Half-Cycle: a new formulation for modelling kidney exchange prob-
lems — Online Supplement

A Intuition and motivation for HCF

It is tempting to believe that splitting a cycle into two halves will lead to a mathematical model
that has twice as many variables as the cycle formulation. However this need not be the case, as is
illustrated by the compatibility graph G shown in Figure 1 where K = 4. Here, the cycle formulation
will contain 9 variables (there are 9 4-cycles and no other cycles in G), whereas HCF will contain
6 variables, assuming that the half-cycles are selected as (H, B, A), (H,C,A), (H,D,A), (A,E,H),
(A,F,H) and (A,G, H).

Figure 1: An instance illustrating that HCF can have fewer variables than the cycle formulation

B Consideration of the LP-relaxation value of HCF

In the following, we show that HCF possesses the same LP-relaxation as the cycle formulation since
the two models are equivalent, or in other words, since any continuous solution z;, of model (4)—(8)
can be transformed into a continuous solution &, of model (1)—(3) with the same objective value and
vice versa. We consider an HCF solution as a flow circulating from a source node s to a target node ¢
through a bipartite graph, where the first set of nodes contains every half-cycle hy = (v1,...,v2)
such that v; < ve while the second set of nodes contains every half-cycle hy = (vy,...,v2) such that
v1 > v9. There is an arc with demand and capacity Zp, between s and every vertex hj in the first
set, an arc with demand and capacity T, between every vertex hs in the second set and ¢, and an
arc with capacity 1 between every vertex hy = (v1,...,vs) in the first set and each of its compatible
vertices ho = (va,...,v1) in the second set.

By finding a maximum flow subject to the demand constraints, we can determine the value of
every arc (hi, ho), that will (eventually) correspond to a suitable & solution for the cycle model. Such
a flow always exists because of constraints (6), but is not necessarily unique. For example, an HCF
solution where the variables associated with half-cycles (A, B,C), (C,D, A), (A, E,C), and (C, F, A)
are all equal to 0.5 could either results in arcs ((A4, B,C),(C,D,A)) and ((A,E,C),(C,F,A)) (ie.,
cycles [A, B,C, D] and [A, E, C, F]) being selected 0.5 times each or in arcs ((A, B,C), (C, F, A)) and
((A,E,C),(C, D, A)) (ie., cycles [A, B,C, F] and [A, E, C, D]) being selected 0.5 times each.

Every cycle associated with an arc (hi, hs) always has size K or below because only the half-
cycles with size up to 1 + [K/2] are generated and because constraints (8) handle the case when K



is odd. However, it is possible that a cycle associated with an arc (h1, he) does not exist in the cycle
formulation because it contains at least one repeated vertex, which happens if a vertex appears in the
middle of both h; and he. When such a situation occurs, a separation step is needed in order to split
the infeasible cycle into two or more sub-cycles. For example, if arc ((A, B,C, D, E), (E, D, F, B, A))
is selected 0.5 times, this means that (infeasible) cycle [A, B,C, D, E, D, F, B] is selected 0.5 times.
After the separation step, this means that cycles [A, B],[B,C, D, F|, and [D, E|] are selected 0.5 times
each.

Now that we have shown that every arc (h, ha) corresponds to a cycle or a set of cycles in C, the
last step is to observe that the resulting cycle solution will always satisfy constraints (2) because the
initial HCF solution satisfied constraints (5). We point out that the reverse direction is straightforward
as every cycle in C can always be decomposed into (at least) one pair of half-cycles in H.

C Results for PrefLib instances

Table Al: Results of the tested approaches for PrefLib instances with K = 3,4,5, and 6

K n EDGE CYCLE-RCVF PIEF-RCVF HCF-RCVF
# no. no. no. # no. no. # no. no. # no. no.
opt T(s) var. cons. cuts opt T(s) var. cons. opt T(s) var. cons. opt T(s) var. cons.
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D Set of rules outlining which formulation to choose
Based on our experiments, we can deduce the following set of rules for instances with up to 1000
recipient-donor pairs:

e For instances with K = 3, always use the cycle formulation with symmetry reduction and
reduced-cost variable fixing;

e For instances with K = 4, use the cycle formulation with symmetry reduction and reduced-cost
variable fixing, but it is also worth trying HCF in case too many cycles need to be generated in



the cycle formulation (which typically occurs when the instance has a very dense compatibility
graph);

For instances with K =5 and K = 6, use HCF with symmetry reduction, reduced-cost variable
fixing, and descending-degree node ordering, but it is also worth trying PIEF in case too many
half-cycles need to be generated in HCF (which typically occurs when the instance has a very
dense compatibility graph);

For instances with K = 7 and above, use PIEF with symmetry reduction, reduced-cost variable
fixing, and descending-degree node ordering, but it is also worth trying the edge formulation if
K is really large;



