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I. LEARNING ALGORITHM

In this section we derive the optimization step of the learning algorithm described in the main text. In particular,
given an experimental state ρ to be learned and a MPO ansatz σ, defined as

σ =
∑

{sj},{s′j}

M
(1)
s1,s′1

M
(2)
s2,s′2

... M
(N)
sN ,s′N

|{sj}⟩ ⟨{s′j}| , (S1)

we prove that the optimization step for the tensor M (j) proposed in the main text approximately maximizes the
geometric-mean fidelity [1, 2]

FGM(ρ, σ) =
tr[ρσ]√

tr[ρ2]tr[σ2]
, (S2)

that is differentiable and can be efficiently computed numerically. This is proven in two steps. First, we derive the
gradient of FGM(ρ, σ) with respect to a tensorM (j) of the MPO σ, and show that the optimization step can be carried
out exactly. This step is similar to the derivation of the optimization step in the density matrix renormalization group
(DMRG) algorithm [3] and other sequential tensor network optimization schemes [4–6]. Then, we show how under
the assumptions that (a) ρ is a MPO with bond dimension χ and (b) the states ρ and ρ′ ∝ ρ2 have finite correlation
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FIG. S1. Diagrammatic representation of C(j)
σ M (j) and C

(j)
ρ (defined in Eq. (S5)) in terms of ρ and the local tensor of σ.

lengths, the optimization can be carried out approximately. This is due to an approximation of the two terms in
the gradient, which we prove in detail in App. II. Finally, we explain how to choose the parameters of the learning
algorithm to guarantee that the optimization step leads to an accurate solution.

A. Exact tensor optimization

We start by deriving the equation satisfied by an individual tensor M (j) of the MPO σ that maximizes FGM(ρ, σ).
As a first step, we compute the logarithmic gradient of the GM fidelity with respect to a local tensor

G(j) =
∂M(j)FGM(ρ, σ)

FGM(ρ, σ)
=

tr[ρ∂M(j)σ]

tr[ρσ]
− tr[σ∂M(j)σ]

tr[σ2]
, (S3)

where we have used Wirtinger derivative rules [7] to obtain that

∂M(j)tr[ρσ] = tr[ρ∂M(j)σ], ∂M(j)tr[σ2] = 2tr[σ∂M(j)σ] . (S4)

Assuming that the GM fidelity has only global maxima as a function of M (j), the optimal M (j) satisfies G(j) = 0.
We show now that it is possible to obtain the local tensor M (j) that satisfies this condition exactly by solving a linear
system. Let us define the terms

C(j)
ρ = tr[ρ∂M(j)σ], C(j)σ M (j) = tr[σ∂M(j)σ] (S5)

such that both C
(j)
ρ and C(j)σ do not depend on M (j) (see Fig. S1 for their diagrammatic notation). In terms of these

objects, the solution to G(j) = 0 is given by

C(j)σ M (j) =
tr[σ2]

tr[ρσ]
C(j)

ρ . (S6)

Using that

tr[ρσ] = C(j)
ρ ·M (j) , tr[σ2] = C(j)σ M (j) ·M (j) (S7)

it is possible to see that Eq. (S6) is solved by any tensor M (j) of the form

M (j) = λC(j)−1
σ C(j)

ρ (S8)

for any coefficient λ ̸= 0. We initially choose λ = 1, which corresponds to imposing

tr[σ∂M(j)σ] = tr[ρ∂M(j)σ] , (S9)

and then normalize the tensor M (j) such that tr[σ] = 1. We express the resulting update rule for the tensor M (j) in
the following way

M (j) ← C(j)−1
σ C(j)

ρ , M (j) ← 1

tr[σ]
M (j) . (S10)

where the first update rule consists in solving a linear system of 4χ′2 equations, where χ′ is the bond dimension of the
MPO σ, and the second one normalizes σ. This update rule also imposes the Hermiticity of σ, but not its positivity.
Finally, note that such an optimization scheme would require us to estimate the right-hand side of Eq. (S9) from
experimental data, which requires O(2N ) measurements using classical shadow framework [8].
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FIG. S2. Graphical representation of the condition Eq. (S11) for the approximate update rule for N = 10, ℓ = 2, and j = 5.
We are considering a right sweep, where the black tensors of σ have been already updated, while the gray tensors not yet.

B. Approximate tensor optimization

We now show that it is possible to approximately optimize the tensor M (j) as

tr[σIj∂M(j)σIj ] = tr[ρIj∂M(j)σIj ] (S11)

up to a normalization factor. This can be proven rigorously under the assumptions that

1. ρ is a matrix-product density operator (MPDO, i.e. a quantum state described by a MPO) with finite bond

dimension χ and Rényi-Markov length ξ
(2)
ρ ;

2. the algorithm is close to convergence, so that we can assume that σ is a MPDO with bond dimension χ as well.

Note that the condition on the Rényi-Markov length is satisfied by typical MPDOs [9, 10]. Our starting point is the
following lemma: given ρ and σ two MPDOs with bond dimension χ, and given that the correlation length ξρσ of the
operator ρσ is finite, under mild technical assumptions the following approximation is valid (see App. II for a rigorous
proof)

C(j)
ρ = aρ(C

(j)
ρIj

+ ερ) , (S12)

with

aρ =
tr[ρσ̃]

tr[ρIj σ̃Ij ]
, (S13)

where Ij = [j − ℓ, j + ℓ], and σ̃ is the MPO obtained by substituting the tensor M (j) in σ with any tensor M̃ (j) such
that tr[ρσ̃] ̸= 0, and

||ερ||22 ≤ tr[ρIj σ̃Ij ]
2Kχ2e−ℓ/ξρσ , (S14)

where K = O(1) is a constant. Analogously, if the Rényi-Markov length ξ
(2)
σ is also finite, the same is valid upon the

substitution ρ→ σ, yielding

C(j)σ M̃ (j) = aσ(C(j)σIj
M̃ (j) + εσ) , (S15)

for any tensor M̃ (j) such that tr[σ̃2] ̸= 0.
Let us now take the equation satisfied by the optimal tensor M (j) [Eq. (S6)]

C(j)σ M (j) =
M (j) · C(j)σ M (j)

M (j) · C(j)
ρ

C(j)
ρ , (S16)

it is now possible to expand it by applying the approximations Eqs. (S12),(S15), obtaining

C(j)σIj
M (j) + εσ =

M (j) · C(j)σIj
M (j) +M (j) · εσ

M (j) · C(j)
ρIj

+M (j) · ερ

(
C(j)

ρIj
+ ερ

)
. (S17)
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By taking ||ερ||2, ||εσ||2 → 0, we can expand perturbatively Eq. (S17) in ερ, εσ, obtaining at the leading order

C(j)σIj
M

(j)
0 =

M
(j)
0 · C(j)σIj

M
(j)
0

M
(j)
0 · C(j)

ρIj

C(j)
ρIj

, (S18)

where ||M (j) −M (j)
0 ||2 = O(ε) with ε = max(||ερ||2, ||εσ||2). If we assume that, close to convergence, ξρσ, ξ

(2)
σ ≃ ξ(2)ρ ,

then for ℓ > O(ξ
(2)
ρ ), the optimal tensor M (j) can be approximated by the tensor M

(j)
0 . By repeating the same steps

as in the previous section, it is possible to express M
(j)
0 as

M
(j)
0 = λC(j)−1

σIj
C(j)

ρIj
(S19)

where the constant λ is fixed by the normalization of σ. This implies that we can first get M
(j)
0 for λ = 1 by solving

Eq. (S11), and then fix λ = 1
tr[σ] . Therefore, the learning algorithm with approximate update is controlled by two

parameters (ℓ, χ′), where the former is related to the Rényi-Markov length ξ
(2)
ρ , while the latter to the amount of

entanglement encoded in ρ [11–13].

C. Convergence guarantees and two-site updates

We now discuss for what choice of (ℓ, χ′) the approximate optimization step described above is guaranteed to
converge. As described in the main text, each tensor M (j) is optimized individually by solving Eq. (S11), which

amounts to a linear system in M (j). This linear system has 4χ′2 variables, and at most 4(4ℓ)2 independent equations.
This can be seen by performing a sequential singular-value decomposition (SVD) of σIj , which results in a MPO with

maximal bond dimension 4ℓ. This implies that the linear system solver is guaranteed to converge to a unique solution
only if

χ′ ≤ 4ℓ . (S20)

When this is not the case, some parameters of the local tensor M (j) may not be updated in a way which minimizes
the global fidelity, resulting in the propagation of errors.

Another possibility consists in performing two-site updates, where at each step we optimize a tensor θ(j,j+1) =
M (j)M (j+1). In this way, we do not have to fix the bond dimension of σ from the beginning, but we can increase it
dynamically, similarly to what is done in DMRG [3]. However, even if the bond dimension is initialized to χ′ = 1,
it can grow until χ′ = 4ℓ+1, as the left and right bond dimensions of θ(j,j+1) can grow up to 4ℓ. This means that
we need to introduce a cut-off to the bond dimension χ′

max ≤ 4ℓ when performing the SVD of θ(j,j+1) =M (j)M (j+1)

after a two-site update. Otherwise, certain local updates might involve solving an under-determined linear system,
leading to a possible propagation of uncontrolled errors.

II. LOCAL APPROXIMATION OF GRADIENT TERMS

In this section we prove the lemma Eq. (S14), establishing the validity of the local approximate updates with
sufficiently large ℓ. First, we show how this should be the case for MPDOs satisfying AFCs for the purity, i.e. with

finite correlation length ξ
(2)
ρ . Then, we provide a rigorous proof for translation invariant MPDOs. We begin by

defining transfer operators for MPDOs, which will provide the basic language for our proofs. In particular, transfer
operators allow to rigorously define the correlation length of a MPDO. The same language will be used in Sec. IV to
prove approximation factorization conditions for the fidelity.

A. Transfer operators and translation-invariant MPDOs

Let us consider two MPDOs ρ and σ as defined in Eq. (S1), where the j−th tensor of ρ (σ) is M ′(j) (M (j)). We
can now define the n−th order transfer operators at the site j for these two MPDOs as (see Fig. S3 for a graphical
representation)

T
(n)
ρ,j =

∑
{s(k)

j }

M
′(j)
s
(1)
j ,s

(2)
j

M
′(j)
s
(2)
j ,s

(3)
j

...M
′(j)
s
(n)
j ,s

(1)
j

, T
(n)
σ,j =

∑
{s(k)

j }

M
(j)

s
(1)
j ,s

(2)
j

M
(j)

s
(2)
j ,s

(3)
j

...M
(j)

s
(n)
j ,s

(1)
j

, (S21)
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FIG. S3. Graphical representation of the transfer operators T
(n)
ρ , T

(n)
σ and Tρσ, defined in Eqs. (S22),(S23).

from which we can obtain the state moments

N∏
j=1

T
(n)
ρ,j = tr[ρn],

N∏
j=1

T
(n)
σ,j = tr[σn] . (S22)

Similarly, we define the mixed transfer operator

Tρσ,j =
∑
sj ,s′j

M
(j)
sj ,s′j

M ′(j)
s′j ,sj

, (S23)

which analogously yields

N∏
j=1

Tρσ,j = tr[ρσ] . (S24)

We now focus on MPDOs with finite correlation lengths. In the case of translation-invariant MPDOs, this implies
that the transfer operators are gapped (see later discussion). Instead, for non-translation invariant MPDOs, there is

not a unique definition. For what follows, we define an MPDO ρ to have a finite n−th correlation length ξ
(n)
ρ if

j+ℓ∏
j′=j

T
(n)
ρ,j =

χ−1∑
a=0

Λ(ℓ)
a |L

ρn

a,j⟩ ⟨R
ρn

a,j+ℓ| , (S25)

with |Λ(ℓ)
1 /Λ

(ℓ)
0 | = O(e−ℓ/ξ(n)

ρ ) and ξ(n) = O(1) being the correlation length, and where the eigenvalues are ordered

in absolute value (e.g. |Λ(ℓ)
a | ≥ |Λ(ℓ)

a+1|), and we have the orthonormality conditions for left- and right-eigenvectors

⟨Lρn

a,j |R
ρn

b,j⟩ = δab. Note that this implies that connected two-body correlation functions between arbitrary single-

qubit operators O, O′ decay as ⟨OjO
′
j+ℓ⟩ − ⟨Oj⟩⟨O′

j+ℓ⟩ = O(e−ℓ/ξ(1)ρ ). The decay of correlations described above is

generic for matrix-product states [9] and reflected by such condition. If a MPDO has ξ
(n)
ρ = O(1) with n > 1, it

also satisfies approximate factorization conditions, i.e. its global entanglement properties (like the Rényi entropies)

are approximately determined by the ones of its subsystems of a finite length O(ξ
(n)
ρ ) [10]. This is also known as

approximate conditional independence in terms of Rényi entropies [14], and ξ
(n)
ρ are called Rényi-Markov lengths [15,

16].
These arguments can be made more rigorous for translation-invariant MPDOs with periodic boundary condi-

tions [10], i.e.

ρ =
∑

{si},{s′i}

tr[M ′
s1,s′1

M ′
s2,s′2

... M ′
sN ,s′N

] |s1, ... , sN ⟩ ⟨s′1, ... , s′N | , (S26)

and similarly for σ

σ =
∑

{sj},{s′j}

tr[Ms1,s′1
Ms2,s′2

... MsN ,s′N
] |s1, ... , sN ⟩ ⟨s′1, ... , s′N | . (S27)
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Given a translation-invariant MPDO ρ, for a fixed n there is only a single transfer operator T
(n)
ρ . For n = 1 and the

mixed transfer operator we define the following spectral decompositions

T (1)
ρ =

∑
a

λa |lρa⟩ ⟨rρa| , T (1)
σ =

∑
a

µa |lσa ⟩ ⟨rσa | , Tρσ =
∑
a

νa |lρσa ⟩ ⟨rρσa | , (S28)

where the eigenvalues are ordered in absolute value (e.g. |λi| ≥ |λi+1|), and we have the orthonormality conditions
for left- and right-eigenvectors ⟨lOa | rOb ⟩ = ⟨rOa | lOb ⟩ = δab. Now, it is sufficient that the spectrum of the transfer

operator T
(1)
ρ is gapped, i.e. |λ1/λ0| < 1, to make connected two-body correlation functions decay exponentially with

correlation length ξ
(1)
ρ defined as

|λ1/λ0| = e−1/ξ(1)ρ . (S29)

In what follows, we assume the correlation lengths ξ
(1)
ρ , ξ

(2)
ρ to be finite, a slightly more general condition than

the approximate factorization conditions for the purity defined in the main text. Additionally, we also assume the
correlation length ξρσ associated with the mixed transfer Tρσ operator to be finite. For translation-invariant MPDOs,
this translates to ξρσ = 1

log|ν0/ν1| = O(1). While this last condition is much less explored, we believe it to be true for a

generic pair of MPDOs with finite correlation lengths. Practically, towards the convergence of the learning algorithm

ρ ∼ σ, we expect ξρσ ∼ ξ(2)ρ = O(1).

B. Local approximation of gradient terms for generic MPDOs

In this section we prove ∣∣∣∣∣
∣∣∣∣∣ C

(j)
ρIj

tr[ρIj σ̃Ij ]
− C

(j)
ρ

tr[ρσ̃]

∣∣∣∣∣
∣∣∣∣∣
2

2

= O(χ2e−ℓ/ξρσ ) . (S30)

for a pair of MPDOs ρ and σ with finite correlation length ξρσ in the sense of Eq. (S25). Compared to Eq. (S14), we
do not put a bound in terms of explicit coefficients, as that requires a more detailed analysis. We will do so in the
next section, where we will consider, for simplicity, the case of translation-invariant MPDOs.

First, we define a tripartition of the N−qubit chain in A = [1, j− ℓ), Ij = [j− ℓ, j+ ℓ] and B = (j+ ℓ,N ], assuming

without loss of generality that j−ℓ > 1 and j+ℓ < N . Now, we express tr[ρσ̃] and C
(j)
ρ in terms of transfer operators,

obtaining Eq. (S24) and

C(j)
ρ =

∏
j′∈A

Tρσ,j′
j−1∏

j′=j−ℓ

Tρσ,j′M
′(j)

j+ℓ∏
j′=j+1

Tρσ,j′
∏
j′∈B

Tρσ,j′ . (S31)

Applying now the condition Eq. (S25) on the region Ij , we obtain that

C(j)
ρ = (Λ

(ℓ)
0 Λ

′(ℓ)
0 )

∏
j′∈A

Tρσ,j′ |Lρσ
j−ℓ⟩ ⟨R

ρσ
j−1|M

′(j) |Lρσ
j+1⟩ ⟨R

ρσ
j+ℓ|

∏
j′∈B

Tρσ,j′ +O(Λ
(ℓ)
0 χ2e−ℓ/ξρσ ) (S32)

and analogously

tr[ρσ̃] = Λ
′′(2ℓ+1)
0

∏
j′∈A

Tρσ,j′ |Lρσ
j−ℓ⟩ ⟨R

ρσ
j+ℓ|

∏
j′∈B

Tρσ,j′ +O(Λ
′′(2ℓ+1)
0 χ2e−(2ℓ+1)/ξρσ ) . (S33)

From these approximations, assuming Λ
(ℓ)
0 Λ

′(ℓ)
0 /Λ

′′(2ℓ+1)
0 = c = O(1), and ℓ≫ ξρσ, we obtain

C
(j)
ρ

tr[ρσ̃]
= c ⟨Rρσ

j−1|M
′(j) |Lρσ

j+1⟩+O(χ2e−ℓ/ξρσ ) . (S34)

In a similar fashion, we express C
(j)
ρIj

and tr[ρIj σ̃Ij ] as

C(j)
ρIj

=
∏
j′∈A

T
(1)
ρ,j′T

(1)
σ,j′

j−1∏
j′=j−ℓ

Tρσ,j′M
′(j)

j+ℓ∏
j′=j+1

Tρσ,j′
∏
j′∈B

T
(1)
ρ,j′T

(1)
σ,j′ =

= (Λ
(ℓ)
0 Λ

′(ℓ)
0 )

∏
j′∈A

T
(1)
ρ,j′T

(1)
σ,j′ |L

ρσ
j−ℓ⟩ ⟨R

ρσ
j−1|M

′(j) |Lρσ
j+1⟩ ⟨R

ρσ
j+ℓ|

∏
j′∈B

T
(1)
ρ,j′T

(1)
σ,j′ +O(Λ

(ℓ)
0 χ2e−2ℓ/ξρσ )

(S35)
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and

tr[ρIj σ̃Ij ] =
∏
j′∈A

T
(1)
ρ,j′T

(1)
σ,j′

∏
j′∈Ij

Tρσ,j′
∏
j′∈B

T
(1)
ρ,j′T

(1)
σ,j′ =

= (Λ′′
0)

2ℓ+1
∏
j′∈A

T
(1)
ρ,j′T

(1)
σ,j′ |L

ρσ
j−ℓ⟩ ⟨R

ρσ
j+ℓ|

∏
j′∈B

T
(1)
ρ,j′T

(1)
σ,j′ +O(Λ

′′(2ℓ+1)
0 χ2e−|I|/ξρσ ) ,

(S36)

resulting in

C
(j)
ρIj

tr[ρIj σ̃Ij ]
= c ⟨Rρσ

j−1|M
′(j) |Lρσ

j+1⟩+O(χ2e−ℓ/ξρσ ) . (S37)

At this point, it is possible to see that the expression above and Eq. (S34) are identical up to O(χ2e−ℓ/ξρσ ) corrections,
hence satisfying Eq. (S12).

C. Proof for translation-invariant MPDOs

In this section we prove Eq. (S14). For simplicity of notation, we will consider the case of translation-invariant
MPDOs (TIMPDOs) (the non-homogenous case can be treated in the same way). Let us take σ̃ to be the MPO

obtained by substituting the tensor M (j) with an arbitrary tensor M̃ (j) such that tr[ρσ̃] ̸= 0, where σ is a TIMPDO
with bond dimension χ. Furthermore, let us assume ρ is a TIMPDO with bond dimension χ as well. We make the
further technical assumptions that the complex scalars

Γbc
a = ⟨rρσa | l

ρ
b l

σ
c ⟩, Γ̃a

bc = ⟨r
ρ
b r

σ
c | lρσa ⟩ (S38)

are both non-zero, i.e. Γbc
a , Γ̃

a
bc ̸= 0. We also believe this assumption to be true in the generic case [10]. Then, under

this assumptions, and that ξρσ = O(1), we have∣∣∣∣∣
∣∣∣∣∣ C

(j)
ρIj

tr[ρIj σ̃Ij ]
− C

(j)
ρ

tr[ρσ̃]

∣∣∣∣∣
∣∣∣∣∣
2

2

≤ Kχ2e−ℓ/ξρσ , (S39)

where C
(j)
ρ = tr[ρ∂M(j)σ], C

(j)
ρIj

= tr[ρIj∂M(j)σIj ] and K = O(1) is a constant, and the norm−2 is the Hilbert-Schmidt
norm

||C(j)
ρ ||22 =

∑
a,a′,s,s′

[C̄(j)
ρ ](a,a′),(s,s′)[C

(j)
ρ ](a,a′),(s,s′) , (S40)

where a, a′ (s, s′) are the two link (site) indices, and C̄
(j)
ρ is the complex conjugate of C

(j)
ρ . A proof similar to the

following can be used to show that ∣∣∣∣∣
∣∣∣∣∣C

(j)
σIj
M̃ (j)

tr[σ̃2
Ij
]
− C

(j)
σ M̃ (j)

tr[σ̃2]

∣∣∣∣∣
∣∣∣∣∣
2

2

≤ K ′χ2e−ℓ/ξ(2)σ , (S41)

where M̃ (j) is any tensor such that tr[σ̃2], and K ′ is a constant.
As a first step, let us expand the norm−2 distance as follows∣∣∣∣∣

∣∣∣∣∣ C(j)
ρ

tr[ρσ̃]
−

C
(j)
ρIj

tr[ρIj σ̃Ij ]

∣∣∣∣∣
∣∣∣∣∣
2

2

=
C̄

(j)
ρ · C(j)

ρ

tr[ρσ̃]2
−

2Re(C̄
(j)
ρ · C(j)

ρIj
)

tr[ρσ̃]tr[ρIj σ̃Ij ]
+
C̄

(j)
ρIj
· C(j)

ρIj

tr[ρIj σ̃Ij ]
2
. (S42)

By expressing every factor in Eq. (S42) in terms of the spectral decompositions of the transfer operators, we obtain
that each on of the three terms can be further decomposed in a term constant in ℓ, and a term dependent on it. As
we now prove in two steps, the constant contribution is equal among the three terms and gets canceled out in the
algebraic sum, while the other contribution admits an upper bound proportional to O(χ2e−ℓ/ξρσ ).
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1. Spectral decompositions

Using the spectral decompositions of the transfer operators, we obtain the following expressions for the overlaps

tr[ρσ̃] =

χ2−1∑
a=0

taaν
N−1
a , tr[ρIj σ̃Ij ] =

χ2−1∑
a,b=0

χ−1∑
c,d=0

tabν
ℓ
aν

ℓ
bΓ

cd
b (λcµd)

N−(2ℓ+1)Γ̃a
cd , (S43)

where we have used |Ij | = 2ℓ+ 1, and defined

tab = ⟨rρσa | T̃ρσ |l
ρσ
b ⟩ , (S44)

where T̃ρσ is the transfer matrix Tρσ after the substitution M (j) → M̃ (j). In what follows, we assume a choice of M̃ (j)

such that t00 ̸= 0. To compute the numerators in Eq. (S42) we first define the tensor

Θab
cd = ∂M̄(j) [T̄ρσ]ab · ∂M(j) [Tρσ]cd . (S45)

By applying again the spectral decomposition, we obtain

C̄(j)
ρ · C(j)

ρ =

χ2−1∑
a,a′=0

(νaν̄a′)N−1Θaa
a′a′ ,

C̄(j)
ρ · C(j)

ρIj
=

χ2−1∑
a,a′,a′′=0

χ−1∑
b,c=0

ν̄N−1
a′ Θaa′′

a′a′νℓaΓ
bc
a (λbµc)

N−(2ℓ+1)Γ̃a′′

bc ν
ℓ
a′′ ,

C̄(j)
ρIj
· C(j)

ρIj
=

χ2−1∑
a,a′,a′′,a′′′=0

χ−1∑
b,b′,c,c′=0

(νaν̄a′)ℓΓbc
a Γ̄b′c′

a′ (λbλ̄b′µcµ̄c′)
N−(2ℓ+1)Γ̃a′′

bc
¯̃Γa′′′

b′c′(νa′′ ν̄a′′′)ℓΘaa′′

a′a′′′ .

(S46)

At this point, in both the overlaps and the scalar products, we separate the term in the summation where all the a
indices are 0 from the rest, i.e.

C̄
(j)
ρ · C(j)

ρ

tr[ρσ̃]
=

∑
a,a′(νaν̄a′)N−1Θaa

a′a′∑
a,a′(νaν̄a′)N−1taat̄a′a′

=
(ν0ν̄0′)

N−1Θ00
00 +

∑
a ̸=0∨a′ ̸=0(νaν̄a′)N−1Θaa

a′a′

(ν0ν̄0)N−1|t00|2 +
∑

a̸=0∨a′ ̸=0(νaν̄a′)N−1taat̄a′a′
=

Θ00
00

|t00|2
(1 + ε1) , (S47)

where we have used that overlaps are real, hence tr[ρσ̃] =
∑

a taaν
N−1
a =

∑
a t̄aaν̄

N−1
a , and ε1 is

ε1 =
C̄

(j)
ρ · C(j)

ρ /(tr[ρσ̃])2

(C̄
(j)
ρ · C(j)

ρ )0/(tr[ρσ̃]0)2
− 1 , (C̄(j)

ρ · C(j)
ρ )0 = (ν0ν̄0)

N−1Θ00
00 , tr[ρσ̃]0 = t00ν

N−1
0 . (S48)

By repeating this step with the two other terms in Eq. (S42), we obtain the same form

C̄
(j)
ρ · C(j)

ρIj

tr[ρσ̃]tr[ρIj σ̃Ij ]
=

Θ00
00

|t00|2
(1 + ε2),

C̄
(j)
ρIj
· C(j)

ρIj

tr[ρIj σ̃Ij ]
2
=

Θ00
00

|t00|2
(1 + ε3) . (S49)

Under the assumption that the spectrum of Tρσ is gapped, this way of rewriting the terms in Eq. (S42) separates
a leading contribution (given by the largest eigenvalues in the spectra of the transfer operators) from a sub-leading
contribution. Being the leading contribution constant, and equal among the three terms in Eq. (S42), we obtain∣∣∣∣∣

∣∣∣∣∣ C(j)
ρ

tr[ρσ̃]
−

C
(j)
ρIj

tr[ρIj σ̃Ij ]

∣∣∣∣∣
∣∣∣∣∣
2

2

=
Θ00

00

|t00|2
(ε1 − 2Re(ε2) + ε3) . (S50)

Note that for Θ00
00 = 0 the inequality Eq. (S14) is trivial. Therefore, in what follows we assume Θ00

00 ̸= 0.



9

2. Upper bounds

We now provide upper bounds for the terms {εm}. To do so, we first define the ratios

r1 =
C̄

(j)
ρ · C(j)

ρ

(C̄
(j)
ρ · C(j)

ρ )0
− 1 , r′1 =

tr[ρσ̃]

(tr[ρσ̃])0
− 1 . (S51)

Similar ratios will appear in the computation of ε2 and ε3. From the absolute values of these ratios, it is possible to
derive upper bounds for ε1 in the following way

|ε1| =

∣∣∣∣∣ 1 + r1
(1 + r′1)

2
− 1

∣∣∣∣∣ =
∣∣∣∣∣r1 − r′1(2 + r′1)

(1 + r′1)
2

∣∣∣∣∣ ≤ |r1|+ |r′1|(2 + |r′1|)(1− |r′1|)2
. (S52)

Now we make use of the spectral decompositions of the transfer operators to derive upper bounds on the absolute
values of r1 and r′1. From the spectral decomposition in Eq. (S43), and from the definition of the correlation length
ξρσ we obtain

|r′1| ≤
∑
a̸=0

|taa/t00||νa/ν0|N−1 ≤ αχ2|ν1/ν0|N−1 = αχ2e−(N−1)/ξρσ , (S53)

where α = maxab (|tab/t00|). To further simplify the upper bound Eq. (S52), we impose |r′1| ≤ 1/2, which is satisfied
if

αχ2e−(N−1)/ξρσ ≤ 1/2→ N ≥ ξρσlog(2αχ2) + 1 . (S54)

Using the spectral decomposition Eq. (S46), analogously to r′1, for r1 we have

|r1| ≤

∣∣∣∣∣ ∑
a̸=0∨a′ ̸=0

(
νa
ν0

ν̄a′

ν̄0

)N−1
Θaa

a′a′

Θ00
00

∣∣∣∣∣ ≤ 2βχ2e−(N−1)/ξρσ + βχ4e−2(N−1)/ξρσ ≤ c1χ2e−(N−1)/ξρσ , (S55)

where β = maxabcd

(
Θab

cd

Θ00
00

)
= O(1), and c1 is a constant that depends on α and β. Putting these results together,

using Eq. (S52) and |r′1| < 1/2, we finally obtain the upper bound for |ε1|

|ε1| ≤ 4(|r1|+ 5|r′1|/2) ≤ K1χ
2e−(N−1)/ξρσ , (S56)

where K1 is a constant.
The upper bounds for |ε2| and |ε3| follow from similar steps. In particular, for |ε2| we have the upper bound

|ε2| ≤

∣∣∣∣∣ 1 + r2
(1 + r′1)(1 + r′2)

− 1

∣∣∣∣∣ ≤ 2
|r2|+ |r′1|+ 3|r′2|/2

1− |r′2|
, (S57)

obtained in terms of the ratios

r2 =
C̄

(j)
ρ · C(j)

ρIj

(C̄
(j)
ρ · C(j)

ρIj
)0
− 1 , r′2 =

tr[ρIjσIj ]

(tr[ρIjσIj ])0
− 1 . (S58)

First, from Eq. (S43) and the definition above, we derive the upper bound for |r′2|

|r′2| =

∣∣∣∣∣
∑

a̸=0∨b ̸=0

∑
c,d tabν

ℓ
aν

ℓ
bΓ

cd
b (λcµd)

N−(2ℓ+1)Γ̃a
cd∑

c,d t00ν
2ℓ
0 Γcd

0 (λcµd)N−(2ℓ+1)Γ̃0
cd

∣∣∣∣∣ ≤ αγ
2
∑
a̸=0

|νa/ν0|ℓ +

∑
a̸=0

|νa/ν0|ℓ
2
 ≤ c′2χ2e−ℓ/ξρσ ,

(S59)

where γ = maxabc

(∣∣∣∣∣Γbc
a Γ̃a

bc

Γbc
0 Γ̃0

bc

∣∣∣∣∣
)

= O(1), c′2 is a constant that depends on α and γ, and we have assumed

ℓ ≥ ξρσlog(2χ2) . (S60)
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Also in this case we assume |r′2| ≤ 1/2, which is satisfied when

ℓ ≥ ξρσlog(2c′2χ2) . (S61)

From Eq. (S46), proceeding in a similar way than for the ratios r1 and r′2, we obtain the upper bound for |r2|

|r2| ≤ βγ
(
3χ2e−ℓ/ξρσ + 3χ4e−2ℓ/ξρσ + χ6e−3ℓ/ξρσ

)
≤ c2χ2e−ℓ/ξρσ , (S62)

where c2 is a constant. Combining the upper bounds for |r′1|, |r2| and |r′2| in Eq. (S57), we obtain

|ε2| ≤ 4(|r2|+ |r′1|+ 3|r′2|/2) ≤ K2χ
2e−ℓ/ξρσ , (S63)

where K2 is a constant. Without further assumptions, and repeating similar steps, we also obtain

|ε3| ≤ K3χ
2e−ℓ/ξρσ , (S64)

where K3 is a constant.

3. Final result

As a final step, we combine the expression for the norm−2 distance in Eq. (S50) with the upper bounds for the {|εm|}
to obtain Eq. (S11). At this point, we can plug in this last equation the upper bounds for {|εm|} Eqs. (S56),(S63),(S64).
Under the assumptions that

1. ξρσ ≥ 0,

2. Γbc
0 Γ̃0

bc ̸= 0, t00 ̸= 0,

3. N ≥ ξρσlog(2αχ2) + 1,

4. ℓ ≥ ξρσmax
(
log(2c′2χ

2), log(2χ2)
)

,

we obtain ∣∣∣∣∣
∣∣∣∣∣ C(j)

ρ

tr[ρσ̃]
−

C
(j)
ρIj

tr[ρIj σ̃Ij ]

∣∣∣∣∣
∣∣∣∣∣
2

2

=
Θ00

00

|t00|2
(ε1 − 2Re(ε2) + ε3) ≤ Kχ2e−ℓ/ξρσ , (S65)

where K =
Θ00

00

|t00|2max(K1,K2,K3) is a constant that depends on α, β and γ.

Note that the same derivation can be now repeated by substituting ρ→ σ, obtaining Eq. (S15).

III. STATISTICAL ERRORS IN THE LEARNING ALGORITHM

In this section we study analytically the effect of statistical errors in the learning algorithm due to a finite number of
measurementsNL

uNM . We consider the framework of classical shadows obtained from local randomized measurements,
which we briefly review in the first subsection. Then, we show how to apply it to our learning algorithm, and prove
an upper bound on the effect of statistical errors in the update of a single tensor M (j). For a choice of the parameters
(ℓ, χ′), we prove that the number of measurement bases needed to obtain the optimal tensor M (j) up to an error ε
scales like NL

u = O(22ℓχ′ε−2), independently of the total system size N .

A. Local randomized measurements and classical shadows

In this section we review the classical shadow framework for local randomized measurements, and highlight results
which we use throughout the manuscript. We refer the reader to Ref. [17] for a more comprehensive review.

Let us assume we have prepared a N−qubit quantum state ρ in an experiment. Local randomized measurement

consists in applying a layer of single-qubit random unitaries
⊗N

j=1 u
(r)
j , before measuring in the computational basis,

where r is the index associated with the bases, and each u
(r)
i is sampled from the circular unitary ensemble (CUE). We
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consider measurements in Nu different random bases, with NM shots per basis, for a total ofM = NuNM experimental
repetitions. After each experimental shot, we obtain as a result a bitstring s(r,m), with r ∈ [1, Nu], m ∈ [1, NM ]. Such
dataset can be then post-processed in various ways to extract properties of ρ. Classical shadows represent a powerful
method to post-process such data [8]. For an arbitrary subset of qubits I, we can define for the r−th measurement
basis a classical shadow

ρ̂
(r)
I =

1

NM

NM∑
m=1

⊗
j∈I

(
3
(
u
(r)
j

)†
|s(r,m)

j ⟩ ⟨s(r,m)
j |u(r)j − Ij

)
, (S66)

where Ij is the identity on the j−th qubit. Note that classical shadows only depend on the local unitaries u
(r)
j ,

which are classically sampled, and on the measurement outcomes s
(r,m)
j . While for NM = 1 classical shadows are

product operators, and therefore numerically efficient, the sum over NM can be computed efficiently only for modest
subsystem sizes |I|.

The main property of classical shadows is that they are unbiased estimators of ρ, i.e.

ρI = E[ρ̂(r)I ] , (S67)

where E is the quantum mechanical average over all the possible bases and outcomes. Using this property, it is possible
to obtain an estimator for any linear function of ρ, e.g. for the expectation value of an observable O with support I

ô =
1

Nu

∑
r

tr[ρ̂
(r)
I O] = tr[ρ̂IO] , (S68)

where we have defined the averaged shadow ρ̂I = 1
Nu

∑
r ρ̂

(r)
I . The statistical errors of an estimator are related to its

variance, which in this case, for NM = 1, admits the upper bound [8, 18]

Var[ô] ≤ 2|I|

M
||O||22 . (S69)

Analogously, we can write estimators for multi-copy observables

ô(n) =
1

n!

(
Nu

n

)−1 ∑
r1 ̸=r2 ̸=...̸=rn

tr[ρ̂
(r1)
I ρ̂

(r2)
I ...ρ̂

(rn)
I O(n)] (S70)

and compute associated bounds on their variance [19], which generally scale exponentially with the support of O(n).
Relevant examples of such multi-copy observables include the moments of the reduced density matrix Pn(ρI) =

tr[ρnI ]. However, it is also possible to estimate these moments in a different way, that does not rely on the knowledge

of the unitaries {u(r)j } [20, 21]. For example, the purity P2(ρI) can be estimated as

P̂2(ρI) =
2|I|

NuNM (NM − 1)

Nu∑
r=1

NM∑
m̸=m′=1

2−D[s
(r,m)
I ,s

(r,m′)
I ] , (S71)

where D[s, s′] =
∑

j |sj − s′j | is the Hamming distance between two bitstrings, and s
(r,m)
I is the bitstring obtained

from the m−th shot in the r−th basis restricted to the subsystem I. This estimator also requires M = O(2a|I|)
measurements with a = O(1) for finite accuracy [20], but is computationally less expensive than using classical
shadows. Throughout this work, we use Eq. (S71) to estimate purities, and classical shadows otherwise.

B. Statistical errors in the optimization of a single tensor

In this section we study the statistical errors in the update of a local tensor using randomized measurement data.

The update rule Eq. (S11) requires experimental data to estimate C
(j)
ρIj

= tr[ρIj∂M(j)σIj ]. Being C
(j)
ρIj

linear in ρ, we

can use the estimator Eq. (S68) for each one of its terms, obtaining

Ĉ(j)
ρIj

=
1

NL
u

NL
u∑

r=1

tr[ρ̂
(r)
Ij
∂M(j)σIj ] , (S72)
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where ρ̂
(r)
Ij

are classical shadows on the subsystem Ij = [j − ℓ, j + ℓ], and NL
u is the number of random measurement

bases collected in the learning set. The statistical errors in this estimator propagate to the tensor M (j), which will

be then updated M̂ (j) ∝ C(j)−1
σIj

Ĉ
(j)
ρIj

. Let us define M ′(j) = C(j)−1
σIj

C
(j)
ρIj
∝M (j). Using the Cauchy-Schwarz inequality,

we obtain the propagation of errors

||M̂ ′(j) −M ′(j)||2 ≤ ||C(j)−1
σIj

||∞||Ĉ(j)
ρIj
− C(j)

ρIj
||2 , (S73)

where || · ||2 is the Hilbert-Schmidt norm (see Eq. (S40)), and ||O||∞ = maxv
||Ov||2
||v||2 is the spectral norm. We expect

that the errors in the normalization of M (j) will amount to a constant factor.
We now study the statistical errors in norm−2 ||Ĉ(j)

ρIj
− C(j)

ρIj
||2. The statistical errors of the estimator Eq. (S72)

admit an upper bound via the multidimensional Chebyshev inequality [22]

Pr
(
||V̂ − V ||2 ≥ ε

)
≤ 1

ε2
E
[
||V̂ − V ||22

]
=

1

ε2

∑
j

Var(V̂j) , (S74)

with E[V̂ ] = V , from which we obtain

Pr
(
||Ĉ(j)

ρIj
− C(j)

ρIj
||2 ≥ ε

)
≤ 1

ε2

∑
s,s′

χ′∑
l,r=1

Var
(
[Ĉ(j)

ρIj
]lrss′

)
, (S75)

where we have assumed that the bond dimension of σ is χ′ for all links. Assuming that there is NM = 1 shot per
random basis, we can apply the upper bound on the variance for estimators of expectation values Eq. (S69), obtaining

Var
(
[Ĉ(j)

ρIj
]lrss′

)
≤ 22ℓ+1

NL
u

⟨rr| C(j)σIj
|ll⟩ , (S76)

where |ll⟩ = |l⟩ ⊗ |l⟩, |rr⟩ = |r⟩ ⊗ |r⟩. Summing over all the indices results in the upper bound∑
l,r,s,s′

Var
(
[Ĉ(j)

ρIj
]lrss′

)
≤ 22ℓ+3χ′

NL
u

⟨δ| C(j)σIj
|δ⟩ , (S77)

where |δ⟩ = 1√
χ′

∑
l |ll⟩. We expect that the term ⟨δ| C(j)σIj

|δ⟩ contributes with a factor proportional to the purity

tr[σ2
Ij
]. This can be seen for translation-invariant MPOs using the transfer operator formalism introduced in App. II.

At the leading order in the spectrum of T
(1)
σ and T

(2)
σ , we obtain

⟨δ| C(j)σIj
|δ⟩ ≃ ⟨r

σ2

0 | δ⟩ ⟨δ| lσ
2

0 ⟩
ν0

µN−2ℓ−1
0 ν2ℓ+1

0 ⟨rσ
2

0 | lσ0 lσ0 ⟩ ⟨rσ0 rσ0 | lσ
2

0 ⟩ , (S78)

while for the purity

tr[σ2
Ij ] ≃ µ

N−2ℓ−1
0 ν2ℓ+1

0 ⟨rσ
2

0 | lσ0 lσ0 ⟩ ⟨rσ0 rσ0 | lσ
2

0 ⟩ . (S79)

This implies that, up to corrections of order O(χ′2e−ℓ/ξ(2)σ ), we have

⟨δ| C(j)σIj
|δ⟩ ≃ c tr[σ2

Ij ] , (S80)

where c =
⟨rσ

2

0 |δ⟩⟨δ|lσ
2

0 ⟩
ν0

= O(1) is a constant factor. Under the assumption that ℓ > O
(
ξ
(2)
σ log(χ′2)

)
we can absorb

the sub-leading terms in a constant c′, obtaining the final result

Pr
(
||Ĉ(j)

ρIj
− C(j)

ρIj
||2 ≥ ε

)
≤ c′tr[σ2

Ij ]
22ℓ+3χ′

ε2NL
u

. (S81)

This implies that the number of measurements needed to achieve a controlled statistical error in norm−2 ||M̂ (j) −
M (j)||2 scales like ML = NL

uNM = O(22ℓχ′ε−2), as reported in the main text, and is independent of the total system
size N .
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IV. SCALABLE ESTIMATION OF MIXED-STATE FIDELITIES

In this section we discuss in more detail the AFC estimation of mixed-state fidelities introduced in the main text.
First, leveraging the formalism of transfer operators, we prove approximate factorization conditions (AFC) for the
overlap of two TIMPDOs with finite correlation lengths. Note that, similarly to App. II, the same proof applies
to generic MPDOs with finite correlation lengths. Then, we argue that combining them with AFC for purities [10]
allows us to define the AFC for the fidelities defined in the main text. This implies that a measurement budget of
size polynomial in N is sufficient to estimate fidelities in these quantum states. Lastly, we numerically demonstrate
that a modest measurement budget is sufficient to estimate AFC fidelities in thermal states of up to N = 128 qubits.

A. Mixed-state fidelities from randomized measurements

First, we comment on the relation between the two mixed-state fidelities introduced in the main text: the GM
fidelity (Eq. (S2)) and the max fidelity, defined as [1, 2]

Fmax =
tr[ρσ]

max(tr[ρ2], tr[σ2])
. (S82)

We can see that FGM(ρ, σ) ≥ Fmax(ρ, σ), and Fmax(ρ, |ψ⟩ ⟨ψ|) = ⟨ψ| ρ |ψ⟩, while the same does not hold for FGM.
Additionally, the GM fidelity is insensitive to certain noise models such as global depolarization, e.g. FGM(ρ, (1 −
p)ρ+pI/2N ) ∼ 1−O(tr[ρ2]/2N ). This makes the max fidelity more suitable to physically distinguish quantum states,
while the GM fidelity, being differentiable, is a better-suited cost function for optimization algorithms.

It is possible to evaluate both fidelities from randomized measurements by estimating sequentially the purities
tr[ρ2] and tr[σ2] and their overlap tr[ρσ] (see Sec. IIIA). In the context of our protocol, we are especially interested
in estimating the fidelity between an experimentally prepared state ρ and a known state σ; applying Eq. (S69), we
obtain

Var [tr[ρ̂σ]] ≤ 2N

M
tr[σ2] . (S83)

This implies that the overlap can be estimated up to controlled statistical errors with M = O(2N ) randomized
measurements. Given that estimating purities requires insteadM = O(4N ) [19], we generally need at leastM = O(4N )
measurements to estimate the previously-defined fidelities.

B. Approximate factorization conditions for fidelities

We now introduce approximate factorization conditions (AFC) for the above-defined fidelities, and show how they
lift the requirement of exponentially-many randomized measurements for fidelity estimation. First, let us recall AFC
for purities, defined in Ref. [10]. A quantum state ρ satisfies AFC for purities if it is possible to approximate its global
purity by

tr[ρ2] ≃ P(k)
AFC(ρ) =

tr[ρ2A1A2
]tr[ρ2A2A3

]...tr[ρ2AR−1AR
]

tr[ρ2A2
]tr[ρ2A3

]...tr[ρ2AR−1
]

, (S84)

where Aj are connected intervals of |Aj | = k qubits, with relative error∣∣∣∣∣P
(k)
2,AFC(ρ)

P2(ρ)
− 1

∣∣∣∣∣ ≤ c1Nk e−k/ξ . (S85)

For instance, a MPDO ρ with bond dimension χ and correlation lengths ξ
(1)
ρ , ξ

(2)
ρ = O(1) satisfies AFC for purities,

with ξ = max(ξ
(1)
ρ , ξ

(2)
ρ ), and c1 = O(χ2). From this approximation, it has been proven that for k > ξ the purity

estimation is guaranteed to have a controlled error with M = O(24kN3) measurements [10].
In a similar fashion, we now define AFC for the overlap between two quantum states. We say that two quantum

states ρ and σ satisfy AFC for the overlap if the following approximation holds

tr[ρσ] ≃ O(k)
AFC(ρ, σ) =

tr[ρA1A2
σA1A2

]tr[ρA2A3
σA2A3

]...tr[ρAR−1AR
σAR−1AR

]

tr[ρA2σA2 ]tr[ρA3σA3 ]...tr[ρAR−1
σAR−1

]
, (S86)
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with Aj connected intervals of |Aj | = k qubits, where the relative error is bounded by∣∣∣∣∣O(k)
AFC(ρ, σ)

tr[ρσ]
− 1

∣∣∣∣∣ ≤ c2Nk e−k/ξ (S87)

for some constants c2, ξ. When two states ρ and σ satisfy both the AFC for the overlap and, respectively, for purities,
we say that they satisfy AFC for the fidelity. To justify this definition, consider a choice of k for a pair of states ρ
and σ satisfying AFC such that∣∣∣∣∣O(k)

AFC(ρ, σ)

O(ρ, σ)
− 1

∣∣∣∣∣ ≤ εO ,

∣∣∣∣∣P
(k)
2,AFC(ρ)

P2(ρ)
− 1

∣∣∣∣∣ ≤ ε′P ,

∣∣∣∣∣P
(k)
2,AFC(σ)

P2(σ)
− 1

∣∣∣∣∣ ≤ ε′′P , (S88)

where εP = (ε′P + ε′′P + ε′Pε
′′
P) ≤ 1/2. Then, it is possible to see that∣∣∣∣∣F (k)

AFC(ρ, σ)

F(ρ, σ)
− 1

∣∣∣∣∣ ≤ 2(εO + εP) = O

(
poly

(
N

k
e−k/ξ

))
(S89)

for both F = Fmax and F = FGM, where

F (k)
max,AFC(ρ, σ) =

O(k)
AFC(ρ, σ)

max(P(k)
2,AFC(ρ),P

(k)
2,AFC(σ))

, F (k)
GM,AFC(ρ, σ) =

O(k)
AFC(ρ, σ)√

P(k)
2,AFC(ρ)P

(k)
2,AFC(σ)

. (S90)

This means that, for a pair of states ρ and σ satisfying AFC for the fidelity, there exists a value of k such that

F (k)
AFC(ρ, σ) ≃ F(ρ, σ). Note that this is trivially true for ρ = σ, as F (k)

AFC(ρ, ρ) = 1 for any k. In App. IVC we prove
that two translation-invariant MPDOs ρ and σ with finite correlation lengths satisfy the AFC for the overlap (hence

for the fidelity), with c2 = O(χ2), χ being the largest bond dimension between ρ and σ, and ξ = max(ξ
(1)
ρ , ξ

(1)
σ , ξρσ)

(defined in App. II).
Finally, let us comment on the statistical errors in fidelity estimation using AFC. In order to estimate the AFC

purity of N qubits with controlled errors M = O(42kN3) randomized measurements are sufficient [10]. Repeating
the same steps of the proof, it is possible to show that M = O(22kN3) randomized measurements are sufficient to

estimate O(k)
AFC(ρ, σ) with controlled errors. This implies that, asymptotically, O(42kN3) measurements are sufficient

to estimate AFC fidelities accurately, and we can in principle use this strategy to benchmark the results of the learning
algorithm. In App. IVD we demonstrate numerically that the number of measurements needed is in fact within the
reach of current experiments.

C. Approximate factorization conditions for the overlap: proof for TIMPDOs

In this section we prove that, under technical assumptions similar to the ones defined in Sec. II, two TIMPDOs
satisfy AFC for the overlap. In the language of Sec. II, we take two TIMPDOs ρ and σ such that

ξ = max(ξ(1)ρ , ξ(1)σ , ξρσ) , Γ
bc
0 Γ̃0

bc ̸= 0 . (S91)

From the spectral decompositions of the transfer operators, we obtain the following expression for the overlap

O(ρ, σ) = tr[ρσ]

tr[ρ]tr[σ]
=

∑χ2−1
a=0 (νa)

N∑χ−1
b,c=0(λbµc)N

=

(
ν0
λ0µ0

)N

(1 + δ) , (S92)

where, from the definition

δ =
(1 +

∑χ2−1
a=1 (νa/ν0)

N )

(1 +
∑χ−1

b=1 (λa/λ0)
N )(1 +

∑χ−1
c=1 (µa/µ0)N )

− 1 (S93)

and the ones of the correlation lengths, we obtain the upper bound

|δ| ≤ 4(χ2e−N/ξρσ + χe−N/ξ(1)ρ + χe−N/ξ(1)σ + χ2e−2N/max(ξ(1)ρ ,ξ(1)σ )) ≤ 14χ2e−N/ξ , (S94)
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with ξ = max(ξ
(1)
ρ , ξ

(1)
σ , ξρσ), and under the further assumptions that

∣∣∣ χ−1∑
b=1

(λa/λ0)
N
∣∣∣ ≤ 1/2 ,

∣∣∣ χ−1∑
b=1

(µa/µ0)
N
∣∣∣ ≤ 1/2 , (S95)

which are satisfied for

N ≥ ξ log(2χ) . (S96)

Following similar steps, we can also express the overlap on an interval Al, with |Al| = k, as

O(ρAl
, σAl

) = tr[ρAl
σAl

] =
∑
abc

νkaΓ
bc
a (λbµc)

N−kΓ̃a
bc = νk0 (λ0µ0)

N−kΓ00
0 Γ̃0

00(1 + δk) . (S97)

In this case, δk admits the upper bound

|δk| ≤ β(χ2e−k/ξ + 2χe−(N−k)/ξ + 2χ3e−N/ξ + χ2e−2(N−k)/ξ + χ4e−(2N−k)/ξ) ≤ 7

2
βχ2e−k/ξ , (S98)

where β = maxabc

(∣∣∣∣∣Γbc
a Γ̃a

bc

Γbc
0 Γ̃0

bc

∣∣∣∣∣
)

is a constant, and we have assumed that

χe−(N−2k)/ξ ≤ 1/2→ N ≥ 2k + ξ log(2χ) . (S99)

Note that we can obtain a similar form for the overlap O(ρAlAl+1
, σAlAl+1

) by simply performing a substitution
k → 2k. From these two results, we can write the AFC overlap in periodic boundary conditions as

O(k)
AFC(ρ, σ) =

∏R
l=1O(ρAlAl+1

, σAlAl+1
)∏R

l=1O(ρAl
, σAl

)
=

(
ν0
λ0µ0

)N (
1 + δ2k
1 + δk

)R

=

(
ν0
λ0µ0

)N

(1 + δ′) , (S100)

where R = N/k, assuming N is a multiple of k, and

δ′ =

(
1 + δ2k
1 + δk

)R

− 1 . (S101)

At this point, the errors induced by the AFC form can be expressed as∣∣∣∣∣O(k)
AFC(ρ, σ)

O(ρ, σ)
− 1

∣∣∣∣∣ =
∣∣∣∣∣1 + δ′

1 + δ
− 1

∣∣∣∣∣ . (S102)

Now, let us assume that |δ| ≤ 1/2, which is satisfied when

N ≥ ξ log(28χ2) . (S103)

Under this assumption, we obtain an upper bound on the error induced by the AFC form of the overlap as a function
of |δ| and |δ′| ∣∣∣∣∣O(k)

AFC(ρ, σ)

O(ρ, σ)
− 1

∣∣∣∣∣ ≤ 2|δ′ − δ| ≤ 2(|δ|+ |δ′|) . (S104)

Since we already have an upper bound on |δ|, the last step is to obtain an upper bound on |δ′|. First of all, let us
define δ′′ ≥ max(|δk|, |δ2k|), such that we can write

|δ′| =

∣∣∣∣∣
(
1 + δ2k
1 + δk

)R

− 1

∣∣∣∣∣ ≤
∣∣∣∣∣
(
1 + δ′′

1− δ′′

)R

− 1

∣∣∣∣∣ ≤ |e4Rδ′′ − 1| . (S105)

As a last assumption, we take

4Rδ′′ ≤ 1 , (S106)
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FIG. S4. Numerical results for AFC fidelity estimation between the Ising-Gibbs states ρ0 and ρ1, defined in Eq. (S110). (a)
Systematic relative error in the max fidelity Fmax(ρ0, ρ1) due to the AFC assumption at finite k for various N . (b) Fidelity
estimation from randomized measurements, assuming AFC with k = 1, 3 of Fmax(ρ0, ρ1) for various N using Nu = 1000 random
bases and NM = 512. It is possible to see that the AFC estimation with a finite number of measurements (markers) faithfully
captures the exact behavior of the fidelity (dotted line). (c,d) Relative errors between the AFC estimate and the exact value
of fidelities for k = 1, 3, NM = 512, and various Nu and N . In the regime considered, we observe a power-law decay of these
errors as a function of NuNM/N .

which is satisfied for

k ≥ ξ log(14βNχ2) . (S107)

Under this condition, we can use that ez − 1 ≤ 2z for 0 ≤ z ≤ 1 and Eq. (S98), obtaining

|δ′| ≤ |e4Rδ′′ − 1| ≤ 8Rδ′′ ≤ 28βχ2N

k
e−k/ξ . (S108)

At this point we can combine this bound with the one on |δ| (Eq. (S94)) to obtain a bound on the AFC error for the
overlap Eq. (S104). To summarize, assuming

1. Eq. (S91)

2. N ≥ max
(
2k + ξ log(2χ), ξ log(28χ2)

)
3. k ≥ ξ log(14βNχ2) ,

we finally obtain the upper bound on AFC errors in the overlap∣∣∣∣∣O(k)
AFC(ρ, σ)

O(ρ, σ)
− 1

∣∣∣∣∣ ≤ 28χ2e−k/ξ
(
e−(N−k)ξ + 2βN/k

)
≤ 28 (2β + 1)χ2N

k
e−k/ξ , (S109)

which corresponds to the approximate factorization conditions for the overlap Eq. (S87), with c2 = 28(2β +1)χ2 and

ξ = max(ξ
(1)
ρ , ξ

(1)
σ , ξρσ), with β = maxabc

(∣∣∣∣∣Γbc
a Γ̃a

bc

Γbc
0 Γ̃0

bc

∣∣∣∣∣
)
.

D. Statistical errors in AFC fidelity estimation: numerical results

In this section, we numerically investigate the experimental feasibility of AFC fidelity estimation. While we have
previously argued that O(42kpoly(N)) measurements are sufficient for an accurate estimation, this does not give a
practical indication of the number of measurements typically needed. Let us consider Ising-Gibbs states, defined as

ρ(β, g, h) =
1

Z
e−βHIsing(g,h) , HIsing(g, h) =

1

4

N−1∑
j=1

ZjZj+1 +

N∑
j=1

(gXj + hZj)

 , (S110)

where β is the inverse temperature, and the factor Z = tr[e−βHIsing(g,h)] ensures the normalization of the state. These
states are known to satisfy AFC for the purity at finite temperature [10, 14]. We consider the two Ising-Gibbs states
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ρ0 = ρ(β = 2, g = 1.01, h = 0.04) and ρ1 = (1, 1.5, 0) at sizes up to N = 128. We numerically simulate these states as
MPDOs using the ITensor library [23] by evolving the infinite temperature state in imaginary time using time-evolving
block decimation (TEBD). We fix their bond dimension by fixing the truncation error to 10−20. This choice results
in bond dimension χ = (29, 20) for the states (ρ0, ρ1) respectively.

As a first step, we study the relative error induced by the AFC approximation of the max fidelity Fmax(ρ0, ρ1)
between these two states at finite k, defined as

εAFC =

∣∣∣∣∣F
(k)
max,AFC(ρ0, ρ1)

Fmax(ρ0, ρ1)
− 1

∣∣∣∣∣ , (S111)

and observe that it decays exponentially with k (see Fig. S4). This is strong numerical evidence that ρ0 and ρ1 satisfy
the AFC for the fidelity. Then, using the RandomMeas library [24], we simulate local randomized measurements on
ρ0, and estimate its fidelity with both ρ1 and itself as known target states. We consider NM = 512 shots per basis,
and up to Nu = 9000 local random bases, and report the results in Fig. S4. First of all, it is possible to see that
Nu = 1000 is already sufficient to accurately estimate these fidelities up to N = 128. To perform a full scaling analysis
we plot the relative error between the AFC estimation at finite k = 1, 3 from M = NuNM measurements and the
exact value of the fidelity, defined as

εs,AFC =

∣∣∣∣∣ F̂
(k)
max,AFC(ρ0, ρ1)

Fmax(ρ0, ρ1)
− 1

∣∣∣∣∣ . (S112)

First of all we observe that, in this regime, the statistical errors are orders of magnitude larger than the AFC errors.
This makes the AFC shadow estimator a good estimator of the fidelity, since its bias is negligible compared to its
variance for an experimentally feasible number of measurements. By considering various choices of N and Nu, we
observe a power-law decay of εs,AFC with NuNM/N . We note that the power-law decaying behavior of errors with
the number of measurements is typical of randomized measurements, see for instance Ref. [2]. Furthermore, the data
collapse hints at a linear scaling of the number of measurements required for an accurate estimation with respect to
the total number of qubits N .

V. NUMERICAL RESULTS FOR THE LEARNING ALGORITHM

In this section we report on the performances of the learning algorithm by performing numerical simulations on
Ising-Gibbs states, defined in Eq. (S110), with (g, h) = (1.01, 0.04). First, we study the performance of the learning
algorithm as a function of (ℓ, χ′), with NuNM → ∞. In this case, the inputs of the learning algorithm are all the
reduced density matrices on connected subsets of size 2(ℓ+1) (we consider 2−site updates). This allows us to isolate
the effect of the approximate local updates introduced in App. I, which we show to be negligible at finite ℓ at various
temperatures. Finally, we perform a numerical experiment with finite ML = NL

uNM measurements at β = 2 to
study the typical number of measurements required to learn such states. This also serves to further validate the
experimental results presented in the main text.

In both cases, we study the behavior of both the geometric-mean fidelity FGM and the max fidelity Fmax. While
the former has a stronger dependence on the parameters of the learning algorithm, they generally display a similar
behavior.

A. Approximate local updates

Here we numerically study the performance of the learning algorithm as a function of (ℓ, χ′) for NuNM → ∞
on Ising-Gibbs states (Eq. (S110)). We generate MPOs approximating such states using the TEBD algorithm in
imaginary time, implemented with the ITensor library [23]. By imposing a cut-off of 10−20 on singular values, we
obtain MPOs with bond dimensions χ = (29, 45, 57) for β = (2, 4, 8), and N = 128. To mimic the experimental
scenario where there is no notion of bond dimension, we learn these states up to a strictly smaller bond dimension
χ′ < χ, where χ′ is the largest bond dimension allowed by the two-site updates.
We report the results in Fig. S5. In every plot, we show fidelity errors both computed exactly (dashed lines) and

using AFC with k = ℓ + 1 (markers). The first one allows us to understand the behavior of the learning algorithm,
while the second one is what we can reasonably access in an experimental scenario. We generally observe a very good
agreement between the two.
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FIG. S5. Numerical performances of the learning algorithm as a function of (ℓ, χ′) for NL
u → ∞. We consider Ising-Gibbs

states as defined in Eq. (S110) for (g, h) = (1.01, 0.04) for various inverse temperatures β. We study both FGM and Fmax,
plotting both the global fidelities (dashed lines) and the AFC fidelities (markers) with k = ℓ+ 1. (a,b) Results for β = 2 as a
function of (ℓ, χ′). We observe signatures of an exponential decay of the fidelity errors 1−F with ℓ, while the bond dimension
χ′ induces a lower bound on the fidelity error. The AFC fidelities generally match the global fidelities. (c, d) Results for χ′ = 16
as a function of ℓ, for various inverse temperatures β.

For β = 2 we observe an exponential decay of the fidelity errors 1 − FGM and 1 − Fmax as a function of ℓ. Such
decay saturates to a value dependent only on χ′, implying that only truncation errors are present at that point. For
ℓ = 1 and χ′ = 4 we already observe 1 − F ∼ 10−4 for both fidelities, meaning that for these parameters the state
ρ can be learned to a very high accuracy. We observe a similar behavior for other values of β. By fixing the bond
dimension χ′ = 16, we still observe an exponential decay of the fidelity errors with ℓ, with smaller rates for higher β.

B. Statistical errors

In this section we study the effect of statistical errors on the learning algorithm, induced by a finite number of
measurements NuNM . To do so, we numerically sample randomized measurement outcomes from the MPO ρ, using
the library RandomMeas [24]. Here, we consider ρ to be the Ising-Gibbs state with (β, g, h) = (2, 1.01, 0.04), which has
bond dimension χ = 29 for a cut-off 10−20 on singular values. We collect data in a total of NL

u +NT
u = 104 bases, and

consider NM = 1024 shots per basis. For each interval Ij we construct the average shadow ρ̂Ij = 1
NL

u NM

∑
r ρ̂

(r)
Ij

from

the randomized measurement data in the learning set, and use them as estimators of the reduced density matrices
ρIj in the learning algorithm. After each sweep we compute F̂max(ρ, σ) between the target state ρ and the output
σ using the testing set, and AFC with k = ℓ + 1. We then choose as final output the MPO σ which maximizes this
estimate of the fidelity. In what follows we present the results of a single numerical experiment. By repeating the
numerical experiment, we do not observe significant differences in the results presented.

We run the learning algorithm for ℓ = 1, 2 and χ′ = 4, which we have seen to be sufficient to achieve a fidelity error
1 − F ∼ 10−4. We report the results in Fig. S6. For the parameters considered, we always observe fidelity errors
1 − F ≫ 10−4, meaning that statistical errors are larger than the systematic errors due to finite (ℓ, χ′). We study
both FGM and Fmax, and compute them exactly (dotted lines) and using the testing set under AFC with k (markers).
These two estimates are in good agreement for k > 1.

First, we study the fidelity errors for NL
u = 1000 as a function of number of qubits N , from N = 16 to N = 128.

Similarly to the experiment reported in the main text, we observe a linear decay of both FGM and Fmax, which hints
at a linear propagation of statistical errors in the MPO (statistical errors in each tensor M (j) are independent of N ,
see App. III). For (ℓ, χ′) = (2, 4), NL

u = 1000, we observe FGM ∼ 75% and Fmax ∼ 70%.

For these parameters, we also compare physical properties between the MPOs ρ and σ for N = 128. In particular,
we consider the purity P2(ρ) = tr[ρ2], and the two-point correlation function ⟨YjYj+d⟩, where Yj is a local Pauli
operator. In both cases, we observe an almost perfect agreement between the predictions of ρ and σ.

Finally, we study fidelity errors as a function of NL
uNM , with NL

u ∈ [1000, 5500], NM = 1024. We observe a
power-law decay 1−FGM ∝ (NL

uNM )−0.9 in the limit of large NL
uNM . While ℓ = 2 already displays this behavior for

NL
u = 1000, the converse is not true for ℓ = 1, which results in larger errors below a certain number of measurements.

We note a qualitatively similar behavior for Fmax, although its behavior is not strictly monotonous in this regime.
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FIG. S6. Numerical performances of the learning algorithm with a finite randomized measurement dataset. We consider
Ising-Gibbs states (Eq. (S110)) with (β, g, h) = (2, 1.01, 0.04), and consider a dataset with NL

u + NT
U = 10000 bases, with

NM = 1024 shots per basis. (a,b) Fidelities as a function of the total number of qubits N for (ℓ, χ′) = (2, 4), for which we
know the learning algorithm outputs states with fidelities F ∼ 1 − 10−4. We plot both the exact fidelities (dotted lines) and
the estimated AFC fidelity with the testing set for various k (markers) for NL

u = 1000, where only the latter are experimentally
accessible. (c) Global purities of the target state ρ and the output σ for various N . (d,e) Fidelity errors as a function of NL

u for
N = 16, 128, χ′ = 4, and ℓ = 1, 2, both numerically exact (dotted lines) and from AFC estimation with k = ℓ+1 (markers). (f)
Decay of two-point correlations as a function of the distance, compared between the target state (dashed line) and the learned
MPO (straight line), averaged over j ∈ [10, 113].

VI. COMMON RANDOMIZED MEASUREMENTS

In this section we give details on the use of common randomized measurements (CRM) [25] in the experimental
demonstration of the learning algorithm. CRM allow one to reduce the overhead in number of bases Nu when
postprocessing randomized measurement data from a state ρ, given that a good classical approximation τ (also called
prior) of ρ is available. In what follows, we review the key elements of common randomized measurements, and
explain how to implement them in the learning algorithm. Then, we describe the prior state used in the experimental
demonstration, and compare performances with and without using CRM.

A. Common randomized measurements and tensor updates

Let us consider an experimental quantum state ρ on which we have collected randomized measurements, which we
represent as a set of classical shadows {ρ̂(r)}. In parallel, let us assume that we have access to a classical simulation of

the experiment, which outputs the quantum state τ . CRM consist in defining a new set of unbiased estimators {ρ̂(r)τ }
such that, if ||ρ − τ ||2 ≪ ||ρ||2, the statistical errors in this new set of estimators is much smaller than conventional
classical shadows. From a classical representation of τ , we can compute its classical shadows on a subsystem A for
NM →∞ in the same bases in which we have performed randomized measurements on ρ, obtaining

τ̂
(r)
A =

∑
s,s′

2−D[s,s′]PτA,U (s)
⊗
j∈A

(
u
(r)†
j |s′j⟩ ⟨s′j |u

(r)
j

)
, (S113)

where |s⟩ =
⊗

j∈A sj , |s′⟩ =
⊗

j∈A s
′
j are computational basis states on the subsystem A, PτA,U (s) =

⟨s|U (r)†τAU
(r) |s⟩ is their statistics for the state τA in a given random basis, with U (r) =

⊗N
j=1 u

(r)
j , and D[s, s′]
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FIG. S7. Estimated Rényi entropies of subsystems of size k on quantum simulation of the kicked Ising model at depth D
versus the resulting local depolarization amplitude on the subsystem. We report results for the cases corresponding to ℓ = 1, 2
in the learning algorithm for D = 1, and for ℓ = 3 for D = 2.

is the Hamming distance. At this point, the new set of estimators is defined as

ρ̂
(r)
τ,A = ρ̂

(r)
A − τ̂

(r)
A + τA . (S114)

Note that these new estimators are unbiased, as E[ρ̂(r)τ,A] = E[ρ̂(r)A ] = ρA, and ρ̂
(r)
τ,A = ρA in the extreme case where

ρ = τ and NM →∞. To reach the latter regime, it is sufficient to take at least NM ≳ 2|A| shots per basis, such that
we obtain a good inference on the distribution PρA,U (s). More concretely, when estimating the expectation value of
a Pauli observable with support on A using measurements in Nu random Pauli bases taking NM shots per basis, we
obtain the variance [25]

Var[tr[ρ̂τ,AO]] ≤ 3|A|

Nu

(
tr[(ρ− τ)O]2 +

1

NM

)
, (S115)

where ρ̂τ,A = 1
Nu

∑
r(ρ̂

(r)
A − τ̂

(r)
A +τA), which results in a more precise estimation with respect to conventional classical

shadows when |tr[ρAO]| < |tr[(ρA − τA)O]|, given that NM is large enough.
We implement CRM in the learning algorithm in a similar way. First, we perform a MPO simulation of the reduced

density matrices τIj based on a prior knowledge of ρ, such as the quantum circuit preparing ρ plus some details about
the noise, or the Hamiltonian of the system when considering systems at finite temperature. Then, we modify the
update rule in Eq. (S11) as

M (j) ← C(j)−1
σIj

(
Ĉ(j)

ρIj
− Ĉ(j)

τIj
+ C(j)

τIj

)
, M (j) ← 1

tr[σ]
M (j) , (S116)

where

Ĉ(j)
ρIj
− Ĉ(j)

τIj
+ C(j)

τIj
= tr[(ρ̂Ij − τ̂Ij + τ)∂M(j)σ] (S117)

is the CRM estimator of C
(j)
ρIj

. While the analytical bound Eq. (S115) only works for Pauli observables, we expect

the CRM tensor update Eq. (S116) to be less sensitive to statistical errors when τ ∼ ρ. We study its performances
empirically in the next section on experimental data.

B. Experimental results

We start by describing the prior states {τIj} used for CRM estimation from experimental data in the main text.
We recall that the quantum circuit implemented in the experiment aims to realize the pure state

|ψ⟩ =

Ntot−1∏
j=1

ei
π
4 ZjZj+1

Ntot∏
j=1

e−iπ
8 Xj

D

|0⟩⊗N
, (S118)

where D = 1, 2 is the depth of the circuit, Xj and Zj are local Pauli operators. The effect of experimental noise
effectively result in the preparation of an unknown mixed state ρ. For D = 1, 2 such states are exact MPS with bond
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FIG. S8. Performances of the learning algorithm with the experimental data with and without common randomized measure-
ments. (a-c) Estimated AFC fidelity of the output as a function of the number of random bases in the learning set NL

u for
N = 48, 96 with (blue lines) and without (red lines) common randomized measurements. We consider ℓ = 1, 2 and χ′ = 4 for
D = 1, χ′ = 8 and ℓ = 3 for D = 2, considering AFC fidelities with parameter k = 3 for D = 1 and k = 4 for D = 2. (d)
Difference in the estimation of the expectation value ⟨Zj−1XjZj+1⟩ between randomized measurements and the MPO learned
from the full quantum state (N = 96 qubits). We plot the result both using common randomized measurements in the learning
algorithm (blue lines) and not using them (red lines). (e,f) Global purities as a function of N for D = 1, 2, comparing the AFC
estimation (dashed lines) for k = 3 (k = 4) for D = 1 (D = 2) with the results of the learning algorithm for (ℓ, χ′) = (2, 4)
((ℓ, χ′) = (3, 8)) with (blue markers) and without common randomized measurements (red markers).

dimension χ = 2, 4. τ = |ψ⟩ ⟨ψ| is not a useful prior state, since the condition ||ρ − τ ||2 ≪ ||ρ||2 cannot be satisfied
for the values of purity P2(ρ) observed. In particular, the norm−2 distance is lower bounded by the difference of the
purities, i.e. ||ρ− |ψ⟩ ⟨ψ| ||2 ≥ |1− P2(ρ)| ≃ 1− 10−4 for D = 1.
We take instead reduced density matrices τ ′Ij = trĪj [|ψ⟩ ⟨ψ|], and add space-dependent noise using information

collected from the experiment. For each reduced density matrix τ ′[i,i+k], we obtain the prior τ[i,i+k] as

τ[i,i+k] =

 ∏
j∈[i,i+k]

Ej(p(k)i )

 [τ[i,i+k]] , (S119)

where each Ej(p)[ρ] = (1− p)ρ+ p trj [ρ]⊗ Ij is a local depolarizing channel with strength p. For each interval [i, i+k]

we consider a homogeneous depolarizing strength p
(k)
i , which we fit by comparing the resulting purity tr[τ2[i,i+k]] to

tr[ρ2[i,i+k]] as estimated from randomized measurement data. In this way we obtain a coarse-grained noise model for

τ . We plot in Fig. S7 the observed purities and the corresponding results for the fitting for D = 1, 2 and k = 2(ℓ+1),
with the values of ℓ considered in the main text.
In Fig. S8, we compare the results of the learning algorithm when analyzing the experimental data with and without

CRM. In all cases we investigate, we observe that CRM, equipped with the noise model described above, allows us
to reach higher fidelities, as expected. However, apart from the case D = 1, ℓ = 1, the increase in fidelity is modest,
i.e. comparable with roughly doubling NL

u . A similar consideration can be drawn for purities, for which we observe
similar predictions with and without CRM for the cases considered in the main text. Finally, we study the errors
in estimating observables between our learning protocol and conventional randomized measurements. We define the
error in estimating an observable using the learning algorithm as

δ⟨O⟩ = |tr[ρ̂O]− tr[σO]| , (S120)

where ρ̂ = 1
NT

u NM

∑NT
u NM

r=1 ρ̂(r) is the average classical shadow obtained from the testing set, and σ is the MPO output

by the learning algorithm. For NL
u = 512, NT

u = 1536, we observe that for D = 1, ℓ = 2, the errors in estimating
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⟨Xj−1ZjXj+1⟩ are generally mitigated, with the largest error as a function of j being reduced by half. These results
demonstrate the utility of CRM in enhancing the predictive capabilities of our learning algorithm. Finally, we remark
that a different prior τ can give drastically different results. For instance, we expect that using a more fine-grained
noise model (such as inhomogeneous local depolarization) would result in a better improvement of our results, at the
cost of increased computational overhead to fit the model.
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