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coupled with a nonlinear Fokker-Planck (FP) equation. Both equations contain
a Kolmogorov operator. Solutions to the HJB equation are interpreted in the
mild solution sense and solutions to the FP equation are interpreted in an
appropriate weak sense. We prove well-posedness of the considered MFG system
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RESUME

Nous étudions un systéme de jeux & champ moyen (Mean Field Games, MFG) dans
un espace de Hilbert réel, séparable et de dimension infinie. Le systéme est composé
d’une équation parabolique du second ordre, appelée équation de Hamilton-Jacobi-
Bellman (HJB), couplée & une équation de Fokker-Planck (FP) non linéaire. Les deux
équations contiennent un opérateur de Kolmogorov. Les solutions de I’équation HJB
sont interprétées au sens des solutions mild, tandis que les solutions de I’équation
FP sont interprétées dans un sens faible approprié. Nous démontrons ’existence et
I'unicité du systéme MFG sous certaines conditions. L’existence d’une solution est
obtenue a ’aide du théoréme du point fixe de Tikhonov dans un espace approprié.
L’unicité est assurée sous des hypotheéses classiques de séparabilité et de monotonie
de type Lasry-Lions.
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1. Introduction

In this paper, we are concerned with a class of Mean Field Games (MFG) problems in a real separable
Hilbert space (H, (-,-)). The analytical framework is the following. Let P;(H) denote the space of Borel
probability measures on H having finite first moment and let T > 0. We consider the following system
of coupled Hamilton-Jacobi-Bellman (HJB) and nonlinear Fokker-Planck (FP) equations for functions v :
[0,T7] x H— R and m : [0,T] — P1(H),

—0w(t,z) — Lo(t,z) + H(z, Du(t,x),m(t)) =0, v(T,-)=G(-,m(T)), (HIB)

duml(t) — L*m(t) — div(?—lp(x, Du(t, ), m(t)) m(t)) —0, m(0) = mo, (FP)
where

(i) mo € P1(H), G: HxP1(H) = R;
(ii) L is the operator formally defined on functions ¢ : H — R by

Lo(w) = (Ar, Do(e) + 3 THD*(2)],

where A: D(A) C H — H is a closed and densely defined linear operator;

(iii) L* is, formally, the adjoint of L and the operator div is, formally, the opposite of the adjoint of the
gradient: both are used here only for notational convenience as the rigorous definition of a solution to
(FP) will not involve them, see Section 3 below;

iv) H: Hx HxPi(H) - R and H, denotes the Fréchet derivative of H with respect to the second
P
argument.

We point out that we slightly abuse terminology here, since the first equation is not necessarily a Hamilton-
Jacobi-Bellman equation as the function H can be very general. However, since our primary motivation
comes from this case, we will call it an HJB equation.

The theory of MFG originated from the pioneering works of Lasry and Lions, and of Huang, Caines,
and Malhamé (see [33-36]). This theory was primarily developed to provide an analytical framework for
(stochastic) differential games involving a large number of symmetric players. In the limit, as the number
of players approaches infinity and assuming that the actions of individual players do not directly influence
the overall population dynamics, the concept of Nash equilibrium leads to the study of a coupled system
of PDEs of the type given by equations (HJB) and (FP). Since the inception of this theory, substantial
progress has been made in finite-dimensional settings, both theoretically and practically. Notable references
for this research area include the book [13] and the survey paper [11]. However, contributions to the theory
of Mean Field Games (MFG) in infinite-dimensional spaces remain surprisingly limited. To our knowledge,
the literature consists of only a few essential papers, such as [26], which addresses systemic risk by taking the
limit of the N-player model in [14], and recent works [24,37], both of which focus on the linear-quadratic
case. This scarcity is somewhat in contrast with the established theory of stochastic optimal control in
infinite-dimensional spaces and its connection with Hamilton-Jacobi-Bellman (HJB) equations, which has
been well developed over several decades, beginning with foundational works by Barbu and Da Prato (see,
e.g., [3]). For a general overview of this subject and its applications, we refer to the recent monograph [22],
and see also [20,39].

In this paper, we aim to bridge this gap by providing a preliminary contribution to the study of MFG
in infinite dimensions beyond the linear-quadratic case. Building upon existing results for both HJB and
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Fokker-Planck equations in infinite-dimensional settings, we investigate the nonlinear coupled system of
MFG equations (HJB)—(FP). Our main contribution is the proof of well-posedness of this system under
certain conditions. The HJB equation (HJB) is interpreted in the mild form, allowing us to use well-known
theories of mild solutions to partial differential equations in Hilbert spaces. However, this approach requires
stronger assumptions on the operator A to ensure certain smoothing properties of the associated Ornstein-
Uhlenbeck transition semigroup.

The Fokker-Planck equation (FP) is interpreted in a weak form using a special class of test functions.
Existence of a solution to the system (HJB)—(FP) is established with a typical MFG fixed-point argument
via Tikhonov’s fixed-point theorem, which requires the existence of a unique weak solution to the linear
(FP) when the term #,(x, Dv(t,z),m(t)) is fixed. Fokker-Planck-type equations in Hilbert spaces have
been widely studied, with various results available on existence and uniqueness (see [6,8,7,5,18,41,43]). To
show that our linear (FP) has a weak solution, we follow a common approach of linking such an equation
to a stochastic differential equation (SDE) in H and noting that the laws of solutions to this SDE are weak
solutions of the linear (FP). We apply results from [17] on SDEs in Hilbert spaces with bounded measurable
drift, adapting them to our setting. Uniqueness of weak solutions then follows easily from a result in [7],
chosen here for its clarity and accessibility. However, this approach imposes additional restrictions on the
operator A, ultimately leading to fairly strict assumptions on A.

Uniqueness of solutions to the MFG system (HJB)—(FP) is obtained under typical monotonicity and
separability conditions on H (see [11] and [36]). To carry out the uniqueness argument, which is now standard
in the finite-dimensional case, we approximate the mild solution of the Kolmogorov equation obtained by
subtracting two different solutions to the (HJB) equations in the (HJB)—(FP) system by constructing
smooth solutions of approximating Kolmogorov equations that belong to the class of test functions used in
the definition of a weak solution for the Fokker-Planck equation. Since this is the first study on the subject,
we chose not to address the most general case to avoid obscuring the main ideas with excessive technical
detail. A possible generalization could involve a more flexible operator L, in which the term Tr[D?¢(z)],
associated with the cylindrical Wiener process W in the underlying SDE, is replaced by Tr[QD?¢(x)] for
some self-adjoint operator @ (corresponding to a more general additive noise in the SDE). This could
potentially relax the assumptions on A. Another interesting direction would be to interpret equation (HJB)
in the viscosity sense, which could also include the case of first-order MFG. We plan to investigate this in
future work.

Regarding possible applications, it would be interesting to try to relax the assumptions on the operator
A to cover potentially interesting cases. In particular, it would be interesting to treat the case of first order
operators A, some of which appear in financial and economic applications, such as models of systemic risk
with delays (as in [26]) or models of optimal investment with vintage capital (see [23,25] in the case of a
single firm with vintage structure; [10] in the case of a continuum of homogenous firms but without vintage
structure).

The plan of the paper is the following. In Section 2, we introduce the basic notation and assumptions,
presenting preliminary technical results on the well-posedness of the SDE related to the (linear) Fokker-
Planck equation, along with some estimates for its solutions. Section 3 is dedicated to the existence and
uniqueness of weak solutions for the Fokker-Planck equation (3.1). In Section 4, we define the notion of
a mild solution to (HIB) and collect some foundational results on mild solutions. In Section 5, we show
the existence of solutions to the MFG system (HJB)—(FP), while the uniqueness of solutions is established
in Section 6. An example that satisfies the manuscript’s assumptions is discussed in Section 7. Finally, in
Appendix A, we present a result on the compactness of sets in spaces of probability measures on a Hilbert
space, and in Appendix B, we discuss essential concepts and results related to Kolmogorov equations in
Hilbert spaces that are needed in this paper.
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2. Preliminaries and assumptions

We recall that H is a real separable Hilbert space with inner product (-,-). We will write | - | for the
norm in H; if needed we stress H in the notation writing | - |i. We always identify H with its dual space.
For R > 0, we denote Br := {z € H : |z| < R}. Throughout the paper, N will denote the set of natural
numbers without 0.

2.1. Basic spaces and notations

We introduce the notation for various functional and operator spaces used in the paper. Below, by I we
denote an interval in R. Given a function u : I x H — R, (¢,2) — u(t,z), we will write d;u for the partial
derivative of u with respect to t and Du, D?u, respectively, for the first and second order Fréchet derivatives
of u with respect to the x-variable. For a bounded function between normed spaces, we denote its sup-norm
in the usual way by || - ||

Below is a list of basic spaces used in the paper.

@
(ii

(iii) £1(H) is the space of bounded linear trace-class operators from H to H.

)
)
)
(iv) L (H) = L*(H) N L1(H).
)
i)
i)
)

L(H) is the space of bounded linear operators from H to H.
LT (H) is the space of bounded linear self-adjoint nonnegative operators from H to H.

(v) Cyp(H) is the space of continuous and bounded functions u : H — R.
(vi) Cy(I x H) is the space of continuous and bounded functions w: I x H — R.
(vii) Cy(I x H; H) is the space of continuous and bounded functions v : I x H — H.
(viii) Cy(I x H;L(H)) (respectively, Cy(I x H; L1(H))) is the space of continuous and bounded functions
u:I x H — L(H) (respectively, u: I x H— L1(H)).
(ix) C’g’l(I x H) is the space of continuous and bounded functions u : I x H — R, which are Fréchet
differentiable with respect to the variable « and such that Du € Cy(I x H; H).
(x) UCy(H) (respectively, UC,(H; H), UCy(H; L1(H))) is the space of bounded and uniformly continuous
functions v : H — R (respectively, v : H — H, u: H — L1 (H)).
(xi) UC}(H)={u:H —R: ue UCy(H),Du € UCy(H; H),D?>u € UC,(H; L(H))}.
(xii) Finally,

Cy?(Ix H)y={ue Cy(I x H): due Cy(IxH), Duc Cy(I x H;H),
D*u e Cy(I x HyL(H))}.

We denote by M(H) the topological vector space of finite signed measures on H endowed with the weak
topology, i.e., the locally convex topology on M(H) induced by the family of seminorms

l = /f u(do)|, e Cy(H). (2.1)

By P(H) we denote the space of Borel probability measures on H. The weak topology defined on it is the
one inherited by the weak topology of M(H) defined above. We denote by P1(H) the subset of P(H) of the
probability measures having finite first moment. In P;(H) we have the Monge-Kantorovich distance (see,

e.g., [2,42])

dipr) = it [ o= yhdsdy) (2.2)
vET (1,v)
HxH
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where T'(p1, v) is the set of all Borel probability measures on H x H with first and second marginals p and
v, respectively. Unless differently specified, the space P;(H) will be considered endowed with the topology
induced by d; which makes it a complete metric space. We notice that, if (Q, F,P) is a probability space
and X,Y € LY(Q; H) are such that £(X) = pu, L(Y) = v, then v = (X x Y)4P € I'(u,v), so that

dy(p,v) < / [z =yl y(dz,dy) = / [X(w) = Y(w)|dP(w) = E[|X = Y]

HxH

We will deal with the space
S =C([0,7); (P1(H),dy)). (2.3)

It is a complete metric space endowed with the metric

Poc(psv) = sup dy(u(t),v(t)).
te[0,T)

We will also use the symbol p, to denote the induced metric topology.
2.2. Weighted spaces

Given any v > 0, we define
Chry ([0,T) x H) := {f: [0,T) x H— R s.t. f € Cy([0,7] x H) VT € (0,T)
and (t,z) — (T —t)7 f(t,x) belongs to Cy([0,T) x H)}. (2.4)
Similarly, we define
Chy ([0,T) x H; H) :={w: [0,T) x H— H s.t. f € C,([0,7] x H;H) V7 € (0,T)
and (t,z) — (T —t)7 f(t,z) belongs to Cy,([0,T) x H; H)}. (2.5)
The spaces above are Banach spaces when endowed with the norm (see e.g. [27,30] and [15])

I fllc, oryxmy == sup (T =)7[f(t, 2)],
(t,z)€[0,T)xH

I fllc . 0,1y x 230y = sup (T =) f(t,2)|g -
(t,2)€[0,T)x H

We will often simply write || f||c, .. Moreover, we define

Cyy ([0,7] x H) := {f € Cy([0,T] x H) : f € CP([0,7] x H) Vr € (0,T)
and (t,z) — (T — t)Y"Df(t,x) belongs to Cp([0,T) x H; H)}. (2.6)

The space above is a Banach space when endowed with the norm (see e.g. [27,30] and [15])

1A llcor oy = Iflloo +  sup (T =8)7 [Df(t,2)|y -
' (t,2)€[0,T)x H

We will sometimes simply write || f]] o
Y
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2.3. The operator A and the generated semigroup

Concerning the operator A, we assume the following.

Assumption 2.1. A : D(A) C H — H is closed, densely defined, negative and self-adjoint. Moreover there
exists § > 0 such that (—A)~'*° € £ (H).

Given Assumption 2.1, A~! is compact and self-adjoint. Therefore, there exist an orthonormal basis
{er}ren and a decreasing sequence (Ag)ren C (—00,0) such that A\, — —oo, with respect to which A is
diagonal:

Aekz)\kek, kEN,

and

> T < oo (2.7)
keN

Moreover, A generates an analytic Co-semigroup of contractions {e!4};>¢ C L£(H) and

tA Apt

ee =et'ey, keN. (2.8)

Remark 2.2.

(i) An example of A that satisfies the above Assumption 2.1 is the Laplace operator 0., in H = L?([0,1])
with zero Dirichlet boundary condition.

(ii) It can be verified from (2.7) that Assumption 2.1 implies typical conditions on the operator A ensuring
existence and uniqueness of mild solutions of equations in infinite dimensional spaces (see [22, Ch. 4]),
that is:

(a) One has

t
Q= /esAesA* dse LT (H) Vt>0
0

and there exists « > 0 such that

¢
Ea) = /sfaeSAeSA* ds € LT (H) Vt>O0.
0

(b) et (H) C Qim(H) for every ¢ > 0 and there exist Cy > 0 and v € (0, 1) such that
Q7P < Cot™, Ve 0,

where Qt_l/2 is the pseudoinverse of Qz/z (see [22, Def. B.1]).
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2.4. The probabilistic framework and the reference SDE

We now define a probabilistic framework. We consider a complete filtered probability space (€2, F,
(Ft)e>0, P) supporting a sequence {Sk(t)}ren of independent one dimensional Brownian motions. Given
the orthonormal basis {ey}ren of Assumption 2.1, we consider the cylindrical Wiener process {W;}i>0,
formally written as

Wt = Z ﬁk(t)ek.

keN
Under Assumption 2.1, the stochastic convolution (see Remark 2.2(ii) and [21, Ch. 5])

t
Wi = /e“*S)AdWS, t>0, (2.9)
0

is a well-defined centered Gaussian process in the Hilbert space H with covariance operator

¢
Q= /623’4 ds € L] (H)
0

admitting a continuous version. The process
X0T = e+ WA, t>0,
can be seen as a generalized (called mild) solution to the SDE
dX; = AX;dt +dW,, Xo=x€ H.

Xt0 " is called the Ornstein-Uhlenbeck process and is associated to the Markov transition semigroup

(Regl(@) = E[o(X0)] = [N (.)€ (), (2.10)

H

called the Ornstein-Uhlenbeck semigroup. Above, N'(a, @) is the Gaussian measure in H with mean a € H
and covariance operator @ € LY (H) (see, e.g., [20, Ch.2, Sec.3]). We will use it later to define the concept
of a mild solution to (HJB).

To construct a weak solution to a linear Fokker-Planck equation we will consider the SDE

We will need the following assumption.
Assumption 2.3.

(i) /|x|4m0(dx) < 00.
H

(i) w e Cy((0,T) x H; H).
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Theorem 2.4. Let mg € P1(H) and let Assumptions 2.1 and 2.3(ii) hold. There exists a unique weak-mild
solution to (2.11) in the following sense.

(i) There exist a filtered probability space (2, F,(Ft)icpo,1,P), an Fo-measurable random variable X
with £(Xo) = mo, a cylindrical Wiener process (Wy)icjo,1) with respect to (Ft)iepo,r), and an adapted
process (X{)iejo,r) such that

t
XY =Xy + /e(t_s)Aw(s,X;”)ds + WA, V>0,
0

(i) If another weak-mild solution X™ exists, then L(X") = L(X®) for every t € [0,T].

Proof. When w does not depend on ¢, the result is proved [17, Th. 13] and the proof works in the same way
if w depends on t. We just need to explain how our setup fits into the framework of [17].

Given our filtered probability space (2, F, (F¢)i>0,P) with the Wiener process W, let (€21, F1,P1) be
another complete atomless probability space. For any mq € P1(H), since (1, F1,P1) is nonatomic, there
exists an JFj-measurable random variable &y : €3 — X such that mg = £(&p) (see, e.g., [12, Lemma 5.29]).
We define a new probability space (Qg, Fa, P2) as follows:

QQZQXQh P2:P®P1 OHf@fl,
Fo = completion of F ® F; with respect to Py = P ® P1.

We then define (F7) to be the augmentation of 7; ® Fi. The cylindrical Wiener process {W;};e(o,r) and
the random variable £y extend naturally to the space (Q2, Fa, (ftz)te[O,T]a P5). We denote them by W?2 and
Xy respectively. The random variable X, : Q — H is Fg-measurable, mg = L(Xy), and {W2},cpo.1) is a
cylindrical Wiener process in the filtered probability space (Qa, F2, (F7)iejo,1], P2)-

Now, following the arguments of [17], the weak-mild solution is constructed starting from the space
(Qg,fg,(ftz)te[o’T],Pg) using the Girsanov Theorem by introducing a new cylindrical Wiener process
{WtQ}te[O,T] and replacing P» by Ps, where

dPy = MpdP,,

and (M;)sepo,) is an appropriate martingale such that My = 1. If f € Cy(H), we then have

E[f(Xo0)] = E[Mrf(Xo)] = E [E [Mrf(Xo)| F§]] = E [f(Xo)E [Mr | F§]] = E[f(X0)]-

Thus, the law of Xj in the new probability space is the same. This puts us in the framework of [17] and we
can now proceed as in the proof of [17, Th. 13]. O

We provide some estimates for the laws £(X}”) of the solution to (2.11) that will be used afterwards.
Proposition 2.5. Let Assumptions 2.1 and 2.3 hold and let X}* be the unique weak-mild solution to (2.11).

(i) There exists ¢ independent of ||wl||eo such that

/\x|4c(xgv)(dx)gco 1+/\x|4m0<dx)+||w||§o e [o,7).
H H
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(i) For each R > 0, there exists a modulus of continuity wm,, r such that, if |wle < R, it holds
di (LX), LX) < Wmo,r([t = s]),  Vs,t€[0,T].

Proof. (i) Using the definition of mild solution, the fact that |e!4| < 1 and the estimate on the stochastic
convolution W [22, Prop. 1.144], we have, for some ¢; > 0,

el < €|

4
et4 X + fot e(t=) Ay (s, X)ds + WtA‘ ]
< a(E[|Xol*] + THwlli, + 1), VO<t<T,
which implies (i).

(ii) Let 0 < s < t < T. Using the definition of mild solution, we have the existence of some ¢; > 0,
independent of s,t such that

di(L(X{), LX) <E[XY - X[ < en (E et = 11X ]

s t
+E |[(ett=4 —I)/e(s‘r)Aw(r, X)dr +/’e(t_r)Aw(T7 Xﬁ”)’dr
0

S

e -w )

We proceed to estimate the terms in the right hand side.

(a) Recalling that |e®4| < 1 for a > 0, we have, for every 0 < s <t < T,
t
E / |e<t*T>Aw(r, X;:”)‘ dr| < (t — 8)||w||ee.

(b) Counsidering that (etA)te[O,T] is strongly continuous and using dominated convergence, we have

E H(e“ﬂ)f‘ - I)XOH 0, ass L.

Hence, there exists a modulus of continuity wy,, 4, independent of w such that, for every 0 < s <
t<T,

E H(e@*sm - I)XOH < wmg.a ([t — 5.

(c) Let R > 0. Since A generates a semigroup of contractions, for every 0 < n < s < T and w such
that |w|eo < R, we have (P-a.s.)

s=7
e Aw(r, XW)dr € e"(Brg) =: K, R.
0

Assumption 2.1 guarantees that the semigroup is compact so K, g is compact. Considering also
that the semigroup is strongly continuous, we have for 0 < s <t <T
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sup [(e'94 — Nz < wy ar(t —s), (2.12)
r€Ky R

for some modulus of continuity w, 4, z. Using (2.12), it follows that, for every 0 <n <s<t < T

S

E (e(t_s)A —I)/G(S_T)A’LU<T,X;TU)(1T

[}
»

< wpy,a,r(t — )+ 2nR.
Now, define

@ar(r) = 0<i£}1£T {wn,A,R(r) + QnR}, r > 0.

Then, @4 r(0") = 0 and @4 g is concave; so, it is a modulus of continuity. Taking now the infimum
over 0 < n < T in the inequality above, we get, for every 0 < s <t < T,

S

E||(e®94 -1 /e(S*T)Aw(r, X2)dr| | < @a,r(|t—s|).
0

(d) The map [0,7] — L3(,P), t — WA is continuous (see [21, Th. 5.2]); hence, also the map
[0,T] — L' (9, P), t — W is continuous. Hence, since [0, T] is compact, there exists a modulus
of continuity @4 such that, for every 0 < s <t < T,
E (W — W) < dat ).
We now combine all the estimates of points (a)—(d) above to obtain Claim (ii). O
2.5. Assumptions on H and G
We make the following assumptions about H and G.

Assumption 2.6.

(i) The function H is continuous, the function H(-,0, o) is bounded for some po € P1(H), and there
exists C' > 0 such that

[H(z,p,p) — H(z,p', 1) < Clp = p'| + da(p, 1)), VeeH, pp € H, p,p €Pi(H).

(ii) H is differentiable with respect to the second variable, H,, is continuous and bounded, and there exists
C > 0 such that

Hp(@,p, 1) = Hp(w,p', 1) < Clp =P/l + di(p, 1)), Vo € H, p,p' € H, p, i’ € Py(H).

(iii) G is continuous and such that the function p — G(-, p) is continuous as a map from Py (H) to Cyp(H).
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Remark 2.7. Requiring Lipschitz continuity of % and H, with respect to p and p variables is a little restric-
tive. However, Assumption 2.6 still covers many basic cases, especially those having separated structure.
An example of H coming from a stochastic optimal control problem is provided in Section 7.

3. The Fokker-Planck equation: weak solutions

In this section, we study (FP) when the term H,(z, Dv(t,z), m(t)) is frozen. So, given w € Cy,((0,T) x
H; H), we consider the linear Fokker-Planck equation in the space P;(H)

{atm(t) — L*m(t) — div(w(t, z)m(t)) = 0, 51)

m(0) = my € P (H).

We will interpret (3.1) in a weak sense, following the approach of [7]. For that, we define the set of test
functions

Dr = {Lp e CL2((0,T) x H) : A*De(t,z) € Cy([0,T) x H; H),

D2p € Cy([0,T] x H; /Jl(H))}. (3.2)

To provide a rigorous definition of solution to (3.1), we introduce the operator

(Loo)(x) = {a, A" Do(2)) + L Tx [D?0(a)] (3.3)

We notice that Lop(t,x) := [Lop(t,-)](x) is well defined for every ¢ € D and t € [0,T]. The formal
operators L* and div in (3.1) are interpreted similarly as for the Fokker-Planck equation in the case
H = R™ when we apply test functions in Dr. The definition of a weak solution to (3.1) given below is
similar to the one of [7]; however, we use a larger class of test functions and we assume from the beginning
that the solution is continuous in time.

Definition 3.1. A map m € S is called a weak solution to (3.1) if m(0) = mg and

/(p(t,z)m(t,dx) f/ga((),z)m((),dx) (3.4)
H H

- / / [Bup(s,2) + Low(s,z) — (w(s, z), Dp(s, 2))] m(s, dz) | ds

0 H

for every t € [0,7] and ¢ € Dp.!

The connection between (3.1) and (2.11) is provided by the following.

! Instead of the requirement that m € S, in [7] the notion of weak solution m : [0,T] — P1(H) requires that t — m(t)(I)
is measurable for each I € B(H); that is, in the terminology of [7], m is a probability kernel. Our requirement that m € S
is actually stronger. Indeed, given I € B(H) and m € S, the map t — m(t,I) is the composition of the continuous map
[0,T] = (P1(H),d1), t — m(t) and of the map (P1(H),d1) - R, u— u(I). The di-topology is stronger than the weak topology
of measures; so, to conclude that m € S is a probability kernel, it suffices to show that g — u(I) is measurable when Py (H) is
endowed with the Borel o-algebra induced by the weak topology. This claim follows from the fact that the latter map is upper
semicontinuous for I closed (that is standard, as a consequence of one of the equivalent definitions of weak convergence) and by
[4, Prop. 7.25]. This makes our notion of solution stronger and enables us to invoke the uniqueness result of [7] in Proposition 3.3.
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Proposition 3.2. Let Assumptions 2.1 and 2.3(ii) hold and let X" be the unique weak-mild solution to (2.11)
provided by Theorem 2.4. Then, L(X") is a weak solution to (2.11).

Proof. This is just an application of Dynkin’s formula for sufficiently regular functions: see, e.g., [22, Prop.
1.169], applied there with

bo(s,x,a1) = a1, a1(s,w) = w(s, X' (w)), az(-) =0, A= By, CH. O
Concerning uniqueness of solutions to (3.1), we have the following.

Proposition 3.3. Let Assumptions 2.1 and 2.3 hold. Then (3.1) admits at most one weak solution in the class

T

Sy =<mes: //|x|4m(t,dx)dt < 00

0 H

Proof. The claim follows from [7, Th. 4.1] once we prove that a solution in our sense is also a solution in the
sense of [7, Th. 4.1]. To do that we first notice that, in [7, Formula (1.5)], the definition of solution is given
using the set test functions (called £4(H) there) which is the linear span of the real parts of the functions
of the form

(t,2) = @)™ g e CH([0,T), heCH(0,T],D(A")).

Given the above, we observe that such a set is clearly contained in the set Dy defined in (3.2). Finally, we
point out that in [7] the Kolmogorov operator L is defined differently (corresponding to our 9;+ Lo — (w, D));
still, equality (1.5) in [7] corresponds to our (3.4). O

We combine and summarize the above two results in the following theorem.

Theorem 3.4. Let Assumptions 2.1 and 2.3 hold. Then (3.1) admits a unique weak solution in the class Sy,
which coincides with the law of the unique weak-mild solution X™ to (2.11).

Proof. By Proposition 2.5(i), our solution provided by Proposition 3.2 belongs to the class Sy and the
uniqueness follows from Proposition 3.3. O

4. The HJB equation: mild solutions

In this section we deal with equation (HJB) for a given fixed m € S. We introduce the concept of a mild
solution to (HJB) (see [22, Section 4.4.1.2]).

Definition 4.1 (Mild solution to (HIB)). Recall (2.4). A mild solution to (HJB) is a function v € C’l?’;}([(), T] x
H) such that, for all (¢,z) € [0,T] x H,

v(t,z) = [Rp—¢ G(-,m / st H(-, Du(s,-),m(s))](x)ds.

Theorem 4.2. Let m € S and let Assumptions 2.1 and 2.6 hold.

(i) There exists a unique mild solution u to (HJB).
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(ii) If my, — m in S, denoting by v, and v the corresponding mild solutions to (HIB), we have

| Dvy, — Dv|lc, ., — 0.

Proof. (i) This part is contained in [22, Theorem 4.90].>
(ii) Using the smoothing properties of the Ornstein-Uhlenbeck semigroup (see e.g. [22, Theorem 4.37]), we
have the representation of the gradients

T
Du(t, z) = D[Rr— G(-,m(T))) () - / DIRo—H(-, Du(s, ), m(s))](x)ds.

T
Dun(t, x) = D[Ryt G(-; ma(T)))(2) */D[Rs—tH(',Dvn(s,°),mn(8))](x)d8~

Hence, fixing ¢t € [0,7T") and considering [22, Th. 4.37] and Assumption 2.6, we have, for some C > 0,

[ Dv(t,-) = Do (t,)lleo < ID[Rr—t(G(-,m(T)) — G(-smn(T)))]l o0

o0

T
+/HD[RS_t(%(~,Dv(s,~),m(s)) —H( Don(s ). ma(9)] || _ds

< C((T =D IGCm(T)) = Gl ma(T)) |

+ [ =077 (ID0(s,) = Dol )+ i (m(s),ma() ) ds)

< C | 1T = )77 + o (m,mp) T + /(s =) [Do(s, ) = Duas, )l | ds,

t

where, by Assumption 2.6(iii),
N = [|G(-,m(T)) — G(-,mp(T))]|]c = 0 as n — oco.
By a suitable generalization of Gronwall’s Lemma (see [22, Prop. D.30]), we get
1Dv(t) — Dot Yo < C@ — 7 (o + Tpoo (m.m))
Multiplying both sides by (7' — t)7 and taking the supremum over ¢ € [0,T), we get
|Dv — Dug|lc,., < C (mn + Tpos(m,my))
and the claim follows. O

2 More precisely, it is enough to take in that theorem, m = 0, vg(t) = t~7, G = Id. We warn that G in this footnote refers to
the operator used in [22, Theorem 4.90], which has nothing to do with our function G.
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5. The MFG system: existence of solutions

We turn to the analysis of the coupled MFG system (HJB)-(FP). Let Assumptions 2.3(i) and 2.6 hold.
Given m € S, we denote by v™ the unique mild solution to (HJB). Moreover, recalling the notation X

used in Section 3, we set
X 1 XA
In the remainder of this section, {eg }ren is the orthonormal basis provided by Assumption 2.1.

Lemma 5.1. Let Assumptions 2.1 and 2.3 holds. For n € N, set

an = 2N Bai= /(x,en>2m0(dx).

H

(i) We have

/ sup (e"‘z,e,)?mo(dr) < B,, Vn€N.
t€[0,T]

(i) We have

t

sup /(e(tfs)Aw(s,x),enyds < ay, - sup  (w(s,z),en)? < anllwlZ,
te[0,T],zeH 5 s€(0,T),zeH
for every n € N.
(iii) We have
A 2
sup E(W en)” < ay, Vn € N.

te[0,T)

Proof. (i) In fact,

/ sup (e'x, e,)?mo(dz) :/ sup (z,e’e,)?mo(dz)

4 te[0,T] 4 te[0,T]
= / < sup e”‘"t> (z,e,)*mg(dz) < /(m,en>2mo(dx) = Bn.
te[0,T]
H H
ii) We compute,
(i) p
t t
sup / ,x),e,)%ds = sup / (s,2), et~ 4e,)2ds
tel0,T],zeH 0 te[0,T],zeH 5

t
= sup /ez(t_sn” (w(s,x),e,)?ds

te[0,T], z€ H ,
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t
< sup  (w(s,xz),e,)? - sup /eQ(t_s)’\”ds

s€(0,T), xeH te(0,T] 5
§ Qp * sup <w<57x)a en>2 S anHw”ic
s€(0,T),zeH

(iii) Recall that, by Assumption 2.1, we have

t

Cov(WA) = Q; = /628Ad8.
0

Then,

sup E<V[/'tA,en>2 = sup (Qien,en) < (Qre,,e,) = (2|)\n|)*1. O
t€[0,7] +€[0,T]

Set?
an = 3(Ba + an + an|Hy %),
Then, by Assumptions 2.1 and 2.3(i), we have
a= (an)neN € 4. (5.1)
Let us consider the map
T:85S8, Um)t) :=Lx™). (5.2)
This map is well defined due to Proposition 2.5.

Proposition 5.2. Let Assumptions 2.1, 2.3(i) and 2.6 hold. Then, for each m € S, n € N, and t € [0,T], we
have

/|<m,en>|2\11(m)(t,dx) < ay,.
H
Proof. We have, using the equation for Xt(m) and denoting w(s, z) = H,(z, Dv(™ (s, x), m(s)),

/ (2, en) PU(m) (£, dz) = E(X(™  e,,)?
H

t
<3E <etAX0a en>2 + /<e(t_s)Aw(st§m))ven>2ds + <WtAven>2
0

Applying Lemma 5.1(i), we get the following estimate for the first term

E [(e'' X0, e,)?] = /(etAx,en>2m0(da:) < Bn.
H

3 Note that a, only depends on the data A, H, and on the initial measure mg.
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As for the second term, we have by Lemma 5.1(ii)

t t
E / (e~ (s, X)), e,)?ds| < sup / (=D (s,2), e0)2ds < anl[Hyl2
0 0

The last term is estimated by Lemma 5.1(iii), which gives
E [(WtA,en>2] < ay,.
The claim now follows from the definition of a,,. O
Let ¢o be the constant of Proposition 2.5. We set

by =14 co [ 1+ / [ mo(dz) + [Hy 14
H

and
R =13 1 €P1(H): /|x|4,u(dx) < Cmg p - (5.3)
H

Observe that, by Lemma Appendix A.1 and by [42, Remark 7.13 (ii)], the metric d; metrizes on R, the
topology of weak convergence in P(H). In view of Proposition 5.2, we also define

Omo =4 U E Ry : /(x,ek>2u(dx) < ay
H

By Proposition Appendix A.2, Q,,, is dj-compact. We now consider a subset of S of functions which take
values in the set Q,,, and are d;-equi-uniformly continuous. More precisely, recalling Proposition 2.5(ii) we
define

Wrng *= Wing, |7l (5.4)
and consider the subset C,,, C S defined as
Cons ::{m L [0,T] = Qg : m(0) = mo, di(m(t),m(s)) < wmy (|t — s\)}. (5.5)
Lemma 5.3. Let Assumptions 2.1, 2.3(i) and 2.6 hold. The set Cy,, is conver and compact in (S, poo)-
Proof. Relative compactness. Relative compactness follows from Proposition Appendix A.2 and the Arzela-
Ascoli’s theorem for functions with values in complete metric spaces.

Closedness. Let {my }nen C Ciy, be such that m, — m € S. This means that

sup di(my,(t),m(t)) — 0.
[0,7]

Clearly m(0) = mg. Moreover, my,(t) converges weakly to m(t) for all ¢ € [0,T7], so



S. Federico et al. / J. Math. Pures Appl. 205 (2026) 103780 17

/(|:E|4 A K)m(t,dz) = lim /(|x|4 A K)Ymy,(t,dz) < ém,, YVt €[0,T], VK > 0.
H H

Hence, by dominated convergence
/\x|4m(t,dx) = lim /(\sc|4 A K)m(t,dx) < épm,-
K—oo
H H

Similarly, one shows that

sup /(x,ek>2m(t,dx) <ap VkeN.

te[0,T]
H

Next, for t,s € [0,T], we have

dy(m(t),m(s)) < di(ma(t), u(t)) + di(mn(s), m(s)) + di(mn(t), ma(s))
< dy(ma(t), m(t)) + da(mn(s), m(s)) + wme (|t — )

Taking the limit as n — co above, we get
dy(m(t), m(s)) < wmq (|t — s|).

Convezity. Let mi,mg € Cpyy, A € [0,1], and set my := Amy + (1 — A)mg. The only nontrivial claim to
verify is that, for ¢,s € [0, 7],

dy(ma(t), ma(s)) < wme ([t = s]).

We will use the fact (see, e.g., [42, Rem. 7.5(i)] or [12, Cor. 5.4]) that for u,v € Py (H)

di(uv) = suwp [ fla)(u(de) - v(da)),
fELlle

where Lip; is the set of Lipschitz functions on H with Lipschitz constant 1. Then

di(ma(t),ma(s)) = sup (x)(mx(t,dz) — mx(s,dx))
fGLlle

<A sup f(x)(mq(t,dx) — my(s,dz)) + (1 = N) sup (x)(ma(t,dz) — ma(s,dx))
felip, ¢ felip, 7

= Adi(m1(t),mi(s)) + (1 = A)di(mz(t), ma(s)) < wm, (|t = s|),
the claim. O

In order to use a fixed point theorem to prove existence of solutions to the MFG system, we need to embed
properly Cy,, into a topological vector space. We consider the vector space C([0,T]; M(H)), where M(H) is
endowed with the weak topology induced by the family of seminorms (2.1). On the space C([0,T]; M(H)),
we define a suitable topology as follows. Define the family of seminorms
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im(-)|; == sup /f m(t,dx)|, f€ Cy(H).

t€[0,T]

This family of seminorms induces on C([0,7]; M(H)) a topology, that we denote by Tuw and call the
uniform-weak topology, that makes C([0,T]; M(H)) a locally convex topological vector space.

Lemma 5.4. Let Assumptions 2.1, 2.3(i) and 2.6 hold. We have the following inclusion:
Cmo C C([0,T]; M(H)).

Moreover, the topology induced by poo 0on Cpy, s the same as the one induced by Tuw-
Proof. In the following we use the notation m(-) to denote elements of C,,, in order to avoid confusion.

We first prove the inclusion. Obviously, every function in C,,, can also be seen as a function with values
in M(H). The inclusion then holds if we prove that every function in C,,, is continuous as a function
from [0,7] to M(H). Indeed, let m(-) € Cy,,; then, for any t; € [0,7] and any sequence t,, — to one has
di(m(tn), m(to)) — 0 as n — oo. This implies that, in particular, m(t,) converges weakly to m(ty) when

n — oo, which completes the proof.

(i) Tuw stronger than ps. Let m(:) € Cpny, € > 0 and consider the po.-neighborhood

Um()) = {m() € Cmy = sup di(m(t), m(t)) < E}.

te[0,T]
By the equiuniform d;-continuity of the elements of C,,,, there exists {t1,...,txy} C [0,T] such that

Un () = {m() € Cmy: - di(m(ts), (k) < /2, ¥i=1,..,N} CU(m().

Since d; metrizes the weak topology in Q,,,, for each i =1, ..., N we have the existence of § > 0 and
a family {f; 1, ..., fi m} C Cp(H) such that

Vti(m(ti)) = {/’L € Oy |/”' - m(ti)‘fi,j <94, Vji=1, ’M}
- {:u € Qmo : dl(u7m(ti)) < 5/2} = ut'i (m(tz))

Define now the 7yw-neighborhood of m(-)

V(m(:) == {p € Cny : Im(-) —m()|,, <6, Vji=1,..,M, Vi=1,.,N}.

Then,
VR()) € {m() € Cmy + mlt:) € Vi, (m(t:)) Vi =1,..., N}
- {m( ) S Cmo m(tz) S Z/{ti (mo(tl))’ Vi = 1’ ’N}

concluding the proof of this part.
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(ii) poo stronger than Tuw. First, let us show that, for each f € C,(H), the family

[0,7] - R, t»—>/f mi(t, dz) (5.6)

m(-)ECm,

is equiuniformly continuous; that is, there exists a modulus of continuity w; such that
/f m(t,dz) —m(s,dz))| < ws(|t —s]), Vt,s €[0,T], Vm € Cp,. (5.7)

Assume, by contradiction, that this is not true. Then, we may find n > 0 and suitable sequences
{Sn}a {tn} c [OaT]’ {mn()} c Cmoa such that

/f(z)(mn(tn, dz) — mu(sp,dx))| > n, |sp —ta| — 0. (5.8)

Now, on the one hand, by d;-equiuniform continuity of the functions belonging to C,,,, we have
di(mp(sn), mn(ty)) — 0O; (5.9)
on the other hand, by weak compactness of Q,,,, up to passing to subsequences, we have
My (80) = p1, My (tn) — o (5.10)
for some i1, o € Q. By (5.9), we must have
P = po. (5.11)

Then, letting n — oo in (5.8) and using (5.10) and (5.11), we get

0<n< lim /f(x)(mn(tn,dx) — My (Sn,dz))| =0,

n—oo

a contradiction. This proves (5.6).
Now, let m(-) € Cpng, € > 0, {f1,..., fn} C Cp(H) and consider the Tyw-neighborhood

V() == {m(-) € Cpy t Im(t) —m(t)]y, <e Ve[0T, Vi= 1,...7N}.

By (5.6), we have the existence of {t1,...tpr} C [0, 7] such that

V() i= {m() € Cmy 1 Im(ts) = lt;)],
V().

<e/2, Vi=1,..,N, ijl,...,M}

Since d; metrizes the weak topology on Q,,,, for each j = 1,...,M we have the existence of §; > 0
such that
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dl(m(tj),ﬁl(tj)) < (Sj = |m(tj) - T?l(tj)|fi < 5/2, Vi=1,..,N.

Let now 4 := min{dy,...,d57} > 0. Then,

concluding the proof. O
We now define a solution to the MFG system (HJB)—(FP).

Definition 5.5. A pair (v, m) is a solution to the MFG system (HJB)—(FP) if v is a mild solution to (HJB)
(Definition 4.1) and m is a weak solution of (3.1) with w(t, z) = H,(x, Dv(t,z),m(t)) (Definition 3.1).

Theorem 5.6. Let Assumptions 2.1, 2.3(i), and 2.6 hold. Then, the MFG system (HJB)—(FP) admits a
solution.

Proof. By construction, if m* is a fixed point of the map ¥ defined in (5.2), then the couple (v(™"), m*) is
a solution to the MFG system (HJB)—(FP). We are therefore going to show that ¥ admits a fixed point.

We consider C,,, embedded in the topological vector space (C([0,T]; M(H)), Tuw). By Lemma 5.4 we can
indifferently use on C,,, the Tuw or the po, topology. In what follows, the topological notions are referred,
indifferently, to one of those equivalent topologies. We want to apply Tikhonov’s fixed point theorem. First
of all, we notice that, by the definitions of ¢,,, and a, using Proposition 2.5 and Proposition 5.2, we have

U(Crp) € Crng- (5.12)

Since Cpp, is compact and convex, and since (5.12) holds, in order to conclude the existence of a fixed point
of ¥ in C,,,, we need to show that \Il|cm0 is continuous. The remaining part of the proof is devoted to this
goal.

Let {my} C C, be such that m, — m € Cy,,. Since C,, is compact, from each subsequence (m,, ), one
can extract a sub-subsequence such that W(my,, ) — M for some M € Cpy,. Set

w™ = Hy, (-, Do () m()),  w ) = (DO () i, ()

For each h € N,

/ (b 2)W (1, ) (1, ) — / (0, )mo(dz)

= [ | [ [2estss0) + Lagpts,0) = @5 (5,2, Dot )] Wom, )(510) | i
0 H

for every ¢t € (0,7] and ¢ € Dp. Considering that, by Theorem 4.2(ii), we have w ™) s qp(m) pointwise
as h — oo, we take the limit as h — oo using dominated convergence theorem in the equation above to

obtain
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/(p(t,x)m(t, dz) —/@(O,x)mo(dx)
H H

z/ /[8t<p(s,x)+Logp(s,x)—<w(m)(s,x),D<p(s,x)> m(s,dx) | ds.

0 H

On the other hand, we also have

/ ot 2) LX) (¢, d) — / (0, 2)mo(dz)
H H

:/ / (01005, ) + Lopls,2) = (W™ (s,), Dep(s, 2))| LX) (s, ) | ds.
0 H

Hence, by Proposition 3.3, we must have 1 = L(X.(m)). By the arbitrariness of k — ny, it follows that
W(my,) — = LX) = U(m) in (S, p),
which gives the continuity of ¥. O

6. The MFG system: uniqueness of solutions

21

In this section, we establish the uniqueness of solutions for our MFG system (HJB)-(FP). It is well
known, even in finite-dimensional state spaces (see [11, Rem. 1.4, p.32]), that uniqueness of a solution for

this system cannot generally be guaranteed. A typical approach to ensure uniqueness is to impose certain

monotonicity conditions on the data. One of the most common monotonicity conditions is the Lasry-Lions

monotonicity condition (see, for example, [34-36] and [11, Section 1.3.2]). For other monotonicity conditions

that ensure uniqueness in finite-dimensional MFG systems, readers can refer to [32,38] and the references

therein. Another typical feature of uniqueness results is the separability of the Hamiltonian function H (as
assumed in Assumption 6.1(i) here). Well-posedness of MFG systems without separability has been studied
in [38]. Here, we assume separability and use a variant of the Lasry-Lions monotonicity condition from [11,

Theorem 1.4]. Our assumptions are as follows.
Assumption 6.1.
(i) The Hamiltonian H has a separated form, i.e.
H(w,p, p) = H"(2,p) = F(x, ),
for some continuous functions
H':HxH—-R, F:HxP(H) —R.

(i) The map HY is convex in p.
(iii) The functions F and G are monotone in p € P1(H) in the following sense

J 1) = Pl s = pz) @) 2 0 s, € Pr(ED),
H
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[16G ) = Glapa)) (o — p2)(de) 2 0, € Pr(H)
H

(iv) One of the following condition is satisfied:

(a) The following is satisfied:

/[F($7M1) = F(x, p2)](pa — p2)(dw) >0 Vpu, g € Pr(H), p # po.

(b) The following implications hold:

/[F(:E,m) — F(z,p2)(p1 — p2)(dz) =0 = F(,u1) = F(, p2),
H

/W@wﬂ—ﬂ%mﬂm—mwhﬁﬂ — G(m) = G ps2).
H

(¢) The following implication holds:

Ho(xapl) - Ho(fvpz) - <H2(w7pz),p1 —p2)=0
= Hg(xapl) - Hg($7p2)? Vz € H7 p1,p2 € H

Theorem 6.2. Let Assumptions 2.53(i), 2.6, and 6.1 hold. Then, there exists a unique solution to the MFG
system (HIB)—(FP).

Proof. Ezistence. Existence of a solution was proved in Theorem 5.6.

Uniqueness. The proof is an adaptation to our Hilbert space setting of a typical proof of uniqueness in
finite dimensional spaces (see, e.g., [11, Theorem 1.4]).

Let (v1,m1) and (ve,m2) be two solutions of our MFG system. We set v = v1 — vy and m = m; — ma.
Then, v solves the integral equation

o(t, ) = Ry —[G(,m(T)) = G(-,ma(T)))(2)
T

- /Rsft[fHO('v Dul(sv )) - HO('? DUQ(S, ))](.’E)ds

—/m4wumw»—ﬂwm@mww

which means that v is a mild solution to the equation

—04v — Lv + HO(x, Dvy(t,2)) — HO(z, Dva(t, z)) — (F(z,mq(t)) — F(z,ma(t))) =0,
(T, z) = G(z,m1(T)) — G(z,ma(T)).

On the other hand, observing that my = 0, we get that m satisfies, for every ¢ € Drp,
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T

/cp(t x)m(t,dz) — /(p(O x)m(0, dz) // [Ovp(s, ) + Lop(s, z)] m(s,dx) (6.1)

/ / (x, Dvi(s,x)), Dp(s,x)) mi(s,dz) — /(Hg(x,Dvg(s,x)), Dy(s,x)) ma(s,dz) | ds.

H

We now set
f(s,2) :=H°(w, Dvi(s,x)) — HO(x, Dua(s, x)) — (F(z,mi(s)) — F(z,ma(s))).
By Assumption 2.6, by Proposition 2.5, and by the definition of solution to (HJB)-(FP), we have f €
Cy~([0,T) x H), where the latter space is defined in (2.4). Then, we consider the Kolmogorov equation
ov(t,x) + Lo(t,x) = f(t, ),
(T, x) = ¢(x) := G(z,m1(T)) — G(xz,m2(T)).

By Theorem Appendix B.4, v is also a K-strong solution of the same equation and moreover, we can choose
the approximating data ¢,, f, such that the solutions v,, of the approximating Kolmogorov equations

00, (t, ) + LoUn(t, ) = fu(t, ),
Un(T, ) = ¢pn(x)
belong to Dr for all n € N. Now, using ¢ = v, in (6.1), we get

T

/mm@mmmz/ /@%@@+%%@mm@M)@ (6.2)

[ ([ 13 Dests,), Do) st a0) -

0 H

"Hg(a:,Dvg(s,m)), Du,,(s,x))] ma(s,dz) | ds.

m\

On the other hand, for every s € [0, 7], we can integrate with respect to the measure m(s) the Kolmogorov
equations solved by the v,,’s, to get

/(8t17n(s,a:) + Lov,(s,2z)) m(s,dx) /fn s, x)m(s,dx).

H

Plugging this equality into (6.2), we obtain

/T)n(T x)m(t,dx) /T /fn s,x)m(s,dx) | ds = (6.3)
0

H
T

—/ /[("Hg(x,Dvl(s7x)),D17n(s,x)>] ml(s,dx)—/[(Hg(x,Dvg(s,x)),DT)n(s,x))] ma(s,dz) | ds.
H

0 H

We now need to pass to the limit in (6.3) as n — oco. By the definition of -convergence in C, ([0, T") x H)
(Definition Appendix B.2), there is M € R such that for every (s,z) € [0,T) x H,
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sup |fu(s,2) = f(s,2)| = (T = )77 sup (T = )7\ fu(s,2) = f(s,2)|| < M(T =) 7.

n>1 n>1

Hence, since (T — s)™7 € LY(0,7T) and lim,, o | fn(s,2) — f(s,2)| = 0 for every (s,z) € [0,T) x H, we

obtain
T
IL}H;O |fn(37$) - f(5,$)|ﬁl(8, dl’) ds=0
e (f

by Dominated Convergence Theorem. The convergence of the other terms follows directly by Dominated
Convergence Theorem, since the functions involved are uniformly bounded. Therefore, passing to the limit
n (6.3), we get

0= / u(T, z)m(t,dz) /(‘fsx (s,dx) | ds (6.4)

T

f/ /[("Hg(x,Dvl(s,x)),D”D(s,xm ml(S,dl')*/[<H2(SU,D'U2(S,CC)),D’D(S,ZL’)>] ma(s,dz) | ds.
H

0 H

Hence, using the definition of f, we get

O:/E(T,m (t, da) +/T/[F(x,m1(8))—F(x,mg(s))]m(s,dx)

H

T
+0// (z, Dua(s, x)) — H°(x, Dy (s, 2)) — (Hp(x, Dvi (s, x)), —Du(s,z))] my (s, dz)

T
0 — O(x va(s, T v(s,x))| ma(s,dx).
+0// (z, Dvi(s,x)) — H"(x, Dva(s, x)) — (H,(z, Dva(s, x)), Do(s, )] ma(s,dx)

By Assumption 6.1(ii)-(iii) all terms above are nonnegative, so they all must be equal to 0. We now conclude
as follows.

(a) If case (a) of Assumption 6.1(iv) holds, we have m; = mg; then uniqueness of mild solutions of equation
(HJB) gives v1 = va.

(b) If case (b) of Assumption 6.1(iv) holds, we first use uniqueness of mild solutions of equation (HIB),
which holds since

F(z,mi(s)) = F(z,ma(s)), G(z,mi(T)) =G(x,ma(T)),

to obtain v; = wvg; then, we conclude that m; = mq by uniqueness of weak solutions of (3.4) with
w(s,x) := Hy(x, Dvi (s, x)) = Hy(x, Dva(s, x)).
(c) If case (c) of Assumption 6.1(iv) holds, we first obtain

’Hg(aﬁ, Duvy(s,x)) = ’Hg(m, Dusy(s, x)),

m1(s) and ma(s) a.e. for s € [0,T]. This implies m; = mgy by uniqueness of weak solutions of (3.4) with
w(s,x) = Hy(x, Dvi(s,x)) (or equivalently with w(s,z) = H(z, Dva(s,x))) and then conclude that
v1 = v using uniqueness of mild solutions of equation (HIB). O
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7. Examples from stochastic optimal control

A typical application of our framework is when the Hamiltonian H arises from stochastic optimal control
problems. To illustrate that, consider the H-valued stochastic optimal control problem with value function

T
o(t,z) = inf E / FXEP oy m(s))ds + g(XE= m(T))] | (7.1)

a. EA;
t

where
Ay ={a.: [t,T] x Q@ — A (Fl) — progressively measurable},

defined on some reference probability space (2, F, (F!)s>t, P, W), where A is a complete separable metric
space, m(+) € S, and X"®* solves, in mild sense on [t,T], the infinite dimensional SDE

dX, = (AX; + b(Xs, a5,m(s)))ds + dW,, X =uw. (7.2)

We then have

H(x,p, /L) = Slél/)\{ - <b($,0¢,u),p> - f(x’a’:u)}'

We make the following assumptions:

(i) A= Bgr C H,;
(i) b(z,a,pu) = —a+ bo(x), where by : H — H is bounded and Lipschitz continuous;
(iii) f(z,a,pn) = fo(z,p) + fi1(|a|), where fo : H x Pi(H) — R is continuous in all variables, fo(-,dp) is

bounded, fy is Lipschitz continuous in m with respect to di, uniformly in z, and f; € Clt’cl (R) is

symmetric and uniformly convex
(iv) g: H x Py(H) — R is continuous and ¢(-,dg) is bounded.

Then,

H(z,p,p) = sup {{a,p) = fi(le])} = (bo(@),p) — fo(z, p)
= H'(p) — (bo(x),p) — fo(x, ).
In this case
HO(z,p) = H'(p) — (bo(@),p),  Fla,p) = folz,p), Gz, )= g(, ),
and it is easy to see that Assumption 2.6(i) is satisfied. Regarding Assumption 2.6(ii), we compute explicitly
DM DIl = f(CD) 7 D), i [pl < fi(R),

Rlp| = f1(R), if [p| = fi(R).

4 This means that there exists 7 > 0 such that s — f(s) — ns> is convex.
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Since f1 € CH1(R) and is uniformly convex, we deduce that (f])~! is Lipschitz continuous, so #H is Lipschitz
continuous in p too. Moreover, we have

(D7D gy, if Ipl < fi(R),

RE, it [p| > fi(R),

DH'(p) =

and clearly this function is Lipschitz continuous. Hence, HJ(x, p) = DH' (p) —bo(z) is bounded and Lipschitz
continuous in p, uniformly in « € H. This makes our existence result, Theorem 5.6, applicable.

As for uniqueness, examples of functions F satisfying Assumption 6.1(iii) when H = R? are for instance
in Section 3.4.2 of [13], volume I, and similar examples also work in a real separable Hilbert space H and
satisfy the conditions imposed in this paper. We present two examples.

Example 7.1. Let hy : H x P1(H) — R and hy : H x P1(H) — H be Lipschitz continuous and bounded. We
define

ﬂ@#%ﬂmm/m@mwxJMam:<mwp/mwmwﬁ.

H H

We then have

2

/[Fi(x,m) — Fi(z, p2)] (1 — po)(dz) = /hi(y)(m —w)(dy)| , i=1,2.
H H

Hence, Assumption 6.1(iii) and Assumption 6.1(iv)(b) are satisfied for F} and F5. It is also easy to see that,
for every z € H,

|F’i(xvul)_Fi(x7/J’2)| Scidl(ulvﬂ2)v i:172a
where C; is the Lipschitz constant of h;. Thus both functions satisfy Assumption 2.6(i).

Example 7.2. Let £ : H x [0,00) — R be bounded, continuous, and such that ¢(x, -) is strictly increasing for
every x € H and is Lipschitz continuous with Lipschitz constant independent of z. Let p : H — [0,00) be
bounded and Lipschitz continuous. Let v be a positive finite measure on H which is full.” We define

Fuww=/?@m*mamw—xwwa,

where p * m denotes the convolution of p with p, that is

p*ma=/ﬁ@—wmw>

H
We notice first that this convolution operation is Lipschitz continuous in p and z. Indeed, let z,y € H and

B, p2 € Pl(H) and let v E F(/’(’17M2)' Then7

5 That is v(D) > 0 for every open set D in H. An example of a measure which is full is the nondegenerate Gaussian measure
with mean a € H and covariance operator Q € L] (H), see [16, Proposition 1.25] (nondegeneracy means that ker Q = {0}).
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px () = s el =| [ oz = W)~ [ ply -~ w)pa(au)

H

H
- / (p(z — ) — ply — w))y(du, dw)| < C / (2 — ) — (g — w)l(du, dw)
H H

<Clz—y|+ C/ |u — w|y(du, dw).
H
Taking the infimum over all v € T'(mq, m2) we thus obtain
lpx p1(2) — pxp2(y)| < C(lz =y + di(p, p2))-

‘We now have

[F (2, p1) — F(z, p2)](p1 — p2)(d)

T

R T

[€(z, px pa(2)) — Uz, p * p2(2))] /p(z — @) (p1(dz) — pa(de))r(dz)
H

6z, p# 11(2)) — €z p# () )[o % (=) — p# pa(2)(d2) > 0,

because {(z,-) is increasing. Moreover, if the last expression is equal to 0, using that ¢(z,-) is strictly
increasing, we conclude that p * u1(2) — p * p2(z) = 0, u a.e. However, since this function is continuous and
w is full, this implies that px p1(2) = p* uo(2) for every z € H. Hence, F (-, 1) = F(-, u2) on H. Therefore,
F satisfies Assumption 6.1(iii) and Assumption 6.1(iv)(b). Finally, we compute

P a) = Fapua)| <C [ 1z, ppa(2)) = £z % pa(2)ln(e)
H
<C [lpxm(z) = px pale)lud2) < O (o)
H

which means that F satisfies Assumption 2.6(i).
7.1. An economic model

We illustrate here an application to an economic model in the presence of capital heterogeneity. Inspired
by the model presented in [1, Sec. 3(a)], a mean field game model of competition among firms operating
in the same sector was studied in [10]. Precisely, in [10], the production capacity of a representative firm is
assumed to follow the dynamics

dK, = —0K,ds + oK, dB, + I,ds, Ky=Fk >0,
where 6,0 > 0, (I5)s>0 is a nonnegative real valued process representing the investment rate of the firm,

and B is a standard one dimensional Brownian motion. According to the discussion in [1, Sec. 3(a)], the
goal of a representative firm is to solve
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T

v(t, k) = inf E /(—w(KSJC(m(s)))—i—% 2) ds|,

where I. belong to a suitable set of admissible control processes,
1/6

K = | [ Kt 0 e Po(R),
R

with § > 0 and 7 : (0,00)2 = R, (k,K) ~— 7(k, K) is nondecreasing in k and nonincreasing in K.°
This model can be modified as follows. First of all, in order to fit our setting, we assume that the noise
is additive” with the diffusion coefficient 1; that is, we look at the dynamics of the form

dK, = —0K.ds + dBg + I,ds.

We may then enrich the model assuming that, rather than having a large number of single firms, we have a
large number of networks of firms, each network being distributed around a circle S*. The location of the
firm in the representative network is parametrized by a € S* and capital K depends on this parameter.
Therefore, the representative network’s state is represented by a parametrized stochastic process K(a),
where s € [t,T] and a € S*. We may assume, following the modeling of [9], that also the investment rate
process I,(a) is parametrized by the location a € S*, and that capital K,(a) naturally evolves in time-space
according to a depreciation law and, by taking account of the “spatial” dimension a € S', according to a
diffusion law; that is, according to the overall law

0%K,(a)

a2 dKs(a).

Assuming also that the noise depends also on the location a, this leads to the following controlled SPDE:

’Ks(a
dK;(a) = ((‘35:2() — 5K5(a)> ds + dBs(a) + Is(a)ds, Ko(a) = k(a). (7.3)

We consider the following generalization of the optimization problem above:
T
1

k() =mie| [ f (—w<Ks<a>,fc<m<s>>>+5Is<a>2)da as | (7.4

where
K() = / (S/ F(k(@)da | p(dk), e i), (7.5)
H 1

where f : R — R is a given Lipschitz and bounded function. Formally setting Wy = Bs(-) and assuming
that W is a cylindrical Brownian motion in the Hilbert space H, and formally setting = = k(), X5 = K,(+),

6 In [10], the case 0 = 1 and n(k,K) = Kk, where 8 > 0, is considered.

7 This is done to fit our additive noise setting. Note that, in this way, the capacity may become negative and this is of course
an unpleasant fact from the point of view of applications. It would thus be interesting to investigate, in future works, cases with
non-additive noise which may ensure that the infinite dimensional process X lies in the positive cone of H = Lz(Sl; R); see, e.g.,
[31].
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as = —I4(+), the SPDE (7.3) can be viewed in the setting of the present section as a controlled SDE (7.2)
in the Hilbert space H = L?(S*;R) with the following specifications:

A= W_é’ b(z,a) = —a.

Similarly, the optimal control problem can be reformulated as (7.1) by setting g = 0 and

|of?

fw,onp) = 5+ Fla ),

where
Fauw) = = [ wla(a), K(u)da.
Sl

Imposing the constraint I;(-) € A = Bg and assuming that = is Lipschitz and bounded, the conditions for
our existence result (Theorem 5.6) are fulfilled.

Regarding uniqueness, we assume that w(k, ) = 71 (K) f(k), where 7y is Lipschitz continuous, nonnega-
tive, bounded, and strictly decreasing, and f is the same function appearing in (7.5) and required now to be
Lispschitz continuous, nonnegative, nondecreasing, and bounded. Then, for every 1, ue € P1(H), we have

/ F(a, ) — Fa, 12)) (1 — pn)(d)

H

- / / (m(z(a), K(ur)) — m(x(a), ’C(#z)))da] (11 — piz) (d)

H 1

H

= (m((u) - m(K) [ | [ f(fv(a))da) (s — pi2)(da)
= — (M (K (1)) — m1(K(p2))) (K(p1) — K(p2)) > 0,
with equality if and only if (1) = K(uz2). This shows that:

(i) Assumption 6.1(iii) is fulfilled;
(ii) Since

(1 (K (1) = w1 (K (12))) (K(p1) = K(p2)) =0 = K(m1) = K(p2),
also Assumption 6.1(iv)(b) holds.

The remaining requirements of Assumption 6.1 are fulfilled by construction. Hence, our uniqueness result,
Theorem 6.2, applies.
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Appendix A. Compactness in the space of probability measures

We provide a result about compactness of sets in spaces of probability measures on H which is used in
the paper.

Lemma Appendix A.1. Let L > 0 and

Then

lim sup /|x|,u(dx)—>0
RHOO#EQL .

Proof. Since

L
sup /|x\,u(dac )< sup — \x|2 (dz) < — sup /|a:|2,u(dx):—7
pneQr neQr /AE L R
B, H

and the claim follows. 0O

Proposition Appendix A.2. Let S C Py(H). If, for some constant ¢c; > 0, we have

sup/|x| u(dz) <ep and  lim supZ/m e;) u(dz) =0,

N—>ooues

then S is relatively compact with respect to d;.

Proof. By [40, Ch. VI, Th. 2.2],% the set S is tight. The claim follows using [2, Prop. 7.1.5]. O
Appendix B. Classical and strong solutions to Kolmogorov equations

In this section, we define classical, mild, and KC-strong solutions of backward Kolmogorov equations and
recall an approximation result used in Section 6. The material is mainly taken from [22; Section B.7] and
is presented, for the reader’s convenience, in a simplified form needed here. We first consider the following
terminal value problem (Kolmogorov equation) in the Hilbert space H:

8 In [40, Ch. VI, Th. 2.2] it is stated that the second condition alone guarantees relative compactness of S. This is clearly not
true, as can be seen by simply taking as S a non compact sequence concentrated on the line generated by e;. However the proof
of this theorem there remains valid if we add the assumption of uniform boundedness of second moments.
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Owu(t, ) + Lou(t,z) = f(t,z), (t,z)€[0,T) x H,
(B.1)
u(T,x) = p(x), r e H,

where Lo is given in (3.3), ¢ € Cy(H) and f € Cp 4([0,T) x H) (recall that Cp ,([0,T) x H) was defined in
(2.4)). Since, as recalled in a footnote in Section 3, the closure (in a suitable weak sense) of the operator
Ly is the generator (again in a suitable weak sense) of the semigroup R; in (2.10), we can formally rewrite
(B.1) in the following mild form:

u(t, x) = Re_il¢)(z) + / Ro_y[f(s.)) (2)ds. (B.2)

We call the function u above, defined by the right hand side, the mild solution of (B.1). Recalling the
definition of Lg in (3.3), we define

D(Lo) = {¢ € UCX(H): D*¢ € UC,(H;L\(H)), A*Dé € Ucb(H;H)} (B.3)
and endow D(Lg) with the norm

10l D(Loy == lI@llo + [Dollo + |A"Dllo + sup ID?¢ (@) 2, () (B4)

Arguing as in Theorem 2.7 of [19], it can be proved that D(Ly), endowed with the above norm, is a Banach
space.” We now recall a notion of classical solution to (B.1) (see [22, Definition B.82]).""

Definition Appendix B.1. We say that u € C,([0,T] x H) is a classical solution to (B.1) in D(Ly) if

u(-,x) € CH([0,T]), Vx € H,
u(t,-) € D(Lg) for any t € [0,T] and SUPyeo, 1] lu(t, )Ly < oo, (B.5)
Du, A*Du € Cy([0,T] x H,H), D*ue Cy([0,T] x H,L1(H))

and u satisfies (B.1) for every (¢,z) € [0,T) x H.

We stress that Definition Appendix B.1 implicitly implies that ¢ € D(Lg) and f € C([0,T] x H).
To introduce a notion of a strong solution, called C-strong solution, we first recall a special case of the
definition of K-convergence which is needed in this paper (see [22, Definition B.84]).

Definition Appendix B.2. Let Z be a real Hilbert space. Given (fy,)n,enCCiy~([0,T) x H, Z), we say that f,
is KC-convergent to f € Cy 4[0,T) x H, Z) if

sup || fulle,.. j0,1yx,2) < 00,
neN

(B.6)
lim sup (T —t)7|fult,x) — f(t,x)| =0,
"0 (t,2)€(0,T)x K

9 The definition of the domain of the operator studied in this paper is slightly different, but the arguments of the mentioned
reference can be adapted easily. We also notice that the Banach space structure is not essential for our purposes, even if it simplifies
the notation.

10 We also observe that there are other definitions of classical solutions in the literature, see e.g. Section 6.2 of [20, Section 6.2],
[28, Definition 4.6], [29, Definition 4.1]. We refer interested readers to [22, Section B.7.1] for a detailed overview on that.
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for every compact set K C H. In this case, we write K — lim,, o fr, = f in C, ,[0,T) x H, Z).

The definition of a KC-strong solution to (B.1) provided below is a special case of a more general definition
that can be found in [22, Definition B.85].

Definition Appendix B.3. Let v € (0,1). Let ¢ € Cy(H) and f € Cy ([0, T) x H). We say that a function
u € Cp([0,T] x H) is a K-strong solution in D(Lg) of (B.1) if u(t, -) is Fréchet differentiable for each ¢ € [0,T)
and there exist sequences (upn)nen C Cp([0,T] x H), (¢n)nen C D(Lo), (fn)nen C Cp~([0,T) x H) such
that:

(i) For every n € N, u, is a classical solution in D(Lg) (cf. Definition Appendix B.1) to

wy = Low + fn,
B.7
{ w(0) = . (B.1)
(ii) The following limits hold
K- lim ¢, = ¢, in Cy(H),
n—oo
K- li_)m Uy = U, in Cy([0,T] x H),
and
K- le fo=1 in Cy~([0,T) x H)

K- lim Du,, = Du in Cy,([0,T) x H, H).

n—oo

We end this section with an approximation result which is a stronger version of [22, Theorem B.95(i)].

Theorem Appendix B.4. ¢ € C,(H) and f € Cp,,([0,T) x H). Then the mild solution u (defined in (B.2))
of equation (B.1), is also a K-strong solution of to (B.1). Moreover the sequence (u,) can be chosen so that
Uy € Dr for allm € N.

Proof. We can apply [22, Theorem B.95 (i)] (in the case when, in the notation there, m = 0, n(t) =t~7), to
conclude that u is also a K-strong solution of the same equation. Moreover, from the proof of [22, Theorem
B.95 (i)] one can easily see that the approximating data ¢,, f,, and consequently the approximating
solutions u,, can be chosen so that ¢, € D(Lg) and f,,0v, € Cp([0,T] x H) for all n € N. As a
consequence, we get that u,, € Dp foralln € N. O
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