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ARTICLE INFO ABSTRACT

Keywords: In this work we propose a strategy based on coordinate transformation to cloak Rayleigh waves.
Rayleigh waves Rayleigh waves are in-plane elastic waves which propagate along the free surface of semi-
Cloaking infinite media. They are governed by Navier equations that retain their form for an in-plane
TranSfonflaﬁAon elastodynamics arbitrary coordinate transformation x = =(X), upon choosing the specific kinematic relation
SMYKSZ?SZH U(E(X)) = u(x) between displacement fields in virtual, i.e. reference, (U) and transformed, i.e.

cloaked, (u) domains. However, the elasticity tensor of the transformed domain is no longer fully
symmetric, and thus, it is difficult to design with common materials. Motivated by this issue,
we propose a symmetrization technique, based on the arithmetic mean, to obtain anisotropic,
yet symmetric, elastic tensors for Rayleigh wave near-cloaking. In particular, by means of
time-harmonic numerical simulations and dispersion analyses, we compare the efficiency of
triangular and semi-circular cloaks designed with the original non-symmetric tensors and the
related symmetrized versions. In addition, different coordinate transformations, e.g. linear,
quadratic and cubic, are adopted for the semi-circular cloaks. Through the analyses, we show
that a symmetrized semi-circular cloak, obtained upon the use of a quadratic transformation,
performs better than the other investigated designs. Our study provides a step towards the
design of feasible and efficient broadband elastic metamaterial cloaks for surface waves.

1. Introduction

Controlling surface waves with architected materials is an open challenge in several engineering applications, ranging from
microdevices for electronic components (Jin et al., 2021), like surface acoustic wave (SAW) devices, to meter-sized barriers (Huang
& Shi, 2013; Liu, Qin, & Yu, 2020; Liu & Yu, 2022; Meng, Cheng, & Shi, 2020; Muhammad, Lim, & Kamil Zur, 2021; Palermo, Krodel,
Marzani, & Daraio, 2016; Pu & Shi, 2018, 2019) and seismic cloaks (Sklan, Pak, & Li, 2018) for ground-borne vibrations. In the latter
context, two large-scale experiments recently demonstrated that one can reflect (Briilé, Javelaud, Enoch, & Guenneau, 2014) or even
focus (Briilé, Javelaud, Enoch, & Guenneau, 2017) surface Rayleigh waves in structured sedimentary soils. These experiments were
the result of collaborative work between geotechnical engineers and wave physicists that explored analogies between models of
electromagnetic and elastodynamic waves in metamaterials (Colquitt et al., 2014; Dubois et al., 2012; Farhat, Guenneau, & Enoch,
2009; Liu & Zhu, 2019; Stenger, Wilhelm, & Wegener, 2012; Tang et al., 2023; Zareei & Alam, 2017).

Based on those experiments, it was argued that one might build a cloak for Rayleigh waves with concentric layers of structured
soil around a building one may wish to protect. Such an approach amounts to considering a physical setup in a plane parallel to the
surface. Many numerical works followed, mostly considering the same approach, notably a proposal to reroute Love waves (Palermo,
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2018) in the transverse plane thanks to a graded metasurface, and some conversion of Love waves into downward propagating anti-
plane shear bulk waves via a wedge effect in the vertical plane (Maurel, Marigo, Pham, & Guenneau, 2018). In parallel, small-scale
experiments on the control of surface seismic waves (Colombi, Roux, Guenneau, Gueguen, & Craster, 2016; Colombi, Zaccherini,
Aguzzi, Palermo, & Chatzi, 2020; Palermo et al., 2018) have shown that one can also act upon the deflection of Rayleigh waves in
the vertical plane with an array of resonators atop, or buried, in the soil. The corresponding physical setups consider devices acting
on a plane orthogonal to the surface.

Following this approach, some authors of this manuscript investigated the cloaking of surface Love waves by transforming the
elastic medium along the vertical plane (Chatzopoulos, Palermo, Guenneau, & Marzani, 2022). At first sight, this strategy for cloaking
of Love waves should equally work for Rayleigh waves. However, unlike Love waves, which are polarized out-of-plane and can thus
be modeled by a scalar Helmholtz equation in the vertical plane, Rayleigh waves are governed by the Navier equations, where the
coupling between in-plane pressure and shear waves cannot be avoided.

In this regard, we stress that a major hurdle in Rayleigh wave cloaking is that the Navier equations are not form invariant under
an arbitrary geometric transformation (Milton, Briane, & Willis, 2006), leading to non-scalar density and additional third-order
elastic tensors in the transformed medium. Notably, Norris and Shuvalov (2011) investigated the relation, e.g. the gauge, between
the displacement field of the reference domain and the transformed one and showed that it directly affects the symmetry of the
elastic tensor. Recently, 2D elastodynamic cloaking has been approached either by direct design and homogenization of the so-called
micropolar metamaterials (Nassar, Chen, & Huang, 2018, 2019, 2020; Wu & Huang, 2022; Zhao, Chen, Chang, & Huang, 2023),
which can achieve the required non-symmetric elastic tensor, or by utilizing symmetrization techniques to restore the symmetries of
the elastic tensor (Diatta, Kadic, Wegener, & Guenneau, 2016; Sklan et al., 2018). An alternative route to achieve cloaking exploits
the use of non-linear elastic pre-stress in hyperelastic material models to relax the constraints on material properties (Barnwell,
Parnell, & David Abrahams, 2016; Norris & Parnell, 2012; Parnell, 2012; Parnell & Shearer, 2013; Zhang & Parnell, 2018).

Relevant studies in the context of Rayleigh waves cloaking include the use of micropolar materials to hide a cylinder embedded
in the medium (Khlopotin, Olsson, & Larsson, 2015) and near-cloaking techniques to decouple P and S waves (Quadrelli, Craster,
Kadic, & Braghin, 2021). Here, we focus, instead, on the use of symmetrized tensors, since micropolar materials can exhibit zero-
modes and mechanical instabilities, making them complex to manufacture (Kadic, Biickmann, Stenger, Thiel, & Wegener, 2012).
Specifically, our scope is to delve into the effects of symmetrization on the cloaking performance of Rayleigh waves, considering
different transformations and cloaking geometries.

To this aim, we organize our manuscript as follows: we first recall the Navier equations for the reference and transformed
semi-infinite media. We stress that depending on the choice of the gauge, one can either assume a modified Willis medium, or a
Cosserat medium with a non-symmetric elastic tensor.

After adopting the latter, we manipulate its non-symmetric components using the arithmetic mean and assess the effect of
symmetrization on the cloaking of Rayleigh waves. Our analysis considers a triangular pinched cloak and 3 types of semi-circular
cloaks, distinguished by the adopted radial transformation C; (linear C;, quadratic C,, cubic C;). The cloaking performance is
analyzed by comparing the harmonic wave fields and dispersion relations of ideal, e.g. non-symmetric, and symmetrized cloaks.
In particular, the dispersive analysis exploits the inverse participation ratio (IPR), which addresses the localization level of the
displacement fields, to identify and count the surface modes of interest.

Next, the performance analysis is continued by means of harmonic simulations and by comparing the transmitted displacement
fields after the cloak of symmetrized and ideal cases. We conclude the investigation with a focus on the circular cloaks by examining
the requirements for a symmetric elastic tensor for each C; type of transformation.

2. Governing equations for 2-D elasticity

We consider a homogeneous isotropic half-space with material properties (4, u, p), where A and u are the Lamé coefficients and
p the mass density, respectively, and the spatial coordinates for the reference domain are X = (X}, X,). For in-plane surface waves,
i.e. Rayleigh waves, propagating along the horizontal X, direction, the governing Navier elastodynamic equation reads:

Vy-(C:VyU)=pU, @

where C is the isotropic 4th order elasticity tensor, U = (U,,U,) is the displacement and U,, denotes the second order derivative in
time of U. Under the assumption of plane-strain elasticity, the elastic tensor can be written in Voigt’s notation {1,2,6} = {11,22, 12}
as:

A+2pu A 0
Cry= A A+2u 0], 2
0 0 U

where I,J =1,2,6.

We apply a point-wise invertible transformation = that maps the reference configuration (virtual domain) X € ¥ to the deformed
region (physical domain) as x = E(X) € y and the remaining domain to itself (X ¢ ¥). As a result, we derive the transformed
elasticity tensor in the cloaked region. In Figs. 1(a) — (d), we show two examples of carpet cloaks, a triangular and a semi-circular
one, with the related virtual and deformed domains. The transformation gradients for the deformed and the reference domains are
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F = Vyx and F~! = V_X, respectively. Also, J = det(F) is the determinant of the transformation gradient. Given x = {x;,x,} the
coordinates for the physical domain, the transformation gradient F reads:
LETRCETS
_ _|oaxi ox,
FEVar=lon  on @
X, oX,

As discussed in the literature, see for example Milton et al. (2006), Eq. (1) is not form invariant upon an arbitrary coordinate
transformation = and it depends on the choice of the gauge U(E(X)) = Au(x), where A is a non-singular matrix. In particular, the
choice A = F leads to the so-called Willis setting that guarantees symmetric stress tensor (Milton et al., 2006; Norris & Shuvalov,
2011). Despite possessing such a symmetry, a medium that is governed by the Willis equation is difficult to design due to the presence
of two additional 3rd order symmetric tensors, which may require the introduction of pre-stresses (Craster, Diatta, Guenneau, &
Hutridurga, 2021; Xiang & Yao, 2016). Additionally, in the Willis setting the material density is a 2nd order symmetric tensor, a
requirement which can be physically replicated only within narrow frequency bands using resonant microstructures.

For this reason, in the present work, we refrain from using Willis materials and we employ a Cosserat setting. In particular,
following the idea by Norris and Shuvalov (2011), by assuming the gauge U(E(X)) = u(x) (A = I) for the displacements (Brun &
Guenneau, 2023; Brun, Guenneau, & Movchan, 2009), we derive the governing equation in the physical domain x = (x|, x,) as:

V.- (CY/ V. u) = p¥/ (C)
where
C,ejfk,f = J_lcleIFileK )
oI = py!

are the transformed mechanical parameters of the cloaked region (purple region in Fig. 1b and blue region in Fig. 1d) in Einstein
summation. As a result, the transformed elasticity tensor C¢// preserves the major symmetries (ij’;,f = CZijf , etc.), but does not
possess the minor ones as:
eff eff eff eff
Gt # i # Cijiic # Chn ©)
except for very special cases such as in the framework of conformal transformations. Nonetheless, the medium can still be described
by a single 4th-order non-symmetric and, eventually, inhomogeneous elastic tensor.

3. Carpet cloaking for Rayleigh waves: Transformation

Due to the vectorial nature of Rayleigh waves, cloaking has been hindered by the requirement of a material with non-symmetric
elasticity tensor. Indeed, several researchers (Chen, Nassar, & Huang, 2021; Frenzel, Kadic, & Wegener, 2017; Zhang, Chen, Liu,
& Hu, 2020; Zhao et al., 2023) have proposed metamaterials that can obtain the non-symmetric behavior required for cloaking.
Here, however, we focus our investigation on a different aspect, aiming at analyzing and comparing different linear and non-linear
transformations, as well as symmetrization strategies, to obtain an easy-to-realize, well-performing, symmetric cloaks for Rayleigh
waves. Specifically, we delve into the behavior of carpet cloaks with boundaries described by either linear functions (triangular
shape) or semi-circular ones.

3.1. Triangular carpet cloak

We first consider a two-dimensional carpet cloak of triangular shape. Given a set of cartesian coordinates centered along the
cloak symmetry axis (X = {X;,X,}, x = {x;,x,}), we denote with z,(x;) and z,(x,) the interior and exterior boundaries of the
cloak, respectively. The transformation =7 that maps the region enclosed between two curves (X;;0) and (X;; z,(X;)) of the virtual
domain, Fig. 1a, to the one comprised between (x;;z;(x;)) and (x;; z,(x,)) of the real domain, Fig. 1b, is:

x; =X,

@
2X)-z1 (X))
. )Xy + z1(Xy)

T .

m

xy = (

Note that (X,;0) is mapped on (x;; z;(x;)) while (X|;z,(X,)) is point-wise fixed. Let z,(x,) = §|x1| —aand z,(x)) = §|x1| — b be
piece-wise linear curves, where a, b, c are the geometric parameters of the cloak, as illustrated in Fig. 1b. Then, using Cartesian
X = {X,,X,}, x={x,x,} coordinates the Jacobian of the transformation reads:

P RN

0X 0X-

Fr=|og BLZZZ[F (x)) F] ®
9X, X, 21\ 22

where F,,(x|) = sign(xl)g and F,, = det(FT) = b;b" According to Eq. (5) and adopting the augmented Voigt notation for the plane
problem as {1,2, 6,6} = {11,22,12,21}, we obtain the following transformed elastic tensor and material density properties within
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Fig. 1. (a) Reference configuration (virtual domain) of the triangular cloak. (b) Deformed configuration (physical domain) obtained by the action of (") that
maps the (virtual domain) into a defect (white region) surrounded by the cloak (purple region). (c) Reference configuration (virtual domain) of the semi-circular
cloak. (d) Deformed configuration (physical domain) obtained by the action of (2¢) that maps the (virtual domain) into a defect (white region) surrounded by
the cloak (blue region). (¢) Schematic representation of the FEM model.

the cloak domain:

A2 2 0 B (xp) 142
Fy Fy ( #)
i By PuFL 0420 By (x)) Fyy () A+ )
ce/IT _ Fy Fp 2181 ef ST — ,f=1 ©)
v = Fy (x)) > P =pty
0 21(x) M U
Fy Iy
F Fy (2 (A4+20)+F2
G PGt op e

for 1,J = 1,2,6,6. Note that the effective density is constant. As anticipated in the previous section, the elastic tensor of Eq. (9) is
non-symmetric. In particular, it has 3 non-symmetric entries, which in the augmented Voigt notation read:
effT effT
Clﬁ # Clg
ef /T ef fT
e #Cp (10)

T gl ¢ eIt
6 7 66 # 66
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3.2. Circular carpet cloak

We now consider the case of annulus shaped semi-circular cloaks located at the free-surface of the semi-infinite domain (Fig. 1d).

To simplify the definition of the transformed mechanical properties, we introduce a set of polar coordinates X = {R, @} centered
within the cloaked domain, where R = 1/ X 12 + X22 and O = arctan %[n], where [r] specifies the branch cut taken for arctan.

For such a configuration, we consider and compare 3 different types of radial transformations E : (R, ©)— (r,0) that map the
origin (0,0) of the reference system, Fig. 1c, onto an inner circle of radius r; = a in the physical one, and the outer circle R, =r, = b

to itself (see Fig. 1d):

— b=a
=C r==—"-R+a 0<RZR, an
0=0
r=AR*+AR+4, 0<R<R
=0 . ] 2 1 0 ° 12)
0=06
where:
b—2
A2=b%, A= 5 a Ay =a. (13)
=G . r=B;R*+B,R>+B R+B, 0<R<R, s
0=06
where:
2 -3
B, = b_?’ B, = b_za’ B =1, By=a. (15)
The general form of the Jacobian of such transformation in polar basis reads:
or or
c _ | orR RoO
F¢ = [ﬂ ﬁ] (16)
OR RO
Specifically, for each transformation C; in Egs. (11), (12), (14) we obtain:
e 1 [e-a
F! — 0
L RETR I I a7)
0 FC1 0 b-a)r
L 2l | r-a) b
[ G 0] [ V/b2—4ab+dar 0
FG: = |1 _ b (18)
0 FCZ 0 2ar
- 24 L 2ab—b2+b\ b2 —4ab+4ar
[ =C3 1 [6aR2() _ 6aR(r)
I LT B B bl B 19)
Cs I
| 0 Fy | | 0 R(r)
where:
b
b 4 6a
R() = 5+ 7t
<ab3—b3r _By ﬂ)z_ (g : b_3)3_ ab=pr BB
4a 8 8a 4 6a 4a 8 8a
5 S 1/3
ab=pr B b b abP-br B ¥
_ -t — | - - - ——t+ === . (20)
4a 8 8a 4 6a 4a 8 8a

We remark that the above transformations are singular, since they map the origin (a point) into a circle of radius r;. The proper
approach to avoid such singularities requires considering a very small circle of radius e instead of the origin (Kohn, Lu, Schweizer,
& Weinstein, 2014). The reader can find a more detailed discussion concerning the offset parameter e in Appendix.

Additionally, we underline that the parameters A;, B; in C, and C; types of transformations, respectively, are obtained from the
traction continuity requirement on the outer boundary i.e. %(RO) = 1, since the surrounding space of ¥ is mapped onto itself. In
contrast, this requirement is not satisfied in the C, transformation.
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At this stage, using the augmented Voigt notation for the plane-strain problem in polar coordinates: {1,2,6,6} = {rr, 00, r0,0r} =
{11,22,12,21}, we obtain the following effective properties for any type of transformation (i = 1,2, 3):

CI

L+ 2p) A 0 0
FS H
22
Ci
A DG+ 0 0
FCi # p
cIG 1 C G- P (21
1 . . £ g der(FC)
ﬁll H
22
Ci
0 0 H FZCZ, H
i £y

for I,J =1,2,6,6. Again, the elastic tensor presents non-symmetric components:
C C, C,
Cgef,f ,#ngf y#cgfx (22)

Hence, compared to the triangular-shaped cloak, the circular one presents a reduced number of non-symmetric elastic tensor
components. In what follows, we discuss and show how this feature impacts the performance of symmetrized cloaks.

4. Carpet cloaking for Rayleigh waves: Symmetrization

The symmetrization of an elastic tensor is a simple, yet effective, strategy to approximate the non-symmetric constitutive behavior
of an “ideal” cloak with a standard Cauchy-type material, easily realizable with common media. Different symmetrization strategies,
such as geometric (Sklan et al., 2018) or arithmetic (Diatta et al., 2016) means have already been explored to realize feasible cloaks
for bulk and flexural waves. In this study, we build upon a recent work proposed by Craster et al. (2021), where it is shown that a
symmetric tensor C5" obtained from the arithmetic mean nullifies the variational problem:

ming gy |((CS = CSM™My 2 A) - Al =0 (23)

where M stands for the space of symmetric square matrices. In other words, the elastic energy per unit volume due to strain
remains unchanged upon replacing the transformed Cosserat material (C¢//, p) by the corresponding approximated Cauchy material
(€5, p).

Our strategy is to choose the tensor components in such a way that the constraints above are satisfied, whilst keeping the
remaining entries unaltered. For the triangular cloak, the requirements for a symmetric elastic tensor are:

com =R
16 16

Sym _ ~Sym
“ =% 24)
com=cm = o2
66 66

Then, from Egs. (23)-(24) we have:

[(CIT —C5™y = A) @ A = |(cl"g"f+c;’gf+cg{f +c§{f —4C™M) A Ay

X . . X (25)
eff eff eff eff Sym eff eff eff eff Symy 42
+(C26 + ng + C62 + ng — 4C26 VA Ay + (C66 + Cs@ + CEs + C% - 4C66 )A12|
Conversely, for the circular cloaks C; (i = 1,2,3) we get the condition:
cSm = oSm = ¢S (26)
66 66 66
In similar fashion, using Eq. (26) we obtain:
C; S . . _ _ - 7 Symy 42
[(C/TG —C5™) 2 A) 2 Al = [(Cgg + Cg + Cg + Cog — 4C, ™ AT | (27)

et vl vt vttt
i.e. the variational problem is equal to zero if we choose the function Cf Jy’" = ”’ﬂ% for I,J = 1,2,6, where:
{1,2,6,6} = {11,22,12,21}.

Regarding the symmetrization approach and the related design of composite materials matching the symmetrized effective
properties, we remark that the set of possible (symmetric) effective elasticity tensors of composites built from two materials with
isotropic elasticity tensors has been studied in a number of papers, see e.g. Milton (2002) for a review. Additionally, if one restricts
the analysis to mechanical metamaterials consisting of two phases, one of which being void, then microgeometries within the
elementary cells can be found in Milton, Briane, and Harutyunyan (2017); these would be good candidates to design the metamaterial
cloak. Conversely, it is possible to follow a different route avoiding the symmetrization and approximating the elasticity tensor
without the minor-symmetries with chiral elastic metamaterials. However, the latter approach cannot achieve the required effective
elasticity tensor over a finite bandwidth.
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5. Numerical results and comparisons

We analyze the propagation of Rayleigh waves in a homogeneous half-space hosting a triangular or semi-circular shaped defect.
For both configurations, the cloak mechanical parameters are obtained according to the geometrical transformation in Eq. (7) and
Egs. (11)-(14). For the numerical example, we consider a material density p = 1600 kg/m>, shear and pressure velocities equal to
¢, =300 m/s and ¢, = \/gcs, respectively.

We introduce the following normalized quantities to ease and generalize the discussion of the results:

» Normalized wavelength A* = b, so that k* = i—’:, i.e. we normalize with respect to a wavelength which is equal to the depth

of the cloak.

+ Normalized frequency f* = &, where cy is Rayleigh wave velocity, which can be approximated by the following formula:

1*
% where v is the Poisson’s ratio.

CR=¢

To assess the cloaking abilities, we perform time-harmonic simulations using the finite element software COMSOL Multiphysics.
We begin by modeling a 2D domain of dimensions W x H (Fig. 1e). The dimensions of the model are chosen as W = 12.54* and
H =~ 4.3051*.

The bottom of the half-space model is fixed, the surface is stress-free, and Perfectly Matched Layers are used to diminish
reflections from the model boundaries. Rayleigh waves are generated by a surface point source located at 0.35W from the left
edge of the model. The triangular-shaped inclusion has length a = 0.0774H and width 2¢ = 0.309H, and is surrounded by a cloak
of related shape that extends along the depth of » = 3a = 0.232H. The semicircular defect has radius « and its adjoined cloak has
radius b.

5.1. Ideal cloaks

We begin our investigation by analyzing the performance of the “Ideal Cloaks”, namely domains with mechanical parameters
defined according to the transformation in Eq. (5). Our aim is to verify that such Cosserat (non-symmetric) cloak can perfectly hide
a surface defect from the propagation of Rayleigh waves in a broadband frequency range.

To this purpose, time-harmonic simulations are performed in order to compare the surface displacement field of the system in
(i) the pristine configuration, i.e., the domain with no defect (“Reference”), (ii) the domain with the defect (“Obstacle”), and (iii)
the domain with the cloaked defect (“Ideal Cloak”). In particular, we display the fields as computed for harmonic excitation at
f* =[1,2] in Fig. 2. The results for the pinched triangular T and semi-circular cloaks C; at both selected frequencies verify that
the displacement field of the reference configuration (Fig. 2(a) and (b)) is almost perfectly approximated by the case with the ideal
(non-symmetric) cloak (Figs. 2(c)-(f)), as the waves are smoothly detoured around the obstacle. The performance of the cloaks is
better understood by comparing the cloaked wave fields with those obtained in the uncloaked scenarios (see Figs. 2(g)—(j)). In the
latter, scattering effects dominate the field around the cloak and lead to the generation of bulk waves. To generalize these results,
we calculate the normalized transmitted displacement field w _ namely the ratio between the average surface displacement (u)

computed beyond the obstacle for the ideal cloaks and the olggftacle cases, and the same average displacement computed for the
reference configuration (ug, ;). The results, depicted in Fig. 2k, indicate perfect performance of the ideal cloaks ( <u(:> ~ 1), whereas
the cases of a defect without the cloaking device are unable to provide adequate efficiency since the transmitteé{ surface field is
highly reduced compared to the reference.

For a more complete description of the capabilities of the cloak, we compare the dispersive properties of Rayleigh waves
propagating along a homogeneous reference medium and along the cloaked setting. Here, our scope is to prove that a cloak with
effective properties given by Egs. (9) or (21) is able to fully duplicate the properties of the pristine homogeneous medium in a
broadband range of frequencies. Thus, for both the triangular and semi-circular defects, we investigate a small portion (unit cell) of
the 2D medium enclosing the analyzed cloaks. The unit cells have dimension H x L, (see top of Figs. 3(a)—(b)) and are modeled with
FE using COMSOL Multiphysics. To obtain the dispersive properties of surface elastic waves propagating in such media, we impose
fixed boundary conditions at the bottom surface of the cell, and Bloch boundary conditions along the x; direction. Note that, as
in Chatzopoulos et al. (2022), the transformation for the triangular carpet cloak is invariant along the x, direction and thus the unit
cell can be chosen with no particular restrictions on its lenght. The dispersion curve is then computed by varying the wavenumber
inside the first Brillouin zone of interest, k = [ﬁ; f]. In contrast, for radial transformations discussed in this work, a unit cell of
dimension smaller than the dimension of the cloak (LE < r, = b) subjected to Bloch boundary conditions along the x, direction leads
to overlapping transformation. In this regard, Meirbekova and Brun (2020) recently showed that in such scenario discrepancies arise
in the dispersive properties due to the intersection of the cloak with the boundary of the unit cell. Hence, to avoid this phenomenon,
the unit cell must be at least the size of the cloak (we choose L, = 2.1r,). However, the above restriction on the dimension of the
unit cell narrows the size of the first Brillouin zone (which is inversely proportional to the unit cell length) and forces the calculation
of multiple modes (>500) for each wavenumber to compute frequencies up to f* = 2.5. Among these, only a small portion of them
represent waves confined at the surface (in particular, in a homogeneous medium, there exists only a Rayleigh mode). The problem
is thus shifted into the collection/recognition of such surface modes among the plethora of wave solutions computed with a finite
cell. For this purpose, we utilize the inverse participation ratio (IPR) (Evers & Mirlin, 2000; Monthus & Garel, 2010; Murphy, Wortis,
& Atkinson, 2011; Tsukerman, 2017; Wegner, 1980), computed in terms of the displacements, according to the relation:

D+ ull* dxy dx,
([« llull® dx dxy)?

| (28)
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Fig. 2. Displacement fields for the Reference (a) — (b), Ideal Cloak (c¢) — (f) and Obstacle (g) — (j) configurations, of the triangular T and the circular C; type of
cloaks, computed at frequencies f* = [1,2], respectively. (k) Performance of the ideal cloaks and the obstacle cases, computed by using the average of the total
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Fig. 3. Schematics of the unit cells for the (a) reference R, (b) triangular T and (c) circular C; cloak configurations, respectively. (d)-(e) Dispersion curves
for the reference (diamond dots) and the ideal cloaks (contour circle dots) configurations, respectively. (f) Snapshots of surface modes displacement field, as
obtained for the triangular T (left) and the circular C, (right) ideal cloaks, respectively.

where we normalize the ratio by multiplying it with the area of the model |y *| and |ju|l = \/u% + u% is the total displacement. The
IPR has been used extensively in solid state physics to measure the localization of particles-atoms over a domain. In our context, the
IPR measures the localization of the displacement field which will occur at the free-surface for the domain of interest; in practice,
the larger the IPR the higher is the localization of the displacement field.

For our example, an IPR > 3.5 allows us to clearly distinguish surface modes from bulk ones. In Figs. 3(d) — (e) we display with
colored dots (based on the IPR values) the surface wave modes traveling within the triangular and semicircular cloak, respectively.
The remaining bulk modes (IPR < 3.5) are marked in the background by smaller gradually sized dots. The reader can appreciate
the matching between Rayleigh modes within the cloaked domains and the Rayleigh solutions within the reference field, which



Z. Chatzopoulos et al. International Journal of Engineering Science 191 (2023) 103899

Table 1 .

. F '
Average value of the ratio F‘—C‘ of each
2
symmetrized circular cloak.

Transformation (D%

q 0.45069
c, 0.63

G, 0.4527

demonstrate the broadband cloaking capabilities of the analyzed non-symmetric cloaks. As an example, surface modes pertaining
to two wavenumber solutions (k* = [0.2192,0.2381]) for each of the T and C, cloaks are portrayed in Fig. 3f.

5.2. Symmetrized cloaks

In what follows, we delve into the behavior of symmetrized cloaks with triangular T and semi-circular C; transformations. Our
scope is to find which combination of symmetrization/cloak geometry provides the best cloaking performance. The displacement
field of harmonic solutions for the symmetrized cloaks at frequencies f* = [1,2] are displayed in Figs. 4(a) — (h). For f* =1, all the
investigated symmetric cloaks are unable to efficiently reroute the wavefield around the defect (see Figs. 4(a), (¢), (¢), (g)) and have a
response similar to the “Obstacle” case (Figs. 2(g) and (i)). Conversely, at frequency f* =2 the symmetric cloaks are able to better
reroute the wavefield around the obstacle (see Figs. 4(b), (d), (f) and (h)). To quantify the performance of the cloak over a broader

frequency range, we compute again the normalized average transmitted field %
Ideal

Here, the surface displacement field is normalized by the field of the ideal case. The ratio _
is reported in Fig. 4i for all the considered symmetric cloaks. For f* = 0.5, all cases have similar behavior, since the wavelength is
too long compared to the dimension of the cloak. Furthermore, all the cloaks show a performance drop at around f* = 1, where
the wavelength is equal to the size of the cloak. In particular, for the triangular inclusion, the uncloaked obstacle transmits more
energy than symmetrized cloak until frequencies at around f* = 1.4. The poorer performance of the triangular-shaped cloak with
respect to the circular ones, can be possibly attributed to the larger number of conditions (3) required for its symmetrization, as
compared to the circular one (1), as shown in Egs. (24) and (26). Better cloak efficacy is obtained in the higher frequency regime,
i.e. when f* > 1.5, with a peak performance around f* = 2. Overall, from Fig. 4i, it is clear that the C, transformation provides
the best performance compared to C, and C;.

To better appreciate the above results, we replicate the dispersive analysis with unit cells consisting of symmetrized cloaks. The
results are depicted in Fig. 5. It is evident that up to f* = 0.75, the dispersive properties of the symmetrized cloak match the ones
of the reference, since at those frequencies the wavelength is small compared to the dimension of the cloak. In addition, the C,
transformation (Fig. 5¢) shows the highest number of surface modes, 417 out of the 520 of the ideal case in Figs. 3(d) and (e),
followed by 388 modes in the triangular pinched cloak T (Fig. 5a), 370 modes in C; (Fig. 5b) and 296 modes in C; (Fig. 5d) upon
the same IPR value. This is a further indication of the better performance of the C, cloak. The reader can find examples of such
localized surface modes obtained for symmetrized T and C, cloaks in Fig. Se.

To further support the premise that the C, transformation presents better performance with respect to other ones, we notice

along the domain’s surface after the cloak.

Lasim) Gersus the frequency of excitation

FCi
that from Eqs. (21) and (26) the approximation of the symmetrized circular cloak depends on the ratio D¢ = ﬁ A value of

22
D¢ =1 represents a scenario where the ideal tensor is symmetric, namely a scenario where symmetrization is not required. Note

that, according to Milton et al. (2006) this cannot be achieved with our choice of gauge. Nonetheless we can rank the level of minor
symmetry breaking introduced by the different transformation by using the ratio DSi.
Since D¢ varies along the radial coordinate, we compute its mean value along the radial direction of the cloak as:

(DCy = / DSidr (29)
Tcloak Feloak
where r.; . = r, —r; = b—a is the radial length of the cloak. The results obtained for the 3 types of transformations C; are collected
in Table 1:
As expected, the D2 is higher than the analogous ratio computed for the linear C; and cubic transformation Cj, thus indicating
a lower deterioration of the performance upon symmetrization.

6. Conclusion

In this study, we investigated the cloaking of Rayleigh waves by means of cloaks with symmetrized elastic tensors. Since the
Navier elastodynamic equation is not form-invariant for in-plane surface waves, we assumed a Cosserat gauge for the displacements
to recover the form invariance of the governing equation. However, this step comes at the cost of demanding a material with effective
properties that do not satisfy the minor symmetries of the elasticity tensor. For this reason, our strategy relied on the symmetrization
of the elasticity tensor using the arithmetic mean. In particular, we examined the performance of cloaks with pinched triangular and
semi-circular shapes, respectively. For the latter, we delved into 3 types of transformations: linear (C,), quadratic (C,) and cubic
(C3) and we compared their cloaking performance via FE harmonic simulations computing the normalized transmitted displacement

10
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field in each case. We found that a symmetrized semi-circular cloak obtained from a quadratic (C,) transformation provided the
best approximation of the ideal one. Additionally, we conducted dispersive analyses and employed the inverse participation ratio
(IPR) as a tool to identify the surface modes among all the wave solutions. Again, we compared the results obtained for the ideal
and the symmetrized scenarios and found that the C, transformation was able to support the propagation of the highest number
of surface modes in comparison with all the other types of transformations. As a further proof, we discussed the value of the ratio
D¢ and addressed its connection with the performance of the symmetrized cloak by computing its mean value with respect to the
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parameter r. The results converged with the findings of the time-harmonic numerical simulations and the dispersive properties of
the cloaks, concluding that the quadratic C, transformation displayed the best overall cloaking protection.

We stress that a classical homogenization procedure could be implemented to mimic the now symmetric, yet anisotropic behavior
of the cloaks via isotropic layered media, providing a feasible protection from incident Rayleigh waves. Finally, since experiments
on elastodynamic cloaking are scarce and only recently Xu et al. (2020) made the first physical realization of a polar cloak that
provided shielding from static loads, we hope this study could pave the way towards more experimental validation for cloaking
from surface elastic waves.
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Appendix. Transformations with offset parameter e.
In this section we present the so-called Kohn’s transformation (Kohn et al., 2014), which amounts to transforming the region

€ < R < R, to the cloaking region r; < r < r,, where ¢ is a small positive number introduced to remove the singularity at the origin.
In addition, for the C} type transformation we provide the more general scenario, which is parametric with respect to N:

_ N/bN=aN N N N bN=aN
ZC) r= \/bN_€NR +at - eV 5=y 0<R<ZR,

(30)
0=0

Note that when ¢ = 0, for N = 1 in Eq. (30) we obtain the classical “Pendry” transformation of Eq. (11). The case of N = 2
has been used in Liu and Zhu (2019) and Zareei and Alam (2017) for cloaking of elastic plates and in Zareei and Alam (2015) for
cloaking of shallow water waves, and has the special property that its determinant det(FC!) is constant.

In a similar fashion, the general CJ type of transformation is given by:

— 2
r=ASR>+ ASR+AS 0<R<R,

=C5 (31)
6=0
where
—e) = (h—e)? 2
A = a—e AT=_2b(a e)—(b—e) Ag:b (a—e) (32)
(b-ey (b-ef (b-e)
Finally the C; reads:
=C r=BR +BSRP+ BER+ B 0<R<R, (33)
6=06
where
— — 3 _ 2 . _ 2 _ 3 2 — —
B=2@=9 g 30FOC=a) g b -3be-3betbabe-el  pe b @) (b3¢) (34)

(b-e? b-e)? - e - e

Note that when ¢ = 0, Egs. (31)-(34) reduce to Egs. (11)-(15).
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