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On the Convergence to the Non-equilibrium
Steady State of a Langevin Dynamics with
Widely Separated Time Scales and Different
Temperatures

Diego Alberici®, Nicolas Macris and Emanuele Mingione

Abstract. We study the solution of the two-temperature Fokker—Planck
equation and rigorously analyse its convergence towards an explicit non-
equilibrium stationary measure for long time and two widely separated
time scales. The exponential rates of convergence are estimated assuming
the validity of logarithmic Sobolev inequalities for the conditional and
marginal distributions of the limit measure. We show that these estimates
are sharp in the exactly solvable case of a quadratic potential. We discuss
a few examples where the logarithmic Sobolev inequalities are satisfied
through simple, though not optimal, criteria. In particular, we consider a
spin glass model with slowly varying external magnetic fields whose non-
equilibrium measure corresponds to Guerra’s hierarchical construction
appearing in Talagrand’s proof of the Parisi formula.

Introduction

Langevin dynamics can be generalised to many time scales, satisfying a
fluctuation—dissipation relation with a different temperature for each time
scale. In this paper, we consider the simplest incarnation of this multi-scale
(or multi-bath) model, that is, a pair of Langevin equations in the overdamped
limit

)\1 dxl = 7V1V(£L’1, 1'2) dt + 2D1 dW1

)\2 dLL'Q == _VQV(.T17$2)dt + \/2D2 dWQ

where A1, A2 > 0 are friction coefficients that set two time scales, =V, V (z1, x2),
—VoV (21, x9) are driving forces arising from a confining potential V (z1,xz2)
coupling two families of degrees of freedom z = (z1,29) € R x R?%, and

(1)
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W1, Wy are independent Wiener processes on R4, R% with diffusion coeffi-
cients D1, Do > 0 respectively. We adjust the friction and diffusion coefficients
so that the fluctuation—dissipation relation with temperatures 3, L By 1>
holds for each degree of freedom separately. In other words, we set

D1 = 51_1>\1, D2 = 62_1)\2. (2)

By a standard application of Ito calculus, the probability density function p =
pt(x1,x2) describing the system configuration at time ¢ verifies the following
Fokker—Planck (FP) equation:

%le + pV1V> + %2 Vs - (512
The goal of the present work is to study the probability distribution p; of the
random vector (z1(t), z2(t)), with particular interest in its long-time behaviour
(t = o0) when the two time scales are widely separated (A1/Aa — 0), namely
when the x; variables thermalise much more quickly than the x5 variables. We
mention that there exists a large literature on the analysis of the stochastic
dynamics (1) in the case of two widely separated time scales for finite times
(see books [1,2] and references therein for a rigorous approach using techniques
of averaging and homogenisation); nevertheless, we are not aware that these
results cover the long-time behaviour and the stationary measure studied here.

For 81 = (2 = (3, the stationary solution of (3) does not depend on A1, Aa,
since it is just the equilibrium measure e=?V(*) /Z where Z = Jdx e PV,
For 1 # (2 instead, the stationary solution of (3) exists and does depend
on A1, A2. In general its expression is unknown (except for exactly solvable
cases such as quadratic potentials) but it admits an explicit limit p, when
A2 > Ay . Higher-order corrections to the measure p, would also be inter-
esting to investigate. Let us summarise the heuristic argument [3,4] for the
derivation of the limit non-equilibrium measure p,. The z; variables quickly
equilibrate on a time scale t = O(A1) < Ay so that the x5 variables appear as
quenched, and thus, on this time scale the conditional distribution pil)(xl Z2)
tends to pM (21]x2) = e~ PV (@) /7 (25) where 7 () = [ day e PV (z1,22)
For ¢ > A1, the x5 variables are subject to the average force under the measure
pM (x1|z2), that is,

— <V2V(.’E1,£E2)>pi1) = 6;1 VQ log Zl(l’g). (4)

1
Op = 71 Vi - ( Vap + pV2V) . (3)

The associated effective potential is F(xzo) = —f3; 'log Zi(x2), and there-
fore, on a time scale ¢ = O()\y) the marginal distribution p{”(z3) tends to
PP (z0) = e P2F (@) |7, where Zy = [ das e~ P2F(22)  Putting pieces together
this argument suggests that for ¢ > Ay > A\

eV @ne) ([ dg) o=V @hen) 5L

pi(m1,w2) = pw1,m2) = p!P (w1]wa) pP (22) = 5
£

[ daf ([ day e PV =ie))

(5)
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The measure p,(x) obtained for ¢ > Ay > Ay differs from the equilibrium

measure e*ﬁv(z)/Z unless 1 = B2 = (. Notice that the change of variables
(t, A1, A2) — (A%’ 1, ;—f) does not affect the solution of Eq. (3), therefore we
will assume without loss of generality

)\1 = 1, )\2

A (6)

and denote by p; » the time-dependent solution of (3).

The aim of the present paper is to provide a rigorous framework for
the convergence (5) under general hypothesis on the potential V. We base
our analysis on logarithmic Sobolev inequalities (LSI's), giving a method to
estimate the exponential rates of convergence. The results are presented as
follows.

In Sect. 1, a convergence result is stated under simplified hypothesis on
the potential. For example, let us take V as the sum of a strongly convex
polynomial (of arbitrary degree) and any compactly supported smooth func-
tion. The Kullback-Leibler divergence Dkr,(ps» || p,.) vanishes as /XA — +oo0,
A — +o00, and thanks to Pinsker’s inequality the same holds true for the
total variation distance || p;x — p, ||Tv. More precisely, the KL divergence de-
composes as Dkr(pex || o) = Di(t,A) + Da(t, A), where Dy (¢, A) is the KL
divergence between the conditional distributions pgl/)\(|a:2) , pM (+|z2) averaged
w.r.t. p(f))\ , and Da(t, A) is the KL divergence between the marginal distribu-
tions pf))\ , p?). Separate estimates for D1 (¢, A) and Dy (¢, A) are provided, as—a
part from residuals of order A=! - Dy (¢, \) decays exponentially fast on a time
scale of order 1, while Da (¢, A) decays exponentially fast on a much larger time
scale of order A.

In Sect. 2, the main Theorem 2.3 generalises the hypothesis on V' and
provides a method to estimate the exponential rates of convergence of Dy (¢, ),
Do (t,\). The potential V' is supposed to be smooth, with derivatives of any
order having polynomial growth, and to satisfy suitable confining assumptions.
Assuming both the “conditional potential” x1 +— 1V (21, z2) and the effective
potential 82 F(x2) (or more precisely the related measures p{ (z1]z2), p? (22))
verify logarithmic Sobolev inequalities, we can estimate the rates of convergence
for D1(¢, M), Da(t, A) by the optimal logarithmic Sobolev constants.

In general, a probability measure po(z) = e PU*) /Z verifies a LSI if
there exists a constant C' > 0 such that for every suitably regular probability
measure 7(x)

7(x) 1

/dx 7(x) log (@) < 20 dz 7(z) ‘Vlog p:f(xm)) ‘2. (7)

Logarithmic Sobolev inequalities are commonly used to analyse the approach
to equilibrium of the one-temperature Fokker—Planck equation

Oipilz) = V- (5 V(o) + ) VU()). )
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Taking as 7 the time-dependent solution p; of (8), the Lh.s. of (7) is the
Kullback—Leibler divergence between p; and p.,, while the r.h.s. turns out
to be —% 4 Dir(pellps) . Therefore, (7) provides a first-order differential
inequality for Dy, (pt||peo), called free energy dissipation inequality, which can
be easily integrated giving exponential rate of convergence to equilibrium equal
to 2¢. There exists a vast literature on LST’s, for example, see the review [5]
adopting this dynamical point of view.

The rest of Sect. 2 is devoted to the derivation of a simple sufficient cri-
terion that guarantees the validity of LSI’s for both measures p(* and p(.
If V' is the sum of a strongly convex function and a bounded one, the clas-
sical Bakry—Emery—Holley-Stroock criterion provides a LSI for the measure
e~V /Z . We show, by means of the Brascamp-Lieb concentration inequality
[6,7], that the same condition on V guarantees the validity of LSI’s both for
p and p. Unless the potential V' is strictly convex, the convergence rate

provided by the Bakryfﬁ)mernyolleyfstroock criterion may be exponentially
slow in the size of the system (i.e., dimensions d;, ds). Investigating for further
criteria for the two LSI’s of interest is an important problem that we postpone
to future work since it requires to focus on a specific potential.

In Sect. 3, we analyse some examples where Theorem 2.3 applies. First
(Sect. 3.1) we study the exactly solvable case of a quadratic potential V: the
multi-bath Langevin dynamics boils down to a multi-dimensional Ornstein—
Uhlenbeck process. The non-equilibrium stationary measure as well as inter-
esting properties such as the associated rotational current densities has been
discussed in detail in [8] (for any A and dimensions d; = d2 = 1). Here, we pro-
vide explicit formulas for p; » and its approach to p, in the case di = dy =1,
showing that the convergence rates estimated by Theorem 2.3 are sharp. The
second example (Sect. 3.2) is a spin glass model where both the spin degrees
of freedom and the external fields are given a dynamics in order to obtain the
Guerra’s measure [9] in the spirit of [4,10]. The third example (Sect. 3.3) comes
from a paradigm in modern high-dimensional inference, namely the problem
of estimating a rank-one matrix which is observed through a noisy channel
(see [11] for a general review on the subject and a discussion of applications).

Section 4 is devoted to the proof of Theorem 2.3. Integrating the Fokker—
Planck Eq. (3) w.r.t. 1, one can see that marginal measure pfi (z2) satisfies a
suitable Fokker—Planck equation itself (Sect. 4.3). We use the two LSI’s for the
conditional and marginal measures p{, p® to deduce dissipation inequalities
for the conditional and marginal KL divergences D1 (¢, \), Da(t, A) (Theorems
4.18, 4.20). Unlike the standard FP Eq. (8), in the two-scales case LSI’s are not
enough to control the long-time behaviour, since additional terms appear in the
time derivatives < D1 (¢, A), & Dy (¢, A) revealing the dependence of the station-
ary measure on A (unless 81 = f2). In order to control these additional terms,
we show that the measures py x(z1,22) and pM (v1|22) pf))\(xg) have uniformly
bounded moments in ¢, A (Sect. 4.2). These uniform bounds are obtained
thanks to the confining assumptions on V' (see Appendix, Sects. 5.2, 5.3).
Finally, the core computations based on a careful application of integration by
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parts and Pinsker inequality are shown in Sects. 4.4, 4.5 and 4.6. In order to
get a first idea of the proof, the reader can start from the latter subsections.

Appendix (Sects. 5.2, 5.3) contains the proof of the uniform bounds on
moments which is based on repeated use of Gronwall inequalities. The most
technical aspects of the proof of Theorem 2.3 are also postponed to Appendix
(Sect. 5.6). In addition, the regularity of the solution p;  and its marginal p%)\
are proven in Sects. 5.4 and 5.5.

Physical Motivations

Dynamical systems containing fast and slow degrees of freedom are ubiquitous
in Physics. Actually in many physical problems the first issue is how to split
the dynamics in fast and slow components and then construct an effective
model by a reduction procedure also called adiabatic elimination. In a multi-
bath dynamics like (1), such a division comes from the very definition of the
model, and in other words, one has to assume that the above reduction has
already taken place.

A different, to some extent, interpretation of (1) comes from Statistical
Mechanics of disordered systems. In the context of spin glasses, multi-scale
models have been introduced by Horner [12,13], Coolen, Penney, Sherring-
ton [14,15], Dotsenko, Franz, Mézard [16], and Allahverdyan, Nieuwenhuizen,
Saakian [17,18] as a mean to regularise the long-time behaviour of mean-field
spin glasses dynamics, by giving the couplings a very slow dynamics instead of
taking them quenched. The dynamical system (1) is studied per se in [3], and
the stationary measure is heuristically derived in the limit of widely separated
time scales (as well as corrections to this limit for particular potentials). In
[19], it is shown that the resulting (non-Gibbsian) stationary measure can be
used to characterise out-of-equilibrium systems in the limit of small entropy
production, displaying a natural interpretation in terms of effective tempera-
tures.

The concept of effective temperatures in non-equilibrium systems was
first discussed by Hohenberg and Shraiman [20] for turbulent flows, by Cuglian-
dolo, Kurchan and Peliti [19,21] for spin glasses (see also [22]), and more re-
cently for jamming [23]. In these contexts, the notion of effective temperature
for each time scale arises through ratios of correlation and response func-
tions generalising the usual fluctuation—dissipation relation. We refer the in-
terested reader to [24-28] for comprehensive reviews of theories of fluctuation—
dissipation relations in non-equilibrium systems.

There are not many instances where one can compute stationary measures
in out-of-equilibrium Statistical Mechanics. We mention that much work has
been devoted to transport problems in extended systems coupled to many
reservoirs at different temperatures. (We refer to the review [29] and references
therein for this realm.) The multi-bath model treated here is an easier problem
that does not involve spatial transport (or heat flux); nevertheless, it is of
interest that it is amenable to an explicit solution.

Finally, we highlight the fact that the heuristic argument used to obtain
(5) generalises to more than two families of degrees of freedom with widely
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separated time scales and different temperatures [10] and the analogous of ex-
pression (5) for p, is obtained through a hierarchy of conditional measures. As
it turns out, the resulting measure appears in Guerra’s interpolation scheme [9]
which leads to Talagrand’s proof [30] of the celebrated Parisi formula [31,32]
for the Sherrington—Kirkpatrick model. Dynamical aspects of the connection
between multi-bath models and Guerra’s scheme have been recently inves-
tigated in [10]. In Example 3.2, we give (non-optimal) criteria to rigorously
establish this connection.

1. Definitions and Main Result Under Very Simple Hypothesis

Let V: RuxR% — R be a potential coupling two groups of degrees of freedom
denoted by = = (21,72) € R% x R = R?. In order to facilitate reading, in
this section we assume that the potential has the simple form

V=V.+W 9)

where V¢ is a strongly convex polynomial and V}, is a bounded smooth function
with bounded derivatives of any order. The reader may keep in mind the
following example

V(z)=a-Az + W(x) (10)

where A is a positive-definite matrix, and V}, is any smooth modification on
a compact support. The hypothesis on the potential V' will be generalised in
the next section.

Let B1,82,A > 0. We want to study the time evolution of the system
according to the SDE (1) with diffusion coefficients (2) through a rigorous
analysis of its probability flux p : R% x (0,00) — (0, 00) which is described by
the following Fokker—Planck PDE

Do) = Vi - (3 Vipu(@) + pil@) V(@) + % Vo - (3 Vopu(a) + pula) VoV (@)
L'(R)

_
Pt t—0, P1

(11)
We assume that the initial probability measure at time ¢t = 0 has a density
p1 with respect to the Lebesgue measure. Moreover, we assume that py is
bounded, has bounded marginal density w.r.t. xo, and finite moments of any
order. All along the paper, we will denote by pi(x) or pyx(z) the solution of
(11).

As explained in the Introduction, we are interested in the long-time be-
haviour of the system when the families of degrees of freedom x1, x2 evolve on
widely separated time scales (xo much slower than x;). Let us introduce the
following probability density p, : R = R% x R — (0, c0)

( ) e~ PV (z1,22) o—B2F(z2) e~ BV (z1,22) Zl(l'g)%

(21, 20) = =

A1, T2 71 (22) Zs Zy(x2) Zs (12)
= ¢ PV (@1,@2) —(B2—P1)F(22) Z2—1
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where
Z1(z2) E/ e~ PV (@ne2) gy (13)
R%1
1
Flrs) = —5-log 2y (x2) (14)
s
Z E/ e 02F(2) qp, :/ AR (15)
Rd2 Rd2

The first way of writing p, in (12) corresponds to the product of its conditional
and marginal probability densities:

pu(1,m2) = p(w1]w2) p& (22) (16)

where the conditional measure is the Gibbs measure with potential x; +—
V(z1,x2) and inverse temperature 31, and the marginal measure is the Gibbs
measure with effective potential F and inverse temperature 5. Notice that
F(x2) coincides with the free energy at equilibrium of the fast degrees of free-
dom for fixed 5.
We will estimate the rate of convergence of p; ) to p, studying the Kullback—

Leibler (KL) divergence between the two measures. More precisely, we will
analyse conditional and marginal KL divergences separately. We set

D(t,\) = /d pix(z) log pislz) dz
R

p.()
(1) @)
pix(T1]22) o) (a2)
N / pea(z) log 21/;7 dz + / Pﬁ(%) log % dxs
Rd Px ($1|$2) Rd2 Py (.232)
=Di(t,\) + Da(t, N (17)
where
_ M (2) 18
pea(@1,22) Pt,,\(x1|9€2) Pt,,\(xz) (18)

is the decomposition of p » into conditional and marginal probability densities.
If py» is replaced by pr into (17), we denote the corresponding KL divergences
by Dr, D11, Dar, respectively. Now, we can state

Theorem 1.1 (Main result under simple hypothesis). Let (1,02 > 0. Let V =
Ve + Wy, where V; is a strongly convex polynomial and Vi, is smooth, bounded,
with bounded derivatives of any order. Let py be a bounded probability density
having finite moments of any order and bounded marginal density.

Then, there exist positive constants ¢ = c1(01,V), ca = c2(f2,V) and finite
constants Cy = C1 (B, B2, V), Cy = Co(01, P2, V) such that:

(i) forallt >0, A>1
Dl(t, )\) < DH 6_281t + Cl )\_1; (19)
(i) for allt >0, A > max(1,ca/c1)

Da(t,\) < Doy e @' £ Oy A2, (20)
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Remark 1.2. By inequalities (19), (20), two different time scales emerge in the

convergence of conditional and marginal KL divergences:
Di(t,A\) =0 as t—o00, A— 00

21

Do(t,A) =0 as tA ' —o00, \— o0 (21)

As a consequence, D(t,\) — 0 as t \™! — co and A — oo. The convergence in
total variation distance can be deduced by Csiszér—Kullback—Pinsker inequal-

ity:

[ pex = pillry < V/2D(8A) = V2 /Di(t, A) + Da(t, A). (22)
Remark 1.3. The bound (20) can actually be improved by
Dy(t,A) < Dy e 2(mme2t/A 4 Cy(rym) A7 (23)

for any r > 0, n € (0,1). The constant Ca(r,n) could diverge as r — oo or
n—0.

Remark 1.4. Let us consider the two-temperature free energy functional intro-
duced in [3]:

Fp, 8,(m) = /Rd m(x) (V(x) + 51_1 log w(l)(x1|x2) + ﬂz_l log 77(2)(1‘2)> dz (24)

for every probability density 7 on R% x R% with conditional and marginal
densities 71, 7(2) | respectively. It is easy to check that

fﬁl,ﬁz(ﬂh/\) - ‘7:51762(p>k) = 61_1 Dl(tv)‘) + 62_1 D2(t7)‘) (25)

and hence Theorem 1.1 immediately gives the convergence of Fga, g,(pix)-

In fact, Theorem 1.1 is a particular case of the general result presented
in the next section.

2. Generalisation of the Main Result and Logarithmic Sobolev
Inequalities

The upper bounds stated in the previous section hold true under more general
hypothesis. In fact, Theorem 1.1 is a particular case of a more general result
based on logarithmic Sobolev inequalities. In this section, we will state the
general result in Theorem 2.3, and then, we will show how to derive Theorem
1.1.

We assume that the potential V' : R“xR% — R is smooth, has polynomial
growth together with all its derivatives, and is confining in the following sense:
(A1) V € C=(RY);

(A2) for every multi-index v € N¢ there exist constants (depending on v)

T1,72,%0, V1, Y2 € [0,00) such that for all x = (21, 29) € R?

D"V (x)| < vo 471 |zi|™ + 72 |22]™ (26)

where D" is the usual multi-index notation for partial derivatives with
respect to x;
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(A3) there exist aj,as € (0,00), ag € [0,00) such that for all x € R?
x-VV(z) > ay|z1]? + ag|za]® — ao; (27)

(A4) there exist a; € (0,00), ag, az,p € [0,00) such that for all x € R¢
z1-ViV(2) > ay|z1* — ag|2alP — ao. (28)

Remark 2.1. By assumptions (Al), (A3), it follows that there exist aj,as €
(0,00), ag € [0,00) such that for all x € R?

V(z) > ay |z * + ag|z2|* — ao. (29)

In order to prove, it one can use the following identity:

Vie) = Viz/a|) = /1| dvd(fx) dt = /|1 ¢ VV(tz)dt.  (30)

Now, the quadratic lower bound (29) on V' guarantees that for every r € [0, 00)

/ |z |” e PV ELT) qp < 0o ,
R41

z|—1

5 (31)

En
/ |za|” (/ e~ PV (z1,22) dx1> dzy < o0,
Rd2 R41

hence the probability density p, introduced in (12) is suitably normalised and
has finite moments of any order.

We further assume that logarithmic Sobolev inequalities for the condi-
tional and marginal measures p(", p{® hold true. Precisely for all 31,32 > 0,
there exist finite positive constants ¢; = ¢1(81,V), ca = ca(B2, V) such that

(LS1)
w1 (x 1 w1 (x 2
/ (1) log(l)lﬁdxl < / m1(x1) ’Vl log% day
Ré1 p 7 (x|xe) 2611 Jrar p (z1|22)
(32)

for every x5 € R9, for every positive probability density 71 € C!(R%)

with 7, log —— € L'(R%);

Py (|w2)
(LS2)

mo(x 1 mo(x2) |2
/ ’/TQ(LEQ) log é)( 2) dx2 S / 7T2(£E2) IVQ IOg (;)( 2) dl’Q
Rz P (22) 222 Jraa P (22)

(33)
for every positive probability density mo € C'(R?) with 75 log & €
Px
L'(R%).
Finally, we assume that the initial probability measure p; describing the
configuration of the system at time ¢ = 0 has density pr : R? — [0, 00) with re-

spect to the Lebesgue measure. Let us write its decomposition into conditional
and marginal probability densities

pr(z1,72) = pi (21]22) pi7 (22) (34)
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and assume the following conditions:

(B1) py is bounded on RY;
(B2) pi* is bounded on R% ;
(B3) for every r € [0, 00)

/ pi(z) |z|" dz < oo. (35)
Rd

Remark 2.2. The initial measure puj can vanish in some regions, but has to be
absolutely continuous with respect to the Lebesgue measure in order to have
finite Kullback-Leibler divergence from p,. In fact, assumptions (B1)-(B3)

imply that pr, pf) have finite differential entropies:

/Rd p1(z) |log pr(x)|dz < oo, /Rd p§2)($2) |logp§2)(332)| dzy < 00. (36)
2

(One can mimic the last part of the proof of Proposition 4.6 in Sect. 5.2.)
Therefore, the integrals defining KL divergences Dy, D11, Do; are absolutely
convergent. From the results stated in Sects. 4.2, 4.3, it will be clear that the
integrals defining D(¢, \), D1 (¢, A), Da(¢, A) are also absolutely convergent.

We can finally state

Theorem 2.3 (Main result under general hypothesis) Let (1,32 > 0. Suppose
that V' wverifies assumptions (A1)—(A4), logarithmic Sobolev inequalities (LS1),
(LS2) hold true, and pr verifies assumptions (B1)—(B3). Then for allt > 0,
A>1

Di(t,A) < Dy e " + Ry(t) A" (37)
and for allt >0, A > max(1,ca/c1), n € (0,1),e>0,r>0
Da(t,A) < Doy e 237 4y L (Ry(t, A m) € PA™Y + Ra(t,Am, ) "),
(38)
The estimated rates of convergence cy, co are the optimal constants verifying

the logarithmic Sobolev inequalities (LS1), (LS2), respectively. The remainder
terms Ry, Ra, R3 are uniformly bounded in t, \,n and read

Ri(t) = (1 —C_QClt) %

Ro(t,Am) = (1—e (rm2enn™y 0
2(, 377) ( € )<1—7’])46102

C
n (e_(l_") 202t ATE e—ZClt) Dir— 553
9 (1—m) 2c2
€ —
Co(r)

(1 — 7’]) 202
where cg, ¢o(r) are nonnegative constants depending on (1, B2, p1, V . Explicit
expressions of cg, ¢o(r) can be found in Theorems 4.18 and 4.20.

Rs(t, A, m,r) = (1— e (mm2e2tA™
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Remark 2.4. Tt is possible to optimise the bound (38) over ¢ in order to get a
rate of convergence in \. Precisely, taking e = A"+ one obtains

Dy(t,A) < Dop e 7222 ™ (Ry (8, A1) + Ra(t, A, m, 7)) A~ 7. (39)
The constant éy(r) in R3 may diverge as r becomes large.

Section 4 will be dedicated to the proof of Theorem 2.3. In the remaining
part of the present section, we discuss logarithmic Sobolev inequalities and the
derivation of Theorem 1.1 from Theorem 2.3.

Definition 2.5. A probability density p : R™ — (0,00) is said to verify the
logarithmic Sobolev inequality with constant C' > 0 (briefly LSI,,(C) or LSI(C)
or LSI) if

() 1 m(z) |2
dz w(x) log < — dx7r ‘VI ‘ 40
Jodemorion T < 5 o(z) 1)
for every probability density m sufﬁciently regular, e.g. m € C*(R") such that
>0, [p.m(z)de =1, mlog s € L'(R").

Remark 2.6. Setting f(r) = r logr —r+1> 0 for r > 0, inequality (40) also
rewrites term by term as

m(x) 2 m(z) |

dz p(x f<> < —= dz p(x ’V —
(z) p(x) C Jgn (z) p(x)
The integrals in (41) are well defined for all 7 > 0 such that [, 7(z)dz =1

and /7 /p € VV1 )2 (R™), allowing to extend the LSI to a larger class of densmes
7 (see [33]).

(41)

R”

LSI’s were initially proved for Gaussian measures [34,35], and many suf-
ficient criteria have been subsequently introduced in order to guarantee their
validity.

A fundamental property of LSI’s is tensorisation. It guarantees the inde-
pendence of the optimal constant on the dimension n of the system when the
latter is composed of independent parts. Precisely:

Proposition 2.7 (Tensorisation [35]). Let U : R™ — R,

n

Ulz) = ZUz‘(l’i)- (42)

i=1

Suppose that the probability measure e =P | Z; verifies LSI; (C) for every i =
1,...,n. Then, the probability measure e =PV | Z verifies LSI,, (C).

The proof of Proposition 2.7 is straightforward. There exist several results
extending this property to systems with weak interactions. Beyond tensorisa-
tion, two fundamental criteria to establish LSI’s are provided by Bakrnymery
theorem and Holley—Stroock perturbation lemma.
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Theorem 2.8 (Bakry Emery [36]). Let U € C2(R™) strongly convex; namely,
there exists o > 0 such that x € R"

HessU(x) = al,. (43)

Then, the probability measure e =PV /Z verifies LSI,, (C') with constant C' = Ba.
Theorem 2.9 (Holley—Stroock [37]). Let U : R" — R,

U= U+ Uy (44)

Suppose that the probability measure e=PY /Zy werifies LS, (Cy) and Uy, is
bounded. Then, the probability measure e=PY /Z wverifies LSL, (C') with constant
C = CoePoeW) yhere osc(Uy) = sup(Uy,) — inf(Uy).

We refer to [5,33] for a proof of Theorems 2.8 and 2.9 adopting a dynam-
ical point of view. Combining the previous three results, it is possible to prove
LSI’s for a large class of potentials U.

We are interested in deriving inequalities (LS1), (LS2) under simple hy-
pothesis on the potential V. This can be done combining the Bakrnymeryf
Holley—Stroock criterion with Brascamp-Lieb concentration inequality [6,7].
It will become clear that Theorem 1.1 is just a consequence of the more general
Theorem 2.3.

Proposition 2.10. Let V € C*(R?), V = V. + W, such that

(C1) V. € C*(R?) is strongly convex;
(C2) W, is bounded;
(C3) the first and second order derivatives of V. have polynomial growth.

Then, the effective potential F € C%(R%) defined by (14) writes as F = F.+F,
with

Fe(zq) = fa log /Rd e PVe@Le2) quy strongly conve, (45)
1

Fy(z2) = _E log <eiﬁlvb>c (z2) bounded. (46)

()e(x2) denotes the following expectation for any suitable observable O(xy, x2)

O = Jann Olns ) P12 dy
c f]Rd e—BVe(z1,22) day

(47)
In particular, for every By, B2 > 0, logarithmic Sobolev inequalities (LS1), (LS2)
are verified with constants cy,co given by

c1 = ap e hrosa (48)

Co = Qo 6_52 05C2 (49)



Vol. 25 (2024) On the Convergence to the Non-equilibrium Steady State 3417

where we set
o = inf min spec(Hess V,(z)) >0

z€RE
a1 = inf min spec(Hessu Vc(;vl,xg)) >«
r€R4
a9 = inf min spec(Hessos F (2 > inf
2 T2 ER2 P ( 22 Fol 2)) T z€Rd
min spec(Hessoz V, — (Hess1o Ve)” (Hessyy Vi) 'Hessio Vo) (2) > a
and

osc = supV, —inf V}, < o0
R4 R4

0sc; = sup ( sup — infd )Vb(xl,:rz) < osc
zo€RI2 g, €R41 x1 ER2

0scyg = sup Fy — inf F, < osc.
Rd2 Rd2

We split the proof of Proposition 2.10 in two parts, corresponding to
inequalities (LS1), (LS2), respectively. The first one is straightforward. The
second one requires an algebraic lemma and Brascamp-Lieb concentration
inequality for log-concave measures.

Proof of Proposition 2.10. First part. Bakrnymernyolleyfstroock criterion
can be easily applied to prove inequality (LS1). Recall that p(!(-|z2) is the

Gibbs measure on R associated with potential z1 + V(z1,22) and inverse
temperature ;. For all 21, ¢ € R%, we have

T Hessy; Ve(z1,m2) ¢ = qz~5T HessVC(arl,a:g)qu > o¢|qz~5|2 = al¢]*  (50)

¢

setting ¢ = ( > € RUx R and using hypothesis (C1). Thus, 1 +— V.(z1,72)

0
is strongly convex and a; > « > 0. On the other hand x; — Vi(x1,x2)
is clearly bounded and osc; < osc < oo. Therefore, inequality (LS1) with
constant ¢; given by (48) follows by Theorems 2.8 and 2.9. O

Lemma 2.11. Let A be a d x d invertible symmetric block matriz:
An A12>
A= . 51
(4 6

The Schur complement of A1y in A is the do X do tnvertible symmetric matriz
defined by

S = Ay — ATQ Aﬁl Ara. (52)
If there exists o« > 0 such that A = aly, then S = alg,.

Proof. Matrix A is similar to a block-diagonal matrix, and indeed, it is easy
to check that

A=PDPT (53)

Idl 0 _ A 0
(e ) 2=(8 9 o

with

P
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Let 1) € R%. Set ¢ = (_Al_li/)Au TZ}) € R observing that P74 = (3) € R4
Then,

$TAY = PTPDPTY = TSy (55)
proving the thesis. 0

Proof of Proposition 2.10. Second part. Recall that p® is the Gibbs measure

on R with potential F' defined by (14) and inverse temperature 5. F rewrites

as ' = I, + Fy, with F, I}, defined by Eqgs. (45), (46). Clearly, from Eq. (46)
sup F}, — inf F}, = oscy < osc. (56)
Rd2 R%2

On the other hand, from Eq. (45) we can compute
Hessps Fy = (HesspoVe ), — B1 (VaVe Vi Vo), + B1 (VaVe), (V5 Vo), (57)

and indeed hypothesis (C3) guarantees that the derivatives w.r.t. xo can be
taken inside the integral w.r.t. z; . Then for every 1) € R%

Y Hessoo Fe = (T HessaoVe ), — 61 ( (W7 VaVe)*) + 61 (0T WaVk)? . (58)

Brascamp—Lieb concentration inequality applies to the measure (- ). since the
potential 21 — V.(z1,22) is convex by hypothesis (C1), hence:

(W7 ¥=Ve)?) = (W7 VaVe)? < (VI (4TVRVe) (BiHessiaVe) ™! Vi (9T VaVe))
— ﬂi <¢T (H68812VC)T(H68811VC)_1(HeSSlzvc) 1/)>
1

(59)

Plugging inequality (59) into (58) and using Lemma 2.11 together with hy-
pothesis (C1), one obtains

T Hessgo Fy b > <1/)T (HeSSQQVC — (Hesslgvc)T(HeSSHVC)_lHessuVC) ¢>C
> alyl? (60)

for every ¢ € R%. Therefore, F is strongly convex and as > o > 0. Inequality
(LS2) with constant ¢z given by (49) then follows by Theorems 2.8 and 2.9.
O

Proof that Theorem 1.1 follows from Theorem 2.3. Let V = V. + V}, with V,
strongly convex polynomial and V4, bounded, smooth with bounded derivatives
of any order. Let us show that the potential V' satisfies the hypothesis of
Theorem 2.3.

Proposition 2.10 guarantees that conditions (LS1), (LS2) are verified (and
gives an estimation of the constants ¢y, cz). Conditions (A1), (A2) are clearly
verified. Condition (A3) follows from the strong convexity of V., indeed a first
order Taylor expansion of VV, at 0 shows that

z - (VVe(z) = VVL(0)) > alz. (61)
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Finally, since V; is a polynomial, condition (A4) is also guaranteed. Indeed, for

every k = 1,...,d; the leading order monomial containing x5 in V.(x) is of
type ay z7f with ap > 0, ny, > 2 even, and in x - Vi V() it becomes ay, ny, 7} .
O

3. Examples

3.1. Quadratic Potential in Dimensions d; = do = 1: Explicit Computations

Positive-definite quadratic potentials in any dimensions di,ds clearly fit the
hypothesis of Theorem 1.1. Here, we consider positive-definite quadratic po-
tentials in dimensions d; = dy = 1, so that explicit computations can be easily
performed. We provide the solution of the two-temperature Fokker—Planck
equation for all times ¢ and compute explicit expansions for large A. A com-
parison between explicitly computed convergence rates and estimates given by
Theorem 2.3 shows that the latter are sharp for quadratic potentials.

Let x € R be the fast variable and y € R be the slow variable. We
consider the two-dimensional quadratic potential

1 x
v = - A 2
@ = gena (). (62
where A is a positive-definite symmetric matrix

AE(CCL Z), a>0, ab—c*>0. (63)

Thanks to the quadratic nature of the potential, one can check that the effec-
tive potential (14) is also quadratic

det A
F(y) = 2 64
W) =—_v (64)

and the measure p, defined by (12) is a centred Gaussian distribution with
covariance matrix

RIS S
5= bia By adet A (o det A 65
- 1 c 1 a (65)

Bodet A Bo det A

Clearly, we have the following

Proposition 3.1. The quadratic potential (62) verifies the hypothesis of Theo-
rem 2.3 with rates given by

det A
¢ =a, ¢ = ki (66)
a

Thus, for every (1,2 > 0 the convergence of the two-temperature dynamical
measure pyx(s,y) to p.(s,y) is described by inequalities (37), (38).

Proof. Hypotheses (A1)—(A4) are clearly verified. The logarithmic Sobolev
inequalities (LS1), (LS2) follow by Proposition 2.10 with V;, = 0, ay = a,

Cu2:detA. 0
a
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In the following, we will compute exactly the convergence rates of the
dynamical measure p; to p,, in order to show that the estimates (66) are
sharp for a quadratic potential. For a quadratic potential, the SDE (1) with
diffusion coefficients defined by (2), (6) is an Ornstein—Uhlenbeck process and

rewrites as
dx(t) B x(t) dWi (t)
(dyu)) - <y<t>> s (d%(t)) (67

with

2 0
a c B1
= < b) , A= . (68)
c b [ 2
A A 0 3>
The fundamental solution p;(x,y) of the Fokker—Planck equation associated

with (67) is a Gaussian distribution of mean p(t) and covariance matrix €(¢)
defined by

t
p(t) = et (ig), Qt) = /0 e~ (=T AAT o= (=) T7 g (69)

where (29, yo) represents the initial condition. We can compute (69) exactly
and deduce the behaviour for large \. This is the object of the next proposition.
Let us denote by 71 2 the eigenvalues of the matrix I':

(a+bAH) £ /(a+bA"1)2 -4 "Ldet A

2 = 5 (70)

We note that v1,v2 > 0 for all A > 0 and compute their expansions as A — 0o
det A

Nn=atOR), =200, (71)

Proposition 3.2. Let Q(t) = (i5(t))ij=1,2 and pu(t) = (;(t))i=1,2 be defined
by (69). Let ¥ = (X;;)i,j=1,2 defined by (65). As X — 0o, we have the following
expansions uniformly int > 0

— I S S ﬁ @ -2yt —1
() =2u - goe Laawac | TOA
ng(t) = 222 (1 — 6_27216) + O()\_l)
ng(t) = le(t) = Y19 (1 — 6_27275) + O()\_l) (72)

and

pi(t) = (zo + gyo) e M+ —gyo e 2t L O

pa(t) = yoe 2t 4 O(A7h). (73)
Proof. A direct computation shows that for 7 € R

- 1 e~ 72T Vg — e Nt U1 e~ NT _ =727
e T = (74)
(

Vo — U1 e V2T _ e—’YlT) V1 V2 e Nt Vg — e~ 2T m
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where vy 9 = M2 7% Thep using definition (69) one obtains:
c
! ot r2 oot 2r12 —(y142)t
Q1 (8) = -2 (1 — 7 72 1= Yoty _ 212 —(mait2
11(t) 271( € )+2’72( € ) ’Y1+’yz( e )
V1T ot V2 T2 oot (v1 +v2)ri2 —(y142)t
Qqo(t) = 1— 7ty L 202 (1 — yory AR T TR/ RS g Y1t+72
12(0) =2 (1= ety 4 212 (et - EINE sy
v?ry _ v3 Ty _ 2v1v2 112 _
Qoo (1) = L 1—e2mt)y 4 2 1 — e~ 272t) _ 1 — e~ (Mm+72)t
20 2m (e ) 272 (e ) 7+ 72 (-e )
(75)
where
2 (v% N 1 )
rH=-—-— —
! (’02 - 111) b1 AB2
2 (v% N 1 )
rg = ——=
(Uz - Ul) b1 AB2
2 V1 V2 1
ri9 = +— 76
- (U2 —U1)2 ( B /\52> ( )
All in all we have obtained for (t) an expression of the form

Q(t) = My + M, e*Q’Yﬂ + My 6727275 + M, 6*(’71+’Yz)t (77)

where (My)o<k<s are suitable time-independent 2 x 2 matrices. Expansions of
the matrices M}, for large A can be obtained using expansions (71) of 1,72 .
Identities (72) then follow using also the obvious bounds 0 < e™71.2¢ < 1 for
any ¢ > 0. Identities (73) for u(t) are obtained in a similar way. O

The previous proposition can be used to obtain the behaviour of the KL
divergence between the solution p;) and the measure p, for large A. More
precisely, we are interested in the quantities Dy (¢, A), Da(¢, A) defined by (17).

Proposition 3.3.
a 2
log _271t) —e Pt 4 e B (yo + - CEO)
c
O(A (78)
{ log

2,2
ety 2ty 2utg, a”yp detA}

5
_|_
_ 1
2 c? a
_|_

(79)
Proof. Let p1,ps be two 1-dimensional Gaussian distributions with means
u1, Uz and variances o1, 09, respectively. Their KL divergence reads

1 o o _
Dxr.(p1] p2) = 3 {logaf -1+ (7; + (u2 — u1)oy 1(u2 — ul)} . (80)

Since p,, p; are both 2-dimensional Gaussian distributions, their conditional
and marginal measures are Gaussian too and are easy to compute from (65),
(75), respectively:
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e pV(:|z2) has mean Xqq 2521 To = (%d‘:’;f
Si2 %55 o1 = g

o p{"(-|z2) has mean py(t) + Q11(t) Qaa(t) (22 — p2(t)) and variance

Q1 (t) — Qua(t) Qa2(t) ' Qa1 (1)
e p!? has mean 0 and variance Yoy = ﬁ% T

2 .
+ 2—2) r9 and variance Y11 —

e p{¥ has mean ju5(t) and variance Qg (t) .

Then, combining Proposition 3.2 with expression (80) we obtain the claim.
U

Note that by Proposition 3.3 it follows that for every 79 > 0 there exists
finite positive constants C;(7p), Ca(79) such that

Dl(t, )\) S Cl(To) 672’71t + O()\il), ’ylt Z T0 (81)
Dg(t, )\) < 02(7'0> e~ 22t + O()\_l), Yot > 1. (82)

The constants C; 2(79) blow up as 79 — 0; indeed, we have chosen the Dirac
delta as initial distribution and its KL divergence from p, is infinite. From
Egs. (81), (82), one can see that for a quadratic potential the estimates of
Theorem 2.3 (together with Proposition 2.10) give sharp decay rates. It suffices
compare the constants ¢j, ¢o in (66) with the expansion (71) of 1, ys.

3.2. Spin Glass: Dynamical Approach to Guerra’s Scheme

In this subsection, we apply Theorem 2.3 to a class of mean-field spin glass
models. The aim is to put on a solid ground some recent conjectures appear-
ing in spin glass theory. Recently, in [4,10] it has been shown by theoretical
physics arguments that Guerra’s hierarchical measure for K steps of replica
symmetry breaking (K-RSB) [9] can be identified with the stationary measure
of a multi-bath Langevin dynamics of type (1)—(2) for a suitable random po-
tential V involving K + 1 families of degrees of freedom with different time
scales. Thanks to this identification the authors push forward the well-known
connection between static and dynamical properties of spin glass systems [38].
Here, we provide sufficient conditions for such an identification to hold and a
method to estimate the rates of convergence.

The assumptions required by Theorem 2.3—in particular the Bakry—
Emernyolleyfstroock criterion analysed in Sect. 2—are checked to hold with
probability (with respect to the quenched variables) exponentially close to 1
in a suitable region of parameters. In general, we do not expect better than
exponentially small convergence rate in the system’s size. Nevertheless, better
criteria for the validity of logarithmic Sobolev inequalities tailored on specific
phases would yield more physical results. For example, at high temperatures
one could use decay-of-correlations criteria to find convergence rates indepen-
dent of the system’s size (see, for example, [39]). This aspect goes beyond the
purpose of the present work. There exists a vast physics literature on mean-
field spin glass dynamics in the large size limit, we refer the interested reader
to [26] for a survey and we mention the recent works [40-42] for rigorous results
on the subject.
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For the readers who are not familiar with spin glasses, let us briefly recall
Guerra’s scheme and its role in equilibrium theory of glasses. Consider N spin
variables s = (s;);=1,... .~ taking values —1,1 interacting trough the random
potential

VSK(S) = Jij S5;S5j (83)

\/7 zjzzl

where the couplings J = (J;;);, j=1..~ are independent standard Gaussian ran-
dom variables. We assume that, for a given a realisation of J, thermodynamic
equilibrium of the system is the described by the random Boltzmann—Gibbs
measure pgx (s) = e A1V5x(8) /Zg . From a dynamical point of view one may
think that the family J is frozen (or quenched) and does not play any role in
the equilibration process.

Roughly speaking the idea of Guerra’s scheme [9] is to construct a suit-
able interpolation between the system (83) and a simpler one. In its easier
case, the so-called 1-RSB, one introduces the parameters 6 € [0, 1], ¢ € [0, 1]
and defines an interpolating potential

N
Vo(s,y) = ZJZ]SZSJ \/1—02( 1—(jyisi+\/c7hisi>
i=1

,j=1
(84)

where y = (y;)i=1,....nv and h = (h;);=1,. ~ are i.i.d. standard Gaussian ran-
dom variables. Given 0 < (3, < (31 and a realisation of the quenched variables
J, h, the 1-RSB random measure associated with Vp(s,y) is defined as

ﬁl + log Z1(y) e~ B1Vo(s,y)

Zy Z1(y)

e

po(s,y) = (85)
where Zi(y) = 3 ~BVo(s¥) and Zy — By °5 %) Theref

1(y se{t1}N € and Zy ye . Therefore, py
interpolates between p1(s,y) = psk(s) and po(s,y) which is a product measure
on (s;,y;) for i = 1,..., N. The latter is strictly related to the 1-RSB Parisi
functional [43].

Notice that, replacing hard spins s; with soft continuous spins, the mea-
sure pg in (85) can be seen as the stationary measure p, in (12) associated
with the Langevin dynamics (1)—(2) where y is slowly varying. This observa-
tion is the starting point of the works [4,10]. In the next paragraphs, we will
use Theorem (2.3) to formalise it. Let s = (s;)i=1,..~ € RY (fast variables),
y = (Yi)i=1,..~ € RY (slow variables) and consider the (slightly more general)
potential

N N
V(Sy 2NZJ'LjSlS] \/Aiozyzsz*\/xlzhzsz‘i’

7,7=1 =1 i=1
N N

B

(86)

:l>
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where Ag, A;, A > 0 tune, respectively, the one-body and two-bodies spin
interactions, A > 0 pushes the soft spins toward hard spins —1,1, and B > 0
tunes the variance of the external fields.

3.2.1. One-Body System (A = 0). We first consider the one-body system
where A = 0.

Proposition 3.4. Let A = 0. Suppose AB > Ag, and let 81,82 > 0. Then, the
potential (86) verifies the hypothesis of Theorem 2.3 with rates estimated by

L A 2
c = Aefg, <B AO) e*% (87)

independently of the dimension dy = do = N of the system. Thus, the con-
vergence of the two-temperatures dynamical measure pyx(s,y) to p.(s,y) is
described by inequalities (37), (38).

Proof. In order to prove the logarithmic Sobolev inequalities (LS1), (LS2) with
dimension-free constants, it is convenient to use the tensorisation property of
potential (86) when A = 0. We have

Z U\Sq, y7 (88)
with

B
v(si,9i) = —VAoyisi — VAL hisi + = (57 —1)? +5yi2- (89)

Also, the effective potential associated with V' tensorises:

N
Fly) = — 1 dse B1V(sy) — . I~
(y) a og/RN se ;f(y) (90)
with
1
f(yz) = *Elog/Rdsi e Prv(siyi) (91)

Now, in dimension 1 it is easy to establish a log-Sobolev inequality for the
measures s; efﬁlv(si’yi)/zl(yi) and y; — efﬁzf(yi)/ZQ using Proposition
2.10. We want to write v(s;,¥;) = ve(8s, yi)+vb(8i, y;) with v, strongly convex
and v, bounded. For this purpose, let us convezify the double-well potential
by introducing a convex function € C%(R) such that

x? for |z| <xzo—19
(@) {(x2 —1)2 for |x|>z0+6 (92)

where g = 1+‘f is the largest point where the above quadratic and quartic
curves mtersect and 6 = 10 It is possible to determine 7 on the interval
[0 — d, o + d] by an interpolating polynomial of degree 5, and it turns out

that for all x € R
n'(x) > 2z, n'(z) > 2. (93)
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Then, we set

A
w(si) = 5 ((s7 =17 = n(s:)) - (94)
v, € C?(R) is bounded since it has compact support, and osc(vy) = 4.

Ve(SiyYi) = v(Si,Yi) — vb(s;) is strongly convex, indeed

Ays) —VE
Ve B) )

and its first entry and its Schur complement are bounded below by A, B — %,
respectively. By Proposition 2.10, it follows that the 1-dimensional measures
S; — e’ﬁlv(si’yi)/zl(yi) , Ui 67ﬁ2f(yi)/22 verify inequalities LSI; (B1¢1) and
LSI; (B2c2), respectively, for ¢1,co given by (87). The tensorisation property
(see Proposition 2.7) entails that the N-dimensional measures s
e PV 17, (y), y s e P2FW) /7, also verify LSIy (Bic1), LSIy (Bac2), Te-
spectively.

Finally, assumptions (A1),(A2) are obviously true and assumptions (A3),(A4)
follow by strong convexity of v, and tensorisation (88). O

Hessvc(sq, y:) = <

3.2.2. Interacting System (A > 0).

Proposition 3.5. Suppose (A — \/Z) B > Ag. Let 31,02 >0 and 7 € (O,A -
VA - %). Then, with probability larger than
2
1—e aal (96)
the random potential (86) verifies the hypothesis of Theorem 2.3 with rates
estimated by

g A g A
1 = are 2N = e P2 N (97)

and or > 0 smallest eigenvalue of the positive-definite matric
A—VA-1 -V . .

< VA, 5 . Thus, with the same probability, the convergence of

the two-temperatures dynamical random measure p:  to the random measure

p, 1s controlled by inequalities (37), (38).

For A > 0, the potential (86) does not tensorise. For small values of A,
we would expect rates c1, co independent of the dimension N, but this requires
a more careful analysis of LSI’s which is beyond the purposes of the present
paper and is postponed to future work.

Proof. In order to verify logarithmic Sobolev inequalities (LS1), (LS2), we can
write V = V. 4+ V}, with V, strongly convex and V}, bounded. Using the convex
function n € C?(R) defined in the previous subsection, we set

_ A4

N
Vi(s) = 5 D ((s7 = 1) =n(s) (98)
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which is bounded with osc(V;,) = 4 N. Now, we have to show that V,(s,y) =
V(s,y) — Vb(s) is strongly convex with large probability. Let (¢, %) = (¢1,. ..,
ON, U1, .. UN) € R2N and compute the quadratic form

A VA
(¢,9)" Hess Ve(s,y) (6,4) =5 > _n'"(s:) & — Nor D Jijdid; — 2V A0 Y dithi +
I3 1,7 i (99)
+ By v
Observe that

ZJij ¢i ¢j < Umax(J) Z¢12 (100)
7,7 i

where oymax(J) denotes the largest singular value of the random matrix J, and
by general concentration inequalities (see, for example, Theorem 3.1.1 in [44])

we have:
1 1 _2y
P ﬁ Omax(J) < V2 + 7 A >1—e" 37 =p, N (101)

for every 7 > 0. Therefore, with probability greater than p, x the following
lower bound is valid for all (¢,v) € R2N

(¢,9)" Hess Ve(s,y) (6,9) > (A—VA—7) Z¢>$ - 2vAg Zdnwi + Bzwf

Y

ar (¢, 9)]°.
(102)

By Proposition 2.10, it follows that with probability larger that py . the
random measures s — e VY /7 (), y — e P2 verify inequalities
LSI(Bic1), LSI(B2c2), respectively, with ¢q, ¢o defined in (97).

Finally, assumptions (A1),(A2) are clearly verified, assumption (A3) follows
from the fact that V.(s,y) is strongly convex, and assumption (A4) also needs
the control (93) on the first derivative. O

3.3. High-Dimensional Inference (Rank-One Matrix Estimation)

An important paradigm in modern high-dimensional inference is the problem
of low rank-matrix estimation [11]. In its simplest rank-one incarnation, the
statistician is given a noisy version of a large rank-one N7 x N matrix with
elements u; v} determined by latent (hidden) vectors u* € RM  v* € RN with
independent sub-Gaussian random components. Given the data matrix

A

where Z;; are independent standard Gaussian variables, N = N; + N, and
A > 0 is the signal-to-noise ratio, the task of the statistician is to estimate
the latent matrix u*v*. When prior distributions of latent vectors are known,
estimates given by averages under the Bayes posterior distribution are optimal
estimators (in the sense that they minimise the mean square error). As it turns
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out, the Bayes posterior in nothing else than the Gibbs distribution of a spin
glass with a replica symmetric solution. (We refer to [45-47] for the rigorous
analysis of such models.) However, when priors are unknown to the statistician,
other estimators may be better and it is of interest to depart from the standard
Bayes posterior or Gibbs distributions. The Langevin multi-bath dynamics
may serve as a useful estimation algorithm based on a non-Bayesian (or non-
Gibbsian) distribution. Whether the two-temperatures Langevin dynamics is
a useful algorithmic approach to such problems is still an interesting open
question in itself. Without entering into more details here, this motivates the
study of the multi-bath dynamics (1) for the following spin glass potential

Vi) = 5 i i (Jij - \/guivjf

i=1 j=1
N;
a o A 4
—U; — u; 104
+;(2ut+l2ul> (104)
Na
b 2 B 4
+;(2Uj+12%),

where the random data matrix J;; is generated according to (103) and a,b, A, B >
0. In this setting, the data matrix is entirely quenched and degrees of freedom
u € RV, v € RM undergo Langevin dynamics with different temperatures
and timescales. In a low signal-to-noise ratio regime, we show that the assump-
tions required by Theorem 2.3—in particular the convexity criterion analysed
in Sect. 2—hold with probability exponentially close to one in the size of the
system and the convergence rate is independent of the size of the system. It
is an open problem to investigate convergence in the high signal-to-noise ratio
regime.

Proposition 3.6. Suppose AB > A%?~(1 —~) and ab > Ky, setting v = % ;
K- = Ay(1=) (0w + m)ow+7) + VAT +VI=7 +m)  (105)
for T = (10,71,72) €[0,00)%, and o, = \/E(TW’ Oy = \/IWT)2
Let 19,71, 72 > 0 such that ab > K. Then, with probability larger than
prN = 1— em 270N _ g=kuTiNL _ o—hui No (106)

where the constants ky, k, > 0 depend only on the sub-Gaussian distributions
of uy,vy, the random potential (104) verifies the hypothesis of Theorem 2.3
with rates independent of N and estimated by

c1 = co = smallest eigenvalue of the positive — definite matrix (_C[L( bK T) .
(107)

Thus, with the same probability, the convergence of the two-temperatures dy-
namical random measure px to the random measure p, is controlled by in-
equalities (37), (38).
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Proof. We claim that the potential V' is a strongly convex polynomial in the
variables u,v. For (¢, ) = (¢1, e N1, N, ) € RY Tet us compute:

(6, 9)" Hess V(u,v) (¢,9) = (\¢| [0 + [ul® [ + 4 (u- ¢) (v )
—2\/;2%3'@%‘ + ) (a+Auf) 6F +
i i
+ > (b+Bv?) Y]
J

(108)

It is convenient to rewrite the random interaction term using expression (103):

A A A
Vo > Jij dind =N > up gy + Vo > Zij dind
1,J 4, 4,

A * * A
< ﬁ |u | ‘U | |Q§‘ |w| + \/; Umax(Z) ‘¢| |1/)|,

where 0max(Z) denotes the largest singular value of the Ny x N3 random matrix
Z. By general concentration inequalities (see, for example, Corollary 3.35 in
[44] and Theorem 3.1.1 in [48]), for any 79, 71,72 > 0 we have:

(109)

1
P(le S"”ﬁ) 1o ettt (110)
1
P(m'”*| §0u+72) > 1 e kv e (111)
1
P(Wamax )<V +HV1I—7n +T0) > l—e 37N (112)

where the constants k,, k, > 0 depend only on the sub-Gaussian distributions
of uj,v}. Therefore with probability larger than p, n defined by (106), the
following lower bound holds true for every (¢,) € RV

A
(¢,0)T Hess V (u,v) (¢,9) > N (o2 [v]? + [ul? [¥]2 + 4 (u-¢) (v-) — 2K |¢]| ||+
113
P304 AuD) 6 4 T (o4 Bu2) 2 (113)
i J

where K is defined by (105). The r.h.s. of (113) splits in three terms. The
first one is

A 2012 20,12
~ (P 0P + [uf [0 +2(u- ) (v- ) =

The second one is

§2<u~¢>(v~w)+;f1u$¢? + B -

(16] o] = lul [])* = 0.(114)

2\l>

(115)
1 A B
— N}:(mui@vjwj + ﬁu?@? - Wuj?qp?) >0

.3
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provided

AB > y(1—7) A% (116)

The last term is
= 2K- |9l [9] + alg]* + bY)* > ar (|6 + [0]) (117)
where a,; > 0 is the smallest eigenvalue of the positive-definite matrix

a —K; ided
_K, p ) provide

ab > K2 (118)

Plugging inequalities (114), (115), (117) into (113), we conclude that with
probability larger that p, n

Hess V(u,v) = a, 1. (119)
Inequalities (LS1), (LS2) follow by Proposition 2.10. Assumptions (A1), (A2)
are clearly true, and assumptions (A3), (A4) also follow. O

4. Proof of Theorem 2.3 and Further Results

The strategy to prove Theorem 2.3 is based on the estimation of free ener-
gies dissipation along the two-temperatures dynamics. Logarithmic Sobolev in-
equalities (LS1), (LS2) play a fundamental role in this approach. On the other
hand, differently from the single-temperature case, several remainder terms
appear and one needs to control them by showing they uniformly bounded in
t, A\. With the help of Csiszar—Kullback—Pinsker inequality, one finally obtains
a system of two differential inequalities for D1 (¢, A), Da(¢, A) that can be easily
integrated leading to inequalities (37), (38).

The core of the proof is developed in Sects. 4.5 and 4.6. Previous subsec-
tions contain auxiliary results about the Fokker—Planck Eq. (11). A bracket
notation for conditional expectations will be used from now on: for any suitable
observable O

(O)ix (x2) = ) O(z1,72) Pi},{(fﬂﬂxz)dm

e (120)
(O)« (x2) = ) O(z1,2) pV (21 |22) day.

R%1

4.1. Existence, Uniqueness and Regularity of the Solution

Given f1, 82, A > 0, the Fokker—Planck differential operator defining Eq. (11)
and its formal adjoint are

1 1 1
L*p = V- < Vip + pV1V> + — V- < Vap + pVQV) (121)
I3 A B2
1, 1 1 _,
Lo =|Vie=Vipg-ViV | + - | = Voo — Vap- WV |. (122)
B A\ B2
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They rewrite in more compact form as

L*p = V- (A7'7'Vp + A7 ' VVp) (123)
Lo = V- (A'87'Vyp) — A7'VV - Vo (124)
where A and 3 are the following d x d diagonal matrices
Iq 0 G114 0
A= ! = ! . 12
< 0 )‘Id2> 0 ( 0 B2 Id2> ( 5)

Sometimes we will write Ly, L*, in order to stress the dependence of these
operators on the friction coefficient \.
From the general theory of Fokker—Planck PDEs, we have the following

Theorem 4.1 (Existence, uniqueness and regularity of the solution of Fokker—
Planck Eq. (11)). Suppose that the potential V' verifies assumptions (A1)—(A3)
and the initial probability measure py has a density py verifying assumption
(B3).

Then, there exists a unique collection u = (pt)i>o of Borel probability measures
on RY such that

/Rd @(x) pe(dx) —/Rdcp pr(da) / /RdLgp ps(dz) ds  (126)

for every t > 0 and every p € C?(R%). Moreover, there exists a continuous
positive density flur p: R? x (0,00) — (0,00) such that for everyt >0

pe(de) = pi(x) da. (127)
In fact,
i. p€ C®(R¥x(0,00)), hence it is a strong solution of
Op = L*p (128)

ii. || pt—pr1llr, ey — 0 ast—0y.

Remark 4.2. Equation (126) is a weak formulation of (11). Let ¢ € C?(R9).
The function s — [, L(z) ps(x) dz is continuous on (0, c0) by continuity of
p and dominated convergence. The Fundamental Theorem of Calculus applies,
and identity (126) entails that ¢ — [;, ¢(z) p(2) dz belongs to C*(0, 00),

% o o(x) pe(z)do = /Rd Lo(z) pi(x) dz, (129)
and
/ o(x) pe(z) do P~ o(z) pr(x) de. (130)
Rd -0 Jpa

Finally, as p; € C?(R?), integrating by parts one finds
[ Lo m@is = [ o) L) ds (131)
R4 R4

Identities (129), (131) for every ¢ € C2(R) give Eq. (128).
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Theorem 4.1 is standard. We refer, for example, to [49] for existence and
uniqueness of the solution and to [50] for its regularity.

In [49], the problem is studied under great generality: see in particular
Sects. 6.1, 6.3, 6.4, 6.6, 9.1, 9.3, and 9.4 therein. For the interested reader,
it may be worth remarking that in our case, thanks to the existence of a
continuous density flux p, Eq. (126) holds true for every ¢ > 0, not only for al-
most every t. We also notice that if u; are sub-probability measures satisfying
Eq. (126), then u; are in fact probability measures. Several conditions guar-
anteeing the uniqueness of a (sub-)probability solution are provided in [49];
among them the condition A='VV € LY(R9x (0,T), p(dz)dt) for all T > 0,
which we discuss here in Sect. 4.2.

The regularity of solution can be obtained adapting the bootstrap argu-
ment sketched in [50]. A complete proof is postponed to Appendix, Sect. 5.4.

4.2. Integrability of DYV, DY F, log p, V log p

The results stated in this subsection will be extensively used. A crucial fact in
order to control remainders is that any product of derivatives of the potential
V has uniformly bounded expectations for all ¢ > 0, A > 1, where expectations
may be either taken either with respect to the dynamical measure p; or to

the measure pil) . pf))\. As a consequence, expectations of derivatives of the

effective potential F' = fﬂl_l log f e~ PV dx, with respect to the measure pf/{
turn out to be also uniformly bounded for all t >0, A > 1.

Theorem 4.3. Suppose that V wverifies assumptions (A1)—(A4) and pr verifies

assumption (B3). Then for every finite collection of multi-indices vy, ..., vy, €
N? and exponents si,..., s, € [0,00)
n
sup / H ’D”iV(x)‘si pi(x)dr < oo. (132)
t>0,A>1 JRd ;7

Theorem 4.4. Suppose that V wverifies assumptions (A1)—(A3) and pr verifies
assumption (B3). Then for every finite collection of multi-indices vy, ..., vy, €
N? and exponents si, ..., s, € [0,00)

n
sup / H |D”iV(a:1,:£2)|s"’ pil)(x1|x2) pf;(:cg) dzy dze < oo.
£>0,A>1 JRd i

(133)

As a consequence, for every v € N2 s € [0, 00)

sup |DZ2F(932)|S pf))\(xg) dzge < oo. (134)
t>0,A>1 JRd2
The proofs of Theorems 4.3, 4.4 are postponed to Appendix, Sects. 5.2, 5.3.
In fact, by a non-trivial use of Gronwall inequality, it will be shown that the
expectation of any polynomial is uniformly bounded in ¢t > 0, A > 1. Explicit
bounds will be provided.
As a consequence of Theorems 4.3, 4.4, we have the following results.
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Corollary 4.5. Suppose that V wverifies assumptions (A1l)—(A4) and py verifies
assumption (B3). Then, the supremum over t > 0, A > 1 of the following
integrals is finite:

[ Nogp @ilaa)* puaterds, [ Jtogp aa) P o3 (nz) doa
R4 Rd2

[ IViogp @ifen)]? pea()de, [ [Valogpt (az) ol (a2) o
R R

Proof. 1t follows by Theorems 4.3, 4.4 since log p(V (z1|x2) = =1 (V (21, 22) —
F(x2)) and log p{? (x2) = —(2F (22) —log Zs . O

Proposition 4.6 (Log integrability). Suppose that V verifies assumptions (Al)—
(A3) and pr verifies assumptions (B1), (B3). Then for every T > 0, we have

Hp||L°°(Rd><(O,T)) < 0o and

sup / |log ps(2)|* ps(x)dz < occ. (135)
te(0,T) JR4

Theorem 4.7 (Logarithmic gradient integrability). Suppose that V' verifies as-
sumptions (A1)~(A3) and p; verifies assumption (B1), (B3). Then, p, € Wh!
(R?) for a.e. t >0 and

T
// ‘Vlogpt(:n)‘2 pi(x)dzdt < oo (136)
0 JRre

for all T € (0,00). As a consequence, there exists a subset N = N(\, (1, B2,
o1, V') of (0,00) of zero Lebesque measure such that for all t € (0,00) \ N

/]Rd ‘Vlogpt(:r)|2 pr(z)de < oo. (137)

The proofs of Proposition 4.6 and Theorem 4.7 are postponed to Appen-
dix, Sect. 5.2 and will mainly refer to general results contained [49], Chapter 7.

4.3. Fokker—Planck Equation for the Marginal pf))\

In this subsection, the marginal probability density pf) (x2) = fRd pe(x1,72) dzy
is proved to satisfy in turn a Fokker—Planck equation with time-dependent
drift:

1

1
at p(2) = X VQ . (ﬂz VQ p(2) + p(Z) <v2V>t) ) (138)

where the bracket (-); has been defined by (120) as the conditional expectation
with respect to p'" (z1|z2). Regularity and integrability results for p® and p
will be stated. Let us rewrite the Fokker—Planck operator (122) as

1
L=Li+yL (139)
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where we set

1

Lig = —Vip - ViV -Vip (140)
1
1

Lo = —2%230 — WV - V. (141)

We introduce a time-dependent Fokker-Planck operator on R% :

1

(Lo)e = 5 Vi) — (VaV)y - Vo (142)

Theorem 4.8. In the hypothesis of Theorem 4.1, the marginal measure /152) =

,0,(52> dxo verifies

vlaa) i @) = [ o) nf? (o)

Rd2
t
- % /0 /R (Lo)sth(w2) p? (da2) ds

for every 1 € C%(R%), every t > 0, setting ,u%Q) = pf) dzs .

(143)

Remark 4.9. We can view Eq. (138) as a linear Fokker—Planck equation for
p@, with p® given. Equation (143) is a weak formulation of (138).

Proof of Theorem 4.8. Let 1 € C?(R9). Consider a sequence (y € C?(R%)
such that (y(z1) = 1 for |z1] < N and (n, Vily, Hessi; (v are uniformly
bounded for all N € N. Set

on (21, 22) = (N (21) P(22). (144)
Now, oy € C?(R?), hence by Eq. (126)

/Rd on (z)pe(z) dx—/w on(x)p1(z)de = /O /Rd Lon (z) ps(z) duds.  (145)

For every = = (11, z2) € RY, we have oy (z) — ¥(x3) as N — oo and

Lo(e) = (Licw) (&) $(z2) + 5 G o) (L) (@) — 5 (L) (). (146)

Since V,;V € L*(R9x (0,t), ps(x)dxds) by Theorem 4.4 (actually Corollary 5.8
suffices), there is dominated convergence. Therefore, letting N — oo identity
(145) gives

1 t
| ven@az= [ ven@ie =5 [ ] @)@ deds 047

Now, integrate with respect to x; first, as ¥ depends on x5 only. Since VoV €
LY (R4 x (0,t), ps(x) dzds) by Theorem 4.4 (Proposition 5.6), Fubini theorem
applies. Therefore, Eq. (147) rewrites as (143). O

Theorem 4.10 (Marginal regularity). In the hypothesis of Theorem 4.1, we
have
i. p® e C®(R% x (0,00)), hence it is a strong solution of Fokker—Planck
Eq. (138);



3434 D. Alberici et al. Ann. Henri Poincaré

i, || o8 — o | L1 (gazy — 0 ast — 0.
Theorem 4.10 has been obtained modifying the bootstrap argument in

[50] and relies on the integrability results of Sect. 4.2. Its proof is postponed
to Appendix, Sect. 5.5.

Proposition 4.11 (Marginal log integrability). Suppose that V' verifies assump-
tions (A1)-(A3) and pr verifies assumptions (B2), (B3). Then for every T > 0
we have || p@ || oo iz x (0,1)) < 00 and

sup / |log pi” (a2)|” p (2) dra < 0. (148)
te(0,T) JRA2

Theorem 4.12 (Marginal logarithmic gradient integrability). Suppose that V
verifies assumptions (A1)-(A3) and py verifies assumptions (B2), (B3). Then,
P e WHL(R®S) for a.e. t > 0 and

/ / V2 log p{* (x5 | P3P () dag dt < oo (149)
Rd2

for allT € (0,00). As a consequence, there exists a subset N = N (X, 1, B2, p1, V')
of (0,00) of zero Lebesgue measure such that for all t € (0,00) \ N

[, V1o o7 ) o7 a2) daa < o6, (150)
Ra2

Proofs of Proposition 4.11 and Theorem 4.12 are postponed to Appendix,
Sect. 5.2 and will refer to general results of [49], since p®) is itself solution of
a suitable Fokker—Planck equation.

Corollary 4.13 (Conditional regularity). In the hypothesis of Theorem 4.1, the
conditional density p € C°(R% xR% x (0, 00)) .
Proof. 1t follows immediately by Theorems 4.1 and 4.10 since p > 0 and

— p(z1,x2)

P (21]z) = 2D (z2) O

Corollary 4.14 (Conditional log integrability). Suppose that V verifies assump-
tions (A1)—(A3) and py verifies assumptions (B1)—~(B3). Then for every T > 0

2
sup / |log pgl)(z1|x2)| pi(1,x2) drg dze < 00. (151)
te(0,T) JRR4
Proof. 1t follows immediately combining Propositions 4.6 and 4.11. O

Corollary 4.15. (Conditional logarithmic gradient integrability) Suppose that
V wverifies assumptions (A1)—(A3) and py verifies assumption (B1)-(B3). Then,
(1) cewh I(Rd (2) dx) for a.e. t >0 and

// |V10gpil)(x1|x2)|2 pi(x1, 22) day dee dt < 0. (152)
0 Jra

As a consequence T € (0,00) and there exists a subset N = N (X, 31, B2, p1,V)
of (0,00) of zero Lebesgue measure such that for all t € (0,00) \ N

/d |Vlogp(tl)(:c1|x2)|2 pi(x1, x2) day doe < 0. (153)
R
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Proof. 1t follows immediately combining Theorems 4.7 and 4.12. g

4.4. Joint and Marginal Entropy Dissipation

The proof of Theorem 2.3 is based on the estimation of time derivatives of the
KL divergences D(t, A), Da(t, \). Formally, one differentiate the integrals in
(17) with respect to time ¢, takes the derivative inside the integral, applies the
Fokker—Planck equation, and integrates by parts. The following propositions
provide a rigorous integral version of this initial steps.

Proposition 4.16. Suppose that V verifies assumptions (A1)—(A3) and p1 ver-
ifies assumptions (B1), (B3). Then for every t,A >0

t
D(t,\) — D; = / A’l(,@’1V10gps,A + VV) (=) - Vlog@(x) Ps,x (z) da ds.
0 Jre p.
(154)

As a consequence, the function t — D(t, \) extended with Dy at t = 0 is
absolutely continuous on compact subsets of [0,00) and there exists a subset
of zero Lebesgue measure Ny = Nyx(f1,02,p1,V) C (0,00) such that for all
t € (0,00) \ Ny

d

DN = [ AT (BTVlogpua + VV)() - Vieg ”;A (z) pex(z) da.
R4 A

(155)

Proposition 4.17. Suppose that V verifies assumptions (A1)-(A3) and py ver-
ifies assumptions (B2), (B3). Then for every t,\ > 0

1 /[t 1
Dy(t,N) — Doy = —— // (* \% 10gp§2,i + <V2V>s,)\> (w2)
A 0 JRd92 ﬁ2 ’
@) (156)
(22) 0(52,2 (2) dzads.

-V, log =2

(2)
ox
As a consequence, the function t — Da(t,\) extended with Doy at t = 0 is
absolutely continuous on compact subsets of [0,00) and there exists a subset
of zero Lebesgue measure Ny = Nyx(f51,82,p1,V) C (0,00) such that for all
t € (0,00) \ Nx

d 1 1 2)
aD2(t7)\) =3 /Rd2 (@ Valogpyx + <V2V>t,,\>(332)

K (157)
- Valog 272/\)(332) P§2>)\ (z2) dza.
P

The proofs of Propositions 4.16 and 4.17 are postponed to Appendix,
Sect. 5.6. They rely on the integrability results of Sect. 4.2 and on the regularity
guaranteed by Theorems 4.1 and 4.10.
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4.5. Convergence of the Conditional Measure pg))\ to pil) : Proof of Theorem
2.3, First Part

We are ready to prove our main Theorem 2.3. This subsection is devoted
to study of the conditional measure, while the next one will devoted to the
marginal measure. In both subsections N, will denote a zero Lebesgue measure
subset of (0,00) which may depend on A, 1, B2, pr, V: one may take the
intersection of the two sets introduced in Propositions 4.16, 4.17.

Theorem 4.18. Suppose that V wverifies assumptions (A1)—(A4), the logarith-
mic Sobolev inequality (LS1) holds true with constant ¢; = ¢1(61,V), and pr
verifies assumptions (B1)—~(B3). Then there ezists a finite nonnegative constant
co = ¢o(B1, B2, p1, V') such that for all X > 1, t € (0,00)\Ny

d

&
G D1t < —2eDy(t ) + XO (158)

A suitable choice for cq is the mazimum of O and the supremum over t > 0,
A > 1 of the following integral

/ (— %2 [VaV|? + 1 VoV - (V2V — VoF) — % (V§V—V§F)> pux(z) da.
Rd

2 (159)

Remark 4.19. According to Theorem 4.18, ¢y can be evaluated providing an
upper bound for the expression (159) independent of ¢ > 0, A > 1. In practice,
this can be done as follows. Bound |V,V|?, VZV by expressions of type vy +
1 |21|™ + 2 |z2|™?, which is possible by assumption (A2). Observe that

Vo F' = (VoV). (160)
ViF = (V3V)e = Bi{VV[*)s + B [(VaV).[? (161)

and use Proposition 5.10 to bound (|z1|™). < Cy + C1 |22]*. Then, use Corol-
lary 5.7 and Proposition 5.9 to bound all the terms of type [ |z2|™ pya(z) dz,
[ z2|® pir(x)dz, [|z1|™ pya(z) de uniformly with respect to ¢, A. Finally,
plug the obtained bounds in (a suitable rearrangement of) expression (159).

Proof of Theorem 4.18. Let A > 1, ¢ € (0,00)\Ny . It is a standard fact that
the joint KL divergence (17) splits into the sum of a conditional and a marginal
contribution, hence

d d d

—Dy(t,\) = —D(t,\) — — Da(t, N). 162
dt 1( ) ) dt ( ’ ) dt 2( ’ ) ( )
On the other hand, we can express % D and % D5 according to Propositions
4.16, 4.17. Tt takes a moment to convince oneself that the integral on the r.h.s.

of identity (155) splits into five contributions:

d 1
ID(A) = —— Lt A) = 1 (B + B+ 1+ 1) )
di b1

(163)

A B2



Vol. 25 (2024) On the Convergence to the Non-equilibrium Steady State 3437

where

. (1)
p
I (t,\) = / (V1 logpg,lg(mﬂxg) + B1V1V(z)) - Vilog %(w1|m2)pt7>\(w) dx
o

]Rd
(164)
11 1 P(lg
I8N = / (v2 log py (z1]z2) + B2 VgV(x)) - Va log =55 (w1]w2) pi,x (2) da
Rd p:

(165)
p(2)
122 () = /d (V2 logpgi?(asg) + B2 VeV(z)) - Valog %(:cQ)pt,A(m) dz
E P
(166)
2
[élz)(t7 A) = /d Vo logp;l)% (z1]z2) - V2 log %(mz) P, (x) dz
R P!
(167)
21 2 p(lg
Ié )(t,\) = /d Va logpg,g(xg) - V2 log %(ml\zﬂpt,)\(gﬁ) dz . (168)
R 2

The subscripts 1, 2 are used to indicate contributions given, respectively, by
the first d; and last dy terms of the dot product in (155). Since logp =
log p™ +1log p@ the superscripts (1D, (12 (21) " (22) denote the four possi-
ble combinations of conditional and marginal densities in the two logarith-
mic gradient terms appearing in (155). Only V;logp) appears in I; since
Vilog p® = 0. Notice also that by Theorems 4.3, 4.4, 4.7, 4.12, and Corol-
laries 4.5, 4.15 all the previous integrals are absolutely convergent. Now, by
Proposition 4.17 we have

d _ 1 e

Therefore, identities (162), (163), (169) entail that

d _ 1 1oy a2, e
G0N = — 5 bt N~ 5 (17 + 18 +1V) e, 0. (170)

The first integral can be easily estimated by the logarithmic Sobolev inequality
(LS1) for p(V. Indeed, I rewrites as

I(t,)) = /IR

Integrating with respect to x; first and using inequality (LS1) with = =

p(tl))\ (-|x2), one obtains:

s 2
Vi log ﬁ(‘fﬂxz) pea(z) de. (171)
e

Il(t,)\) Z Qﬁl ClDl(t,)\). (172)
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Now, we have to control the remainder 12(11) + 12(12) + 12(21) uniformly for ¢ €
(0,00) \ N and A > 1. We rewrite

5 (¢, ) :/Rd (V2 log i (w1|z2) + B V2V(x))'

(173)
: (Vz logpﬁ,&)(ml\xz) + 61 (V2V(2) - VzF(Cﬂz))) pi(r)dw

and we claim

152t =0, (7
V(1,0 = 6, / (V2V (@)~ VEF(22) + (VaV (2) - VP (22)
Rd

N log pu (1]22) ) poa () do (175)
The sum of Eqgs. (173), (174), (175) then gives
(B + 52+ 5) 0 = [ Ris@) pratrde (170)
R

with
2
Riy =[Valogof3] + AWV - Valogpl} + 615 VoV
(VoV = WF) — 61 (V3V — V3F).

The terms containing Vs log pg can be bounded from below by using the

(177)

2
expansion of the square ‘VQ log pgl))\ + % VQV’ > 0. In this way we obtain

2
Rex 2 =20V P 4 5V - (V2 - Vo) - B (V3V - V3E)
(178)
and the latter lower bound does not depend on ¢, A anymore. Plugging (178)
into (176) and using Theorems 4.3, 4.4 proves that there exists a finite non-
negative constant ¢y = co(S1, B2, p1, V) such that

; (11) (12) (21) S
,\21,t1>mof,t§zz\/A (I2 LT+ )(t>)‘) > —Paco. (179)

Finally, plugging inequalities (172), (179) into expression (170) gives
d
SDit,\) € —2e:Dy(t,N) + 2. (180)
dt A

To conclude the proof it remains to prove claims (174), (175). First we have:

1§28, ) = /

(2)
P
/ Vgpglg(ml\xg)dml - Va log t—’;‘(:vg)pg?(xg)dmg =0,
Ri2 | /RN ’ p£ ) ’

(181)

where the first identity is due to Fubini theorem and the last one holds true
because the term inside square brackets vanishes for almost every xo (see
Lemma 5.20 in Appendix, Sect. 5.6). Secondly, we have:
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12V, = /VZP (z2) - {/ Vap( R (21]22) das

—/ Vo logpgl)(a:ﬂ:sg)pt’A(z1|x2)dx1} dao
Rd1

0+ ﬁl/d Vapi R (22) - [/Rdl(ng(a;) Vo F(22)) pi 3y (z1]22) dz1 | des

o [ o) | [ (V@) - EP(e) o} (o1 fen)
+ (V2V(2) — VaF(2)) - Vap! (:El\:cg))d:vl} dzs

= =61 [ pa@) ((V3V(@) = VEF(@2)

+ (V2V(z) — Vo F(z2)) - V2 logp (x1|x2))
(182)

where the first identity is due to Fubini theorem, the second one is due to
Lemma 5.20, and the third one is essentially integration by parts (justified
by Lemma 5.21 in Appendix, Sect. 5.6). Using again Fubini theorem identity,
(175) is finally obtained and both claims are proven. O

Proof of Theorem 2.3. First part. Inequality (19) follows by Theorem 4.18 and
Gronwall Lemma 5.4, since the map ¢ — D1 (¢, A) is absolutely continuous on
compact subsets of [0, 00) (Proposition 4.16). O

4.6. Convergence of the Marginal Measure p to p(2 Proof of Theorem 2.3,
Second Part

Theorem 4.20. Suppose that V werifies assumptions (Al)—(A4), logarithmic
Sobolev inequality (LS2) holds true with constant ca = co(f2, V') and pr verifies
assumptions (B1)—(B3). Then, there exists a finite nonnegative constant &y =
¢o(B1, B2, p1, V) such that for all X > 1, ¢t € (0,00)\Nx, n € (0,1), € > 0,
r>1

d 1 €
A a DQ(t )\) (1 — ’f]) 202 DQ(t7>\) + H Dl(t, )\) + ﬁ C()(T). (183)
A suitable choice for éy(r) is the supremum overt > 0, A > 1 of the following
quantity:

5 [TV @F 2 (@) + Ol @) o (18)

Remark 4.21. According to Theorem 4.20, éy(r) can be evaluated providing
an upper bound for expression (184) independent of ¢ > 0, A > 1. In practice,
we can compute a bound of type

[VoV# 2 < yg - fan [+ yz 2|2, (185)

which is possible by assumption (A2). We use Proposition 5.10 to bound
(|lz1|™ )« < Co + Cilz2|®. Then, we use Corollary 5.7 in order to bound
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f |z2|” pea(x)de < M, for o = ra, s, and we use Proposition 5.9 to bound
Jlz1™ pea(x)de < M/ . Finally, we can plug the obtained bounds into ex-
pression (184).

Proof. Let A > 1, t € (0,00)\Ny . Proposition 4.17 provides expression (157)
for % D5, . Adding and subtracting a term —é Valog p@ (z2) = Vo F (x2) shows
that

A %Dg(t N) == (J1 4+ J2)(t, \) (186)

where
p(? 2 (2

V2 log =55 (a2) P (2) day (187)
P

1
htA) = 5 /R §
(2)

Jg(t,)\)z/Rd2(<V2V>t,,\—V2F)( )v21og;’(2)( 2) 02 (2) ds. (188)

A further term of type J; comes from .Jy using Cauchy—Schwarz inequality.
Precisely

(6N < VB BN 6N < gt ) + @Jsos N (189)

for every n € (0, 1), where
Jg(t, )\) = / |<V2V>t A V2F| SUQ ;\(i[z) dl’g. (190)
Rd2

Plugging (189) into (186) gives

A %Dg(ﬂ)\) S —(1 — 7’]) Jl(t, )\) + & Jg(t )\) (191)

Now, J; can be estimated using the logarithmic Sobolev inequality (LS2) for
p'? . Indeed taking 7 = pf))\ in (LS2) we find

Jl(t7>\) 2 262 Dg(t, )\) (192)
In order to estimate Js, let us start by observing that Vo F' = (VoV). , hence

|<V2V>t,/\ — V2F|($2) < / VoV ()] |p(1) 1) |(x1|x2) dzi.  (193)
Ré1

The Csiszar—Kullback—Pinsker inequality provides an upper bound for the to-
tal variation distance in terms of the KL divergence:

1
p 3
/ |t = PV | (@1 |22) dar < (2 /d log %(wllxz) PiY (1]x2) dm) (194)
JR%1 *

and then, squaring and integrating w.r.t. pt )\(1’2) dzs on both sides gives

2
/d </ 16— pi1)|(x1|x2)dx1> P (x2)dzy < 2Dy(t,\).  (195)
Ra2
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In order to be able to apply the latter inequality, we split J3 in three terms
and use the uniform integrability of |[VoV|. Let € > 0 and let us split the r.h.s.
of (193) in two parts:

|<VQV>75 A — V2F| .’EQ

VoV ()] |P,(51A) — | (@1]a2) day +

|
/{|vgv(z 2<ct}

VoV (z)| (PE}A($1|3€2) + oD (@1]z2)) day (196)

|
{Imv@)2>e1}
<< / 0% = V(s l2) ey
Ré1
+ €2 /d NAZE (pglg(x1|x2) +p*(1)(x1|m2)) day
R91
for arbitrary r > 0. Taking the square on both sides of (196) and integrat-

ing w.r.t. pt /\(1'2) dz, the Csiszdr-Kullback—Pinsker inequality (195) together
with Jensen inequality give

Ja(t,\) < 4e"1Di(t,\) + 257"/ V2V (@)|27 2 (pea (@) + o (21|22)p X (22)) da.
Rd

(197)
By Theorems 4.3 and 4.4, we know that
sup | [V (@) (pua(@) + oD (@r]a2)p(22)) da = Golr) < o0
>0, A>1 JRd
(198)
hence
J3(t,\) < 4e P Dyt N) + 26(r) €. (199)
Finally, plugging estimates (192), (199) into (191) we obtain
d /62 -1 ﬁ2 EO(T)
A —Ds(t,\) < — (1 —n)2c2Do(t, A —= Di(t, A el
FP2(tA) < —(1—n)2c 2<’)+7IE 1(t,A) + oy
(200)
Changing names 5 ‘e — e, % ¢o(r) v ¢o(r), we find the desired inequality
(183). O

Proof of Theorem 2.3. Second part. Inequality (20) follows by Theorems 4.18
and 4.20 using an extended Gronwall lemma for systems of differential inequal-
ities (see Lemma 5.5 in Appendix). Inequalities (158), (183) rewrite as:

d [(Di(t,N) Dy(t,A)
&t (Dg(t,A)> = O (Dg(t,/\)> + 5 (201)
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for a.e. t > 0, where < denotes componentwise inequality and

2¢1 0 %
O=l_1 e BE|can | (202)
neA A nA

Therefore by Lemma 5.5 in Appendix, since the maps t — Dj(t,\), t —
Do(t, A) are absolutely continuous on compact subsets of [0, 00) (Propositions
4.16, 4.17), we have

Dy(t, \) Dy;
’ < et + (I, — e ') ' B,y 203
(Dg(t, \) Doy ( ) A (203)
forall t > 0. For A > (1 —n) 2, standard computations show that
o 6720125 0
e = o—(1=m) 2ea t/X _ ,—2¢1t —(1—n) 2¢2 £/ (204)
mez(ar—(I-me)  ©
co
-1 _ 261)\
Cy "By = ( @ ) ) (205)
neX4(l—n)cica n2(1—n)ce
and hence the second component of inequality (203) gives the desired inequality
(38). O
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5. Appendix

5.1. Gronwall-Type Inequalities

The first subsection of Appendix is devoted to Gronwall-type inequality for
the Fokker—Planck equation. In particular, we show how the expectation of
an observable v with respect to p;x can be controlled by means of a simple
Lyapunov condition on Luv, in the spirit of Sect. 7.1 in [49]. A generalisation
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of Gronwall inequality to systems of differential inequalities is also discussed.
These results are extensively used in the next subsections.
Let us start by the following

Proposition 5.1. Letv € C2(RY)NLY(pr), Cy, C1 € R such that for all x € RY
LU(I) < Cy + C v(x) (206)
Suppose that for all T > 0

sup [ Jo(e) p)ds <o sup [ [Lof@)] pfa)do < .
t€(0,7) JRra te(0,T) Jre
sup / |Vo(z)] pe(x) de < oo. (207)
t€(0,T) JR4
Then for all t > 0 we have:
/ v(z) pi(x)da < eClt/ v(x) pr(x)de + (6C1t —1) @. (208)
Rd Rd Ch

Proof. Consider a sequence ¢y € C?(R?) such that

{1 for |x| <N

€T =
¥ (@) 0 for |z|>N+1

(209)

and vy, ViYn, Hessyy are uniformly bounded. We have oy = vy €
C2?(R9), hence by identity (126)
t
[ evtaptads ~ [ on@n@rde = [ [ Lon(@iper) deds
R Rd 0 JRd
(210)
Now,
Loy = Lvy + v Ly + 2Vo- (AB) ' Vin (211)

and hence, hypothesis (207) guarantees that there is dominated convergence
in (210). Precisely letting N — oo, we find

/Rd v(x)p(x)de — /Rd v(z)pr(z)de = /Ot/RdLv(:c)psy)\(x) dzds. (212)

As a consequence, t — [;, v(z) py(x) dz is absolutely continuous on compact
subsets of [0, 00) and there exists

d
— v(z) pi(z)de = / Lo(x) pi(z) dx (213)
dt Rd Rd
for a.e. t > 0. Then by hypothesis (206), we have
— | v(@)p(z)dz < Co+Cy / v(x) pi(z) da. (214)
dt Rd R4

Thesis (208) finally follows applying Gronwall inequality (see Lemma 5.4). [

The previous result can be extended to observables v that are not known
to be integrable a priori:
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Proposition 5.2. Let v € C?(R?) N L(pr), Co, C1 € R such that inequality
(206) holds true for all x € R?. Suppose v >0 and

v(x) = 00 as |zr] — oco. (215)
Then, inequality (208) holds true for allt > 0.

Proposition 5.2 is essentially a reinterpretation of Theorem 7.1.1 in [49]
for the Fokker—Planck operator L defined in (122). Note in particular that
thanks to the regularity of our setting, we do not need any assumption on the
signs of Cp, C7 unlike in [49].

Proof. Let ¢y € C?([0,00)) such that

r for r<N-1
= - 216
() {N for r>N+1’ (216)

0 < ¢y <1and (¥ <0. Observe that oy = (yov — N € C%(R?) since
v(x) — 00 as |z| — oo, hence applying identities (130)—(129) to ¢ we find:

. j/ Cn(0(2)) pile) de —-jédL<@vo«o(x>pxx>dx (217)
for all t > 0 and
| vt pta)de = [ ovwle) ) da (218)

Now observe that since V((x ov) = (() o v) Vv and Hess((, o v) =
(K ov) VoVTy + (¢ ov) Hessv, by concavity of (x, we have

L(¢yov) < (Cyow) L. (219)

Using the properties of (y, one can check that (i (r)r < {y(r) for all » > 0.
Therefore, using hypothesis (206) it follows that

L({nyov) < Cyp + C1({nov). (220)
Substituting estimate (220) into (217) we find

/ (n(v(x)) pe(w)dz < Co +C1/ (v (v(z)) pe(x) de. (221)

Therefore, applying Gronwall inequality (see Lemma 5.4), from (221), (218)
we obtain
C
v(@)pila)de < @ | Culv(@)ple)de + (€@~ 1) Z.
R4 R4 1
Finally, the thesis (208) follows by monotone convergence letting N — oo.
O

(222)

Remark 5.3. The hypothesis of Propositions 5.1 and 5.2 can be weakened.
Instead of bound (206), it suffices to assume:

Lv(z) < uo(x) + Cro(x) (223)
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where the function ug € Ny=oL(ps) is such that

sup/ u(z) pe(x) de < Cp. (224)
t>0 JRd

For completeness, let us briefly recall the classical Gronwall inequality
used in the previous proofs.

Lemma 5.4 (Gronwall inequality). Let f: [0,00) — R be absolutely continuous
on compact sets. Let a,b: [0,00) — R continuous such that

f't) < a(t) £(t) + b(t) (225)
for almost every t > 0. Then setting
t
= ex d
e(t) = e p/o a(s)ds, (226)

we have for all t > 0

L b(s)
) < eft) £0) + ) [ 2 (227)
In particular, if a,b are constant, inequality (227) becomnes:
f(t) < e f(0) + (e —1) g (228)

The next lemma deals with a system of differential inequalities, extending
the classical Gronwall inequality. This result was essentially due to [51]. A proof
can be obtained also by adapting Lemma E.4 in [52] to the two-dimensional
case with two absolutely continuous functions. The symbol < will denote a
componentwise inequality; namely, we write (u1,us) =< (v1,v2) for “u; < v;
and us < vy”.

Lemma 5.5 (Comparison lemma for systems of differential inequalities). Let
fi, f2: [0,00) — R be absolutely continuous functions on compact sets; let
f=(fi,f2). Let A = (A1,43) : R x R? — R? be a Lipschitz continuous
function such that

f(t) = A(t, f(1)) (229)
for almost every t > 0. Suppose that:

i. the map & — A1(t,&1,&2) is non-decreasing on R, for every (t,&1) €
[0,00) X R;

il. the map & +— Aa(t,&1,8&2) is non-decreasing on R, for every (t,&3) €
[0,00) x R.

Then, we have

ft) = g(t) (230)

for allt > 0, where g is the unique solution of the Cauchy problem
{ g'(t) = A(t, (1))

231
9(0) = f(0) .
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In particular, if A is linear and time-independent, namely A(t,§) = A+ B for

A A Ajg, A21 > 0 and a suitable
Aoy Ago

) € R2, then inequality (230) becomes:

a suitable 2 x 2 real matrix A = (

vector B = (g;
f(t) < e F(0) + (M — L) A™'B. (232)

5.2. Expectations of Polynomials with Respect to p;  : Proof of Theorem 4.3

Assumption (A2) provides polynomial bounds on the derivatives of V. Theo-
rem 4.3 will follow if we show that any positive power of the variables |z1|, |z2]
has uniformly bounded expectations in the measure p; forall ¢ >0, A > 1.
Because of the different time scales in the evolution of the variables x1, x5, we
have to start by the following auxiliary

Proposition 5.6. For x = (11, 72) € R?, let
1
ua(z) = X lz1)? 4 |z2)?. (233)

In the hypothesis of Theorem 4.1, for every r € [1,00) there exists a finite
nonnegative constant Ma, = Ma, (01, P2, p1,V) such that for allt >0, A > 1

/Rd oa(z)" pea(x) de < Moy, (234)

In particular, by assumption (A3) there exist a € (0,00), ag € [0,00) such that
for every x € R?
z-VV(z) > alz|* - ao, (235)

and then, a suitable choice for M, is given by

or -1 r—1
M= [ ol meyae + 2
Rd a'r
d1 dQ 2(7” — 1))7"
+ 22 236
(ao Bi B2 BiABa (236)

Proof. We are going to apply Proposition 5.2 to vy. Computing first- and
second-order derivatives, one finds

2r r—2 |5L'1|2 ‘CCQ‘Z 937
+TU’\(QS) 2(T1)<)\51 + 5 ) (237)
< - 2*; oa(z)""H(z-VV () — k),

where we set k, = % + % 2[3(:/\_,612) . Using assumption (A3) and taking A > 1,

we have for all z € R?

z-VV(z) > alz|* —ap > ava(x) — ao. (238)
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Hence:
Ly (va(z)") < = 2—; oa(2)" (ava(z) — ao — k)
< —2—; (g ua(x)" — mr> (239)

where we set —m, = ming> ( & —(ap+ k)& 1) (Q(T 1))T 1(“0”C )
Finally, from inequality (239) and Proposition 5.2 it follows that for all ¢ > 0,
A>1

rat rat 2
/ oa(z) pea(z)de <e” A / oa(@) pr(z)dz + (1—e 2x) [t
R4 Rd a
(240)
or 2m,
<[ laPouo) .
Rd a
O
Corollary 5.7. Let r € [0,00) . In the hypothesis of Theorem 4.1, we have:
sup [ ol pea(o) do < M, (241)
t>0,A>1 JRd

where for v > 2 M, is defined by Proposition 5.6, while for r < 2 we set
M,=1-5+5M,.

Proof. 1t follows by Proposition 5.6 since

|za|” < v(w1,2)2 (242)
for all (z1,22) € R%. In addition, if 7 € [0,2), one has {" < 1— % + £ ¢ for all
£€>0. O

Corollary 5.8. Let r € [0,00). In the hypothesis of Theorem 4.1, we have for
all A >1

sup/ |z1|" pea(z) dz < X M, (243)
t>0 JRd

where M, is defined as in Corollary 5.7.
Proof. Tt follows by Proposition 5.6 since |21]" < Avx(z1,22)% . O

Proposition 5.9. In the hypothesis of Theorem 4.1 plus (A4), for every r €
[0,00) there exists a finite nonnegative constant M. = M/ (51,02, p1,V) such
that

sup / |z1|" pea(z) dz < M. (244)
t>0,A>1 JRd

In particular by assumption (A4), there exist a; € (0,00), ag,a2,p € [0,00)
such that for every (z1,z2) € RY

xXq - V1V((E1,.’E2) Z ap |£E1|2 — az |£U2|p — ag, (245)
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then a suitable choice for M. is given by:

Jga lz1|"pr(z) dz + m (2a2 My(r—1y +rmy) if 7>2

M} = < [oalzi]?pr(z) da + é (a2 My, + ao + %) if =2, (246)
1-%5+5M; if r<2
where M1y is defined by Corollary 5.7 and m, = —ming>q (%1 & —aq ::%
€ (g + =) ).
Proof. Let r > 2. We want to apply Proposition 5.1 to
v(@) = [oal". (247)

First of all observe that v satisfies the integrability hypothesis (207) thanks to
Corollary 5.8 and assumption (A2) for VV. Now, computing first and second
derivatives we have

Lo(z) = —r|z1|""2 (21 - ViV (2) — k), (248)
setting k, = % . By assumption (A4)
z1-ViV(x) > ay|x1|* — a2 |22|P — ao, (249)
hence
Lo(z) < —r (a1 |z1]" = ag |21 2 |22 — (ao + k) |21]"72). (250)

Young’s inequality guarantees that

— 1 r— o 1 T
21|72 [22fP < = |21 TTP O+ = |aaf (251)
g T

for every 0,7 > 1,07+ 771 = 1. For example, ¢ = 2= ensures (r —2)o <r

and enforces 7 = r — 1. For this choice of o, 7, we obtain:

r—2 a
Lo(z) < —r <a1 |z1|" — a2 — i . fl |z2|P(" =D — (ag + kr) |:c1|’"_2>

<_T(“§|x1v— az |x2\P<T*1>—mr) (252)

- r—1

where we set —m, = ming>q (‘12—1 & —as ::? &1 —(ap+k,) 57'_2) . By Corollary
5.7, we know that for all ¢ >0, A > 1

/d |x2\P(T_1) pex(rr, z2) dey dee < My_y). (253)
R

Therefore by Proposition 5.1 and Remark 5.3, we have for all t >0, A > 1

_raj _ra 2a2 M. r— 2mr
/ lz1]"pea(z)de < e 2 t/ @1 |"pr(z) de + (1—e” 2 ") ( L >
R R (r—1ax ax

az Mp(r‘—l) er

IN

(254)

2
[ Jrlorta) do +
Rd (r—1) a1 al
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which concludes the proof in the case r > 2. If r = 2, Young inequality is not
needed and inequality (250) suffices to apply Proposition 5.1 and Remark 5.3,
obtaining for all ¢ > 0, A > 1

M, + K
/ 21 pia(z) da < 6_2a1t/ 21 P pr(z) da + (1 —e720") G2t
Rd Rd (251 (255)
as M, + Kkt
< [ ooy d + 2T
Rd aiq

Finally, if r < 2, we can just use the bound |z1]" <1 — % + %[z1|* and come
back to the previous case. O

Proof of Theorem 4.3. Tt follows by combining assumption (A2) with Corol-
lary 5.7 and Proposition 5.9. 0

Proof of Proposition 4.6. We rely on Corollary 7.3.8 in [49] that ensures

ol Los (Rax (0,7)) < 005 (256)
provided pr is bounded on R? (assumption (B1)) and

/T/ IVV ()73 py(x) dzdt < oo, (257)
0 JRrd

which in turn follows from Corollaries 5.7, 5.8 together with assumption (A2).
We also make use of the inequality [log&|? ¢ < W€ for € € [0,1]. Therefore:

2
[ Nogm(@) pla)ds < (g Iolmuociory)’s (259
{pe21}
/ |log pi(z)|? pe(x) da < / el dx; (259)
{pe<eml=l} R
/ log (e ) do < [ (o pia) e (260)
{eI=I< pe<1} Rd
The r.h.s. of (258) is finite by (256). The r.h.s. of (260) has finite supremum
over t € (0,T) by Corollaries 5.7, 5.8. This concludes the proof. O

Proof of Theorem 4.7. We refer to Theorem 7.4.1 in [49]. It ensures that (136)
is a consequence of two integrability conditions:

T
/ IVV (z)|? pi(z) dadt < oo, (261)
0 Jrd
T
/ / log? max(1, |z]) ps(z) dz dt < oo (262)
0o JRrd
which in turn follow from Corollaries 5.7 and 5.8. O

Proof of Proposition 4.11. Since p® is solution of a suitable Fokker-Planck
equation with drift } (VoV), (Theorem 4.8), Corollary 7.3.8 in [49] ensures
that

| p* | oo (Re2x (0,7)) < 00, (263)
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provided p{* is bounded on R% (assumption (B2)) and

T
/ / . (VW) (2)| " 9P (1) darp dt < o0, (264)
0 JR%2

which is true by Corollaries 5.7 and 5.8 and Jensen inequality. The proof is
then concluded by miming the proof of Proposition 4.6. O

Proof of Theorem 4.12. Being p® solution of a suitable Fokker-Planck equa-
tion, we may refer to Theorem 7.4.1 in [49]. The latter ensures that (149)
follows from two integrability conditions:

T
2
/ /d ‘<V2V>t(.’132)’ P2 (z2) dag At < oo, (265)
0 JRre2
T
/ / log? max(1, |x]) pi* (x2) dzy dt < co (266)
0 JR92
which in turn follow from Corollaries 5.7 and 5.8. ]

5.3. Expectations of Polynomials with Respect to pil) pf))\ : Proof of Theorem
4.4

Assumption (A2) ensures polynomial bounds for the derivatives of V. We show
that the conditional expectation of a polynomial in |z1| with respect to the
measure p{!)(z1|z2) is bounded by a polynomial in |z5|. Then from Sect. 5.2
we already know that this quantity has uniformly bounded expectations with
respect to the measure pf})\ for all ¢ > 0, A > 1, and hence, we can prove
Theorem 4.4. In particulalr, the assertion about derivatives of the effective
potential F' follows as they can be expressed in terms of conditional expectation
of products of derivatives of V.

Proposition 5.10. Suppose that V' wverifies the bounds (26) for v =0 and (29).
Then for every r € [0,00) there exist s, = s.(V) € [0,00) and two finite
nonnegative constants Co, = Co,(01,V), C1r = C1 (V) such that for every
To € Rd2

[l 60 @alas) don < Cout ol (267)
R41

In particular, by hypothesis there exist a1,as € (0,00), ag € [0,00), my,ms €
[2,00), Y0,71,72 € [0,00) such that for every (z1,r2) € R?

ar |v1|? + az |z2* —ap < V(x1,22) < 71 |@1|™ + 92 |[22|™* + 70, (268)

then a suitable choice for s,, Co ., C1r is given by:

% prn r+1
o=r2 o (272) Con = BT o aga0)
kA 27 T s r .

(269)
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Proof. Let A > 0 and consider the set

Ay, = {xl eRY| |z 2> A \xQW}. (270)

for every x5 € R . Integrating over its complementary set, we have
/ lz1|" pg W (z1]20) day < A3 |xa] 2" el (271)
RI1\A,,

Now, we evaluate the contribution of the integral over A,, . By (268)

/ |z1|" e TPV (@ne2) 4y < / |y |7 e P (e loal® ez fea —a0) g,
Ao, Auy (272)
< I, e P (F Aleal "2 +az o)

where we set

IrE/ |x1‘7“e—ﬁ1(a71|x1|2—a0)dx1 1St T(%%
2o(o)

)ﬂ oo (273)

T

On the other hand, by (268)

/ e —B1 V(z1,22) dzy > / e —B1 (71 |21 42 [22|™2 +70) dz;
Rd1 Rd1

=J, e Prrzlz™?

(274)

where we set

" r(1+-L
J, = / e P (=l 1+’Yo)dx1 = |84, 1] ( m11> e~ B0 (275)
R (Biy1) ™
By inequalities (272), (274), it follows that:

r,—B31V(z1,x2)
/ 21| p(l)(:c1|w2)da;1 _ fAIQ lz1|"e dxy
A * f]Rdl e —PrV(z1z2) dgy

z2

e P (%1 Alza|™2 +az |z2]? — 72 \12\m2) (276)

IA

IN
EESENES

where the last inequality holds true for any A > 2(% Finally, summing in-
equalities (271), (276) concludes the proof. O

Remark 5.11. If the potential V(x1,x2) grows faster than quadratically in 1,
the exponent s, in Proposition 5.10 can be improved. Precisely if there are
ny € [2,00), ba, b1, by € [0,00) such that

V(z1,x2) > by |z1]™ — b Jao|™ — by (277)

for all (z1,72) € R?, then inequality (267) holds true with

S = 2, (278)

ni
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changing also the constants C1 ., Cp , accordingly. Indeed, the proof of Propo-
sition 5.10 can be suitably modified, starting by considering the set
21" > Al | (279)

A_TQ = {Il S R%

Proof of Theorem /.4. Equation (133) follows combining assumption (A2) with
Proposition 5.10 and Corollary 5.7.

Equation (134) for |v| = 0 follows from assumptions (A2), (A3) which guar-
antee:

a1 |z1|* + az |za* —ap < V(21,22) < milz1|™ + y2lza|™ + 0. (280)

Therefore:
1 < Co+ 72 |z2|™
F(xg) = —— log/ e~ AV(@Le2) qgy =2 (281)
1 R > C1 + ag |zof?
where Cy = v — é fRdl e~ Pimlel™ gy ,C = —ao—ﬁ—l1 fRdl e‘glal‘zl‘zdxl are
finite constants. Inequalities (281) combined with Corollary 5.7 ensure that

sup / |F'(z2)|° pf/{(xg) dzy < o0. (282)
t>0,A>1 JRd2

Finally, Eq. (134) for |v| > 1 is an application of the multivariate Faa Di Bruno
formula (see [53] and references therein):

)l (| — 1)
DL FGe) = 3 SR ]

meP([v]) Aem (283)
> 807 [ TI DV ar, ) o arfes) da
oc€P(A) R Beo
where, for a multi-index v = (v1,...,v4,) € N©2\{0}, [v] denotes the set where
each number from 1 to do is repeated in a distinguishable way according to
its multiplicity encoded in v, i.e., {1’, o1 dgj@)} ; conversely
for a set B C [v], [B] denotes the multi-index (|i : 1) € B, ..., |i : déi) €

B\) € N9 ; P(A) denotes the set of partitions of a set A. Assuming without
loss of generality s > 1, Eq. (134) for |v] > 1 then follows from expressions
(283) using Jensen inequality and Eq. (133). O
5.4. Regularity of p: Proof of the Regularity Part of Theorem 4.1
In this and all the following subsections, we will denote
1
_ = Id 0 _ \Y% V(.Z‘)
A= (Ap) L= (A" ,beA1VVx=<1 .
aoy = (gt L0, ) W= twve
(284)
The Fokker—Planck operator (124) rewrites as
Lo =V-(AVp) —b-Ve. (285)

This compact notation is convenient due to the generality of results.
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In the present subsection, we prove the regularity of p following the ar-
gument sketched in [50]. Instead of the standard heat kernel used there, we
introduce

B 1 2TA g
Gl = T @mat ™ <_ at > (286)

forz e R*, ¢t >0.

Remark 5.12. G¢(x) is the fundamental solution of the diffusion equation

Precisely we have:
A—l
VGi(z) = =5~ Gila), (288)
A _d A" Lo
Moreover, for all f € L*(R?) we have:
If *Gs — fllo e p— 0, (290)
where * denotes the convolution with respect to space variables only:
(f *Gy)( / Gi(x — (y) dy. (291)
Lemma 5.13. Let p > 1. For all t > 0, we have
IGello ey = 72 P (|Gl o ey, (292)
IVGilliogay = 7207072 [ VG 1o aay. (203)
Proof. Direct computation using (286), (288) and performing the change of
variable 2/ = z/V/t. O
Lemma 5.14. Let us denote
t
(FOG@) = [ (xGi@)ds (294)

Let p > 1. There exist constants ¢y = c1(p,d), ca = ca2(p,d) € (0,00) such
that:

d
10:(f ® Gl Lr(rexr) + Z 102,02, (f ® G)|lLr(raxr)

ij=1
< a Hf”LP(Rd XR) (295)
for every f € LP(RYx R), and:
d d
ll0: (e *G)”Lp(mdx(o ) T Z ||8:zc159cJ (d)*G)HLp(Rdx(o wo)) S €2 Z”ax ¢HLP(Rd)

i,7=1
(296)
for every ¢ € WHP(RY).
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Proof. We refer to [54] Chapter IV Sect. 3, where the estimates (3.1), (3.2)
coincide,! respectively, with (295), (296) provided the matrix A is replaced by
the identity in the definition of G. The general case of a symmetric positive
definite matrix A can be deduced by performing the change of variable 3/ =
A_%y in the convolution. Notice that in the case of interest for the present
paper A is diagonal and the constants c¢1, co do not depend on its entries. [

Remark 5.15. The weak formulation (126) of FP equation extends to the fol-
lowing:

/ . oi(y) pe(y) dy — / | Pro (Y) pto (y) dy
* * (297)

N /t /Rd (83903 T L@S)(y) ps(y) dy ds,

for every t >ty > 0, for every p € C*1(R? x (0,00)) such that supp o, C K
compact subset of R? for all s > 0. See, for example, Proposition 6.1.2 and
following remarks in [49].

Proof of Theorem 4.1 part i. Let n € C(R?), § € (0,1). Let z € R%, 0 <
t_1 <tog<ti <t<T <T and set
es(y) = Gsri—s(z —y) n(y) (298)

for all y € R, s € (0,¢] . Since ¢ € C(R? x (0,]), supp s C suppn, identity
(297) holds true. Computing L ¢ and using (287), one obtains:

(90 * Gi) (&) = (1) ¥ Gty (@) + [ (Lnp) % G (@) ds +

to

. (299)
+ /75 (Mn ps) * VGsp4—s)(z) ds,
setting
Mn(y) = =2AVn(y) + b(y) n(y). (300)

As § — 0, we have (np;) * Gs — np; in LY(R?) and also in L'(R? x (¢, T))
by dominate convergence. (This will be clear adapting the following argument
with p = 1.) Thus:

(o) (@) = (7 pug) * Gosy ) () + / (Lnps) * Gr_y) (@) ds
fo (301)

+/t ((Mn ps) * VGy—s) (z) ds

for almost every (z,t) € R? x (to,T).

t
Now, let p € (1, dfl) . Using Young’s convolution inequality in (301), we find:

TActually (3.2) in [54] is expressed in terms of the Slobodeckij seminorm and is stronger
than (296) here.



Vol. 25 (2024) On the Convergence to the Non-equilibrium Steady State 3455

InpellLe@ay < 10 peollLr@ey 1Ge—toll e ey +/ L7 psll L1 (ray [|Ge—s |l Lr(ray ds+

(302)
[ 1Ml sy 196 o s
t“
Then, using Lemma 5.13 we obtain:
-4 (p—1)
1ol Leay < Inllo 1G1ll Lo ey (¢ *to)
1-5 (p—1)
)
+ |1L9||loo |G1|| e +
Ll lCalincee = o)
1_1(1_l)
t—tg)? 2"
+ [IM7loc VGl o me) ( T _d(_1)
3—501-3)
since our choice of p guarantees 1 — 2 (p —1) > 0 and &+ — 4(1 - 1) > 0.

P
Observing that ||f||Lp Rix (t1,T)) ftl |ft||L,,(Rd) 1nequahty (303) shows

that np € LP(R? x (tl, T)) . By arbitrarity of n, t1, T, one concludes
(R? x (0,00)) (304)

(without knowing a priori the continuity of p). In [50] a bootstrap argument
that uses Eq. (301) iteratively together with Lemmas 5.13, 5.14 is invoked.
Let us detail the first steps. With the notation introduced in Lemma 5.14,
Eq. (301) rewrites as

(mpe)(x) = (M pty) * Gi—ty) () + (L px) ®G), (x)

pelLl

loc

d
+ 3 (M px) ® 0,,G), (x) + Ri() (305)

k=0

where x € C*°(R) is such that ys =1 for t( < s <T', xs =0 for s <t_; or
s > T, and we set

Ri(x) = /t ' (L ps xs) * Gies + (M7 ps xs) * VGy—s)(x) ds, (306)

Mn = (Mgn)i_,, z = (z1)¢_, € RY. We claim that 0,,(np) fori =1,...,d
exist in L7 (R? x (t1,7")). The first and the last term on the r.h.s. of (305)
cannot cause any problem because the kernel G remains far from its singularity.
Let us focus on the other terms. By Young’s convolution inequality and Lemma
5.13, we have:

(L7 px) ®0:,G) | oz
t
< [ 10 000 00 Gl
t1

(t

~

_y)zme D)

1-dp-1

< [ Lnlloo 102, G1ll Lo (ra) (307)
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hence (Lnpx) ® 0,,G € LP(R? x (t;,T")). By Lemma 5.14, we have:

[(Mgn pX) ® O, 00, Gl Lo rix (t1,77))
< e [ Mgn p Xl e (R xr)
< et lIxlloo I Men pll e ax ey 1)) (308)
which is finite since we know (304). Therefore, (307), (308) used in (305) entail
that it exists d,, (np) € LP(R% x (t1,7")) . By arbitrarity of n, t1, 7" it follows
Op,p € LV (RY x (0, 00)). (309)

Now, we claim that 0;(np) exists in L} (R? x (¢1,7”)). By Lemma 5.14, we
have:

Hat((Ln pX) ® G) HLP(]Rdx(tl,T’)) <a HX”OO H an”LP(Rdx(tl,T’))v (310)

10: (M px) ® 04, G) HLP(RdX(tl,T’))
< et Ixloo 10z, Mrn p) | Lo (R x (£1,77)) (311)

which are finite by (304), (308). Using the previous inequalities in (305) proves
the claim. By arbitrarity of 7, ¢1, T", it follows

op e LP (R? x (0,00)). (312)

loc

loc
argument up to space—time derivatives of any order (since the coefficients of

L, M are smooth), one obtains

In the same way, one proves that 9,,0,,p € L} (R? x (0,00)). Iterating this

p e WP (R? x (0,00)) (313)
for all » € N. Then, general Sobolev inequalities entail p € C>(R? x (0, 00)),
concluding the proof. 0

Proof of Theorem 4.1 part ii. Let tg — 0 in Eq. (301). By property (130) and
uniform continuity of G on compact subsets of R? x (0, 00), we have:

(o) (@) = ((npr) * Go) () + / (L p) * Go_s) () ds

t (314)
+ /0 (M1 py) * VG, (z) ds.
Then, Young’s convolution inequality and Lemma 5.13 entail
Inpe — (mp1) * Gill L rey < 1Ll |Gl L1 (ray t
£ Ml VGl oy 2VF — 0. 1)
On the other hand (1 p1) * G; — npr in L'(R?) as t — 0, hence
[mpe —np1llLr@ay — 0. (316)

t—0
Now, consider a sequence ny € C2°(R?) such that ny(z) = 1 for |z| < N,
0 <nny < 1. We have:

S S S+ S
Il ot —p1ll L1 (ray < N + 9w pe — 0w pr |1 ey + ﬁo o N 0

(317)
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where

s= sw [ lolpfe)ds, So= [ fal oo (318)
t€(0,T) JRd Rd

are finite by Proposition 5.6 and assumption (B3), respectively. Inequality

(317) concludes the proof by arbitrarity of N € N. O

5.5. Regularity of p®: Proof of Theorem 4.10

In this subsection, the marginal pi”(:cz) = fRdl pi(x1, x2) day is shown to be
in C>(R% x (0,00)). By Theorem 4.1, we already know that p is smooth, and
hence, suitable pointwise estimates for its derivatives would be sufficient to
conclude. Another way would be to appeal to the fact that p® is itself weak
solution of a Fokker-Planck equation (Theorem 4.8), but the drift coefficient
of this equation involves (Vo V) (29) = fRdl VoV (a1, x2) pi(21,x2) day which a
priori is also not known to be smooth. We will modify the bootstrap argument
of the previous subsection (sketched in [50]), obtaining that both p®, (VoV),
are smooth. Precisely we consider the class of functions n € C defined by the
following two conditions:

i. ne C®(RY);
ii. for every multi-index v € N¢ there exist 71, 72, Y0, 71,72 € [0,00) such
that
[D"n(x1, x2)| < vo + 71 l21|™ + 72 |22]™ (319)
for all (z1,72) € RY.
Setting
Tinen) = [ nlona) piar.aa) don, (320)
R91

we will prove that

IneC®R"2x (0,00) VneCl. (321)
In particular it will follow that p'* (z2) and (Vo V)4 (2) are in C> (R%2x (0, 00))
(by taking, respectively, n =1, n = VLV).

Remark 5.16. In order to build a bootstrap argument, it is essential to notice
that the class of functions C is closed under sum, product, and differentia-
tion. Moreover by assumptions (A1), (A2), the coefficient b = A~'VV-—which
defines the differential operators L, M (cf. (285), (236))—belongs to C. We
conclude that if n € C, then also Ln, Myn € C forall k =1,...,d.

Remark 5.17. If n € C, by Proposition 5.6 we know that

sup / In(x)] pe(x)de < co. (322)
te(0,7) JR4

In particular, Z; 1 is well defined and belongs to L'(R%).
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Remark 5.18. Since the diffusion matrix A = (A3)~! is diagonal, the kernel
G introduced in (286) writes as the product

Gy(z1,22) = G (21) G (2), (323)
where
dy
e e 1] (324
do
AT A
G,EQ)(xl) = (ijrt) exp( % |$22>. (325)

Clearly, [pa, G (21)dzy = [u, G (22)dwy = 1 for all t > 0. For f,g €
LY(R42) let us denote

(f*29)(z2) = /Rdg g(z2 — y2) f(y2) dya. (326)

If 57 € C, by Fubini theorem we get:
L (@) = G)wn) dan = (@) 52 GF) a2, (327)
/Rdl((npt) * 01Gr) (21, 22) day = 0, (328)
[ (@ s 0.6 ) dar = (T 2 0:62) (@) (329

where 01, 0 denote any partial derivative w.r.t. one variable in x1, o, respec-
tively.

Proof of Theorem 4.10 part i.. Let 7 € C. We claim that n can be plugged
into Eq. (301). To prove this, consider a sequence ¢y € C°(R?) such that
Yy (z) =1 for |x] < N and ¥y, Vo, Hess oy are uniformly bounded for all
N € N. Since nyyy € C(RY), it can be plugged into Eq. (301) in place
of n. Letting N — oo our claim can be proved by dominate convergence
using Young’s convolution inequality, Remark 5.17, and Lemma 5.13. Now,
integrating Eq. (301) with respect to x; € R% and using Remark 5.18, we
obtain:

t
Tn(ea) = (@) =2 G, ) (w2) + / (ZLn) %2 G2, () ds
t
. 2 o (330)
+ / (T Man) 2 Vo G2.) (2) ds
to
for almost every (z2,t) € R% x (ty,T), setting:
2 1

Mon = —52/\ 3

Vo + —nViaV. (331)



Vol. 25 (2024) On the Convergence to the Non-equilibrium Steady State 3459

Let p € (1, %). Using Young’s convolution inequality and Lemma 5.13 (with
dy, G in place of d, G) into Eq. (330), we find:

d
1Zen | Loqezy < 1T s etz 1GC | Loz (8 — to) = F D)
t d.
+ / L s ey 1G Iz azy (= )" FE ™V ds (550
t d
+ / T Mo || 1 etz V2G| o gtz (= 5)~ F 075072 ds
to

hence, by Remark 5.17 and our choice of p, we have

d.
1Zen || o asy < | Teom |11 etz 1G] o ety (8 — o)~ F @D

—d2(p_1)
@) (t—to)'~ =z
+ sup 1Ly psllrmey G e (re
s€(0,7) PEDIAER T 1) (333)

@ (-
+ sup |[[Man psl|p1 gz [[VaGy™ | Lo (e
o L1(R42) 1 1lLe(Ri2) TG _1
and the r.h.s. is finite. Since || In”iP(Rdx(tl,T)) = fg | Z: 7]||’£p(Rd)dt, it follows
that

Ine LP(R%x (t,T)). (334)

We now invoke a bootstrap argument that iteratively uses Eq. (330) together
with Lemmas 5.13, 5.14 (with da, *q, @, G®@ in place of d, *, ®, G) to prove
that

IneWrP(R%x (t1,T)) (335)

for all » € N. We skip the details, which are similar to the previous Subsection:
let us only notice that the here argument can be iterated up to space-time
derivatives of any order thanks to Remarks 5.16, 5.17. Finally general Sobolev
inequalities entail that Zn € C>(R% x (0, 00)) . O

Proof of Theorem 4.10 part ii.. It follows immediately by Theorem 4.1, since

ot = pi? 21 (mazy < |l pe—pr1llLrmey - O

5.6. Auxiliary Results

This last subsection of Appendix is devoted to the proof of Propositions 4.16,
4.17 and the lemmas used in the proof of Theorem 4.18.

The expression of entropy dissipation given by Proposition 4.16 is es-
sentially an application of the weak FP Eq. (126) for p to the test function
» = log(p/ p,). This is possible thanks to the regularity and integrability
results given by Theorems 4.1, 4.3, 4.7, and Proposition 4.6.

Similarly, Proposition 4.17 gives an expression for the marginal entropy
dissipation, relaying on the fact that the marginal p® satisfies FP Eq. (143).
This time one would like to choose ¢ = log(p® / p{?) as a test function. The
proof is based on regularity and integrability results given by Theorems 4.10,
4.3, 4.12, and Proposition 4.11.
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Remark 5.19. We will rewrite the weak formulation (297) of FP equation. Let
¢ € C*Y(R? x (0,00)) such that supp¢; C K compact subset of R? for all
t > 0. The contribution in (297) coming from the diffusion term of L can be
integrated by parts:

y V- (AVys(z)) ps(z)dz = — y AVyps(x) - Vps(z)de (336)

for almost every s € (to,t), since p; € WHH(R?) by Theorem 4.7 and ¢4 €
C2(R9). Using (285), (336) into (297) we obtain:

[ @ p@rde = [ (o) prfo) do =
N b (337)

= /t /]Rd (35905 - (AVIngs + b) . ths)(qj) ps(-’L')d.’L' ds.

Proof of Proposition 4.16. p € C*(R%x (0,00)) by Theorem 4.1. Consider a
sequence ¥y € C°(RY) such that ¢y (z) = 1 for [z| < N and ¢y, Vi) are
uniformly bounded for all N € N. Set

ent(z) = Yn(x) log Z:Eg (338)

By Theorem 4.1, there exists a vanishing sequence (¢, )ney such that p;, (z) —
pi(x) for a.e. 2 € R as n — o0o. oy € C(R4x(0,00)), supp ¢y, C supp ¥y
compact subset of RY for all + > 0, and therefore, identity (337) applies:

[ ot de = [ oni (@), (a)do =
* e (339)

t
= / /Rd (Oson,s — (AVIog ps + b) - Voo ) (x) ps(x) dzds
tn

for every n, N € N. We will let n — oo first. By Proposition 4.6, the sequences
[log pt, | pt,, » |10g p, | pr, are uniformly bounded, and hence, by dominate con-

vergence (as 1n € L'(R?)) we have:

[ ewe@on@ar — [ uv o o) (wyde. (340)
Rd d p*(l')

n—oo R

On the r.h.s. of (339), by Fubini theorem and fundamental theorem of calculus
we have:
t

// Ospn,s(z) ps(z)daxds = / Yy (x) Osps(x) dxds
t,J R4 tnJRA
- / (@) () = pry () de (34)

—— | N (@) (pi(z) — pr(2)) dz.

n—oo  Jpd
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Now, let N — oo. By Proposition 4.6 and Remark 2.2, we have dominate
convergence in the following:

/%( ) pele)de —— [ 1og P29 ) d (342)

N—o0 Rd p*(l‘)

p1(z) p1(z)
/ Un(a) log 282 () do — /R Jog 20 @) da. (343

Also,

N—o0

/Rd VN (@) (po(@) — pr(e)) dz —— Rd(ﬂt(l”) —pi(x))de = 0. (344)

Finally,

/0 /]Rd (AVlogps + b)(x) - Vons(x) ps(z) deds

= / (AVlogps + b)(z) - Vb (z) log Zs((;f)) ps(z)dads

y () (345)
//Rd Vlogps+ b)(x) - Vo (i) Yy () ps(z) dads

ps(x)
e 0 +/ /Rd AVlogps+ b)(z) - Vlog o(2) ps(x) dzds,

where dominate convergence is ensured by Theorems 4.3, 4.7, and Proposition
4.6. The previous computations show that letting n — oo first and then N —
o0 in (339) we obtain:

/ log ptéﬂﬁi (z) dx —/ lgp((g pi(z) dz

/ (AVlogps+ b)(z) - Viog ps(2) ps(z) deds
R4 p.(x)

which concludes the proof. O

(346)

Proof of Proposition 4.17. By Theorem 4.8, p® satisfies a Fokker—Planck equa-
tion. In particular, for ¢ € C?1(R% x (0,00)) such that supp ¢; C K compact
subset of R%, and for t > to > 0, identity (143) extends to the following one:

/ oe(2) P (w2) dy — / 10 () P2 (22) ey
]RZ

/to /Rd2< sPs + <L2> )(@)P?)(mg)dxz ds

(see Proposition 6.1.2 and following remarks in [49]). Integrating by parts the
diffusion term of (Lg)s as in Remark 5.15, we obtain:

(347)
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/ ou(w2) o2 () dz — / 1o (@2) 2 (w2) das
Rd2 Rd2

t
= / / ((’93905 ! (i Vs log p22> + (V2V>S> -Vgaps) (22) P (z2) daa ds.
to J R92 A 52
(348)

Now, let us consider a sequence ¢y € C°(R%) such that ¢y (ws) = 1 for
|z2| < N and ¢y, Vipn are uniformly bounded for all N € N. Set

@)
£

By Theorem 4.10 p® € C*°(R% x (0,00)), hence identity (348) applies to
¢ = pn. We let tg — 0 along a suitable sequence such that p,, — pr1 a.e.
(Theorem 4.10), then we let N — oo. Proceeding as in the previous Proof
of Proposition 4.16, and the integrability results of Theorems 4.3, 4.12, and
Proposition 4.11 guarantee that:

ont(r2) = Y (22) log

(2) (2)
/ log (2) Pt (22) da _/ log 1 (z2) @ (@) da
Rd2 (z2) R2

p
p*(z) To p*.(z)(xg) !
L ! @) P (@) )
= —— / / (7 Vo log ps + <VQV>S> (xg) - Vo log @ Ps (Z’Q) dzo ds
A Jo Jra2 \ B2 e (z2)
(350)
concluding the proof. g

The following lemmas formalise the claims used in the proof of Theorem
4.18.

Lemma 5.20. Under the hypothesis of Theorem 4.18, for a.e. x5 € R?, ¢ >0
/ Vo oV (1] 22) dzy = 0. (351)
R%
Proof. This is equivalent to prove that
d)(IQ) |:/ VQ pil)($1|l‘2)dxlj| d.TQ =0 (352)
Rd2 Rdl

for all ) € C°(R%), a.e. t > 0. By Corollary 4.15, pi") € W1 (R, pi* dwydx,)
which is included in W' (R, dzidas) . Therefore by Fubini theorem and
integration by parts, we have

b(@s) / Vo o (1]a2) dary dary = / (@) Vo pi (x1]22) da
Rd2 Rdl ]Rd
- 7/d Vot(a2) pit (w1]o) do = */ Vo) (2) das. (353)
R Rd2

since fRdlp?)(xﬂxg) dz; = 1 for every xo € R% . As 1 has compact support,
the r.h.s. of (353) vanishes, concluding the proof. O
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Lemma 5.21. Under the hypothesis of Theorem 4.18, let ® : RY — R% such
that ® € L?(p;), Va - ® € LY(p;) for allt > 0. Then for a.e. t >0

[ wer® ) - [ @) ol wrlen) das dos
Rd2 R4
= [ @) [ (%2 (@) (@rlea) + B(@) - VoD (o)) do d.
Rd2 R
(354)
Proof. To shorten the notation set f(z) = ®(x) p\" (x1]x2), g(z) = p'” (22).
Observe that f g, f-Vag, gVa - f belong to L*(R?) for a.e. t > 0, indeed:

/ \f - Vagl(z) dz = / |®(z) - ¥ log p{? (22)| pu(cr) da
R(] Rd

< (/}Rd\<1>(:Jc)|2pt(a:)dgc)é (/Rd‘VZ log o' (22)|*p(a) dx)é ‘o,
(355)
JJo%e i@ = [ 190 o0 @alea) + 0 Tapl@ife)] o o) oo
< /Rd‘VQ.@(m)\pt(m)dm + (/RJ‘D(@\Q&(w)dxf

1

(/Rd [ V2 logpgl)(mﬂxz)ﬁpt(a&) dm)E < 0. (356)

Now, consider a sequence oy € C°(R?) such that ¢ (x) = 1 for |z| < N and
wnN, Vapn are uniformly bounded for N € N. Integration by parts gives

/ V- (f9)(@) o (o) de = — / (fo)(@) - Voo (e)dz.  (357)
R4 Rd

Letting N — oo by dominate convergence, we obtain

[ ¥t 9@z = o (359)
R
which rewrites as
[tV = - [ (g% oy (359)
R R
Identity (354) finally follows by Fubini theorem. O
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