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S U M M A R Y 

The earthquake size distribution is well described by the Gutenberg Richter Law, controlled by 

the b -value parameter. In recent decades, a great variety of methods for estimating the b -value 
have been proposed by the scientific community, despite the simplicity of this relationship. 
All these methods underlie the different views of individual modellers and, therefore, often 

generate inconsistent results. In this study, we perform a seismological experiment in which we 
compare dif ferent, commonl y adopted, methodolo gies, to estimate the completeness magnitude 
and the b -value, for seismicity in Central Italy. The intermethod differences are on average 
equal to 0.4 and 0.3, for Mc and b , respecti vel y, but reach much larger v alues, especiall y during 

more intense seismic activity. This shows that epistemic uncertainty in the b -value plays a more 
crucial role than intramethod uncertainties, opening ne w perspecti ves in the interpretation of 
discrepant, single studies. 

Key words: Statistical methods; Earthquake hazards; Statistical seismology. 

1

T  

&  

f  

t  

f  

(  

i  

f  

G
 

t  

a  

o  

c  

c  

e  

M  

2  

b  

w  

c
 

b  

o  

p  

a  

e  

a  

o  

A  

t  

t  

i  

c

D
ow

nloaded from
 https://academ

ic.oup.com
/gji/article/242/2/ggaf193/8152189 by U

niversita Bologna Biblioteca user on 24 July 2025
.  I N T RO D U C T I O N  

he b-value of the Gutenberg–Richter (GR) relationship (Ishimoto
 Iida 1939 ; Gutenberg & Richter 1944 ) is a measure of the relative

requency of large versus small earthquakes. It has been proposed
hat it changes with differential stress (Mogi 1962 ; Scholz 1968 ),
ocal depth (Gerstenberger et al. 2001 ) and tectonic framework
Schorlemmer et al. 2005 ; Petruccelli et al. 2019 ) and monitoring
ts evolution over time has received increased amounts of attention
or the purpose of earthquake forecasting (Gulia & Wiemer 2019 ;
ulia et al. 2024 ). 
Ho wever , genuine and artificial b -value changes are often difficult

o distinguish, due to the many factors affecting calculations, such
s magnitude binning and measurement errors, sample size, width
f the range covered by magnitude data, mixing of magnitude types,
hanges in seismic network detection, under or overestimation of
ompleteness magnitude ( Mc ) and the presence of non-tectonic
vents (Kagan 1999 ; Wiemer & Baer 2000 ; Wiemer & Wyss 2000 ;
C © The Author(s) 2025. Published by Oxford University Press on behalf of The R
article distributed under the terms of the Creative Commons Attribution License (
permits unrestricted reuse, distribution, and reproduction in any medium, provided
arzocchi & Sandri 2003 ; Amor èse et al. 2010 ; Gulia & Gasperini
021 ; Geffers et al. 2022 ). Each of these points may interfere with
 estimation, producing significant bias and misunderstood results,
hich have been widely discussed and quantified by the scientific

ommunity. 
In particular, Mc is a crucial parameter for the estimation of the

 -value: a too low estimated value of Mc gives a biased estimate
f b , since we are attempting to fit a po wer-la w model to non-
o wer-la w data. On the other hand, a too high value of Mc throws
way legitimate magnitude data, affecting accuracy and precision in
stimating b : if b = 1, an increase of 0.5 for Mc means a reduction of
 factor of approximately 3 in sample size, the consequent increase
f a factor close to 1.7 in b -value error (Aki 1965 ; Shi & Bolt 1982 ;
mor èse et al. 2010 ) and more biased estimation of b , especially if

he dynamic range (i.e. the range covered by magnitude data, after
he Mc e v aluation) is less than 2.0 (Geffers et al. 2022 , 2023 ), as
s often the case when the catalogue is divided into spatiotemporal
ells. 
oyal Astronomical Society. This is an Open Access 
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Despite the considerable interest and intense debate on how to 
correctly estimate the parameters of the GR relationship (including 
Mc ), a great variety of methods still remain in current use, even 
after years of attempted improv ement, rev ealing that the question 
is far from being answered (Aki 1965 ; Utsu 1965 ; Bender 1983 ; 
Tinti & Mulargia 1987 ; Ogata & Katsura 1993 ; Wiemer & Wyss 
2000 ; Cao & Gao 2002 ; Woessner & Wiemer 2005 ; Amor èse 2007 ; 
Leptokaropoulos et al. 2013 ; Tormann et al. 2014 ; Han et al. 2015 ; 
Corral & Gonz ález 2019 ; Hermann & Marzocchi 2021 ; van der Elst 
2021 ; Tinti & Gasperini 2024 and many others). The coexistence 
of such many methods generates the dissemination of ambiguous, 
if not conflicting, results on these topics by the scientific commu- 
nity. An example of this is the man y v aluable papers addressing 
the b-value computations and variations in the Central Italy region, 
especially with reference to the 2009 L’Aquila and the 2016 Central 
Italy sequences (e.g. Papadopoulos et al. 2010 ; De Gori et al. 2012 ; 
Sugan et al. 2014 ; Gulia et al . 2016 ; Gulia & Wiemer 2019 ; Her- 
mann & Marzocchi 2021 ; van der Elst 2021 ; Lacidogna et al. 2023 ; 
Lombardi 2023 , 2024 and many others). The conclusions of these 
papers go from the denial of any b -value variation, both out and dur- 
ing seismic sequences, to the statement that b changes may be used 
as precursors of near future large e vents. Certainl y, se veral factors 
may be responsible for these different findings, such as the choice of 
data and of methods used for processing (Rhoades 1996 ; Marzocchi 
& Sandri 2003 ; Mignan & Woessner 2012 ; Kamer & Hiemer 2015 ; 
Leptokaropoulos et al. 2018 ; Marzocchi et al. 2020 ; Geffers et al. 
2022 , 2023 ) or criteria applied to detect possible b-value changes 
(Shi & Bolt 1982 ; Smyth & Mori 2009 ; Amor èse et al. 2010 ; Her- 
mann et al. 2022 ), since statistical tests are rarely implemented to 
assess the significance of the observed differences. Less attention 
has been given to the impact that the choice of parameter (both Mc 
and b ) estimation method has on the results (Woessner & Wiemer 
2005 ; Zhou et al. 2018 ; Pavlenko & Zavyalov 2022 ), and this paper 
intends to provide a contribution in this respect. 

Comparing and testing the published b -value estimation method- 
olo gies is dif ficult because dif ferent studies use dif ferent data, re- 
gions and timescales and, above all, because they are based on 
different hypotheses, going from the empirical log-linearity of the 
cumulative number of events to well-defined probability distribu- 
tions for magnitudes, such as the exponential or the geometric ones. 
Therefore, each of these methods not only allows us to quantify the 
aleatoric uncertainty in the earthquake magnitude distribution, due 
to the inherent stochasticity of underlying physical processes, but 
also represents the perception and the knowledge of the problem 

b y indi vidual modellers. Therefore, the treatment of and the sen- 
siti vity anal ysis to this epistemic uncer tainty play cr ucial roles in 
understanding the results of individual analyses. The best way to 
judge how this subjective knowledge affects results is to compare 
different estimation methods under a controlled environment, where 
pre-defined conditions on data are given to all modellers. 

This study presents a collaborative experiment in which 19 differ- 
ent algorithms for estimating Mc and b parameters are compared. We 
quantify how much the estimates vary across different procedures 
and compare these differences with the uncertainties in individual 
estimates, provided by each algorithm, to quantify how much the 
choice of an estimation method (for both Mc and b ) may affect 
the b -value computation and the interpretation of possible b -value 
v ariations. Specificall y, in this paper we (1) quantify the sensitivity 
of Mc and b estimates (marked by Mc and b̄ , respectively, in the 
following) to the adopted estimation method; (2) investigate how 

much Mc affects the b -value estimation and (3) compare the b -value 
sensitivity with the uncertainty in b̄ , provided by each method. 
This study aimed to compare the different methodologies but 
did not employ any ranking strate gy. Moreov er , our w ork does not 
intend to include all possible published methodologies: the partic- 
ipants were left free to adopt the algorithms with which they are 
more familiar. Finally, it does not face the question of possible 
spatiotemporal variation in b and of related physical interpretation. 

The paper is structured as follows: (1) introduce the data and 
the details of the experiment; (2) provide a short description of the 
methodologies used to determine the Mc and b estimates; (3) com- 
pare and discuss the results, based on the aims pre viousl y described. 

2 .  DATA  A N D  D E F I N I T I O N  O F  T H E  

S E N S I T I V I T Y  E X P E R I M E N T  

In this study, we analyse the data collected in the Italian Seismic 
Bulletin (BSI, Bollettino Sismico Italiano; http://terremoti.ingv.it/ 
en/iside; http://terremoti.ingv.it/en/bsi ) of the Istituto Nazionale di 
Geofisica e Vulcanologia (INGV), which refer to earthquakes oc- 
curring inside the Central Italy (CI) region (Fig. 1 ). This zone was 
struck by two important seismic sequences: the 2009 L’Aquila (main 
event 2009 April 6, ML5.9, M w 6.1) and the 2016–2017 Central Italy 
(main event 2016 October 30, ML6.1, M w 6.5) sequences (Fig. 1 ). 

We identify a collection [42.6 ′ –43.18 ′ N, 12 ◦28 ′ –13 ◦56 ′ E] and a 
target [42 ◦12 ′ –43 ◦12 ′ N, 12 ◦36 ′ –13 ◦48 ′ E] (marked by dotted lines 
in Fig. 1 ) regions for our analysis. The algorithms select the earth- 
quakes from the larger collection region as input data for their 
estimations within the testing region to minimize the boundary ef- 
fect. We remove from the BSI data both the artificial events and 
the natural events for which only the Md value is available (607 
ev ents abov e ML1.0 by the Md/ML relation of Gasperini et al. 
2013 ), in order to select data with homogeneous magnitudes. We 
select 150 503 events in the collection region, with depths less than 
40 km and local magnitudes (ML) above 1.0, from 2005 April 16 
(when the completely reorganized National Seismic Network of the 
INGV came into operation; Amato & Mele 2008 ) to 2021 December 
31. We divide the selected catalogue into overlapping (in time and 
space) subsamples, for which any modeller must provide Mc and 
b. The subsampling method consists of defining temporally inter- 
secting samples of N tw = 5000 ev ents, mov ed forward by N s = 500 
events through the catalogue. Calculations are made by dividing the 
CI target region by a 0.05 ◦×0.05 ◦ grid and computing the b-value 
for the events occurred in an area of R = 10 km of radius around 
each node of the grid. The outermost cells have the central nodes 
on the border of the target region. In this way, the Mc and b -value 
maps are not equally distributed in time, since they follow the tem- 
poral evolution of seismicity. The sampling method identified 292 
temporal windows and 525 nodes, for a total of 153 300 possible 
joint Mc and b estimations. In the Supplementary Information we 
provide the list of the 525 grid nodes and the list of the occurrence 
times of the first and the last event for the 292 temporal windows. 

3 .  OV E RV I E W  O F  M E T H O D O L O G I E S  

In this study, we compare 19 different algorithms providing Mc and 
b e v aluations. The y use fiv e different methods to estimate Mc and 
four methods to estimate b (or slight modifications of these meth- 
ods). All these methods have been pre viousl y published; therefore, 
we provide a brief description of each of them in Appendix A and an 
overview in Table 1 . In summary, the 19 algorithms estimate Mc by 
using (a) the Maximum Curvature method (Wiemer & Wyss 2000 ), 
that does not require any hypothesis on the probability distribution 

http://terremoti.ingv.it/en/iside; http://terremoti.ingv.it/en/bsi
https://academic.oup.com/gji/article-lookup/doi/10.1093/gji/ggaf193#supplementary-data
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Figure 1. Map of the events that occurred in the Central Italy collection region, from 2005 April 16 to 2021 December 31, above 40 km in depth and with 
magnitude ML ≥ 1.0. The dashed lines delimit the target area adopted in this study. The symbol size is scaled with magnitude. The grey colour is scaled with 
the occurrence time of the events. 
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f magnitudes, or (b) b y appl ying a goodness-of-fit test on mag-
itude data for an exponential (Goodness of Fit, Wiemer & Wyss
000 ; Lilliefors test, Hermann & Marzocchi 2021 ; Variability Coef-
cient, Godano et al. 2023 ) or a geometric distribution (Normalized
istance Test, Lombardi 2021 ). Moreover, most of algorithms adopt

he maximum likelihood method to estimate b -values, under the hy-
othesis of an exponential (Utsu 1965 ) or a geometric (Tinti &
ulargia 1987 ) distribution for magnitudes, or a double exponen-

ial distribution (i.e. Laplace) for differences in magnitude between
uccessive earthquakes (van der Elst 2021 ). Only one algorithm
dopted a robust regression analysis (Han et al. 2015 ), to check the
R relationship (meant as linearity of the cumulative number of

vents on a logarithmic scale), without a specific assumption for the
agnitude distribution (see Table 1 and Appendix A for details). 
To identify such many methods, we build two types of acronyms.

he complete acronyms use M (for model) + incremental number
from 1 to 19) + abbreviation for Mc estimation approach (e.g.

axC or GoF95 per cent) + abbreviation for b estimation approach
e.g. gMLE or B + ) and are mostly used in figures and tab les, w here
ossible, to make them clearer. The short acronyms (M1, M2, M3,
tc.) are used in the text, to preserve the reading flow, and when we
annot use the complete acronyms (see Table 1 , for the association
etween the two types of acronyms). 
All the 19 algorithms differ from each other, since any two of
hem applied different procedures for estimating Mc or b (or both),
dapted different minimum sample criteria for obtaining a reliable
stimate (see Table 1 , last column), used different details of the
dopted methodology (such as the significance level of statistical
ests) or, finally, applied a different code. All working groups, which
re responsible for one or more algorithms, worked autonomously
nd were free to apply their own practices and to select the samples
atisfying the constraints required by their method; therefore, the
umber of joint Mc and b estimations changes among the methods.
oreover, for each time window, the modellers may choose to

stimate a spatiall y inv ariant (i.e. on data of the whole region) or
 spatially varying (i.e. for each node) Mc . Therefore, the methods
sed to e v aluate Mc may be divided into two classes. The first
ne, G1, is composed of six algorithms, estimating a different Mc
or each cell of the grid and each time frame (M5, M6, M7, M8,

10, M19), whereas the nine models estimating a spatial invariant
c (M9, M11, M12, M13, M14, M15, M16, M17, M18) belong

o the second group, G2. These last models estimate a different
c for each temporal window, but valid for the whole region. The

lgorithms M1, M2, M3 and M4, which are based on the b-positive
ethod (van der Elst 2021 ), do not evaluate any Mc , since M2 and

art/ggaf193_f1.eps
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Table 2a. Proportion of bins with � McC = 0, � McC ≤ 0.1 and � McC ≤
0.2, in order, for all couples of models in group G1. The pairs of models 
for which � McC > 0.2 for more than 50 per cent of bins are marked in 
boldface. 

M5 M6 M7 M8 M10 M19 

M5 2 per cent 
3 per cent 

90 per cent 

11 per cent 
25 per cent 
70 per cent 

23 per cent 
34 per cent 
83 per cent 

17 per cent 
26 per cent 
61 per cent 

4 per cent 
21 per cent 
59 per cent 

M6 – 35 per cent 
53 per cent 
93 per cent 

27 per cent 
37 per cent 
69 per cent 

7 per cent 
11 per cent 
33 per cent 

31 per cent 
45 per cent 
81 per cent 

M7 – – 4 per cent 
24 per cent 
79 per cent 

5 per cent 
9 per cent 
32 per cen t 

32 per cent 
49 per cent 
83 per cent 

M8 – – – 11 per cent 
17 per cent 
48 per cent 

13 per cent 
31 per cent 
61 per cent 

M10 – – – – 3 per cent 
11 per cent 
35 per cent 
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agnitude of maximum curvature (Wiemer & Wyss 2000 ), which,
o wever , has not to be intended as the true completeness magnitude
c . The algorithms M1, M2, M3 and M4 do not e v aluate an y Mc ,

ince they are based on the b -positive method (van der Elst 2021 ),
hich does not require a preliminary estimate of Mc . 
The only restriction given to workers was not to remove or modify

he original data. In this way, the b -values estimated by two algo-
ithms that provide the same Mc are computed exactly on the same
ata and their possible differences are ascribable only to differences
n applied methodologies. 

.  D E S C R I P T I V E  A NA LY S I S  O F  T H E  

E S U LT S  

ome general statistics on the results provided by all methods is
ummarized in Fig. 2 . The first information regards the number
f bins (on a total of 153 300) for which each algorithm provided
oint Mc and b̄ values; this differs among algorithms since these
dopted different reliability criteria to select the samples (Table 1 ).
he largest (41 024) and the smallest (13 311) numbers of joints Mc
nd b̄ are given by M14 and M10, respectively (this last considers
nly subsamples with a magnitude range � M ≥ 2.0; Fig. 2 a). The
econd smallest number of estimates (13 582) is provided by M8,
ince it analyses only bins with at least 250 events. 

The second information given in Fig. 2 (b) is the number of events
bove Mc , N [ Mc ], on which the b -value is computed, that is crucial
or the uncertainty about b̄ values. N[ Mc ] has a (right) long-tailed
istribution, with a median ranging from 123 (M9) to 367 (M8) and
eaching a few thousand events. The smallest variability of N [ Mc ]
re observed for M9 and M10. 

Fig. 2 (c) shows the variability of Mc e v aluations: M19 (for G1),
13 and M14 (for G2) provide, on a verage, low er values of Mc ,
ith a median of 1.1 (Fig. 2 c). No significant variation in the Mc
istribution was observed, if we selected only bins with N ≥ 500
nd � M ≥ 2.0 (Fig. 2 c, dashed lines), for which b̄ values are more
obust (Geffers et al . 2022 , 2023 ). M9 and M10 are exceptions
ue to the higher resolution of the statistical tests, on which they
re both based, for more robust samples. More symmetric distribu-
ions are obtained for b̄ (Fig. 2 d), with median values ranging from
.1 (M13, M14 and M19) to 1.35 (M1, M2, M3, M4). M10 and
19 provide the smallest 90 per cent confidence intervals for b̄ ,

ue to lower limits (2.0 and 1.5, respecti vel y) imposed on the mag-
itude range, � M (Table 1 ). Finally, the distribution of b -values
rovided by the b -positive strategy is shifted towards larger values
han those provided by the other algorithms (Fig. 2 d). All methods
rovide less variable b̄ for samples with N ≥ 500 and � M ≥ 2.0,
ince the overestimation ef fect, reco gnized for samples with small
izes and small dynamic ranges (Geffers et al. 2022 , 2023 ), is
inimized. 
In the Appendix, Figs A1 and A2 show the behaviour of b̄ as

 function of N [ Mc ] and � M, for all the algorithms. From these
gures, we infer that the b̄ exhibits a decreasing variability with

ncreasing N[ Mc ], as expected, but around a median value, which
iffers among the algorithms. Moreover, the already recognized
verestimation of b̄ for samples with small � M (Geffers et al .
022 , 2023 ) is associated with all methods, including the b-positive
pproach (note that M10 and M19 exclude samples with � M < 2.0
nd � M < 1.5, respecti vel y). 

.  C O M PA R I S O N  O F  M C  E S T I M AT I O N S  

irst, we compare the Mc values provided by different methods.
pecifically, we separate the algorithms in the classes G1 and G2,
ince they use different sets of data, and we investigate both the
verall differences in Mc for all algorithms ( � McO ) and the differ-
nces for all couples of algorithms ( � McC ). The algorithms M1,
2, M3 and M4 are excluded from this analysis, since they do not

rovide any estimation of Mc . 
There are 6005 spatiotemporal bins for which all 19 algorithms

rovide a joint Mc and b estimation. When we separately consider
he algorithms in G1 and G2, the numbers of bins in common are
682 and 20 877, respecti vel y. The maximum dif ference, � McO , for
 bin j in common with the Nm (6 and 9 for G1 and G2, respecti vel y)
lgorithms, is defined by 

McO 

( j ) = max 
[
M c i j , i = 1 , . . . , Nm 

]
− min 

[
M c i j , i = 1 , . . . , Nm 

]
, (1) 

here Mc ij is the value of Mc for the j -th bin, estimated by the
 -th model. � McO represents how much the estimation of Mc may
ary among the different methods. We prefer to compute the min-
ax range of Mc values, instead of the interquartile ranges, to

etter represent the real heterogeneity of methods. In this way, an
lgorithm that deviates from all the others is not considered as an
xception, or as a ‘less correct’ approach. We found that � McO
anged from 0.1 up to 2.1, for algorithms in G1, and from 0.2 up to
.6 for algorithms in G2 (Fig. 3 a). The median and the 90 ◦ percentile
f � McO were 0.5 and 0.9, respecti vel y, for both G1 and G2. � McO
alues greater than 1.0 are observed in the most intense periods of
he 2009 and 2016 sequences, for both G1 and G2; the remaining
alues of � McO do not show specific temporal features and have
 time-independent median value of 0.4–0.5 (Fig. 3 b). The spatial
istribution of the median values of � McO for the algorithms in
1 reveals larger values in the nor ther n area, hit by the 2016 Norcia

arthquake, than in the southern area, affected by the 2009 L’Aquila
equence (Figs 3 b and c). � McO depends on sample size, N , when it
anges from 500 to 1500, and on maximum magnitude, M max , when
t is between 3.0 and 4.5 (Fig. 3 d): the Spearman’s rank correlation
est (Gibbons & Chakraborti 2020 ) provides a p -value < 0.01 for
oth correlations. In the Supplementary Information we show four
ases with different � McO values ( Fig. S1 ). 

In the second type of analysis, we compare all couples of al-
orithms, separately for G1 and G2. Specifically, we compute the
elati ve dif ference b y 

M cC 

( j ) = M c 1 j − M c 2 j , (2) 

https://academic.oup.com/gji/article-lookup/doi/10.1093/gji/ggaf193#supplementary-data
https://academic.oup.com/gji/article-lookup/doi/10.1093/gji/ggaf193#supplementary-data
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Table 2b. Proportion of bins with � McC = 0, � McC ≤ 0.1 and � McC ≤ 0.2, in order, for all couples of models in group G2. The pairs of models for which 
� McC > 0.2 for more than 50 per cent of bins are marked in boldface. 

M9 M11 M12 M13 M14 M15 M16 M17 M18 

M9 2 per cent 
10 per cent 
42 per cent 

2 per cent 
10 per cent 
42 per cent 

0 per cent 
0 per cent 
5 per cent 

0 per cent 
0 per cent 
5 per cent 

0.5 per cent 
2 per cent 

14 per cent 

0.5 per cent 
2 per cent 
14 per cent 

36 per cent 
37 per cent 
73 per cent 

36 per cent 
37 per cent 
73 per cent 

M11 – 100 per cent 
100 per cent 
100 per cent 

0.7 per cent 
13 per cent 
89 per cent 

0.7 per cent 
13 per cent 
89 per cent 

17 per cent 
41 per cent 
92 per cent 

17 per cent 
41 per cent 
92 per cent 

15 per cent 
41 per cent 
94 per cent 

15 per cent 
41 per cent 
94 per cent 

M12 – – 0.7 per cent 
13 per cent 
89 per cent 

0.7 per cent 
13 per cent 
89 per cent 

17 per cent 
41 per cent 
92 per cent 

17 per cent 
41 per cent 
92 per cent 

15 per cent 
41 per cent 
94 per cent 

15 per cent 
41 per cent 
94 per cent 

M13 – – – 100 per cent 
100 per cent 
100 per cent 

46 per cent 
67 per cent 
98 per cent 

46 per cent 
67 per cent 
98 per cent 

0 per cent 
2 per cent 

30 per cent 

0 per cent 
2 per cent 
30 per cent 

M14 – – – – 46 per cent 
67 per cent 
98 per cent 

46 per cent 
67 per cent 
98 per cent 

0 per cent 
2 per cent3 
0 per cent 

0 per cent 
2 per cent 
30 per cent 

M15 – – – – – 100 per cent 
100 per cent 
100 per cent 

1 per cent 
17 per cent 
54 per cent 

1 per cent 
17 per cent 
54 per cent 

M16 – – – – – – 1 per cent 
17 per cent 
54 per cent 

1 per cent 
17 per cent 
54 per cent 

M17 – – – – – – – 100 per cent 
100 per cent 
100 per cent 

M
1_

NoM
c_

B+

M
2_

NoM
c_

B+

M
3_

NoM
c_

B+

M
4_

NoM
c_

B+

M
5_

M
ax

C+0
.2

_c
eM

LE

M
6_

rM
ax

C_R
LR

M
7_

BGoF
90

%
_B

ce
M

LE

M
8_

GoF
95

%
_c

eM
LE

M
9_

LT
_u

ce
M

LE

M
10

_N
DT_g

M
LE

M
11

_G
oF

95
%

_c
eM

LE

M
12

_G
oF

95
%

_g
M

LE

M
13

_G
oF

90
%

_c
eM

LE

M
14

_G
oF

90
%

_g
M

LE

M
15

_M
ax

C_c
eM

LE

M
16

_M
ax

C_g
M

LE

M
17

_M
GoF

_c
eM

LE

M
18

_M
GoF

_g
M

LE

M
19

_C
V_c

eM
LE

1

1.5

2

2.5

3

3.5

4

# 
o

f 
es

ti
m

at
io

n
s

104 Number of Mc/b estimations
(a)

M
1_

NoM
c_

B+

M
2_

NoM
c_

B+

M
3_

NoM
c_

B+

M
4_

NoM
c_

B+

M
5_

M
ax

C+0
.2

_c
eM

LE

M
6_

rM
ax

C_R
LR

M
7_

BGoF
90

%
_B

ce
M

LE

M
8_

GoF
95

%
_c

eM
LE

M
9_

LT
_u

ce
M

LE

M
10

_N
DT_g

M
LE

M
11

_G
oF

95
%

_c
eM

LE

M
12

_G
oF

95
%

_g
M

LE

M
13

_G
oF

90
%

_c
eM

LE

M
14

_G
oF

90
%

_g
M

LE

M
15

_M
ax

C_c
eM

LE

M
16

_M
ax

C_g
M

LE

M
17

_M
GoF

_c
eM

LE

M
18

_M
GoF

_g
M

LE

M
19

_C
V_c

eM
LE

0

200

400

600

800

1000

1200

N
[M

c]

N[Mc]
(b)

M
1_

NoM
c_

B+

M
2_

NoM
c_

B+

M
3_

NoM
c_

B+

M
4_

NoM
c_

B+

M
5_

M
ax

C+0
.2

_c
eM

LE

M
6_

rM
ax

C_R
LR

M
7_

BGoF
90

%
_B

ce
M

LE

M
8_

GoF
95

%
_c

eM
LE

M
9_

LT
_u

ce
M

LE

M
10

_N
DT_g

M
LE

M
11

_G
oF

95
%

_c
eM

LE

M
12

_G
oF

95
%

_g
M

LE

M
13

_G
oF

90
%

_c
eM

LE

M
14

_G
oF

90
%

_g
M

LE

M
15

_M
ax

C_c
eM

LE

M
16

_M
ax

C_g
M

LE

M
17

_M
GoF

_c
eM

LE

M
18

_M
GoF

_g
M

LE

M
19

_C
V_c

eM
LE

1

1.5

2

2.5

M
c

Mc
(c)

M
1_

NoM
c_

B+

M
2_

NoM
c_

B+

M
3_

NoM
c_

B+

M
4_

NoM
c_

B+

M
5_

M
ax

C+0
.2

_c
eM

LE

M
6_

rM
ax

C_R
LR

M
7_

BGoF
90

%
_B

ce
M

LE

M
8_

GoF
95

%
_c

eM
LE

M
9_

LT
_u

ce
M

LE

M
10

_N
DT_g

M
LE

M
11

_G
oF

95
%

_c
eM

LE

M
12

_G
oF

95
%

_g
M

LE

M
13

_G
oF

90
%

_c
eM

LE

M
14

_G
oF

90
%

_g
M

LE

M
15

_M
ax

C_c
eM

LE

M
16

_M
ax

C_g
M

LE

M
17

_M
GoF

_c
eM

LE

M
18

_M
GoF

_g
M

LE

M
19

_C
V_c

eM
LE

0.5

1

1.5

2

b

b-value
(d)

Figure 2. Descripti ve anal ysis of the Mc and b estimations provided by the 19 algorithms. The filled circles and stars mark the methods in groups G1 and 
G2, respecti vel y. The open circles refer to methods (M1–M4) which do not estimate any Mc. (a) Number of spatiotemporal bins (the total number of bins is 
153 300) for which each method estimates both Mc and b . (b) Uncertainty of N[Mc] for all methods (solid lines). The filled circles mark the median values. 
The solid and the dashed lines mark the interquartile range and the 90 per cent confidence interv al, respecti vel y. This information is not plotted for algorithms 
M1–M4, since they do not estimate any Mc . (c) Uncertainty of Mc estimations. The dotted and dashed lines mark the 90 per cent confidence interval for all 
bins and to those with N > 500 and DM > 2.0, respecti vel y. The solid lines mark the interqartile ranges.This information is not plotted for algorithms M1–M4, 
since they do not estimate any Mc . (d) The same as (c) but for b -value estimations. 
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here Mc 1 j and Mc 2 j are the values of Mc provided by two algo-
ithms, for the j -th bin. This variable quantifies how much the two
ompared approaches differ in time and space. Tables 2a , b list the
ercentage of bins in common, for which any couple of models pro-
ides equal Mc values ( � McC = 0) and differences equal to 0.1 and
.2. All the equal values are obtained b y onl y comparing identical
lgorithms, that is, in the following four cases: (1) M11 and M12;
2) M13 and M14; (3) M15 and M16 and (4) M17 and M18. The
argest proportion for the remaining cases is equal to 45–46 per cent,
hich is reached by comparing the MaxC (Models M15 and M16)

nd the GoF90 per cent (M13 and M14) algorithms in G2. For all
he other pairs of models, less than 36 per cent of the bins had equal

c v alues. Se veral pairs of models in G2 alw ays provide dif ferent
stimations, such as the GoF90 per cent (M13 and M14) algorithm
ompared with the MGoF (M17 and M18) procedure or with LT
M9). Finally, equal Mc estimations are obtained for less than 1 per
ent of cases, by comparing the following pairs of algorithms in G2:
a) MaxC (M15 and M16) and LT (M9); (b) GoF95 per cent (M11
nd M12) and GoF90 per cent (M13 and M14). For 14 (22) pairs
f algorithms (on a total of 51 pairs) more than 50 per cent (30 per
ent) of bins have � McC > 0.2. These cases occur when one model
s M9 or M10 and when we compare M13/M14 with M18/M19. 

Fig. 4 shows the confidence intervals of � McC, for all possible
airs of algorithms. By comparing algorithms in G1, (Fig. 4 a) we
nd that for the 90 per cent of the bins (a) rMaxC (M6) provides a
ower Mc , than do M5, M8 and M10; (b) M10 estimates a larger Mc
han does any of the other algorithm, except for M5 and M19; (c)
oF90 per cent (M7) estimates smaller values than does GoF95 per

ent (M8) and (d) the comparison of M19 with any other algorithm
rovides both ne gativ e and positive values of � McC . The width of
he 90 per cent confidence interval of � McC is 0.5 at most, except
f one of two compared models is M10 or M19. By comparing
lgorithms in G2 (Fig. 4 b) we found that for the 90 per cent of
he bins (a) GoF95 per cent (M11 and M12) provides a larger Mc
han do GoF90 per cent (M13 and M14) and MaxC (M15 and

16); (b) MGoF (M17 and M18) estimates larger Mc than do
axC, GoF90 per cent and GoF95 per cent and (c) M9 estimates

arger Mc than do all the other algorithms. The width of the 90
er cent confidence interval of � McC is 0.3, at most, except if
ne of two compared models is M9. By all this information, we
an construct two diagrams, for G1 (Fig. 4 c) and G2 (Fig. 4 d),
evealing the possible systematic sorting of Mc provided by the
ifferent methods. An increasing order may be assigned to Mc
rovided by (a) rMaxC and MaxC + 0.2 in G1, (b) GoF90 per cent
nd GoF95 per cent in G1 and (c) GoF90 per cent, GoF95 per cent
nd MGoF in G2. 

Further details about the differences and similarities among
he methods used are given in Movie S1 in the Supplementary
nformation , which shows a density plot for the two sets of Mc
alues, provided by all couples of methods in G1 and G2. 
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6 .  C O M PA R I S O N  O F  B  E S T I M AT I O N S  

We compare the b -value estimations provided by different methods, 
similarly to what done for Mc . The overall variability over the 
Nm = 19 estimated b -values, � bO , is defined by 

�bO 

( j ) = max [ ̄b , i = 1 , . . . , Nm ] − min [ ̄b , i = 1 , . . . , Nm ] , (3) 

where b̄ i j is the value of b for the j -th bin, estimated by the i -th 
model. This variable quantifies the variability of b -value estimation 
among the 19 algorithms. Similarly to the analysis of Mc variability, 
we prefer to compute the min-max range of b e v aluations, to better 
represent the real heterogeneity of methods. 

The values of � bO for the 6005 bins, which are common among 
the 19 algorithms, are shown in Fig. 5 . These values ranged from 

0.09 to 1.0, with a median of 0.3 and a 90th percentile equal to 0.5 
(Fig. 5 a). Again, the largest differences ( � bO > 0.7) are observed in 
the most intense periods of the 2009 and 2016 seismic sequences, 
whereas the remaining, however important, values of � McO do 
not show known temporal features (Fig. 5 b). This overall large 
variability is not due to few ‘exceptional’ methods: by excluding 
the 20 per cent (the two largest and two smaller) of b -values, the 
overall variability is still large (Fig. 5 b, green points). As shown for 
� McO , the median of � bO is greater in the Norcia region, where 
the main shock of the 2016–2017 seismic sequence occurred, than 
in the L’Aquila area, but the spatial patterns of the two variables are 
different (the correlation coefficient between the medians of � McO 

and � bO is equal to 0.03; Figs 3 c and 5 c). Moreover, the median 
� bO increases, from approximately 0.25 to 0.45, for M max > 5.0 
(Fig. 5 d), revealing greater disagreement among algorithms in the 
case of strong events, when the catalogues are highly heterogeneous. 
In the Supplementar y Infor mation , we show two cases with different 
values of � bO ( Fig. S2 ). 
The difference in b -values provided by all the pairs of algorithms 
is quantified by the variable � bC . t does not allow us, in most cases, 
to establish an order between two or more algorithms, since � bC 

assumes both positive and negati ve v alues (Fig. 6 ). A few cases are 
exceptions: M13 and M14 mostly (i.e. for more than 90 per cent of 
common bins) estimate lower b -values than do the algorithms M1, 
M2, M3, M4 (all using the b -positive strategy), M8, M11, M12, 
M17 and M18: for these cases � bC is positive or ne gativ e for the 
90 per cent of common bins (solid grey lines in Fig. 6 ). Moreover, 
M19 estimates lower b -values than do the b -positive algorithms. 

We found different types of relationship between the b -values 
provided b y an y two of 19 algorithms (shown partially in Fig. 7 
and in details in Movie S2 in the Supplementary Information ). 
If two algorithms provide similar results, the joint distribution of 
their estimated b -values is symmetric with respect to the bisector 
(pairs M1/M4, Fig. 7 a), whereas, in other cases, � bC ma y ha ve a 
bimodal distribution (Fig. 7 b). As mentioned above, in some cases, 
one algorithm estimates lower b -values with respect to the other 
(F ig. 7 c). F inall y, some algorithms show a saturation ef fect when 
compared with some others (Fig. 7 d). The type of relationship for all 
pairs of algorithms may be found in Movie S2 of the Supplementary 
Information . 

A final analysis was performed to investigate the relationship 
between b̄ and Mc differences. First, we analysed the variation 
of b̄ among methods independently by Mc , by investigating the 
bins for which two algorithms provide identical Mc . We found 
that the b -values estimated by the exponential or geometric MLE 

approaches (M5, M8, M9, M10, M11-M18) are very similar (red 
solid lines in Fig. 6 ); therefore, we infer that, in these cases, the 
b -v alue dif ferences are mostl y due to dif ferences in Mc (compare 
grey and red solid lines in Fig. 6 ). Larger � bC are observed if one 

art/ggaf193_f4.eps
https://academic.oup.com/gji/article-lookup/doi/10.1093/gji/ggaf193#supplementary-data
https://academic.oup.com/gji/article-lookup/doi/10.1093/gji/ggaf193#supplementary-data
https://academic.oup.com/gji/article-lookup/doi/10.1093/gji/ggaf193#supplementary-data
https://academic.oup.com/gji/article-lookup/doi/10.1093/gji/ggaf193#supplementary-data
https://academic.oup.com/gji/article-lookup/doi/10.1093/gji/ggaf193#supplementary-data
https://academic.oup.com/gji/article-lookup/doi/10.1093/gji/ggaf193#supplementary-data


Experiment on earthquake size distribution 9 

12°24' 12°36' 12°48' 13°00' 13°12' 13°24' 13°36' 13°48' 14°00'

42°12'

42°24'

42°36'

42°48'

43°00'

43°12'

0.0 0.1 0.2 0.3 0.4 0.5 0.6

(c)

L’Aquila, ML5.9
06 April 2009

Norcia, ML6.1
30 October 2016

500 1000 1500 2000 2500 3000
N

0.1

0.2

0.3

0.4

0.5

0.6

0.7

b
O

3 3.5 4 4.5 5 5.5 6
Mmax

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

b
O

(d)

bO median

0 0.2 0.4 0.6 0.8 1

bO

0

0.005

0.01

0.015

0.02

0.025

0.03

0.035

0.04

0.045

0.05

%
 o

f 
sa

m
p

le
s

(a)
15/08/2009 11/05/2012 05/02/2015 01/11/2017 28/07/2020

Time

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1
(b) max-min

percentile

b
O

L’Aquila, ML5.9
06 April 2009

Norcia, ML6.1
30 October 2016

Figure 5. Overall differences in b values, � bO , among all algorithms, for the 6005 bins in common. (a) Histograms of � bO values. (b) Plot of � bO with 
time. The blue points mark the min-max range. The green points mark the ranges obtained by excluding the smaller two and larger two values, among the 19 
provided by all methods. The grey dashed lines mark the occurrence times of the main shocks in the 2009 and 2016 sequences. (c) Map of median values of 
� bO . The black stars mark the locations of the main shocks in the 2009 and 2016 sequences. (d) Plot of � bO values versus the sample size N (blue) and the 
maximum magnitude M max (orange). The shadowed areas mark the 90 per cent confidence intervals. The solid lines mark the median values. 

o  

i
 

 

f  

a  

E  

s  

m  

v  

M  

s  

a  

(  

w  

e  

�

 

t  

m  

c  

r  

r  

a  

l  

a  

o  

b

7

D  

t  

e  

r  

m  

l  

i  

e  

2  

l  

o  

n  

p  

m  

o
 

o  

t  

D
ow

nloaded from
 https://academ

ic.oup.com
/gji/article/242/2/ggaf193/8152189 by U

niversita Bologna Biblioteca user on 24 July 2025
f two models uses the b -positive approach (M1, M2, M3, M4) or
s among M6, M7 and M19. 

More generally, we investigate more in detail the relation between
Mc and b̄ , by plotting � bO versus � McO and � bC versus � McC ,
or each pair of algorithms. The related results are outlined in Fig. 8
nd shown in detail in Movie S3 , in the Supplementary Information .
ven if � McO and � bO do not appear to be correlated (Fig. 8 a),
ome peculiar relationships may be found by comparing couples of
odels. In some cases, one model mostly estimates lower Mc (or b )

alues with respect to the other model, but the differences in b (or
c ) values are both positive and negative (Figs 8 b and c). Fig. 8 (d)

hows a case of linear relation between � McC and � bC , for which
 positiv e (ne gativ e) difference in Mc corresponds to a positive
ne gativ e) difference in b -values. A symmetric plot, centered on 0,
ith respect to both the � McC and � bC axes, essentially refers to

qui v alent algorithms (Fig. 8 e). The relation between � McC and
 bC for all couples of models may be observed in Movie S3 . 
A comprehensive summary of the independent and joined rela-

i ve dif ferences among the values of Mc and b provided by the 19
ethods is shown in Fig. 9 . For each of the 6005 common bins, we

ompute the relative position of each of 19 Mc and b values with
espect to their median value. Then we plot the median Mc and b
elative positions on all bins, for each method. Joined relative Mc
nd b for the 15 methods M5–M19 show a monotone increasing re-
ation: M13/M14 and M9/M10 provide the smallest and the largest
 v  
verage v alues, respecti vel y, for both Mc and b , with respect to the
ther methods. The b -positive methods M1–M4 provide the largest
 -values on average. 

.  D I S C U S S I O N  

espite the simplicity of the empirical GR relationship, many prac-
ical problems have been raised, over time, in terms of parameter
stimation, such as the effect of cumulative operation and of loga-
ithmic transformation, the requirement that an acceptable data base
ust meet (homogeneous magnitudes, a long enough time span, a

arge range of magnitudes, a large enough sample size, no contam-
nation by non-tectonic events, etc.) or the effect of measurement
rrors and decimal rounding of magnitudes (Marzocchi & Sandri
003 ; Woessner & Wiemer 2005 ; Sandri & Marzocchi 2007 ; Gu-
ia & Gasperini 2021 ; Geffers et al. 2022 , 2023 ). The discussion
f these and many other points has facilitated the development of
ew estimation algorithms, more than prevent the use of the already
ublished algorithms. For this reason, there are many methods that
ay be chosen and implemented, without a clear pre v alence of one

ver the others. 
The main aim of this study was to quantify how much the choice

f the estimation algorithm impacts the results and their interpre-
ation. This matter is of utmost importance in the study of b -value
 ariations and, more importantl y, in the attempted use of the b -value
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Figure 6. Relati ve dif ferences in b v alues, � bC , for all couples of models. The grey lines mark the 90 per cent confidence intervals of � bC for all common 
bins. The orange lines mark the 90 per cent confidence intervals of � bC for bins for which the two algorithms provide equal Mc values. The bottom and top 
x-axes show the algorithm1 and algorithm2, respecti vel y. All possible couples of algorithms are separated in panels (a) and (b). 
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as a precursor to large earthquakes. A method, also if applied in a 
self-consistent way through an analysis, does not guarantee proper 
results, since it might fail in some specific cases. Moreover, a large 
inter method uncer tainty about Mc and b estimations reveals indi- 
vidual differences in learning, knowledge and understanding that 
cannot be neglected. 

The sensitivity study performed within this paper did not require 
the establishment of criteria for choosing the ‘best’ method or the 
development of strategies for ranking the algorithms: all methods 
considered in this study have the same reliability, since they were 
published and are used by the scientific community. Moreover, the 
choice of methods to include has not been moti v ated b y the strength 
of their influence or by other intrinsic merits, but it is simply based 
on perspectives of participants. 

The first result obtained in our analysis concerns the large sen- 
sitivity of Mc to the estimation method. We observed a median 
difference of 0.5 within G1 and G2 groups ( � McO ; Fig. 3 ) and up 
to 0.4 for pairs of algorithms, in both G1 and G2 ( � McC ; Figs 4 a 
and b). The methods that more differ from the others are those based 
on rigorous goodness of fit statistical tests, M9 (LT, Lilliefors test; 
Hermann & Marzocchi 2021 ) and M10 (ND, Normal Distance test; 
Lombardi 2021 ): when they are compared to whichever method, 
� McC is larger than 0.2 for more than 30 per cent of bins (Tables 
2a , b ). The overall results allowed us to establish that MaxC and 
GFT90 per cent provide the lower Mc values, whereas LT and ND 

provide the larger values (Figs 4 c and d). Differences in Mc estima- 
tions are greater during the most intense phases of major seismic 
sequences, re vealing dif ficulties to find the completeness when the 
data are strongly inhomogeneous due to rapid variation of detec- 
tion. Ho wever , differences in Mc are far from negligible during the 
remaining times (median of 0.4–0.5; Fig. 3 b), showing that the sig- 
nificant diversity among Mc values, provided by different methods, 
cannot be ascribed only to inhomogeneity caused by the occurrence 
of strong e vents, or, e ven less, to limitations deriving from small 
sample sizes (Fig. 3 d). These differences are a systematic conse- 
quence of the requirements, limitations and peculiarities of each 
method ( Movie S1 in the Supplementary Information ): the choice 
of a method for estimating Mc and of underlying assumptions (such 
as the significance level for algorithms based on statistical tests) are 
crucial to determine the results. 

The origin of such differences in Mc is to be sought in what 
we mean by completeness magnitude. Its definition as ‘the lowest 
magnitude at which 100 per cent of the events in a space–time 
volume are detected’ (Rydelek & Sacks 1989 ) opens the way to 
several considerations. First, statistics is not a method that provides 
certainties but rather addresses the degree of confidence in a belief. 
A statistical method may provide only a magnitude lev el, abov e 
which we are confident that the catalogue is complete with a certain 
probability. A higher confidence level indicates a g reater deg ree of 
certainty (or a lower degree of uncertainty), achie v able for a larger 
Mc . Therefore, the first difference between methods concerns the 
margin of errors that we are willing to accept when interpreting 
outcomes. The second point concerns the assumptions underly- 
ing our beliefs. Additionally, in this respect, the methods are quite 
varied, since they go from a check of log cumulative frequencies 
(MaxC, MaxC + 0.2, rMaxC) to procedures based on well-defined 
hypotheses on the magnitude distribution (LT, NDT), and through 
some ‘hybrid’ methods incorporating both (GFT). These different 
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Figure 7. Four examples of the joint distributions of b -values estimated by two algorithms. The details of the comparison for all the couples of models are 
shown in Movie S2 , in the Supplementary Information . 
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approaches ine vitabl y produce dif ferent results, reflecting the indi- 
vidual perception of the problem. An example of this are the cases 
in Fig. S1a,b : the rigorous goodness-of-fit test, applied by algo- 
rithms M9 and M10, provides much larger Mc values with respect 
to the other methods, essentially checking the log-linearity of the 
cumulative distribution of magnitudes. 

The second issue of our analysis concerns the b -value estimation, 
which is closely related to Mc e v aluation. The overall dif ference, 
� bO , was greater than 0.3 for 50 per cent of the cases (Fig. 5 a) 
and reached 1.0. Higher values (above 0.8) are obtained in conjunc- 
tion with the occurrence of large events, but significant differences 
are observed also outside major sequences (Figs 5 b and d). Sub- 
stantial differences are also observed when comparing couples of 
algorithms ( � bC , Fig. 6 ), but establishing an order among b -values 
provided b y dif ferent methods is much more difficult with respect to 
Mc (Fig. 4 ). 

The distributions of differences in Mc and b are not affected by the 
complexity of calculations during periods of intense seismic activity. 
In the Supplementary Information we report Fig. S1 showing the 
histograms like those of Figs 3 (a) and 5 (a) but obtained by excluding 
the subsamples of the first years of the 2009 L’Aquila and the 2016–
2017 Central Italy sequences. No significant change is obtained for 
both distributions of � McO and � bO . Moreover, the median value 
of � McO is 0.4 and 0.5 for methods in G1 and G2, respecti vel y. 
The median value of � bO is 0.28. 

The quantification of differences among b -values inevitably also 
includes differences in Mc evaluation. If when we compare two algo- 
rithms, we isolate the contribution just due to b -value computation 
(b y anal ysing bins with equal Mc e v aluation), we find that dif fer- 
ences are minimized for couples of algorithms with similar features, 
such as those based on geometric/exponential MLE (red lines Fig. 6 ; 
see also small panels in Movie S2 ). This finding provides some in- 
sight. The first is that the difference in b̄ among algorithms based 
on MLE (M5 and M7-M18) is e xclusiv ely due to differences in Mc 
values (and, therefore, to differences in magnitude data), confirming 
that the e v aluation of completeness is of utmost importance for b - 
value estimation (Woessner & Wiemer 2005 ; Amor èse et al. 2010 ). 
The methodologies based on different criteria than MLE (M1–M4, 
M6) instead have intrinsic specificity, for which differences in out- 
comes cannot be entirely ascribed to Mc evaluations. The second 
remark concerns, more generally, the relation between Mc and b 
differences for each method, ranging from a linear behaviour, indi- 
cating lower b -values for lower Mc , to total independence (Fig. 8 ; 
Movie S3 in Supplementary Information ). This finding shows the 
complexity of the relations between Mc and b and the need to inter- 
pret results on a case-by-case basis, also if, on average, the relative 
orders of Mc and b estimations given by each method are correlated 
(Fig. 9 ). This last result supports the existence of a strict, general, re- 
lationship between the b and the Mc values that cannot be neglected 
in a rigorous analysis of b -value changes. Both the underestimation 
and the overestimation of Mc can lead to inaccurate b -values due 
to the introduction of incomplete data and to the reduction of the 
sample size (Roberts 2015 ; Marzocchi et al. 2020 ; Geffers et al. 
2022 , 2023 ). 

A comprehensive quantification of the uncertainty in b -value esti- 
mation and, specifically, of the variability of results among methods, 
is crucial for performing ‘trustworthy’ model-based inference, such 
as the detection of b -value variations. Here, epistemic uncertainty 
is classified as intramethod parameter uncertainty or intermethod 
parameter variability, which may be independently expressed as a 
coef ficient of v ariation (standard de viation/mean). Therefore, we 
define the intramethod (COV 

intra ) and intermethod (COV 

inter ) un- 
certainty, for the 6005 bins in common among the 19 methods, as 
follows: 

C oV 

intra 
i j = 

σ̄i j 

b̄ i j 

C oV 

inter 
j = 

˜ σ j ˜ b j 
, 

where 

• b̄ i j and σ̄i j are the estimated value of b and the relative error, 
respecti vel y, for the j -th bin and the i -th model 

• ˜ b j and ˜ σ j are the mean and the standard deviation of the b - 
values estimated by the 19 algorithms for the j -th bin. 

Fig. 10 shows the behaviour of RCo V i j = 

CoV inter 
j 

CoV intra 
i j 

versus time for 

all algorithms. The intermethod variation is larger than the intram- 
ethod uncertainty, on the average, for most of the 19 algorithms, 
and for all methods during the most intense activity of major seis- 
mic sequences, reaching a maximum proportion ranging from 7 to 
approximately 30 times. This result is due to the impact of the esti- 
mation method of the Mc and b parameters on results, but also to the 
uncertainty propagation through the Mc and b parameters, which is 
not considered in the intramethod uncertainty, referring only to the 
b -value. This sho ws ho w the choice of the estimation method is de- 
cisive, often much more than uncertainty in the estimated b -value, 
and how much attention must be given to interpreting results, espe- 
cially in the case of strong events. Each estimation method underlies 
a conceptual model; therefore, variations due to the use of different 
conceptual models should be considered as part of the uncertainty 
of the results and properly addressed (Neuman 2003 ). 

8 .  C O N C LU S I O N S  

The results of our seismological experiment serve as a basis for 
understanding the diversity of opinions and results about b -value 
changes. We find that the sensitivity of the estimated values of 
Mc and b to the 19 alternative model specifications is significant: 
the intermethod differences in Mc and b are on average equal to 
0.4 and 0.3, respecti vel y, but reach much larger v alues, especiall y 
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Figure 10. Relationships between the overall intra- and intermethod b -value covariances versus time. The dotted line separates the values of RCoV for which 
the intermethod covariance is larger (above) or lower (below) than the intramethod covariance. 
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uring the most intense activity periods. These results probably
nderestimate actual levels of intermethod uncertainty, since they
o not include all possible methods available in literature. Even
f more specific studies are required to additionally investigate the
rigin of the observed intermethod variations, this study aims to
resent a new contribution to the debate about b -value variations
nd, most importantly, on their potential as earthquake precursors.
gnoring the intermethod variability of estimated b -values may lead
o suboptimal information, when we use the patterns of changes in
 -values as precursors of subsequent large events or as stress metres.
his has obvious consequences if this information is framed from a
ecision-making perspective. Well informed decision-making can-
ot be based on single model predictions and must acknowledge
ncertainties in the concept of the b -values estimation method and
onsequent outcomes. 

By this study, we are not overall rejecting the idea of the exis-
ence of b -value changes or the chance to use them as precursor
f large events. The substantial differences across methods, found
n our study, suggest that the changes in b -values could be due to
ethodological biases more than to physical causes and that they are

robably overrated (Amor èse et al. 2010 ). No method can probably

c  
esolve all problems, but an objective judgement of methods and re-
ults may substantially reduce, if not eliminate, misunderstanding.
oreover, the large intermethod uncertainty shown in this study re-

eals indi vidual dif ferences in knowledge and in the meaning given
o the Gutenberg–Richter Law that cannot longer be ignored. 

We hope that this seismological experiment, together with sim-
lar comparative studies (e.g. Mai et al. 2016 ; Baltay et al. 2024 ),
ill pave the way for future similar enterprises, to illuminate the
ncertainties on b -value and on different seismological parameters.

To conclude, the results of our experiment suggest that the ef-
cient use of the b -value as an indicator of the stress level or of

mminent large events requires an intermethod uncertainty reduc-
ion. In addition to individual studies, promoting collective efforts,
s in this paper, will contribute significantly to the achievement of
his goal. 
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S U P P O RT I N G  I N F O R M AT I O N  

Supplementary data are available at GJIRAS online. 

File S1. List of the 525 grid nodes. The format is latitude, longitude. 
File S2. List of the times of the first (Fev) and the last event (Lev) 
for the 292 temporal windows. The format is: Year Fev, Month Fev, 
Day Fev, Hour Fev, Minute Fev, Second Fev, Year Lev, Month Lev, 
Day Lev, Hour Lev, Minute Lev, Second Lev. 
Movie S1. Density plots for the two sets of Mc values, provided by 
all couples of methods in G1 and G2. The colour of filled circles is 
scaled by proportion of samples. The dotted lines mark the bisector, 
indicating cases of equal Mc values. 
Movie S2. Density plots for the two sets of b -values (two decimal 
digits are considered), provided by all couples of methods. The 
colour of filled circles is scaled by proportion of samples. The 
dotted lines mark the bisector, indicating cases of equal b -values. 
The top-left small panel show cases with equal Mc , only. 
Movie S3. Density plots of � McC versus � bC for all couples of 
methods. The colour of filled circles is scaled by proportion of 
samples. Two decimal digits are considered for b -values. 
Figure S1. Histograms of � McO (left panel) values, separated for 
algorithms in G1 and G2, and of � bO (right panel) values, obtained 
by excluding the subsamples of the first year of the 2009 and 2016- 
2017 sequences. 
Figure S2. Magnitude distribution for four subsamples and rela- 
ti ve Mc e v aluations. The blue histo gram shows the distribution of 
magnitude values, whereas the orange filled circles show the log 
cumulative number of ev ents, v ersus magnitude (top x-axis). Dot- 
ted lines mark the values of Mc provided by different methods. 
The black points, in the bottom panel, show the magnitudes of the 
respectiv e subsample v ersus time. (a) Magnitude sample with max- 
imum value of � McO for methods in G1. (b) The same of (a) but 
for methods in G2. Both examples in (a) and (b) belong to 2016 
Central Italy sequence and includes three strong events: the main, 
Norcia (2016 October 30, ML6.1, M w 6.5), the Visso (2016 October 
26, ML5.8, M w 5.9) and the Castelsantangelo sul Nera (2016 Oc- 
tober 26, ML5.4, M w 5.4) events. (c) Magnitude sample, including 
the main shock of 2009 L’Aquila sequence (2009 April 06, ML5.9, 
M w 6.1), for which the Mc e v aluations provided by methods in G1 
are rather close. (d) Magnitude sample, including low-magnitude 
seismicity, for which the Mc e v aluations provided b y methods in G2 
are quite different ( � McO = 0.7). 
Figure S3. Magnitude distribution for two subsamples and relative 
Mc/b e v aluations. The blue histo gram shows the distribution of 
magnitude values, whereas the orange filled circles show the log 
cumulative number of ev ents, v ersus magnitude (top x-axis). Solid 
and dotted lines mark the frequency magnitude fit provided by 
different methods. The black points, in the bottom panel, show the 
magnitudes of the respective subsample versus time. (a) Magnitude 
sample with maximum value of � bO , close to 1.0, including the 
main shock of 2009 L’Aquila sequence. The Mc differences are 
significant (from 1.3 to 2.8), too. (b) Magnitude sample, including 
low-magnitude seismicity, for which b -value evaluations are close 
( � bO = 0.09) and Mc , going from 1.0 to 1.7, are quite different. 

Please note: Oxford University Press is not responsible for the con- 
tent or functionality of any supporting materials supplied by the 
authors. Any queries (other than missing material) should be di- 
rected to the corresponding author for the paper. 

DATA  AVA I L A B I L I T Y  

Earthquake data were collected in the Italian Seismological In- 
strumental and Parametric Data base (ISIDe; http://terremoti.in 
gv.it/en/iside ), between 1985 January 1 and today. Starting in 
2015, quarterly BSI releases were published on the web page 
http://terremoti.ingv.it/en/bsi in QuakeML format and with a DOI 
assigned to each file. 

The Suppor ting Infor mation includes Figs S1 –S2 and Movies 
S1 –S3 . 
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A P P E N D I X  A :  D E S C R I P T I O N  O F  T H E  1 9  

E S T I M AT I O N  M E T H O D S  

In the following, we describe the estimation methods that were used 
in the experiment. Figs A1 and A2 , show the behaviour of b̄ as a 
function of N[Mc] and � M , for all methods. 

A1. Algorithms 1–4 (G1): The b -positive method 

(M1 NoMc B + , M2 NoMc B + , M3 NoMc B + , 
M4 NoMc B + ) 

The nov el b -positiv e b -v alue estimator, de veloped b y v an der 
Elst ( 2021 ), does not require an accurate estimate of Mc and is less 
impacted by transient changes in catalog completeness. Therefore, 
it can be used to compute more robust b -values during periods of 
strongl y v arying incompleteness le vels (e.g. Field et al. 2023 ; Gulia 
et al. 2024 ; Lippiello & Petrillo 2024 ; Tinti & Gasperini 2024 ). 

This approach is based on the positi ve-onl y subset of the differ- 
ences in magnitude between successive earthquakes. According to 
van der Elst ( 2021 ), the distribution of non-null magnitude differ- 
ences is identical to that of earthquake magnitudes, with the same 
b -v alue, but positi ve magnitude dif ferences are less af fected b y the 
small earthquake detection problem. 

Although Tinti & Gasperini ( 2024 ) showed that there is no reason 
to prefer estimations based on positi ve-onl y magnitude differences, 
here we use the original formula (A3 in Appendix A of van der Elst 
2021 ), based only on trimmed positive differences only: 

b̄ B + = 

1 
δM 

2 ln(10) 
cot h −1 

(
� M − � M 

′ 
c + 

δM 

2 

)

×
[ 

1 
δM 

2 

(
� M −� M 

′ 
c + 

δM 

2 

)] 

, (A1) 

where cot h −1 is the inverse of the hyperbolic cotangent function, 
� M is the average of positive magnitude differences, � M 

′ 
c is the 

minimum allowed magnitude difference, and δM is the magnitude 
binning size (here equal to 0.1). 

The b -positive estimator is not completely insensitive to incom- 
pleteness, and this latter may be treated in two dif ferent w a ys (T inti 
& Gasperini 2024 ): 

• the cutoff magnitude ( M cut ) is estimated by the Maximum 

Curvature Method (Wiemer & Wyss 2000 ), which calculates the 
maximum value of the first derivative of the log-linear frequency–
magnitude cumulative distribution, that is the magnitude bin with 
the highest occurrence frequency of events; then, the magnitudes 
below M cut and the magnitude differences � M below δM (i.e. � M 

′ 
c 

= δM = 0.1) are discarded; 
• all the magnitudes are used, and the magnitude differences � M 

below 0.4–0.5 are discarded. 

In view of the above, four different b -value estimates are provided, 
based on the b -positive approach: 

• M1 NoMc B + : the magnitudes below M cut (estimated for each 
spatiotemporal bin) are discarded, and the b -positive method is 
applied to bins having at least 100 ev ents (abov e M cut ), at least, 
by fixing � M 

′ 
c = 0.1 and by considering onl y positi ve magnitude 

differences. 
• M2 NoMc B + : the bins having at least 100 events are selected, 

and the b -positive method is applied on magnitudes above M cut 

(estimated for each spatiotemporal bin), by fixing � M 

′ 
c = 0.1 and 

by considering only positive magnitude differences. 
• M3 NoMc B + : the bins having at least 50 events are selected, 
and the b -positive method is applied to all the data, by fixing � M 

′ 
c 

= 0.5 and by considering the absolute magnitude differences. 
• M4 NoMc B + : the magnitudes below M cut (estimated for each 

spatiotemporal bin) are discarded, and the b -positive method is 
applied to bins having at least 100 ev ents (abov e M cut ) by fixing 
� M 

′ 
c = 0.1 and by considering disjointed (not consecutive) absolute 

differences. 

A2. Method 5 (G1): the corrected exponential 
maximum-likelihood method 

(M5 MaxC + 0.2 ceMLE) 
This method estimates Mc by adding a correction factor of 0.2 to 

the value provided by the Maximum Curvature Method (Wiemer & 

Wyss 2000 ), for which a systematic underestimation error has been 
recognized (Woessner & Wiemer 2005 ). 

The b -value is estimated by the maximum-likelihood formula 
proposed by Aki ( 1965 ), deduced by assuming a continuous, expo- 
nential distribution for magnitudes, corrected by the factor proposed 
by Utsu ( 1965 ), to avoid bias from binned (discrete) magnitudes: 

b̄ ceMLE = 

1 

ln ( 10 ) 
(
M̄ −M c + 

δM 

2 

) , (A2) 

where M̄ is the average magnitude (above Mc ) and δM is the mag- 
nitude bin size (here, equal to 0.1). 

A3. Algorithm 6 (G1): the robust linear regression 

(M6 rMaxC RLR) 
This method estimates Mc by using the ‘reinforced’ Maximum 

Curvature Method (Wiemer & Wyss 2000 ), which consists of choos- 
ing the highest magnitude value, if multiple magnitude values have 
the same, larger, occurrence frequency and, therefore, all correspond 
to the point of maximum curvature. 

The b -value is estimated by the robust linear regression (RLR; 
Han et al. 2015 ), providing the best-fit line for the logarithm of the 
cumulativ e frequenc y–magnitude distribution, for at least 75 ev ents. 
Like in the standard linear re gression, the objectiv e of RLR is to 
minimize the sum of squared residuals, r i ; ho wever , by assigning 
lo wer , bisquare, weights, w i , to data points with higher residuals, 
RLR mitigates the influence of outliers (Han et al. 2015 ). The RLR 

method consists of an iterative reweighted least-squares procedure, 
aimed at minimizing the quantity 

S RFM 

= 

N ∑ 

i = 1 
w i r 

2 
i = 

N ∑ 

i = 1 
w i ( y i −̂ y i ) 

2 , (A3) 

where N is the number of observations y i (cumulative number of 
events for each magnitude bin) and ̂  y i denotes the values predicted 
by the model. Initially, the residuals r i are computed relative to an 
initial ordinary least-squares estimation. Adjusted residuals and ro- 
bust weights are then computed by means of leverages (Hoaglin & 

Welsch 1978 ), measuring the outliers with respect to the indepen- 
dent variable (here, the magnitude bins). The aim is to downweigh 
high-leverage data points, which have a large effect on the ordinary 
least-squares fit. Any details on the residual and weight computa- 
tions are explained in Han et al. ( 2015 ; subsection 2.3). 

The iterative procedure continues until convergence is achieved, 
that is further adjustments of model parameters do not significantly 
improve the quality of the fit. Upon achieving convergence, the 
b-value is defined as the slope of the best-fitting line. 
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Figure A1. Behaviour of ̄b as a function of N[Mc] for all 19 algorithms. The colour of points is scaled with the magnitude range � M . 

A

(
 

W  

p  

w  

t  

A
 

m

R

 

n  

s  

p
 

t  

d  

b

A

(
 

b  

n  

t  

n  

c  

&  

n  

w  

t
 

5  

(

b

w  

(

D
ow

nloaded from
 https://academ

ic.oup.com
/gji/article/242/2/ggaf193/8152189 by U

niversita Bologna Biblioteca user on 24 July 2025
4. Algorithms 7–8 (G1): the goodness-of-fit method 

M7 BGoF90 per cent BceMLE, M8 GoF95 per cent ceMLE) 
Algorithms 7 and 8 both use the goodness-of-fit test (Wiemer &
yss 2000 ) to estimate Mc . This method calculates Mc by com-

aring the observ ed cumulativ e frequenc y–magnitude distribution
ith the theoretical distribution. The latter is calculated by using

he corrected maximum likelihood estimation of the b -value (eq.
2; Aki 1965 ; Utsu 1965 ). 
The method consists of computing for each ascending cutoff
agnitude, M cut , 

• a and b parameters of the GR relation, 
• the measure R 

 ( M cut , a , b) = 100 −
∑ M max 

M cut 
| O i −E i | ∑ M max 

M cut 
O i 

100 , (A4) 

where O i and E i are the observed and the predicted cumulative
umbers of events in each magnitude bin, respectively. Mc is the
mallest M cut where R achieves a given confidence level, fixed to 90
er cent and 95 per cent, for Model 7 and Model 8, respecti vel y. 

To include the uncertainty in the Mc e v aluation, Model 7 applies
he whole procedure to 1000 bootstrapped resamples of the original
ata set and estimates Mc and b as the means of the respective
ootstrapped values (Woessner & Wiemer 2005 ). 

5. Algorithm 9 (G2): the Lilliefors test (LT) method 

M9 LT uceMLE) 
The Lilliefors test (LT) was first applied to earthquake catalogs

y Herrmann & Marzocchi ( 2021 ). For each ascending cutoff mag-
itude, M cut ≥ 1.5, the exponentiality of magnitudes above M cut is
ested using the Lilliefors test (Lilliefors 1969 ). Uniform random
oise [ −0.05,0.05] was added to (binned) magnitudes to obtain
ontinuous variables, as requested by the Lilliefors test (Herrmann
 Marzocchi 2021 ). We performed 100 different runs of random

oise, and Mc was determined to be the smallest magnitude for
hich the median of 100 p -values of the Lilliefors tests was greater

han or equal to 0.1. 
The b -value is computed, for subcatalogues containing at least

0 events above Mc , by the unbiased corrected exponential MLE
Marzocchi et al. 2020 ) 

¯
 uceMLE = 

N − 1 

N 

· b̄ ceMLE , (A5) 

here N is the total number of events and ̄b ceMLE is given in equation
A2). 
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Figure A2. Density plot of ̄b as a function of the magnitude range � M for all 19 algorithms. 
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A6. Algorithm 10 (G1): the nor maliz ed distance (ND) test 
method 

(M10 NDT gMLE) 
The normalized distance (ND) test (Lombardi 2021 , 2024 ) is 

structured as follows. Given a sample S of N magnitudes M (rounded 
to the first decimal place), NB bootstrap resampling catalogues are 
generated. For each of them, three quantities are computed, as a 
function of the ascending cutoff magnitude, M cut : 

(i) the geometric maximum likelihood b -value estimator 
b̄ ND ( M cut ) 

b̄ ND ( M cut ) = 

1 

ln(10) · δM 

ln ( 1 − p̄ ) , (A6) 

where p̄ = 

δM 

M̄ + δM 

, δM = 0 . 1 and M̄ is the mean magnitude for 
M ≥ M cut (Tinti & Mulargia 1987 ); 

(i) the W-statistic W( M cut ) = N cut · D [ ̄b ( M cut ) ] , , where D [ ̄b ( M cut ) ] 
is the statistic of the Lilliefors test (Lilliefors 1969 ) and N cut is the 
sample size above M cut ; 

(ii) the probability P W 

( M cut ) of exceeding W( M cut ), under the hy- 
pothesis that magnitudes above M cut follow a geometric distribution 
with parameter b̄ N D ( M cut ) . This probability is independent of sam- 
ple size and is empirically computed as a function of b , in Lombardi 
( 2024 ). 
Given a prefixed significance level α, here fixed to 0.01, the 
completeness magnitude for each resampling catalog is computed 
by selecting the lowest magnitude BMc for which P W 

(BMc) > α. 
The empirical distribution of values BMc represents the uncertainty 
about the completeness magnitude Mc of the sample; therefore, the 
(1 − α) × 100-th percentile of values BMc gives the value of Mc , 
and, subsequently, of b , with a significance level equal to α. 

A7. Algorithms 11–18 (G2) 

(M11 GoF95 per cent ceMLE, M12 GoF95 per cent gMLE, 
M13 GoF90 per cent ceMLE, M14 GoF90 per cent gMLE, 
M15 MaxC ceMLE, M16 MaxC gMLE, M17 MGoF ceMLE, 
M18 MGoF gMLE) 

Algorithms from 11 to 18, are obtained by combining four meth- 
ods to estimate Mc 

• the GFT method at 90 per cent confidence level (Wiemer & 

Wyss 2000 ; subsection A4) 
• the GFT method at 95 per cent confidence level (Wiemer & 

Wyss 2000 ; subsection A4) 
• the MaxC method (Wiemer & Wyss 2000 ; subsection A2) 
• the modified GFT method (Leptokaropoulos et al. 2013 ) 

with two methods to estimate b 
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• the corrected exponential MLE (Aki. 1965 ; Utsu 1965 ; eq. A2 )
• the geometric MLE (Tinti & Mulargia 1987 ; eq A6 ). 

The modified GFT method substitutes, for each magnitude cutoff
 cut , the theoretical cumulative numbers of events with the empir-

cal distributions obtained by simulated catalogues (Leptokaropou-
os et al. 2013 ). The mean value of the difference between the real
nd the synthetic cumulative distributions is computed as a function
f M cut and Mc is selected as the magnitude threshold giving the
ower mean difference. 

8. Algorithm 19 (G1): the variability coefficient method 

G1, M19 CV ceMLE) 
The v ariability coef ficient method (Godano et al. 2023 ) is struc-

ured as follows. 
C © The Author(s) 2025. Published by Oxford University Press on behalf of The R
article distributed under the terms of the Creative Commons Attribution License ( h
permits unrestricted reuse, distribution, and reproduction in any medium, provided
For the ascending magnitude cutof f M cut , the v ariability coef fi-
ient is defined (for bins with at least 100 events) by 

V( M cut ) = 

σ ˜ M 

μ ˜ M 

, (A7) 

here ˜ M = M–M cut are rescaled magnitudes and μ ˜ M 

and σ ˜ M 

and
re the mean and the standard deviation of ˜ M , respectively. If ˜ M 

ollows an exponential distribution, the theoretical value of CV is 1.
herefore, CV assumes a value � 1 at M cut = Mc . Considering the
mpirical fluctuation of the CV for exponential samples, a threshold
f 0.93 is reliable for identifying exponential data (Godano et al.
024 ); therefore, Mc is defined as the lower value of M cut for which
V( M cut ) ≥ 0.93. 
The b -value is computed by the corrected exponential MLE (Aki

965 ; Utsu 1965 ; eq. A2 ), for subcatalogues containing at least 50
v ents abov e Mc and cov ering a magnitude range abov e 1.5. 
oyal Astronomical Society. This is an Open Access 
ttps://cr eativecommons.or g/licenses/by/4.0/ ), which 
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