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Abstract

The goal of this study is to estimate inequality indices for foreigners living in ltaly at the regional level,
differentiating between urban, peri-urban, and rural areas. This issue requires a Small Area Estimation (SAE)
model. We operate in the unit-level context that has brought forth two challenges: the identification of
individual covariates and the reduction of computational time. We propose a unit-level Simplified SAE
model based on Generalized Additive Models for Location, Scale, and Shape specified without covariates
and able to reduce variability in comparison with the direct estimator. A non-parametric bootstrap, suitable
without design information, is proposed to estimate the mean square error. The performance of the
proposed model used to estimate three different inequality indices (Gini, Theil, and Atkinson) is evaluated
based on design-based simulations. The results show that the proposed predictor reduces the variability of
the direct estimates even when covariates are not available. This methodology has been adopted to
estimated the three indices for foreigners in ltaly at the regional level, distinguishing between urban, peri-
urban, and rural areas, showing that relevant disparities emerge in inequality between foreigners compared
to natives. These results can help to formulate place-based policies aimed at promoting equity and integration.

Keywords: auxiliary information, consumption, foreigners, non-parametric bootstrap, SAE

1 Introduction

The demographic changes in developed countries, propelled by increased immigration, raise ques-
tions about social inclusion and inter-group conflicts. Policymakers are grappling with the chal-
lenge of understanding the experiences of diverse immigrant groups and the emergence of new
socio-demographic patterns of consumption inequality among various ethnicities (D’Agostino
et al., 2016). As highlighted by Djajic (2003) and Barigozzi and Speciale (2011), consumption
is a crucial dimension in the integration of immigrants into the host country. Higher levels of in-
tegration are achieved when immigrants’ consumption patterns become more similar to those of
natives. There is a need to estimate inequalities across sub-populations defined by both social and
geographical characteristics, in order to identify disparities more accurately and develop targeted
interventions that address the unique challenges faced by different communities. Placing emphasis
on regions rather than countries is the first step in implementing place-based policies aimed at re-
ducing local inequalities through tailored measures (McCann & Soete, 2020).

In the last decades, the evolving landscape of urbanization and the migration from rural to ur-
ban areas has significantly reshaped the economic framework, resulting in notable shifts in family
income sources (Ma & Yin, 2024). The rural economic transformation has increased farmers’ in-
come, and this has a subsequent impact on their consumption patterns. The widening urban-rural
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consumption gap emphasizing the urgent need for comprehensive strategies to address this grow-
ing disparity.

To the best of our knowledge, no existing studies address the issue of estimating consumption
inequality at the local level distinctly for native born individuals and foreigners, and also
distinguishing between urban and rural areas. The literature so far has focused solely on estimating
inequalities or per-capita consumption expenditure for the population as a whole (Balli & Tiezzi,
2010; Fasulo et al., 2017).

In this scenario, we aim to estimate inequality indices based on consumption expenditure
for foreigners and Italians,' at regional level and distinguishing between urban, peri-urban,
and rural areas. To achieve this, we use data from the 2019 Italian Household Budget
Survey (HBS), which supply reliable estimates only for larger areas or domains. Due to the
need for obtaining reliable estimates at more disaggregated areas, we have to adopt Small
Area Estimation (SAE) methods. SAE techniques are recognized statistical tools for producing
reliable estimates when the sample size within a specific area or domain is insufficient. SAE
models aim to reduce the variability of estimates for a given area by using the collective infor-
mation from neighbouring areas and auxiliary data sources that are typically free of sampling
error (Rao & Molina, 2015).

Although numerous studies have examined SAE methods for inequality indices, ranging from
the seminal work of Molina and Rao (2010) to more specialized contributions by Fabrizi and
Trivisano (2016) and Gardini et al. (2021), our research focuses on addressing two prevalent chal-
lenges in unit-level SAE models: the scarcity of covariates and the high computational burden. To
this end, we propose a unit-level SAE model that effectively reduces the variability of the Direct
estimator without relying on covariates, while also requiring less computational effort compared
to existing unit-level models.

Firstly, consumption expenditure is a continuous variable, defined on the positive real line,
highly skewed, and potentially influenced by outliers. The standard approach of applying a
log-transformation to such variables is not always effective in achieving normality and is also
susceptible to back-transformation bias (Molina & Martin, 2018). The treatment of the log-
transformation in SAE, in both unit- and area-level models, has been addressed by several authors.
The main contributions, in addition to that of Molina and Martin (2018), are those of Slud and
Maiti (2006), Chandra and Chambers (2011), Li et al. (2019), and Rojas-Perilla et al. (2020),
which explore different strategies to handle the non-normality of the response variable and its im-
plications for prediction and inference. For example, Slud and Maiti (2006) examine the problem
of accurately estimating the variability of predictions, while Chandra and Chambers (2011) pro-
pose a model-based direct estimator that employs calibration techniques to define appropriate
weights. Li et al. (2019) and Rojas-Perilla et al. (2020) extend these approaches to more flexible
frameworks, incorporating model-based adjustments and semi-parametric techniques. These con-
tributions underscore the importance of properly addressing the skewness and heteroscedasticity
inherent in consumption data. Furthermore, normality is often assumed not only for the depend-
ent variable but also for random effects. Outliers can violate this assumption, making an ad-hoc
treatment of the outliers a crucial aspect of the analysis (Chambers et al., 2014; Jiang & Rao,
2020; Marchetti & Tzavidis, 2021; Schmid et al., 2016). Recently, numerous papers on SAE
aim to show that non-Normal models lead to more accurate estimates when compared to the
Normal ones (Diallo & Rao, 2018; Graf et al.,, 2019; Lyu et al., 2020; Sugasawa &
Kubokawa, 2019). However, researchers, especially those not affiliated with official statistical
agencies, may encounter challenges in accessing individual-level covariates essential for non-
normal models, primarily due to confidentiality restrictions.

The search for auxiliary information becomes increasingly difficult, especially for non-linear es-
timates. Indeed, for linear estimates with a Normal model, is sufficient to have auxiliary informa-
tion at the area level. However, for non-Normal models and/or non-linear estimates, auxiliary
information is required for each individual unit of the population. Individual information, even
when available in national statistical institutes, is often subject to confidentiality restrictions.
Moreover, the auxiliary information, when available and usable, is often demographic (age,
sex, nationality) and has very little explanatory power for economic outcome variables. Several

1 In this context, the terms ‘migrants’ and “foreigners’ are used synonymously, as are ‘native-born’ and ‘Italians’.
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authors have examined the issue of missing covariates free from error, including Fabrizi et al.
(2007), Gao et al. (2014), and Wiirz et al. (2022).

Secondly, non-Normal models often require longer computational times with respect to the
Normal ones (Molina et al., 2022; Molina & Ferretti, 2012). At the unit level, Monte-Carlo
(MC) approximation is often used to estimate the outcome parameters and the parametric
bootstrap used to obtain a measure of variability. Both of these techniques are based on com-
putational algorithms that rely on repeated random sampling to obtain numerical results. These
results improve with more replications of the algorithm and therefore with more computational
effort.

Although the issue of covariates and that of computational burden may seem unrelated, their
relationship is actually relevant. MC is a technique in which the value of the outcome parameters
is obtained as the mean of a number of replicates. Each replicate is more computationally demand-
ing with more population units. In unit-level SAE models, for each non-sampled unit in the MC, it
is necessary to predict a value of the outcome variables based on the estimated regression param-
eters and the auxiliary information. In addition, the parametric bootstrap requires knowledge of
the auxiliary information for the whole population to create the bootstrap population. At each
loop of this bootstrap, MC estimation is required, which significantly increases computational
time. For a comprehensive literature review, see Tzavidis et al. (2018) and Sugasawa and
Kubokawa (2020).

The starting point of this article is the SAE model based on Generalized Additive Models for
Location, Scale, and Shape (SAE-GAMLSS) proposed in Mori and Ferrante (2025). GAMLSS ap-
pear to align seamlessly with the objectives of SAE because of the ability to achieve substantial
model fit by leveraging the most appropriate data distribution (Rigby & Stasinopoulos, 2005).
The idea is that choosing the distribution that best fits the data, without introducing any source
of bias through back-transformation, can lead to reliable estimates even when covariates are un-
available. GAMLSS enables the use of a wide variety of distributions. Furthermore, with GAMLSS
it is possible to incorporate covariates (when available) and a distinct random effects for each par-
ameter of the distribution and not only for the location parameter as usually done. Thus has the
potential to enhance the overall fit of the distribution. In this context, the issue of missing covari-
ates is particularly significant and evident. Our objective is to estimate non-linear indices using
non-Normal models, where areas are defined based on a specific structure linked to geographical
areas. The estimates are also restricted to foreigners. To the best of our knowledge, there are no
publicly available covariates for this group without official statistical authorization.

We introduce a Simplified version of the SAE-GAMLSS model, referred to as Simplified
SAE-GAMLSS.? The fundamental idea behind this approach is to use the closed-form expressions
for the Gini, Theil, and Atkinson indices, well-known for most distributions used in economic ana-
lyses, in conjunction with GAMLSS. The challenge of limited auxiliary information is addressed
by (i) selecting the distribution that best fits the data and (ii) incorporating a random effect for
each distribution parameter.

The term ‘Simplified’ underscores two key advantages of this model. First, our approach
eliminates the need for auxiliary information. Estimates are derived using the closed-form ex-
pressions of the indices, without relying on covariates or MC approximations. Second, we
introduce a specific non-parametric bootstrap method that computes the Mean Square Error
(MSE) more efficiently than the method used in SAE-GAMLSS. This simplified model offers sig-
nificant advantages in scenarios where rapid estimates are required, such as in research studies
or by official statistical offices. Simulations demonstrate that, even with these enhancements,
the Simplified SAE-GAMLSS still meets the core objective of SAE i.e. increasing the reliability
of direct estimates.

The article is structured as follows. Section 2 provides a review of the SAE-GAMLSS model and
introduces the Simplified SAE-GAMLSS. Sections 3 and 4 present the results of the simulations,
focusing on the reliability of estimates and computational efficiency. In Section 5, we estimate
the Atkinson, Gini and Theil indices for both foreigners and Italians at the NUTS 2
(Nomenclature of Territorial Units for Statistics) level, with a specific focus on distinguishing be-
tween urban, peri-urban, and rural areas. The conclusion is provided in Section 6.

2 In figures and tables, due to space reasons, we use the acronym SSAE-GAMLSS for the Simplified SAE-GAMLSS.
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2 A simplified small area estimation based on GAMLSS

2.1 Generalized additive models for location, scale, and shape

GAMLSS assume independent observations y;, i=1, ..., n, from a random variable Y, with
Probability Density Function (PDF) f(Y | 8;), conditional on 0iT = (01, ..., Oy ..., Oip), a vector
of p distribution parameters, k=1, ..., p. Under GAMLSS, each parameter can be expressed
as a function of the explanatory variables. Rigby and Stasinopoulos (2005) define the original for-
mulation of a GAMLSS as follows. Let y7 = (y1, ..., y,) be the n length vector of the response
variable. Let gi(-) be a known monotonic link functions relating the p distribution parameters
to explanatory variables by:

ge(0y) = Xkﬂk+ZZmym, k=1, ...,p and m=1, ..., M, (1)

where 0] = (01, ..., 0,) is a vector of length 1, ﬁ',z = (Bigs -5 Byyk) is @ parameter vector of

length p;,, X* is a known design matrix of order 7 X py, an is a fixed known 7 X ¢, design matrix,

¥ is a g,,,-dimensional random effect term and M, is the number of additive terms for each par-
ameter. Let each parameter k in (1) allow for a combination of different types and numbers of
additive random effects terms, %, to be incorporated easily in the model. The functional form
of /(Y] 6;) is not bound to a specific family. In GAMLSS, it departs from the strict exponential fam-
ily distribution assumption found in GLMs and GAMs and instead includes a wide range of dis-
tribution families, including highly skewed and/or kurtotic continuous and discrete distributions.

Although the number of parameters p is not subject to constraints, it is often assumed to be < 4
since within these limits nearly every distribution can be accommodated within the GAMLSS
framework. Typically, the first two parameters of the population distribution are the location
(1) and scale (6) parameters, while any additional parameters, if present, are the shape of the dis-
tribution, such as skewness (v) and kurtosis (7). The estimation of the parametric components in
Model (1) is achieved through one of two distinct algorithmic procedures that maximize a penal-
ized likelihood of the data (see Rigby & Stasinopoulos, 2005). The first method is the Newton—
Raphson algorithm (RS), while the second is based on the Cole and Green algorithm (CG), which
is a ‘transformation’ of the Fisher scoring algorithm. As noted by Rigby and Stasinopoulos (2005),
a combination of the RS and CG algorithms may also be used. Both algorithms, when estimating
the distribution parameters, operate within an outer and inner iteration framework (for further
details, refer to Rigby and Stasinopoulos (2005), Appendix A or to Rigby et al. (2019) chapter
3). In conclusion, a back-fitting algorithm is employed to estimate the parameters g% and .
The back-fitting algorithm plays a crucial role in fitting the additive components within the
GAMLSS framework. The quadratic penalties in the likelihood arise from the assumption of a nor-
mally distributed random effect on the linear predictor. In equation (1), it is assumed that y¥, fol-
lows a multivariate normal distribution, %, ~ N (0, [Gyuk(4ue)] ™), where [Giu ()] ™" is the
generalized inverse of a g,,,; X ¢,,, sSymmetric matrix that may depend on a vector of hyperpara-

meters 4. For fixed 4,,, the parameters € and y% are estimated by maximizing the following
penalized likelihood function ,:

M,

ZZ PGk, i=1, ..., n (2)

k=1 m=1

| =
~

Zlog (vil )} —
i=1

2.2 A quick review of SAE-GAMLSS

In SAE, a finite population © of N units is divided into ] sub-population Q1, ..., Q;, called areas of
size Ny, ..., Nj, where N = Zj,'=1 N;. Identify with Yj; the target variable and with y;; the observa-
tionfori=1, ...,nandj= ., J. In the SAE context, the aim is to estimate area parameters in
the form ofH C( s Where C( ) is a real measurable function and Y,-T =(Yy, ..., Yy, ..., Yn,).
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Design-based estimates of these area parameters are obtained using data from the sample s of size #
drawn from the population Q with sub-sample s; = s N Q; from area j of size #;, being n = Z],'=1 nj.
Following Mori and Ferrante (2025), SAE-GAMLSS are defined starting from (1) by considering
area specific random effects and assuming Z = [,,.

() = xi;ﬁ# + V;-l
ol0ij) = X557+ 97
(Vi) =" + )
(Tij) = x5B° + v}

8u
(3)

oy 00 9

T

where xf-j- represents a generic covariate used in the kth parameter of the distribution, referring to the

ith unit in the jth area. In (3) random effects yll? 4N (0, ¥y) for k=u, o, v, 7 allow for differences
among areas with reference to each parameter. The variance—covariance matrix ¥}, involves the vari-
ance of the random effects o7, giving ¥}, = 071 for independent random effects. The assumption of a
distribution model F allows for both skewness and kurtosis in the conditional distribution of Yj;:

Yl]')/;’ V;T’ V,V, y;NF(Ylllﬂ”, Gif’ Vi/, Ti/), l=1s ’nl and ]=1s 5] (4)

Estimates of the parameters can be obtained using one of the methods proposed by Rigby and
Stasinopoulos (2005). Estimates lead to F(y; | i;, 0, Vij» 7j), i€s and j=1, ..., ], wherei€
s indicates that the parameters are estimated using the sample part of the population. In the
SAE-GAMLSS, as usual for unit-level models, estimates for non-linear parameters are obtained using
a MC approximation method based on predicted individual values. The MC is based on the following
steps. First, the model F is fitted to the sample data, obtaining a consistent estimator

(> 73 ?,-,-,?,-,-,?,’?). Next, for each i € 7, the values of (i, oy, ?,-,-,’r\,-,»,’;?]k) are predicted. Using these pre-
dicted values, an out-of-sample vector M)YZ' is generated for each £=1, ..., L, with L being large.
This vector is drawn from F (v | ;> 0 Vij» Ty) for i € r. It is worth reiterating that, in order to obtain

parameter estimates for units i € 7, one needs to know the auxiliary variables (for each parameter) for
all units in the population. This requirement substantially limits the applicability of the method, while
the proposed approach does not rely on such information. This clarification is particularly useful for
readers who are less familiar with SAE methods. The sample data yj is then attached to this

out-of-sample data, forming the area population vector )y} = ((("])ylfi)T, (yf]-)T). With this combined
vector, the target parameter H;l) = C((“yl-) is calculated, where ‘e)yfT = (Yy1jy ooy Oyiiy oo, Oyn ).
The Monte Carlo approximation of ﬁi is then given by:

H,' ~

>

1

=] =

L
=

This MC technique involves running an algorithm a considerable number of times, often exceeding
L = 100 iterations, which can result in significant computational time. For example, when estimating
the Gini coefficient, it is necessary to obtain at least 100 different Gini coefficients. For each of these
coefficients, it is essential to calculate the predicted values and, in particular, to arrange the population
units on the basis of the dependent variable. The computational burden of the MC approximation
increases significantly when it is included in a parametric bootstrap to estimate the MSE, a common
practice in almost all unit-level models.

2.3 Prediction of area parameters under simplified SAE-GAMLSS

We propose a simplified version of the SAE-GAMLSS to estimate a general area parameter H; =
{(Y;) when covariates are not available, i.e. when the matrix xf/. =1,V k and V i. In this specific
case, equation (3) becomes:
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gy(ﬂ,‘) =p +}ff‘l

8olo))=p"+7] (5)
glvi)=p"+ Y

&) =p +7;

From (35), it is now clear that each parameter is only influenced by the random effects of the area. In
contrast to the SAE-GAMLSS approach, in this case we employ a penalized weighted likelihood
function to estimate (5) by incorporating sample weights w;;. Using sample weights to estimate
the model, essentially opting for a weighted penalized likelihood instead of an unweighted one,
we can effectively include information from informative sampling.

Let us highlight two crucial initial statements: (i) nearly all indices can be expressed as integrals
of a transformation of a PDF and (ii) when the parameters of the PDF are determined solely by an
intercept and a random effect, all units within a given area share the same predicted values for the
distribution parameters. In other words, the location parameter of an area, once the chosen distri-

bution is estimated, will be equal to the intercept #* plus the random effect specific to the area, and

this value will be the same for all units within that area. The first statement implies that ?I,-, the
estimate of H; = {(Y}) can be obtained by solving an integral in the form of:

Hy = E[C(Y))] = [CCY)AY )Y, =1, ..., ], (6)

where a and b are the limits of the integral to be chosen depending on the index. Based on the se-
cond observation, it can be gathered that all observations within the same area share identical val-
ues. Consequently, the subscript i can be omitted from (6). Notably, the Gini, Theil, and Atkinson
indices possess closed-form expressions that can be derived from (6) for almost any probabilistic
distribution suitable for household income/consumption. The closed-form expression has a cen-
tral role in the Simplified SAE-GAMLSS. As mentioned earlier, the MC approximation finds wide-
spread application in nearly all SAE unit-level models targeting the prediction of nonlinear values.
In the particular context of missing covariates, we avoid the use of MC by employing the closed
form of the selected index. Specifically, after estimating the parameters of (5) using random effects,
each area exhibits distinct values for (x4, gj, vj, 7;). These values can be directly inserted into the
closed-form expression, yielding final estimates avoiding the MC algorithm and consequently re-
sulting in a more rapid estimation. Table 1 presents the closed-form expressions for the Gini, Theil,
and Atkinson indices for various commonly used distributions. The distributions considered in-
clude the Exponential, Gamma, GB2, Log-Normal, Normal, Pareto, Singh-Maddala, and
Weibull distributions. All these distributions assume positive values for the variable under consid-
eration, except for the Normal distribution, which is included here as a benchmark. As noted by
Lian et al. (2024), in-fact, employing a distribution in which the variable can also take negative
values may be challenging due to the definition of these inequality indices. In the SAE context,
these established findings can be applied to calculate estimates for each specific area.
Furthermore, estimates are feasible also for areas with no sampled units.

2.4 Non-parametric bootstrap for MSE estimation

MSE estimation is one of the main challenges in the SAE framework. Usually, the parametric boot-
strap is used to obtain MSE estimates (Liu et al., 2022). The parametric bootstrap requires the con-
struction of a bootstrap population and this can be very slow as it involves (i) predicting the
parameters, (ii) drawing a pseudo-population of N units from a parametric distribution, and
(iii) sampling a subset of # < N from the bootstrap population.

Keeping in mind the results obtained by Field and Welsh (2007) and by Ng et al. (2013) for the
non-parametric bootstrap with clustered data and following the idea of Rust and Rao (1996), we
propose a non-parametric bootstrap to estimate the MSE that uses specific bootstrap sample
weights. The use of specific sample weights is required by the weighted penalized likelihood func-
tion used to estimate GAMLSS. In the following, we distinguish individual sampled units i,
i=1,...,nj, in area j of size n; (with the population size of individuals equal to N and of
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8 Mori and Ferrante

households equal to NH) and sample weights w; from the sampled households. Using the super-
script b for all the ‘elements’ linked to households we have: n;’ units, =1, ..., n;?, in area j of
size n’; : n}; < n; and sample weights w;. For simplicity, we denote H;(Y;) as H; and I’-j,-(Yi,-) as
H;. The MSE of H; is defined as:

MSE, = E[(H; - H))*] for j=1,...,], (7)

and can be estimated based on the following steps:

1. Split the data-set into j sub data-sets one for each area.

2. For each sub data-set with re-sample n/h — 1 households with replacement.

3. Create a bootstrap sample by combining the sub-datasets and refer to it as S*. Given the
replacement, adjust the household weight using a re-weighting adjustment factor to account
for the number of times household ## has been selected. The weighting adjustment factor is
given by:

n"

i
Gp=— X Hs,
ni—1

where Hs; denotes the number of times household i” is selected in the resample.
4. Compute the bootstrap sampling weight as:

w?}, = Gih Win.

5. Account for the calibration by calibrating the weights w}, on the known totals N”. This leads
to the bootstrap calibrated weights:

ws, =wh(1+1727),

(e (+-2)

i?eS* ihes*

with

6. Expand the sample $* from households to units and fit the model.

~

. Obtain the bootstrap estimator of H; through the proposed method and denote it as I:I;"
8. Repeat steps [2-7] a large number of times B.

Let H;‘(b) the estimator obtained in bth replicate of the bootstrap procedure, b=1, ..., B, the
bootstrap mean square-error estimator of H; is given by:

. 1 &, 1 & . 2
MSEB(Hf)sz[H;‘(b)—EZ ;(b)] (8)
b=1

The bootstrapping procedure deserves some explanation. Firstly, we use households rather than in-
dividuals as resampling units (Bessonneau et al., 2020; Luus et al., 2012) because classical consump-
tion and income surveys usually use households as sample units. The definition of a specific individual
weight is not necessary because the most common surveys report data for all household units, i.e.
within the same household, the individual weights for each unit are (often) equal to the household
weight. Secondly, a correction for non-response can be applied to the weights between steps 4 and 5.
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3 Design-based simulations

Design-based simulations are carried out to analyse the properties of the proposed estimators. The
HBS plays the role of a pseudo-population which is kept fixed. This survey, conducted by the
Italian Statistical Institute (ISTAT), is based on a sample of approximately 18,000 households,
representative of all Italian households. The data are collected using a two-stage sampling design,
with municipalities as the first stage and households as the second stage. We focus on the three
inequality indices presented thus far, which are calculated using per-capita expenditure based
on equivalent consumption, obtained through the equivalence scale officially adopted by ISTAT
for consumption data: the Carbonaro equivalence scale (Cutillo et al., 2020). In accordance
with the next section, we set up a simulation based on 49 small areas (NUTS 2 cross-classified
as urban, peri-urban and rural areas). The sample size ranges from a minimum of 2 to a maximum
of 68. The Simplified SAE-GAMLSS is computed using the saegamliss package available on
GitHub.

3.1 From the choice of the distribution to the models compared

Starting with the HBS data, we decided to compare the distribution presented in Table 1 (for a
discussion on the distribution of consumption expenditure, among other, see: Battistin et al.,
2009; Prieto-Alaiz, 2007; Ubaidillah et al., 2018). We use the Generalized Akaike
Information Criterion (GAIC) to evaluate the fitting of the distributions. The Figure 1, that re-
ports the values of the GAIC for different penalization value k, clearly shows that GB2 and
Log-Normal are the distributions with the lowest GAIC values. As the penalization value in-
creases, as seen in the zoomed-in section of Figure 1, the Log-Normal distribution emerges as
the best choice. In particular, the GAIC for the Log-Normal distribution becomes lower than
those of the GB2 when k > 4.5.

Furthermore, aiming to use the closed-form expressions of the inequality indices, we have an-
alysed the significance of each distribution parameter (Table 1). To simplify, consider the
Log-Normal distribution, where only the ¢ parameter influences the three indices. This means
that only covariates (intercept in absence of covariates) and the random effect related to o can
alter and increase the accuracy of the estimates. Similarly, taking into account the roles of v and
tin defining inequality indices with GB2, it becomes somewhat concerning that the variance of
the random effect is not statistically different from zero (Table 2). Due to these considerations,
we are inclined to suggest that the Log-Normal distribution might be the most appropriate
choice.

Based on these preliminary results, we decided to include the following methods in the simula-
tion study: (i) the Direct estimator (for the direct estimation of inequality indices under complex
design, as well as the estimation of their variance using closed-form expressions, see: Barabesi et al.
2016,2024; Langel & Tillé, 2013); (ii) a SAE-GAMLSS model, to assess the influence of covariates
on the estimates; (iii) a simplified SAE-GAMLSS model assuming a Log-Normal distribution; (iv) a
unit-level model that restores normality through the Box-Cox transformation (Kreutzmann et al.,
2019; Rojas-Perilla et al., 2020; Sugasawa & Kubokawa, 2019), referred to hereafter as BC-SAE;
and (v) the Fast Empirical Best (FEB) estimator, proposed by Molina and Ferretti (2012) and
Chandra et al. (2018), which is designed to address the same computational challenges considered
in this study.?

For SAE-GAMLSS and BC-SAE we use the following covariates (known only for the synthetic
population used in this simulation): sex, age, education level, and primary source of income. In
SAE-GAMLSS, for the location parameter u all estimated regression parameters are statistically
different from 0, while for o only the parameter for primary source of income is statistically dif-
ferent from 0. The main aims of this simulation are to evaluate if Simplified SAE-GAMLSS per-
forms well and what is the gap, paid in terms of reliability, between model with covariates,
such as SAE-GAMLSS and/or BC-SAE, and Simplified SAE-GAMLSS.

From the simulation, we expect to be able to discuss the performance of the proposed Simplified
SAE-GAMLSS model for the three inequality indices (Gini, Theil, and Atkinson with an inequality

3 Here, we use a non-parametric bootstrap to estimate the MSE of the FEB, because the original parametric bootstrap

defined by Molina and Ferretti (2012) uses the covariates for the whole population and it is unfeasible here.
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Figure 1. Generalized Akaike Criterion of selected distributions.

Table 2. Summary of regression parameter estimates. GB2 and Log-Normal distributions.

GB2 Log-Normal
Regression parameters
E“ 6.255%* 6.660**
B" 0.750** —0.715%*
B 1,267 -
Vi 0.590%+* -
Variance of random effect
22 0.249% 0.222%%
3§ 0.232%** 0.223**
& 0.0003 -
7 0.0002 -

Note. Signif. codes: 0 ***0.001 **0.01 *0.05.

aversion parameter equal to 1). Additionally, we avoid using an area-level model because it
presents two challenges: (i) lack of sample design information (i.e. strata and primary selection
units) and (ii) direct estimates for inequality indices can be severely biased with small sample sizes,
as shown by De Nicolo et al. (2023).

3.2 Performance measures

In order to compare results, we consider indices that assess both accuracy in terms of variability
and bias. The following measures of performance averaged over areas are used: Average
Relative Bias (ARB), Absolute Average Relative Bias (AARB), Average Coefficient of Variation
(ACV), and Average Relative Root Mean Square Error (ARRMSE). Let us generalize the notation
used in Section 2.2 and define H; as the true general area parameter in the jth area and H, its
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estimated value in the tth replication (¢ =1, ..., T). We define time by the time the estimator con-
sidered whether it is model-based or design-based.

J T
ARB=]! Z[H;l(T—l ZH,,) - 1] x 100
j=1
1 1 o
{H; (T— > H; —1}

/ T /MSEg(H;
ACV =] (T—l Zﬂ) x 100
=1

J
AARB=]7')"
=1

]

=1

J T \foR. (17,
ARRMSE = J~! Z(J T-1 ZI\MEJH”)) x 100,

where I\ZSTEB(?I,-Z) is the bootstrap MSE defined in (8).

3.3 Simulation results

3.3.1 Model with covariates

Let us begin by comparing the three SAE models that incorporate covariates, namely BC-SAE, FEB,
and SAE-GAMLSS, among themselves and with respect to the Direct estimator. Table 3 summa-
rizes all previously reported measures of performance. The negative ARB showed by FEB can be
the effect of either underestimation of variability in (both) the tail of the distribution or the back-
transformation bias (Molina & Martin, 2018; Schluter, 2012). On the other hand, SAE-GAMLSS
shows negative ARBs while BC-SAE exhibits a positive bias for the Gini and Atkinson indices, while
showing a negative bias for the Theil index. In terms of bias, the BC-SAE outperforms the
SAE-GAMLSS model for the Gini index, but performs worse for the other two indices. As expected,
by leveraging covariates and information from the entire population, BC-SAE and SAE-GAMLSS
achieve better performance than FEB. Model-based estimators demonstrate ARBs that, in most
cases, are comparable to or even lower than those of the Direct estimator.

The bias has also been analysed in terms of the AARB. This indicator accounts for the possible com-
pensation between negative and positive values, which may result in the ARB being close to zero even
when the individual RBs are high. The values reported in Table 3 show that the Direct estimator has the
highest AARB, except for the Atkinson index, for which the highest value is observed with the BC-SAE.
SAE-GAMLSS consistently demonstrates the best performance across all situations.

Regarding the reliability measures (ACV, ARRMSE), Table 3 shows that, as expected, the ACV
of direct estimates is the highest, and the SAE-GAMLSS and BC-SAE substantially reduce the vari-
ability of the estimates. Between SAE-GAMLSS and BC-SAE, the differences are almost negligible
for the Gini and Theil indices, while they are more pronounced in favour of SAE-GAMLSS for the
Atkinson index. FEB performs adequately for the Theil and Atkinson indices but worse than the
Direct estimator for the Gini index.

From these initial results, it is evident that SAE-GAMLSS outperforms the other models that in-
corporate covariates and, as expected, also performs better than the Direct estimator. The differ-
ence between SAE-GAMLSS and BC-SAE can be mainly attributed to the greater flexibility of
SAE-GAMLSS, its ability to include covariates in the scale parameter, and the avoidance of back-
transformation bias. In the following analysis, we compare the Simplified SAE-GAMLSS with
both the full SAE-GAMLSS model and the Direct estimator.

3.3.2 Simplified SAE-GAMLSS performance

Table 3 summarizes the performance measures, including those for the Simplified SAE-GAMLSS.
SAE-GAMLSS and Simplified SAE-GAMLSS display distinct patterns in their ARBs. As previously
noted, SAE-GAMLSS tends to produce negative ARBs, whereas the Simplified SAE-GAMLSS
yields positive ARBs. This difference can be attributed not only to the use of covariates but also
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Table 3. Measures of performance (%)

Direct BC-SAE FEB SAE-GAMLSS SSAE-GAMLSS

Atkinson index

ARB -0.76 2.23 -0.83 —-0.40 0.85
AARB 1.42 2.25 0.83 0.60 1.20
ACV 35.73 11.05 27.69 9.65 18.78
ARRMSE 1.92 1.12 1.61 0.61 1.40
Gini index

ARB -3.14 0.74 -3.21 -1.33 2.02
AARB 4.18 1.92 3.21 1.72 2.69
ACV 16.11 6.59 18.07 4.94 9.19
ARRMSE 3.81 1.32 4.42 1.35 2.77
Theil index

ARB -1.65 -0.89 -1.85 -0.83 1.84
AARB 3.00 1.81 1.85 1.30 2.57
ACV 40.66 11.74 27.85 10.16 20.09
ARRMSE 4.48 1.88 3.31 1.32 3.07

to the definition of the ARB itself, which is strongly influenced by the balance between overesti-
mation and underestimation. When compared to the Direct estimator, the ARBs of the
Simplified SAE-GAMLSS are, in most cases, of a similar magnitude but with the opposite sign.
However, the interpretation changes notably when considering the AARBs. While the ARB values
of the Simplified SAE-GAMLSS and the Direct estimator are comparable in absolute terms, the
AARBs of the Direct estimator are consistently larger than those of the Simplified
SAE-GAMLSS. Once again, SAE-GAMLSS demonstrates superior performance, primarily due
to its use of covariates.

Figure 2 provides a visual representation of the Relative Bias (RB) for each index across the do-
mains. The figure shows that, for each index, the Direct estimator exhibits substantial bias, par-
ticularly when the sample size is very small (De Nicolo et al., 2023). As expected, Simplified
SAE-GAMLSS displays greater fluctuations in RB compared to SAE-GAMLSS. However, neither
model demonstrates a consistent positive or negative trend.

With regard to the reliability measures, as expected, the Simplified SAE-GAMLSS performs worse
than the full SAE-GAMLSS model, but better than the Direct estimator. Interestingly, the Simplified
SAE-GAMLSS model shows the lowest ACV value for the Gini index, while higher values are ob-
served for the Theil and Atkinson indices. Figure 3 displays the CVs for each index across the do-
mains. First, for large sample sizes, the Simplified SAE-GAMLSS appears to be consistent, as it
tends to yield CVs similar to those of the Direct estimator. Second, the differences between
SAE-GAMLSS and Simplified SAE-GAMLSS are once again evident. The Simplified
SAE-GAMLSS achieves a notable reduction in CVs compared to the Direct estimator, across all in-
dices and domains. As expected, however, it still underperforms relative to the SAE-GAMLSS model.

4 MSE estimator performance

In Section 2, we presented a non-parametric bootstrap method for estimating the MSE. Here, we
explore the characteristic of this estimator, considering both its bias and its impact on reducing
computational time.

4.1 Bias

In order to evaluate the performance of the proposed MSE estimator, following Chandra et al.
(2018), we report the Average True MSE (ATMSE), the Average Estimated MSE (AEMSE), the
Average Bias of the MSE (ABMSE), and the Percentage Coverage Rate (PCR):
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Figure 2. Relative bias for the three indices.

J T 5
ATMSE =/ Y 1T 3 (- Hy) } x 100
=1 =1
J T
AEMSE=]7' Y 177! ZMSEB(H,,)] x 100
=1 t=1
J T
ABMSE = ]! Z T ZMSEB(H,,) - MSE(H/)} x 100
=1 t=1
] T S
PCR=J"'Y 1T ZI(IHﬁ -Hjl < 1.96,/MSEB(H,~t)>} x 100,
=1 =1

where MSE(H;)=T-' YL, (H; - H;,).

Table 4 reports the value of the indices referred to the non-parametric bootstrap. It is evident
that the MSE estimators performs quite well. The ATMSE and the AEMSE are very similar, espe-
cially for the Atkinson index. In addition, the ABMSE is low, particularly for the Atkinson index,
which is the only index without a negative ABMSE. Even though the PCR largely confirms the re-
sults obtained with the previous three indices, it is important to note that, for both the Gini and
Theil indices, the coverage is far from the nominal 95%. It is worth noting that the assumption
of normal confidence intervals, commonly adopted in SAE applications (see, among others,
Chandra et al., 2018; Liu et al., 2022), could be replaced by non-parametric approaches, such
as the percentile bootstrap, which is occasionally used in SAE (Chatterjee et al., 2008). Further
studies are necessary to understand which type of confidence interval should be employed, and
whether other bootstrap methods not yet applied in SAE, such as the bias-corrected and acceler-
ated bootstrap method, might prove useful.

4.2 Computational times
Let us first consider the practical aspects of computation times. The results presented in the sim-
ulations were generated using a shared server equipped with 128 cores and 2TB of RAM.
Naturally, the number of cores, the RAM capacity, and the type of processor used by the server
have a significant impact on computation times.

Figure 4 shows the mean computation times required to estimate the MSE simultaneously for
the three indices over 200 iterations for BC-SAE, FEB, SAE-GAMLSS, and Simplified
SAE-GAMLSS. All models exhibit a significant reduction in computation time compared to
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Figure 3. Coefficient of variation for the three indices.

Table 4. MSE: Measures of performance

SSAE-GAMLSS

Atkinson index Gini index Theil index
ATMSE 0.022 0.098 0.110
AEMSE 0.022 0.081 0.102
ABMSE 0.015 -0.270 -0.749
PCR 96.312 88.726 89.866

SAE-GAMLSS. Specifically, Simplified SAE-GAMLSS reduces computation time by 72% relative
to SAE-GAMLSS, FEB by 91%, and BC-SAE by 81%. Regarding speed, BC-SAE operates margin-
ally faster than the Simplified SAE-GAMLSS, exhibiting a median computation time of approxi-
mately 2 min per bootstrap run for the parametric transformation, whereas the Simplified
SAE-GAMLSS takes around 3 min. However, as shown in Figure 4, the latter exhibits a longer
right tail in its distribution of computation times.

As emphasized by Arora and Barak (2009), it is crucial to assess the complexity of the algo-
rithms used. To assess the complexity of the algorithms, we conducted a new simulation exclusive-
ly focused on computation times. In this simulation, we compare the three model-based estimators
based on the pseudo-population presented in Section 3 with varying sample sizes, ranging from a
minimum of 1,000 units to a maximum of 100,000. Re-sampling from the pseudo-population
with replacement allowed us to achieve these sample sizes. Figure 4 shows the mean time as a func-
tion of the sample size required for each algorithm to perform a single loop of the MSE estimator.*
The complexity of the SAE-GAMLSS MSE estimator is approximable by a function in the form of

# The x-axis is truncated to 4,000 for better visualization of all three curves.
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log (1), a relatively fast algorithm. On the other hand, the complexity of Simplified SAE-GAMLSS
is approximable by a function in the form of log ( log (7)), which is even faster than log (7). In sum-
mary, the Simplified SAE-GAMLSS remains slightly slower than FEB and BC-SAE but is consid-
erably faster than SAE-GAMLSS.

5 Mapping inequality heterogeneity for foreigners and Italians

In this section, we use the Simplified SAE-GAMLSS to estimate the three inequality indices for for-
eigners and Italian citizens in 49 different areas. The areas are defined as the Italian NUTS 2 (20
administrative Regions), each of which is further subdivided into three subgroups: urban, peri-
urban and rural (Cutillo et al., 2020). Urban areas are metropolitan centres, peri-urban areas
are cities with more than 50,000 inhabitants and those included in the metropolitan areas but out-
side the centre. All other areas are rural. Not all NUTS 2 have all three groupings. The migrants in
question are regular migrants who already have a residence permit. Those in an irregular status,
those waiting for a permit or those who own property in Italy without having a residence are
not included in the sample and are therefore not considered in this discussion. The dependent vari-
able is the equivalized consumption expenditure recorded in the HBS.

Table 5 presents the CVs of the direct estimates. According to Statistics-Canada (2007), the es-
timates for foreigners, having high CVs, are often affected by limited precision, whereas those for
Italians are generally deemed reliable. As shown in Table 3, for foreigners, at least 25% of the es-
timates are fully reliable for Atkinson and Theil, and nearly 75% are reliable for Gini when con-
sidering a CV < 16% as the benchmark for full reliability. If we also include estimates with
16% < CV < 33%, which are publishable with a warning, the proportion of usable estimates fur-
ther increases. Nevertheless, for foreigners the limited sample size still poses challenges, making
SAE methods valuable to improve the efficiency of the estimates, even when some are already con-
sidered reliable. By contrast, for Italians the HBS sample size supports reliable estimation of the
indices.

Following Mori and Ferrante (2025), we perform a three-step procedure to select the distribu-
tion that best fits the data. Mori and Ferrante (2025) proceed as follows: (i) employ the GAIC
method to narrow down potential distributions, (ii) determine covariates and random effects
for each parameter in the selected distributions, and (iii) finalize the distribution selection based
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Table 5. Summary of coefficient of variation (%) for direct estimates for the three inequality indices over the 49 areas

Index Min. 25¢ Perc. Median Mean 75° Perc. Max.
Foreigners

Atkinson 8.1 14.6 20.4 25.2 31.4 74.4
Gini 4.4 7.9 11.8 15.4 17.7 55.2
Theil 8.8 15.8 22.7 26.9 323 70.0
Italians

Atkinson 2.8 4.7 5.6 6.3 7.2 13.7
Gini 1.5 2.5 2.9 3.4 3.9 8.0

Theil 3.3 5.7 6.6 7.3 8.7 15.9

on K-fold cross-validation results. In this case, step (ii) is necessary only for selecting the random
effects. The second point is that, while similar, our analysis differs slightly from the one in Section
3.1. In that section, we select the distribution that best fits the entire dataset for simulation pur-
poses. Here, instead, we aim to predict only foreigners using the SAE model. Therefore, we
have to follow the procedure outlined above to select the distribution that best fits this specific sub-
sample of the HBS.

We begin by comparing several potential alternative distributions (see Table 1 for the potential
distributions) based on the GAIC, using penalty values of k ~ 4 and k ~ 6. These values of k are
chosen in accordance with Figure 1. The two distributions with the lowest GAIC values are the
Log-Normal and GB2. Specifically, the GB2 distribution has the lowest GAIC (~ 45,933) for
k =4, while the Log-Normal distribution has the lowest GAIC for k = 6 (~ 45,944). After incorp-
orating random effects for each parameter, we find that only those associated with the location and
scale parameters are statistically different from zero. Based on this, we conduct K-fold cross-
validation with K = 7. This choice follows Nti et al. (2021), who argue that K = 7 represents a suit-
able compromise between K = 5 and K = 10, providing faster results than the latter while ensuring
greater accuracy than the former. The results suggest that the Log-Normal distribution performs
best, with a global deviance of 42,450, compared to a global deviance of 42,842 for the GB2
distribution.

Table 6 reports the estimates of the regression parameters, the variance values of the random
effects, and the diagnostic quantile residuals. All parameters are statistically different from 0. It
is important to note here that the random effect of ¢ has a variance statistically different from
0. Only because of the random effects associated with this parameter, the estimates are different
from one area to another. To conclude, looking at the quantile residuals diagnostic, the model
seems to perform quite well.

5.1 Simplified SAE-GAMLSS estimates for foreigners

Table 7 shows the CVs for the three indices obtained with the Simplified SAE-GAMLSS estimator,
obtained assuming the Log-Normal distribution, and the Average Coefficient of Variation
Reduction (ACVR).’ The reduction in the CVs is consistent across all indices: approximately
24% for Atkinson and Theil, and more than 30% for Gini. Moreover, Figure 5 displays the
CVs through box-plots and line-plots for each area and for each index. From the box-plots, it
is evident that the Simplified SAE-GAMLSS, even without covariates, is able to outperform the
Direct estimator. The line-plots highlight that in each area and for each index, the CV is lower
for the Simplified SAE-GAMLSS than for the Direct estimator. As noted in the simulation, here
again, the difference between the CV of direct estimates and the CV of Simplified

_ CV(HE-GAMLSS)) )
(:V(Hj‘")

> ACVR is defined as: ACVR = %Z’izl (1 % 100. Where the superscript SSAE-GAMLSS or dir

indicates that the consider quantity is the CV computed for SSAE-GAMLSS or Direct estimator.
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Table 6. Summary of simplified SAE-GAMLSS regression and quantile residuals diagnostic.

Regression parameters

B 6.660
i —0.715%
Variance of random effect

3/% 0.222%*
3 0223+
Quantile residuals diagnostic

Mean —-0.0011
Variance 1.000
Skewness 0.304
Kurtosis 3.1

Note. Signif. codes: 0 **0.001 **0.01 *0.05.

Table 7. Summary of coefficient of variation for simplified SAE-GAMLSS estimates for the three inequality indices
over the 49 areas (foreigners, %)

Index Min. 25° Perc. Median Mean 75° Perc. Max. ACVR
Atkinson 4.0 11.9 14.8 17.5 21.9 35.5 24.3
Gini 3.8 6.3 7.9 9.5 11.9 23.01 30.6
Theil 4.0 12.4 15.2 18.8 23.00 40.28 24.7

SAE-GAMLSS is lower, the higher the sample size, and the difference becomes negligible for high
n;. The line-plots, also have two horizontal lines which, according to Statistics-Canada (2007), de-
lineate three areas of the plot: (i) reliable estimates under the solid line (CV < 16.6%), (ii) quite
reliable estimates to be used with warning between the solid and the dashed line
(16.6 < CV < 33.3%), and (iii) unreliable estimates above the dashed line (CV > 33.3%).
Overall, by considering all the indices, using the Direct estimator results in 17% of the estimates
being unreliable and 38 % of the estimates requiring a warning. By using Simplified SAE-GAMLSS,
these two values, the percentage of areas with unreliable estimates and those with ‘warning’ esti-
mates, decrease to 7% and 20 %, respectively. In particular, the figure clearly shows the Gini index
yields the best results. In fact, when using Simplified SAE-GAMLSS, only one area (the one with
the lowest sample size) exceeds the 16.6% threshold.

5.2 A comparison of inequality between Italians and foreigners

Djajic (2003) and Barigozzi and Speciale (2011) highlight the significance of consumption patterns
as a crucial aspect of immigrants’ integration into their host community. As immigrants become
more closely aligned with the native population, their integration in terms of consumption can un-
lock various market and social prospects for them. Extending this consideration to the inequality
measures obtained by consumption data, we compare the three inequality indices for foreigners
with those of Italians.

Figures 6, 7, and 8 show the choropleth maps of the estimates of the Atkinson, Gini, and relative
Theil indices for Italians and for foreigners. In particular, we report the relative Theil index com-
puted by dividing the Theil index by its maximum possible value (log (N;)), where N; is the sample
size in each area.® This allows for more meaningful comparisons across areas and with other in-
equality indices. Tables A1, A2, and A3 in Appendix A report the estimated values and CVs of the
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Figure 5. Comparison of the coefficient of variation. The horizontal lines delineate three areas of the plot: (i) reliable
estimates under the solid line (CV < 16.6%), (i) estimates with warning between the solid and the dashed line
(16.6 < CV < 33.3%), and (iii) unreliable estimates above the dashed line (CV > 33.3%) (Statistics-Canada, 2007).

indices for all areas. Table A4, also in Appendix A, presents the estimates of the relative Theil in-
dex. Since this index is a rescaled version of the original Theil index, the CVs remain unchanged
and are therefore the same as those reported in Table A3.

The range for foreigners for the three indices is, respectively, 0.05-0.30, 0.18-0.45, and 0.00-
0.03 while for Italians it is 0.07-0.17, 0.22-0.34, and 0.00-0.02. The heterogeneity between areas
is more evident when considering the urban, peri-urban, and rural areas. Specifically, although the
minimum value in these three areas remains almost unchanged, the maximum values of the indices
undergo considerable variation. For example, for the Atkinson index, in urban areas, the max-
imum for foreigners (Italians) is around 0.30 (0.17), decreasing to 0.19 (0.14) in peri-urban areas
and reaching a value of 0.16 (0.15) in rural areas. For the Gini index the same quantities values:
0.45, 0.35, and 0.32 for foreigners and 0.34, 0.31, and 0.31 for Italians. The relative Theil index
has smaller values given that are narrowed down by the logarithm of the sample size.

In general, inequality, as measured by all indices, tends to be higher in urban areas compared to
the other two types of areas. The disparity between foreigners and Italians is particularly pro-
nounced in urban settings. Specifically, all indices indicate that inequality tends to be greater
among foreigners than among Italians in the northern regions of Italy, whereas in the southern re-
gions, it is higher among Italians. For instance, the metropolitan area of Turin records the highest
values across all three indices (Atkinson = 0.30, Gini =~ 0.45, and relative Theil ~ 0.03). In con-
trast, for Italians, the Gini index is approximately 0.25, while the other two indices remain below
0.15. However, in the southern regions, the estimates reveal a markedly different trend, where in-
equality is often greater among Italians than among foreigners.

Shifting the focus to peri-urban areas, all the indices, highlight that differences between the
two groups are less pronounced. Among foreigners, the three indices follow a similar path from

€ The sample size N; for each area can be obtained from the official ISTAT website.
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(a) SSAE-GAMLSS, Foreigner (b) Direct, Italian
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Figure 6. Estimates of the Atkinson index for Foreigners and Italians.

North to South as observed in urban areas. Furthermore, the gap between the two groups is
narrower.

In rural areas, indices are nearly identical to those in peri-urban areas for Italians. However, for
foreigners, inequalities slightly increase. There is no clear order of magnitude between rural and
peri-urban areas; in some regions, inequality is greater in peri-urban areas, while in others, it is
higher in rural areas.

In summary, inequality is generally higher in urban areas, especially among foreigners, with the
North showing greater disparities for foreigners and the South for Italians. In peri-urban and rural
areas, differences between groups are less pronounced, though slight increases in inequality among
foreigners are observed in rural settings.

Let us analyse some specific areas, beginning with the two regions of Apulia and Campania in
southern Italy. The urban areas of Bari and Naples consistently exhibit the lowest levels of inequal-
ity across all indices for foreigners, with disparities increasing in peri-urban areas and further es-
calating in rural areas. In rural areas, the Atkinson and relative Theil indices are substantially
higher than in their urban counterparts. The Gini index in Bari (Apulia) is six percentage points
lower than in the rural areas of the same region.

For Italians, the Atkinson index indicates very similar levels of inequality across the areas.
Meanwhile, in Apulia, the Gini and relative Theil indices show nearly identical values in the three
areas, whereas in Campania, higher inequality is observed in the urban area.

This disparity can be explained by the significant reliance on foreign labour, which is frequently
employed in manual tasks, particularly in the rural areas of these two regions. This is especially
evident in roles such as seasonal fruit and vegetable harvesting. Conversely, the metropolitan areas
of these regions host two of the largest ports in the Mediterranean. In these areas, foreign workers
tend to hold more skilled positions, which are consequently better compensated. This, in turn, has
a noticeable impact on consumption inequality.
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(a) SSAE-GAMLSS, Foreigner (b) Direct, Italian
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Figure 7. Estimates of the Gini index for Foreigners and Italians.

In the southern part of Italy, Sicily warrants special attention. This region exhibits an intriguing
pattern of inequality among foreigners, with relatively low inequality levels in peri-urban areas
(approximately 0.08 for the Atkinson, 0.0071 for the relative Theil indices, and 0.23 for the
Gini index). However, two important considerations should be noted. First, due to its geograph-
ical location, Sicily is often chosen by migrants as an initial point of arrival, though it is not neces-
sarily their preferred region for long-term settlement. Second, Sicily is unique in being the only
region with more than one metropolitan city, hosting three in total. The presence of these three
metropolitan areas considerably extends the urban space, resulting in a vast peri-urban zone
and leaving only a limited portion of the territory classified as rural. For Italians, the Atkinson in-
dex shows lower values in rural areas, increases in peri-urban zones, and rises further in urban
areas.

Finally, we focus on the analysis of the Lombardy region in northern Italy. In the metropolitan
area of Milan, the Atkinson index stands at 0.13 for foreigners and 0.15 for Italians, while the Gini
index is 0.30 and 0.31, respectively. While inequality decreases for both groups in peri-urban
areas, the trend diverges in rural areas. Among foreigners, the Atkinson in rural areas is approxi-
mately 0.15, while the Gini index reaches 0.31, consistently higher than in urban areas and also
exceeding the corresponding inequality indices for Italians in rural areas. An examination of the
relative Theil index yields a similar conclusion: inequality declines for both foreigners and
Italians in peri-urban areas, rising modestly in rural areas and more substantially in urban areas.

These are just a few examples of the conclusions that can be drawn from these estimates, which
cannot be fully grasped without taking into account SAE.

6 Conclusion and policy implication

This article presents a Simplified variant of the SAE-GAMLSS unit-level model. Within this frame-
work, the article outlines a method for generating small area predictions for three inequality
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(&) SSAE-GAMLSS, Foreigner (b) Direct, Italian
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Figure 8. Estimates of the Relative Theil index for Foreigners and Italians.

indices: Gini, Theil, and Atkinson. In addition, the article explores the application of a non-
parametric bootstrap approach to estimate the MSE associated with these predictions.

The Simplified SAE-GAMLSS proves particularly valuable in two distinct scenarios: (i) when
researchers or official statistics lack access to covariate data due to privacy constraints and (ii)
when researchers seek to obtain estimates while minimizing computational complexity and effort.

Our results indicate that the proposed estimator effectively reduces the variability of the Direct
estimator. Furthermore, when comparing the Simplified SAE-GAMLSS to the SAE-GAMLSS, the
former exhibits a satisfactory performance, as expected, given that it does not incorporate cova-
riates. A particularly interesting development for future research would be to compare the
Simplified SAE-GAMLSS with other non-Normal models, such as Diallo and Rao (2018), which
assumes a Skew-Normal distribution, or with non-parametric and semi-parametric models, such
as those proposed by Chambers and Tzavidis (2006); Opsomer et al. (2008). Furthermore, more
in-depth analyses on the use of non-normal bootstrap confidence intervals are necessary.

Leveraging the Simplified SAE-GAMLSS, we proceed to estimate the three inequality indices for
both Italian and foreign citizens across urban, peri-urban, and rural areas within administrative
Regions. The resulting maps reveal substantial heterogeneity among the defined domains. The es-
timates of the Atkinson index for urban, peri-urban, and rural areas, obtained in the article, can be
used to formulate location-specific policies aimed at promoting equity.

Regions generally show that migrants have higher levels of inequality than the native popula-
tion, especially in urban areas. The aim of reducing this gap can be an important policy objective
to resolve tensions between groups and to promote integration between them.

From an applied point of view the areas that deserves more attention are certainly those in the
South of Italy, in particular the rural area of Apulia. These areas are sadly notorious for the ex-
ploitation of migrants in the agricultural sector (Caterina & Berti, 2015).

A medical reason could serve as a suggestion for future research directions. According to
Hamilton and Kawachi (2013), there is evidence that the degree of economic inequality within
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an area has a detrimental effect on health at the individual level. Building on this study, and rec-
ognizing that the Italian healthcare system is decentralized, with significant autonomy granted to
the Regions, a potential area for future research is to examine changes in health expenditure by
analysing consumption data and testing the association with inequality indices. An additional
study could examine whether economic migration within Italy, generally from areas with a higher
Atkinson index to those with a lower index, leads to improvements not only in economic but also
in health outcomes.
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Appendix

Table A1. Estimates of Atkinson index and coefficients of variation

Area Foreigners CV Foreigners Italians CV Italians
Piedmont (urban, Turin) 0.30 13.00 0.13 6.75
Piedmont (peri-urban) 0.08 23.00 0.10 6.27
Piedmont (rural) 0.12 12.47 0.15 6.08
Aosta Valley (rural) 0.13 14.80 0.13 4.59
Lombardy (urban, Milan) 0.13 20.38 0.15 8.06
Lombardy (peri-urban) 0.10 35.51 0.14 4.28
Lombardy (rural) 0.14 12.71 0.11 2.79

(continued)
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Table A1. Continued

Area Foreigners CV Foreigners Italians CV Italians
Emilia Romagna (urban, Bologna) 0.14 15.21 0.08 10.73
Emilia Romagna (peri-urban) 0.12 11.84 0.11 5.60
Emilia Romagna (rural) 0.14 27.59 0.10 4.74
Friuli Venezia Giulia (peri-urban) 0.09 13.72 0.13 7.66
Friuli Venezia Giulia (rural) 0.10 20.60 0.10 5.51
Lazio (urban, Rome) 0.09 12.13 0.14 3.59
Lazio (peri-urban) 0.06 21.96 0.10 5.83
Lazio (rural) 0.05 33.86 0.12 4.73
Liguria (urban, Genoa) 0.13 33.30 0.12 5.21
Liguria (peri-urban) 0.14 35.04 0.12 7.48
Liguria (rural) 0.10 11.80 0.15 8.35
Marche (peri-urban) 0.07 16.02 0.10 11.53
Marche (rural) 0.16 22.40 0.11 5.51
Molise (rural) 0.09 33.49 0.12 3.78
Apulia (urban, Bari) 0.10 20.58 0.11 9.31
Apulia (peri-urban) 0.13 26.85 0.12 5.89
Apulia (rural) 0.15 22.41 0.12 4.87
Sardinia (urban, Cagliari, and Sassari) 0.10 13.78 0.16 9.22
Sardinia (peri-urban) 0.16 11.23 0.11 7.49
Sardinia (rural) 0.11 12.61 0.12 6.18
Sicily (urban, Palermo, Catania, and Messina) 0.14 32.41 0.15 5.37
Sicily (peri-urban) 0.08 25.02 0.13 4.99
Sicily (rural) 0.12 17.13 0.13 4.43
Tuscany (urban, Florence) 0.14 14.93 0.16 7.21
Tuscany (peri-urban) 0.08 16.05 0.11 6.10
Tuscany (rural) 0.12 16.93 0.12 5.59
Trentino South-Tyrol (peri-urban) 0.11 11.30 0.11 3.57
Trentino South-Tyrol (rural) 0.10 11.90 0.11 5.23
Umbria (peri-urban) 0.11 11.91 0.10 5.45
Umbria (rural) 0.09 13.40 0.09 6.09
Veneto (urban, Venice) 0.07 10.87 0.13 13.74
Veneto (peri-urban) 0.11 15.11 0.11 5.84
Veneto (rural) 0.14 18.31 0.12 4.07
Abruzzo (peri-urban) 0.16 12.12 0.07 11.46
Abruzzo (rural) 0.08 10.60 0.13 5.31
Basilicata (peri-urban) 0.07 9.81 0.11 10.24
Basilicata (rural) 0.07 13.45 0.09 5.02
Calabria (peri-urban) 0.11 8.63 0.14 6.22
Calabria (rural) 0.08 12.28 0.14 3.90
Campania (urban, Naples) 0.10 4.00 0.17 7.22
Campania (peri-urban) 0.12 11.54 0.15 4.26
Campania (rural) 0.13 11.58 0.15 3.62

Note. For the Urban areas has been reported the names of the metropolitan cities as well.
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Table A2. Estimates of Gini index and coefficients of variation

Mori and Ferrante

Area Foreigners CV Foreigners Italians CV Italians
Piedmont (urban, Turin) 0.45 2.02 0.25 3.50
Piedmont (peri-urban) 0.23 2.82 0.28 3.35
Piedmont (rural) 0.27 6.72 0.31 3.37
Aosta Valley (rural) 0.29 9.68 0.29 2.49
Lombardy (urban, Milan) 0.30 11.10 0.31 4.48
Lombardy (peri-urban) 0.25 16.98 0.25 2.28
Lombardy (rural) 0.31 6.82 0.27 1.51
Emilia Romagna (urban, Bologna) 0.31 10.31 0.23 5.94
Emilia Romagna (peri-urban) 0.28 6.29 0.26 2.75
Emilia Romagna (rural) 0.30 14.91 0.25 2.48
Friuli Venezia Giulia (peri-urban) 0.25 6.72 0.29 4.20
Friuli Venezia Giulia (rural) 0.26 10.76 0.25 2.86
Lazio (urban, Rome) 0.24 7.84 0.31 1.96
Lazio (peri-urban) 0.20 10.47 0.25 2.98
Lazio (rural) 0.18 16.16 0.27 2.51
Liguria (urban, Genoa) 0.29 17.05 0.28 2.71
Liguria (peri-urban) 0.31 17.73 0.27 4.38
Liguria (rural) 0.26 7.03 0.31 4.61
Marche (peri-urban) 0.21 8.98 0.24 6.00
Marche (rural) 0.32 11.89 0.27 2.93
Molise (rural) 0.24 17.30 0.28 2.04
Apulia (urban, Bari) 0.25 10.41 0.28 4.99
Apulia (peri-urban) 0.29 12.50 0.28 2.76
Apulia (rural) 0.31 11.94 0.28 2.57
Sardinia (urban, Cagliari, and Sassari) 0.25 7.01 0.32 5.15
Sardinia (peri-urban) 0.32 5.68 0.26 3.95
Sardinia (rural) 0.27 6.54 0.28 3.25
Sicily (urban, Palermo, Catania, and Messina) 0.30 16.36 0.32 2.91
Sicily (peri-urban) 0.23 12.08 0.30 2.67
Sicily (rural) 0.28 9.35 0.29 2.41
Tuscany (urban, Florence) 0.30 7.77 0.32 3.91
Tuscany (peri-urban) 0.22 8.50 0.26 3.14
Tuscany (rural) 0.28 8.39 0.27 2.72
Trentino South-Tyrol (peri-urban) 0.27 6.24 0.29 2.80
Trentino South-Tyrol (rural) 0.31 5.61 0.27 1.92
Umbria (peri-urban) 0.27 6.26 0.28 2.96
Umbria (rural) 0.24 6.83 0.26 3.17
Veneto (urban, Venice) 0.22 5.57 0.29 8.03
Veneto (peri-urban) 0.26 7.64 0.26 3.14
Veneto (rural) 0.30 8.59 0.27 2.10
Abruzzo (peri-urban) 0.35 5.90 0.22 6.03
Abruzzo (rural) 0.23 5.55 0.29 2.92
Basilicata (peri-urban) 0.21 5.1 0.26 5.35

(continued)

Gz0Z 1890190 /0 U0 Jasn Og eibojooisd diq Aq $562.28/L 1 Lieub/esssiliee0l 01 /1op/ejonie-aoueApe/esssiljwoo dno-oliwapese//:sdiy Woll papeojumoc]



J R Stat Soc Series A: Statistics in Society, 2025, Vol. XX, No. XX 25
Table A2. Continued

Area Foreigners CV Foreigners Italians CV Italians
Basilicata (rural) 0.21 6.74 0.24 2.68
Calabria (peri-urban) 0.27 4.51 0.31 3.43
Calabria (rural) 0.23 6.40 0.31 2.12
Campania (urban, Naples) 0.25 3.95 0.34 3.94
Campania (peri-urban) 0.26 5.82 0.29 2.25
Campania (rural) 0.28 5.64 0.29 1.96
Note. For the Urban areas has been reported the names of the metropolitan cities as well.

Table A3. Estimates of Theil index and coefficients of variation

Area Foreigners CV Foreigners Italians CV Italians
Piedmont (urban, Turin) 0.36 4.21 0.11 8.52
Piedmont (peri-urban) 0.08 5.79 0.13 6.86
Piedmont (rural) 0.12 13.00 0.17 7.23
Aosta Valley (rural) 0.13 14.93 0.14 5.40
Lombardy (urban, Milan) 0.15 21.72 0.16 9.10
Lombardy (peri-urban) 0.10 40.28 0.10 4.79
Lombardy (rural) 0.15 13.96 0.12 3.27
Emilia Romagna (urban, Bologna) 0.16 15.31 0.09 11.17
Emilia Romagna (peri-urban) 0.12 12.37 0.12 5.64
Emilia Romagna (rural) 0.15 29.01 0.11 5.89
Friuli Venezia Giulia (peri-urban) 0.10 15.19 0.14 9.47
Friuli Venezia Giulia (rural) 0.11 22.57 0.11 6.59
Lazio (urban, Rome) 0.10 12.23 0.15 4.42
Lazio (peri-urban) 0.06 23.89 0.10 6.47
Lazio (rural) 0.05 36.77 0.12 5.75
Liguria (urban, Genoa) 0.14 36.98 0.13 6.59
Liguria (peri-urban) 0.15 38.29 0.12 8.69
Liguria (rural) 0.11 12.01 0.17 10.67
Marche (peri-urban) 0.07 16.55 0.10 15.83
Marche (rural) 0.17 23.30 0.12 6.39
Molise (rural) 0.10 35.16 0.13 4.37
Apulia (urban, Bari) 0.10 22.38 0.12 10.14
Apulia (peri-urban) 0.14 30.02 0.13 6.01
Apulia (rural) 0.16 23.27 0.13 5.95
Sardinia (urban, Cagliari, and Sassari) 0.10 14.38 0.17 10.22
Sardinia (peri-urban) 0.17 12.06 0.11 8.90
Sardinia (rural) 0.12 13.57 0.13 7.87
Sicily (urban, Palermo, Catania, and Messina) 0.15 33.45 0.17 6.87
Sicily (peri-urban) 0.08 26.76 0.14 5.44
Sicily (rural) 0.13 20.61 0.14 5.68

(continued)

Gz0Z 1890190 /0 U0 Jasn Og eibojooisd diq Aq $562.28/L 1 Lieub/esssiliee0l 01 /1op/ejonie-aoueApe/esssiljwoo dno-oliwapese//:sdiy Woll papeojumoc]



26

Table A3. Continued

Mori and Ferrante

Area Foreigners CV Foreigners Italians CV Italians
Tuscany (urban, Florence) 0.15 15.36 0.17 8.08
Tuscany (peri-urban) 0.08 16.84 0.11 6.93
Tuscany (rural) 0.13 17.91 0.12 6.10
Trentino South-Tyrol (peri-urban) 0.12 12.32 0.14 6.26
Trentino South-Tyrol (rural) 0.15 12.18 0.12 4.03
Umbria (peri-urban) 0.11 12.60 0.13 6.09
Umbria (rural) 0.10 14.23 0.11 7.41
Veneto (urban, Venice) 0.08 11.59 0.14 15.64
Veneto (peri-urban) 0.11 16.07 0.12 6.65
Veneto (rural) 0.15 21.00 0.12 5.00
Abruzzo (peri-urban) 0.21 13.42 0.08 13.33
Abruzzo (rural) 0.08 11.22 0.14 6.41
Basilicata (peri-urban) 0.07 10.53 0.11 10.42
Basilicata (rural) 0.07 14.58 0.10 5.61
Calabria (peri-urban) 0.12 9.28 0.15 7.21
Calabria (rural) 0.08 13.03 0.15 4.42
Campania (urban, Naples) 0.10 8.42 0.20 9.53
Campania (peri-urban) 0.11 12.15 0.13 4.43
Campania (rural) 0.13 12.35 0.14 4.33
Note. For the Urban areas has been reported the names of the metropolitan cities as well.

Table A4. Estimates of Relative Theil index and coefficients of variation

Area Foreigners CV Foreigners Italians CV Italians
Piedmont (urban, Turin) 0.0302 4.21 0.0083 8.52
Piedmont (peri-urban) 0.0070 5.79 0.0097 6.86
Piedmont (rural) 0.0103 13.00 0.0114 7.23
Aosta Valley (rural) 0.0159 14.93 0.0117 5.40
Lombardy (urban, Milan) 0.0125 21.72 0.0114 9.10
Lombardy (peri-urban) 0.0080 40.28 0.0067 4.79
Lombardy (rural) 0.0116 13.96 0.0076 3.27
Emilia Romagna (urban, Bologna) 0.0152 15.31 0.0074 11.17
Emilia Romagna (peri-urban) 0.0115 12.37 0.0087 5.64
Emilia Romagna (rural) 0.0147 29.01 0.0087 5.89
Friuli Venezia Giulia (peri-urban) 0.0082 15.19 0.0104 9.47
Friuli Venezia Giulia (rural) 0.0084 22.57 0.0072 6.59
Lazio (urban, Rome) 0.0091 12.23 0.0124 4.42
Lazio (peri-urban) 0.0054 23.89 0.0075 6.47
Lazio (rural) 0.0047 36.77 0.0091 5.75
Liguria (urban, Genova) 0.0149 36.98 0.0103 6.59
Liguria (peri-urban) 0.0142 38.29 0.0091 8.69

(continued)
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Table A4. Continued

Area Foreigners CV Foreigners Italians CV Italians
Liguria (rural) 0.0102 12.01 0.0131 10.67
Marche (peri-urban) 0.0057 16.55 0.0072 15.83
Marche (rural) 0.0139 23.30 0.0083 6.39
Molise (rural) 0.0088 35.16 0.0099 4.37
Apulia (urban, Bari) 0.0088 22.38 0.0084 10.14
Apulia (peri-urban) 0.0110 30.02 0.0092 6.01
Apulia (rural) 0.0152 23.27 0.0104 5.95
Sardinia (urban, Cagliari, and Sassari) 0.0093 14.38 0.0128 10.22
Sardinia (peri-urban) 0.0176 12.06 0.0094 8.90
Sardinia (rural) 0.0101 13.57 0.0096 7.87
Sicily (urban, Palermo, Catania, and Messina) 0.0119 33.45 0.0114 6.87
Sicily (peri-urban) 0.0071 26.76 0.0100 5.44
Sicily (rural) 0.0112 20.61 0.0100 5.68
Tuscany (urban, Florence) 0.0141 15.36 0.0135 8.08
Tuscany (peri-urban) 0.0073 16.84 0.0083 6.93
Tuscany (rural) 0.0133 17.91 0.0097 6.10
Trentino South-Tyrol (peri-urban) 0.0114 12.32 0.0104 6.26
Trentino South-Tyrol (rural) 0.0150 12.18 0.0082 4.03
Umbria (peri-urban) 0.0095 12.60 0.0087 6.09
Umbria (rural) 0.0113 14.23 0.0090 7.41
Veneto (urban, Venice) 0.0071 11.59 0.0102 15.64
Veneto (peri-urban) 0.0102 16.07 0.0080 6.65
Veneto (rural) 0.0161 21.00 0.0104 5.00
Abruzzo (peri-urban) 0.0218 13.42 0.0062 13.33
Abruzzo (rural) 0.0079 11.22 0.0108 6.41
Basilicata (peri-urban) 0.0063 10.53 0.0077 10.42
Basilicata (rural) 0.0074 14.57 0.0070 5.61
Calabria (peri-urban) 0.0108 9.28 0.0112 7.21
Calabria (rural) 0.0071 13.02 0.0104 4.42
Campania (urban, Naples) 0.0110 8.42 0.0164 9.53
Campania (peri-urban) 0.0109 12.15 0.0106 4.43
Campania (rural) 0.0162 12.35 0.0097 4.33

Note. For the Urban areas has been reported the names of the metropolitan cities as well.
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