) ≤ D2I e−c2 t λ−1
+ C2 λ− 1

2 . (20)
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Remark 1.2. By inequalities (19), (20), two different time scales emerge in the
convergence of conditional and marginal KL divergences:

D1(t, λ) → 0 as t → ∞, λ → ∞
D2(t, λ) → 0 as t λ−1 → ∞, λ → ∞.

(21)

As a consequence, D(t, λ) → 0 as t λ−1 → ∞ and λ → ∞ . The convergence in
total variation distance can be deduced by Csiszár–Kullback–Pinsker inequal-
ity:

‖ ρt,λ − ρ
*

‖TV ≤
√

2D(t, λ) =
√

2
√

D1(t, λ) + D2(t, λ). (22)

Remark 1.3. The bound (20) can actually be improved by

D2(t, λ) ≤ D2I e−2(1−η)c2 t/λ + C2(r, η) λ− r
r+1 (23)

for any r > 0, η ∈ (0, 1) . The constant C2(r, η) could diverge as r → ∞ or
η → 0.

Remark 1.4. Let us consider the two-temperature free energy functional intro-
duced in [3]:

Fβ1,β2(π) ≡
∫

Rd

π(x)
(
V (x) + β−1

1 log π(1)(x1|x2) + β−1
2 log π(2)(x2)

)
dx (24)

for every probability density π on R
d1 × R

d2 with conditional and marginal
densities π(1), π(2), respectively. It is easy to check that

Fβ1,β2(ρt,λ) − Fβ1,β2(ρ*) = β−1
1 D1(t, λ) + β−1

2 D2(t, λ) (25)

and hence Theorem 1.1 immediately gives the convergence of Fβ1,β2(ρt,λ).

In fact, Theorem 1.1 is a particular case of the general result presented
in the next section.

2. Generalisation of the Main Result and Logarithmic Sobolev
Inequalities

The upper bounds stated in the previous section hold true under more general
hypothesis. In fact, Theorem 1.1 is a particular case of a more general result
based on logarithmic Sobolev inequalities. In this section, we will state the
general result in Theorem 2.3, and then, we will show how to derive Theorem
1.1.

We assume that the potential V : Rd1×R
d2 → R is smooth, has polynomial

growth together with all its derivatives, and is confining in the following sense:
(A1) V ∈ C∞(Rd) ;
(A2) for every multi-index ν ∈ N

d there exist constants (depending on ν)
r1, r2, γ0, γ1, γ2 ∈ [0,∞) such that for all x = (x1, x2) ∈ R

d

|DνV (x)| ≤ γ0 + γ1 |x1|r1 + γ2 |x2|r2 (26)

where Dν is the usual multi-index notation for partial derivatives with
respect to x;
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(A3) there exist a1, a2 ∈ (0,∞), a0 ∈ [0,∞) such that for all x ∈ R
d

x · ∇V (x) ≥ a1 |x1|2 + a2 |x2|2 − a0; (27)

(A4) there exist a1 ∈ (0,∞), a0, a2, p ∈ [0,∞) such that for all x ∈ R
d

x1 · ∇1V (x) ≥ a1 |x1|2 − a2 |x2|p − a0. (28)

Remark 2.1. By assumptions (A1), (A3), it follows that there exist a1, a2 ∈
(0,∞), a0 ∈ [0,∞) such that for all x ∈ R

d

V (x) ≥ a1 |x1|2 + a2 |x2|2 − a0. (29)

In order to prove, it one can use the following identity:

V (x) − V (x/|x|) =
∫ 1

|x|−1

dV (tx)
dt

dt =
∫ 1

|x|−1
x · ∇V (tx) dt. (30)

Now, the quadratic lower bound (29) on V guarantees that for every r ∈ [0,∞)
∫

Rd1

|x1|r e−β1V (x1,x2) dx1 < ∞ ,

∫

Rd2

|x2|r
(∫

Rd1

e−β1V (x1,x2) dx1

)β2
β1

dx2 < ∞ ,

(31)

hence the probability density ρ
*

introduced in (12) is suitably normalised and
has finite moments of any order.

We further assume that logarithmic Sobolev inequalities for the condi-
tional and marginal measures ρ(1)

*
, ρ(2)

*
hold true. Precisely for all β1, β2 > 0,

there exist finite positive constants c1 = c1(β1, V ) , c2 = c2(β2, V ) such that
(LS1)
∫

Rd1

π1(x1) log
π1(x1)

ρ
(1)
* (x1|x2)

dx1 ≤ 1
2β1c1

∫

Rd1

π1(x1)
∣
∣
∣∇1 log

π1(x1)

ρ
(1)
* (x1|x2)

∣
∣
∣
2

dx1

(32)

for every x2 ∈ R
d2 , for every positive probability density π1 ∈ C1(Rd1)

with π1 log π1

ρ
(1)

*
(·|x2)

∈ L1(Rd1) ;

(LS2)
∫

Rd2

π2(x2) log
π2(x2)

ρ
(2)
* (x2)

dx2 ≤ 1
2β2c2

∫

Rd2

π2(x2)
∣
∣
∣∇2 log

π2(x2)

ρ
(2)
* (x2)

∣
∣
∣
2

dx2

(33)

for every positive probability density π2 ∈ C1(Rd2) with π2 log π2

ρ
(2)

*

∈
L1(Rd2) .
Finally, we assume that the initial probability measure μI describing the

configuration of the system at time t = 0 has density ρI : Rd → [0,∞) with re-
spect to the Lebesgue measure. Let us write its decomposition into conditional
and marginal probability densities

ρI(x1, x2) = ρ(1)

I (x1|x2) ρ(2)

I (x2) (34)
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and assume the following conditions:
(B1) ρI is bounded on R

d ;
(B2) ρ(2)

I is bounded on R
d2 ;

(B3) for every r ∈ [0,∞)
∫

Rd

ρI(x) |x|r dx < ∞. (35)

Remark 2.2. The initial measure μI can vanish in some regions, but has to be
absolutely continuous with respect to the Lebesgue measure in order to have
finite Kullback–Leibler divergence from ρ

*
. In fact, assumptions (B1)–(B3)

imply that ρI, ρ(2)

I have finite differential entropies:
∫

Rd

ρI(x) | log ρI(x)|dx < ∞ ,

∫

Rd2

ρ
(2)
I (x2)

∣
∣ log ρ

(2)
I (x2)

∣
∣ dx2 < ∞ . (36)

(One can mimic the last part of the proof of Proposition 4.6 in Sect. 5.2.)
Therefore, the integrals defining KL divergences DI,D1I,D2I are absolutely
convergent. From the results stated in Sects. 4.2, 4.3, it will be clear that the
integrals defining D(t, λ),D1(t, λ),D2(t, λ) are also absolutely convergent.

We can finally state

Theorem 2.3 (Main result under general hypothesis) Let β1, β2 > 0 . Suppose
that V verifies assumptions (A1)–(A4), logarithmic Sobolev inequalities (LS1),
(LS2) hold true, and ρI verifies assumptions (B1)–(B3). Then for all t > 0 ,
λ ≥ 1

D1(t, λ) ≤ D1I e−2c1t + R1(t) λ−1 (37)

and for all t > 0 , λ ≥ max(1, c2/c1), η ∈ (0, 1) , ε > 0 , r > 0

D2(t, λ) ≤ D2I e−(1−η) 2c2 t λ−1
+ η−1

(
R2(t, λ, η) ε−1λ−1 + R3(t, λ, η, r) εr

)
.

(38)

The estimated rates of convergence c1, c2 are the optimal constants verifying
the logarithmic Sobolev inequalities (LS1), (LS2), respectively. The remainder
terms R1, R2, R3 are uniformly bounded in t, λ, η and read

R1(t) ≡ (
1 − e−2c1t

) c0

2c1

R2(t, λ, η) ≡ (
1 − e−(1−η) 2c2 t λ−1) c0

(1 − η) 4c1c2

+
(
e−(1−η) 2c2 t λ−1 − e−2c1t

) D1I − c0
2c1λ

2c1 − (1−η) 2c2
λ

R3(t, λ, η, r) ≡ (
1 − e−(1−η) 2c2 t λ−1) c̃0(r)

(1 − η) 2c2

where c0, c̃0(r) are nonnegative constants depending on β1, β2, ρI, V . Explicit
expressions of c0, c̃0(r) can be found in Theorems 4.18 and 4.20.
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Remark 2.4. It is possible to optimise the bound (38) over ε in order to get a
rate of convergence in λ. Precisely, taking ε = λ− 1

r+1 one obtains

D2(t, λ) ≤ D2I e−(1−η)2c2 t/λ + η−1
(
R2(t, λ, η) + R3(t, λ, η, r)

)
λ− r

r+1 . (39)

The constant c̃0(r) in R3 may diverge as r becomes large.

Section 4 will be dedicated to the proof of Theorem 2.3. In the remaining
part of the present section, we discuss logarithmic Sobolev inequalities and the
derivation of Theorem 1.1 from Theorem 2.3.

Definition 2.5. A probability density p : R
n → (0,∞) is said to verify the

logarithmic Sobolev inequality with constant C > 0 (briefly LSIn(C) or LSI(C)
or LSI) if

∫

Rn

dx π(x) log
π(x)
p(x)

≤ 1
2C

∫

Rn

dx π(x)
∣
∣
∣∇ log

π(x)
p(x)

∣
∣
∣
2

(40)

for every probability density π sufficiently regular, e.g. π ∈ C1(Rn) such that
π > 0 ,

∫

Rn π(x) dx = 1 , π log π
p ∈ L1(Rn).

Remark 2.6. Setting f(r) ≡ r log r − r + 1 ≥ 0 for r ≥ 0 , inequality (40) also
rewrites term by term as

∫

Rn

dx p(x) f

(
π(x)
p(x)

)

≤ 2
C

∫

Rn

dx p(x)
∣
∣
∣
∣∇
√

π(x)
p(x)

∣
∣
∣
∣

2

(41)

The integrals in (41) are well defined for all π ≥ 0 such that
∫

Rn π(x) dx = 1
and

√
π/p ∈ W 1,2

loc (Rn) , allowing to extend the LSI to a larger class of densities
π (see [33]).

LSI’s were initially proved for Gaussian measures [34,35], and many suf-
ficient criteria have been subsequently introduced in order to guarantee their
validity.

A fundamental property of LSI’s is tensorisation. It guarantees the inde-
pendence of the optimal constant on the dimension n of the system when the
latter is composed of independent parts. Precisely:

Proposition 2.7 (Tensorisation [35]). Let U : Rn → R ,

U(x) =
n∑

i=1

Ui(xi). (42)

Suppose that the probability measure e−βUi/Zi verifies LSI1(C) for every i =
1, . . . , n. Then, the probability measure e−βU/Z verifies LSIn(C).

The proof of Proposition 2.7 is straightforward. There exist several results
extending this property to systems with weak interactions. Beyond tensorisa-
tion, two fundamental criteria to establish LSI’s are provided by Bakry–Émery
theorem and Holley–Stroock perturbation lemma.
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Theorem 2.8 (Bakry–Émery [36]). Let U ∈ C2(Rn) strongly convex; namely,
there exists α > 0 such that x ∈ R

n

Hess U(x) � α In. (43)

Then, the probability measure e−βU/Z verifies LSIn(C) with constant C = βα .

Theorem 2.9 (Holley–Stroock [37]). Let U : Rn → R ,

U = U0 + Ub. (44)

Suppose that the probability measure e−βU0/Z0 verifies LSIn(C0) and Ub is
bounded. Then, the probability measure e−βU/Z verifies LSIn(C) with constant
C = C0 e−β osc(Ub), where osc(Ub) = sup(Ub) − inf(Ub).

We refer to [5,33] for a proof of Theorems 2.8 and 2.9 adopting a dynam-
ical point of view. Combining the previous three results, it is possible to prove
LSI’s for a large class of potentials U .

We are interested in deriving inequalities (LS1), (LS2) under simple hy-
pothesis on the potential V . This can be done combining the Bakry–Émery–
Holley–Stroock criterion with Brascamp–Lieb concentration inequality [6,7].
It will become clear that Theorem 1.1 is just a consequence of the more general
Theorem 2.3.

Proposition 2.10. Let V ∈ C2(Rd), V = Vc + Vb such that

(C1) Vc ∈ C2(Rd) is strongly convex;
(C2) Vb is bounded;
(C3) the first and second order derivatives of Vc have polynomial growth.

Then, the effective potential F ∈ C2(Rd2) defined by (14) writes as F = Fc+Fb

with

Fc(x2) ≡ − 1
β1

log
∫

Rd1

e−β1Vc(x1,x2) dx1 strongly convex, (45)

Fb(x2) ≡ − 1
β1

log
〈
e−β1Vb

〉

c
(x2) bounded. (46)

〈 · 〉c(x2) denotes the following expectation for any suitable observable O(x1, x2)

〈O〉c(x2) ≡
∫

Rd1 O(x1, x2) e−βVc(x1,x2) dx1
∫

Rd1 e−βVc(x1,x2) dx1
. (47)

In particular, for every β1, β2 > 0, logarithmic Sobolev inequalities (LS1), (LS2)
are verified with constants c1, c2 given by

c1 = α1 e−β1 osc1 (48)

c2 = α2 e−β2 osc2 (49)
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where we set
α ≡ inf

x∈Rd
min spec

(
Hess Vc(x)

)
> 0

α1 ≡ inf
x∈Rd

min spec
(
Hess11 Vc(x1, x2)

) ≥ α

α2 ≡ inf
x2∈Rd2

min spec
(
Hess22 Fc(x2)

) ≥ inf
x∈Rd

min spec
(
Hess22 Vc − (Hess12 Vc)T (Hess11 Vc)−1Hess12 Vc

)
(x) ≥ α

and
osc ≡ sup

Rd

Vb − inf
Rd

Vb < ∞

osc1 ≡ sup
x2∈Rd2

(
sup

x1∈Rd1

− inf
x1∈Rd2

)
Vb(x1, x2) ≤ osc

osc2 ≡ sup
Rd2

Fb − inf
Rd2

Fb ≤ osc.

We split the proof of Proposition 2.10 in two parts, corresponding to
inequalities (LS1), (LS2), respectively. The first one is straightforward. The
second one requires an algebraic lemma and Brascamp–Lieb concentration
inequality for log-concave measures.

Proof of Proposition 2.10. First part. Bakry–Émery–Holley–Stroock criterion
can be easily applied to prove inequality (LS1). Recall that ρ(1)

*
(·|x2) is the

Gibbs measure on R
d1 associated with potential x1 
→ V (x1, x2) and inverse

temperature β1. For all x1, φ ∈ R
d1 , we have

φT Hess11 Vc(x1, x2) φ = φ̃T Hess Vc(x1, x2) φ̃ ≥ α |φ̃|2 = α |φ|2 (50)

setting φ̃ ≡
(

φ
0

)

∈ R
d1×R

d2 and using hypothesis (C1). Thus, x1 
→ Vc(x1, x2)

is strongly convex and α1 ≥ α > 0. On the other hand x1 
→ Vb(x1, x2)
is clearly bounded and osc1 ≤ osc < ∞. Therefore, inequality (LS1) with
constant c1 given by (48) follows by Theorems 2.8 and 2.9. �
Lemma 2.11. Let A be a d × d invertible symmetric block matrix:

A ≡
(

A11 A12

AT
12 A22

)

. (51)

The Schur complement of A11 in A is the d2 × d2 invertible symmetric matrix
defined by

S ≡ A22 − AT
12 A−1

11 A12. (52)

If there exists α > 0 such that A � αId , then S � αId2 .

Proof. Matrix A is similar to a block-diagonal matrix, and indeed, it is easy
to check that

A = P D PT (53)

with

P ≡
(

Id1 0
AT

12 A−1
11 Id2

)

, D ≡
(

A11 0
0 S

)

. (54)
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Let ψ ∈ R
d2 . Set ψ̃ ≡

(−A−1
11 A12 ψ
ψ

)

∈ R
d observing that PT ψ̃ =

(
0
ψ

)

∈ R
d.

Then,

ψ̃T A ψ̃ = ψ̃T P D PT ψ̃ = ψT S ψ (55)

proving the thesis. �

Proof of Proposition 2.10. Second part. Recall that ρ(2)

*
is the Gibbs measure

on R
d2 with potential F defined by (14) and inverse temperature β2. F rewrites

as F = Fc + Fb with Fc, Fb defined by Eqs. (45), (46). Clearly, from Eq. (46)

sup
Rd2

Fb − inf
Rd2

Fb = osc2 ≤ osc . (56)

On the other hand, from Eq. (45) we can compute

Hess22Fc = 〈 Hess22Vc 〉c − β1

〈∇2Vc ∇T
2 Vc

〉

c
+ β1 〈∇2Vc〉c

〈∇T
2 Vc

〉

c
(57)

and indeed hypothesis (C3) guarantees that the derivatives w.r.t. x2 can be
taken inside the integral w.r.t. x1 . Then for every ψ ∈ R

d2

ψT Hess22Fc ψ =
〈
ψT Hess22Vc ψ

〉

c
− β1

〈(
ψT ∇2Vc

)2
〉

c
+ β1

〈
ψT ∇2Vc

〉2
c
. (58)

Brascamp–Lieb concentration inequality applies to the measure 〈 · 〉c since the
potential x1 
→ Vc(x1, x2) is convex by hypothesis (C1), hence:
〈(

ψT ∇2Vc
)2
〉

c
− 〈ψT ∇2Vc

〉2
c ≤

〈
∇T

1
(
ψT ∇2Vc

) (
β1Hess11Vc

)−1 ∇1
(
ψT ∇2Vc

)〉

c

=
1

β1

〈
ψT (Hess12Vc)

T (Hess11Vc)
−1(Hess12Vc) ψ

〉

c .

(59)

Plugging inequality (59) into (58) and using Lemma 2.11 together with hy-
pothesis (C1), one obtains

ψT Hess22Fc ψ ≥ 〈
ψT
(
Hess22Vc − (Hess12Vc)T (Hess11Vc)−1Hess12Vc

)
ψ
〉

c

≥ α |ψ|2 (60)

for every ψ ∈ R
d2 . Therefore, Fc is strongly convex and α2 ≥ α > 0. Inequality

(LS2) with constant c2 given by (49) then follows by Theorems 2.8 and 2.9.
�

Proof that Theorem 1.1 follows from Theorem 2.3. Let V = Vc + Vb with Vc

strongly convex polynomial and Vb bounded, smooth with bounded derivatives
of any order. Let us show that the potential V satisfies the hypothesis of
Theorem 2.3.

Proposition 2.10 guarantees that conditions (LS1), (LS2) are verified (and
gives an estimation of the constants c1, c2). Conditions (A1), (A2) are clearly
verified. Condition (A3) follows from the strong convexity of Vc, indeed a first
order Taylor expansion of ∇Vc at 0 shows that

x · (∇Vc(x) − ∇Vc(0)
) ≥ α |x|2. (61)
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Finally, since Vc is a polynomial, condition (A4) is also guaranteed. Indeed, for
every k = 1, . . . , d1 the leading order monomial containing x1k in Vc(x) is of
type ak xnk

1k with ak > 0, nk ≥ 2 even, and in x ·∇1Vc(x) it becomes ak nk xnk

1k .
�

3. Examples

3.1. Quadratic Potential in Dimensions d1 = d2 = 1: Explicit Computations

Positive-definite quadratic potentials in any dimensions d1, d2 clearly fit the
hypothesis of Theorem 1.1. Here, we consider positive-definite quadratic po-
tentials in dimensions d1 = d2 = 1, so that explicit computations can be easily
performed. We provide the solution of the two-temperature Fokker–Planck
equation for all times t and compute explicit expansions for large λ. A com-
parison between explicitly computed convergence rates and estimates given by
Theorem 2.3 shows that the latter are sharp for quadratic potentials.

Let x ∈ R be the fast variable and y ∈ R be the slow variable. We
consider the two-dimensional quadratic potential

V (x, y) ≡ 1
2

(x, y)A

(
x
y

)

, (62)

where A is a positive-definite symmetric matrix

A ≡
(

a c
c b

)

, a > 0, ab − c2 > 0. (63)

Thanks to the quadratic nature of the potential, one can check that the effec-
tive potential (14) is also quadratic

F (y) =
det A

2 a
y2 (64)

and the measure ρ∗ defined by (12) is a centred Gaussian distribution with
covariance matrix

Σ ≡

⎛

⎜
⎜
⎝

1
β1a

+
1
β2

c2

a det A
− 1

β2

c

det A

− 1
β2

c

det A

1
β2

a

det A

⎞

⎟
⎟
⎠ . (65)

Clearly, we have the following

Proposition 3.1. The quadratic potential (62) verifies the hypothesis of Theo-
rem 2.3 with rates given by

c1 = a, c2 =
det A

a
. (66)

Thus, for every β1, β2 > 0 the convergence of the two-temperature dynamical
measure ρt,λ(s, y) to ρ

*
(s, y) is described by inequalities (37), (38).

Proof. Hypotheses (A1)–(A4) are clearly verified. The logarithmic Sobolev
inequalities (LS1), (LS2) follow by Proposition 2.10 with Vb = 0, α1 = a,
α2 = det A

a . �
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In the following, we will compute exactly the convergence rates of the
dynamical measure ρt,λ to ρ

*
, in order to show that the estimates (66) are

sharp for a quadratic potential. For a quadratic potential, the SDE (1) with
diffusion coefficients defined by (2), (6) is an Ornstein–Uhlenbeck process and
rewrites as

(
dx(t)
dy(t)

)

= −Γ

(
x(t)
y(t)

)

dt + Δ

(
dW1(t)
dW2(t)

)

(67)

with

Γ ≡
(

a c
c
λ

b
λ

)

, Δ ≡
⎛

⎝

√
2
β1

0

0
√

2
λβ2

⎞

⎠ . (68)

The fundamental solution ρt(x, y) of the Fokker–Planck equation associated
with (67) is a Gaussian distribution of mean μ(t) and covariance matrix Ω(t)
defined by

μ(t) ≡ e−t Γ

(
x0

y0

)

, Ω(t) ≡
∫ t

0

e−(t−s) Γ ΔΔT e−(t−s) ΓT

ds (69)

where (x0, y0) represents the initial condition. We can compute (69) exactly
and deduce the behaviour for large λ. This is the object of the next proposition.

Let us denote by γ1,2 the eigenvalues of the matrix Γ :

γ1,2 ≡ (a + bλ−1) ±√(a + bλ−1)2 − 4λ−1 det A

2
. (70)

We note that γ1, γ2 > 0 for all λ > 0 and compute their expansions as λ → ∞ :

γ1 = a + O(λ−1), γ2 =
det A

a
λ−1 + O(λ−2). (71)

Proposition 3.2. Let Ω(t) = (Ωij(t))i,j=1,2 and μ(t) = (μi(t))i=1,2 be defined
by (69). Let Σ = (Σij)i,j=1,2 defined by (65). As λ → ∞, we have the following
expansions uniformly in t > 0

Ω11(t) = Σ11 − 1
β1a

e−2γ1t − 1
β2

c2

a2

a

det A
e−2γ2t + O(λ−1)

Ω22(t) = Σ22 (1 − e−2γ2t) + O(λ−1)
Ω12(t) = Ω21(t) = Σ12 (1 − e−2γ2t) + O(λ−1) (72)

and

μ1(t) =
(
x0 +

c

a
y0

)
e−γ1t + − c

a
y0 e−γ2t + O(λ−1)

μ2(t) = y0 e−γ2t + O(λ−1). (73)

Proof. A direct computation shows that for τ ∈ R

e−τ Γ =
1

v2 − v1

(
e−γ2τ v2 − e−γ1τ v1 e−γ1τ − e−γ2τ

(e−γ2τ − e−γ1τ ) v1v2 e−γ1τ v2 − e−γ2τ v1

)

(74)
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where v1,2 ≡ γ1,2 − a

c
. Then using definition (69) one obtains:

Ω11(t) =
r1

2γ1

(
1 − e−2γ1t

)
+

r2

2γ2

(
1 − e−2γ2t

)− 2r12

γ1 + γ2

(
1 − e−(γ1+γ2)t

)

Ω12(t) =
v1 r1

2γ1

(
1 − e−2γ1t

)
+

v2 r2

2γ2

(
1 − e−2γ2t

)− (v1 + v2) r12

γ1 + γ2

(
1 − e−(γ1+γ2)t

)

Ω22(t) =
v2
1 r1

2γ1

(
1 − e−2γ1t

)
+

v2
2 r2

2γ2

(
1 − e−2γ2t

)− 2 v1v2 r12

γ1 + γ2

(
1 − e−(γ1+γ2)t

)

(75)

where

r1 ≡ 2
(v2 − v1)2

(
v2
2

β1
+

1
λβ2

)

r2 ≡ 2
(v2 − v1)2

(
v2
1

β1
+

1
λβ2

)

r12 ≡ 2
(v2 − v1)2

(
v1v2

β1
+

1
λβ2

)

. (76)

All in all we have obtained for Ω(t) an expression of the form

Ω(t) = M0 + M1 e−2γ1t + M2 e−2γ2t + M3 e−(γ1+γ2)t (77)

where (Mk)0≤k≤3 are suitable time-independent 2× 2 matrices. Expansions of
the matrices Mk for large λ can be obtained using expansions (71) of γ1, γ2 .
Identities (72) then follow using also the obvious bounds 0 < e−γ1,2 t < 1 for
any t > 0. Identities (73) for μ(t) are obtained in a similar way. �

The previous proposition can be used to obtain the behaviour of the KL
divergence between the solution ρt,λ and the measure ρ∗ for large λ. More
precisely, we are interested in the quantities D1(t, λ) , D2(t, λ) defined by (17).

Proposition 3.3.

D1(t, λ) =
1
2

{

− log
(
1 − e−2γ1t

)− e−2γ1t + e−2γ1t β1 a
(
y0 +

a

c
x0

)2
}

+O(λ−1) (78)

D2(t, λ) =
1
2

{

− log
(
1 − e−2γ2t

)− e−2γ2t + e−2γ2t β2
a2 y2

0

c2

detA

a

}

+O(λ−1) (79)

Proof. Let p1, p2 be two 1-dimensional Gaussian distributions with means
u1, u2 and variances σ1, σ2, respectively. Their KL divergence reads

DKL(p1‖ p2) =
1
2

{

log
σ2

σ1
− 1 +

σ1

σ2
+ (u2 − u1)σ−1

2 (u2 − u1)
}

. (80)

Since ρ
*
, ρt are both 2-dimensional Gaussian distributions, their conditional

and marginal measures are Gaussian too and are easy to compute from (65),
(75), respectively:
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• ρ(1)

*
(·|x2) has mean Σ11 Σ−1

22 x2 =
(

β2
β1

det A
a2 + c2

a2

)
x2 and variance Σ11 −

Σ12 Σ−1
22 Σ21 = 1

β1a

• ρ(1)
t (·|x2) has mean μ1(t) + Ω11(t)Ω22(t)−1(x2 − μ2(t)) and variance

Ω11(t) − Ω12(t)Ω22(t)−1Ω21(t)
• ρ(2)

*
has mean 0 and variance Σ22 = 1

β2

a
det A

• ρ(2)
t has mean μ2(t) and variance Ω22(t) .

Then, combining Proposition 3.2 with expression (80) we obtain the claim.
�

Note that by Proposition 3.3 it follows that for every τ0 > 0 there exists
finite positive constants C1(τ0), C2(τ0) such that

D1(t, λ) ≤ C1(τ0) e−2γ1t + O(λ−1), γ1 t ≥ τ0 (81)

D2(t, λ) ≤ C2(τ0) e−2γ2t + O(λ−1), γ2 t ≥ τ0. (82)

The constants C1,2(τ0) blow up as τ0 → 0; indeed, we have chosen the Dirac
delta as initial distribution and its KL divergence from ρ

*
is infinite. From

Eqs. (81), (82), one can see that for a quadratic potential the estimates of
Theorem 2.3 (together with Proposition 2.10) give sharp decay rates. It suffices
compare the constants c1, c2 in (66) with the expansion (71) of γ1, γ2.

3.2. Spin Glass: Dynamical Approach to Guerra’s Scheme

In this subsection, we apply Theorem 2.3 to a class of mean-field spin glass
models. The aim is to put on a solid ground some recent conjectures appear-
ing in spin glass theory. Recently, in [4,10] it has been shown by theoretical
physics arguments that Guerra’s hierarchical measure for K steps of replica
symmetry breaking (K-RSB) [9] can be identified with the stationary measure
of a multi-bath Langevin dynamics of type (1)–(2) for a suitable random po-
tential V involving K + 1 families of degrees of freedom with different time
scales. Thanks to this identification the authors push forward the well-known
connection between static and dynamical properties of spin glass systems [38].
Here, we provide sufficient conditions for such an identification to hold and a
method to estimate the rates of convergence.

The assumptions required by Theorem 2.3—in particular the Bakry–
Émery–Holley–Stroock criterion analysed in Sect. 2—are checked to hold with
probability (with respect to the quenched variables) exponentially close to 1
in a suitable region of parameters. In general, we do not expect better than
exponentially small convergence rate in the system’s size. Nevertheless, better
criteria for the validity of logarithmic Sobolev inequalities tailored on specific
phases would yield more physical results. For example, at high temperatures
one could use decay-of-correlations criteria to find convergence rates indepen-
dent of the system’s size (see, for example, [39]). This aspect goes beyond the
purpose of the present work. There exists a vast physics literature on mean-
field spin glass dynamics in the large size limit, we refer the interested reader
to [26] for a survey and we mention the recent works [40–42] for rigorous results
on the subject.
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For the readers who are not familiar with spin glasses, let us briefly recall
Guerra’s scheme and its role in equilibrium theory of glasses. Consider N spin
variables s = (si)i=1, ...,N taking values −1, 1 interacting trough the random
potential

VSK(s) = − 1√
2N

N∑

i,j=1

Jij sisj (83)

where the couplings J = (Jij)i,j=1...N are independent standard Gaussian ran-
dom variables. We assume that, for a given a realisation of J , thermodynamic
equilibrium of the system is the described by the random Boltzmann–Gibbs
measure ρSK(s) ≡ e−β1VSK(s)/ZSK . From a dynamical point of view one may
think that the family J is frozen (or quenched) and does not play any role in
the equilibration process.

Roughly speaking the idea of Guerra’s scheme [9] is to construct a suit-
able interpolation between the system (83) and a simpler one. In its easier
case, the so-called 1-RSB, one introduces the parameters θ ∈ [0, 1], q̄ ∈ [0, 1]
and defines an interpolating potential

Vθ(s, y) = −
√

θ√
2N

N∑

i,j=1

Jij sisj − √
1 − θ

N∑

i=1

(√
1 − q̄ yi si +

√
q̄ hi si

)

(84)

where y = (yi)i=1,...,N and h = (hi)i=1,...,N are i.i.d. standard Gaussian ran-
dom variables. Given 0 < β2 < β1 and a realisation of the quenched variables
J, h, the 1-RSB random measure associated with Vθ(s, y) is defined as

ρθ(s, y) =
e

β2
β1

log Z1(y)

Z2

e−β1Vθ(s,y)

Z1(y)
(85)

where Z1(y) =
∑

s∈{±1}N e−β1Vθ(s,y) and Z2 = Eye
β2
β1

log Z1(y). Therefore, ρθ

interpolates between ρ1(s, y) = ρSK(s) and ρ0(s, y) which is a product measure
on (si, yi) for i = 1, . . . , N . The latter is strictly related to the 1-RSB Parisi
functional [43].

Notice that, replacing hard spins si with soft continuous spins, the mea-
sure ρθ in (85) can be seen as the stationary measure ρ

*
in (12) associated

with the Langevin dynamics (1)–(2) where y is slowly varying. This observa-
tion is the starting point of the works [4,10]. In the next paragraphs, we will
use Theorem (2.3) to formalise it. Let s = (si)i=1,...,N ∈ R

N (fast variables),
y = (yi)i=1,...,N ∈ R

N (slow variables) and consider the (slightly more general)
potential

V (s, y) = −
√

Δ√
2N

N∑

i,j=1

Jij sisj −
√

Δ0

N∑

i=1

yi si −
√

Δ1

N∑

i=1

hi si +

+
A

2

N∑

i=1

(s2
i − 1)2 +

B

2

N∑

i=1

y2
i

(86)
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where Δ0, Δ1, Δ ≥ 0 tune, respectively, the one-body and two-bodies spin
interactions, A > 0 pushes the soft spins toward hard spins −1, 1, and B > 0
tunes the variance of the external fields.

3.2.1. One-Body System (Δ = 0). We first consider the one-body system
where Δ = 0.

Proposition 3.4. Let Δ = 0. Suppose AB ≥ Δ0, and let β1, β2 > 0. Then, the
potential (86) verifies the hypothesis of Theorem 2.3 with rates estimated by

c1 = Ae− β1A
2 , c2 =

(

B − Δ0

A

)

e− β2A
2 (87)

independently of the dimension d1 = d2 = N of the system. Thus, the con-
vergence of the two-temperatures dynamical measure ρt,λ(s, y) to ρ

*
(s, y) is

described by inequalities (37), (38).

Proof. In order to prove the logarithmic Sobolev inequalities (LS1), (LS2) with
dimension-free constants, it is convenient to use the tensorisation property of
potential (86) when Δ = 0. We have

V (s, y) =
N∑

i=1

v(si, yi) (88)

with

v(si, yi) ≡ −
√

Δ0 yi si −
√

Δ1 hi si +
A

2
(s2

i − 1)2 +
B

2
y2

i . (89)

Also, the effective potential associated with V tensorises:

F (y) ≡ − 1
β1

log
∫

RN

ds e−β1V (s,y) =
N∑

i=1

f(yi) (90)

with

f(yi) ≡ − 1
β1

log
∫

R

dsi e−β1v(si,yi). (91)

Now, in dimension 1 it is easy to establish a log-Sobolev inequality for the
measures si 
→ e−β1v(si,yi)/z1(yi) and yi 
→ e−β2f(yi)/z2 using Proposition
2.10. We want to write v(si, yi) = vc(si, yi)+vb(si, yi) with vc strongly convex
and vb bounded. For this purpose, let us convexify the double-well potential
by introducing a convex function η ∈ C2(R) such that

η(x) =

{
x2 for |x| < x0 − δ

(x2 − 1)2 for |x| > x0 + δ
(92)

where x0 ≡ 1+
√

5
2 is the largest point where the above quadratic and quartic

curves intersect and δ ≡ 1
10 . It is possible to determine η on the interval

[x0 − δ, x0 + δ] by an interpolating polynomial of degree 5, and it turns out
that for all x ∈ R

η′(x) ≥ 2x, η′′(x) ≥ 2. (93)
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Then, we set

vb(si) ≡ A

2
(
(s2

i − 1)2 − η(si)
)
. (94)

vb ∈ C2(R) is bounded since it has compact support, and osc(vb) = A
2 .

vc(si, yi) ≡ v(si, yi) − vb(si) is strongly convex, indeed

Hess vc(si, yi) =

(
A
2 η′′(si) −√

Δ0

−√
Δ0 B

)

(95)

and its first entry and its Schur complement are bounded below by A, B − Δ0
A ,

respectively. By Proposition 2.10, it follows that the 1-dimensional measures
si 
→ e−β1v(si,yi)/z1(yi) , yi 
→ e−β2f(yi)/z2 verify inequalities LSI1 (β1c1) and
LSI1 (β2c2), respectively, for c1, c2 given by (87). The tensorisation property
(see Proposition 2.7) entails that the N -dimensional measures s 
→
e−β1V (s,y)/Z1(y), y 
→ e−β2F (y)/Z2 also verify LSIN (β1c1), LSIN (β2c2), re-
spectively.
Finally, assumptions (A1),(A2) are obviously true and assumptions (A3),(A4)
follow by strong convexity of vc and tensorisation (88). �

3.2.2. Interacting System (Δ > 0).

Proposition 3.5. Suppose
(
A − √

Δ
)
B > Δ0. Let β1, β2 > 0 and τ ∈ (0, A −√

Δ − Δ0
B

)
. Then, with probability larger than

1 − e− τ2
4Δ N (96)

the random potential (86) verifies the hypothesis of Theorem 2.3 with rates
estimated by

c1 = ατ e−β1
A
2 N , c2 = ατ e−β2

A
2 N (97)

and ατ > 0 smallest eigenvalue of the positive-definite matrix(
A − √

Δ − τ −√
Δ0

−√
Δ0 B

)

. Thus, with the same probability, the convergence of

the two-temperatures dynamical random measure ρt,λ to the random measure
ρ
*

is controlled by inequalities (37), (38).

For Δ > 0, the potential (86) does not tensorise. For small values of Δ,
we would expect rates c1, c2 independent of the dimension N , but this requires
a more careful analysis of LSI’s which is beyond the purposes of the present
paper and is postponed to future work.

Proof. In order to verify logarithmic Sobolev inequalities (LS1), (LS2), we can
write V = Vc + Vb with Vc strongly convex and Vb bounded. Using the convex
function η ∈ C2(R) defined in the previous subsection, we set

Vb(s) ≡ A

2

N∑

i=1

(
(s2

i − 1)2 − η(si)
)

(98)
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which is bounded with osc(Vb) = A
2 N . Now, we have to show that Vc(s, y) ≡

V (s, y) − Vb(s) is strongly convex with large probability. Let (φ, ψ) = (φ1, . . . ,
φN , ψ1, . . . , ψN ) ∈ R

2N and compute the quadratic form

(φ, ψ)T Hess Vc(s, y) (φ, ψ) =
A

2

∑

i

η′′(si) φ2
i −

√
Δ√
2N

∑

i,j

Jij φiφj − 2
√

Δ0

∑

i

φiψi +

+ B
∑

i

ψ2
i .

(99)

Observe that
∑

i,j

Jij φi φj ≤ σmax(J)
∑

i

φ2
i (100)

where σmax(J) denotes the largest singular value of the random matrix J , and
by general concentration inequalities (see, for example, Theorem 3.1.1 in [44])
we have:

P

(
1√
N

σmax(J) ≤
√

2 + τ

√
1

2Δ

)

≥ 1 − e− τ2
4Δ N ≡ pτ,N (101)

for every τ > 0 . Therefore, with probability greater than pτ,N the following
lower bound is valid for all (φ, ψ) ∈ R

2N

(φ, ψ)T Hess Vc(s, y) (φ, ψ) ≥ (
A −

√
Δ − τ

) ∑

i

φ2
i − 2

√
Δ0

∑

i

φiψi + B
∑

i

ψ2
i

≥ ατ |(φ, ψ)|2.

(102)

By Proposition 2.10, it follows that with probability larger that pN,τ the
random measures s 
→ e−β1V (s,y)/Z1(y), y 
→ e−β2F (y) verify inequalities
LSI(β1c1), LSI(β2c2), respectively, with c1, c2 defined in (97).
Finally, assumptions (A1),(A2) are clearly verified, assumption (A3) follows
from the fact that Vc(s, y) is strongly convex, and assumption (A4) also needs
the control (93) on the first derivative. �

3.3. High-Dimensional Inference (Rank-One Matrix Estimation)

An important paradigm in modern high-dimensional inference is the problem
of low rank-matrix estimation [11]. In its simplest rank-one incarnation, the
statistician is given a noisy version of a large rank-one N1 × N2 matrix with
elements u∗

i v∗
j determined by latent (hidden) vectors u∗ ∈ R

N1 , v∗ ∈ R
N2 with

independent sub-Gaussian random components. Given the data matrix

Jij =

√
Δ
N

u∗
i v∗

j + Zij , (103)

where Zij are independent standard Gaussian variables, N = N1 + N2, and
Δ > 0 is the signal-to-noise ratio, the task of the statistician is to estimate
the latent matrix u∗v∗. When prior distributions of latent vectors are known,
estimates given by averages under the Bayes posterior distribution are optimal
estimators (in the sense that they minimise the mean square error). As it turns
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out, the Bayes posterior in nothing else than the Gibbs distribution of a spin
glass with a replica symmetric solution. (We refer to [45–47] for the rigorous
analysis of such models.) However, when priors are unknown to the statistician,
other estimators may be better and it is of interest to depart from the standard
Bayes posterior or Gibbs distributions. The Langevin multi-bath dynamics
may serve as a useful estimation algorithm based on a non-Bayesian (or non-
Gibbsian) distribution. Whether the two-temperatures Langevin dynamics is
a useful algorithmic approach to such problems is still an interesting open
question in itself. Without entering into more details here, this motivates the
study of the multi-bath dynamics (1) for the following spin glass potential

V (u, v) =
1
2

N1∑

i=1

N2∑

j=1

(

Jij −
√

Δ
N

uivj

)2

+
N1∑

i=1

(
a

2
u2

i +
A

12
u4

i

)

+
N2∑

j=1

(
b

2
v2

j +
B

12
v4

j

)

,

(104)

where the random data matrix Jij is generated according to (103) and a, b, A,B >
0. In this setting, the data matrix is entirely quenched and degrees of freedom
u ∈ R

N1 , v ∈ R
N2 undergo Langevin dynamics with different temperatures

and timescales. In a low signal-to-noise ratio regime, we show that the assump-
tions required by Theorem 2.3—in particular the convexity criterion analysed
in Sect. 2—hold with probability exponentially close to one in the size of the
system and the convergence rate is independent of the size of the system. It
is an open problem to investigate convergence in the high signal-to-noise ratio
regime.

Proposition 3.6. Suppose AB ≥ Δ2 γ(1 − γ) and ab > K0 , setting γ ≡ N1
N ,

Kτ ≡ Δ γ (1 − γ) (σu + τ1)(σv + τ2) +
√

Δ
(√

γ +
√

1 − γ + τ0

)
(105)

for τ = (τ0, τ1, τ2) ∈ [0,∞)3, and σu ≡√E(u∗
1)2 , σv ≡√E(v∗

1)2 .
Let τ0, τ1, τ2 > 0 such that ab > Kτ . Then, with probability larger than

pτ,N ≡ 1 − e− 1
2 τ2

0 N − e−kuτ2
1 N1 − e−kvτ2

2 N2 (106)

where the constants ku, kv > 0 depend only on the sub-Gaussian distributions
of u∗

1, v
∗
1 , the random potential (104) verifies the hypothesis of Theorem 2.3

with rates independent of N and estimated by

c1 = c2 = smallest eigenvalue of the positive − definite matrix
(

a − Kτ

−Kτ b

)

.

(107)

Thus, with the same probability, the convergence of the two-temperatures dy-
namical random measure ρt,λ to the random measure ρ

*
is controlled by in-

equalities (37), (38).
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Proof. We claim that the potential V is a strongly convex polynomial in the
variables u, v. For (φ, ψ) = (φ1, . . . , φN1 , ψ1, . . . , ψN2) ∈ R

N let us compute:

(φ, ψ)T Hess V (u, v) (φ, ψ) =
Δ
N

( |φ|2 |v|2 + |u|2 |ψ|2 + 4 (u · φ) (v · ψ)
)

− 2

√
Δ
N

∑

i,j

Jij φiψj +
∑

i

(
a + Au2

i

)
φ2

i +

+
∑

j

(
b + B v2

j

)
ψ2

j .

(108)

It is convenient to rewrite the random interaction term using expression (103):
√

Δ
N

∑

i,j

Jij φiψj =
Δ
N

∑

i,j

u∗
i φi v∗

j ψj +

√
Δ
N

∑

i,j

Zij φiψj

≤ Δ
N

|u∗| |v∗| |φ| |ψ| +

√
Δ
N

σmax(Z) |φ| |ψ|,
(109)

where σmax(Z) denotes the largest singular value of the N1×N2 random matrix
Z. By general concentration inequalities (see, for example, Corollary 3.35 in
[44] and Theorem 3.1.1 in [48]), for any τ0, τ1, τ2 > 0 we have:

P

(
1√
N1

|u∗| ≤ σu + τ1

)

≥ 1 − e−ku τ2
1 N1 (110)

P

(
1√
N2

|v∗| ≤ σv + τ2

)

≥ 1 − e−kv τ2
2 N2 (111)

P

(
1√
N

σmax(Z) ≤ √
γ +

√
1 − γ + τ0)

)

≥ 1 − e− 1
2 τ2

0 N (112)

where the constants ku, kv > 0 depend only on the sub-Gaussian distributions
of u∗

1, v
∗
1 . Therefore with probability larger than pτ,N defined by (106), the

following lower bound holds true for every (φ, ψ) ∈ R
N

(φ, ψ)T Hess V (u, v) (φ, ψ) ≥ Δ

N

( |φ|2 |v|2 + |u|2 |ψ|2 + 4 (u · φ) (v · ψ)
) − 2 Kτ |φ| |ψ| +

+
∑

i

(
a + A u2

i

)
φ2

i +
∑

j

(
b + B v2

j

)
ψ2

j

(113)

where Kτ is defined by (105). The r.h.s. of (113) splits in three terms. The
first one is

Δ
N

( |φ|2 |v|2 + |u|2 |ψ|2 + 2 (u · φ) (v · ψ)
) ≥ Δ

N

( |φ| |v| − |u| |ψ|)2 ≥ 0 . (114)

The second one is
Δ
N

2 (u · φ) (v · ψ) +
∑

i

Au2
i φ2

i +
∑

j

B v2
j ψ2

j =

=
1
N

∑

i,j

(

2Δui φi vj ψj +
A

1 − γ
u2

i φ2
i +

B

γ
v2

j ψ2
j

)

≥ 0
(115)
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provided

AB ≥ γ (1 − γ)Δ2. (116)

The last term is

− 2Kτ |φ| |ψ| + a |φ|2 + b |ψ|2 ≥ ατ (|φ|2 + |ψ|2) (117)

where ατ > 0 is the smallest eigenvalue of the positive-definite matrix(
a −Kτ

−Kτ b

)

, provided

ab > K2
τ . (118)

Plugging inequalities (114), (115), (117) into (113), we conclude that with
probability larger that pτ,N

Hess V (u, v) � ατ I. (119)

Inequalities (LS1), (LS2) follow by Proposition 2.10. Assumptions (A1), (A2)
are clearly true, and assumptions (A3), (A4) also follow. �

4. Proof of Theorem 2.3 and Further Results

The strategy to prove Theorem 2.3 is based on the estimation of free ener-
gies dissipation along the two-temperatures dynamics. Logarithmic Sobolev in-
equalities (LS1), (LS2) play a fundamental role in this approach. On the other
hand, differently from the single-temperature case, several remainder terms
appear and one needs to control them by showing they uniformly bounded in
t, λ. With the help of Csiszár–Kullback–Pinsker inequality, one finally obtains
a system of two differential inequalities for D1(t, λ), D2(t, λ) that can be easily
integrated leading to inequalities (37), (38).

The core of the proof is developed in Sects. 4.5 and 4.6. Previous subsec-
tions contain auxiliary results about the Fokker–Planck Eq. (11). A bracket
notation for conditional expectations will be used from now on: for any suitable
observable O

〈O〉t,λ (x2) ≡
∫

Rd1

O(x1, x2) ρ(1)

t,λ(x1|x2) dx1

〈O〉∗ (x2) ≡
∫

Rd1

O(x1, x2) ρ(1)

*
(x1|x2) dx1.

(120)

4.1. Existence, Uniqueness and Regularity of the Solution

Given β1, β2, λ > 0 , the Fokker–Planck differential operator defining Eq. (11)
and its formal adjoint are

L*ρ ≡ ∇1 ·
(

1
β1

∇1ρ + ρ∇1V

)

+
1
λ

∇2 ·
(

1
β2

∇2ρ + ρ∇2V

)

(121)

L ϕ ≡
(

1
β1

∇2
1 ϕ − ∇1ϕ · ∇1V

)

+
1
λ

(
1
β2

∇2
2 ϕ − ∇2ϕ · ∇2V

)

. (122)
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They rewrite in more compact form as

L*ρ = ∇ · (Λ−1β−1 ∇ρ + Λ−1 ∇V ρ
)

(123)

L ϕ = ∇ · (Λ−1β−1 ∇ϕ
) − Λ−1 ∇V · ∇ϕ (124)

where Λ and β are the following d × d diagonal matrices

Λ ≡
(

Id1 0
0 λ Id2

)

, β ≡
(

β1 Id1 0
0 β2 Id2

)

. (125)

Sometimes we will write Lλ, L*λ in order to stress the dependence of these
operators on the friction coefficient λ .

From the general theory of Fokker–Planck PDEs, we have the following

Theorem 4.1 (Existence, uniqueness and regularity of the solution of Fokker–
Planck Eq. (11)). Suppose that the potential V verifies assumptions (A1)–(A3)
and the initial probability measure μI has a density ρI verifying assumption
(B3).
Then, there exists a unique collection μ ≡ (μt)t>0 of Borel probability measures
on R

d such that
∫

Rd

ϕ(x) μt(dx) −
∫

Rd

ϕ(x) μI(dx) =
∫ t

0

∫

Rd

L ϕ(x) μs(dx) ds (126)

for every t > 0 and every ϕ ∈ C2
c (Rd). Moreover, there exists a continuous

positive density flux ρ : Rd × (0,∞) → (0,∞) such that for every t > 0

μt(dx) = ρt(x) dx. (127)

In fact,
i. ρ ∈ C∞(Rd×(0,∞)) , hence it is a strong solution of

∂tρ = L*ρ (128)

ii. ‖ ρt − ρI ‖L1(Rd) → 0 as t → 0+ .

Remark 4.2. Equation (126) is a weak formulation of (11). Let ϕ ∈ C2
c (Rd).

The function s 
→ ∫

Rd L ϕ(x) ρs(x) dx is continuous on (0,∞) by continuity of
ρ and dominated convergence. The Fundamental Theorem of Calculus applies,
and identity (126) entails that t 
→ ∫

Rd ϕ(x) ρt(x) dx belongs to C1(0,∞),

d
dt

∫

Rd

ϕ(x) ρt(x) dx =
∫

Rd

L ϕ(x) ρt(x) dx, (129)

and
∫

Rd

ϕ(x) ρt(x) dx −−−→
t→0

∫

Rd

ϕ(x) ρI(x) dx. (130)

Finally, as ρt ∈ C2(Rd), integrating by parts one finds
∫

Rd

L ϕ(x) ρt(x) dx =
∫

Rd

ϕ(x) L*ρt(x) dx (131)

Identities (129), (131) for every ϕ ∈ C2
c (Rd) give Eq. (128).
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Theorem 4.1 is standard. We refer, for example, to [49] for existence and
uniqueness of the solution and to [50] for its regularity.

In [49], the problem is studied under great generality: see in particular
Sects. 6.1, 6.3, 6.4, 6.6, 9.1, 9.3, and 9.4 therein. For the interested reader,
it may be worth remarking that in our case, thanks to the existence of a
continuous density flux ρ, Eq. (126) holds true for every t > 0, not only for al-
most every t. We also notice that if μt are sub-probability measures satisfying
Eq. (126), then μt are in fact probability measures. Several conditions guar-
anteeing the uniqueness of a (sub-)probability solution are provided in [49];
among them the condition Λ−1∇V ∈ L1(Rd×(0, T ), μt(dx)dt) for all T > 0,
which we discuss here in Sect. 4.2.

The regularity of solution can be obtained adapting the bootstrap argu-
ment sketched in [50]. A complete proof is postponed to Appendix, Sect. 5.4.

4.2. Integrability of Dν V , Dν F , log ρ, ∇ log ρ

The results stated in this subsection will be extensively used. A crucial fact in
order to control remainders is that any product of derivatives of the potential
V has uniformly bounded expectations for all t > 0 , λ ≥ 1 , where expectations
may be either taken either with respect to the dynamical measure ρt,λ or to
the measure ρ(1)

*
· ρ(2)

t,λ . As a consequence, expectations of derivatives of the

effective potential F = −β−1
1 log

∫
e−β1V dx1 with respect to the measure ρ(2)

t,λ

turn out to be also uniformly bounded for all t > 0 , λ ≥ 1 .

Theorem 4.3. Suppose that V verifies assumptions (A1)–(A4) and ρI verifies
assumption (B3). Then for every finite collection of multi-indices ν1, . . . , νn ∈
N

d and exponents s1, . . . , sn ∈ [0,∞)

sup
t>0, λ≥1

∫

Rd

n∏

i=1

∣
∣DνiV (x)

∣
∣si

ρt,λ(x) dx < ∞. (132)

Theorem 4.4. Suppose that V verifies assumptions (A1)–(A3) and ρI verifies
assumption (B3). Then for every finite collection of multi-indices ν1, . . . , νn ∈
N

d and exponents s1, . . . , sn ∈ [0,∞)

sup
t>0, λ≥1

∫

Rd

n∏

i=1

∣
∣DνiV (x1, x2)

∣
∣si

ρ(1)

*
(x1|x2) ρ(2)

t,λ(x2) dx1 dx2 < ∞.

(133)

As a consequence, for every ν ∈ N
d2 , s ∈ [0,∞)

sup
t>0,λ≥1

∫

Rd2

∣
∣Dν

x2
F (x2)

∣
∣s ρ(2)

t,λ(x2) dx2 < ∞. (134)

The proofs of Theorems 4.3, 4.4 are postponed to Appendix, Sects. 5.2, 5.3.
In fact, by a non-trivial use of Gronwall inequality, it will be shown that the
expectation of any polynomial is uniformly bounded in t > 0, λ ≥ 1. Explicit
bounds will be provided.

As a consequence of Theorems 4.3, 4.4, we have the following results.
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Corollary 4.5. Suppose that V verifies assumptions (A1)–(A4) and ρI verifies
assumption (B3). Then, the supremum over t > 0, λ ≥ 1 of the following
integrals is finite:
∫

Rd

∣
∣ log ρ(1)

*
(x1|x2)

∣
∣2 ρt,λ(x) dx,

∫

Rd2

∣
∣ log ρ(2)

*
(x2)

∣
∣2 ρ(2)

t,λ(x2) dx2,

∫

Rd

∣
∣∇ log ρ(1)

*
(x1|x2)

∣
∣2 ρt,λ(x) dx,

∫

Rd

∣
∣∇2 log ρ(2)

*
(x2)

∣
∣2 ρ(2)

t,λ(x2) dx2.

Proof. It follows by Theorems 4.3, 4.4 since log ρ(1)

*
(x1|x2) = −β1(V (x1, x2) −

F (x2)) and log ρ(2)

*
(x2) = −β2F (x2) − log Z2 . �

Proposition 4.6 (Log integrability). Suppose that V verifies assumptions (A1)–
(A3) and ρI verifies assumptions (B1), (B3). Then for every T > 0, we have
‖ρ‖L∞(Rd×(0,T )) < ∞ and

sup
t∈(0,T )

∫

Rd

| log ρt(x)|2 ρt(x) dx < ∞. (135)

Theorem 4.7 (Logarithmic gradient integrability). Suppose that V verifies as-
sumptions (A1)–(A3) and ρI verifies assumption (B1), (B3). Then, ρt ∈ W 1,1

(Rd) for a.e. t > 0 and
∫ T

0

∫

Rd

∣
∣∇ log ρt(x)

∣
∣2 ρt(x) dxdt < ∞ (136)

for all T ∈ (0,∞) . As a consequence, there exists a subset N = N(λ, β1, β2,
ρI, V ) of (0,∞) of zero Lebesgue measure such that for all t ∈ (0,∞) \ N

∫

Rd

∣
∣∇ log ρt(x)

∣
∣2 ρt(x) dx < ∞. (137)

The proofs of Proposition 4.6 and Theorem 4.7 are postponed to Appen-
dix, Sect. 5.2 and will mainly refer to general results contained [49], Chapter 7.

4.3. Fokker–Planck Equation for the Marginal ρ
(2)

t,λ

In this subsection, the marginal probability density ρ(2)
t (x2) ≡ ∫

Rd ρt(x1, x2) dx1

is proved to satisfy in turn a Fokker–Planck equation with time-dependent
drift:

∂t ρ(2) =
1
λ

∇2 ·
(

1
β2

∇2 ρ(2) + ρ(2) 〈∇2V 〉t

)

, (138)

where the bracket 〈·〉t has been defined by (120) as the conditional expectation
with respect to ρ(1)

t (x1|x2). Regularity and integrability results for ρ(2) and ρ(1)

will be stated. Let us rewrite the Fokker–Planck operator (122) as

L = L1 +
1
λ

L2 (139)
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where we set

L1 ϕ ≡ 1
β1

∇2
1 ϕ − ∇1V · ∇1ϕ (140)

L2 ϕ ≡ 1
β2

∇2
2 ϕ − ∇2V · ∇2ϕ. (141)

We introduce a time-dependent Fokker–Planck operator on R
d2 :

〈L2〉t ψ ≡ 1
β2

∇2
2 ψ − 〈∇2V 〉t · ∇2ψ. (142)

Theorem 4.8. In the hypothesis of Theorem 4.1, the marginal measure μ
(2)
t ≡

ρ(2)
t dx2 verifies

∫

Rd2

ψ(x2)μ
(2)
t (dx2) −

∫

Rd2

ψ(x2)μ
(2)
I (dx2)

=
1
λ

∫ t

0

∫

Rd2

〈L2〉sψ(x2) μ(2)
s (dx2) ds

(143)

for every ψ ∈ C2
c (Rd2), every t > 0 , setting μ

(2)
I ≡ ρ(2)

I dx2 .

Remark 4.9. We can view Eq. (138) as a linear Fokker–Planck equation for
ρ(2), with ρ(1) given. Equation (143) is a weak formulation of (138).

Proof of Theorem 4.8. Let ψ ∈ C2
c (Rd2). Consider a sequence ζN ∈ C2

c (Rd1)
such that ζN (x1) = 1 for |x1| ≤ N and ζN , ∇1ζN , Hess11 ζN are uniformly
bounded for all N ∈ N . Set

ϕN (x1, x2) ≡ ζN (x1)ψ(x2). (144)

Now, ϕN ∈ C2
c (Rd), hence by Eq. (126)

∫

Rd

ϕN (x)ρt(x) dx −
∫

Rd

ϕN (x)ρI(x) dx =
∫ t

0

∫

Rd

LϕN (x) ρs(x) dxds. (145)

For every x = (x1, x2) ∈ R
d, we have ϕN (x) → ψ(x2) as N → ∞ and

LϕN (x) = (L1ζN )(x) ψ(x2) +
1
λ

ζN (x1) (L2ψ)(x) → 1
λ

(L2ψ)(x). (146)

Since ∇1V ∈ L1(Rd× (0, t), ρs(x)dxds) by Theorem 4.4 (actually Corollary 5.8
suffices), there is dominated convergence. Therefore, letting N → ∞ identity
(145) gives
∫

Rd

ψ(x2)ρt(x) dx −
∫

Rd

ψ(x2)ρI(x) dx =
1
λ

∫ t

0

∫

Rd

(L2ψ)(x)ρs(x) dxds. (147)

Now, integrate with respect to x1 first, as ψ depends on x2 only. Since ∇2V ∈
L1(Rd × (0, t), ρs(x) dxds) by Theorem 4.4 (Proposition 5.6), Fubini theorem
applies. Therefore, Eq. (147) rewrites as (143). �
Theorem 4.10 (Marginal regularity). In the hypothesis of Theorem 4.1, we
have

i. ρ(2) ∈ C∞(Rd2 × (0,∞)) , hence it is a strong solution of Fokker–Planck
Eq. (138);
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ii. ‖ ρ(2)
t − ρ(2)

I ‖L1(Rd2 ) → 0 as t → 0 .

Theorem 4.10 has been obtained modifying the bootstrap argument in
[50] and relies on the integrability results of Sect. 4.2. Its proof is postponed
to Appendix, Sect. 5.5.

Proposition 4.11 (Marginal log integrability). Suppose that V verifies assump-
tions (A1)-(A3) and ρI verifies assumptions (B2), (B3). Then for every T > 0
we have ‖ ρ(2) ‖L∞(Rd2×(0,T )) < ∞ and

sup
t∈(0,T )

∫

Rd2

∣
∣ log ρ(2)

t (x2)
∣
∣2 ρ(2)

t (x2) dx2 < ∞. (148)

Theorem 4.12 (Marginal logarithmic gradient integrability). Suppose that V
verifies assumptions (A1)-(A3) and ρI verifies assumptions (B2), (B3). Then,
ρ(2)
t ∈ W 1,1(Rd2) for a.e. t > 0 and

∫ T

0

∫

Rd2

∣
∣∇2 log ρ(2)

t (x2)
∣
∣2 ρ(2)

t (x2) dx2 dt < ∞ (149)

for all T ∈ (0,∞). As a consequence, there exists a subset N = N(λ, β1, β2, ρI, V )
of (0,∞) of zero Lebesgue measure such that for all t ∈ (0,∞) \ N

∫

Rd2

∣
∣∇2 log ρ(2)

t (x2)
∣
∣2 ρ(2)

t (x2) dx2 < ∞. (150)

Proofs of Proposition 4.11 and Theorem 4.12 are postponed to Appendix,
Sect. 5.2 and will refer to general results of [49], since ρ(2) is itself solution of
a suitable Fokker–Planck equation.

Corollary 4.13 (Conditional regularity). In the hypothesis of Theorem 4.1, the
conditional density ρ(1) ∈ C∞(Rd1 ×R

d2 ×(0,∞)) .

Proof. It follows immediately by Theorems 4.1 and 4.10 since ρ > 0 and
ρ(1)(x1|x2) ≡ ρ(x1,x2)

ρ(2)(x2)
. �

Corollary 4.14 (Conditional log integrability). Suppose that V verifies assump-
tions (A1)–(A3) and ρI verifies assumptions (B1)–(B3). Then for every T > 0

sup
t∈(0,T )

∫

Rd

∣
∣ log ρ(1)

t (x1|x2)
∣
∣2 ρt(x1, x2) dx1 dx2 < ∞. (151)

Proof. It follows immediately combining Propositions 4.6 and 4.11. �
Corollary 4.15. (Conditional logarithmic gradient integrability) Suppose that
V verifies assumptions (A1)–(A3) and ρI verifies assumption (B1)-(B3). Then,
ρ(1)
t ∈ W 1,1

(
R

d, ρ(2)
t dx

)
for a.e. t > 0 and

∫ T

0

∫

Rd

∣
∣∇ log ρ(1)

t (x1|x2)
∣
∣2 ρt(x1, x2) dx1 dx2 dt < ∞. (152)

As a consequence T ∈ (0,∞) and there exists a subset N = N(λ, β1, β2, ρI, V )
of (0,∞) of zero Lebesgue measure such that for all t ∈ (0,∞) \ N

∫

Rd

∣
∣∇ log ρ(1)

t (x1|x2)
∣
∣2 ρt(x1, x2) dx1 dx2 < ∞. (153)
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Proof. It follows immediately combining Theorems 4.7 and 4.12. �

4.4. Joint and Marginal Entropy Dissipation

The proof of Theorem 2.3 is based on the estimation of time derivatives of the
KL divergences D(t, λ), D2(t, λ). Formally, one differentiate the integrals in
(17) with respect to time t, takes the derivative inside the integral, applies the
Fokker–Planck equation, and integrates by parts. The following propositions
provide a rigorous integral version of this initial steps.

Proposition 4.16. Suppose that V verifies assumptions (A1)–(A3) and ρI ver-
ifies assumptions (B1), (B3). Then for every t, λ > 0

D(t, λ) − DI =

∫ t

0

∫

Rd

Λ−1(β−1∇ log ρs,λ + ∇V
)
(x) · ∇ log

ρs,λ

ρ
*

(x) ρs,λ(x) dx ds.

(154)

As a consequence, the function t 
→ D(t, λ) extended with DI at t = 0 is
absolutely continuous on compact subsets of [0,∞) and there exists a subset
of zero Lebesgue measure Nλ = Nλ(β1, β2, ρI, V ) ⊆ (0,∞) such that for all
t ∈ (0,∞) \ Nλ

d
dt

D(t, λ) =
∫

Rd

Λ−1
(
β−1∇ log ρt,λ + ∇V

)
(x) · ∇ log

ρt,λ
ρ
*

(x) ρt,λ(x) dx.

(155)

Proposition 4.17. Suppose that V verifies assumptions (A1)-(A3) and ρI ver-
ifies assumptions (B2), (B3). Then for every t, λ > 0

D2(t, λ) − D2I = − 1
λ

∫ t

0

∫

Rd2

( 1
β2

∇2 log ρ
(2)
s,λ + 〈∇2V 〉s,λ

)
(x2)

· ∇2 log
ρ
(2)
s,λ

ρ
(2)
*

(x2) ρ
(2)
s,λ (x2) dx2ds.

(156)

As a consequence, the function t 
→ D2(t, λ) extended with D2I at t = 0 is
absolutely continuous on compact subsets of [0,∞) and there exists a subset
of zero Lebesgue measure Nλ = Nλ(β1, β2, ρI, V ) ⊆ (0,∞) such that for all
t ∈ (0,∞) \ Nλ

d
dt

D2(t, λ) = − 1
λ

∫

Rd2

( 1
β2

∇2 log ρ
(2)
t,λ + 〈∇2V 〉t,λ

)
(x2)

· ∇2 log
ρ
(2)
t,λ

ρ
(2)
*

(x2) ρ
(2)
t,λ (x2) dx2.

(157)

The proofs of Propositions 4.16 and 4.17 are postponed to Appendix,
Sect. 5.6. They rely on the integrability results of Sect. 4.2 and on the regularity
guaranteed by Theorems 4.1 and 4.10.
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4.5. Convergence of the Conditional Measure ρ
(1)

t,λ to ρ(1)

*
: Proof of Theorem

2.3, First Part

We are ready to prove our main Theorem 2.3. This subsection is devoted
to study of the conditional measure, while the next one will devoted to the
marginal measure. In both subsections Nλ will denote a zero Lebesgue measure
subset of (0,∞) which may depend on λ, β1, β2, ρI, V : one may take the
intersection of the two sets introduced in Propositions 4.16, 4.17.

Theorem 4.18. Suppose that V verifies assumptions (A1)–(A4), the logarith-
mic Sobolev inequality (LS1) holds true with constant c1 = c1(β1, V ), and ρI

verifies assumptions (B1)–(B3). Then there exists a finite nonnegative constant
c0 = c0(β1, β2, ρI, V ) such that for all λ ≥ 1 , t ∈ (0,∞)\Nλ

d
dt

D1(t, λ) ≤ −2c1 D1(t, λ) +
c0

λ
. (158)

A suitable choice for c0 is the maximum of 0 and the supremum over t > 0 ,
λ ≥ 1 of the following integral

∫

Rd

(

− β2

4
|∇2V |2 + β1 ∇2V · (∇2V − ∇2F

)− β1

β2

(∇2
2 V − ∇2

2 F
)
)

ρt,λ(x) dx.

(159)

Remark 4.19. According to Theorem 4.18, c0 can be evaluated providing an
upper bound for the expression (159) independent of t > 0 , λ ≥ 1 . In practice,
this can be done as follows. Bound |∇2V |2, ∇2

2 V by expressions of type γ0 +
γ1 |x1|r1 + γ2 |x2|r2 , which is possible by assumption (A2). Observe that

∇2F = 〈∇2V 〉∗ (160)

∇2
2 F = 〈∇2

2 V 〉∗ − β1 〈|∇2V |2〉∗ + β1 |〈∇2V 〉∗|2 (161)

and use Proposition 5.10 to bound 〈|x1|r1〉∗ ≤ C0 + C1 |x2|s. Then, use Corol-
lary 5.7 and Proposition 5.9 to bound all the terms of type

∫ |x2|r2 ρt,λ(x) dx ,∫ |x2|s ρt,λ(x) dx ,
∫ |x1|r1 ρt,λ(x) dx uniformly with respect to t, λ . Finally,

plug the obtained bounds in (a suitable rearrangement of) expression (159).

Proof of Theorem 4.18. Let λ ≥ 1 , t ∈ (0,∞)\Nλ . It is a standard fact that
the joint KL divergence (17) splits into the sum of a conditional and a marginal
contribution, hence

d
dt

D1(t, λ) =
d
dt

D(t, λ) − d
dt

D2(t, λ). (162)

On the other hand, we can express d
dt D and d

dt D2 according to Propositions
4.16, 4.17. It takes a moment to convince oneself that the integral on the r.h.s.
of identity (155) splits into five contributions:

d
dt

D(t, λ) = − 1
β1

I1(t, λ) − 1
λβ2

(
I
(11)
2 + I

(12)
2 + I

(21)
2 + I

(22)
2

)
(t, λ)

(163)
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where

I1(t, λ) ≡
∫

Rd

(∇1 log ρ
(1)
t,λ(x1|x2) + β1 ∇1V (x)

) · ∇1 log
ρ
(1)
t,λ

ρ
(1)
*

(x1|x2) ρt,λ(x) dx

(164)

I
(11)
2 (t, λ) ≡

∫

Rd

(

∇2 log ρ
(1)
t,λ(x1|x2) + β2 ∇2V (x)

)

· ∇2 log
ρ
(1)
t,λ

ρ
(1)
*

(x1|x2) ρt,λ(x) dx

(165)

I
(22)
2 (t, λ) ≡

∫

Rd

(∇2 log ρ
(2)
t,λ(x2) + β2 ∇2V (x)

) · ∇2 log
ρ
(2)
t,λ

ρ
(2)
*

(x2) ρt,λ(x) dx

(166)

I
(12)
2 (t, λ) ≡

∫

Rd

∇2 log ρ
(1)
t,λ(x1|x2) · ∇2 log

ρ
(2)
t,λ

ρ
(2)
*

(x2) ρt,λ(x) dx

(167)

I
(21)
2 (t, λ) ≡

∫

Rd

∇2 log ρ
(2)
t,λ(x2) · ∇2 log

ρ
(1)
t,λ

ρ
(1)
*

(x1|x2) ρt,λ(x) dx . (168)

The subscripts 1, 2 are used to indicate contributions given, respectively, by
the first d1 and last d2 terms of the dot product in (155). Since log ρ =
log ρ(1) + log ρ(2) the superscripts (11), (12), (21), (22) denote the four possi-
ble combinations of conditional and marginal densities in the two logarith-
mic gradient terms appearing in (155). Only ∇1 log ρ(1) appears in I1 since
∇1 log ρ(2) = 0 . Notice also that by Theorems 4.3, 4.4, 4.7, 4.12, and Corol-
laries 4.5, 4.15 all the previous integrals are absolutely convergent. Now, by
Proposition 4.17 we have

d
dt

D2(t, λ) = − 1
λβ2

I
(22)
2 (t, λ). (169)

Therefore, identities (162), (163), (169) entail that

d
dt

D1(t, λ) = − 1
β1

I1(t, λ) − 1
λβ2

(
I
(11)
2 + I

(12)
2 + I

(21)
2

)
(t, λ). (170)

The first integral can be easily estimated by the logarithmic Sobolev inequality
(LS1) for ρ(1)

*
. Indeed, I1 rewrites as

I1(t, λ) =
∫

Rd

∣
∣
∣∇1 log

ρ
(1)
t,λ

ρ
(1)
*

(x1|x2)
∣
∣
∣
2

ρt,λ(x) dx. (171)

Integrating with respect to x1 first and using inequality (LS1) with π ≡
ρ(1)

t,λ (·|x2), one obtains:

I1(t, λ) ≥ 2β1 c1D1(t, λ). (172)
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Now, we have to control the remainder I
(11)
2 + I

(12)
2 + I

(21)
2 uniformly for t ∈

(0,∞) \ Nλ and λ ≥ 1 . We rewrite

I
(11)
2 (t, λ) =

∫

Rd

(
∇2 log ρ

(1)
t,λ(x1|x2) + β2 ∇2V (x)

)
·

·
(
∇2 log ρ

(1)
t,λ(x1|x2) + β1

(∇2V (x) − ∇2F (x2)
))

ρt,λ(x) dx

(173)

and we claim

I
(12)
2 (t, λ) = 0, (174)

I
(21)
2 (t, λ) = −β1

∫

Rd

(
∇2

2 V (x)−∇2
2 F (x2) +

(∇2V (x)−∇2F (x2)
)

·∇2 log ρt,λ(x1|x2)
)
ρt,λ(x) dx (175)

The sum of Eqs. (173), (174), (175) then gives
(
I
(11)
2 + I

(12)
2 + I

(21)
2

)
(t, λ) =

∫

Rd

Rt,λ(x) ρt,λ(x) dx (176)

with

Rt,λ ≡
∣
∣
∣∇2 log ρ

(1)
t,λ

∣
∣
∣
2

+ β2 ∇2V · ∇2 log ρ
(1)
t,λ + β1β2 ∇2V

· (∇2V − ∇2F
) − β1

(∇2
2 V − ∇2

2 F
)
.

(177)

The terms containing ∇2 log ρ
(1)
t,λ can be bounded from below by using the

expansion of the square
∣
∣
∣∇2 log ρ

(1)
t,λ + β2

2 ∇2V
∣
∣
∣
2

≥ 0. In this way we obtain

Rt,λ ≥ − β2
2

4
|∇2V |2 + β1β2 ∇2V · (∇2V − ∇2F

) − β1

(∇2
2V − ∇2

2F
)

(178)

and the latter lower bound does not depend on t, λ anymore. Plugging (178)
into (176) and using Theorems 4.3, 4.4 proves that there exists a finite non-
negative constant c0 = c0(β1, β2, ρI, V ) such that

inf
λ≥1, t>0, t/∈Nλ

(
I
(11)
2 + I

(12)
2 + I

(21)
2

)
(t, λ) ≥ −β2 c0. (179)

Finally, plugging inequalities (172), (179) into expression (170) gives
d
dt

D1(t, λ) ≤ −2c1 D1(t, λ) +
c0

λ
. (180)

To conclude the proof it remains to prove claims (174), (175). First we have:

I
(12)
2 (t, λ) =

∫

Rd2

[ ∫

Rd1

∇2ρ
(1)
t,λ(x1|x2) dx1

]

· ∇2 log
ρ
(2)
t,λ

ρ
(2)
*

(x2) ρ
(2)
t,λ(x2) dx2 = 0 ,

(181)

where the first identity is due to Fubini theorem and the last one holds true
because the term inside square brackets vanishes for almost every x2 (see
Lemma 5.20 in Appendix, Sect. 5.6). Secondly, we have:
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I
(21)
2 (t, λ) =

∫

Rd2

∇2ρ
(2)
t,λ(x2) ·

[ ∫

Rd1

∇2ρ
(1)
t,λ(x1|x2) dx1

−
∫

Rd1

∇2 log ρ(1)
*

(x1|x2) ρ
(1)
t,λ(x1|x2) dx1

]

dx2

= 0 + β1

∫

Rd2

∇2ρ
(2)
t,λ(x2) ·

[ ∫

Rd1

(∇2V (x) − ∇2F (x2)
)
ρ
(1)
t,λ(x1|x2) dx1

]

dx2

= −β1

∫

Rd2

ρ
(2)
t,λ(x2)

[ ∫

Rd1

(∇2
2 V (x) − ∇2

2 F (x2)
)
ρ
(1)
t,λ(x1|x2)

+ (∇2V (x) − ∇2F (x2)
) · ∇2ρ

(1)
t,λ(x1|x2)

)
dx1

]

dx2

= − β1

∫

Rd

ρt,λ(x)
((∇2

2 V (x) − ∇2
2 F (x2)

)

+
(∇2V (x) − ∇2F (x2)

) · ∇2 log ρ
(1)
t,λ(x1|x2)

)
dx

(182)

where the first identity is due to Fubini theorem, the second one is due to
Lemma 5.20, and the third one is essentially integration by parts (justified
by Lemma 5.21 in Appendix, Sect. 5.6). Using again Fubini theorem identity,
(175) is finally obtained and both claims are proven. �

Proof of Theorem 2.3. First part. Inequality (19) follows by Theorem 4.18 and
Gronwall Lemma 5.4, since the map t 
→ D1(t, λ) is absolutely continuous on
compact subsets of [0,∞) (Proposition 4.16). �

4.6. Convergence of the Marginal Measure ρ
(2)

t,λ to ρ(2)

*
: Proof of Theorem 2.3,

Second Part

Theorem 4.20. Suppose that V verifies assumptions (A1)–(A4), logarithmic
Sobolev inequality (LS2) holds true with constant c2 = c2(β2, V ) and ρI verifies
assumptions (B1)–(B3). Then, there exists a finite nonnegative constant c̃0 =
c̃0(β1, β2, ρI, V ) such that for all λ ≥ 1 , t ∈ (0,∞)\Nλ , η ∈ (0, 1) , ε > 0,
r ≥ 1

λ
d
dt

D2(t, λ) ≤ − (1 − η) 2c2 D2(t, λ) +
1
η ε

D1(t, λ) +
εr

η
c̃0(r). (183)

A suitable choice for c̃0(r) is the supremum over t > 0 , λ ≥ 1 of the following
quantity:

β2

2

∫

Rd

|∇2V (x)|2r+2
(
ρt,λ(x) + ρ(1)

*
(x1|x2)ρ

(2)
t,λ(x2)

)
dx . (184)

Remark 4.21. According to Theorem 4.20, c̃0(r) can be evaluated providing
an upper bound for expression (184) independent of t > 0 , λ ≥ 1 . In practice,
we can compute a bound of type

|∇2V |2r+2 ≤ γ0 + γ1 |x1|r1 + γ2 |x2|r2 , (185)

which is possible by assumption (A2). We use Proposition 5.10 to bound
〈|x1|r1〉∗ ≤ C0 + C1 |x2|s. Then, we use Corollary 5.7 in order to bound
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∫ |x2|σ ρt,λ(x) dx ≤ Mσ for σ = r2, s , and we use Proposition 5.9 to bound∫ |x1|r1 ρt,λ(x) dx ≤ M ′
r1

. Finally, we can plug the obtained bounds into ex-
pression (184).

Proof. Let λ ≥ 1 , t ∈ (0,∞)\Nλ . Proposition 4.17 provides expression (157)
for d

dt D2 . Adding and subtracting a term − 1
β2

∇2 log ρ(2)

*
(x2) = ∇2F (x2) shows

that

λ
d
dt

D2(t, λ) = − (J1 + J2)(t, λ) (186)

where

J1(t, λ) ≡ 1
β2

∫

Rd2

∣
∣
∣∇2 log

ρ
(2)
t,λ

ρ
(2)
*

(x2)
∣
∣
∣
2

ρ
(2)
t,λ(x2) dx2 (187)

J2(t, λ) ≡
∫

Rd2

(〈∇2V 〉t,λ − ∇2F
)
(x2) · ∇2 log

ρ
(2)
t,λ

ρ
(2)
*

(x2) ρ
(2)
t,λ(x2) dx2. (188)

A further term of type J1 comes from J2 using Cauchy–Schwarz inequality.
Precisely

|J2(t, λ)| ≤
√

β2 J1(t, λ)J3(t, λ) ≤ η J1(t, λ) +
β2

4η
J3(t, λ) (189)

for every η ∈ (0, 1), where

J3(t, λ) ≡
∫

Rd2

∣
∣〈∇2V 〉t,λ − ∇2F

∣
∣2(x2) ρ(2)

t,λ(x2) dx2. (190)

Plugging (189) into (186) gives

λ
d
dt

D2(t, λ) ≤ −(1 − η)J1(t, λ) +
β2

4η
J3(t, λ). (191)

Now, J1 can be estimated using the logarithmic Sobolev inequality (LS2) for
ρ(2)

*
. Indeed taking π ≡ ρ(2)

t,λ in (LS2) we find

J1(t, λ) ≥ 2c2 D2(t, λ). (192)

In order to estimate J3, let us start by observing that ∇2F = 〈∇2V 〉∗ , hence
∣
∣〈∇2V 〉t,λ − ∇2F

∣
∣(x2) ≤

∫

Rd1

|∇2V (x)| ∣∣ ρ(1)

t,λ − ρ(1)

*

∣
∣(x1|x2) dx1. (193)

The Csiszár–Kullback–Pinsker inequality provides an upper bound for the to-
tal variation distance in terms of the KL divergence:
∫

Rd1

∣
∣ρ

(1)
t,λ − ρ(1)

*

∣
∣(x1|x2) dx1 ≤

(

2

∫

Rd1

log
ρ
(1)
t,λ

ρ
(1)
*

(x1|x2) ρ
(1)
t,λ(x1|x2) dx1

) 1
2

(194)

and then, squaring and integrating w.r.t. ρ(2)

t,λ(x2) dx2 on both sides gives
∫

Rd2

(∫

Rd1

∣
∣ ρ(1)

t,λ − ρ(1)

*

∣
∣(x1|x2) dx1

)2

ρ(2)

t,λ(x2) dx2 ≤ 2 D1(t, λ). (195)
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In order to be able to apply the latter inequality, we split J3 in three terms
and use the uniform integrability of |∇2V | . Let ε > 0 and let us split the r.h.s.
of (193) in two parts:

∣
∣〈∇2V 〉t,λ − ∇2F

∣
∣(x2) ≤

≤
∫

{
|∇2V (x)|2≤ε−1

}|∇2V (x)| ∣∣ρ(1)
t,λ − ρ(1)

*

∣
∣(x1|x2) dx1 +

+
∫

{
|∇2V (x)|2>ε−1

}|∇2V (x)| (ρ(1)
t,λ(x1|x2) + ρ(1)

*
(x1|x2)

)
dx1

≤ ε− 1
2

∫

Rd1

∣
∣ρ

(1)
t,λ − ρ(1)

*

∣
∣(x1|x2) dx1

+ ε
r
2

∫

Rd1

|∇2V (x)|r+1
(
ρ
(1)
t,λ(x1|x2) + ρ(1)

*
(x1|x2)

)
dx1

(196)

for arbitrary r > 0. Taking the square on both sides of (196) and integrat-
ing w.r.t. ρ(2)

t,λ(x2) dx2, the Csiszár–Kullback–Pinsker inequality (195) together
with Jensen inequality give

J3(t, λ) ≤ 4ε−1D1(t, λ) + 2εr

∫

Rd

|∇2V (x)|2r+2(ρt,λ(x) + ρ(1)
*

(x1|x2)ρ
(2)
t,λ(x2)

)
dx.

(197)

By Theorems 4.3 and 4.4, we know that

sup
t>0, λ≥1

∫

Rd

|∇2V (x)|2r+2
(
ρt,λ(x) + ρ(1)

*
(x1|x2)ρ

(2)
t,λ(x2)

)
dx ≡ c̃0(r) < ∞

(198)

hence

J3(t, λ) ≤ 4 ε−1 D1(t, λ) + 2 c̃0(r) εr. (199)

Finally, plugging estimates (192), (199) into (191) we obtain

λ
d
dt

D2(t, λ) ≤ − (1 − η) 2c2 D2(t, λ) +
β2

η
ε−1D1(t, λ) +

β2 c̃0(r)
2 η

εr .

(200)

Changing names β−1
2 ε 
→ ε , β2

2 c̃0(r) 
→ c̃0(r), we find the desired inequality
(183). �

Proof of Theorem 2.3. Second part. Inequality (20) follows by Theorems 4.18
and 4.20 using an extended Gronwall lemma for systems of differential inequal-
ities (see Lemma 5.5 in Appendix). Inequalities (158), (183) rewrite as:

d
dt

(
D1(t, λ)
D2(t, λ)

)

� −Cλ

(
D1(t, λ)
D2(t, λ)

)

+ Bλ (201)



3442 D. Alberici et al. Ann. Henri Poincaré

for a.e. t > 0 , where � denotes componentwise inequality and

Cλ ≡
(

2 c1 0

− 1
η ε λ

(1−η) 2c2
λ

)

, Bλ ≡
(

c0
λ

εr c̃0(r)
η λ

)

. (202)

Therefore by Lemma 5.5 in Appendix, since the maps t 
→ D1(t, λ) , t 
→
D2(t, λ) are absolutely continuous on compact subsets of [0,∞) (Propositions
4.16, 4.17), we have

(
D1(t, λ)
D2(t, λ)

)

� e−t Cλ

(
D1I

D2I

)

+
(
I2 − e−t Cλ

)
C−1

λ Bλ (203)

for all t > 0 . For λ ≥ (1 − η) c2
c1

, standard computations show that

e−t Cλ =

(
e−2c1t 0

e−(1−η) 2c2 t/λ − e−2c1t

η ε 2 (c1λ − (1−η) c2)
e−(1−η) 2c2 t/λ

)

(204)

C−1
λ Bλ =

( c0
2c1λ

c0
η ε λ 4(1−η)c1c2

+ εr c̃0(r)
η 2(1−η)c2

)

(205)

and hence the second component of inequality (203) gives the desired inequality
(38). �
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5. Appendix

5.1. Gronwall-Type Inequalities

The first subsection of Appendix is devoted to Gronwall-type inequality for
the Fokker–Planck equation. In particular, we show how the expectation of
an observable v with respect to ρt,λ can be controlled by means of a simple
Lyapunov condition on L v, in the spirit of Sect. 7.1 in [49]. A generalisation
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of Gronwall inequality to systems of differential inequalities is also discussed.
These results are extensively used in the next subsections.

Let us start by the following

Proposition 5.1. Let v ∈ C2(Rd)∩L1(ρI) , C0, C1 ∈ R such that for all x ∈ R
d

L v(x) ≤ C0 + C1 v(x). (206)

Suppose that for all T > 0

sup
t∈(0,T )

∫

Rd

|v(x)| ρt(x) dx < ∞, sup
t∈(0,T )

∫

Rd

|L v(x)| ρt(x) dx < ∞,

sup
t∈(0,T )

∫

Rd

|∇v(x)| ρt(x) dx < ∞. (207)

Then for all t > 0 we have:
∫

Rd

v(x) ρt(x) dx ≤ eC1t

∫

Rd

v(x) ρI(x) dx +
(
eC1t − 1

) C0

C1
. (208)

Proof. Consider a sequence ψN ∈ C2(Rd) such that

ψN (x) =

{
1 for |x| ≤ N

0 for |x| ≥ N + 1
(209)

and ψN , ∇ψN , Hess ψN are uniformly bounded. We have ϕN ≡ v ψN ∈
C2

c (Rd), hence by identity (126)
∫

Rd

ϕN (x)ρt(x) dx −
∫

Rd

ϕN (x)ρI(x) dx =
∫ t

0

∫

Rd

LϕN (x)ρs,λ(x) dxds.

(210)

Now,

L ϕN = L v ψN + v L ψN + 2∇v · (Λβ)−1∇ψN (211)

and hence, hypothesis (207) guarantees that there is dominated convergence
in (210). Precisely letting N → ∞, we find

∫

Rd

v(x)ρt(x) dx −
∫

Rd

v(x)ρI(x) dx =
∫ t

0

∫

Rd

L v(x)ρs,λ(x) dxds. (212)

As a consequence, t 
→ ∫

Rd v(x) ρt(x) dx is absolutely continuous on compact
subsets of [0,∞) and there exists

d
dt

∫

Rd

v(x) ρt(x) dx =
∫

Rd

L v(x) ρt(x) dx (213)

for a.e. t > 0 . Then by hypothesis (206), we have
d
dt

∫

Rd

v(x) ρt(x) dx ≤ C0 + C1

∫

Rd

v(x) ρt(x) dx. (214)

Thesis (208) finally follows applying Gronwall inequality (see Lemma 5.4). �

The previous result can be extended to observables v that are not known
to be integrable a priori:
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Proposition 5.2. Let v ∈ C2(Rd) ∩ L1(ρI) , C0, C1 ∈ R such that inequality
(206) holds true for all x ∈ R

d . Suppose v ≥ 0 and

v(x) → ∞ as |x| → ∞. (215)

Then, inequality (208) holds true for all t > 0 .

Proposition 5.2 is essentially a reinterpretation of Theorem 7.1.1 in [49]
for the Fokker–Planck operator L defined in (122). Note in particular that
thanks to the regularity of our setting, we do not need any assumption on the
signs of C0, C1 unlike in [49].

Proof. Let ζN ∈ C2([0,∞)) such that

ζN (r) =

{
r for r ≤ N − 1
N for r ≥ N + 1

, (216)

0 ≤ ζ ′
N ≤ 1 and ζ ′′

N ≤ 0 . Observe that ϕN ≡ ζN ◦ v − N ∈ C2
c (Rd) since

v(x) → ∞ as |x| → ∞, hence applying identities (130)–(129) to ϕN we find:

d
dt

∫

Rd

ζN (v(x)) ρt(x) dx =
∫

Rd

L(ζN ◦ v)(x) ρt(x) dx (217)

for all t > 0 and
∫

Rd

ζN (v(x)) ρt(x) dx −−−→
t→0

∫

Rd

ζN (v(x)) ρI(x) dx. (218)

Now observe that since ∇(ζN ◦ v) = (ζ ′
N ◦ v)∇v and Hess(ζn ◦ v) =

(ζ ′′
N ◦ v)∇v ∇Tv + (ζ ′

N ◦ v)Hess v , by concavity of ζN , we have

L(ζN ◦ v) ≤ (ζ ′
N ◦ v) L v. (219)

Using the properties of ζN , one can check that ζ ′
N (r) r ≤ ζN (r) for all r ≥ 0.

Therefore, using hypothesis (206) it follows that

L(ζN ◦ v) ≤ C0 + C1 (ζN ◦ v). (220)

Substituting estimate (220) into (217) we find

d
dt

∫

Rd

ζN (v(x)) ρt(x) dx ≤ C0 + C1

∫

Rd

ζN (v(x)) ρt(x) dx. (221)

Therefore, applying Gronwall inequality (see Lemma 5.4), from (221), (218)
we obtain
∫

Rd

ζN (v(x))ρt(x) dx ≤ eC1t

∫

Rd

ζN (v(x))ρI(x) dx +
(
eC1t − 1

) C0

C1
. (222)

Finally, the thesis (208) follows by monotone convergence letting N → ∞ .
�

Remark 5.3. The hypothesis of Propositions 5.1 and 5.2 can be weakened.
Instead of bound (206), it suffices to assume:

L v(x) ≤ u0(x) + C1 v(x) (223)
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where the function u0 ∈ ∩t>0L
1(ρt) is such that

sup
t>0

∫

Rd

u(x) ρt(x) dx ≤ C0. (224)

For completeness, let us briefly recall the classical Gronwall inequality
used in the previous proofs.

Lemma 5.4 (Gronwall inequality). Let f : [0,∞) → R be absolutely continuous
on compact sets. Let a, b : [0,∞) → R continuous such that

f ′(t) ≤ a(t) f(t) + b(t) (225)

for almost every t > 0. Then setting

e(t) ≡ exp
∫ t

0

a(s) ds, (226)

we have for all t ≥ 0

f(t) ≤ e(t) f(0) + e(t)
∫ t

0

b(s)
e(s)

ds. (227)

In particular, if a, b are constant, inequality (227) becomes:

f(t) ≤ eat f(0) +
(
eat − 1

) b

a
. (228)

The next lemma deals with a system of differential inequalities, extending
the classical Gronwall inequality. This result was essentially due to [51]. A proof
can be obtained also by adapting Lemma E.4 in [52] to the two-dimensional
case with two absolutely continuous functions. The symbol � will denote a
componentwise inequality; namely, we write (u1, u2) � (v1, v2) for “u1 ≤ v1

and u2 ≤ v2”.

Lemma 5.5 (Comparison lemma for systems of differential inequalities). Let
f1, f2 : [0,∞) → R be absolutely continuous functions on compact sets; let
f ≡ (f1, f2) . Let A ≡ (A1, A2) : R × R

2 → R
2 be a Lipschitz continuous

function such that

f ′(t) � A
(
t, f(t)

)
(229)

for almost every t > 0. Suppose that:
i. the map ξ2 
→ A1(t, ξ1, ξ2) is non-decreasing on R, for every (t, ξ1) ∈

[0,∞) × R ;
ii. the map ξ1 
→ A2(t, ξ1, ξ2) is non-decreasing on R, for every (t, ξ2) ∈

[0,∞) × R .
Then, we have

f(t) � g(t) (230)

for all t ≥ 0 , where g is the unique solution of the Cauchy problem
{

g′(t) = A(t, g(t))

g(0) = f(0)
. (231)
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In particular, if A is linear and time-independent, namely A(t, ξ) = Aξ+B for

a suitable 2 × 2 real matrix A ≡
(

A11 A12

A21 A22

)

with A12, A21 ≥ 0 and a suitable

vector B ≡
(

B1

B2

)

∈ R
2, then inequality (230) becomes:

f(t) � etA f(0) +
(
etA − I2

)
A−1B. (232)

5.2. Expectations of Polynomials with Respect to ρt,λ : Proof of Theorem 4.3

Assumption (A2) provides polynomial bounds on the derivatives of V . Theo-
rem 4.3 will follow if we show that any positive power of the variables |x1| , |x2|
has uniformly bounded expectations in the measure ρt,λ for all t > 0 , λ ≥ 1 .
Because of the different time scales in the evolution of the variables x1, x2, we
have to start by the following auxiliary

Proposition 5.6. For x = (x1, x2) ∈ R
d, let

vλ(x) ≡ 1
λ

|x1|2 + |x2|2. (233)

In the hypothesis of Theorem 4.1, for every r ∈ [1,∞) there exists a finite
nonnegative constant M2r = M2r(β1, β2, ρI, V ) such that for all t > 0, λ ≥ 1

∫

Rd

vλ(x)r ρt,λ(x) dx ≤ M2r. (234)

In particular, by assumption (A3) there exist a ∈ (0,∞), a0 ∈ [0,∞) such that
for every x ∈ R

d

x · ∇V (x) ≥ a |x|2 − a0, (235)

and then, a suitable choice for M2r is given by

M2r ≡
∫

Rd

|x|2r ρI(x) dx +
2r(r − 1)r−1

arrr

(

a0 +
d1

β1
+

d2

β2
+

2(r − 1)
β1 ∧ β2

)r

. (236)

Proof. We are going to apply Proposition 5.2 to vr
λ. Computing first- and

second-order derivatives, one finds

Lλ (vλ(x)r) = − 2r

λ
vλ(x)r−1 x · ∇V (x) +

2r

λ
vλ(x)r−1

(
d1

β1
+

d2

β2

)

+

+
2r

λ
vλ(x)r−2 2(r − 1)

( |x1|2
λβ1

+
|x2|2
β2

)

≤ − 2r

λ
vλ(x)r−1 (x · ∇V (x) − kr) ,

(237)

where we set kr ≡ d1
β1

+ d2
β2

+ 2(r−1)
β1∧β2

. Using assumption (A3) and taking λ ≥ 1,
we have for all x ∈ R

d

x · ∇V (x) ≥ a |x|2 − a0 ≥ a vλ(x) − a0. (238)
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Hence:

Lλ (vλ(x)r) ≤ − 2r

λ
vλ(x)r−1

(
a vλ(x) − a0 − kr

)

≤ −2r

λ

(
a

2
vλ(x)r − mr

)

(239)

where we set −mr ≡ minξ≥0

(
a
2 ξr − (a0 + kr) ξr−1

)
= −( 2 (r−1)

a

)r−1(a0+kr

r

)r.
Finally, from inequality (239) and Proposition 5.2 it follows that for all t > 0 ,
λ ≥ 1

∫

Rd

vλ(x)rρt,λ(x) dx ≤ e− ra t
λ

∫

Rd

vλ(x)rρI(x) dx +
(
1 − e− rα t

2λ

) 2mr

a

≤
∫

Rd

|x|2rρI(x) dx +
2mr

a
.

(240)

�

Corollary 5.7. Let r ∈ [0,∞) . In the hypothesis of Theorem 4.1, we have:

sup
t>0, λ≥1

∫

Rd

|x2|r ρt,λ(x) dx ≤ Mr, (241)

where for r ≥ 2 Mr is defined by Proposition 5.6, while for r < 2 we set
Mr ≡ 1 − r

2 + r
2 M2 .

Proof. It follows by Proposition 5.6 since

|x2|r ≤ vλ(x1, x2)
r
2 (242)

for all (x1, x2) ∈ R
d. In addition, if r ∈ [0, 2), one has ξr ≤ 1 − r

2 + r
2 ξ2 for all

ξ ≥ 0 . �

Corollary 5.8. Let r ∈ [0,∞) . In the hypothesis of Theorem 4.1, we have for
all λ ≥ 1

sup
t>0

∫

Rd

|x1|r ρt,λ(x) dx ≤ λ Mr, (243)

where Mr is defined as in Corollary 5.7.

Proof. It follows by Proposition 5.6 since |x1|r ≤ λ vλ(x1, x2)
r
2 . �

Proposition 5.9. In the hypothesis of Theorem 4.1 plus (A4), for every r ∈
[0,∞) there exists a finite nonnegative constant M ′

r = M ′
r(β1, β2, ρI, V ) such

that

sup
t>0, λ≥1

∫

Rd

|x1|r ρt,λ(x) dx ≤ M ′
r. (244)

In particular by assumption (A4), there exist a1 ∈ (0,∞), a0, a2, p ∈ [0,∞)
such that for every (x1, x2) ∈ R

d

x1 · ∇1V (x1, x2) ≥ a1 |x1|2 − a2 |x2|p − a0, (245)
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then a suitable choice for M ′
r is given by:

M ′
r ≡

⎧
⎨

⎩

∫

Rd |x1|rρI(x) dx + 1
(r−1) a1

(
2 a2 Mp(r−1) + r mr

)
if r > 2

∫

Rd |x1|2ρI(x) dx + 1
a1

(
a2 Mp + a0 + d1

β1

)
if r = 2

1 − r
2 + r

2 M ′
2 if r < 2

, (246)

where Mp(r−1) is defined by Corollary 5.7 and mr ≡ −minξ≥0

(
a1
2 ξr − a2

r−2
r−1

ξr−1 − (a0 + d1+r−2
β1

) ξr−2
)
.

Proof. Let r > 2. We want to apply Proposition 5.1 to

v(x) ≡ |x1|r. (247)

First of all observe that v satisfies the integrability hypothesis (207) thanks to
Corollary 5.8 and assumption (A2) for ∇V . Now, computing first and second
derivatives we have

L v(x) = −r |x1|r−2 (x1 · ∇1V (x) − kr) , (248)

setting kr ≡ d1+r−2
β1

. By assumption (A4)

x1 · ∇1V (x) ≥ a1 |x1|2 − a2 |x2|p − a0, (249)

hence

L v(x) ≤ −r
(
a1 |x1|r − a2 |x1|r−2 |x2|p − (a0 + kr) |x1|r−2

)
. (250)

Young’s inequality guarantees that

|x1|r−2 |x2|p ≤ 1
σ

|x1|(r−2) σ +
1
τ

|x2|p τ (251)

for every σ, τ > 1 , σ−1 + τ−1 = 1 . For example, σ ≡ r−1
r−2 ensures (r −2)σ < r

and enforces τ ≡ r − 1 . For this choice of σ, τ , we obtain:

L v(x) ≤ −r

(

a1 |x1|r − a2
r − 2

r − 1
|x1|r−1 − a2

r − 1
|x2|p(r−1) − (a0 + kr) |x1|r−2

)

≤ −r

(
a1

2
|x1|r − a2

r − 1
|x2|p(r−1) − mr

)

(252)

where we set −mr ≡ minξ≥0

(
a1
2 ξr−a2

r−2
r−1 ξr−1−(a0+kr) ξr−2

)
. By Corollary

5.7, we know that for all t > 0 , λ ≥ 1
∫

Rd

|x2|p(r−1) ρt,λ(x1, x2) dx1 dx2 ≤ Mp(r−1). (253)

Therefore by Proposition 5.1 and Remark 5.3, we have for all t > 0 , λ ≥ 1

∫

Rd

|x1|rρt,λ(x) dx ≤ e− r a1
2

t

∫

Rd

|x1|rρI(x) dx +
(
1 − e− r a1

2
t)
(2a2 Mp(r−1)

(r − 1) a1
+

2 mr

a1

)

≤
∫

Rd

|x1|rρI(x) dx +
2a2 Mp(r−1)

(r − 1) a1
+

2 mr

a1
(254)
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which concludes the proof in the case r > 2. If r = 2, Young inequality is not
needed and inequality (250) suffices to apply Proposition 5.1 and Remark 5.3,
obtaining for all t > 0 , λ ≥ 1
∫

Rd

|x1|2ρt,λ(x) dx ≤ e−2a1 t

∫

Rd

|x1|2ρI(x) dx +
(
1 − e−2a1 t

) a2 Mp + k′
2

a1

≤
∫

Rd

|x1|2ρI(x) dx +
a2 Mp + k′

2

a1
.

(255)

Finally, if r < 2, we can just use the bound |x1|r ≤ 1 − r
2 + r

2 |x1|2 and come
back to the previous case. �

Proof of Theorem 4.3. It follows by combining assumption (A2) with Corol-
lary 5.7 and Proposition 5.9. �

Proof of Proposition 4.6. We rely on Corollary 7.3.8 in [49] that ensures

‖ρ‖L∞(Rd×(0,T )) < ∞, (256)

provided ρI is bounded on R
d (assumption (B1)) and

∫ T

0

∫

Rd

|∇V (x)|d+3 ρt(x) dxdt < ∞ , (257)

which in turn follows from Corollaries 5.7, 5.8 together with assumption (A2).
We also make use of the inequality |log ξ|2 ξ ≤ 4

√
ξ for ξ ∈ [0, 1] . Therefore:

∫

{ρt≥1}
| log ρt(x)|2 ρt(x) dx ≤ ( log ‖ρ‖L∞(Rd×(0,T ))

)2 ; (258)
∫

{ρt≤ e−|x|}
| log ρt(x)|2 ρt(x) dx ≤

∫

Rd

e− |x|
4 dx; (259)

∫

{e−|x|< ρt<1}
| log ρt(x)|2 ρt(x) dx ≤

∫

Rd

|x|2 ρt(x) dx. (260)

The r.h.s. of (258) is finite by (256). The r.h.s. of (260) has finite supremum
over t ∈ (0, T ) by Corollaries 5.7, 5.8. This concludes the proof. �

Proof of Theorem 4.7. We refer to Theorem 7.4.1 in [49]. It ensures that (136)
is a consequence of two integrability conditions:

∫ T

0

∫

Rd

|∇V (x)|2 ρt(x) dxdt < ∞, (261)

∫ T

0

∫

Rd

log2 max(1, |x|) ρt(x) dxdt < ∞ (262)

which in turn follow from Corollaries 5.7 and 5.8. �

Proof of Proposition 4.11. Since ρ(2) is solution of a suitable Fokker–Planck
equation with drift 1

λ 〈∇2V 〉t (Theorem 4.8), Corollary 7.3.8 in [49] ensures
that

‖ ρ(2) ‖L∞(Rd2×(0,T )) < ∞, (263)
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provided ρ(2)

I is bounded on R
d2 (assumption (B2)) and

∫ T

0

∫

Rd2

∣
∣〈∇2V 〉t(x2)

∣
∣d+3

ρ(2)
t (x2) dx2 dt < ∞, (264)

which is true by Corollaries 5.7 and 5.8 and Jensen inequality. The proof is
then concluded by miming the proof of Proposition 4.6. �

Proof of Theorem 4.12. Being ρ(2) solution of a suitable Fokker–Planck equa-
tion, we may refer to Theorem 7.4.1 in [49]. The latter ensures that (149)
follows from two integrability conditions:

∫ T

0

∫

Rd2

∣
∣〈∇2V 〉t(x2)

∣
∣2 ρ(2)

t (x2) dx2 dt < ∞, (265)

∫ T

0

∫

Rd2

log2 max(1, |x2|) ρ(2)
t (x2) dx2 dt < ∞ (266)

which in turn follow from Corollaries 5.7 and 5.8. �

5.3. Expectations of Polynomials with Respect to ρ(1)

*
ρ

(2)

t,λ : Proof of Theorem

4.4

Assumption (A2) ensures polynomial bounds for the derivatives of V . We show
that the conditional expectation of a polynomial in |x1| with respect to the
measure ρ(1)

*
(x1|x2) is bounded by a polynomial in |x2|. Then from Sect. 5.2

we already know that this quantity has uniformly bounded expectations with
respect to the measure ρ(2)

t,λ for all t > 0 , λ ≥ 1 , and hence, we can prove
Theorem 4.4. In particular, the assertion about derivatives of the effective
potential F follows as they can be expressed in terms of conditional expectation
of products of derivatives of V .

Proposition 5.10. Suppose that V verifies the bounds (26) for ν = 0 and (29).
Then for every r ∈ [0,∞) there exist sr = sr(V ) ∈ [0,∞) and two finite
nonnegative constants C0,r = C0,r(β1, V ) , C1,r = C1,r(V ) such that for every
x2 ∈ R

d2

∫

Rd1

|x1|r ρ(1)

*
(x1|x2) dx1 ≤ C0,r + C1,r |x2|sr . (267)

In particular, by hypothesis there exist a1, a2 ∈ (0,∞), a0 ∈ [0,∞), m1,m2 ∈
[2,∞), γ0, γ1, γ2 ∈ [0,∞) such that for every (x1, x2) ∈ R

d

a1 |x1|2 + a2 |x2|2 − a0 ≤ V (x1, x2) ≤ γ1 |x1|m1 + γ2 |x2|m2 + γ0, (268)

then a suitable choice for sr, C0,r, C1,r is given by:

sr ≡ r
m2

2
, C1,r ≡

(
2γ2

a1

)r
2

, C0,r ≡ (β1γ1)
1

m1 Γ( r+1
2 )

2
(

β1a1
2

)r+1
2 Γ(1 + 1

m1
)

eβ1(a0+γ0).

(269)
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Proof. Let Δ > 0 and consider the set

Ax2 ≡
{

x1 ∈ R
d1

∣
∣
∣ |x1|2 ≥ Δ |x2|m2

}
. (270)

for every x2 ∈ R
d2 . Integrating over its complementary set, we have
∫

Rd1\Ax2

|x1|r ρ(1)

*
(x1|x2) dx1 ≤ Δ

r
2 |x2|

m2
2 r. (271)

Now, we evaluate the contribution of the integral over Ax2 . By (268)
∫

Ax2

|x1|r e−β1 V (x1,x2) dx1 ≤
∫

Ax2

|x1|r e−β1 (a1 |x1|2 + a2 |x2|2 − a0) dx1

≤ Ir e−β1 ( a1
2 Δ |x2|m2 + a2 |x2|2)

(272)

where we set

Ir ≡
∫

Rd2

|x1|r e−β1 ( a1
2 |x1|2 − a0) dx1 =

|Sd1−1|
2

Γ
(

r+1
2

)

(
β1a1

2

) r+1
2

eβ1a0 . (273)

On the other hand, by (268)
∫

Rd1

e−β1 V (x1,x2) dx1 ≥
∫

Rd1

e−β1 (γ1 |x1|m1 + γ2 |x2|m2 + γ0) dx1

= Jr e−β1γ2 |x2|m2

(274)

where we set

Jr ≡
∫

Rd1

e−β1 (γ1 |x1|m1 + γ0) dx1 = |Sd1−1|
Γ
(
1 + 1

m1

)

(β1γ1)
− 1

m1

e−β1γ0 . (275)

By inequalities (272), (274), it follows that:
∫

Ax2

|x1|r ρ(1)
*

(x1|x2) dx1 =

∫

Ax2
|x1|r e−β1 V (x1,x2) dx1

∫

Rd1 e−β1 V (x1,x2) dx1

≤ Ir

Jr
e−β1 ( a1

2 Δ |x2|m2 + a2 |x2|2 − γ2 |x2|m2)

≤ Ir

Jr

(276)

where the last inequality holds true for any Δ > 2γ2
a1

. Finally, summing in-
equalities (271), (276) concludes the proof. �

Remark 5.11. If the potential V (x1, x2) grows faster than quadratically in x1,
the exponent sr in Proposition 5.10 can be improved. Precisely if there are
n1 ∈ [2,∞) , b2, b1, b0 ∈ [0,∞) such that

V (x1, x2) ≥ b1 |x1|n1 − b2 |x2|m2 − b0 (277)

for all (x1, x2) ∈ R
d , then inequality (267) holds true with

sr ≡ m2

n1
r (278)
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changing also the constants C1,r, C0,r accordingly. Indeed, the proof of Propo-
sition 5.10 can be suitably modified, starting by considering the set

Ãx2 ≡
{

x1 ∈ R
d1

∣
∣
∣ |x1|n1 ≥ Δ |x2|m2

}
. (279)

Proof of Theorem 4.4. Equation (133) follows combining assumption (A2) with
Proposition 5.10 and Corollary 5.7.
Equation (134) for |ν| = 0 follows from assumptions (A2), (A3) which guar-
antee:

a1 |x1|2 + a2 |x2|2 − a0 ≤ V (x1, x2) ≤ γ1|x1|r1 + γ2|x2|r2 + γ0. (280)

Therefore:

F (x2) = − 1
β1

log
∫

Rd1

e−β1V (x1,x2) dx1

{≤ C0 + γ2 |x2|r2

≥ C1 + a2 |x2|2
(281)

where C0 ≡ γ0− 1
β1

∫

Rd1 e−β1γ1|x1|r1 dx1 , C1 ≡ −a0− 1
β1

∫

Rd1 e−β1a1|x1|2dx1 are
finite constants. Inequalities (281) combined with Corollary 5.7 ensure that

sup
t>0,λ≥1

∫

Rd2

|F (x2)|s ρ(2)

t,λ(x2) dx2 < ∞. (282)

Finally, Eq. (134) for |ν| ≥ 1 is an application of the multivariate Faà Di Bruno
formula (see [53] and references therein):

Dν
x2

F (x2) =
∑

π∈P([ν])

(−1)|π|(|π| − 1)!
β1

∏

A∈π

∑

σ∈P(A)

(−β1)|σ|
∫

Rd1

∏

B∈σ

D[B]
x2

V (x1, x2) ρ(1)
*

(x1|x2) dx1

(283)

where, for a multi-index ν = (ν1, . . . , νd2) ∈ N
d2\{0} , [ν] denotes the set where

each number from 1 to d2 is repeated in a distinguishable way according to
its multiplicity encoded in ν, i.e.,

{
1′, . . . , 1(ν1), . . . , d′

2, . . . , d
(νd2 )
2

}
; conversely

for a set B ⊆ [ν] , [B] denotes the multi-index
(|i : 1(i) ∈ B|, . . . , |i : d

(i)
2 ∈

B|) ∈ N
d2 ; P(A) denotes the set of partitions of a set A. Assuming without

loss of generality s ≥ 1, Eq. (134) for |ν| ≥ 1 then follows from expressions
(283) using Jensen inequality and Eq. (133). �

5.4. Regularity of ρ: Proof of the Regularity Part of Theorem 4.1

In this and all the following subsections, we will denote

A ≡ (Λβ)−1 =
( 1

β1
Id1 0
0 1

λ β2
Id2

)

, b(x) ≡ Λ−1 ∇V (x) =
( ∇1V (x)

1
λ ∇2V (x)

)

.

(284)

The Fokker–Planck operator (124) rewrites as

L ϕ = ∇ · (A∇ϕ) − b · ∇ϕ. (285)

This compact notation is convenient due to the generality of results.
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In the present subsection, we prove the regularity of ρ following the ar-
gument sketched in [50]. Instead of the standard heat kernel used there, we
introduce

Gt(x) ≡ 1

(4π t)
d
2 (det A)

1
2

exp
(

− xT A−1x

4t

)

(286)

for x ∈ R
d , t > 0 .

Remark 5.12. Gt(x) is the fundamental solution of the diffusion equation

∂tGt(x) = ∇ · (A∇Gt(x)). (287)

Precisely we have:

∇Gt(x) = −A−1x

2t
Gt(x), (288)

∇ · (A∇Gt(x)) =
(

− d

2t
+

A−1x

4t2

)

Gt(x) = ∂tGt(x). (289)

Moreover, for all f ∈ L1(Rd) we have:

‖f ∗ Gδ − f‖L1(Rd) −−−→
t→0

0, (290)

where ∗ denotes the convolution with respect to space variables only:

(f ∗ Gt)(x) ≡
∫

Rd

Gt(x − y) f(y) dy. (291)

Lemma 5.13. Let p ≥ 1. For all t > 0, we have

‖Gt‖Lp(Rd) = t−
d
2 (p−1) ‖G1‖Lp(Rd), (292)

‖∇Gt‖Lp(Rd) = t−
d
2 (1− 1

p )− 1
2 ‖∇G1‖Lp(Rd). (293)

Proof. Direct computation using (286), (288) and performing the change of
variable x′ = x/

√
t. �

Lemma 5.14. Let us denote

(f ©∗ G)t (x) ≡
∫ t

−∞
(fs ∗ Gt−s)(x) ds. (294)

Let p > 1. There exist constants c1 = c1(p, d), c2 = c2(p, d) ∈ (0,∞) such
that:

‖∂t(f ©∗ G)‖Lp(Rd×R) +
d∑

i,j=1

‖∂xi
∂xj

(f ©∗ G)‖Lp(Rd×R)

≤ c1 ‖f‖Lp(Rd×R) (295)

for every f ∈ Lp(Rd× R), and:

‖∂t(φ ∗ G)‖Lp(Rd×(0,∞)) +

d∑

i,j=1

‖∂xi∂xj (φ ∗ G)‖Lp(Rd×(0,∞)) ≤ c2

d∑

i=1

‖∂xiφ‖Lp(Rd)

(296)

for every φ ∈ W 1,p(Rd) .
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Proof. We refer to [54] Chapter IV Sect. 3, where the estimates (3.1), (3.2)
coincide,1 respectively, with (295), (296) provided the matrix A is replaced by
the identity in the definition of G. The general case of a symmetric positive
definite matrix A can be deduced by performing the change of variable y′ =
A− 1

2 y in the convolution. Notice that in the case of interest for the present
paper A is diagonal and the constants c1, c2 do not depend on its entries. �

Remark 5.15. The weak formulation (126) of FP equation extends to the fol-
lowing:

∫

Rd

ϕt(y) ρt(y) dy −
∫

Rd

ϕt0(y) ρt0(y) dy

=
∫ t

t0

∫

Rd

(
∂sϕs + Lϕs

)
(y) ρs(y) dy ds,

(297)

for every t > t0 > 0 , for every ϕ ∈ C2,1(Rd × (0,∞)) such that suppϕs ⊂ K
compact subset of R

d for all s > 0. See, for example, Proposition 6.1.2 and
following remarks in [49].

Proof of Theorem 4.1 part i. Let η ∈ C∞
c (Rd) , δ ∈ (0, 1) . Let x ∈ R

d, 0 <
t−1 < t0 < t1 < t < T ′ < T and set

ϕs(y) ≡ Gδ+t−s(x − y) η(y) (298)

for all y ∈ R
d, s ∈ (0, t] . Since ϕ ∈ C∞(Rd × (0, t]), suppϕs ⊆ supp η , identity

(297) holds true. Computing Lϕ and using (287), one obtains:

(
(ηρt) ∗ Gδ

)
(x) =

(
(η ρt0) ∗ Gδ+t−t0

)
(x) +

∫ t

t0

(
(Lη ρs) ∗ Gδ+t−s

)
(x) ds +

+
∫ t

t0

(
(Mη ρs) ∗ ∇Gδ+t−s

)
(x) ds,

(299)

setting

M η(y) ≡ −2A∇η(y) + b(y) η(y). (300)

As δ → 0, we have (η ρt) ∗ Gδ → η ρt in L1(Rd) and also in L1(Rd × (t0, T ))
by dominate convergence. (This will be clear adapting the following argument
with p = 1.) Thus:

(ηρt)(x) =
(
(η ρt0) ∗ Gt−t0

)
(x) +

∫ t

t0

(
(Lη ρs) ∗ Gt−s

)
(x) ds

+
∫ t

t0

(
(Mη ρs) ∗ ∇Gt−s

)
(x) ds

(301)

for almost every (x, t) ∈ R
d × (t0, T ) .

Now, let p ∈ (1, d
d−1 ) . Using Young’s convolution inequality in (301), we find:

1Actually (3.2) in [54] is expressed in terms of the Slobodeckij seminorm and is stronger
than (296) here.
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‖ηρt‖Lp(Rd) ≤ ‖η ρt0‖L1(Rd) ‖Gt−t0‖Lp(Rd) +

∫ t

t0

‖Lη ρs‖L1(Rd) ‖Gt−s‖Lp(Rd) ds +

+

∫ t

t0

‖Mη ρs‖L1(Rd) ‖∇Gt−s‖Lp(Rd) ds.

(302)

Then, using Lemma 5.13 we obtain:

‖ηρt‖Lp(Rd) ≤ ‖η‖∞ ‖G1‖Lp(Rd)

(
t − t0

)− d
2 (p−1)

+ ‖Lη‖∞ ‖G1‖Lp(Rd)

(
t − t0

)1− d
2 (p−1)

1 − d
2 (p − 1)

+

+ ‖Mη‖∞ ‖∇G1‖Lp(Rd)

(
t − t0

) 1
2 − d

2 (1− 1
p )

1
2 − d

2 (1 − 1
p )

,

(303)

since our choice of p guarantees 1 − d
2 (p − 1) > 0 and 1

2 − d
2 (1 − 1

p ) > 0 .

Observing that ‖f‖p
Lp(Rd×(t1,T ))

=
∫ T

t1
‖ft‖p

Lp(Rd)
dt , inequality (303) shows

that η ρ ∈ Lp(Rd × (t1, T )) . By arbitrarity of η, t1, T , one concludes

ρ ∈ Lp
loc(R

d × (0,∞)) (304)

(without knowing a priori the continuity of ρ). In [50] a bootstrap argument
that uses Eq. (301) iteratively together with Lemmas 5.13, 5.14 is invoked.
Let us detail the first steps. With the notation introduced in Lemma 5.14,
Eq. (301) rewrites as

(η ρt)(x) =
(
(η ρt0) ∗ Gt−t0

)
(x) +

(
(L η ρχ) ©∗ G

)

t
(x)

+
d∑

k=0

(
(Mkη ρχ) ©∗ ∂xk

G
)

t
(x) + Rt(x) (305)

where χ ∈ C∞(R) is such that χs = 1 for t0 ≤ s ≤ T ′ , χs = 0 for s ≤ t−1 or
s ≥ T , and we set

Rt(x) ≡
∫ t0

t−1

(
(L η ρs χs) ∗ Gt−s + (M η ρs χs) ∗ ∇Gt−s

)
(x) ds, (306)

M η = (Mkη)d
k=1 , x = (xk)d

k=1 ∈ R
d . We claim that ∂xi

(η ρ) for i = 1, . . . , d
exist in Lp

loc(R
d × (t1, T ′)). The first and the last term on the r.h.s. of (305)

cannot cause any problem because the kernel G remains far from its singularity.
Let us focus on the other terms. By Young’s convolution inequality and Lemma
5.13, we have:

∥
∥
(
(L η ρχ) ©∗ ∂xi

G
)

t

∥
∥

Lp(Rd)

≤
∫ t

t−1

‖(L η ρs χs) ∗ ∂xi
Gt−s‖Lp(Rd) ds

≤ ‖L η‖∞ ‖∂xi
G1‖Lp(Rd)

(t − t−1)
1
2 − d

2 (p−1)

1
2 − d

2 (p − 1)
, (307)
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hence (L η ρχ) ©∗ ∂xi
G ∈ Lp(Rd × (t1, T ′)). By Lemma 5.14, we have:

‖(Mkη ρχ) ©∗ ∂xi
∂xk

G‖Lp(Rd×(t1,T ′))

≤ c1 ‖Mkη ρχ‖Lp(Rd×R)

≤ c1 ‖χ‖∞ ‖Mkη ρ‖Lp(Rd×(t−1,T )), (308)

which is finite since we know (304). Therefore, (307), (308) used in (305) entail
that it exists ∂xi

(η ρ) ∈ Lp(Rd × (t1, T ′)) . By arbitrarity of η, t1, T ′ it follows

∂xi
ρ ∈ Lp

loc(R
d × (0,∞)). (309)

Now, we claim that ∂t(η ρ) exists in Lp
loc(R

d × (t1, T ′)). By Lemma 5.14, we
have:
∥
∥∂t

(
(L η ρχ) ©∗ G

)∥
∥

Lp(Rd×(t1,T ′)) ≤ c1 ‖χ‖∞ ‖L η ρ‖Lp(Rd×(t1,T ′)), (310)

∥
∥∂t

(
(Mkη ρχ) ©∗ ∂xk

G
)∥
∥

Lp(Rd×(t1,T ′))

≤ c1 ‖χ‖∞ ‖∂xk
(Mkη ρ)‖Lp(Rd×(t1,T ′)), (311)

which are finite by (304), (308). Using the previous inequalities in (305) proves
the claim. By arbitrarity of η, t1, T ′, it follows

∂tρ ∈ Lp
loc(R

d × (0,∞)). (312)

In the same way, one proves that ∂xi
∂xj

ρ ∈ Lp
loc(R

d × (0,∞)). Iterating this
argument up to space–time derivatives of any order (since the coefficients of
L, M are smooth), one obtains

ρ ∈ W r,p
loc (Rd × (0,∞)) (313)

for all r ∈ N . Then, general Sobolev inequalities entail ρ ∈ C∞(Rd × (0,∞)) ,
concluding the proof. �

Proof of Theorem 4.1 part ii. Let t0 → 0 in Eq. (301). By property (130) and
uniform continuity of G on compact subsets of Rd × (0,∞), we have:

(ηρt)(x) =
(
(ηρI) ∗ Gt

)
(x) +

∫ t

0

(
(Lη ρs) ∗ Gt−s

)
(x) ds

+
∫ t

0

(
(Mη ρs) ∗ ∇Gt−s

)
(x) ds.

(314)

Then, Young’s convolution inequality and Lemma 5.13 entail
‖ηρt − (ηρI) ∗ Gt‖L1(Rd) ≤ ‖Lη‖∞ ‖G1‖L1(Rd) t

+ ‖Mη‖∞ ‖∇G1‖L1(Rd) 2
√

t −−−→
t→0

0 .
(315)

On the other hand (η ρI) ∗ Gt → η ρI in L1(Rd) as t → 0 , hence

‖η ρt − η ρI ‖L1(Rd) −−−→
t→0

0. (316)

Now, consider a sequence ηN ∈ C∞
c (Rd) such that ηN (x) = 1 for |x| ≤ N ,

0 ≤ ηN ≤ 1 . We have:

‖ ρt − ρI ‖L1(Rd) ≤ S

N
+ ‖ηN ρt − ηN ρI ‖L1(Rd) +

S0

N
−−−→
t→0

S + S0

N
(317)
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where

S ≡ sup
t∈(0,T )

∫

Rd

|x| ρt(x) dx, S0 ≡
∫

Rd

|x| ρI(x) dx (318)

are finite by Proposition 5.6 and assumption (B3), respectively. Inequality
(317) concludes the proof by arbitrarity of N ∈ N . �

5.5. Regularity of ρ(2): Proof of Theorem 4.10

In this subsection, the marginal ρ(2)
t (x2) =

∫

Rd1 ρt(x1, x2) dx1 is shown to be
in C∞(Rd2 × (0,∞)). By Theorem 4.1, we already know that ρ is smooth, and
hence, suitable pointwise estimates for its derivatives would be sufficient to
conclude. Another way would be to appeal to the fact that ρ(2) is itself weak
solution of a Fokker–Planck equation (Theorem 4.8), but the drift coefficient
of this equation involves 〈∇2V 〉t(x2) =

∫

Rd1 ∇2V (x1, x2) ρt(x1, x2) dx1 which a
priori is also not known to be smooth. We will modify the bootstrap argument
of the previous subsection (sketched in [50]), obtaining that both ρ(2), 〈∇2V 〉t

are smooth. Precisely we consider the class of functions η ∈ C defined by the
following two conditions:

i. η ∈ C∞(Rd) ;
ii. for every multi-index ν ∈ N

d there exist r1, r2, γ0, γ1, γ2 ∈ [0,∞) such
that

|Dνη(x1, x2)| ≤ γ0 + γ1 |x1|r1 + γ2 |x2|r2 (319)

for all (x1, x2) ∈ R
d .

Setting

(It η)(x2) ≡
∫

Rd1

η(x1, x2) ρt(x1, x2) dx1, (320)

we will prove that

I η ∈ C∞(Rd2 × (0,∞)) ∀ η ∈ C. (321)

In particular it will follow that ρ(2)
t (x2) and 〈∇2V 〉t(x2) are in C∞(Rd2×(0,∞))

(by taking, respectively, η ≡ 1, η ≡ ∇2V ).

Remark 5.16. In order to build a bootstrap argument, it is essential to notice
that the class of functions C is closed under sum, product, and differentia-
tion. Moreover by assumptions (A1), (A2), the coefficient b = Λ−1∇V —which
defines the differential operators L, M (cf. (285), (236))—belongs to C. We
conclude that if η ∈ C, then also L η, Mkη ∈ C for all k = 1, . . . , d.

Remark 5.17. If η ∈ C, by Proposition 5.6 we know that

sup
t∈(0,T )

∫

Rd

|η(x)| ρt(x) dx < ∞. (322)

In particular, It η is well defined and belongs to L1(Rd2) .
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Remark 5.18. Since the diffusion matrix A = (Λβ)−1 is diagonal, the kernel
G introduced in (286) writes as the product

Gt(x1, x2) = G
(1)
t (x1) G

(2)
t (x2), (323)

where

G
(1)
t (x1) ≡

(
β1

4π t

)d1
2

exp
(

− β1

4 t
|x1|2

)

, (324)

G
(2)
t (x1) ≡

(
β2 λ

4π t

)d2
2

exp
(

− β2 λ

4 t
|x2|2

)

. (325)

Clearly,
∫

Rd1 G
(1)
t (x1) dx1 =

∫

Rd2 G
(2)
t (x2) dx2 = 1 for all t > 0 . For f, g ∈

L1(Rd2) let us denote

(f ∗2 g)(x2) ≡
∫

Rd2

g(x2 − y2) f(y2) dy2. (326)

If η ∈ C, by Fubini theorem we get:
∫

Rd1

((η ρt) ∗ Gτ )(x1, x2) dx1 =
(
(It η) ∗2 G(2)

τ

)
(x2), (327)

∫

Rd1

((η ρt) ∗ ∂1Gτ )(x1, x2) dx1 = 0, (328)
∫

Rd1

((η ρt) ∗ ∂2Gτ )(x1, x2) dx1 =
(
(It η) ∗2 ∂2G

(2)
τ

)
(x2), (329)

where ∂1, ∂2 denote any partial derivative w.r.t. one variable in x1, x2, respec-
tively.

Proof of Theorem 4.10 part i.. Let η ∈ C. We claim that η can be plugged
into Eq. (301). To prove this, consider a sequence ψN ∈ C∞

c (Rd) such that
ψN (x) = 1 for |x| ≤ N and ψN , ∇ψN , Hess ψN are uniformly bounded for all
N ∈ N. Since η ψN ∈ C∞

c (Rd), it can be plugged into Eq. (301) in place
of η. Letting N → ∞ our claim can be proved by dominate convergence
using Young’s convolution inequality, Remark 5.17, and Lemma 5.13. Now,
integrating Eq. (301) with respect to x1 ∈ R

d1 and using Remark 5.18, we
obtain:

Itη(x2) =
(
(It0η) ∗2 G

(2)
t−t0

)
(x2) +

∫ t

t0

(
(IsLη) ∗2 G

(2)
t−s

)
(x2) ds

+
∫ t

t0

(
(IsM2η) ∗2 ∇2 G

(2)
t−s

)
(x2) ds

(330)

for almost every (x2, t) ∈ R
d2 × (t0, T ), setting:

M2η ≡ − 2
β2λ

∇2η +
1
λ

η ∇2V. (331)
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Let p ∈ (1, d2
d2−1 ). Using Young’s convolution inequality and Lemma 5.13 (with

d2, G(2) in place of d, G) into Eq. (330), we find:

‖Itη ‖Lp(Rd2 ) ≤ ‖It0η ‖L1(Rd2 ) ‖G
(2)
1 ‖Lp(Rd2 ) (t − t0)− d2

2 (p−1)

+
∫ t

t0

‖IsLη ‖L1(Rd2 ) ‖G
(2)
1 ‖Lp(Rd2 ) (t − s)− d2

2 (p−1) ds

+
∫ t

t0

‖IsM2η ‖L1(Rd2 ) ‖∇2G
(2)
1 ‖Lp(Rd2 ) (t − s)− d2

2 (1− 1
p )− 1

2 ds

(332)

hence, by Remark 5.17 and our choice of p, we have

‖Itη ‖Lp(Rd2 ) ≤ ‖It0η ‖L1(Rd2 ) ‖G
(2)
1 ‖Lp(Rd2 ) (t − t0)− d2

2 (p−1)

+ sup
s∈(0,T )

‖Lη ρs‖L1(Rd) ‖G
(2)
1 ‖Lp(Rd2 )

(t − t0)1− d2
2 (p−1)

1 − d2
2 (p − 1)

+ sup
s∈(0,T )

‖M2η ρs‖L1(Rd2 ) ‖∇2G
(2)
1 ‖Lp(Rd2 )

(t − t0)
1
2 − d2

2 (1− 1
p )

1
2 − d2

2 (1 − 1
p )

(333)

and the r.h.s. is finite. Since ‖ I η‖p
Lp(Rd×(t1,T ))

=
∫ T

t1
‖ It η‖p

Lp(Rd)
dt , it follows

that

I η ∈ Lp(Rd2 × (t1, T )). (334)

We now invoke a bootstrap argument that iteratively uses Eq. (330) together
with Lemmas 5.13, 5.14 (with d2, ∗2, ©∗2 , G(2) in place of d, ∗, ©∗ , G) to prove
that

I η ∈ W r,p(Rd2 × (t1, T )) (335)

for all r ∈ N . We skip the details, which are similar to the previous Subsection:
let us only notice that the here argument can be iterated up to space–time
derivatives of any order thanks to Remarks 5.16, 5.17. Finally general Sobolev
inequalities entail that I η ∈ C∞(Rd2 × (0,∞)) . �

Proof of Theorem 4.10 part ii.. It follows immediately by Theorem 4.1, since
‖ ρ(2)

t − ρ(2)

I ‖L1(Rd2 ) ≤ ‖ ρt − ρI ‖L1(Rd) . �

5.6. Auxiliary Results

This last subsection of Appendix is devoted to the proof of Propositions 4.16,
4.17 and the lemmas used in the proof of Theorem 4.18.

The expression of entropy dissipation given by Proposition 4.16 is es-
sentially an application of the weak FP Eq. (126) for ρ to the test function
ϕ ≡ log(ρ/ ρ

*
) . This is possible thanks to the regularity and integrability

results given by Theorems 4.1, 4.3, 4.7, and Proposition 4.6.
Similarly, Proposition 4.17 gives an expression for the marginal entropy

dissipation, relaying on the fact that the marginal ρ(2) satisfies FP Eq. (143).
This time one would like to choose ϕ ≡ log(ρ(2) / ρ(2)

*
) as a test function. The

proof is based on regularity and integrability results given by Theorems 4.10,
4.3, 4.12, and Proposition 4.11.
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Remark 5.19. We will rewrite the weak formulation (297) of FP equation. Let
ϕ ∈ C2,1(Rd × (0,∞)) such that suppϕt ⊂ K compact subset of Rd for all
t > 0. The contribution in (297) coming from the diffusion term of L can be
integrated by parts:

∫

Rd

∇ · (A∇ϕs(x)) ρs(x) dx = −
∫

Rd

A∇ϕs(x) · ∇ρs(x) dx (336)

for almost every s ∈ (t0, t) , since ρs ∈ W 1,1(Rd) by Theorem 4.7 and ϕs ∈
C2

c (Rd) . Using (285), (336) into (297) we obtain:
∫

Rd

ϕt(x) ρt(x) dx −
∫

Rd

ϕt0(x) ρt0(x) dx =

=
∫ t

t0

∫

Rd

(
∂sϕs − (A∇ log ρs + b) · ∇ϕs

)
(x) ρs(x)dxds.

(337)

Proof of Proposition 4.16. ρ ∈ C∞(Rd ×(0,∞)) by Theorem 4.1. Consider a
sequence ψN ∈ C∞

c (Rd) such that ψN (x) = 1 for |x| ≤ N and ψN , ∇ψN are
uniformly bounded for all N ∈ N . Set

ϕN,t(x) ≡ ψN (x) log
ρt(x)
ρ
*
(x)

. (338)

By Theorem 4.1, there exists a vanishing sequence (tn)n∈N such that ρtn
(x) →

ρI(x) for a.e. x ∈ R
d as n → ∞ . ϕN ∈ C∞(Rd×(0,∞)) , suppϕN,t ⊆ suppψN

compact subset of RN for all t > 0 , and therefore, identity (337) applies:
∫

Rd

ϕN,t(x) ρt(x) dx −
∫

Rd

ϕN,tn
(x) ρtn

(x) dx =

=
∫ t

tn

∫

Rd

(
∂sϕN,s − (A∇ log ρs + b) · ∇ϕN,s

)
(x) ρs(x) dxds

(339)

for every n, N ∈ N. We will let n → ∞ first. By Proposition 4.6, the sequences
| log ρtn

| ρtn
, | log ρ

*
| ρtn

are uniformly bounded, and hence, by dominate con-
vergence (as ψN ∈ L1(Rd)) we have:

∫

Rd

ϕN,tn
(x) ρtn

(x) dx −−−−→
n→∞

∫

Rd

ψN (x) log
ρI(x)
ρ
*
(x)

ρI(x) dx. (340)

On the r.h.s. of (339), by Fubini theorem and fundamental theorem of calculus
we have:

∫ t

tn

∫

Rd

∂sϕN,s(x) ρs(x) dxds =
∫ t

tn

∫

Rd

ψN (x) ∂sρs(x) dxds

=
∫

Rd

ψN (x) (ρt(x) − ρtn
(x)) dx

−−−−→
n→∞

∫

Rd

ψN (x) (ρt(x) − ρI(x)) dx .

(341)



Vol. 25 (2024) On the Convergence to the Non-equilibrium Steady State 3461

Now, let N → ∞. By Proposition 4.6 and Remark 2.2, we have dominate
convergence in the following:

∫

Rd

ϕN,t(x) ρt(x) dx −−−−→
N→∞

∫

Rd

log
ρt(x)
ρ
*
(x)

ρt(x) dx; (342)

∫

Rd

ψN (x) log
ρI(x)
ρ
*
(x)

ρI(x) dx −−−−→
N→∞

∫

Rd

log
ρI(x)
ρ
*
(x)

ρI(x) dx. (343)

Also,
∫

Rd

ψN (x) (ρt(x) − ρI(x)) dx −−−−→
N→∞

∫

Rd

(ρt(x) − ρI(x)) dx = 0. (344)

Finally,
∫ t

0

∫

Rd

(A∇ log ρs + b)(x) · ∇ϕN,s(x) ρs(x) dxds

=
∫ t

0

∫

Rd

(A∇ log ρs + b)(x) · ∇ψN (x) log
ρs(x)
ρ
*
(x)

ρs(x) dxds

+
∫ t

0

∫

Rd

(A∇ log ρs + b)(x) · ∇ log
ρs(x)
ρ
*
(x)

ψN (x) ρs(x) dxds

−−−−→
N→∞

0 +
∫ t

0

∫

Rd

(A∇ log ρs + b)(x) · ∇ log
ρs(x)
ρ
*
(x)

ρs(x) dxds,

(345)

where dominate convergence is ensured by Theorems 4.3, 4.7, and Proposition
4.6. The previous computations show that letting n → ∞ first and then N →
∞ in (339) we obtain:

∫

Rd

log
ρt(x)
ρ
*
(x)

ρt(x) dx −
∫

Rd

log
ρI(x)
ρ
*
(x)

ρI(x) dx

= −
∫ t

0

∫

Rd

(A∇ log ρs + b)(x) · ∇ log
ρs(x)
ρ
*
(x)

ρs(x) dxds

(346)

which concludes the proof. �

Proof of Proposition 4.17. By Theorem 4.8, ρ(2) satisfies a Fokker–Planck equa-
tion. In particular, for ϕ ∈ C2,1(Rd2 × (0,∞)) such that suppϕt ⊂ K compact
subset of Rd2 , and for t > t0 > 0 , identity (143) extends to the following one:

∫

Rd2

ϕt(x2) ρ
(2)
t (x2) dx2 −

∫

Rd2

ϕt0(x) ρ
(2)
t0 (x2) dx2

=
∫ t

t0

∫

Rd2

(

∂sϕs +
1
λ

〈L2〉s ϕs

)

(x2) ρ(2)
s (x2) dx2 ds

(347)

(see Proposition 6.1.2 and following remarks in [49]). Integrating by parts the
diffusion term of 〈L2〉s as in Remark 5.15, we obtain:



3462 D. Alberici et al. Ann. Henri Poincaré

∫

Rd2

ϕt(x2) ρ
(2)
t (x2) dx2 −

∫

Rd2

ϕt0(x2) ρ
(2)
t0

(x2) dx2

=

∫ t

t0

∫

Rd2

(

∂sϕs − 1

λ

(
1

β2
∇2 log ρ(2)

s + 〈∇2V 〉s

)

· ∇2ϕs

)

(x2) ρ(2)
s (x2) dx2 ds.

(348)

Now, let us consider a sequence ψN ∈ C∞
c (Rd2) such that ψN (x2) = 1 for

|x2| ≤ N and ψN , ∇ψN are uniformly bounded for all N ∈ N . Set

ϕN,t(x2) ≡ ψN (x2) log
ρ(2)
t (x2)

ρ(2)

* (x2)
. (349)

By Theorem 4.10 ρ(2) ∈ C∞(Rd2 × (0,∞)) , hence identity (348) applies to
ϕ ≡ ϕN . We let t0 → 0 along a suitable sequence such that ρt0 → ρI a.e.
(Theorem 4.10), then we let N → ∞. Proceeding as in the previous Proof
of Proposition 4.16, and the integrability results of Theorems 4.3, 4.12, and
Proposition 4.11 guarantee that:

∫

Rd2

log
ρ
(2)
t (x2)

ρ
(2)
* (x2)

ρ
(2)
t (x2) dx2 −

∫

Rd2

log
ρ
(2)
I (x2)

ρ
(2)
* (x2)

ρ
(2)
I (x2) dx2

= − 1

λ

∫ t

0

∫

Rd2

(
1

β2
∇2 log ρ(2)

s + 〈∇2V 〉s

)

(x2) · ∇2 log
ρ
(2)
s (x2)

ρ
(2)
* (x2)

ρ(2)
s (x2) dx2 ds

(350)

concluding the proof. �

The following lemmas formalise the claims used in the proof of Theorem
4.18.

Lemma 5.20. Under the hypothesis of Theorem 4.18, for a.e. x2 ∈ R
2 , t > 0

∫

Rd1

∇2 ρ(1)
t (x1|x2) dx1 = 0. (351)

Proof. This is equivalent to prove that
∫

Rd2

ψ(x2)
[ ∫

Rd1

∇2 ρ(1)
t (x1|x2) dx1

]

dx2 = 0 (352)

for all ψ ∈ C∞
c (Rd2), a.e. t > 0 . By Corollary 4.15, ρ(1)

t ∈ W 1,1
(
R

d, ρ(2)
t dx1dx2

)

which is included in W 1,1
(
R

d2 , ψ dx1dx2) . Therefore by Fubini theorem and
integration by parts, we have

∫

Rd2

ψ(x2)
∫

Rd1

∇2 ρ(1)
t (x1|x2) dx1 dx2 =

∫

Rd

ψ(x2)∇2 ρ(1)
t (x1|x2) dx

= −
∫

Rd

∇2ψ(x2) ρ(1)
t (x1|x2) dx = −

∫

Rd2

∇2ψ(x2) dx2. (353)

since
∫

Rd1 ρ(1)
t (x1|x2) dx1 = 1 for every x2 ∈ R

d2 . As ψ has compact support,
the r.h.s. of (353) vanishes, concluding the proof. �
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Lemma 5.21. Under the hypothesis of Theorem 4.18, let Φ : Rd → R
d2 such

that Φ ∈ L2(ρt) , ∇2 · Φ ∈ L1(ρt) for all t > 0 . Then for a.e. t > 0

∫

Rd2

∇2ρ
(2)
t (x2) ·

∫

Rd1

Φ(x) ρ
(1)
t (x1|x2) dx1 dx2

= −
∫

Rd2

ρ
(2)
t (x2)

∫

Rd1

(∇2 · Φ(x) ρ
(1)
t (x1|x2) + Φ(x) · ∇2ρ

(1)
t (x1|x2)

)
dx1 dx2.

(354)

Proof. To shorten the notation set f(x) ≡ Φ(x) ρ(1)
t (x1|x2) , g(x) ≡ ρ(2)

t (x2) .
Observe that f g , f · ∇2g , g ∇2 · f belong to L1(Rd) for a.e. t > 0, indeed:

∫

Rd

|f · ∇2g|(x) dx =

∫

Rd

∣
∣Φ(x) · ∇2 log ρ

(2)
t (x2)

∣
∣ ρt(x) dx

≤
(∫

Rd

|Φ(x)|2ρt(x) dx

)1
2
(∫

Rd

∣
∣∇2 log ρ

(2)
t (x2)

∣
∣2ρt(x) dx

)1
2

< ∞ ;

(355)
∫

Rd

|g ∇2 · f |(x) dx =

∫

Rd

∣
∣∇2 · Φ(x) ρ

(1)
t (x1|x2) + Φ(x) · ∇2ρ

(1)
t (x1|x2)

∣
∣ ρ

(2)
t (x2) dx

≤
∫

Rd

|∇2 · Φ(x)| ρt(x) dx +

(∫

Rd

|Φ(x)|2ρt(x) dx

)1
2

(∫

Rd

∣
∣∇2 log ρ

(1)
t (x1|x2)

∣
∣2ρt(x) dx

)1
2

< ∞. (356)

Now, consider a sequence ϕN ∈ C∞
c (Rd) such that ϕN (x) = 1 for |x| ≤ N and

ϕN , ∇2ϕN are uniformly bounded for N ∈ N . Integration by parts gives
∫

Rd

∇2 · (f g)(x) ϕN (x) dx = −
∫

Rd

(f g)(x) · ∇2ϕN (x) dx. (357)

Letting N → ∞ by dominate convergence, we obtain
∫

Rd

∇2 · (f g)(x) dx = 0, (358)

which rewrites as
∫

Rd

(f · ∇2g)(x) dx = −
∫

Rd

(g ∇2 · f)(x) dx. (359)

Identity (354) finally follows by Fubini theorem. �
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[36] Bakry, D., Émery, M.: Diffusions hypercontractives. In: Azéma, J., Yor, M. (eds.)
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aux deuxièmes membres monotones et leurs applications. Annales de la Société
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