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1. Introduction
1.1. Statement of the problem

We consider the problems of approximation and interpolation for some non Euclidean Hélder spaces built
on the intrinsic geometry of the following Kolmogorov operator

1 Po
/C:§Zam+3f, Y = (Bx,V)+ 8, (t,z) e R xRY, (1.1)

i=1

where 1 < pyp < d and B is a d X d constant matrix. If pg = d then K is a parabolic operator while
in general, for pg < d, K is degenerate, and not uniformly parabolic. However, IC can be a hypoelliptic
operator, provided some structural assumptions on the matrix B are verified. This kind of PDEs appears in
many linear and non-linear models in physics (see, for instance, [4], [8]) and in mathematical finance (see,
for instance, [2], [7]).

In [15], Lanconelli and Polidoro first studied the non-Euclidean intrinsic Lie group structure induced by
the vector fields 0y, , ..., 0

0o s ¥ » and from there on, many authors carried the study of general Kolmogorov

operators in the framework of the theory of homogeneous groups. We recall, among many, [9], who proved
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the existence of a fundamental solution under optimal regularity assumptions, [10], [12] and [21], who
proved Schauder type estimates for the associated Cauchy and Dirichlet problems, [13], who considered the
case of integro-differential diffusions. One basic tool in the study of regularity properties of solutions to
Kolmogorov operators with variable coefficients is the notion of Hoélder spaces which are intrinsic to the
aforementioned geometric structure. Over the years, different notions of Holder classes have been proposed
by several authors, based on the Carnot-Carathéodory distance associated to the group (see, among many,
[10], [21], [11]). Eventually Pagliarani et al. in [22] established an optimal definition of C'5 for any n € Ny,
which is given in terms of the regularity in the directions of the vector fields 0y, ,...,0;, and Y with their
different formal degrees: for instance, the case n = 0 consists of functions that are C'* continuous in the
directions 0y,,..., 0z, and C 2 in Y. With this definition they managed to prove a Taylor-type formula
with related estimates of the remainder, given in terms of the intrinsic distance.

Our main result, Theorem 1.6, shows that these intrinsic spaces interpolate well with each other through
the so called real method, namely that

(Cgl,al’cgmom) — Cg’a, (12)

0,00

for any ny,ns € Ny, aj,as € [0,1], for some expected parameters n € Ny, a € (0,1). In the Euclidean
case, this identification is well known (see [20], [26]), and can be proved by means of the general theory
of semigroups. Similar arguments can be adapted for a different class of Holder spaces also associated
to degenerate elliptic and parabolic differential equations, the so called anisotropic Holder spaces, which,
unlike the intrinsic spaces, only refer to the spatial variables (see Section 1.3 for a more in-depth discussion).
Here we choose to pursue a constructive approach based on explicit approximations of intrinsically regular
functions (Theorem 3.1), which can possibly be of independent interest. This approach is more or less
inspired by the approximation theory for Sobolev functions (see [1], Chapter 5), it does not rely on the
theory of semigroups, but instead, it heavily exploits the aforementioned intrinsic Taylor formula.

Classically, characterizations of type (1.2) have remarkable applications in the study of optimal regularity
in Holder classes for linear elliptic and parabolic differential operators (see [14], [20], [18], [19]) as well as
approximation theory (see [3]). In the context of Kolmogorov operators, many works already exploit some
kind of interpolation inequalities to obtain different versions of Schauder estimates in different settings
(see, for instance [12], [10] and [21] among others, see also [17] for the most recent global estimate for the
evolution problem, as well as a complete overview of the existing literature). Let us also mention that our
results, together with the embeddings of intrinsic Sobolev spaces of integer order in [24] could be applied to
deduce Morrey-type embeddings for suitable notions of Sobolev-Slobodeckij and Besov intrinsic spaces as
well, which, as far as our understanding, are yet to be explored in the literature in generality. Such studies
will be subjects of future research. For the application of interpolation results to fractional embeddings in
the Euclidean setting, see for instance, the references [1] or [25].

The paper is organized as follows: in the remaining part of this Section, we specify the precise functional
framework, state the structural hypothesis on the matrix B and our main interpolation results, Proposi-
tion 1.5 and Theorem 1.6, and finally discuss the previous literature on the subject and justify our approach.
In Section 2 we collect some results that are preliminary to the subsequent proofs; in Section 3 we prove
the core result of this work, the approximation property for intrinsically regular functions, which eventually
leads to the proof of our main results in Section 4.

1.2. Hoélder spaces and real interpolation
We start by recalling the Lie group structure that is naturally associated to the differential operator (1.1).

In [15] the authors observed that K is invariant with respect to the left translations of the group (R4*! o),
where the non-commutative group law is defined by
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(tvx) © (Saf) = g(t,a:)(saf) = (3 + t’§+ eSBx), (t,l‘), (875) € R4, (13)

Precisely, £(; »)0KC = Kol ) for any (t,z) € R+, Notice that (R, o) is a group with identity Id = (0, 0)
and inverse (t,7)"! = (—t,e " 'Bx).

The authors also proved that the operator K is hypoelliptic if and only if, on a certain basis of R4+! the
matrix B takes the form

* * * *
B, * * ok
B=|Opxp, B2 L (1.4)
Op,xpo Op.xp, -+ Bp

where B; is a p; X p;_1 matrix of rank p;, with
T
p02p1>>pT217 ijzd7
j=1

Op, xp; is a p; x p; null matrix and the *-blocks are arbitrary. Throughout the paper we assume the following
Assumption 1.1. B is a constant d x d matrix as in (1.4), where each *-block is null.

If (and only if) Assumption 1.1 holds, then K is homogeneous of degree two with respect to the family of
dilations (Dy)xso on R4t! given by

Dy = (A2, M, N2 1, o AT ),
where I, are p; x p; identity matrices, i.e. (KKDyu)(t,z) = A*(Ku)(Dx(t, x)), for any (¢,x) € R4, X > 0.

In this case, the matrix B uniquely identifies the homogeneous Lie group Gp := (R%*! o, D(X)). We define
the D(A)-homogeneous quasi-norm on Gp as follows: let

p]:p0++pjv j:07"'7ra (15)
and p_1 = 0. Then
r Py
1 1
It a)s =1t +[2lp, |zlp=D_ D> |wl7. (1.6)
Jj=01i=p;_1+1

Next we recall the notions of B-intrinsic regularity and B-intrinsic Holder space introduced in [22]. We
start with some useful notations: for any (¢,7) € R¥t! i =1,..., py we denote

%% (t,x) = (t,x + de;), €Y (t,x) = (t +,eBx), J €R, (1.7)
the (unique) integral curves of the vector fields d,, and Y respectively.

Definition 1.2. Let X € {0;,,...,0x,,,Y} and « €]0,1]. We say that u € C if

uog = sup [u(e?Xz) — u(z)|

LERFL ‘5|O‘
seR\{0}

< 00. (1.8)
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We say that u is X-differentiable in z if the function & — u(e®Xz) is differentiable in 0 and refer to the
function z — Xu(2) := fu(e9X2) |s5—¢ as the X-Lie derivative of u.

Definition 1.3. Let « € [0, 1], then:

i) If a =0, C%’O = C(R9*1) is the space of bounded and continuous function on R+ endowed with the

sSup-norm
lulleso = uloc.

If a €]0,1] we say that u € C’%’a ifue Cé and u € Cg for any i =1,...,po, with norm

Po
lull e =l + [t 3 + D fulog, < oo, a 0.1,
=1

1to
i) ue C’llg’a ifueCy? and 0,,u e CF for any i =1,...,po, with norm
Po
oo = Julos + [u]cy# + ; 10 ul| .o < o0

iii) forn € N withn >2, ue Cp®if Yue Cg_2’a and Oy, u € Cg_l’a for any i = 1,...,pg, with norm
Po
lullog = fuleo + [Vl g + 3 Nouullggore < .
i=1

Remark 1.4. Cy” is a Banach space. Notice also that C3* C C’gl’al for0<Kn<n and0 <o/ <a< 1.

For any two real Banach spaces 71, Zs, by Z1 = Z5 we mean that Z; and Zs have the same elements with
equivalent norms and by Z; C Zs we mean that Z; is continuously embedded in Z;. We recall that the
couple {71, Z5} is called interpolation couple if both Z; and Z3 are continuously embedded in some Hausdorff
topological vector space Z; in this case, the intersection Z; N Zy and the sum 7y + Z5 = {uy + ug, ug €
Z1, ug € Zy}, endowed with the norms

ullznz, := max{llullz,, [[ullz, }, Nullz,+ 2, = nf{{ur]lz, + uzllz,, w1 € 21, uz € 2o},
are Banach spaces. Moreover, any Banach space E such that
Z\NZy CECZy + Zs, (1.9)

is called an intermediate space. Among these, we have the real interpolation space (Z1,Z2)¢,00, which can
be defined, for any 6 € (0, 1) (see, for instance [20]), as

(Z1,Z2)0,00 :={u € Z1 + Za, |tll(2,,22)5... = sup MK (N u; Z1, Zs) < o0} (1.10)
=0

where

K(\u; Z1, Za) :=inf {|Ju1]lz, + M|uz|lz,, v = w1 + ua, ug € Z1, us € Zs}.
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Our first results states that any space C’g’o belongs to a special class of intermediate spaces between the
larger space Cg‘,l’o, n1 < n and a smaller space C’gz’o, n < no, with n,ny,ns € Np.

Proposition 1.5. Let n,n1,ns € Ny, n1 <n < no.

i) There exists a constant ¢y such that, for any u € ng’o, we have

ng—n n—mnj

B (1.11)

n1,0 no,0
CB CB

lullggo < eall
i) There exists a constant co such that, for any u € Cg’o, we have
K\ u; O30, CF0) < o wi [full gro, A > 0. (1.12)
Equivalently (see, for instance [20], Proposition 1.20) it holds that

n1,0 nz,0 n,0 n1,0 nsz,0
(CB ’CB ) n-nj 4 g CB g (CB ’CB ) n—nj

ng—mniy’ ng—n1 >

(1.13)

Next, our main result, gives a characterization of B-Hélder spaces of any order as interpolation spaces.

Theorem 1.6. Let ny,n2 € Ny and ay,as € [0,1], with n1 + oy < ng + ag, and let 6 € (0,1). Let n € No,
n1 < n < ny such that

n—(n+aq) n+1—(n1+a1)
. (1.14)
(n2 + ag) — (n1 + 1) (n2 +az) — (n1 +ax)
Ifa:=(n1+a1)+0ngy+as — (n1 +a1)] —n #0,1 then it holds that
(C’gl’m,C’?’m)e)oo =Cp” (1.15)

Remark 1.7. If Q is an open set of R, one can define the Holder spaces Cy*(€2), n € Ny, a € (0,1) as
in the case Q = R4*! where in particular, for X € {0,,,...0,, ,Y},

* Y Tpo?

5X .\ _ ,
[ulcg () = sup{w, 2eQ, §eR\{0}st. X2 eQ, || < |5|}

Then it is likely that our results also hold for the spaces C3*(Q), provided that the domain € is smooth
enough (see [26], Theorem 1.2.4 and Section 4.5). The construction of the appropriate extension operators
under optimal regularity assumptions for 2 is outside the scope of the present paper and is postponed to
future research.

Remark 1.8. Notice that the assumption n; + a1 < no + as is not restrictive. Indeed we can always write

(Cgl)a17cg2,a2)a’w — (Cgmaz’ Cghal)l,a,oo .

1.83. Related works and strategy of the proof

As already mentioned, in the Euclidean case, the interpolation identity (1.2) can be proved by means
of the theory of semigroups ([20], [26]): let C,C" denote the spaces of bounded continuous functions and
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bounded continuously differentiable functions with bounded derivatives respectively, and let C? denote the
space of bounded and uniformly §-Ho6lder continuous functions, all endowed with the usual norms. Roughly
speaking, denoting with T; the translation semigroup of the i-th variable, and D(9,,) = {f € C, 30,,f € C},
we have

d d
(C,CY., = (C, N D(ami))e -N (C,D(@zi)% , (1.16)
i=1 Pim P
for any p > 1, where
(C.D(0s,)) g o = {f €C, t 6(t) =t P Ti(8)f — flloo € LF(0,00)}, (1.17)

that is the space of §-Holder continuous functions in the i-th variable. Therefore (C,C')g o = C?. In
particular (1.17) holds more generally for p > 1, and substituting 7; and 0,, with any bounded semigroup
T and its infinitesimal generator on a Banach space, while the second equality in (1.16) precisely holds
because the semigroups 7;, ¢ = 1,...,d commute.

In [19], Lunardi adapted these arguments to derive an interpolation result for anisotropic Holder spaces
associated with operators of the type (1.1), which are spaces of functions on R? (only the spatial variables
are considered) defined with respect to the metric induced by | - |5 (cf. (1.6)). For instance, let us consider
the degenerate prototype of (1.1), that is the Langevin operator

1
K= 581111 + Y, Y = xla:rz + Btu

which corresponds to the matrix

0 0
B= (1 0) .
In this case the anisotropic Holder regularity in the space variables reads:
u(z) = u(€)] < Clz — €|} ~ |21 — &[* + |22 — &IF, 2,6 €R% (1.18)

A regularity theory for equations with variable coefficients, built on this functional setting, is useful when
one needs to consider coefficients or data that are irregular in time (see also [5], [23], [6], [16] for recent
developments). This approach leads to mild or weak/distributional solutions also because it cannot benefit
from any regularizing effect of the semigroup in time.

On the other hand, for B as above, a function u € C'3* satisfies (see Theorem 2.4 in the next Section),
for any (t,z), (s,£) € R3,

u(t, ) — u(s,€)] < Cll(s,) " o (L a)lIf ~ [t = 5| + |21 — & + |22 — & = (t = s)éa| B

Notice that for points that are on the same time level, the increments are controlled as for (1.18); otherwise,
as opposed to the standard parabolic case, the regularity in the euclidean directions is somehow entangled
due to the group law associated to B. This functional setting, which exploits some regularity in the full set
of variables, is more suited to obtain classical solutions (see [10], [21] and the references therein). To the
best of our knowledge this is the first attempt at obtaining a general interpolation characterization for the
spaces Cy®. For this purpose, notice that while it is true that

(CD(Y))y o ={f €C, t6(t) =17 f = flloo € L7(0,00)} = CY,
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since the vector fields 0,, and Y don’t commute, it’s not at all clear whether

(C;D(2)ND(Y)), , = (C.D(2)), N (C,D(Y)) (1.19)

NS

2] 2] .
2> 2 10

This makes it difficult to pursue an approach based on semigroup theory. Instead of trying to prove (1.19)
we follow a constructive approach based on approximation: for instance, for any u € C%’a we can define

u(s) = [ u(@o (Do) gy, 2e R

Rd+1

where ¢ is a test function with unit integral, supported on ||y||z < 1. This approximation complies with
the Lie structure induced by B, and indeed we prove the following expected controls

= ueloo < ceflullge,  luelleo < e Hull g, (1.20)
so that
e K (e,u; C,CLY) < e (Ju — te|oo + ellucllcyo) < 2¢flull o

This way of reasoning is fairly standard (see, for instance, Chapter 1 in [20]), though the estimates (1.20)
are new for the intrinsic spaces and we present a generalization for any order n € Ny in Theorem 3.1.

2. Preliminaries

Here we collect some remarks and known preliminary results which will play a central role for the next
Sections.

Remark 2.1. Under Assumption 1.1 the matrix B is a nilpotent matrix of degree r + 1. In particular

.

B .

egB:Id+Z‘_|6]’
=

is a lower triangular matrix with diagonal (1,...,1) and therefore it has determinant equal to 1. Indeed,
by Assumption 1.1, a direct computation shows that, for any n < r (recalling the notation (1.5) for p;) we
have
Oﬁ%71 XPo Oﬁnfl Xp1 e Oﬁnfl XPr—n Oﬁn—lx(ﬁrfﬁr—n)
H]:l B] Oprji;);pl e Opn XPr—n Opn X(ﬁr—ﬁrfn) n
n
B" = | Opupixpe 122 Bi o Opgispen Opoyixi—pn) || [IB;=B.B.1 By,
: . ) . . i
Op, xpo Op, xp1 e H;:rfnJrl Bj Oprx(ﬁr_ﬁr—n)
(2.1)
and B" =0 for n > r.
Remark 2.2. A simple computation shows that, for any z,y € R,
y~t oe‘Wz:e‘sy(y_1 o z), yloe%iz=e%i(y o), i=1,...,d, (2.2)

which is a way to restate the invariance of operator (1.1) w.r.t. the group law.
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Lemma 2.3. The following identities hold:
Dye®Y (2) = eINY (Dy2), Dye®%i () = N0 Dy = pj—1+1,...,pj, (2.3)
for any z € R and 5, \ € R.

Proof. Let z = (t,z), and let Df)\ be the spatial part of the dilation operator D), namely Dg)\ =
(Mpy, N3L,,, ..., N* 1T, ). Denoting with @y, @ = 0,...,r, the projection of 2 on RP* defined by

Ty = (xﬁq’,—lJrlv ) ‘rﬁi))
by (2.1) we can write
i1 i
(66333) @y = Ty + Z o' H By T{j1s 1=0,...,m. (2.4)
j=0 k=j+1
Then we have
i—1 i
(DgeéB:L‘) o= )\Qi_lx{i} + A2t Z §i=d H B {5}
=0 k=j+1
. izl . i . 2
= Ny 3o ()| T Be | W gy = (20 (D§$)>{i}'
Jj=0 k=j+1

where in the last equality we used that A* 1z, = (Daz)(;y and A2 "'z = (Dax) ;). Thus we get

Dye®Y 7z = ()\Q(t +9), B (ng)) = XY (D(N)z) .
The second equality is clear from the definitions. O

We conclude this Section by recalling the crucial intrinsic Taylor expansion proved in [22]. Here 8 =
(Bi,...,B4) € N§ denotes a multi-index, and as usual ! := H?:1(5j!)~ Moreover, for any = € R?, 2 =
o ,acgd and 97 = 9 = 0P ... 904, The B-length of 3 is defined as

T Di
Bls =) (2i+1) > B
i=0 J=Pi-1+1
Theorem 2.4 (Intrinsic Taylor formula). If u € Cy™ then we have

YkoPu e Cpm2Blme 0 <ok + 18] < i, (2.5)

and
u(z) = Thu((, 2)| < epllullen=l¢ o 2lI5F, 2, € RTT (2.6)

where cg is a positive constant which only depend on B and T,,u((,-) is the n-th order B-Taylor polynomial
of u around ¢ = (s,€) defined as

Tau((2)= > %(Y’Wﬁu(s,f)) (t— )@ —eIBeP, o= (to) eR7L (27)

0<2k+|B|lB<n
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Notation: Eventually, we will frequently use the notation <. For two quantities @)1 and ()2, we mean by
@1 < Q7 that there exists a constant cp, only dependent on the matrix B, such that Q1 < ¢gQs.

3. Approximation of C3’* functions

This Section is mainly devoted to the proof of the following Theorem 3.1, which establishes an approxi-
mation property for our B-Holder continuous functions.

Theorem 3.1 (Approzimation property). Let n,l € Ng and o € [0,1]. There exists a constant cp, only
dependent on B and d, such that for any u € C® and 0 < e < 1, there exists u. € C™ such that

n+a—1 HU|

[l — uEHcgo < cge o, I <n, (3.1)

n+a—1 HU|

||u5HCJz§o < cge o I >n. (3.2)
The proof is based on the intrinsic Hélder expansion of Theorem 2.4 and the invariance properties of
Lemma 2.3 and Remark 2.2. We also need the following technical Lemma, which remarkably says that
we can exchange the differentiation of the intrinsic Taylor polynomial with the differentiation of the inner
function, taking into account the intrinsic degree of the derivatives 9;, i = 1,...,pg and Y.
To avoid ambiguity, when necessary, we will write Y,, Y: as well as 0,,, J¢, to clearly distinguish the
variables with respect to which the derivation is applied.

Lemma 3.2. For any u € Cg® and z = (t,z), ( = (s,£) € R4 we have

O0r, Thu(C,2) = Tno1(05u) (¢, 2), n
z U

. >
}/ZTTLU(C’ ): n—Z(Y )(C,Z), nz

1, i=1,...,po, (3.3)
2. (3.4)

Proof. Equality (3.3) is analogous to the Euclidean case and follows by a direct computation. Indeed it
suffices to notice that, for i = 1,...,pg, Thu(C,z) depends on z; only in the terms (z — e*=*)B¢); and
Oz; (x — et=9B(), = 0i; (0i; being the Kronecker Delta) for 4,5 = 1,...,pog. Equality (3.4) on the other
hand, needs a more careful analysis: the directional derivative Y, is not null when applied both to the terms
(t—s)* and (x — e*=*)B(¢); for any i > py and, most importantly, some commutators need to be introduced
in order to exchange the order of derivation between O¢, and Y, and make Y;u appear in any term of the

sum.

First we introduce some notations: let v := x — e*"*B¢ € R? and let us denote with v, i =0,...,r,
the projection of v on {0}Pi-1 x RPi x {0}¢~Pi; then we denote with X; the vector field X; := (v[!l, V), were
V represent the usual Nabla operator. Clearly we have

Y. X, =0, (3.5)
Moreover we have
V.Xu(()= Y (Bv);d,u(C) = ((Bv), Vu(())
j=pi—1+1
= (Bol 1 Vu(0)) = [Xi_1, Ye] u(¢) = XPu(0). (3.6)

To prove (3.4) we proceed by induction. For n = 2 we directly get
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1
Y. Tou((,2) =Y, (u({) + Xou(¢) + EXgu(Q + Yeu(Q)(t — s)) =Y. Yeu(Q)(t — s) = Yeu(().
Then we proceed in two steps, namely, the induction from 2n 4+ 1 to 2n + 2 and the induction from 2n to
2n + 1.
1: Induction from 2n+1 to 2n+ 2
Let 8= (fo,...,53-) € N;™" and let us denote just in the context of this proof

T

Blg =) (2i+1)B;, Bl=p--BL

i=0
Then, with the notation introduced above we can conveniently write

n+1 1

Tont2u(C, 2) = Tonpru(C,2) + Y > k,—ﬁlygﬂxgo e XD () (t - s)k (3.7)
k=0 |8|p=2(n+1)—2k
= Ton41u(C, 2) + Tant1u(C, 2). (3.8)
By (3.5) and (3.6) we have
V.YE(t—s)F = VI —s)" (3.9)
S GRS (i o) (3.10)
Yo X2 = xPy - g xPtx M, (3.11)

Therefore, applying Y, to T2n+1u(c, z) we get YZTQnHu(C, z) = ZZIS S, with

RS —1 1
So = Z il Zﬁngo e XP L x2x ()
|BlB=2n+2 =0

n—1
1 -
- B Bit1—1 n oy (D
= 2 2 G e X T XX

n—1
=YY X x o),
i=0 |8 p=2(n—i)—1 p
and, for k=1,...,n+1,
(t - 5)k71 k—1 Bo Bn—k =X Bo Bi—1 Brn—r 3 (1)
Sk = Z (k—l)'ﬂ'YC XO "'ank YC_ZBiXO Xz "'ank Xi U(C)
|8l5=2(n+1)—2k e =0
(t— )" 4= Bi1 Bui (1)
* Z kB! Y ZﬂiXOO s X XX u(()
|Bl=2(n+1)—2k o i=0
M\ 1 5 (1)
_q k—1 8 n—i—k 1 k—1
T z; 181 2(221{ yar B D e KXo XL X (Ot =)
1= B=2(n—k—1
n—k—1 1 5 "
k xr B n—i—k—1 v (1 k
* Z; 18] 2(2:k i)—1 k!ﬁ!YC Xo? - X L5 X (O = )
1= B=2(n—k—1)—
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=SV + 5% + 5.
Now notice that

So+57 =0 SP 152 =0, k=1,....n (3.12)
Moreover Si) = S’I(LQ-‘rl S,(il =0 by (3.9). Thus we finally get

N 1 ) -
V. Tont2u((, 2) = Z S, = Z > o 5'YC FXP X ()t — 8)F = TonYu(C, 2),
k=0 || p=2n—2k

and therefore, using the induction hypotheses
Y. Tons2u(C, 2) = Ton1Yu(C, 2) + ToaYu((, 2) = TonYu((, 2).

2: Induction from 2n to 2n + 1

This Step only differs from the previous one by the tracking of the indexes throughout the computations and
the fact that the polynomial 75,11 always contains at least one field of type X;. We write Y, T5,11u((, 2) =
ZZ:O Si and we derive, with similar computations than in the previous step

D> S X X ),

=0 |B| p=2(n—1)

and, forany k=1,...,n— 1,

1 _
Se= 3 gopmle X X YO - o)t
[Bl=2(n—k)+1

n—=k
- Z Z ( ! ) ﬁ;yk 1‘XO0 ’ Xs)”ll ka(l) (C)(t - S)k_l

=0 |B|p=2(n—k—1)

n—k—1
1 Bri 1
FY Y e X xue - of

i=0 |B|lp=2(n—k—i—1)

—5M 4 52 1 g,

In particular, Sy + .5'%2) =0, S,(f) + S,(ﬁgl =0forany k=1,...,n—1 and S,({O’) = 0 by (3.5). Therefore we
can eventually derive (3.4). O

We are now ready to prove Theorem 3.1.

Proof of Theorem 3.1. Let u € C and let ¢ be a test function supported on ||z||p < 1 with unit integral.
We define our candidate approximation by

)) o

porc

ugn)(z) = Tnu(7 Z) *B ¢€(z) = / Tnu(§7 Z)(b (Da—l(c_l oz

Rd+1

where T}, u((, z) is the Taylor polynomial in (2.7) and Q is the spatial homogeneous dimension of R*! w.r.t.
(Da) x>0, that is the positive integer
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Q =po+3p1+ - (2r +1)p,.
Notice that, by the change of variables ¢ = D.-1(¢ ™! o ), recalling Remark 2.1, it is easy to verify that

/ 6 (Der((TFo02) ey = / H(C)dC = 1. (3.13)

R+t li<le<1

In particular we have

g

e@+2"

u(e) =) = [ (0(e) - Toul¢,2) 6 (D (¢ 0 2)

Rd+1

Observe now that the differentiation of ué") falls back both on the test function and the polynomial T}, u,
the latter being handled by Lemma 3.2; for the former case, by Lemma 2.3 and Remark 2.2 we deduce

YZ¢(D6*1(<71 ° Z)) = 672Y¢)(C_) |E:DE_1(C_1OZ)’

8zj¢(D5*1(C71 0z)) = 57(2i+1)8j¢(<_) |§_=DE_1(C’1OZ)7 Pi—1 < J < Dis

and, more generally, for any 3 € N¢,

YO P(Der (C o 2)) = e PIEYR0P6(2) |oop (10 - (3.14)
1: Preliminary controls

Let us denote a general intrinsic derivative of order m, @™ =3 o, 5, _,, Y*9#, and let

I mu(z) = / (u(e) = Tl 2)) D26(Des (¢ 0 2)) e

€Q+2 ’
Rd+1
We want to prove that
1 ufog S €™ lul| oo (3.15)
[Iémm)u]()% < E"+a_(m+1)||u||cg*“7 n>1. (3.16)
Y

By (3.14), the change of variable = D.-1(¢ ™" o 2), and Theorem 2.4, we have

d
1l < [ (0 = Taul¢. ) 926D (o 2)] g
Rd+1

_ dC

< ”’U’HCE’C¥ Hc_l OZ||7]§+Q€_m m¢(<> |E:D —1(¢7toz) 2
& 3 QT
R+

< Jullens / IDC e D™ S(E)dE S o fuf e,

<<t

were we used that |D.C||p = ¢|/C||5 in the last inequality, and this proves (3.15). On the other hand we
have
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L™ u(z) = I u(e 2)

d
< / |U(Z) - Tnu(<7 Z)' ’Eg}(b(Ds*l(C_l o Z/)) - :D;n(ﬁ(DE*l(C_l © Z))|Z/:eéYz 862%
Rd+1
oY oY m -1 dC
+ / |U'(€ Z) - Tn“’(Cv € Z) - (U(Z) - Tnu(<7 Z))| ‘gz ¢(D6*1(< ° Z))’ €Q+2
Rd+1

= AL AL,

)

By (3.14), Theorem 3.3, Lemma 2.3, and the usual change of variables { = D.-1(¢! o 2), we have

dg

(f/:e;ézyf eQ+2

AL S g [l o sl D70(0) - D7 9(0)

Rd+1

< n+a—m 012 < i n+a—(m+1)

~ ”u”Cg’a € 6_2 ||¢HCgL+1,Od< ~ |6|2€ HuHCg,a,
I¢lI<1

To control AT E(T;’m) we write

)

ALT™ = AL 2 4+ AL e o

‘We have

n,m —m m - d
AL s < / (10 2) = Tuu(¢, e 2)| + fu(2) — Tou(¢, 2)) = [070(0)| g oo

Rd+1

using that ("1 oedY 2z = D5€6€2Y ¢ by Lemma 2.3 and Remark 2.2
g Y

- 2y Znta ~l|nta ~ ~
Shuloge [ (Y Qg + 1) [976(0)] dllsseo
I¢lls<1

Semt M ullepgelsses S 18120 ful oo

Finally, assume for a moment n > 2. By the standard mean value theorem and Lemma 3.2, there exists
A € [0,1] such that
(ﬂ m) / / —m m - dC
ALE oo <] [ Vu(') = TooYul((, 2 )lempror. 7™ [D76(0)] iz loce
Rd+1

g

SV ulggae [ 160Vl H e ol oo —gislace
Rd+1
Slolllulloge [ e MY Gy T e
li<llz<1

S8 ful o e Lscen S 1820 luf gpe.

If n =0 orn =1 we have Thu((,e?Y 2) = Tiu(¢,2) and Tou((,2) = Tou(C,e®Y 2) = u((¢), so that the
expression simplifies and it suffices to exploit the regularity of u w.r.t. the field Y: this proves (3.16).
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2: Conclusions

Let
dg

e@t2°

JOmu) = [ Tl AT HDAG 02)

Rd+1
By iterative applications of the generalized Leibniz formula and Lemma 3.2, for [ < n:
1 -1

_ ) (n—i,l—1) gyi (n—i,l—i—1)gyi
||’LL uen HC&O < ; ‘Ian b=y, +Z [Ien 4 ;Dzu]c

1
~Y 0o §
i=0 Y

(using that D%u € Oy~ "™ by Theorem 2.4, and (3.15)-(3.16) with n — 4 instead of n and m = [ — 7

! -1
S Zs”""’_lH@iuHCgﬁ,a + Z €n+a_l||©iu||cg7i,a < £"+°‘_l||u||cg,a. (3.17)
i=0 i=0

Similarly, for [ > n, we have

[l o £

n
=0

Ja(nfi,lfi)@iu

oo

(

Since | > n any term of the first sum sports, at least, one derivative applied on ¢; since the integral of

the mollifier (3.13) is constant in z, the cancellation property Je(n_i’l_i)Qiu = E(n_i’l_i)@iu holds for any

i [Jgnfi,lfifl)giu} I >
Y

1 =0,...,n. Similarly for the second sum. Therefore we finally get

luf o £ (\fé”’*”m
=0

n

S DD ] gy S e (3.18)
=0

n [Iénfi,lfifl)giu] cé>
Y

o0
~ ~

The proof is completed. O
4. Proofs of Proposition 1.5 and Theorem 1.6
Proof of Proposition 1.5. Let u € C’g’o. By Proposition 3.1 we have

K(\ u; Cgl,o’cgzvo) < lw— UEHC,T;l’O + /\||u8||C§2’° < (evm _1_/\6717712)”””0;’0.

1 \ n—m
Then, taking ¢ = A72-71 we directly get K (A, u; Cpt%, Cp2 %) < Amz=ni [[ul| 3.0, which gives the set inclusion

on the right. It remains to prove that, for any u € C’g?’o

1_ n—mnj n—mnj
lull e S Nlull gn ™ llull oz’ (4.1)

We check that (4.1) holds for (n1,n2) = (n —1,n+ 1), n € N, in which case, the inequality reads

1 1
||UHcgv0 S ||U||ég—1,0“u||ég+1,o- (4.2)
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Then it is straightforward to see that (4.1) follows by repeated applications of (4.2) with itself. We proceed
by induction on n. By the standard Mean Value Theorem we have

1
u(e12) ~ u(z) — Oy, u(20] < 3 uld®, = 1.....po
|u(e§2yz) —u(z)| < |Yu|0052,

and therefore

Po
Z |0z, 1| 00 + [U]C;l, < 5_1|u|00 +0 (‘aiu|oo + |Y“|00) .
i=1

Taking the optimal § > 0 we get

1 1 1
oo+ [Yuloo)* < Juldol|uf

2
2,0+
Cp

1
lullezo < Tuloo + [ul (107, u (4.3)
This proves (4.2) for n = 1. Next, by the mean value Theorem along the vector field Y we have that, for
every z € R4t and § # 0, there exists 6, |0| < |0] such that

u(e® 2) —u(z) — oY u(z) =4 (Yu(eéyz) - Yu(z)) .
Then, dividing by |§|2 we easily derive
2 < ) . .
B Y alo S [l + IV, (1.4

By (4.3) and (4.4), taking the optimal J, we eventually get

Po

lullozo = luloe + Yoo + Y 100, ull cyo
=0

1 1 2o 1 1 1 1
S luloo + [U]; Yul? , + > 100uldell0,ull Za0 S llulldnollullés.o-

1 2 2,0

¥ S s
This proves (4.2) for n = 2. The general case simply follows by the iterative definition of the spaces and the
induction hypothesis. O

Before we proceed with the proof of Theorem 1.6, we recall another important tool in the theory of
interpolation, that is the well known Reiteration Theorem (see [20], Theorem 1.23 or [26], Section 1.10.2).

Theorem 4.1 (Reiteration Theorem). Let {Z1, Z3} be an interpolation couple, and let E1, Eo be some inter-
mediate spaces between Zy and Zy. If

(Z1,22),, | € Ei € (21, 22) i1=1,2

6;,00’7

for some 0; such that 0 < 07 < 03 < oo, then

(ElaEQ)a’p = (Z17Z2)(17a)01+a92,p’ o€ (07 1)7 p = 1.

We are finally ready to prove Theorem 1.6.
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Proof of Theorem 1.6. The proof is a fairly standard application of Theorem 3.1, Proposition 1.5 and The-
orem 4.1. We proceed in two steps:

Step 1: We prove (1.15) for ag = ag = 0 and ny = n, ng = n+ 1. Precisely, for any n € Ny, and 0 < o < 1,

(cp®cp) = (cptept) =ope

a,00 a,00

(2): This inclusion is a direct consequence of the approximation result of Theorem 3.1. Indeed, for any
ue Cy® and X € [0,1) we have

K\ u;Cg° C0) < Jlu— e

eno + Ml gprio S (6% + A6l
Therefore, taking e = A we get
. m,0 n+1,0
KX u;Cp™, Cp7) S A%ull e

On the other hand, for A > 1 it suffices to take u. = 0.

(C): We proceed by induction on n. Let u € C’%’O‘, then, for any choice of a € C, b € C’}B’O such that
u=a+ b we have |u|oo < |a|oo + |bos and therefore |uls < K(1,u;C,C5°) < l[ull (e cL0y, .- Similarly, for
any 1 =1,...,p9

u(e?%i2) —u(2)| < 2|aloo + Bles, 191, u(e? 2) —u(2)| < 2aleo + [b]cé 6]z, zeR™,
and thus, for any i = 1,...,pg

Ju(e?:2) — u(z)| < 2K (6], u C, %) < 2001 ull g 50, (4.5)

a,00

[u(e™ 2) = u(z)| < 2K (o1} u: €, C5%) < 20618 ful e oy, .- (16)

Gathering together (4.5)-(4.6), we get the inclusion in the case n = 0. Next, let u € C5®. Clearly |u|o <
K(l,u;C}B’O,C%’O). Moreover, for any choice of a € C};O, b e 0125;0 such that v = a + b we have, for any
1= 17 ...y Do

[u(e®?%i 2) — u(z) — 60,,u(2)| < 2|0,,a

OO|5| + 52[895117]0{1% |52|a
[u(e”™ 2) = u(2)| < la] 31017 +[Ybloo 0],

0z, u(=) = O u(2)|rmeov - < 200s,aloo + [00,B] 3 102,

v
and therefore, for any i = 1,...,pg
u(e’%: 2) = u(z) — 60,,u(2)| < 2/8|K (|9],u; C°, CF°) < 216" Jull cno c20) (4.7)
[u(e™ 2) — u(2)] < |02 K (0%, u; C°, CF%) < 101727 lull cro c20). (4.8)
10 (=) = O l(2) [ r—eov > < 2K(16]2,u; C5°, CF°) < 21612 Jull oro ez, - (4.9)

Gathering together (4.7)-(4.9), we get the inclusion in the case n = 1. Finally, for u € C}}, n > 2, we have
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Po
[ullone = luloo + HYU”cg*?»a + Z ”890@-“”0;*1*&

B
i=1

S ||u||(cg;10,cg,+1’0)a’m7

,00

Po
S luloo + 1Y ull op-20 cn-ro), _ + > 10z, ull op=10,czo),

=1

where we used that K (A, Oy,u; Cgfl’o, Cg‘.’o) < K\ u; C’g’o, Cg.ﬂ’o) as well as K(\, Yu; C’ng’O,C'gfl’O) <
K(\ u; C’g,’o, C’gﬂ’o), forany A >0,i=1,...,po.

Step 2: Let now ny, ny € No, n1 < ng, and let oy, as € [0, 1]. By the interpolation result of Step 1, and the
Reiteration Theorem paired with Proposition 1.5, we get

ni,o1  N2,02 _ n1,0 ~ni1+1,0 n2,0 ~nz+1,0
(e/aNe: )9’00—<<CB Cpto) (o o) >
1,00 @2,00 / g

_ n1,0 n2+1,0 n1,0 na+1,0
=\ (ewteg™) . (epics

231 ngtag—njy
notl—mny notl—ny ' 0,00
n1,0 n2+1,0
= (C’B1 7CB2 ) 1-9 aq 0n2+a2—n1
( - )n2+17n1+ ng+l—mnq »O0
_. n1,0 ~n2+1,0
- (CB Cp )9/
,00
Taking n as in (1.14) we finally obtain, again by the Reiteration Theorem,
0 _ (n—
(021,01701752,02)9 _ (CE,O’CE-&-LO) _ Cg,a1+ [(n24az)—(n1+a1)]—(n nl).
200 0’ (na+1—n1)—(n—n1),00

The proof is completed. O
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