
A Matheuristic details

As we observed that our best upper bound was tight on the PrefLib instances, the matheuristic aims to
find a solution with value U3 exactly. To do so, it uses the same rules as those introduced in Section 3,
namely that every pair participates in the exchange with the exception of `1 O/* pairs and `′2 */AB pairs.
It also assumes that no O/AB pairs should be included in the exchange and that every O donor should be
matched with an O recipient.

A.1 Matheuristic steps

Step 1: Identifying the types of cycles in the exchange

The first step consists of finding how to split the 16 kinds of recipient/donor pairs (4 × 4, one for each
possible blood-group combination) into cycle types that our matheuristic will seek in subsequent steps
in order to obtain a solution with value U3.

Out of these 16 kinds of pairs, we process the AB/* and */AB pairs first as these are critical to finding
a solution with the desired value. Similarly to what was done for U3, we enumerate every cycle (complete

or incomplete) containing a */AB pair (i.e., we reuse set C = C2
2 ∪C3

3 ∪P 1
2 ∪C2

3 ). We also define P 1,X/Y
2 (X

∈ {O,A,B}, Y ∈ {A,B}), a subset of P 1
2 containing every partial cycle [Y/AB−AB/X], meaning that an X/Y

pair might be needed at a later stage to complete the cycle. For practical reasons, cycles [AB/AB− AB/X]

are included in the set P 1,X/A
2 , as there are significantly more A donors than A recipients in the PrefLib

instances. We also add the possibility to “transform” any AB/X pair (X ∈ {O,A,B}) into a A/X pair or a
B/X pair to allow it to participate in the exchange even if it is incompatible with every */AB pair. The
AB/X pairs are gathered in VAB/X and the X/AB pairs are gathered in VX/AB, forming all together set V.

Out of the 9 remaining kinds of pairs, we remove the O/O, A/A, and B/B combinations, as we assume
they will always participate in the exchange, either to complete a partial cycle, or to extend a 2-cycle
to a 3-cycle (e.g., an O/O pair used in the middle of an [A/O− O/A] or a [B/O− O/B] cycle), or to form a
cycle with other pairs of the same type. The remaining 6 combinations are spread among the following
5 types of cycles:

• [A/B− B/A];

• [A/O− O/A];

• [B/O− O/B];

• [A/B− B/O− O/A];

• [B/A− A/O− O/B].

By using

• binary decision variables xc taking value 1 if cycle c is selected and 0 otherwise (c ∈ C),

• integer decision variables xABBA, xAOOA, xBOOB, xABBOOA, xBAAOOB indicating the number of cycles [A/B −
B/A], [A/O−O/A], [B/O−O/B], [A/B−B/O−O/A], [B/A−A/O−O/B] selected in the exchange, respectively,

• binary decision variables tAB→X
i (X ∈ {A,B}, Y ∈ {O,A,B}, i ∈ VAB/Y) taking value 1 if AB/Y pair i is

transformed into an X/Y pair,

the objective function of the ILP model maximising the number of exchanges is defined as follows:

max z1 =
∑
c∈C

scxc + 2(xABBA + xAOOA + xBOOB) + 3(xABBOOA + xBAAOOB) +
∑

X∈{O,A,B}

nX/X +
∑

i∈VAB/X

X∈{A,B}

tAB→X
i ,

(1)

where sc indicates the size of cycle c, which is 2 if c ∈ C2
2 , 2 if c ∈ P 1,A/A

2 ∪ P 1,B/B
2 (even if these cycles

are not necessarily complete, every A/A and B/B pair is counted in the objective function in the second
summation), 3 if c ∈ P 1,A/B

2 ∪P 1,B/A
2 ∪P 1,O/A

2 ∪P 1,O/B
2 (these cycles need to be completed by a third pair),
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and 3 if c ∈ C3
3 ∪ C2

3 . The last summation adds to the objective function the AB/A pairs transformed
to A/A and the AB/B pairs transformed to B/B (we recall that AB/O pairs cannot be transformed into
O/O pairs as we do not have enough O donors to satisfy the current O recipients in the PrefLib instances).

The six capacity constraints related to each of the six types of pairs of the form A/B, B/A, A/O, O/A,
B/O, O/B are as follows:

xABBA + xABBOOA +
∑

c∈P 1,A/B
2

xc ≤ nA/B +
∑

i∈VAB/B

tAB→A
i , (2)

xABBA + xBAAOOB +
∑

c∈P 1,B/A
2

xc ≤ nB/A +
∑

i∈VAB/A

tAB→B
i , (3)

xAOOA + xBAAOOB ≤ nA/O +
∑

i∈VAB/O

tAB→A
i , (4)

xAOOA + xABBOOA +
∑

c∈P 1,O/A
2

xc ≤ nO/A , (5)

xBOOB + xABBOOA ≤ nB/O +
∑

i∈VAB/O

tAB→B
i , (6)

xBOOB + xBAAOOB +
∑

c∈P 1,O/B
2

xc ≤ nO/B . (7)

For each X/Y combination (X,Y ∈ {O,A,B}, X 6= Y), a dedicated constraint makes sure that the number
of X/Y pairs used in the five types of cycles plus the number of X/Y pairs required to complete the cycles
in P 1

2 is less than or equal to the total number of X/Y pairs available plus the number of AB/Y pairs
transformed into X/Y pairs. Note that (i) sets P A/O

1 and sets P B/O
1 do not exist because the matheuristic

assumes that no O/AB pairs should be included in the exchange, and (ii) variables tAB→O
i do not exist

because the matheuristic assumes that every O donor should be matched with an O recipient. The rest
of the model is as follows:∑

c∈C:i∈V (c)

xc + tAB→A
i + tAB→B

i ≤ 1, ∀i ∈ VAB/O ∪ VAB/A ∪ VAB/B, (8)

∑
c∈C:i∈V (c)

xc ≤ 1, ∀i ∈ VA/AB ∪ VB/AB ∪ VAB/AB, (9)

xc ∈ {0, 1}, ∀c ∈ C, (10)

tAB→A
i , tAB→B

i ∈ {0, 1}, ∀i ∈ VAB/O ∪ VAB/A ∪ VAB/B, (11)

xABBA, xAOOA, xBOOB, xABBOOA, xBAAOOB ∈ Z+, (12)

where constraints (8) and (9) ensure that pairs AB/* and */AB can be used at most once. After running
model (1)-(12) on instance “MD-00001-00000191” from the PrefLib repository, we obtain the following
solution:

• [pair 9 - pair 307], a [B/AB - AB/O] cycle to be completed by an O/B pair,

• [pair 253 - pair 248], an [A/AB - AB/O] cycle to be completed by an O/A pair,

• [pair 258 - pair 259], an [AB/AB - AB/O] cycle to be completed by an O/A pair,

• [pair 306 - pair 91], an [A/AB - AB/A] cycle that may be completed by an A/A pair,

• [pair 356 - 244], an [A/AB - AB/B] cycle to be completed by a B/A pair,

• 52× [A/B− B/A],

• 51× [A/O− O/A],

• 3× [B/O− O/B],

2



• 7× [A/B− B/O− O/A],

• 0× [B/A− A/O− O/B],

• 34 A/A, 4 B/B, and 66 O/O pairs,

• 0 transformation of AB/* pairs,

for a total of 351 pairs, which matches bound U3 (3 + 3 + 3 + 2 + 3 + 2× 106 + 3× 7 + 104 = 351). The
partial cycles involving */AB pairs will be carried over to subsequent steps and extended to full cycles.
The remainder of the solution indicates the numbers of cycles of the given types that could be computed;
attempts to construct the cycles themselves are made in subsequent steps. Note that the solution given
by the model can possibly be adjusted to convert two cycles [A/B - B/O - O/A] and [B/A - A/O - O/B] into
three cycles [A/B - B/A], [A/O - O/A], and [B/O - O/B] as 2-cycles are easier to handle. We underline that
at this point, we are not sure that a solution with value 351 exists: the output of this step is a skeleton
solution which, if it can be built up using the subsequent steps, will have value 351.

Step 2: Process the B/B pairs

In the second step, we deal with B/B pairs. We start by these pairs because B is the least common blood
group in the PrefLib instances apart from AB (already processed in Step 1). At this step:

• Objective: maximise the number of B/B pairs inserted in a cycle.

• Cycles to complete: [B/AB-AB/B] (fixed in Step 1).

• Pairs to use: none.

• Types of cycles allowed: [B/AB-AB/B], [B/AB-AB/B-B/B], [B/B-B/B], [B/B-B/B-B/B].

We identify the structures that were fixed in a previous step by underlining them. We try to find a
suitable cycle for as many B/B pairs as possible under the constraint that every [B/AB-AB/B] cycle found
in Step 1 should now be completed. This means that either the donor of the second pair is compatible
with the recipient of the first pair, or that a B/B pair is needed to complete the cycle. After running Step
2 on instance “MD-00001-00000191”, two B/B pairs could be matched into a [B/B-B/B] cycle, meaning
that the other two become “pairs to use” in a subsequent step.

Step 3: Process the A/B and B/A pairs

In the third step, we deal with A/B and B/A pairs:

• Objective: maximise the number of [A/B-B/A] cycles.

• Cycles to complete: [A/AB-AB/B], [B/AB-AB/A] (fixed in Step 1).

• Pairs to use: B/B (from Step 2).

• Types of cycles allowed: [A/AB-AB/B-B/A], [B/AB-AB/A-A/B], [A/B-B/A], [A/B-B/B-B/A].

• Types of incomplete cycles allowed:[A/B-B/O], [B/A-A/O], [A/B-B/A].

We try to find as many [A/B-B/A] cycles as expected under the constraint that some of these cycles should
incorporate the “pairs to use” B/B that could not be matched in Step 2, that some pairs A/B and B/A

should be used to complete the [B/AB-AB/A] and [A/AB-AB/B] cycles selected in Step 1, and that we have
to create the partial cycles [A/B-B/O] (or [B/A-A/O]) that will be completed by O/A pairs in Step 7 (or
by O/B pairs in Step 6). It is also possible to create incomplete cycles [A/B-B/A] that will be completed
by an A/A pair in Step 4. After running Step 3 on instance “MD-00001-00000191”, cycle [356-244] was
completed, the seven [A/B-B/O] partial cycles were found, and all 52 cycles containing one A/B pair and
one B/A pair could be found: 50 [A/B-B/A] 2-cycles and 2 [A/B-B/B-B/A] 3-cycles, the latter containing
the two remaining B/B pairs from Step 2.
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Step 4: Process the A/A pairs

In the fourth step, we deal with A/A pairs. At this step:

• Objective: maximise the number of A/A pairs inserted in a cycle.

• Cycles to complete: [A/AB-AB/A] (fixed in Step 1), [A/B-B/A] (fixed in Step 3).

• Pairs to use: none.

• Types of cycles allowed: [A/AB-AB/A], [A/AB-AB/A-A/A] [B/A-A/A-A/B], [A/A-A/A].

We try to find a suitable cycle for as many A/A pairs as possible under the constraint that every cycle
[A/AB-AB/A] found in Step 1 and cycle [A/B-B/A] found in Step 3 should now be completed. Note that
we do not generate the cycles containing three A/A pairs because it makes the model significantly bigger.
After running Step 4 on instance “MD-00001-00000191”, 33 out of the 34 A/A pairs could be matched:
32 pairs into 16 [A/A-A/A] cycles, and one pair to complete cycle [306-91]. This means that the remaining
A/A pair will be dealt with in a subsequent step.

Step 5: Process the O/O pairs

In the fifth step, we deal with O/O pairs. At this step:

• Objective: maximise the number of O/O pairs inserted in a cycle.

• Cycles to complete: none.

• Pairs to use: none.

• Types of cycles allowed: [O/O - O/O].

We try to find a suitable cycle for as many O/O pairs as possible. Note that we do not generate the
cycles containing three O/O pairs because it makes the model significantly bigger. After running Step 5
on instance “MD-00001-00000191”, all the 66 O/O pairs could be matched into 33 [O/O-O/O] cycles.

Step 6: Process the B/O and O/B pairs

In the sixth step, we deal with B/O and O/B pairs. We use these pairs at the end of the matheuristic
because there are many O/B pairs that will not participate in the exchange due to a lack of O donors. At
this step:

• Objective: maximise the number of [B/O-O/B] cycles.

• Cycles to complete: [B/AB-AB/O] (fixed in Step 1), [B/A-A/O] (fixed in Step 3).

• Pairs to use: none.

• Types of cycles allowed: [B/AB-AB/O-O/B], [B/O-O/B], [B/O-O/O-O/B], [B/A-A/O-O/B].

We try to find as many [B/O-O/B] cycles as expected under the constraint that some O/B pairs should
be used to complete the [B/AB-AB/O] cycles found in Step 1 and that we have to complete the partial
cycles [B/A-A/O] from Step 3 with O/B pairs. Note that some [B/O-O/B] cycles could also be used to
insert the O/O pairs that could not be matched in Step 5, but there are so few B/O pairs in PrefLib
instances that it is often not possible to do so. This also explains why we consider that B/B are “pairs to
use” in Step 3 while they could also theoretically be used in this step. After running Step 6 on instance
“MD-00001-00000191”, all 3 [B/O-O/B] cycles could be found and cycle [9-307] was completed.
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Step 7: Process the A/O and O/A pairs

In the last step, we deal with A/O and O/A pairs. We finish with these pairs because O/A pairs are the
most frequent pairs in PrefLib instances, and many of them will not participate in the exchange due to
the lack of O donors. At this step:

• Objective: maximise the number of [O/A-A/O] cycles.

• Cycles to complete: [A/AB-AB/O] (fixed in Step 1), [A/B-B/O] (fixed in Step 3).

• Pairs to use: O/O (from Step 5), A/A (from Step 4).

• Types of cycles allowed: [A/AB-AB/O-O/A], [A/O-O/A], [A/O-O/O-O/A], [A/O-O/A-A/A], [A/B-B/O-O/A].

We try to find as many [O/A-A/O] cycles as expected under the constraint that some of these cycles
should incorporate the “pairs to use” A/A and O/O that could not be matched in Steps 4 and 5, that
some O/A pairs should be used to complete the [A/AB-AB/O] cycles found in Step 1 and that we have to
complete the partial cycles [A/B-B/O] from Step 3 with O/A pairs. Note that it is not necessary to consider
[O/AB-AB/A] cycles as we assumed that O/AB pairs were excluded from the exchange. After running Step 7
on instance “MD-00001-00000191”, cycles [253− 248] and [258− 259] were completed, the 7 incomplete
[A/B-B/O] cycles from Step 3 were completed by an O/A pair to form 7 complete [A/B-B/O-O/A] cycles,
all 51 cycles containing one A/O pair and one O/A pair could be found: 50 [A/O-O/A] cycles and one
[A/O-O/A-A/A] cycle, the latter containing the remaining A/A pair from Step 4.

Extending the matheuristic for L = 4

We were able to solve the PrefLib instances with L = 4 by only updating Step 1 in the same way
we updated U3 in Section 3, that is, by updating the set containing the AB/* and */AB pairs as C =
C2

2 ∪C3
3 ∪C4

4 ∪ P 1
2 ∪ P 2

3 ∪C3
4 . It was not necessary to consider any supplementary types of cycles (e.g.,

[B/B-B/A-A/A-A/B] or [O/O-O/O-O/O-O/O]).

B Parameters for generating instances similar to real-world in-
stances from the UKLKSS

In this section we list a number distributions relevant to the generation of random instances of KEP
problems. These distributions are all taken from the UKLKSS between 2012 and 2018 inclusive. For
more details on how these may be used, see Section 4 of the main article.

Table 1 shows the distribution of number of donors paired with a recipient in the UKLKSS. Recall
that in the UKLKSS a donor can be paired with at most one recipient, while a recipient may be paired
with multiple donors. In any exchange, only one donor of a recipient is selected (unless the donor is
non-directed, in which case they have no paired donor).

Table 1: Distribution of number of donors paired with a recipient in UKLKSS

Number of donors Proportion

1 0.9112
2 0.0769
3 0.0105
4 0.0015

Table 2 shows the distribution of blood groups amongst recipients within the UKLKSS. Tables 3,
4, 5, and 6 then show the distribution of donor blood groups within the UKLKSS. These distributions
are dependent on the blood group of a paired recipient. Table 7 shows the distribution of blood groups
amongst non-directed (altruistic) donors within the UKLKSS.

Table 8 shows the distribution of cPRA amongst recipients who are paired with at least one blood-
group compatible donor. Table 9 shows the distribution of cPRA amongst recipients who are not paired
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Table 2: Blood-group distribution of recipients in the UKLKSS

Blood group Proportion

O 0.6293
A 0.2325
B 0.1119

AB 0.0263

Table 3: Blood-group distribution of donors paired with a recipient with blood group O

Blood group Proportion

O 0.3721
A 0.4899
B 0.1219

AB 0.0161

with any blood-group compatible donor. Table 10 shows the relationship between cPRA and likelihood of
transplant compatibility with a blood-group compatible donor within the UKLKSS. Where an equation
is given, this was determined by linear regression. Table 11 shows the distribution of likelihood of a
transplant being incompatible for recipients within the UKLKSS with a cPRA of 0.

C Additional comparisons of various generators

In this section we give extensive results on our tests of various generator configurations. Recall that
for each real-world instance, we generated 20 random instances for each of our test generators with
the same number of recipients as the corresponding real-world instance. We then calculate, for each
parameter, the proportion of the value of the parameter in each random instance divided by the value
of the parameter for the real-world instance. These are then plotted as box-and-whisker plots, with a
coloured box denoting the interquartile range (IQR), a black vertical bar denoting the median, and a
white cross denoting the mean. The horizontal lines extend up to a distance of 1.5 IQR from either side
of the coloured box (if no data points extend this far, these lines stop at the last data point), with data
points further away being marked as outliers with solid dots.

See Section 5 of the main article for a more detailed explanation.

Table 4: Blood-group distribution of donors paired with a recipient with blood group A

Blood group Proportion

O 0.2783
A 0.6039
B 0.0907

AB 0.0270
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Table 5: Blood-group distribution of donors paired with a recipient with blood group B

Blood group Proportion

O 0.2910
A 0.2719
B 0.3689

AB 0.0683

Table 6: Blood-group distribution of donors paired with a recipient with blood group AB

Blood group Proportion

O 0.3166
A 0.4271
B 0.1910

AB 0.0653

Table 7: Blood-group distribution of non-directed (altruistic) donors in the UKLKSS

Blood group Proportion

O 0.4930
A 0.3990
B 0.0939

AB 0.0141

Table 8: Distribution of cPRA amongst recipients who have a blood-group compatible paired donor in
the UKLKSS

cPRA range Proportion

0 0.0435
[1, 10) 0.0064
[10, 20) 0.0027
[20, 30) 0.0060
[30, 40) 0.0084
[40, 50) 0.0107
[50, 60) 0.0217
[60, 70) 0.0291
[70, 80) 0.0391
[80, 85) 0.0257
[85, 90) 0.0308

90 0.0114
91 0.0107
92 0.0157
93 0.0318
94 0.0191
95 0.0197
96 0.0241
97 0.0535
98 0.0929
99 0.1802
100 0.3170
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Table 9: Distribution of cPRA amongst recipients who do not have a blood-group compatible paired
donor in the UKLKSS

cPRA range Proportion

0 0.3568
[1, 10) 0.0390
[10, 20) 0.0134
[20, 30) 0.0107
[30, 40) 0.0210
[40, 50) 0.0244
[50, 60) 0.0336
[60, 70) 0.0306
[70, 80) 0.0428
[80, 85) 0.0355
[85, 90) 0.0458

90 0.0065
91 0.0126
92 0.0286
93 0.0065
94 0.0076
95 0.0157
96 0.0237
97 0.0153
98 0.0252
99 0.0966
100 0.1081

Table 10: Proportion of blood-group compatible donors marked as transplant compatible broken down
by cPRA of the recipient

cPRA range Compatibility

[0, 50) 0.5651− 0.3301× cPRA
100

[50, 95) 0.6578− 0.6419× cPRA
100

95 0.0583
96 0.0534
97 0.0253
98 0.0145
99 0.0152
100 0.0124

Table 11: Distribution of the proportion of blood-group compatible donors marked as transplant com-
patible for recipients with a cPRA of 0

Incompatibility range Proportion of recipients

0 0.1891
(0, 0.01] 0.0683

(0.01, 0.02] 0.0774
(0.02, 0.03] 0.0387
(0.03, 0.04] 0.0205
(0.04, 0.10] 0.0547
(0.10, 0.25] 0.0592
(0.25, 0.50] 0.0911
(0.50, 0.75] 0.1412
(0.75, 1.00] 0.2597
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Figure 1: Size of largest set of transplants as a proportion of the size of largest set in real-world instances
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Figure 2: Number of edges as a proportion of number of edges in real-world instances
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Figure 3: Number of two-cycles as a proportion of the number of two-cycles in real-world instances
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Figure 4: Number of three-cycles as a proportion of the number of three-cycles in real-world instances
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Figure 5: Number of short chains as a proportion of the number of short chains in real-world instances
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Figure 6: Number of long chains as a proportion of the number of long chains in real-world instances
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Figure 7: Number of selected two-cycles as a proportion of the number of selected two-cycles in real-world
instances
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Figure 8: Number of selected three-cycles as a proportion of the number of selected three-cycles in
real-world instances
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Figure 9: Number of selected short chains as a proportion of the number of selected short chains in
real-world instances
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Figure 10: Number of selected long chains as a proportion of the number of selected long chains in
real-world instances
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Figure 11: Time to solve IP as a proportion of the time to solve the IP for real-world instances
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Figure 12: Time to solve total problem as a proportion of the time to solve the total problem for
real-world instances
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