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Abstract. We consider the two bar charts packing problem (2-BCPP), a recent combinato-
rial optimization problem whose aim is to pack a set of one-dimensional items into the
minimum number of bins. As opposed to the well-known bin packing problem, pairs of
items are grouped to form bar charts, and a solution is only feasible if the first and second
items of every bar chart are packed in consecutive bins. After providing a complete picture
of the connections between the 2-BCPP and other relevant packing problems, we show
how we can use these connections to derive valid lower and upper bounds for the prob-
lem. We then introduce two new integer linear programming (ILP) models to solve the
2-BCPP based on a nontrivial extension of the arcflow formulation. Even though both mod-
els involve an exponential number of constraints, we show that they can be solved within a
constraint generation framework. We then empirically evaluate the performance of our
bounds and exact approaches against an ILP model from the literature and demonstrate
the effectiveness of our techniques on both benchmarks inspired by the literature and new
classes of instances that are specifically designed to be hard to solve. The outcomes of our
experiments are important for the packing community because they indicate that arcflow
formulations can be used to solve targeted packing problems with precedence constraints

and also that some of these formulations can be solved with constraint generation.
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1. Introduction

Given a set of weighted items and an unlimited number
of identical capacitated bins, the bin packing problem
(BPP) requires packing all the items into the minimum
number of bins. The BPP was introduced several decades
ago by Kantorovich (1960) and quickly became one of the
most studied combinatorial optimization problems.
Indeed, its relatively simple structure made it the perfect
playground for the research community to develop and
test the most effective solution methods, including
branch-and-bound algorithms (Martello and Toth 1990),
metaheuristics (Falkenauer 1996), branch-and-price algo-
rithms (Vance 1998), pseudo-polynomial formulations
(Valério de Carvalho 1999), constraint programming
(Shaw 2004), and reinforcement learning (Cai et al. 2019).
Besides theoretical motivations, the BPP is also studied for
its applications in the cutting industry (Stadtler 1990) and
for its key role when solving more complex combinatorial
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optimization problems such as the vehicle routing problem
(Lysgaard et al. 2004) and the two-dimensional BPP (Coté
etal. 2021).

Along the years, many extensions of the BPP were
introduced. We mention in particular (i) the BPP with
conflicts (Muritiba et al. 2010) in which pairs of items
cannot be packed in the same bin, (ii) the contiguous BPP
(Martello et al. 2003) in which pairs of identical items
must be packed in consecutive bins, and (iii) the vector
packing problem (Branddo and Pedroso 2016) in which
the item weights and bin capacities are multidimensional
vectors and a capacity constraint is imposed on every
dimension.

Erzin et al. (2021b) introduces one of the latest BPP
extensions, which is known as the bar charts packing
problem (BCPP). In the BCPP, we are given a set of
ordered lists of weighted items (the bar charts) that must
be packed using the minimum number of identical
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capacitated bins. Besides the usual capacity constraints,
the BCPP also requires the items of a given bar chart to
be packed in consecutive bins. The BCPP originates from
a class of project scheduling problems in which one must
determine the starting date (the bin) of a set of projects
(the bar charts) so that the total makespan (the number of
bins used) is minimized. Every project runs for a certain
number of periods (one item in the bar chart corresponds
to one period) and consumes a given amount of resource
that may vary from one period to the other (the weights
of the items in the bar chart). The total amount of
resource available per period (the bin capacity) is limited,
and once a project is started, it cannot be interrupted
(contiguity constraints). In this paper, we are interested
in the special case of the problem in which every bar
chart is composed of exactly two items: the 2-BCPP. We
show in Figure 1 a 2-BCPP instance (on the left part)
together with a feasible packing that uses seven bins (on
the right part).

Even though the 2-BCPP has a limited set of practical
applications, it is still an interesting problem to study
because it lies at the intersection of several well-known
BPP extensions. It is, therefore, reasonable to assume that
some of the most effective techniques aimed at solving
these extensions can be adapted to solve the 2-BCPP.
However, the available literature on the topic is mostly
dedicated to approximation algorithms and their worst
case performance ratio (Erzin et al. 2021a, b, c), whereas
lower bounding procedures and exact approaches have
not been thoroughly investigated.

1.1. Our Contribution
We provide an overview of the most relevant packing
problems and cluster these problems into three classes
C;, Cy,and C,. We show that

e Every problem p; € C; is a relaxation of the 2-BCPP,
and thus, algorithms aimed at solving p; can also be
used to derive valid lower bounds for our problem.

e The 2-BCPP is a relaxation of every problem p, € C,,
and thus, algorithms aimed at solving p, can also be
used to derive valid upper bounds for our problem.

Figure 1. A 2-BCPP Instance and a Feasible Packing

I

o The 2-BCPP is a special case of every member p, € C,,
and thus, algorithms aimed at solving p, can also be used
to solve our problem, but the current state-of-the-art
approaches are not well-suited for large-sized 2-BCPP
instances.

We then introduce Eulerian-flow and link-flow, two
new integer linear programming (ILP) models based on the
well-known arcflow formulation introduced by Valério de
Carvalho (1999) for the BPP. As both models use a pseudo-
polynomial number of variables and an exponential num-
ber of constraints, we propose a constraint generation
framework to solve each of these models to optimality.

Subsequently, we empirically evaluate the bounding pro-
cedures, the newly introduced decomposition approaches,
and two methods proposed by Erzin et al. (2021b) (an ILP
model and a heuristic) on a large set of random instances,
and we identify instance features for which the tested
approaches are particularly effective. For example, the
ILP model of Erzin et al. (2021b) works very well when
the maximum item weight is below a 10th of the bin
capacity, whereas Eulerian-flow and link-flow are several
orders of magnitude faster otherwise. We also design two
new classes of hard instances for the 2-BCPP: TRIPLETS,
in which the main difficulty is to find an optimal solution
(i.e., find the right upper bound), and DONUTS, in which
the main difficulty is to prove that the incumbent solution
is optimal (i.e., find the right lower bound).

Besides making significant progress in the 2-BCPP
field, the ideas we introduce are also relevant for arcflow
formulations in general. In particular, to the best of our
knowledge, it is the first time that an arcflow model is
proposed for a BPP with a form of precedence con-
straints, indicating that similar approaches can be used
for a larger set of packing problems. It is also the first
time that an arcflow model is solved through constraint
generation. This could lead to promising developments
in decomposition approaches in which the master prob-
lem is a BPP (see e.g., the recent work of Coté et al. 2021
to solve the two-dimensional BPP). Indeed, arcflow for-
mulations can now be considered to solve the master
problem instead of the frequently used textbook (or
“Kantorovich”) ILP model.
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1.2. Related Work

The 2-BCPP is formally introduced by Erzin et al. (2021b).
The authors propose several approximation algorithms
with proven worst case performance ratios and compare
the results obtained by their approaches to those obtained
when solving a descriptive ILP model with the commer-
cial solver CPLEX. They empirically show that the solver
is more effective for instances with up to 100 bar charts,
whereas the heuristics display better empirical perfor-
mance otherwise. The ILP model considered by Erzin et al.
(2021b) uses one variable per combination of bar chart
and bin and is a direct extension of the textbook BPP
model. Later on, Erzin et al. (2021a) perform additional
experiments in which they use 2-BCPP instances with
known optimal solutions to compute more accurate opti-
mality gaps for the tested approaches. In a subsequent
work, Erzin et al. (2021c) propose two additional approxi-
mation algorithms for special versions of the 2-BCPP and
derive the associated worst case performance ratios. They
study the case in which every bar chart contains at least
one item with weight above half of the bin capacity and
the case in which, in addition to that condition, the first
item of every bar chart is at least as large as the second
item.

Even though the 2-BCPP literature is relatively scarce,
there are a few papers focusing on closely related pack-
ing problems that are particularly relevant for our study.
In the following, we provide an overview of related
problems together with a brief literature review and
group them into three classes: (i) C;, the problems that are
relaxations of the 2-BCPP; (ii) C,, the problems for which
the 2-BCPP is a relaxation; and (iii) C,, the problems for
which the 2-BCPP is a special case.

1.2.1. Problem Class C,. Every packing problem that is
a valid relaxation of the 2-BCPP belongs to C;. In other
words, transforming a 2-BCPP instance  into an instance
I’ of problem p (p € C;) and solving I’ to optimality pro-
vides a valid lower bound for I. If we remove the con-
straints forcing the items of a given bar chart to be
packed in consecutive bins, we obtain the BPP. The ver-
sion of the BPP in which duplicate items are merged into
a unique item with integer demand is called the cutting
stock problem (CSP). A survey on heuristics and approx-
imation algorithms for the BPP and the CSP is proposed
by Coffman et al. (2013), whereas a survey focusing on
exact approaches and mathematical models is presented
by Delorme et al. (2016). Among the most effective
approaches proposed in the literature, we mention branch-
and-price algorithms (see Pessoa et al. 2020, Wei et al.
2020b) and pseudo-polynomial formulations (see Valério
de Carvalho 1999, Branddo and Pedroso 2016, Delorme
and Iori 2020). If we additionally forbid the two items of
any bar chart to be packed in the same bin, we obtain the
BPP with conflicts. Branch-and-price algorithms (see
Sadykov and Vanderbeck 2013) and pseudo-polynomial

formulations (see Branddao and Pedroso 2016) are also
shown to be effective approaches for solving the BPP with
conflicts. Finally, if we force the first item of a given bar
chart to always be packed “before” the second item (i.e.,
ina bin with a lower index), we obtain the BPP with prece-
dence constraints. So far, this problem is mostly tackled
by branch-and-bound algorithms (see Dell’Amico et al.
2012, Pereira 2016) and branch-and-price algorithms (see
Letelier et al. 2022).

1.2.2. Problem Class C,. Every packing problem for
which the 2-BCPP is a valid relaxation belongs to C,.. In
other words, transforming a 2-BCPP instance [ into an
instance I’ of problem p (p € C,) and solving I’ to opti-
mality provides a valid upper bound for I. If we force the
first item of every bar chart to be packed in a bin with an
odd index (i.e., if the first item of every bar chart can only
be packed with other first items), we obtain the two-
dimensional vector packing problem (2D-VPP). This
problem is extensively studied in the literature and can
be efficiently solved through tailored branch-and-price
algorithms (see Wei et al. 2020a) and pseudo-polynomial
formulations (see Brandao and Pedroso 2016). If, instead,
we merge the two items of every bar chart into a two-
dimensional item (i.e., if we force the bottom left corner of
the two items in a given bar chart to have the same y-coor-
dinate), we obtain a version of the strip packing problem
in which the items can either be rectangles or “L-shaped”
hexagons. Algorithms aimed at solving the classic strip
packing problem (e.g., the Benders” decomposition ap-
proaches from Coté et al. 2014, Delorme et al. 2017) can be
extended to also take into account L-shaped hexagons.

1.2.3. Problem Class Ce. Every packing problem for
which the 2-BCPP is a special case belongs to C,. In other
words, transforming a 2-BCPP instance [ into an instance
I’ of problem p (p € C,) and solving I’ to optimality pro-
vides an optimal solution for I. The 2-BCPP can be seen
as a special case of the contiguous BPP, which is intro-
duced by Martello et al. (2003) as a relaxation of the
strip packing problem (SPP). In that relaxation, every
two-dimensional item is cut into unit-height slices, and
the objective is to find a packing that uses the mini-
mum number of bins such that the slices originating
from the same item are packed into contiguous bins.
Even though the items involved in a contiguity con-
straint have the same weight in the SPP relaxation, one
can also consider a version of the contiguous BPP in
which this is not the case. In the literature, the contigu-
ous BPP is tackled with ad hoc branch-and-bound
algorithms (see Martello et al. 2003) and ILP models
solved through commercial solvers (see Coté et al.
2014, Delorme et al. 2017). These ILP models can easily
be extended to the 2-BCPP, but Erzin et al. (2021b)
show that the resulting approaches are only able to
solve small-sized instances to optimality.
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The 2-BCPP is also a special case of the BPP with time
lags recently introduced by Letelier et al. (2022). In that
extension, two items involved in a time lag constraint
have a minimum and a maximum time lag, which is
defined as the difference between the index of the bins in
which the two items are packed. In the version studied
by Letelier et al. (2022), the minimum and maximum
time lags can vary from one pair of items to the other and
are not necessarily bounded. For example, one pair of
items can be constrained to have a time lag in the range
[— o0; — 3], whereas another pair can be constrained to
have a time lag in the range [— 1;15]. The 2-BCPP is, thus,
a special case of the BPP with time lags in which every
pair of items in a given bar chart is forced to have a time
lag in the range [1;1]. Letelier et al. (2022) propose two
ILP models for the BPP with time lags: one that can be
seen as an extension of the model proposed by Erzin et al.
(2021b) and one that uses an exponential number of varia-
bles where each variable decides whether a given pattern
is used in a bin with a given index. The latter model is
solved with a branch-and-price algorithm and can handle
instances with up to a few hundred items. Even though
these approaches can also be used to solve the 2-BCPP,
we do not expect them to work very well in practice
because they need one set of variables per bin index,
which quickly becomes impractical for large-sized instan-
ces. In this paper, we introduce two new ILP models that
make use of the special structure of the 2-BCPP to avoid
the necessity to take the bin index into account.

1.3. Layout

The remainder of this paper is structured as follows. In
Section 2, we formally define the 2-BCPP, and we discuss
the ILP model proposed by Erzin et al. (2021b). In Section
3, we briefly introduce existing arcflow formulations for
the CSP and the 2D-VPP and outline how valid lower
and upper bounds for the 2-BCPP can be obtained by
solving these models. In Section 4, we introduce two
new ILP models for our problem. Both of these models
are based on the arcflow formulation, have an exponen-
tial number of constraints, and can be solved within a
constraint generation framework. In Section 5, we pre-
sent two innovative ways to construct difficult instances
for the problem, and we report the findings of a large
number of computational experiments. Finally, conclu-
sions are drawn in Section 6.

2. Problem Definition

In the 2-BCPP, we are given an unlimited number of bins
with capacity ¢ and a set of n bar charts, each of them
composed of two bars (or items—the terms are inter-
changeable) that must be packed in consecutive bins: the
first bar whose weight is denoted by w;; and the second
bar whose weight is denoted by w;. We call w;=

(w1, wp) the weight vector of bar chart i. For feasibility
purposes, we assume that w;;, w;, < c for every bar chart
i=1,...,n.Wealso assume that w;;, w; and c are strictly
positive integers and that every bar charti=1,...,# has
an integer demand g;. Note that, in the original 2-BCPP
definition from Erzin et al. (2021b), every bar chart had
demand one and bar weights were positive real num-
bers. However, an instance of such a problem can be
transformed to fit our definition by merging duplicate
bar charts, computing the associated demands, and mul-
tiplying the bar weights and the capacity by a suitable
coefficient.

Given a 2-BCPP solution, we say that bar chart i is
packed into bin j if the first item of bar chart 7 is packed
into bin j (and, thus, if the second item of bar chart i is
packed into bin j + 1). In addition, we say that a solution
(or a packing) is feasible if the demand, the contiguity,
and the capacity constraints are satisfied. We call z the
length of a feasible packing, which is defined as the num-
ber of bins in the solution containing at least one item.
For a feasible solution of length z, it is assumed that at
least one item is packed in every binj =1,2,...,z. If this
is not the case, one can simply delete the empty interme-
diate bins and shift the solution. Finally, we say that a
feasible packing with length Z is optimal if there exists no
solution with length z such thatz < z.

Example 1. Let us consider the following 2-BCPP instance
with n =3, w1 =4,1), wa=3,2), ws=(1,4), 1 =q2 =
g3 =1, and ¢ = 5. An optimal packing is shown in Fig-
ure 2 in which the first bar chart is packed in bin 1 (i.e.,
its first and second items are packed in bins 1 and 2,
respectively), the second bar chart is packed in bin 2,
and the third bar chart is packed in bin 3. This solution
has length z = 4 as it uses four bins.

Let us consider a valid upper bound K on the mini-
mum number of bins required to pack all the bar
charts. A trivial value for K is 23"/, g;. By introducing
binary decision variables y; that take value one if bin j
is opened and zero otherwise (j =1,...,K) and integer

Figure 2. Optimal Solution for the 2-BCPP Instance Intro-
duced in Example 1
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decision variables x;; that indicate the number of times
bar chart 7 is packed into bin j (i=1,...,n,j=1,...,
K —1), the 2-BCPP can be modeled as follows (Erzin
et al. 2021b):

K
min >y, (1)
=1
K-1
s.t. inquj i=1,...,n, ()
=1
n
> waxa <cp, (3)
i=1
Z(wilxij +wpxij1)<cy; j=2,...K=1, (4)
i=1
Z WinXik-1 < CYK, ()
i=1
Yi 2 Y1 j=1,...K-1, (6)
y€{0,1} j=1...K (7)
x;i € Np i=1,...,n,
! . 8)
j=1,...,K-1

The objective function (1) minimizes the number of
bins used, whereas Constraints (2) make sure that the
bar chart demands are satisfied. Constraints (3)—(5)
ensure that the sum of the item weights contained in a
given bin never exceeds the bin capacity while also
preventing any item to be packed in a closed bin (i.e., a
bin whose corresponding y; variable is equal to zero).
Finally, symmetry-breaking Constraints (6) make sure
that the bins are opened from lowest to highest index
(i.e., without intermediate empty bins) and Constraints
(7) and (8) limit the variable domains. Model (1)—(8)
uses O(nK) variables and O(n + K) constraints, which
means that, for reasonably small # and K values, the
model size should not be a problem. Yet we show in
our computational experiments that instances with as
few as 50 bar charts cannot be solved after one hour of
computing time by a commercial ILP solver, which
motivates the introduction of better formulations.

3. Arcflow-Based Lower and Upper

Bounding Procedures
For many packing problems, researchers show that arc-
flow formulations provide much better results on aver-
age than “Kantorovich-like” models (see Delorme et al.
2016, Martinovic and Scheithauer 2016, Dell’ Amico et al.
2019). The name “arcflow” originates from the fact that
the variables in the model represent flows on individual
arcs in a directed graph (see de Lima et al. 2022 for a
recent survey on the topic). Arcflow formulations are
known to have a very tight LP-relaxation, but this comes
at the cost of not being polynomial in the input size.

Indeed, both the number of variables and constraints
involved in such models are usually polynomial in the
capacity, whereas the latter is coded as O(log,c) bits in
the input, which is why arcflow formulations are said
to be pseudo-polynomial. There is a growing interest
in the research community for arcflow formulations as
(i) they are usually easy to implement as they do not
involve advanced optimization techniques and (ii)
they result in models that can often be solved to opti-
mality with a state-of-the-art ILP solver, especially for
instances with a reasonable capacity. In summary, arc-
flow models are seen as a good compromise between
simplicity and efficiency.

Typically, an approach using an arcflow model is com-
posed of three phases: (i) the graph-construction phase, in
which the instance I of the original problem is transformed
into an instance I’ of a graph problem; (ii) the solving
phase, in which the instance I is solved (e.g., with an ILP
solver); and (iii) the mapping phase, in which the solution
of instance I" is mapped into a solution of instance . In the
following, we briefly introduce arcflow formulations for
the CSP and 2D-VPP and explain how they can be used to
derive valid lower and upper bounds for the 2-BCPP.

3.1. Arcflow-Based Lower Bounding Procedure
The idea behind the arcflow formulation for the CSP is
introduced by Wolsey (1977) and popularized by Valério
de Carvalho (1999). The CSP is transformed into a graph
problem in which the objective is to minimize the flow
going from a source node to a target node under demand
and flow conservation constraints. In this section, n denotes
the number of items in a CSP instance, w; is the weight of
itemi(i=1,...,n),and g;is the demand of the item.

In the graph-construction phase, we consider a graph
G =(V,A), where vertex set V ={0,1,...,c} and arc set
A={(d,e):0<d<e<cande—d=w;fori=1,...,n}U
{d,d+1):0<d<c}. Note that symmetry-reduction
techniques can be used to reduce the size of V and A (see
Valério de Carvalho 1999, Coté and lori 2018).

In the solving phase, by introducing integer decision
variables f;, that indicate the number of times arc (d,e) €
A is selected, the arcflow model for the CSP can be
defined as follows:

min z )
z ifv=0
s.t. Zfdg— Zfdgz 0 ifv=1,...,c—1 wveV,
(d,e)eA de)eA —z ifo=c
d=v e=v
(10)
> fe=ai i=1,...n, (11)
(de)eA
e—d=w;
fae €Np (d,e)eA. (12)

The objective function (9) minimizes the flow going from
zero to c. Constraints (10) ensure that z units of flow both
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leave node 0 and enter node ¢, and enforce flow conser-
vation in the other nodes. Constraints (11) make sure
that the demand is satisfied, whereas Constraints (12)
limit the variable domains.

In the mapping phase, a flow decomposition algo-
rithm is used on the optimal solution of Model (9)—(12) to
obtain a set of 0 — c paths with unitary flow correspond-
ing to an optimal CSP solution.

Example 1 (Resumed). By splitting every bar chart in
the 2-BCPP instance, we obtain a CSP instance in
which w=(4,3,2,1),g=(2,1,1,2), and ¢ = 5. The opti-
mal arcflow solution is depicted on the left part of Fig-
ure 3 and uses three bins: two bins containing an item
with weight four and an item with weight one each
and one bin containing an item with weight three and
an item with weight two. Therefore, a valid lower
bound for the original 2-BCPP instance is three. A
graphic representation of the solution is shown on the
right part of Figure 3.

3.2. Arcflow-Based Upper Bounding Procedure
The arcflow formulation for the 2D-VPP can be attrib-
uted to Brandao and Pedroso (2016), who extend the
CSP version of the model to take into account additional
dimensions. The 2D-VPP is again transformed into a
graph problem in which the objective is to minimize the
flow leaving a source node under demand and (a form
of) flow conservation constraints. In this section, n
designs the number of items in a 2D-VPP instance, (¢4, ¢2)
is the capacity of the bin, w; = (wy, wy) is the weight vec-
tor of two-dimensional item i (i =1,...,1), and g; is the
demand of the item.

In the graph-construction phase, we consider a graph
G =(V,A), where vertex set V ={(v1,1):0<v1 <¢,0
<vy <cy}andarcset A = {((d1,d),(e1,e2)):0<dy <e; <
cp and0<dy<ey;<cy, and (e1 — dy,e0 — dp) = w; fori =
1, ...,n}. Note that symmetry-reduction techniques can
also be used to reduce the size of V and A (see Brandao
and Pedroso 2016). As it is relevant for the models intro-
duced in the next section, we provide in Algorithm 1 in
Section A of the online supplement a pseudo-code to
construct graph G with a reduced vertex set V and a
reduced arc set A.

In the solving phase, by introducing integer decision
variables f(4, 4,) (e1 ¢,) that indicate the number of times arc
((d1,d>), (e1,e2)) € Aiis selected, the arcflow model for the
2D-VPP can be defined as follows:

min Z f(dl 2),(e1,€2) (13)

((d1,d2),(e1,€2)) €A
(d1,d2) = (0,0)

s.t. Y fudee= Y, fadee
((d1,d2),(e1,e2)) €A ((d1,d2),(e1,2)) €A
(e1,e2)=(v1,02) (d1,d2) = (01,02)
(01,02) €V\{(0,0)},
(14)

fr i ferey =qi i=1,...,n, (15)
((d1,d2),(e1,2)) €A
(e1 —d1,e2 —da) = (win,wi2)

fid, ), (ere2) €No ((d1,d2),(e1,62)) EA. (16)

The objective function (13) minimizes the flow going out
of node (0, 0). Constraints (14) ensure that the flow enter-
ing any node (v;, v,) that is not (0, 0) is never below the
flow leaving that node. Constraints (15) make sure that
the demand is satisfied, whereas Constraints (16) limit
the variable domains.

In the mapping phase, a flow decomposition algo-
rithm is used on the optimal solution of Model (13)—(16)
to obtain a set of (0,0) — (v1,v;) paths ((v1,v2) € V) with
unitary flow corresponding to an optimal 2D-VPP
solution.

Example 1 (Resumed). After converting the 2-BCPP
instance, we obtain a 2D-VPP instance in which n = 3,
wy = (4/ 1)/ wy = (3/ 2)/ w3 = (1/ 4)/ J1=q2=4q3= 1, and
c1 =c2 =5. The optimal arcflow solution is depicted
on the left part of Figure 4 and uses two bins: the first
one containing items 1 and 3 and the second one con-
taining item 2. Therefore, a valid upper bound for the
original 2-BCPP instance is four as one bin in the
2D-VPP corresponds to two bins in the 2-BCPP. A
graphic representation of the solution is shown on the
right part of Figure 4.

Figure 3. Optimal Arcflow Solution for the CSP Relaxation of Example 1 and Its Graphic Representation

2
1
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Figure 4. Optimal Arcflow Solution for the 2D-VPP Transformation of Example 1 and Its Graphic Representation

4. New Arcflow Formulations for the
2-BCPP

Even if the arcflow formulation was originally proposed
for the CSP, it has been successfully extended to many
other relevant packing problems in the last two decades
(see Macedo et al. 2010, Nesello et al. 2018, Delorme et al.
2021). In this section, we first introduce Eulerian-flow,
a nontrivial arcflow extension for the 2-BCPP in which a
feasible solution is represented by a single cycle in a
graph (a Eulerian cycle). We observe that, whereas forc-
ing the arcs selected in a solution to form cycles is rela-
tively easy, making sure that these cycles are all
connected (i.e., that there are no subtours) is much
harder and can only be achieved by using an exponential
number of constraints. As the model size quickly
becomes too large to be solved by an ILP solver, we pro-
pose a constraint generation framework that only adds
the subtour elimination constraints that are necessary to
find an optimal solution. We then introduce link-flow, a
model inspired by Eulerian-flow in which the number of
variables is dramatically reduced at the cost of an extra
set of constraints.

4.1. Eulerian-Flow

Our first model builds upon the arcflow formulation for
the 2D-VPP described in the previous section in which a
feasible packing is represented as a set of paths starting
from node (0, 0). In that formulation, one can easily mod-
ify the arc set definition to incorporate feedback arcs
((v1,v2),(0,0)) for every (vq,v) € V to represent the end
of a bin and updating flow conservation constraints (14)

to
Z f(dlfdz),(t’hﬁz) = Z

((dy,dy),(e1,e2)) € A ((dq,dz),(e1,€2)) € A
(ev,e2) = (©1,02) (@, d2) = (o1,02)

(01, Z)z) eV. (17)

ﬂdl:dZ)r(ehfZ)

A feasible solution fnow consists of a set of arcs that can
be split into a number of cycles in which each cycle con-
tains node (0, 0). Let us define the directed multigraph
Gy = (Vy, Ay), also called the solution graph hereafter, in

which V¢ contains the set of vertices visited in solution f
and Ay contains f(y, 4, (e, e,) copies of arc ((d1,d), (e1,e2))
for every ((d1,d2), (e1,€2)) € A. According to Euler’s theo-
rem (developed to solve the Konigsberg bridge problem
in 1736), a directed graph contains a Eulerian cycle if and
only if (i) the in-degree of any vertex is equal to its out-
degree and (ii) the graph is strongly connected. Solution
graph Grcontains a Eulerian cycle as condition (i) is satis-
fied thanks to the updated flow conservation constraints
(17), and condition (ii) is satisfied because the arcs in As
can be split into a set of cycles such that node (0, 0) is
included in every cycle.

This updated formulation is not yet suitable for the
2-BCPP as it fills the bins by pairs, which means that it
does not allow the first item of a bar chart to be packed
with the second item of another bar chart. To correct this
issue, we introduce transition arcs ((v1,v2),(v2,0)) for
every (v1,0;) € V to represent the end of a 2-BCPP bin.
Intuitively, one can see a transition arc as half of a feed-
back arc. In fact, using two successive transition arcs
((v1,v2),(v2,0)) and ((v2,0),(0,0)) is the same as using
one feedback arc ((v1,v2),(0,0)). We point out that, after
introducing transition arcs, the arcs in A¢can still be split
into a set of cycles, but node (0, 0) is not necessarily
included in each of these cycles anymore. This means
that an additional set of constraints is required to make
sure that the solution graph Gy is strongly connected
(and, thus, that it contains a Eulerian cycle).

In the graph-construction phase, we consider a graph
G =(V,A), where vertex set V = {(v1,12) : 0<v; <¢,0<
vy <c} and arc set A ={((dy,d>),(e1,€2)):0<d; <e; <
cand0<dy<ey<c and (ey — dy,ep — do) = (Wi, wp)
fori=1,.. ., npUA{((d1,d2),(d2,0)):0<dy <c and 0<d, < c}.
As the number of vertices and arcs grows quickly with c,
we detail in the following how graph G can be con-
structed with a reduced vertex set V and a reduced arc
set A. Note that, to avoid any confusion, we temporarily
use different notation for the initial graph G*, the inter-
mediate graph GF, and the final graph G'.

1. Order the bar charts (e.g., from the largest bar
chart to the smallest).
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2. Construct graph G*=(V*,A%) following Algo-
rithm 1 in Online Section A.

3. Save in set V" every distinct v, value (v, # 0) such
that (v1,v,) € V* for some v;.

4. Construct graph GF = (V#, AP) following a modi-
fied version of Algorithm 1 in which set V is initialized
to V" instead of {(0,0)} and create V? = V* U VF and
AV = AYU AP,

5. For every vertex (vq,v2) € V' \ {(0,0)}, add transi-
tion arc ((v1,v2),(v2,0)) to A”.

We point out that it is not necessary to update set %
after the fourth step because every arc ((d1,d>), (e1,€2)) in
AP has, by construction, its counterpart ((d; — v,d,),
(e1 — v,e)) in A%, where v € V". In fact, we can use this
fact to generate V” and A” more efficiently by duplicat-
ing A“ and “shifting” the first dimension of both the tail
and the head of every arc by the values in V" as described
in Algorithm 2 in Online Section A. In the next phases,
we refer to graph G = (V, A) as the final graph G” built in
this phase.

In the solving phase, for the sake of compactness, we
now sometimes refer to an arc as a instead of
((d1,dz), (e1,€2)). For every vertex (vq1,v2) € V, we also
define index sets 6" (v1,v2) (respectively, 6~ (v1,v2)) as
the set of arcs leaving (entering) vertex (vy, v,). For every
i=1,...,n, we denote by A, the set of arcs representing
the packing of a bar chart of type i (i.e., the set of arcs
((d1,d2),(e1,e2)) € A such that (e; —dyi,er — da) = (wy,
wp)). We call Ay UA; U---U A, the set of bar chart arcs.
We also denote by A the set of transition arcs. By intro-
ducing integer decision variables f, that indicate the
number of times arc a € A is selected, the Eulerian-flow
model can then be defined as follows:

min Zf“ (18)
acAy
s.t. Z f;z = Z ﬁl (UIIUZ) eV, (19)
aed* (v1,v2) aed” (v1,v2)
S fz, (20)
aed*(0,0)
S fo=a i=1,...,n (1)
acA;

fosM- 3, f
a €6+(d1,d2) N 67(61,82)
(di,d) €V, (e1,e2) & V

Vev\{(0,0} (2
fieNg a€A. (23)

a €& (dy,dy) N 6 (er,e2)
(d,d2) €V, (er,e2) €V

The objective function (18) minimizes the number of
transition arcs used (i.e., the length of the packing). Con-
straints (19) ensure flow conservation, whereas Con-
straint (20) makes sure that there is at least one unit of
flow leaving node (0, 0). Furthermore, Constraints (21)
enforce demand satisfaction, and Constraints (22) eliminate

subtours so that the solution graph Gy is strongly con-
nected. More specifically, big-M constraints (22) ensure
that, for every potential subtour (i.e., every subset of nodes
V that does not contain (0, 0)), there can only be a flow cir-
culating in the subtour (i.e., in an arc whose tail and head
are both in V) if there is also a flow leaving the subtour (i.e.,
passing through an arc whose tail is in V' and whose head
is not in V). A suitable big-M value for Constraints (22) is
S g: +Kasatmost >, g; units of flow circulate in bar
chart arcs and at most K units of flow circulate in transition
arcs in total (we recall that K is an upper bound on the mini-
mum number of bins). Note that we can decrease big-M
values by making them constraint-specific. In that case, for
the constraint associated with a given subset of nodes V/,
we can remove the g; values of the bar charts for which
there is no arc a € A; with both tail and head in V. Model
(18)~(23) uses O(nc?) variables and O(2(Cz)) constraints.

In the mapping phase, after an optimal solution f is
found for Model (18)—(23), we create the solution graph
Grand we find a Eulerian cycle in the graph starting in
node (0, 0). Once such a cycle is obtained, we reconstruct
a 2-BCPP solution by looping over every arc a in the
Eulerian cycle and either inserting the bar chart associ-
ated with g into bin j if a is an item arc or incrementing j if
ais a transition arc (j is initialized to one).

Example 1 (Resumed). We solve the same 2-BCPP
instance with n = 3, w; = (4,1), w, = (3,2), w3 = (1,4),
g1 =92 =q3 =1, and c=5. The graph obtained after the
graph-construction phase is depicted on the left part
of Figure 5. Solid lines are bar chart arcs (the number
on top of the arc is the bar chart index), and dashed
lines are transition arcs. The solution obtained after
the solving phase (e.g., given by an ILP solver) results
in the flow f that is printed in bold and black on the
left part of Figure 5 (every arc in f carries one unit of
flow). To transform f into a valid 2-BCPP solution
through the mapping phase, we identify Eulerian

cycle (0,00 (4,1) — (1,0) > (4,2) — (2,0) > (3,4) — (4,0)
— (0,0), we initialize the bin index to one, and we start
looping over every arc in the cycle. We pack bar chart
1in bin 1 (i.e,, its first item is packed in bin 1, and its
second item is packed in bin 2), and then, we incre-
ment the bin index because the second arc is a transi-
tion arc. Then, we pack bar chart 2 in bin 2, we
increment again the bin index, we pack bar chart 3 in
bin 3, and we finish by incrementing the bin index
twice. A graphic representation of the 2-BCPP solution
is shown on the right part of Figure 5 and uses four
bins.

Note that, for this instance, an optimal solution to
Eulerian-flow without subtour elimination constraints
has objective value three and is composed of two
cycles: (0,0)—(4,1)—(5,5) — (5,0) — (0,0) and (2,0)

i>(5,2) — (2,0). This solution satisfies flow conservation
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Figure 5. Eulerian-Flow Graph for Example 1, Optimal Solution, and Graphic Representation

and demand constraints and has at least one unit of
flow leaving node (0, 0). However, it cannot be
mapped into a valid 2-BCPP solution as its associated
solution graph does not contain a Eulerian cycle.

4.2. Constraint Generation Framework

A common way to solve ILP models that involve an
exponential number of constraints is to use a constraint
generation framework. The key idea behind constraint
generation is to solve the formulation with a subset of
constraints S (e.g., with an ILP solver) and check if the
returned solution is feasible for the initial problem (i.e., if
the solution found also satisfies the constraints that were
not included in S). If this is the case, then the solution is
optimal. Otherwise, it means that at least one of the con-
straints not considered in the reduced model is impor-
tant and needs to be added to S. The process is iterated
until an optimal solution is found. Note that constraint
generation is very well-known in the routing community
(see the work of Pferschy and Stanék 2017 on constraint
generation for the traveling salesman problem).

A flowchart of our constraint generation framework is
presented in Figure 6. After the graph-construction
phase in which graph G = (V, A) is generated, we solve
the Eulerian-flow model without subtour elimination
constraints to obtain a solution f. We then create the solu-
tion graph Gg, split the arcs of A¢into the minimum num-
ber of disjoint cycles, and store the ones that do not
contain node (0, 0) in C. If |C| > 0, then f contains one or
more subtours, and thus, cannot be mapped into a

feasible 2-BCPP solution. As a result, a subtour elimina-
tion constraint is added to S forbidding each of the | C |
subtours, and Eulerian-flow is solved once more with
the updated subset S. If |C] = 0, the algorithm stops as f
can be mapped into a feasible 2-BCPP solution.

Example 1 (Resumed). After solving the Eulerian-flow
model without subtour elimination constraints, one can
obtain a solution f containing subtour (2, 0)£>(5, 2) —
(2,0). Such a solution can be prevented from being gener-
ated again during the solving phase by adding subtour
elimination constraint f( ) 5.2) + f(5,2),2,0) < M * (f2,0),3,4) +
f2,0,00) to (22).

We point out that, in state-of-the-art ILP solvers,
constraint generation frameworks are usually implemented
within callbacks (a set of functions created by the user
that is called during the enumeration tree). In our call-
back implementation, every integer solution found by
the solver is tested for subtours. If at least one subtour
is found, relevant constraints are added to the solver,
and the solution is, therefore, rejected. If no subtour is
found, the solution becomes the new incumbent and
the upper bound is, therefore, updated. In both cases,
the solver continues its enumeration tree until the
lower and upper bounds match.

4.3. Link-Flow

Even though reduction techniques are applied in the
graph-construction phase of Eulerian-flow, preliminary
tests show that the model size grows quickly as 7 and ¢
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Figure 6. Flowchart for Constraint Generation Framework
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increase even when the constraint generation framework
is used. This is mainly because of the fourth step of the
graph-construction phase in which the initial arc set A“
is duplicated up to ¢ — 1 times to allow any (ordered)
combination of bar chart arcs to follow a transition arc.
The key idea behind link-flow is to move the transition
arc from the beginning of a bin to the end so that every
bin now always starts from node (0, 0) and ends with a
transition arc. Whereas the idea appears to be relatively
simple and effective (as the duplication phase is no lon-
ger needed), its implementation is not necessarily trivial
as we now need to make sure that the transition arcs
“connect” to each other so that the bins form a feasible
2-BCPP solution. Intuitively, transition arcs can be seen
as a set of pieces of a puzzle, and the subset we select
needs to form a circle.

For the sake of clarity, we describe the link-flow model
using two distinct graphs G' and G* (even though we
will observe in the solving phase that building G* is not
strictly necessary). The primary graph G' contains item
arcs and link arcs (the counterpart of transition arcs in
link-flow), whereas the secondary graph G contains link
and loss arcs. Constraints in G' make sure that the bins
created are feasible and item requirements are satisfied.
Constraints in G> make sure that link arcs (and, thus,
bins) can be combined together to form a feasible 2-BCPP
solution (possibly with the help of loss arcs). This is done
by ensuring that the secondary solution graph GJ% con-
tains a Eulerian cycle. Supplementary constraints ensure
that the link arcs selected in G' and in G* are the same.

In the graph-construction phase, the primary graph
G! = (V1, A!) isinitially constructed as the arcflow graph
for the 2D-VPP (see Section 3.2 and Algorithm 1 in
Online Section A). Link arcs ((v1,v2),(0,0)) are then
added to A' for every node (v1,v7) € V1. The secondary
graph G? = (V?,A?) has vertex set V2 ={0,1,...,c} and
arc set A% = {(c — 01,02, k) : (v1,02) e VYU {(d,d +1,I5): 0 <
d < c} in which the third index separates the link arcs
(identified by “Ik”) from the loss arcs (identified by “Is”).

In the solving phase, for every primary vertex (v1,v;)
€ V!, westilluse 6*(v1,v;) as the set of primary arcs leav-
ing (v1, v2) and 6™ (v1,v;) as the set of primary arcs enter-
ing (v, v,). Analogously, we define index sets 6*(v) and
6~ (v) for every secondary vertex v € V2 as the set of sec-
ondary arcs leaving and entering v. Foreveryi=1,..., n,
we denote by A} the set of primary arcs representing the
packing of a bar chart of type i. We call Al U Al U---U A}
the set of bar chart arcs, and we denote by A} the set of link
arcs in G'. By introducing integer decision variables f' (f?)
that indicate the number of times primary (secondary) arc
a€ Al (a € A?) is selected, the link-flow model can then be
defined as follows:

min > f (24)

acA}
st. > fil= > f
a€d” (v1,v2)

a€d* (v1,v2)

(01,02) € V', (25)

fo: fo veV?  (26)
aed* (v) aed (v)

Y =1, 27)
aed™(0)

(d,e lk)e A%, (28)
i=1,...,n, (29

1 2
f(c—d,e),(0,0) =/ de,lk

> fi=a

aeA]

> fisM-

aedt(d) N o (e)

SR Vv,

aedt(d) N o (e)

def/z,eef/z def/z,mzf/z
(30)
fleNy acAl, (31
fZeNy acA? (32

The objective function (24) minimizes the length of the
packing. Constraints (25) and (26) enforce flow conserva-
tion in the primary and secondary graphs, whereas Con-
straint (27) makes sure that at least one unit of flow
leaves secondary vertex 0. Furthermore, Constraints (28)
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ensure that the link arcs selected in G' are the same as the
link arcs selected in G?, Constraints (29) enforce demand
satisfaction, and Constraints (30) eliminate subtours so
that the solution graph G is strongly connected. A suit-
able big-M value for Constramts (30) is K + Kc as at most
K link arcs are selected in G' (and, thus, in G?) and at
most ¢ loss arcs are required in G* per link arc. Note
that we can decrease big-M values by making them
constraint-specific. In that case, for the constraint associ-
ated with a given subset of nodes V', we can use the
acfual number of loss arcs having both tail and head in
V' instead of the upper bound c. Model (24)-(32) uses
O(nc?) variables and O(2°) constraints. Note that we can
reduce the model size even further by replacing varia-
bles fd . associated with secondary link arcs (d,¢,lk) €
A2 by ‘their counterpart f(C 40,0 i the primary graph

and by removing Constraints (28). We can also use the
constraint generation framework introduced previously
to handle subtour elimination Constraints (30).

In the mapping phase, after an optimal solution f =
(f',f?) is found for Model (24)~(32), we use a flow-
decomposition algorithm to obtain a set of (0,0) — (0,0)
cycles with unitary flow in the primary graph. Each of
these cycles corresponds to a bin, and we now need to
order these bins. To do so, in the secondary graph, we
create solution graph Gj%, and we find a Eulerian cycle

starting from node 0. Note that G? is constructed as
described in Eulerian-flow: GJ% = (VJ?,A}), where VJ? con-
tains the set of secondary vertices visited in solution f
and AJ% contains fdzre,, copies of arc (d, e, I) for every
(d,e,]) € A%. After initializing j to one, we reconstruct a
2-BCPP solution by looping over every arc a in the Euler-
ian cycle and inserting in bin j either one unit of loss
space if a is a loss arc or the bar charts of the (0,0) — (0,0)
cycle that includes the counterpart of a in the primary
graph otherwise. Index j is incremented every time a is a
link arc.

Example 1 (Resumed). Consider again the running
example. The primary and secondary graphs obtained
after the graph-construction phase are depicted on the

left and middle parts of Figure 7, respectively. In the
primary graph, solid lines are bar chart arcs (the num-
ber on top of the arc is the bar chart index) and dashed
lines are link arcs. In the secondary graph, solid lines
are link arcs and dashed lines are loss arcs. Note that,
as no secondary link arc starts or ends in three, loss
arcs (2,3,1s) and (3,4, [s) are merged into (2,4,Is). The
solution obtained after the solving phase (e.g., given
by an ILP solver) results in the flow f = (f,f?) that is
printed in bold and black in the two graphs (every arc
in f' and f* carries one unit of flow). To transform f
into a valid 2-BCPP through the mapping phase, we
first determine the (0,0) — (0,0) cycles in the primary

graph: (0,0)5(4,1) = (0,0), (0,00>(3,2) — (0,0), (0,0) >

(1,4) —(0,0), and (0,0) — (0,0). We then identify

Is Ik 0s Ik s Ik Ik
Eulerian cycle 051515250 54545 550 in

the secondary graph. We pack one unit of loss space
in bin 1 together with bar chart 1 as secondary link arc
(1, 1) is associated with primary link arc ((4,1),(0,0)).
We increment the bin index and pack one unit of loss
space in bin 2 together with bar chart 2 as secondary
link arc (2, 2) is associated with primary link arc
((3,2),(0,0)). We increment the bin index and pack
two units of loss space in bin 3 together with bar chart
3 as secondary link arc (4, 4) is associated with pri-
mary link arc ((1,4),(0,0)). We increment the bin
index and pack one unit of loss space in bin 4. Finally,
we increment the bin index and complete the Eulerian
cycle with secondary link arc (5, 0), which is associ-
ated with primary link arc ((0,0), (0,0)). A graphic rep-
resentation of the 2-BCPP solution is shown on the
right part of Figure 7 and uses four bins.

Note that, for this instance, an optimal solution to
link-flow without subtour elimination constraints has
ob]ectlve value three and is Composed of cycles (0,0)

L1265 — mmmmﬁ@m — (0,0) and (0,0)

— (0,0) in the primary graph and 0 K55 0and252
in the secondary graph. This solution satisfies flow
conservation and demand constraints and has at least one
unit of flow leaving secondary node 0. However, it cannot

Figure 7. Link-Flow Primary and Secondary Graphs for Example 1, Optimal Solution, and Graphic Representation

G
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be mapped into a valid 2-BCPP solution as its associated
solution graph GJ? does not contain a Eulerian cycle. By

using the constraint generation framework, one can pre-
vent such a solution from being generated again by add-

ing subtour elimination constraint f7, , < M- f3, . to (30).

5. Computational Experiments
We empirically evaluate the performance of each of the
proposed approaches, namely,

e CSP, the arcflow Model (9)—(12) described in Sec-
tion 3.1 to obtain a lower bound.

e EUL-REL, the Eulerian-flow Model (18)—(23) with-
out subtour elimination Constraints (22) described in
Section 4.1 to obtain a lower bound.

e LINK-REL, the link-flow Model (24)-(32) without
subtour elimination Constraints (30) described in Sec-
tion 4.3 to obtain a lower bound.

e 2DV, the arcflow Model (13)-(16) described in Sec-
tion 3.2 to obtain an upper bound.

e ERZIN, Model (1)—(8) described in Section 2 intro-
duced by Erzin et al. (2021b).

e EUL-FLOW, the Eulerian-flow Model (18)—(23) in
which subtour elimination constraints are added through
the constraint generation framework described in Section
42.

o LINK-FLOW, the link-flow Model (24)—(32) in which
subtour elimination constraints are added through the
constraint generation framework described in Section 4.2.

For comparative purposes, we also reimplement the
best performing heuristic according to the experiments
of Erzin et al. (2021b), GA_LO. It is a greedy approach
that fills the bins one at a time by iteratively adding the
bar chart with the largest first item among those fitting in
the remaining space. When no bar chart can be packed
into the current bin j, because either the first bar does not
fit into bin j or the second bar does not fit into bin j + 1,
then GA_LO closes bin j and starts filling bin j + 1. Our
algorithms are all coded in C++ and can be downloaded
from https: // github.com/mdelorme2/Two_Bar_Charts_
Packing Problem. The experiments were run on an
Intel(R) Core(TM) i7-4700MQ, 2.40 GHz with 8 GB of
memory, running under Ubuntu 20.04.4 LTS, and Gurobi
9.5.0 was used to solve the ILP models. A single core was
used for the tests (i.e., parameter Threads was set to
one), the barrier algorithm was used to solve the root
nodes of the ILP models (i.e., parameter Met hod was set
to two), and callbacks were used for the constraint genera-
tion (and, thus, parameter LazyConstraints was set to
one). In every instance, an upper bound K on the mini-
mum number of bins required to pack the bar charts was
obtained with a trivial first fit decreasing approach. For
every run, a time limit of 3,600 seconds was imposed. We
tested our approaches on six newly generated data sets
with integer item weights and bin capacities, namely,

e U-GEN, in which bar charts contain (a combination
of) small, medium, and big items.

e U-SMA, in which bar charts only contain small
items.

e U-MED, in which bar charts contain at least one
medium item.

e U-BIG, in which bar charts contain at least one big item.

e TRIPLETS, in which an integer solution where
every bin is entirely filled exists.

e DONUTS, in which the bound derived from EUL-
REL and LINK-REL is exactly one bin away from the
optimal solution value.

Our data sets can be downloaded from https://github.
com/mdelorme2/Two_Bar_Charts_Packing Problem. For
each data set, we first describe the instance-generation
process and its motivation. We then empirically evalu-
ate the performance of each of the aforementioned
approaches, including an overview of the model size
and quality of the LP relaxation.

5.1. Data Set Generation and Experiments on
U-GEN, U-SMA, U-MED, and U-BIG

5.1.1. Data Set Generation. In data sets U-GEN and
U-SMA, the item weights of every bar chart are uni-
formly distributed in specific ranges: [1; c] in U-GEN and
[1;45] in U-SMA. In data sets U-MED and U-BIG, the
weight of one item of every bar chart (randomly selected
between the first and second items) is uniformly distrib-
uted in [1; c], whereas the weight of the other item is uni-
formly distributed in [¢;1] in U-MED and [§;1] in
U-BIG. For each data set, we consider three distinct bin
capacities ¢ € {50, 100,500} and various numbers of bar
charts Y, g; (named Q) thereafter).

e For ¢ = 50, we tried Q € {10;50;100;500; 1,000;5,000;
10,000; 50,000; 100,000}.

e For ¢ = 100, we tried Q € {10;50;100;1,000}.

e For ¢ = 500, we tried Q) € {10;50;100}.

For each of the 17 combinations, we generated 10
instances resulting in 170 instances in total per data set.
To create an instance, we simply generated the desired ()
bar charts according to the specified distribution, and we
merged the identical ones to obtain values n and g;
(i=1,...,n).

5.1.2. Data Set Motivation. Data sets similar to U-GEN
and U-BIG were used in the experiments of Erzin et al.
(2021a) on a standardized version of the 2-BCPP in which
the bin capacity was always equal to one and the item
weights were real numbers with up to eight digits after
the decimal point. We decided to recreate these two data
sets in order to have more flexibility over the capacity and
the total number of bar charts. We also mention that there
were some inconsistencies in the instance files we down-
loaded from the web link shared in Erzin et al. (2021a),"
which is another motivation for generating new data sets.
As far as U-MED and U-SMA are concerned, the former


https://github.com/mdelorme2/Two_Bar_Charts_Packing_Problem
https://github.com/mdelorme2/Two_Bar_Charts_Packing_Problem
https://github.com/mdelorme2/Two_Bar_Charts_Packing_Problem
https://github.com/mdelorme2/Two_Bar_Charts_Packing_Problem
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was created to be a more difficult version of U-BIG,
whereas the latter was designed to outline the main weak-
nesses of our new flow formulation approaches.

5.1.3. Experiments. Our first set of experiments aims at
empirically evaluating three different rules for ordering
the bar charts and creating the graphs in Eulerian-flow
and link-flow. Rule “FID” sorts the bar charts according
to the first item weight (the second item weight is used to
break the ties), rule “SID” sorts the bar charts according
to the second item weight (the first item weight is used to
break the ties), and “MID” sorts the bar charts according
to the sum of the first and second item weights (ties are
broken randomly). In all three cases, we sorted the values
in nonincreasing order as it is the most common choice
in arcflow formulations to reduce the model size (see
Valério de Carvalho 1999). We report in Table 1 the
results obtained by EUL-FLOW and LINK-FLOW with
each of the three ordering rules. The first two columns
identify the approach and the ordering rule used. The
three following columns give some indicators of the per-
formance of each method: the number of optimal solu-
tions found, average CPU time over all runs (including
the ones terminated by the time limit), and the average
number of cuts added in the constraint generation
part. Note that instances terminated because of memory
issues were counted as unsolved within the time limit.
The three last columns report some details about the
model size: average number of variables, constraints,
and nonzero elements.

From the table, we observe that shorter average com-
puting times are obtained when using ordering rule
MID. This can be explained by the fact that the models
generated with MID are slightly smaller compared with
those generated with FID and SID. We point out that,
even if the research community tends to agree that there
is a strong correlation between smaller models and better
computing performance (all other things being equal),
there are some random components within ILP solvers
that could explain why EUL-FLOW solves more instan-
ces to optimality with SID than it does with MID. Never-
theless, as the model size is the main drawback of
arcflow formulations, we decided to use ordering rule
MID in the rest of our experiments.

We show in Table 2 the results obtained by each of the
tested approaches on the 17 (¢, Q) combinations for data

set U-GEN. The first two columns identify the combina-
tion, whereas the third column reports the average opti-
mal solution value computed over the 10 instances of the
combination. The remaining columns give some indica-
tors of the performance of each method. For the bound-
ing procedures (i.e,, CSP, EUL-REL, LINK-REL, 2DV,
and GA_LO), column “diff” indicates the average differ-
ence between the bound obtained by the approach and
the optimal solution value. Columns “#opt,” “time,” and
“#cuts” report the number of optimal solutions found,
the average CPU time over all runs (including the ones
terminated by the time limit), and the average number of
cuts added in the constraint generation part, respec-
tively. For EUL-REL and LINK-REL, an instance is con-
sidered to be solved to optimality if the solution found
by the solver was optimal and contained no subtours.
Finally, column “abs gap” shows the average absolute
gap obtained by the exact approaches (i.e., the average
difference between the upper and lower bound found by
the solver). When an approach obtains particularly bad
results for intermediate (c, Q2) combinations (e.g., ERZIN
for combination (50,100)), we decided not to try larger
combinations and filled the associated rows with sign
“-”. When Gurobi was not able to compute the continu-
ous relaxation before the time limit (e.g., EUR-REL for
combination (500,100)), near-zero lower bound values
were reported by the solver. In order to avoid abnor-
mally large and hardly interpretable average absolute
gaps in the table, we replaced those by “NI” (standing
for “not interpretable”).

The results in the table show that

o The lower bound derived from CSP is very good,
especially when the total number of bar charts increases.
We mention that the average time required to solve CSP
was less than five seconds for every combination.

o The lower bounds derived from EUL-REL and LINK-
REL are almost always equal to the optimal solution
value, but the associated models take a long time to solve
(sometimes even longer than their counterpart EUL-
FLOW and LINK-FLOW). The solutions found by both
approaches are often free of subtours, especially for large
Q) values. We also note that LINK-REL is faster than EUL-
REL on average and solves more instances to optimality.

e Exact approach ERZIN is not able to solve instan-
ces with as few as 50 bar charts, confirming the results

Table 1. Comparison of the Ordering Rules for Eulerian-Flow and Link-Flow on U-GEN Instances

Values Model size

Approach Ordering rule  #opt Time Number of cuts Number of variables Number of constraints ~Number of nonzeros
EUL-FLOW FID 162  405.6 1.6 339,657 12,752 1,007,726

SID 164  425.1 1.9 347,832 12,752 1,032,252

MID 163 390.7 1.8 336,686 12,752 998,812
LINK-FLOW FID 170 1024 0.1 239,274 3,967 721,545

SID 169  123.1 0.1 240,376 3,967 724,852

MID 170 99.9 0.1 226,136 3,967 682,131
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reported by Erzin et al. (2021b). Further analysis (see

Sulneomntroannananoso
Table 8 in Online Section B) shows that such bad per- JE|°7dreggaggeYrede T
formance can be attributed to the model size (as K ©
increases with Q) and to the poor quality of the ZE| 7T SIRgBEETERFET O
LP-relaxation bound (as large bar charts can conve- Ol — ol
niently be broken in an LP solution to reduce the 21 oo _ - o
required number of bins). J|°ceeeeeoooooseocsS

e Exact approach EUL-FLOW is particularly effective N
as it can solve all but seven instances in the data set. % P ccccoccccooccocooooo
LINK-FLOW is even better as it requires less comput- =| 8
ing time on average and can solve every instance. Fur- % °
ther analysis (see Online Table 8) shows that these S| E SeTHHgER geoT % ced
better results mostly come from smaller model sizes -

(e.g., EUL-FLOW required 1,022,159 variables on aver- glecaocsscesecsaecesaecsaecse

age for instances with 1,000 bar charts and capacity 100 *

versus 515,538 for LINK-FLOW). We also note that 2l n o= © 1 o o o0 o
. © N = OO ODODODOOMNMm——ANO OO —

more cuts are required when there are fewer bar charts 3

for both approaches. This makes sense as subtours are &

more likely to happen when fewer arcs are selected in % Wl oooeooooeoooocoor

the solution. It is also interesting to notice that LINK- | =

FLOW requires less cuts on average than EUL-FLOW. é 2o 8BREETECYRREC2]

This also makes sense as subtours are more likely to g s eod 3 K

happen in the graph of EUL-FLOW than in the second- 2

ary graph of LINK-FLOW because the former has up S| EEEEEEEEEEE222=22”

to (c +1)* nodes, whereas the latter has ¢ + 1 nodes at z

most. 5 1 — 0 BN SIS

e Even though the upper bound derived from &= T Teds e
GA_LO is often several bins away from the optimal 2l ol oo oo -
solution value, it is usually better than the one derived E E S ¥ &S
from 2DV, and is much faster to compute (less than 0.1 I “e “©
second for GA_LO versus up to 100 seconds on aver- §~ Ss—o || ||| |ge~] |g~°
age for 2DV). #*

We show in Table 3 the results obtained by each of the = —
tested approaches on data set U-SMA and report the = Al I
most noticeable changes with respect to U-GEN hereaf- E qé SeTENgEEETTEECC
ter. We observe that ERZIN is now able to solve instances ezl
with up to 5,000 bar charts and is barely impacted by the % | = | & o LR N
bin capacity. Further analysis (see Online Table 9) shows = #*
that this change in performance can be attributed to the % ] cocccoococcooooolo
decrease in the model size (as bar charts are smaller, K 3| o © Z
now increases at a slower pace with Q) and the number of = ~ 2 cConNgnodhIOTOLRCNT

L. R . 0 ST TORSS) [ro =N ~
distinct bar charts 7 decreases) and to the increaseinthe ~ °; | 5| = - N
quality of the LP-relaxation bound (as breaking small % il I oo e o

. . : e}
bar charts is less likely to reduce the required number of & - IR =
bins). We also notice that the flow formulations now oy SN oo e W
struggle to solve instances with more than 50 bar charts fé Jf|scSccococococossscsocdos
when the bin capacity is above 100. Further analysis (see £ 2
Online Table 9) shows that such a decrease in perfor- & Elowomocnooaaon 0o * o
mance can be attributed to the increase in the model size 2 S| "REFESg8E-REREETERS
driven by smaller bar charts. We also observe that for ¢ = % ° =g § —
100, it is easier for EUL-FLOW to solve instances with 8 };
500 or 1,000 bar charts than it is to solve instances with 50 2
or 100 bar charts. This can be explained by the fact that o - =BEE § § § § § SREE § =B
integer solutions found for instances containing many — « “wEBE -
bar charts are less likely to contain subtours (all other - - -
things being equal). For example, 15 cuts on average I~ ol B = B
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gl W I i B DR i s B B were added by EUL-FLOW for instances with 50 bar
< 3 IR - charts, whereas only 0.4 cuts on average were added for
© - instances with 1,000 bar charts. It is also interesting to see
> 1o 6 o oo that EUL-REL now solves more instances than EUL-
A S|e-S--ddndocSadsosZ FLOW. This can be explained by the fact that certain

Gurobi-specific reductions and transformations are in-

#* ‘g S § ENIPCIE N g 2%2coo compatible with lazy constraints and are, therefore, ac-

tivated in EUL-REL but not in EUL-FLOW. Another

% 28 ccocccoccociiS827 observation is that EUL-FLOW now solves more instan-

5 ces than LINK-FLOW. A possible explanation could be

% $ o222 B N RICBZ22°88 that, even though EUL-FLOW requires more variables

= g R TRRs 23 on average than LINK-FLOW (see Online Table 9), its

structure makes it easier for Gurobi heuristics to find

5| 2222222geg~°°eg°e° good quality solutions. It is also worth noticing that the

upper bounds derived from 2DV are now very close to

w 2 B § E ; E PRI Bt R ; $332co the optimal solution values even though they still take a

“ - significant amount of time to compute (e.g., more than

2| o o e 1,200 seconds on average for combination (100, 100)). As

Q| R H| occcocococoococods=c0iZ GA_LO clearly underperforms on this data set, we inves-

0 N A P tigated further and discovered that, when solving a

2 & KRYTevweowrg EBINTIR U-SMA instance, the algorithm tends to start by (effi-

- coda oo ciently) packing many nonincreasing bar charts together

« bl ooocogocgeggo-o¥ngoo in the first bins (bar chart 7 is said to be nonincreasing if

° wj = wyp and increasing otherwise), but it struggles later

o o N o O on when it has to pack the increasing items together.

eH TTTTTesEgeeeeeeeS Note that alternative strategies developed by Erzin et al.

Z (2021b) (such as “left packing” and “right packing”)

S| g TTTTTggggT TR eS could be better suited for U-SMA instances but were not
H - @ tested as they are not in the scope of our study.

wi|locccccvwooccccoccooe Finally, we report in Table 4 the results obtained by

S R IR each of the tested approaches on data sets U-MED and

" o U-BIG. We observe that the comments made for U-GEN

g TeeeeeeeeeeeeeeZz are also valid for U-MED and U-BIG: (i) the lower

E Jomaanomoconaccooa bounds derived from CSP are very good for U-MED

2 | & E - o % R § 2 88 (less than one bin away from the optimal solution on

% % - aee e average) and slightly less good for U-BIG (between 0

Z wi|ccmeonocomoscooocco and 35 bins away from the optimal solution), (ii) the

P °© lower bounds derived from EUL-REL and LINK-REL

s = . are almost always equal to the optimal solution value

g A I and are often free of subtours but they can be long to

5 E O compute, (iii) ERZIN struggles to solve instances with

el I £ T merTg 858878 more than 50 bar charts because of its model size and the

% 2 cemsee poor quality of its LP-relaxation bound (see Online Table

§ 1 "g goamadNadNYooANNS OO 10), (iV) EUL-FLOW and LINK-FLOW can solve every

& tested instance with LINK-FLOW being slightly faster

—f; & g o o 10 on average than EUL-FLOW because of its reduced

g| Y TlTTTeseeseeseeeeee model size, and (v) the upper bounds derived from

& R GA_LO are much better than the ones derived from

@ EyladdZecsadua3digesss 2DV
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8 < 5.2. Data Set Generation and Experiments on

i 232288888238 88288 TRIPLETS and DONUTS

~ c 2223232 - - 5.2.1. Data Set Generation. In data set TRIPLETS, the

v e item weights of every bar chart are distributed in the

e - - range [¢;5] in such a way that every bin contains exactly

e ol B = B three items in an optimal solution except the first and last



Barkel and Delorme: Arcflow Formulations and CG Frameworks for the 2-BCPP

INFORMS Journal on Computing, 2023, vol. 35, no. 2, pp. 475-494, © 2023 The Author(s)

490

70 91 0 0 0 0T 0 0 0 0T ¥0I GI0c ¢ 0 0 01 0 0 0 90 €eatr 00T
70 (08 0 0 0 01 0 0 0 08 €0 €L 8 0 0 (08 0 0 4 €0 €6 0g
€0 € 10 0 0 0T LT 0 0 01 0 0 01 10 0 6 10 0 i4 0 L'ST 01 009
80 74 0 0 1 01 0 0 q 01 8'88C  009°¢ 0 0 1 (0§ 0 9 01 71 60141 0001
90 1S 0 0 0 0T 0 0 4 0l  ¥IEL 009 O 0 0 01 0 4 6 60 (427 00S
20 1c 0 0 0 01 144 0 0 01 18 9991 9 0 0 08 0 0 € 0 a9l 00T
70 0T 0 0 0 0T 6'S 0 0 0r 20 108T S 0 0 01 0 0 € 90 184 0S8
90 i4 0 0 0 01 g1 0 0 01 0 0 01 0 0 01 0 0 9 10 671 01 001
S0 yeg'e 0 0 S 0T 0 0 S 01 — — — 0 S 01 0 g 0T 84T  €TL60ST 0007001
70 088'T 0 0 ¥ 01 0 0 q 01 - - - 0 q (08 0 9 01 448 G0CS’ss 000°0S
L0 687 0 0 g 0T 0 0 9 01 — — — 0 S 01 0 L 0T 89 G'Ger’st 000°0T
0 99¢ 0 0 € 01 0 0 S 01 — — — 0 i 01 0 9 () A 4 €YPe'L 000°S
S0 06 0 0 0 0T 0 0 1 0l  GZ0¢ 009C 0 0 0 0T 0 1 0T ¢I1 17167 000°T
L0 2% 0 0 0 01 0 0 1 0l  692L 009 0 0 0 01 0 I 01T 91 ¥'8gs 009
90 L1 0 0 0 01 80 0 0 01 6'Gl 299 € 0 0 01 0 0 9 g0 9141 00T
70 It 0 0 0 0T 44 0 0 0T <0 [44 8 0 0 01 0 0 € 10 (44 0S8
0 € 0 0 0 0T 91 0 0 01 0 0 01 0 0 01 0 0 L 10 L'ST 01 0S
0¢ |14 0 0 0 0T 0 0 4 0T ST 009t 0 0 0 6 0 4 9 70 0¥cr 00T
ST €1 10 0 0 01 0 0 0 0T 8¢ 009c 0 0 0 01 0 0 € 90 819 0S8
70 € €0 0 0 01 0¢ 0 0 01 0 0 01 €0 0 L €0 0 4 20 o€t 0L 009
¢1r (048 0 0 9¢ 01 0 0 06¢ 0l €2l 009c 0 0 |57 01 0 £5€ 01 0 70611 000°T
|4 LL 0 0 9 01 10 0 8L 01 969 009°€ 0 0 8 ()8 0 88 6 <0 <969 009
€T 61 0 0 0 0T ge 0 4 0L T6 009c 0 0 0 01 0 I S 10 G811l 00T
6’1 cl 10 0 0 01 09 0 0 0] 7y 009°€ 0 0 0 6 0 0 4 g0 £'69 09
70 4 0 0 0 01 L€ 0 0 01 0 0 01 0 0 01 0 0 9 g0 ¥er 01 00T
7ael 1201 0 0 67 01 0 0 VL 01 - - - 0 8¢ (08 0 001 0t 0 G9/1°811 000001
£'99 00T’S 0 0 SLY 0T 0 0 18 01 — — — 0 60¢ 01 0 671 0T 0 7v60°68 000°05
€8y €'l 0 0 8L 01 0 0 02 )8 - - - 0 g6 ()8 0 611 01 0 VIF81IL 000°0T
081 S09 0 0 8¢ 0T 0 0 $0T 01 — — — 0 a4 01 0 =45 0T 0 T8T6’S 000°S
9'8 a4t 0 0 9 01 0 0 €C )8 0¥8T  009°¢ 0 0 9 (08 0 4 01 0 0'10T°T 0001
9¥ 9L 0 0 4 0T 0 0 S (O] S/ 009c 0 0 4 01 0 L 0T 10 §'509 009
8¢ 61l 0 0 0 01 €1 0 0 )8 €6 009°€ 0 0 0 ()8 0 1 S 10 yA4s 00T
8T 4! 10 0 0 01 0¢ 0 0 0T €% 009c 0 0 0 8 0 0 S 90 L19 08
a0 ¥ 10 0 0 01 0¢ 0 0 )8 0 0 0t 0 0 6 0 0 9 €0 et 01 0s
p Hp s;no - ded  owm  3do smo  de8 oswm  3do ded ouwnp 3do mip own 3do pgip owm 3do  yip anfea O 2
# sqe # # sqe # sqe # # # 1do 3y
OT VD Adc dsO
MOTI-INIT MOTI-1NH NIZJ3 THA-INIT THI-1NA

saoueysuy (wopog) O1g-N pue (dor) QIN-N 105 sayoeorddy paysa ayj Jo symsay “f ajqel

‘pansesal sIybLl [ ‘Ajuo asn feucsied 104 * €070 B ‘G20z Afenuer €T Uo [65°9v 102 ZET ] Ag Bio'swiojul woly papeojumoq



Downloaded from informs.org by [137.204.46.59] on 13 January 2025, at 04:03 . For personal use only, al rights reserved.

Barkel and Delorme: Arcflow Formulations and CG Frameworks for the 2-BCPP
INFORMS Journal on Computing, 2023, vol. 35, no. 2, pp. 475-494, © 2023 The Author(s) 491

bins that contain two items instead. To create a TRIP-
LETS instance with optimal value z (in which Z is an
even number), we loop overj=1,...,z — 1 and we gen-
erate the bar charts that are packed in bin j in an optimal
solution. Throughout the process, we update the remain-
ing capacity of bins jand j + 1 (denoted by x;and x;1) to
be equal to the bin capacity minus the sum of the item
weights already assigned to bins jand j + 1.1f jis odd, we
create two bar charts. For the first bar chart, the first item
is in the range [$;x; — §] and the second item is in the
range [;¢]. For the second bar chart, the first item is
equal to x; and the second item is in the range
[$; %41 — §]. If j is even, we create one bar chart. Its first
item is equal to xj, and its second item is in the range
[$55]. For the special case in which j = 1, the first items of
the two generated bar charts have weight 5. For the spe-
cial case in which j =z — 1, the second items of the two
generated bar charts have weight 5.

DONUTS instances are composed of two subsets of
bar charts. The first subset S; requires z; bins (an even
number) to be filled and is generated as a TRIPLETS
instance. The second subset S, requires z, bins (an even
number) to be filled if subtours are allowed and z, + 1
bins otherwise and is called a donut. We show in Figure 8
an illustrative example of a donut composed of 7 = 4 bar
charts with g1 =g =g3=q4 =1, w1 =(3,2), w2 =(2,3),
w3 =(1,1),ws =(3,1), and ¢ = 4. We observe that the
optimal 2-BCPP solution for this instance requires five
bins but that a solution using four bins can be reached if
it is allowed to pack the first item of bar chart 4 in bin 4
(top left in the figure) and the second item in bin 1 (top
right in the figure) or, in other words, if Eulerian-flow

subtour (1,0)—> (4,2) — (2,0) = (4,3) — (3,0) > (4,1) —

(1,005 (4,1) = (1,0) is not forbidden. In data set
DONUTS, subset S, is generated as a TRIPLETS instance
except for j = 1 and j =z, — 1. For j = 1, the first item of
the first bar chart is in the range [¢;5], whereas the first

Figure 8. Donut withn =4,w; = (3,2),w, = (2,3),w; = (1,1),
ws=0G,1), 1 =q2=q3=qs=1,andc=4

item of the second bar chart is in the range [{; k1 — §]. For
j =12z — 1, the second item of the first bar chart is in the
range [i ,%] , whereas the second item of the second bar
chart is in the range [$;xz, — £]. An additional bar chart
with weights (kz,, k1) is added to the subset to complete
the donut. Note that in order to make sure that a
DONUTS instance requires an extra bin when subtours
are forbidden, we need to generate the bar charts in S, so
that they cannot be mixed with the bar charts in S; to
build a feasible 2-BCPP solution using z; +z; bins. We
also point out that subset S, alone is not a valid DONUTS
instance because the solution using z, bins does not con-
tain node (0, 0) (secondary node 0), whereas having a
flow going out of (0, 0) (0) is a constraint in EUL-FLOW
(LINK-FLOW).

For data set TRIPLETS, we consider three bin capaci-
ties ¢ € {80,240,400} and four values for the number of
bins z € {20,50,100,250} (which corresponds to Qe
{29,74,149,374} bar charts, respectively). For each of the
12 combinations, we generate 10 instances resulting in
120 instances in total. For data set DONUTS, we consid-
ered the same three bin capacities ¢ € {80,240,400} and
four values for the number of bins in the first subset
z1 €{20,50,100,250}. We considered two options for z,
(the number of bins in the second subset): 2and 0.2 - z1. We
also evaluated the impact of adding three donuts per
instance instead of one (i.e., generating three distinct subsets
S,). For each of the 3 X 4 X 2 X 2 =48 combinations, we
generate 10 instances resulting in 480 instances in total.

5.2.2. Data Set Motivation. Data set TRIPLETS origi-
nates from the well-known “triplets” data set introduced
by Falkenauer (1996) for the BPP. These instances are
shown to be difficult to solve in practice because there
are very few optimal solutions, meaning that a lot of
exploration is needed in order to find one of these opti-
mal solutions. Data set DONUTS originates from the
“ANI" instances introduced by Delorme et al. (2016) for
the BPP. These instances are shown to be difficult to
solve in practice because the optimal solution is one bin
away from the lower bound derived from the LP relaxa-
tion of the existing models, meaning that a lot of explora-
tion is needed in order to prove that a solution with
value equal to the lower bound does not exist.

5.2.3. Experiments. We display in Table 5 the results
obtained by each of the tested approaches on data
set TRIPLETS.

We observe that the lower bounds derived from CSP,
EUL-REL, and LINK-REL are always equal to the opti-
mal solution value, which does not come as a surprise as
every TRIPLETS instance has an optimal solution that
does not contain any loss space. Regarding upper
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Table 5. Results of the Tested Approaches for TRIPLETS Instances

EUL-REL LINK-REL ERZIN EUL-FLOW LINK-FLOW
csp 2DV GA_LO
Avg. opt. # # # abs # abs  # # abs #
c zZ value  diff opt time diff opt time diff opt time gap opt time gap cuts opt time gap cuts diff  diff
80 20 20 0 9 0 0 6 0 0 8 1,804 02 10 00 23 10 00 09 3 4
50 50 0 4 3 0 4 2 0 0 3600 20 9 366 01 3826 10 30 36 4 9
100 100 0 5 4 0 5 4 0 0 3600 40 10 13 0 78 10 12 0 33 8 18
250 250 0 6 15 0 7 73 0 0 3600 94 10 13 0 32 10 77 0 06 19 43
240 20 20 0 10 0 0 10 0 0 10 235 0 10 00 09 10 00 0 3 4
50 50 0 2 58 0 0 52 0 0 3600 20 10 102 0 64 10 240 0 77 5 9
100 100 0 5 152 0 4 289 0 0 3600 38 9 516 01 1019 8 1019 02 64 8 19
250 250 0 5 731 0 3 73 0 0 3600 107 9 1,775 01 106 9 1262 02 38 18 43
400 20 20 0 10 0 0 10 0 0 9 38 01 10 00 03 10 00 02 3 4
50 50 0 9 21 0 10 5 0 0 3600 21 10 31 0 78 10 13 0 02 5 10
100 100 0 0 3300 0 0 3600 0 0 3600 39 1 3475 09 47 0 3,600 1.0 09 8 19
250 250 0 1 3583 0 0 3600 0 0 3600 112 0 3600 13 28 1 3561 09 3 20 46

bounding procedures, we notice that GA_LO does not
perform particularly well. This can be explained by the
remarkable structure of TRIPLETS instances in which a
bin becomes unusable as soon as it is filled above the
threshold 2, which is a property that GA_LO does not
take into account. ERZIN is only able to solve instances
withZ = 20 to optimality (i.e., with 29 bar charts). Further
analysis available in Online Table 11 shows that such
bad performance can be attributed to neither the model
size (which is comparable to the size of EUL-FLOW and
LINK-FLOW) nor the quality of the LP-relaxation bound
(which is always equal to the optimal solution value). A
possible explanation could be that the solutions obtained
after solving a node in the branch-and-bound tree are
rarely integer and these solutions do not allow Gurobi
heuristics to find good quality upper bounds. EUL-
FLOW and LINK-FLOW are able to solve most instances
except the largest ones (when ¢ = 400 and z =100 or
z = 250). Neither approach is clearly better than the
other. As previously mentioned, a reason could be that
EUL-FLOW structure makes it easier for Gurobi heuris-
tics to find good quality solutions even though LINK-

FLOW models are smaller. Finally, we note that the
number of cuts required by EUL-FLOW varies a lot
(between 0 and 3,702) compared with the number of cuts
required by LINK-FLOW (between 0 and 38).

We show in Table 6 the results obtained by each
of the tested approaches on data set DONUTS
grouped by the bin capacity c and the number of bins
in the first subset z;. The lower bounds derived from
CSP, EUL-REL, and LINK-REL are now always one
bin away from the optimal solution value, which is
expected as DONUTS instances were made with that
purpose. We note that GA_LO is still outperformed
by 2DV (as far as upper bound quality is concerned)
and that ERZIN still displays poor performance com-
pared with the other models. LINK-FLOW is able
to solve all but 15 instances and is clearly better
than EUL-FLOW. This is due to smaller models (see
Online Table 12) and a reduced number of required
cuts. Further analysis is reported in Table 7 in which
the results for the data set are grouped by number of
donuts (column “# don”) and number of bins per
donut (column “z,”).

Table 6. Results of the Tested Approaches for DONUTS Instances Grouped by ¢ and z;

EUL-REL LINK-REL ERZIN EUL-FLOW LINK-FLOW
csp 2DV GA_LO
Avg. opt. # # # abs # abs # # abs #
c Z1 value  diff opt time diff opt time diff opt time gap opt time gap «cuts opt time gap cuts diff  diff
80 20 27 1 0 0 1 0 0 1 6 3259 09 40 00 152 40 00 34 1 3
50 63 1 0 0 1 0 0 1 0 3600 21 37 374 0.1 32104 40 00 33 4 9
100 123 1 0 0 1 0 0 1 0 3600 37 40 24 01,2363 40 10 19 7 17
250 303 1 0 0 1 0 0 1 0 3600 84 39 149 0 34098 40 10 17 18 44
240 20 27 1 0 0 1 0 0 1 0 3600 1.1 40 20 7.1 40 00 28 2 4
50 63 1 0 4 1 0 3 1 0 3600 26 31 817 02 18129 40 70 247 5 10
100 123 1 0 13 1 0 9 1 0 3600 50 30 911 02 16355 40 34 0 51 8 20
250 303 1 0 52 1 0 41 1 0 3600 135 20 1,810 0.6 29142 39 337 0 35 20 51
400 20 27 1 0 1 1 0 0 1 2 3520 1.1 40 20 6.3 40 00 21 2 4
50 63 1 0 11 1 0 7 1 0 3600 26 39 125 0 16.1 40 1 0 62 4 10
100 123 1 0 9 1 0 47 1 0 3600 52 30 968 02 9363 36 522 01 789 9 21
250 303 1 0 391 1 0 27 1 0 3600 170 20 1,849 0.6 1,227.6 30 1,511 03 1145 21 52
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Table 7. Results of the Tested Approaches for DONUTS Instances Grouped by the Number of Donuts and z,

EUL-REL LINK-REL ERZIN EUL-FLOW LINK-FLOW
csp 2DV GA_LO

# Avg. opt. # # # abs # abs # # abs #

don 1z value  diff opt time diff opt time diff opt time gap opt time gap «cuts opt time gap cuts diff  diff
1 2 108 1 0 5 1 0 10 1 8 3460 34 120 13 0 23793 120 52 0 388 7 17
1 02z 127 1 0 4 1 0 32 1 0 3600 50 99 670 02 28 111 314 01 24 9 20
3 2 112 1 0 9 1 0 12 1 0 3600 39 120 19 0 30889 120 61 0 381 7 18
3 027 169 1 0 129 1 0 69 1 0 3600 88 67 1641 04 49 114 382 0 34 10 26

We observe that instances with large donuts (when
Zp =0.2-z7) are much harder to solve than instances
with small donuts (when z; = 2). This can be explained
by two reasons: (i) instances with large donuts contain
more bar charts and, thus, result in larger models, and
(ii) instances with large donuts require more cuts to be
solved to optimality than instances with small donuts,
especially for EUL-FLOW. We also notice that instances
with three donuts require more time to be solved on
average than instances with one donut.

6. Conclusions and Future Research

We study the 2-BCPP, a combinatorial optimization
problem introduced recently by Erzin et al. (2021b) that
is particularly interesting as it lies at the intersection
of many well-known packing problems. We start by
clustering relevant packing problems into three groups
(those that are 2-BCPP relaxations, those for which the
2-BCPP is a relaxation, and those for which the 2-BCPP is
a special case) and showing how solving these problems
can provide a lower bound, an upper bound, or an opti-
mal solution to the 2-BCPP. We then introduce two new
ILP models based on the arcflow formulation in which a
2-BCPP solution is represented as one or several cycles in
a graph in which nodes are partial bin fillings: Eulerian-
flow and link-flow. The former model represents a solu-
tion as a single Eulerian cycle, whereas the latter model
represents a solution as a set of cycles that complete each
other. Even though both models require an exponential
number of subtour elimination constraints, we show that
these constraints can initially be omitted and added on
the fly within a constraint generation framework. We
create six data sets to test our approaches: four inspired
by the 2-BCPP literature in which the bar chart weights
are uniformly distributed and two inspired by the bin
packing literature that were designed to be very hard to
solve because either the upper bound is difficult to reach
or the lower bound is difficult to raise. Even though we
empirically show that our new algorithms clearly obtain
better performance than the only exact approach pro-
posed in the literature, we also identify instance features
for which our methods did not perform very well
because of a very large number of variables and con-
straints involved. Such features are (i) a large bin capac-
ity and (ii) a large number of distinct small bar charts.

Overall, we show that our exact approaches can easily
solve instances with up to 1,000 bar charts when the bin
capacity is limited to 100 and instances with up to 100
bar charts when the bin capacity is limited to 500, which
is a huge improvement with respect to the literature. We
also show that the performance of the existing 2-BCPP
model does not depend on the same instance features as
our new models (K and # for the former, ¢ and 7 for the
latter).

Even though our exact approaches obtain state-of-the-
art results for the 2-BCPP, we should keep in mind that
the problem does not have many practical applications
because of the constraint limiting the number of items in a
bar chart to two. Nevertheless, it is the first time (to the
best of our knowledge) that an arcflow model is proposed
for a bin packing problem with a form of precedence con-
straints, which indicates that our approaches can be
extended to solve other packing problems with prece-
dence constraints. It is also the first time that an arcflow
model is solved within a constraint generation frame-
work. This means that such formulations can be used in
decomposition approaches in which the master problem
is a packing problem (e.g., the Benders” decomposition
approach of Coté et al. 2021 for the two-dimensional bin
packing problem) instead of Kantorovich-like models that
are known to have a very poor LP-relaxation value. As far
as the generalization of our approaches to the n-BCPP is
concerned, it would be interesting to see the computa-
tional behavior of Eulerian-flow and link-flow extensions
for the 3-BCPP. We expect them to work well for small bin
capacities (up to 100 if the instance is composed of few bar
charts or up to 50 otherwise). It would also be interesting
to study similar extensions for the 4-BCPP and 5-BCPP.
There, we expect that the full graph cannot be generated
anymore and alternative strategies are required. A first
option could be to only add the arcs that are likely to be
selected in an optimal solution (e.g., by using rules of
thumb or machine learning techniques), which would
result in a matheuristic. A second option could be to gen-
erate the arcs with column generation and embed the
approach in a branch-and-price algorithm.
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Endnote

" Indeed, link https://disk.yandex.ru/d/U-EKOn4Z_HEAeQ states
that the solution found by CPLEX for the first instance of “class N =
10” is 10, whereas all our models indicate that the optimal solution
is 12.
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