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ON THE LOCAL REGULARITY OF THE GEVREY VECTORS

FOR HORMANDER’S OPERATORS

GREGORIO CHINNI AND MAKHLOUF DERRIDJ

ABsTrACT. We study the local regularity of the analytic/Gevrey vectors for
the general class of Hormander’s operators, meaning those of degenerate elliptic
type or of degenerate parabolic type

m

P(z,D) = = (X¢(x, D))* +iXo(x, D) + c(x),

=1
thus improving the result obtained by M. Derridj in [26] . The optimal result
in the degenerate elliptic case was obtained by the second author in [27] and
we obtain in the present paper optimal result in the degenerate parabolic case.
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1. INTRODUCTION

In [T9] we dealt with Hérmander’s operators of the first kind (or commonly known
as “sums of squares of vector fields”), and considered the case of analytic vectors
of operators with analytic coefficients. For that we used the method by F.B.L
transform taking advantage from the sharp subelliptic estimate obtained in ([I]),
see also ([29]). Here we study the general class of Hormander’s operators, meaning
those of degenerate elliptic type or of degenerate parabolic type i.e. operators of

the form
m

(1.1) P(z,D) ==Y (Xi(x,D))* + iXo(x, D) + c(),

=1
in 2, open neighborhood of the origin in R”, where ¢(z) is a Gevrey function of
order s (s > 1) in Q and

- 1 a)
Xe(x, D) = aje(x)Dj, £=0,1,...,m, Di=——
D)= S as4(2)D, (P= e

where a; () are real valued Gevrey functions of order s on €, satisfying the Hor-
mander condition, see Definition [2:2]

This question of investigation of the Gevrey regularity of analytic-Gevrey vectors of
partial differential operators goes back to the work by T.Kotake and M.Narasimhan
([40], 1962 ) where they considered analytic vectors of elliptic partial differential
operators with analytic coefficients on an open set in R™ and showed there an-
alyticity. This property on the iterates of elliptic operators was also called, after
their work, "Kotake-Narasimhan property". (E. Nelson studied before analytic vec-
tors of operators in the context of Lie group theory ([43], 1959). Then after more
and more works followed, generalizing their result in various directions (systems,
s-Gevrey regularity for s greater or equal to 1 (s = 1 corresponding to analytic
case), non-elliptic operators, global, local or even microlocal situations. Let us
mention a few of the numerous results in the field, as a guide leading at our result
(we mention for that two surveys, one quite complete on results obtained before
1987 ([7]) and one very short, mainly on some results obtained in the eighties until
2016 ([24])). A result of G. Metivier obtained in 1978, [42], lightened the way in
the study of the case of non elliptic operators and s-Gevrey situation, s greater or
equal to 1, showing that the Kotake-Narasimhan property in s-Gevrey class,s > 1,
of a partial differential operator P in an open set characterizes ellipticity of P in
this open set, letting of course open the question on iterates of a non elliptic oper-
ators in case s = 1. A few years after , M.S. Baouendi and G.Metivier proved that
the hypoelliptic operators of principal type with analytic coefficients satisfy the
Kotake-Narasimhan property and gave condition on s’ such that s-Gevrey vectors



LOCAL REGULARITY OF GEVREY VECTORS 3

are in s’-Gevrey space for s > 1 (J2]). In the case of systems let us just mention the
case of vector fields: for real vector fields (X7, ..., X,) satisfying the Hormander’s
condition introduced in his famous paper on hypoelliptic second order partial differ-
ential equations ([35]), two papers appeared in 1980, one by M.Damlakhi -B.Helffer
proving “Kotake-Narasimhan property" for such systems with analytic coefficients
([21]), the other by B.Helffer-C.Mattera ([32]), proving analyticity for what they
called reducible analytic vectors of the system (which is a less restrictive condition
on the system); for complex vector fields, we mention two papers: in ([3]), 2011
and ([13]), 2013 for systems defining locally integrable structures. Since the paper
of L. Hérmander’s appeared, works on analytic or Gevrey regularity of associated
analytic-Gevrey vectors began many years after: the first one was in the global
context for a subclass of Hormander’s operators on a product of two tori ([12])
2016 (in the global context the “Kotake-Narasimhan property" was studied also in
[15]). The local version of such result for the general class of Héormander’s operators
was established by the second author in two articles (([25]), 2018, (J26]), 2019, with
an optimal version in the case of the so-called "Sum of squares" (|27]) and a more
general operators of second order introduced by O.A. Oleinik and E.V. Radkevié¢ in
([44]), ([28]). The microlocal version of such work was done by the two authors in
the case of "Sum of squares with analytic coefficients", ([19]), 2022. We recall that
in the case of second order operators of type Hérmander, subclass of that studied
by Oleinik and Radkevié, the so called Oleinik and Radkevi¢-H 6rmander condition
is weaker than that of Hérmander, in the sense that it does not allow obtaining the
optimal subellipticity index, see the examples discussed in ([28]) and ([19]), related
to the operators studied in ([16]), (JI0]), (JI11), (JI7]) and (JI8]). We would like to
mention some results using intensively the FBI transform (and generalization of it
as in ([]), (J5), (1331, ([34]), ([47]), and studying mainly operators (in particular
with constant coefficients or of elliptic type) in more and more general classes of
ultradifferentiable functions (see ([33]), (|31]), where there are many references).

2. NOTATIONS, DEFINITIONS, PRELIMINARY FACTS AND MAIN RESULT

Before stating the main result we recall some basic definitions and facts. First the
definition of Gevrey class:

Definition 2.1. If Q C R™ is an open set we say that the function u belongs to
the Gevrey class of order s > 1, G*(Q), if u € C*(Q) and for every compact set
K C U there exists a positive constant C'i such that

sup |05 u(z)| < C‘]?Hlals,
K
with o = (a1, ..., ap) € N
When s =1 we get the class of real analytic functions, also denoted by C*(U).

Remark 2.2. The sup-norm in the above definition can be replaced by LP(K)
norms, p > 1. In particular we have that uw € G*(Q) if and only if u € C*°(Q) and
for every compact set K C U there ezists a positive constant Ck such that

105wl L2 (k) < 5f|+10‘18~
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Let X (x,D) and Y (x, D) be two vector fields with smooth coefficients. We write
adx(Y) = [X,Y], where [X,Y] is the Lie bracket or the commutator between
X(z,D) and Y(x, D). Let I = (i1,12,...,1), i; € {0,1,2,...,m}, we denote by

X[ = adXi1 adxi2 s 'adxik71 (Xik)7

the k-times iterated commutator.
To the multi-index I we associate the weight length |I| defined as

21) [ =#{|1<i;<m, j=1,... .k} +2#{i;]i;=0,j=1,...,k}.

Definition 2.2. We say that the system of vector fields {Xo(x, D), ..., Xm(z, D)}
satisfies the Hormander’s condition in Q, if for every xg € €1, there is a neighborhood
Qo of g, Qo € Q, and a positive integer r, depending on €y, such that the vector
fields Xo, ..., X and Xy, with |I| < r, |I| as in , generate the n-dimensional
Lie algebra on Qq. We say that the system, {Xo(x, D), ..., X (x, D)}, satisfies
Hormader’s condition at step 7 in Q, if 7 = sup, cq{rz, }, where ry, is the infimum
of the integers such that the Hormander’s condition is satisfied at the point xg.

In [35], L. Hormander showed that if the system of vector fields {Xg ..., X}
satisfies the Hormander’s condition in 2 then P is C°°-hypoelliptic. Moreover in
[46], Rothschild and Stein showed that the following a priori estimate holds

(2.2) lullz +Y 1 XeX;ullo + [ Xoullo < C (I[Pullo + llullo),
0,j=1

where u € Z(Q), Qo € €, r is as in Definition and C' is a suitable positive
constant.

We recall the local notion of Gevrey vectors.

Definition 2.3. Let P(x, D) a differential operator of order N with Gevrey coef-
ficients of order s > 1 in Q open subset of R™. We denote by G*(Q2; P), the space
of the Gevrey vectors of order s > 1, in Q, of P i.e.: the set of all distributions
u € 9" (Q) such that for any compact subset K of Q and every k € N, P*u is in
L?(K) and there is a positive constant Ck such that

(2.3) [ PRul|p2(xy) < Ot (N,

When s = 1 we set G1(Q; P) = &/ (2; P) the set of the analytic vectors of P in .

We state now the main result of the paper

Theorem 2.1. Let P(x,D) be as in (L.1). Let g in Q, Qo a neighborhood of
xo where the Hormander’s condition is satisfied at the step r, Definition [2.3, and
u € G5(Q; P). Then u € G™(Qyp).
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3. ESTIMATES OF A GEVREY VECTOR OF P

Let 2¢ € Q, Qg a neighborhood of zg, 2y € 2, where the Hérmander’s condition
is satisfied at the step r and u € G*(2; P). Let M a given fixed integer which
will be determined at the end of the section, having the form M = pn + ¢, p and ¢
suitable integers. Let ¢y (z) be an Ehrenpreis-Hormander sequence ([30], see also
[37],[48]) associated to the couple (©1,2), xo € 1. More precisely ¥y (xz) =1 on
0 and supported in Qs, with Q1 € Qo € o, and there is a positive constant Cy,
such that

(31) |Da1/JN‘ S OL@‘+1N(\‘1|*M)+,

for all o € Z7} such that |af < N.
We will use the following convention: the Latin alphabet letters in the upper in-
dex will denote the derivatives with respect to the corresponding direction, i.e.
a®(z) = Dya(x), and the Greek alphabet letters in the upper index will de-
note the usual multi-index derivatives, i.e. a(®(x) = D%a(z) = D" --- D% a(x),
a=(ay,...,on) €ZT.

The purpose of the present section is to obtain a suitable estimate of HD%ﬁ(ﬁ )Pku||

p=1,...,r H

p/r’

3.1. Estimate in H'/" and H?/".

Our goal is to obtain a suitable estimate for ||Do‘w](\f)Pku||1 ~ In order to obtain
it we use a modification of the Rothschild-Stein estimate (2.2)) proved in [9]:
Lemma 3.1 (Lemma 2.1 in [9]). The following a priori estimate holds

m

(32) lvllz + Y (IA-X50ll0 + 1 X800]l0) + E [ XeX;v(l0 + | Xov]lo
j=1 0,5=1

< C(|Pvllo+ lvllo)

1
where A, = (1+ |D[*)*, v e 2(N), Qo €Q, r is as in Deﬁm’tion and C is a

suitable positive constant.

By the above Lemma, replacing v by D"‘%@Pku in (3.2)), the following estimate
holds

m
(3.3) DR Prullz + > | X; D) Pruls
j=1

+3 IXe X, D Prullo + | Xo DY PRullo
£,j=1

IThe choice to use the set Qs related to the Ehrenpreis-Hérmander sequences and not g, it
will be more clear in the following when we will handle the case p > 2.



6 GREGORIO CHINNI AND MAKHLOUF DERRIDJ

<C (||PD@¢§§>P%||O + || D= %”Pkuno) .
We begin to handle the first term on the right hand side. We have
(34) [|PD* Y Prullo < D4 P*1ullo + (I[P, DS | Prullo
< D6 Pl + 3 X2, DU ullo + X, D20 Prull
/=1
+ [lle, D91 PEullo.

In order to estimate the above terms we will take advantage from the following
relation: let f € G® (Q), then for every a € Z} we have

(35) .07 = =32 (1) o,

vy,
v#0

Concerning the last term on the right hand side (3.4)), using the above formula with
f=cand v=a, we get

«@ [0 v a—v
(36) le.D ¢§5)]Pku||o<2(y>||c( Doy Prull

v<a,

v#0
|V\+1( !)sflnDafV,wJ(\?)Pku”O.

1/750

We remark that when v = o we have
O ()|l Prullo.
We recall the following result:
Lemma 3.2 ([20]). For every N € N*, one has
(3.7) ki < BIN®=M7 for B =sup (M,3),j <k < N.
Moreover the following elementary fact holds: if p1, ...,pe and M are integers then

(p1—=M)*t  Ar(pe—M)T (1 -t pe— M)
N N <N .

Let Ky be a compact set contained in 2 and containing all the supports of ¥y,
Qo C Ko. Since u is a G*-vector for P in Q we have || P*ul|12(,) < 012{’2“(215)23’“.
Taking advantage from the Lemma [3.2] we get

(3.8) O\ (a0l Prullo < €11 (al)> @l TN UBIMT | PRy o
< C\la|+lc\2ﬁ|+2k+1Ns(|a|+\m+2k—M)+_

Now, we consider the second to the last term on the right hand side of ([3.4)):

(3.9) ||[Xo, D¢] P’fu||o<ZH a;0(x) Dy, DY Prullo
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n
<> (llaso@) D0 Prullo + lazo(@), Do Prull

Jj=1

+ lfajolw), DD Prully )

vl+1 a' V!)S v —+ 1
<Yy o i (1D Prull + D 490 0 Pl

=1 v<a,
v#0

+ 01 YD Prullo,
j=1
where we use (3.5) with f(z) = a;0(x) and v = o and the fact that

1 S n
sup o'y (@) < P (e, v ez,

where K is a compact set contained in 2 and containing all the supports of 1.

We focus on the terms in the sum on the right hand side of (3.4). We remark that
(X2, D] = 2X,[X,, D) — X0, [Xe, D0, €=1,2,...m

)

Then we have
(3.10) [|[x2, D¢ P ullo

< 2| X[ Xe, DG TPullo + [ Xe, [Xe, DN P ullo
=21, + Is.

We analyze separately these two terms.

Term I;: we have
I < | X[ Xe, D7 Prullo + || Xe D [Xe, 37 1PFulfo-

Now, by (3.5] ,Wheref:ajg and y=a, j=1,...,n, we have

(3.11) [X,, D Zn:aﬂ,pj,p ZZ( > ) () Dov+i,
j=1

j=1 v<a,
v#0
and
(3.12) Da[Xz,iﬁg\?)]:Z(a]z( Daw(ﬁﬂ)‘f'} :( ) (V) 2) DV /3+J>
Jj=1 v<a,
v#0

So, we obtain

. «Q v a—v+j v a—v+j
héZZ(J(aE,ZX«D +J¢§5)Pku||o+2|\apea( D *Jwﬁf)P’“uno)

Jj=1v<a,
v#0
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n
+) (Haj,éXeDawg\'?ﬂ)PkUH + Z las ey Do) PkUHO)

j=1 1=1

n
[0 a—v v+ a—v j
+30S :(V> <||a X, D) Py —I—ZHaMa D ¢<ﬁﬂ>Pku||o>.

j=1 v<a,
v#0

Let K be a compact set contained in 2 and containing all the supports of ¢, then
the following estimate holds

sup [al) ()| < O (9)1)°,
K

3.13
( ) Sup\a(%p)( )l < CMJ&[(’y—i—e >] < C|W|+22s[|’7|+1]( s < C|W|+2(,y.)s7

for every v € Z"} and 1 < p < n.
We conclude that

(3.14) I
' |
< Zj :C\V|+1 al ) |:|X DoV (5+J Pku||0+ ||X@Da V+]w(B)Pku|| :|
1 v<a
= v#0
+ nz E o} C|V|+2 al )) |:||Da V+j¢(/3)PkuHO + |Dauw5\§3+j)Pku|0:|
j=1 v<a

v#0

+ Z Cy || [ 1 X, D) Py + n012||Da¢<A'?“>Pku||o] .
j=1

Term I,. We begin to observe that

(3.15) Xy, [Xe, D))
= [ X, [ X0, D)) + 2[X,, D[ X0, D] + DXy, [ X0, ).

Using (3.5) with f=a.,0r f = a(_")e and vy =« or v =« — v, we get

[Xe,[Xe,Da w(ﬁ) ZZE :( )(IMDW §VZ+Z Do 1/+]],(/}(5

j=11i=1 v<a,
v#0

:_ZZZ< )M%V;l)Da_wwggui:i:a’ o9 Dl®)

j=11i=1 v<a, Jj=11i=1

v#0
a v a—v+j
~323 Y (0 D
1:=1 v<a,
7= v#0

since [a; ¢, D7V = [a; 0, D*7]D; — EJK),D"‘ vV — DYV, Ejé)] we obtain
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(3.16) [Xp. [Xp, D) = 222< )Wwﬂm rigg(©)

j=11i=1 v<a,
v#0

=V W) [ (1) pa—v—ptjti | (i) pa—v—pti) . (8)
SIS S ()" e o

=1 v<a, p<La-—v,
v#0  pst0

+Z E ( ) ]VZ) EJ)DOZ V—Hw(ﬁ)
7,i=1 v<a,
v#0

Acting in the same way, we have
(3.17)  2[X,, D[ X, 7]

:—QZZ( ) (CLMD“ v+j +a(J)Da u) ](\fﬂ-)

7,i=1 v<a,
v#0

) § E : 2 : ( >(OL — I/> gt/é) (agfz+j)Da7V7# + aEZ)Da7V7H+j> 1/)1(\?—&-1’);
Ji=1 v<a, p<a—v,
v#0  p#0

and

(3.18)  D*[Xy, [Xe, )] Zau ( () pergp(F+9) +ajyeDa¢§€+j+i)>

7,i=1
+ZZ( ) [(% () 4 of0) ;g) D)
J,2=1 v<a,
v#0
+ (ai,zag-t'e) + agj/e)a] ) DOy (B+i+1) ]

P o )| Gy R

7i=1 v<a, p<a—v,
v#0  uA0

+a§f2) Dafufuw§§+j+i):| )
By (3.13) and the identities, (3.15)), (3.16)), (3.17) and (3.18)), we obtain
(3.19) I

| vl
<any> S ST (e pha 4 Doy )

j=1 v<a,
v#0

v|+2 a' V' a—v a—v
#2303 ol S oy it plgy g n eyl P

,j=1v<a,
v#0
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430 Z SOY Cl el a'((avg _ —(Z!))' [”Dafufuw](g"r]’)])kuno

=1v<a, p<la—v,
v#0  p#0

| Dy Prulo

n y ol (W)* 7 ()t v j+i
23 DYDY e S UG [peeiy 0 ph

|
i,j=1 v<a, upu<a—v, 'u)'
v#0  p£0

_|_||Doz—u—,u+j¢](\[;+i)PkuHO + HDa—V—#-Fj-O-iw](\f)PkuHO}

+ 008N D Prullo + €2 37 ST IDYw T PRl

Jj=1 j=11i=1

Summing up, by (3.3), @-4), (3-6), (-8). B-9), (-10), (3.14) and (3.19), we con-

clude that there are two new positive constants C; and Cs, independent of «, 3, k
and NV, such that

(3.20) D¢ Prulla + 3 || X;D%%8 Prul 1

+3 XX, DY Prullo + | Xo DY PRullo
£,j=1

Cy [HD“M’P’CMHO Do Prullo + 305 IXeD 0+ Prully
=1 j=1

+ Z 1Dy Prullg + 3 S D0 Prullg

j=1i=1

+zzzc‘y'“ o ) (||X D) Pruflg+ | X, D46 Prullo)

(=1 j=1 v<a,
v#0

vl+1 Oé' V')S v v
35 el (1ol Pl + 107 ) Phul)

7j=1 v<a,
1/750

v|+1 OZ! V!)S_l DoV % a—v v
e o (1D w0 Phul 4 Do g7 Phall)

7,i=1 v<a,
v#0

é TR (2 M (71) M TR P
I IDIC S (D= Prully

oy |
i=l v<a, p<a-w, (a—v—p)
v#0 0

HID D Prujo)
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n s—1 s—1
E E E ' lv|+|pl+2 al (V) (1) a—v—p  (B+it+i) ok
" G (v — v —p)! (HD 82 Prullo

i,j=1 v<a, pu<la—v,
v#0  pz£0

_’_HDafuprrjw%-l-i)PkuHO + ”Dafl/fp«+j+iwj(\ff)Pku”0)

Va1 a! 1/) y al+1 ~|Bl+2k +
+ZCI \ ) HDa 1/JN P’“uH0+0| | C' I+2k nps(|a|+|8]+2k—M)
v<a,

v#0

We remark that when v = a or y = a — v the first term in the multiple-sums can
be directly estimated. More precisely, setting v = a and using the same strategy
adopted to estimate the last term in , see 7 the first term of second and
third multiple-sum can be bounded as follows

3 21 ZCIQ'_H W)(ﬁ-‘r] Pku”

< nC\laIH6£5\+2k+2N5(\a|+|ﬁ\+2k+1—M)+,

)

n

ZZCW\‘H ”w(ﬂ+3+z)Pk H

j=11i=1
2 ~lal+1 5|B1+2k43 ars(|a|+|B|+2k+2— M) T
<n“Cy 0 N .

In the same way, setting y = a— v in the first term of the fourth and fifth multiple-
sum involving p, and recalling that the number of the multi-index v with |v] < |«

is equal to (Ialltjn), smaller than 2/*1*7 we have

(322) 33 Ol al () (o - )l [ Phulg

=1 v<a,
v#0 < pololtn |l GlBI k2 sl 1814 2k+1- M),

3

SO el ) (@ = w) ) T PRl

0 ~
v# < n22\a|+nc\1@|+1C\zﬂ|+2k+3Ns(\a|+\[3\+2k+2—M)+ )

Concerning the first term in the first multiple-sum on the right hand side of (3.20)),
setting v = «, it becomes

(3.23) ZZOWH—I ||X w(B+J)PkUH
=1 j=1
In order to handle it, we recall that the following a priori estimate holds

S IXeoll < G (((Po, v + [0?), Vo€ 2().
=1
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Replacing v by w%ﬂ_])Pku, we obtain

SOIX PRl < E (PO Pru, ol Pru + 90 Prul?)

=1
Since
U Pru= P 3 (260X ) = X (X o))
=1
+[Xb7 $+ﬂL
where

n
[Xe, ] = Z a0 =0,1,.. . m;

[(Xe, [Xe, ¥y ﬁﬂ Z Zap,e (aﬂ)lbj(fﬂﬂ) + ai,e¢§§+j+i+p)) . e=1,...,m

and keeping in mind that X; = X, + > .-, a; 57 we obtain

S Ixew I PR < Gy [||¢§€+”P’““u||o|w%*J>Pkuo + [ Pru
=1

m mn m n
+j+i % +J
A3 an PR 3TN al ) PRl
=0 i=1 /=1 i=1

#3230 (lap.ealr e d ) Prullo+llag eas. et Prulo) ||w§€“>P’“u||o] .

=1 i=1 p=1

So, using the same strategy adopted to estimate the last term in (see (3.9),
we conclude that

Z | X ) Phy||2 < C2UBIT2RHD N2s(IB]+2k+3-M)T
=1

The (3.23) can be bounded by
a1 Gl G s -a0

where Cj is a suitable positive constant independent of o, 5, k and N.

We end this subsection recalling that by interpolation the following inequality holds

1/2 1/2
(325 Do Prully < (1D Prallz) (10wl Prulle) T
3.2. Estimate in H?/", p=3, ..., r

The purpose of the present subsection is to obtain a suitable estimate of [[v||, /.,
| X0l (p—1)/r and || Xov||(p=2)/r, =1, ..., m,p =3, ...,7, where v = DO‘QZJJ(\?)Pku.
We denote by A% the pseudodifferential operator with symbol (1 4 |¢]?)/2?". Let
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¥ be in 2(03), Q3 € Qo, such that » = 1 on Qy, Oy € Q3. We recall that
u € G*(Qo; P), where € is a neighborhood of zg, Q¢ € 2, where the Hérmander
condition is satisfied at the step r , and that ¢y is the Ehrenpreis-Hérmander

sequence associated to the couple (Q1,2), ¢ € Q1, so Yy = VY.
We have

m
(3:26) [ D*wR” Prullz + > | XD Prul oos + (| Xo DY) Prul] -

j=1

m
+> XX D Prul| s
£,j=1

= [0 Prulle + > [[9X; D0 Prull s + [ X0 D9 Prul| s

Jj=1

+> XX, DGR Pruf e,

£j=1
We analyze separately the terms on the right hand side. About the first term:
10Dl Prulle = [|AZ24D¢) Prul2
< [PAZ2 DR Prull + [0, A2 D) Prul .

Since [AP=2, 4] is a pseudodifferential operator of order # —1 < 0, then the symbol

associated to the operator A2[AP~2 1] satisfies the assumptions of the Theorem
18.1.1" in [38], we conclude that

(3.27) 19D Prulle < |[9AP~2D%) Prulls + Col| D9 Prull.

Before to trite the other terms on the right hand side of (3.27)), for technical reasons,
i.e. in order to handle the commutators of X;, j = 0,1, ..., m, with the pseudo-

differential operator A’, we introduce a new Ehrenpreis-Hérmander sequence ¢y

associated to the couple (Q23,€), Q3 € Q4 € Qy. So, px is identically one on the
supports of ¥y and ¥, ontny = Yy and oyt = 1. We set

(3.28) Xj(@,D)=> anej(@De,  j=0,1,...,m,
=1

where @y ¢ (z) = pnag(z); we remark: ¥X; = ¥ X, and [, X;] = [1b, X;].
For every j, 7 =1, ..., m, we have

3.29
| ||1Z)XjDaw%”Pkuw = [0 X; D) Prull s = [|A272)X; DG Phul)s
< X A2 Do) Prul| s + |[AZ72, 0 X, D% Pruls
<X AR 2D Prul|s + [, X;1A2 2D ) Prul| 1
+ [[[A2=2, 9 X,1D°% Prull1.
We set [@Z, )N(J] => EN,g,ﬂfZ)v(f) = f; since
L+ D) <@+ @+lg-aP)”* 20,
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we have
[, X, A2 2Dy PRull s = || fAZ=2 Doy Prulx
< ([t ifelde) 1Du) Prul s

< MNPl

In the same way we obtain

1
™

1X;9A22D% ) Prulls = |lon X 9AR2D% ) Phulx
e (©) ds) XA~ D)) Prul| s

<(fa+en
< CMEN DT X AR DAY Pl .
Now, we handle the last term on the right hand side of :
(A7, X)) = [AP2, )X + 9 [A22, X
moreover

(3.30) [AP72, X Z Z~§§22M AP p, Z% 2N, Dey) s

l1=103=1 £1=1

where the symbol associated to % is
2! ([A’ﬁ_2 aN 41De) (,)

1
OG5 /0 (1-) (A7) W) (et(n—€)) dt dCdy.

l
||2”

We remark that #; is a pseudodifferential operator of order % —

We conclude that
IA2=2, X100 Prul s < [|[AZ72, 01X, D% Pruls
+ [[R[AR2, X510 Prul| s
< O X DY) Prul| ey + Col D™ Prufl s + Cs [ D°6 ) Prul| s .

Without loss of generality we assumed that M > n + 3. By (3.29) and the above
consideration we obtain

(3:31) 63,06 Prul e < C(IX;0A2 2D Prully + |D* 6 Prul s
+ 1%, 0208 PRull + [0 Prull )

where C' is a suitable positive constant.
Using the same strategy adopted above, we conclude that the third term on the
right hand side of (3.26) can be estimated as follow

(3:32) [0XoD* Y Prull s < (1 XobA2 2 D6 Prull + | D) Prullues

+ 1 Xo DY) Prull + | D2 Prul ).
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Lastly, we have to estimate the last term on the right hand side of (3.26)). For every
jand £, 1 < j,¢ <m, we have

[0XeX, D0 Prufl ooz = A0 XX, Do) Pru
< A2 GIX X D) Pl + A2 X, X D) P
< [A272, 1Ko X, D0 PRl + [|[9[AF 2, X X, D) Prul
+ 1§ X A2 2 X D) Pru
< [[[AZ2, )X, X; D0 Prul| + |9[A2 %, X X; D0 Pl
+ XX GA 2D Prul + DAL 2, X)X D) Prul
+ [[9[Xe, [A272, X1 D% Prul.
Since [A2~2, 9] is a pseudodifferential operator of order -2 — 1, we have
JIA22, J1X X, Do) Prul < Coll XeX; D™ Prul.

Without fall in details, using the same strategy adopted previously to obtain (3.31]),
we conclude that

IG[A2, X X; Do) Prull < Cy || X; DGR PRull ooz + Co|| X; D90 Prull;

IGIA22, X;1X, D) Prull < Col| Xe D9 PRull sz + Co| Xe D) Prul);
and
91X, [A2=2, X1 D2y Prul| < C5)| D24 Prul|.
So
(3.33) 10X X, D6 Prull s < O(I1XeX; 00272 D6 Prul
+ 11X, DGR Prull sz + | Xe DGR Prull oz + [ DGR Pru oo
+ (1 Xe X, D) Prul + || X500 Prul + 1| X, D¢ Pru]
+ 1D Prul ),

where C is a suitable positive constant independent of «, 3, k and N.

Summing up by (3.26)), (3.27), (3.31)), (3.32)) and (3.33)), there is a suitable positive

constant, C1, independent of «, 8, k and N, such that

(3.34) D) Prulle + > XD Prul oms + (| Xo DY) Pru] oo

j=1
+> XX Do Prul| s

£,j=1

< C1(I19AE 2D Prullz + > 11X, 002 2Dy 0 Prully
j=1

1 XoPAZ 2D Y PRl + Y |1 XeX 5AR 2D Pru
£,j=1
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m
+ 1D Prullocs + 1D Prull oz + > | X, D0 Prull ooz
j=1

+ 31D Prull + XD Prul + 31X X, D20 P
j=1 l,5=1
+ 1D Prul)).

We have to estimate the first four terms on the right hand side; the other terms are
“good” terms for the induction argument used in the last section to gain the main

result. Since JA&’*QDO‘%(\?)P]“U € 2(0), we take advantage from the estimate
(3-2), Lemma replacing v by {/;A{,’*QDO%%B)P’W € 2(Q). We have

(3.35) [[AZ2Dg) Prulls + 3 | X;0A2 72 Doyl Prul s
j=1
+ IXowAZ 2 Do) Prull 3 X X9Ar 2D Pru]
€j=1
< C (IPEAL2 DY Prull + [0A 2D Prul])

We remark that

(3.36) [9A2=2Dp ) Pru)| < [ D) PRull p=a

We focus on the first term on the right hand side of (3.35). We proceed as in the

case H?/" with the difference that in this case we have to handle new ingredients, in
particular, the presence of the operator AP~2. For technical reasons, we introduce

(3.37) Py =Y X7+ Xo+2w,
=1
where )N(j, j =0,1,...,m, have the form described in (3.28). We point out that
since ¢y is identically one on the support of ¢ and ¢y, the identities Py (vv) =
P(¢w) and 3 Pyo = ') Pv hold.
We have
(3.38) [[PpAZ-2D 9] Prul| = || Py A2 2Dop) Pru|
< AR D ) Pl 4 [P, AR DM | P
< | D™ PH ul| oz + ([P, AR D) PP
+ @A [Py, D] Prul.
We focus on the second term on the right hand side:

m

[Py, AR = > (X2, PAL2] + [Xo, PAL2] + [Ey, YA

Jj=1

= > (2%, BAT 2R + (K, [, 0022 + (Ko, BAZ 2] + o, A7)

j=1
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So, we have

(3.39) [|[Py, AZ~2 Dy Pru|

< 3 (2085, 902 21K, D0 Prull + (X, [X;, oD w ) Prul)

Jj=1

+ [ Xo, AR 21D U Prul + |[[Ew, dAZ 2| D) Prul
4
=2 I
k=1
We analyze separately the term on the right hand side.

Term I,: since [cy, pAP~2] = §[cn, AP2] and [én, AP~2] is a pseudodifferential
operator of order 2=1 — 1, we have

(3.40) Iy < C1|| D9 Prull.

The above estimate is consequence of the Theorem 18.1.1" in [38], we remark that
since we are assuming that M > n + 2, then C} is independent of N.
Term /;: since

[ ¢Ap 2] [ Js ¢]Ap 2+ ¢[Xj7 A£72]v
where [)Z'j, AP=2] = —[AP72 Xj] (explicitly given in (3.30))), we conclude that
(B41) L <G (IGD Y Prull s + XD Prul )

=1
Term I3: it can be handled as the terms in I;, we have

(3.42) Iy < Cy (IID* 6 Prull oz + | D00 Phul)
Term I5: observing that
X, (X5, OAR2]) = (X, (X, 9]JA272 + 2[X;, )][X;, AP %) + 9 (X, [X;, AR2)),

where in particular
(X5, X5 A2720) = D03 (@ glafs) AL 21De + [k [ g, A2 DiDe
k=1

1
g [, A2y + ) g, A2 Dy — @), [, AL Dk )

with [~(k) AP~2] and [ax, ;, [ac,;, AP*ZH [ak,;, [aé g AP=2]] and [ak s [ar,j, AP~2]] pseu-
dodifferential operators of order 2 T — 1 and 2= — 2 respectively.
We have

11X, [, DAL 2D Pru| < OHD%EVB)P’“UIIL;z,
and, by (3.30) and the above considerations, that
11X, 91X, A2 D) Prul| + [01X, (X, A2 D) P
< C (ID*0 Prull oz + 1D Pru)
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We conclude that
(3.43) I < Cy (1D Prull oz + [ D00 PRul)

Summing up, by (3.39)), (3.40), (3.41)), (3.42)) and (3.43) we obtain

(3.44) [|[Px. ¥A2 2 D% Pru|

< 0(2 1X; D68 Pl s + [ Xo DY) Prul| iz + | D0 Pru o2
=1

+ D IX DR Prul| + | Xo D Prul| + D%E@P’“un)
=1
where C' is a new suitable constant independent of V.
Now, we have to estimate the last term on the right hand side of (3.38)):

[9A=2 [Py, D0 Pru.
This term is similar to that one treated in the previous subsection, in order to make
the paper more readable we will cover it in quite detail anyway. Since

(P D] = Y (25,18, Do) - 1K, (X, D)
j=1
+ [Xo, DY) + [en, DY),

we have

(345) [0A272[Py, D1 PRul| < 23 AR X, [X;, DOwY)| Prul
j=1

+ 3 19A22 (X, [X;, DOy PEul| + [[9A2=2[Xo, Dy 1P u|
j=1
+ ||1ZA’T)_2[EN,DQT/)1(\?)]PICU|| =Hy1+Hoo+ Hys+ Hau.

We analyze separately the terms on the right hand side.
Term Hj 4. By (3.5) we have

— ~ o v —v
[CN7D“1P](\§)] = [CNaDa]z/}](\é) = - E <V>E(N)Da 1(\?),

v<a,

v#0
then

[A2=2En, DY 1P ul
<2y (a) (/ 1+ 1D 2 () d<> 1D 4R Prul| oz

v<a,

v#0
Let’s proceed to estimate in detail the product of the first two factors in the sum.
Later on we will use the same strategy several times, but we will omit the details
in order to do not weigh down the discussion. Let g equal to 1 or 0 if n is odd or
even. We have
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[asin=

Od¢ < / |<\ e (L4 )™ B () de

: / e (N T LT

1 n ~(v ) q' ~(v+2p)
Z/WQ 2 ey (O + Z \CN Q] d¢,

where ¢ =n+2+4q. So

o v+2 o V+2,u v+2u—
(< ()5 (1)

Y<v+2p
a!

(a—v)!

1 —|yl+ntq+3 A (v —|y|=M)T A+ -
o B R T o
y<v+2pu H=0

< olvlt+nt2+g (2u))

By the Young inequality for products; assuming that M > 2|u|+1=n+3+q and
since the number of the multi-indexes v with |y| < |v| 4 2|u| is smaller or equal to
2vI+n+2+4 e obtain

O\ | +20)| < 92(Ivl+nt2+9) (9, 1yl +nta+s_ O (N\Vl—l (s—l)\vl)
(0)e1< (u)CY S (et

and

O 120 < 92(1v)) \vl+1L(N|u\—1 (s—1>|u|)
(0)1etp1 < 2 clyer s (it o)

’l

— n+2-+q
Since Y., it =1 , we have

a0y (2)1 [ i’

where (Y} is a suitable positive constant independent of v and N.
We conclude that

v v al ul— s— 1)y
= Al < ¢} e (V)

(3.47) Hay = |[OAP2[en, D¢ Pru

|
< Z:C|u\+l . (N\y| 1 + |V‘ s— 1)\y|) ”Da yw Pkund
v<a,

v#0

Term H, 3. By (3.5)), we have

Ko, D*9] = [Xo, DJy + D*[Xo, v

_ ZZ ( ) ( NPODa uw (B+2) ~§<}’,)€70Da—u+€¢§\? )"‘ZQNZ(Daw 5+Z),

(=1 v<a, {=1
v#0
SO
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n
i
Has <> [9A2 2y 00 D9 Prull
/=1

~(v a—v ~ e o e
+Z§ :< )(”d’/\p 2 SV)ZOD +Zw§€)PkuH+”¢Ag 2aSV)€0D w](g )Pku”)

Zlug
v#£

:O?

= ( [ a+10) ¢ >|d<) 1D 0O P,

=

Lot zz( ) ([ a1 @@ p1ac)

(=1 v<a,
v#0

IN

x (I 90 Prull s + D> 0™ Pruf s )
Using the same strategy adopted to obtain (3.46)), we conclude that
(3.48)  Has = A2 [Xo, D™u | PPul|

<Oy FN AT ey O Py,

=1
+ZZCM+1 a! (N"" IC 1)|u|)
(=1 v<a, - )
(I Pl D PRz
Term H, ;. For every j =1,...,m, we observe that
X;(X;, Dvi)
a—v, (B+L)  ~(v v a—v B
-3 (0) @ Rope o ), Ko )
(=1 v<a,
v#0

n n
« ~ ~(v+1 a—v £) ~ ~(v+1 a—v
D330 0l () [ AV LRt AR ML)
(=1 1i=1

v<a,
v#0

+Z AN XD B+E)+ZZaNuaNe]Daw(ﬁ+£).
(=1 i=1

So, we have

ZZZ( )(nwAp 2 X DO ) P

v<a,
v#0

l\D\»—t

_’_HwAp 2~ (V) X]_Da—uwg\é—i-l)Pku")

+§:Zn:2<i> (HW\” YN ja E\ﬁ?pa v phy |

j=14i=1 v<a,

v#0 ~(v+1i v £)
I BAL iy 1) DO U Prl)
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m n
5 3 3l (TS NI AT o S )

v ©lac) ( [ i

x (1D Prull s + X070 Pru] s |

*iavep@lac) ([ i

[P D Pl 4 D7 P

- iZZ () (Jai= ex()ldc)

#3035 (0) ([

j=14i¢=1v<a,
v#0

(o] dc)

+§;(/ L1 e 0lac) ([ @+ 16)™ (ol ac)
x| X; DU Pruf ps
+§;(/<1+|<> us@lac) ([ 14100 vyl ac)

x Do Pru s

Now, using suitably the same strategy adopted to obtain (3.46]), we conclude that

(3.49) Hyq = 2Z||¢AP 2X,[X;, D\P Pru

Jj=1

1 wl+1 ol lv]—1 (571)|u|) s(n+3—M)T
gzZZE Cy oo (N + |v| N
< (I Do ) Prull e + 126 D7 40 Pru e |

Jr2Z:z:d \+1 al (N"“|*1+|u|(5*1)"’|) Ns(m3—M)*

(=1 v<a,
v#0
x [HD“—”%E@P%HH D Pl s |

ACENSE I $ S Doy Py

+ 207 TN G ST T D O .
=1
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Term Hj 5. For every j =1,...,m, we have

(X;,1X;, D'\ = [X;,1X;, D) + [X;, DX, o))
= [X,, 1%, Dol Q + 2[X;, DX, w0 + DX, X, 0.

‘We obtain

(350) Hap =Y [WAR2[X;, [X;, D0 )| Pru|
j=1

< > (I9A2721%,, X5, D Prul + 2100225, D)X, w1 Prul
j=1
DD X, 1%, 0 )AL 2P )
=Hyo1+Hyoo+ Hopos.

We proceed to estimate the three terms separately.
Term Hj 5 ;. Using the same steps to obtain (3.16)), we have

[X X Da _ ZZ < )a/Nl,] ]\IZ/JEF,’L])DQ v/

Li=1 v<a,
v#0

a—=V\(v) ) a—v—pu+L+i "’( +é) a—v—pu+i
P30S (0)( ), (a e pe)

li=1 v<a, pla—v
v#0  p#0

+§ :: :( )Ng\l/,/]~%z,jDa V—H
=1 v<a,
v#0

So, using the strategy adopted to handle the previous terms, in particular the
strategy to obtain (3.46)), and assuming that M is greater than n + 6, we have

(351) Hapn =Y [0A272[X;,[X;, Do) Prull
j=1

< iZZ (O‘) (/<1+ ha |§N,i,j<<>|dg)

£,i=1 v<a,
v#0

< ([ a1 Q1) 1D o) Prulecs

+Zm:ZZ(°j) ([ a+ion= @l )

j=1¢,i=1 v<a,
v#0

([ 10T B0l de ) 150 Pl
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#3305 (O () [(fav i @)

j=14,i=1 v<a, pla—v
v#0  p#0

([ 1) N ©1dc) Doyl P

,-,-<c>|d<)

+ (/(1+ ) Iﬁivy,)z,j(g)mg) (/(1+|g|)”72 ~(1)

% ||Dauu+é+iw§\//3)Pku“:|

v|+2 Oé! v|— s—1)|v a—v
<y e oy (NP e ) D g D P

=1 v<a,
v#0

+zzzclvl+w+2 O (WM )
o=

v —
i=1 v<a, pLa—v 'u)
v#0  p#0

% <NW\_1 + |M|(s—1)\u|) ||Da—u—ﬂ+iw](§)Pku||L:2

N ZZ vy C|u|+w+1 o (i)
(o=

v —
li=1 v<a, ula—v 'u)
v#0  p#0

(N 4 D) o 8 pl

Term Hj 5 o. By (3.17), for every j, j =1,...,m, we have

2(X;, D)X, 4]

~(v a—v+l | ~(¢ a—v B+i
:_222( )aggm (a0 Do ), Do)

=1 v<a,
v#0

23Sy (5)(%, s (g o

Li=1 v<a, p<a—v+~L
v#0 n#0

) Do) g,

We conclude that

(352) Hapo =2 [A272[X;, D)X, v 1P ul
j=1

v]+2 Oé. v s— v a—v i
<ZZC‘ |+ a_ ) (Nl |—1 ‘I/|( i8] \)HD wg\[;-‘rl)Pkqu%2

=1 v<a,
v#0

23
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al
+Z§ C\V|+1 oo (N|V| 1_|_|V|(s 1) l/l)”Da u+£,¢ (B+1) Pk ”p )
Li=1rv<a,
= v#0

+ZZ:CM+M+3 a_i!_ ol (WP D)

i=1 v<a, p<a—v
v#0  p#0
x (V=L g D) [ Do G0 Py

+ZZZC' |+lul+2 a—j! = (NM WSS u|)

li=1 v<a, p<La—v
v#0  p#0
x (N1 o (=) [ Dot b G Py,

Term Hj 5 3. Taking advantage from (3.18)), for every j, j = 1,...,m, we have

arv oy ~(% £ a L+
D [Xj, I 1(5) § aNZ,j (aN)éj ('8+)—|-11N D d}(ﬁ-i' +i )

7,0=1

& a (i) | ~(0) (i) o (B40)
JFE E <V> [(aNmaNé +a§v” Né])D 1/’5\/

Li=1 v<a
v#0

~ ~(v) ~ —u (B+E+
(aN,i,ja%,)e,j+a§\7,)i,jaN,z,j) Dy l)}

+
o E () e

Li=1 v<a p<a—-v
VA0 u0

a—v— +L4i
+agv)ng Mw(ﬁ )} .
From this identity, we obtain

(3.53) Hz,a,s—lewA” 2D (X, [X;, 03T PEl|
j=1

n n
<> DT Prull e + Y CEIDU Y PRu o

=1 Gri=1

v[+3 Ot! v s— 1/ a—v £
+Z§ Cl [+ a_y) (NH 1—|—|V| 1) |) ||D w(ﬁ-l— )PkuH

=1 v<a
v#0
v al v|— s—1)|v —v i
oy o (N om0 ) e P
li=1 v<a« Oé V)' "
v#0

+ZZZCM+M+3 04—7/! = (g )

=1 v<a p<a—v
vA0 40
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x (W= =Dl [ Do 50 P

\V|+|u|+2 ol v]—1 (s=1)lv|
+ZZZC Ep— (NP )

li=1 v<a p<a—v
v#0 0

% (Nlul—l + |M|(s—1)\u\) ||Da—u—#w](€+f+i)pku||p%2

By (3.50]), (3.51),(3.52) and(3.53), we have

(3.54) Hap =Y |[YAR2[X;,[X;, DOwY) )| Pul

j=1
<> D T Prull e + § CH DY Phu
(=1 Jyi=1

v 3 0[! v|— s— v a—v
3t (W ) [ ) P

(=1 v<a
v#0

HD 9 P e +z(||pa S PRl DO P2 ) |

i=1

F3I S o S (W e )

=1 v<a pu<a—v
v#0 0

% (N‘H‘*l + |,LL|(371)|M|) |:||Dauu+éw%3)Pku|pr2 + ||DQ7V7M1/)J(§+€)Pku||pffz

+ Z <||Da—u—u+€+iw](\l[3)Pku||Pr2 + ||Da—u—u+€¢](\é+i)Pku”L;2

i=1

+ llDa—u—uw}(\?+€+i)Pkqu2):| )

Summing up, by (3.34), (.35), (3.36), (3.38), (3.44), (.45), (.47, (3.48), (3.49)

and ([3.54) we conclude that there are suitable constants, C; and C5, independent
of a, 8 and N, such that

(3.55) D0 Prullz + > [ X; D0 Prul oos + (| Xo DY) Pru| oo
jfl

+ § X X Do) PRl e

4,j=1
@{HD%E@P“%W 30X D PPl s
j=1
D0 Prull s + Do) Prull s + Do) Pou

+ 31X, D ) Prul| + | Xo D) PRul + § XX D) Pl
j=1 £,5=1
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+ 0 NS@nt5— M)t (Z ||Da¢(ﬁ+é Pku” 2 + Z ”Daw 5+€+1)Pk ” —
£,i=1

j=11¢=1

+ iiZC:Hl(a!)' (Nlu\fl + ‘V|(871)|u\) NS(”+3*M)+
i a—1v)!

XjD“w%”“Pkun“)

a—v a—v ¢
126,07+ Pl s + X, D WWD’““”"*)

v O[! v s—1)|v a—v
F3 O (N ) D0 ) P s
v<a :

v#0

+ZZCIU|+1 ai' ) <N| |— 1+‘ |(s 1)|V\) Ns(n+3 M)+t

(=1 v<a
v#0

% (HDa—V-‘rE,(/}](\?)Pkulpz + ||Da—z/ ](\/?+2)Pku|p2>

+ZZCM+1 af' ; (NI =y 1)|u|)

Li=1 v<a«
v#0

x <||D“-V+%§§”>P’fu|w + D §€””>Pku|“)

+ZZZCM+M+3 o (i)
(o=

v —
(=1 v<a p<a—v M)
v#0 0

x (N1 o a0l [HDM“”M)PMH + (DA P s

+ Z(||D“—”-“+f+iw§€)P’fu||p;z + | DO YD P s
=1

D P )| }

We point out that now we can choose M equal to 2n 4 7.
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4. LocAL GEVREY REGULARITY OF A GEVREY VECTOR OF P

In this section we prove our main theorem concerning the regularity of the Gevrey
vectors of P(z, D), (1.1). About that, we begin to prove a couple of results conse-
quence of the estimates established in the previous section.

Proposition 4.1. Let P be as in , xg in 2 and Qg a neighborhood of xo where
the Hérmander’s condition is satisfied at the step r, Definition [2.3 Let n be as
in the previous section, , and u a Gevrey-vector of order s for P. There exist
constants Ay and By such that, if:

||Da77[}1(€)Pku|| < A|15|+2k‘+1Bfr|a|+1Ns[r\o¢|+|B\+2k]7

(4.1) (1)0 | XDy Pru| < AlPI+2eH1 p2ral+@n 041 nrslr(lal+r =) +61+2k]
=1, ...,m, for2r|a|+ (|| — M)+ 2k < N.

Then, one has for p=1

IID"w%B’P’“uII; < A\1ﬂ|+2k+1+1312r\a|+1+1Ns[r|a|+|ﬂ|+2k+1]7
(4.2) (1) i

for 2r|a| + (|B] — M)+ 2k < N — 4,
and for2 <p<r

||Doz,¢§§)PkuH% < A\lﬁ|+2k+P+1BfT’|0“+P+1Ns[r\a|+|6\+2k+p]’
1Xe D) Prufl o < APTFREPH RO ol +14 2k,
(43) (1) { 1Ko DR Pruf oz < AP pRrlaltott yslrlal+ o120,

1K, Xe Do) Prul| o < APTHREPE el yslrlal+151 2k,

6je{l,...,m}, for 2rlal+ (|8| — M) + 2k < N — 2p.

We recall that the constant M is fixed, more precisely M = 2n + 7.

Proof. The result is obtained by induction on p. The main tools are the estimates

(3.20) and (3.55) obtained in the previous section.

Step p = 1,2. We want to show and (4.3]), case p = 1 and p = 2 respectively.
We begin from the case p = 2; the case p = 1 will be obtained using .

We recall the estimate slightly modified in view of the considerations made
at the end of the subsection “Estimate in H/" and H?/"":

(4.4) DY Prullz + 31X DG Pruls
j=1
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m
+ 3 N1XeX; D) Prullo + (| Xo Do) PPull

m n
@{D%E@P’“Huno + Do Prullo + 3 3 1 Xe D) Prulg
(=1 j=1

+ Z 1Dy Prullg + > S [Dow I Prullo

j=1i=1
i a! (v!)® ; i
£33 et (XD PRl | XD Pl
(=1 j=1 v<a,
v#0
n s—1
vi+1_al (V] v (B+i i)
+20Y O (I e PRl + Do PRl )
j=1 v<a,
v#0
n n s—1
v|+1 Ol' (V') a—v +j+i a—v+j i
F DY O (D PRl Dy PR
j=1i=1 v<a, :
v#0

" ” al (W) ()t o -
DI I WG Gl e e [ !

|
j=1 v<a, p<a-—v, 'U')'
v#0 n#0

+ ||D(¥—V—M+qu)](\?)]3ku”0 + Z (HDa—u—uwj(\§+j+i)Pku”O
=1

+ | D=t Prujl + ||D°*—"—“+j+i¢§§>Pkullo>}

n

+O M a Y

Jj=1

m

> 1XeD ) Prullo + (2117 4+ 1) 1D, Prullo
(=1

+ (2'“‘*” + 1) 2 (IIDﬂb OO PRl + ||DjDi¢§§)Pk“H0)

I a
+y_att—= ")) 1D Prully + C} '*102‘“2’“N8<al+lﬁ+2k>}.
v<a,

v#0

We remark that all the 2n + 1—tuples of the form (o/, 8/, k') € N2"*1 associated to
each term on the right hand side of satisfy the condition (4.1).

In order to make more readable and flowing the writing of the proof, we introduce
the following notation: let us denote the powers of Ay, B; and N appearing in

(4.1), (4.2) and (4.3]), respectively by:
Sp = Sp(|Bl, k) = |B] + 2k +p + 1;
(4.5) T, = Tp(laf) = 2r|al + p+ 1;
Up = Up(lel, 8], k) = s[r|af + |B] + 2k + p] .
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We point out that S,11 = S, + 1, Tpy1 =1, + 1 and Upy1 = Uy + 5. With this
notation the assumption (4.1) can be rewritten as
|Dou Prul < AT BN,
(4.6) (Mo { IXeD ) Prull < A B N,
£=1,...,m, forTp+Sg— M < N+ 2.

So, at this step, p = 2, our purpose is to show that for T + S; — M < N + 2 the
left hand side of is bounded by Als2 BlT2 NVU2_ This will be gain showing that
all the terms on the right hand side of are smaller than A2 BT2 NU> times a
factor depending on negative power of A; or By or N. A suitable choice of A; and
B, will yield the summand of all this factors less than one.

We begin to estimate the first five terms on the right hand side of :

(A7) Co | D 0R PH tullo + DGR Prull + 31X D ™ Prullg

=1 j=1
+Z 1Dy Prullg + >0 S [Dow ) Prullo
j=11i=1

< Cy (AP BIPNT 4 AP BTN - nm AT BTN 4 n AT BN
+nAf BTN )
< APBPPNY2 x Oy (B2 + AT?BPN %
+nmA; ' By + nAT ' BTN + n?Br?).

Now, we handle the multiple-sums in v and . We stress that |v| and || are strictly
greater than 0. We have

CQZZZCMH al( u')) (HX Do uw(ﬁﬂ')PkuHO

=1 j=1 v<a,
v#0 .
XD 9D Prullo)

L)t
< nmCyC1 Y Ol”f;(_y'iy (Afz’lBsz_l‘2T'”'NUHr|u|
v<a, .

v#0 +Af272Bz—‘272T(|y‘71NUQ_S[T(lu‘_l)J(_Z]) .

Since (af!y)! < o < N and (0!)*~' < NGBl the right hand side of the
above estimate can be bounded as follow
|a] —1
Asz?"NUQ nmCzclAle_l E :} :C‘lleIQT‘VIN_S(T_l)lu‘
p=1 |v|=p
|a]—1
+nmCyCP AT ZZCIV\ lp 2r (IWI=1) pp=s(lv|=1)(r—1)—1

p=1 |v|=p
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Now, |v| > 1 and r > 1, so —s(r—1)|v| and —s(Jv|—1)(r —1) — 1 are less than zero;
moreover the number of multi-indexes v with |v| = p is given by (p tno 1) bounded
by 2/PI+7=1 The above quantity can be estimated by

|1

AP BPENY2 [ nm2"1CoCi AT BT (201 By

|1

+nm2n o242 Y (20,877

Choosing B such that 2Cle2T < 271 we have

|| —1 |a]—1 B
S (@eBIT) <1 and S (20BrT) T <2
p=1 p=1
We obtain
m )5

48 CQZZZCWH_l a! V') (HX Do~ Vl/J(B—H)Pk’U,”

(=1 j=1 v<a,

v HIXe Do) PRl )

< APBPENY2 x (2" 'nmCoCh) ATt (BT + 401 A7) .

In the same way we conclude that

l 1s—1
49 CQchl [+1 @ V) (HDa uw(ﬂ-l‘J)PkuH

j=1 v<a, V) )
v#0 -|—HDa_V+J’Q/J§\?)Pk’LLHO)

< AP*BENY2 x (277 'nCyCy) (N™° +4Cy) A{?B™2;

and

4 10 OQZZZCIVH_l Ot! V')S) (HDa V¢(ﬁ+J+Z)PkuH

j=11:=1 v<a,
v#0

DO Prullo)

< AP BTNV x (27 1n2CoCy) (By2 + +4C1ATY) .

Concerning the other multiple-sums on the right hand side of (4.4) in v and p we
proceed analogously.
More precisely: since

ol
@—v—p)
and (r=1)(Jv|+|p)) > 0, (r=1)([[=1)+(r=1)[u[ > 0and (r=1)(|v|+|p|-2) = 0,
r > 2 and |v|, |u| > 1, we obtain

< NI+,
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n s—1 s—1
(411) CQZZZC{VH-WH-ZO" EZ') (/L') |:||Daup¢](€+7)Pku”O

—uv—=27u)!
j=1 v<a, p<a-—v, v M)
v#0 n#0

+ ”DO&—V—#-‘:-jw](\?)PkuHO + Z (llDa_”_#wj(\?+j+i)Pku||0

=1

+ ||Da—V—u+jw](§+i)Pku||o + ||Da_y_u+j+i¢§€)PkuH0>}

< APBENY:  (207InCa0B; ) (n o+ (20 DA + 220+ 1A%

We point out that, as before, we chosen B large enough in order that 2C4 Bl_2r < 2.

Concerning the last terms on the right hand side of (4.4)), we have

(4.12) 02{01“'“@)32[ I1XeDy Prullo 4 (2107 4 1) 105050 Prulg
1 =1

Jj=1

i (2o 4 )ZQQW”WWMW%&$W%Q]

=1

—1
v|+1 Oé! ) a—v ol+1 2k ~7s(la
+§ Cl [+ ) ||D wN Pku‘|0_’_c| [+ C|5|+ N (| +|ﬁ|+2k)}
v<a,
v#0

< AfQB?ZNlh % {nCQC%AIIBfl {mAfl (CIB—QT)|Q|*1 N—s(|a\—1)(r—1)
+ 2n+1(n + N—s)Al—lBl—l (2013—27«)‘04*1 N—s(|a|—1)(r—1)

4—2"+1nCH(/hl%)_l(2CHIB%)hl_QJVS“a2)”1@ + 00027 (A, By) 2

FOBP AT (OB (oA ) T sl L

We point out that since r > 2 and we are assuming |a| > 2 (as v is non zero and
v is strictly less than « we get |a| greater or equal to 2), then (|a] — 1)(r — 1) and
(|| = 2)(r — 1) are greater or equal to zero.

Summing up, if A; and B; are chosen large enough, the sum of the second factor

on the right hand side of (£.7), (4.8), ([£.9), (4.10), (£.11) and ([.12) can be made
smaller than one. By (4.4]) and above considerations we obtain the desired estimate:

@m)uuwﬁpwm+§]ujw<ﬁwM@
Jj=1

m
D IXeXG DM Prullo + | Xo DR Prully
£j=1
< AP*B*NY:.
We then obtained (4.3)) in the case p = 2.
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v= Dawj(\é)Pku. We recall the estimate (|3.25)):

Step p = 1. We want to show that [jv];/, < A BNV for Ty + S, < N,

1/2 1/2
102w Prully < (102wl Prullz ) (1008 Prullo)

We point out that in this case, since Ty + 51 < N, i.e. 2r|a|+(|8]—M)+2k < N —4,
the (2n + 1)-tuple (a, B, k) satisfies the assumptions in (4.3)), case p = 2, and those

in (4.1).
By (4.13), we obtain

1/2
(414) Dy Prully < (100 Prull2 ) (100§ Prullo)
/2

1/2

< (apiNe) " (ap i)

1
(A\lﬂ\+2k+2+1Bfr\al-‘r?-‘rlNs[r|a\+|ﬁ|+2k+2]) 2

1

% <A|1/3|+2k+1Bf7”|0‘|+1Ns[r\a|+|5\+2k]) z

_ A\lﬂ\+2k+1+1B%r\a|+1+1Ns[r|a\+|f3|+2k+1] _ AlelTlNUl.

So, we showed (4.2)).

Step p > 3. Using the notation introduced in (4.5)), we assume
IDg) Prufl s < AP B NV,
1X, Do) Prul e < AT B NV,

(4.15) (D1 § [Xo DY) Prull ps < AT Bf7 I NVt
11X, X, Doy Phu| pos < ASP BP— NUp—1,

tje{l,...,m}, for Sy_1+T, 1 —M<N+2.

We want to show, via the estimate (3.55)), that (1), holds. We recall the estimate
(13-55)):

(4.16) D¢ Prullz + > [ X; D% Prul oos + (| Xo DY) Pru| oo
j=1
+> XX Do Prul| s
Ci=1 '
< @{D%E@Pk“mn;z + 31X, D0 Prull sz + |D* ) Prull ooz
j=1
+ 1Dl Prull+ 71X, D0 Prull + | Xo D) Pru]

j=1

+> XX, DY Prull + | D4R PRl o
£,j=1



LOCAL REGULARITY OF GEVREY VECTORS 33

n n
+C1Z<||Da¢ 5+€)Pku”ﬁ_~_z ”Da +5+1)Pk ”p 2+Z ||X D (ﬂ+£)Pkup2>
(=1 L Jj=1

+iizc\lyl+1 - ily); (N|V|71 i |V|(sfl)|u|>

Jj=14=1 v<a

a—v a—v L
1,07 Prul s + | X;D wﬁf“Pkunpg)

v|+1 al v s—1)|v a—v, (B
+y o (NH RG] )lHD O Prul s

v<a

v#0

= a—v a—v 4
+ Z(HD Y@ Prulpe + DO >P’“u|p;2>
=1

£,i=1

+2220\v|+w+3 a_i!_ ml (NlV\ L |- 1>|u\)

(=1 v<a pu<la—v
v#O 0

+Z<”D“”” 8 PRul o 4+ DO +f+i>pkuw>]

x (N1 o a0l [HDMWM)PMM + Do P s

+ Z<||D“-V-~+“iw§€>wu||p;z + | DO TG P s
i=1

D P )| }

The purpose is to show that, for 7}, + S, < N + 2, all the terms on the right hand

side of are smaller than ASPB?” NUr times a factor depending on negative
powers of A; or By. As before, a suitable choice of the constants A; and By will
yield the sum of all these factors less than one. We point out that the 2n + 1-tuples
of the form (o/, 8', k") € N?"*+1 associated to each term on the right hand side of
(4.16) satisfy the condition in . To gain the result we will essentially use the
same strategies adopted in the case p = 2. We begin to estimate the terms in first
three lines on the right hand side of :

(4.17) DGR PE o + > | X, DR Prul| o
j=1

+ | DY) Pyl + Z |1X; DY Prul + | Xo Dy PPl

+§ XX Do Prull + | DR Prul| sox + | D9 PRul| o2
0,5=1

< A5 BIr NU» (3;2 +AT'BIINTS (14 347 BN )
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+ A1—P+1Bl—P+1N—5(P_1) (1 + QBl_lN_S))-

Moreover, about the terms in the forth line, we have

n

(4.18) clz<|pw§5+f>zvku|| +Z|Daw(6+z+i)Pkqu%2

l=1

+ Z X, DY Pkunz)

< ATPBlP NU» ><n01 T2(ATINT 4+ mATINTS)

Now, we analyze the multi-index sums in v and u. We adopt the same strategy
used to obtain (4.8]), we consider

n

- \»|+1 a! -1 <s—1)|u|)
419 >33 "¢ = u)!(N + v

Jj=1/¢=1 v<a
v#0

« <||XjDa_y+€¢§€)PkU”PT2 + ||XjDa—uw§\l[3+£)Pku”PT2> _
By inductive hypothesis we have
1 D4 D PRl e < AV BP NV (A;aB;Hr(w—1>N_zs_sr<|y\_1)) ;

||XjDa7VwJ(€+€)PkuH < A pB pNU (A1—1B1—2—2r|1/\N7575,,‘|V‘) .

Since 7255 < oVl < N|”‘ we have

al

<N|u\—1 + |V|(s—1)|u\) N—2s—sr(lv|-1)
(a—v)!

< N7(5r72)(\l/|71)725+1 +N75(r71)(\u|71)7s

Moreover, we observe that since s > 1 and r > 2 then —(sr—2)(Jv|—1)—2s+1 < 0
and —s(r — 1)(|Jv| — 1) — s < 0. The right hand side of the above inequality can be

bounded by 2. Modulo A5” BI? NUs, ([@.19) can be bounded by

mmCiAT By [ ATy (GBIt 4y (B

r<o v<a
v#0 v#0
= 2nmC’1A71 . 12 E Cl _27" |p| 1 _|_Z E Cl 27" |p|
p>0 |v|=p >0 |v|=p

:2nmClA_1312< 12(]94-” > C\BT 2r)\p\ 1
p>0
X )

p>0
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< 2" lamCy AT B2 [ 247120, B 4 (20, BT P

p>0 p>0
Choosing B; such that 2C; B *" < 27! we conclude that ([#.19) is estimated by
(4.20) AT BIPNU» 5 2" lnmCy AT B (44T 4 1)

In order to handle the other terms on the right hand side of (4.16)) we adopt
essentially the same strategy, in order to not bore the reader we will omit the
details.

We have
|
(421 3 |u|+1 o (NM 1 (s— 1>|u\)
- C (o y) + |v|
v#0
po—v Pk pDo— v+, (B) Pk B poe—v (5+Z)Pk B
| g ull =2 +Z [ Yy Plullp=2 + || VN Ul p=2
(=1

ZZ<D”W§€“’P%|| 2+ D ”w<ﬁ+€+i>pkuIIW>

(=1 i=1

< AP BIPNU»

Swlcie

v<a

v#0
4 nAl—zBl—z—zT(M—n (Nf(sr72)(|y|71)728+1 4 Nfs(rfl)(|u|fl)fs)

+ nAl—lB;272r|u\ (N—(sr—2)\y|—s—1 + N—s(r—1)|u|—s>

+n2A171B172721“(\1/|71) (N—(sr—2)(|u\—1)—s+1 +N—s(7-—1)(\y|—1))

A1—2B;272r|u| (N—(sr—2)|u\—1—25 + N—s(r—1)|u\—23)

—|—n23_2 2r|v| (Nf(sr72)|u\71 _’_Nfs(rfl)\l/|>

As s> 1,r>2and |v| > 1, all the exponents of N are less or equal to zero. Using
the same strategy adopted to handle (4.19)), we conclude that the right hand side

of (4.21)) is bounded by
(4.22) AP BIPNU»
x 2"Cy By ? <A12 +2nC1 AT +nAT + 202 CL AT F2n?AT + n> :

Concerning the last multi-indexes-sum on the right hand side of (4.16]), remarking
that (O¢+L;L)' S N‘VH_M, we get

(4.23) ZZZC‘”'+'”'+3 o (W )

=1 v<a p<la—v
VA0 u#0
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« (N‘N‘*l + |,u|(571)|“|) [HD“”“*%E\?)P’“MH + ||DQ7V7M1/)%3+Z)PI€U”L—2

+ Z(||Da-”-“+f+w§€>Pku||w + || Do T Pru s

i=1

+ ||Da-”-“w§€+””P’“u|”ﬂ

< A'lspBTpNUp < n E E C|1V\+|M|+3

v<a p<la—v
v#0 - uo

« [Al—23122r(lvl)2rlul (N—(sr—z)\m—l n N—s(r—1)|,u|)

% (Nf<sr72><\u|71>75+1 +N*S(r71)(|V|fl)> 4 AT g2zl s
% (N—<sr—2>|u|—1 +N—s<r—1)m|) (N—<sr—2>\»|—1 n N—s(r—lﬂu\)
+nA;1Bl—2—2r(\v|—l)—2r(|,u|—l) (N_(sr_z)(\y|—1)—s+1 n N—s(r—l)(|u\—1))
% (Nf(sr72)(|u|71)fs+1 +Nfs(r71)(|u|fl)) +nA1—1B1—2—27-(|y‘—1)—27'|u|
% (N—<sr—2>(|u\—1>—s+1 +N—s<r—1><\v|—1>> (N—<sr—2>|u|—1 +N—s<r—1)\m>
4 nAlel_Q_M”'_QTI“'N_S (N—(sr—2)|u|—1 + N—s(r—l)\p\)

% (N—(sr—2)|y\—1 + N—s(r—1)|u\) :| )

Since |v|, |u| and s are greater than 1 and r is greater than 2 all the exponents of
N are less or equal to zero. Applying the same strategies to handle the previous
multi-indexes sum, we obtain that the right hand side of the above inequality is
bounded by

(4.24) AP BJPNU» < 227+2,2 B2

x [(2nCy) T AT 4 (4nC2) AT + AT 4+ (20h) T AT + (201) 72

Summing up, enlarging A; and Bj if necessary, the summand of the second factor

of (4.20), (4.22) and (4.24]) and the second factor on the right hand side of (4.17)
and (4.18)) can be made smaller than C; ', we conclude

(4.25) DY Prulle + > X D9 Prull sms + (| Xo D ) Prul| o=
j=1

+3 XX D) Prul| o2 < AT B NUr
0,5=1

We obtained (4.3)).
This conclude the proof of the Proposition (4.1)). O
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Proposition 4.2. There exist positive constants Ay and By such that (4.1)) in
Proposition []-1] is true.

Proof. We use the induction on |a|. Case || = 0. Let Ky be a compact set
contained in €2 and containing all the supports of ¥y, 2o C Ky. Since u is a G*-
vector for P in © we have || PFul|r2(x,) < C’?(]f)ﬂk%k. Then, taking advantage from
the Lemma 3.2l we obtain

_ +
1S Prullg < CFHNUSI=ADT | Phy| 2
< C\laH‘lC\QBH‘Q/C-HNs(|a|+\5\+2k7M)+'

Since M is a fixed constant depending only on n and greater than one, we conclude
that there are two positive constants A; and B7, independent of 8 and k, such that

(4.26) | Pl < APIT2ETL By NslIBI+2k]

In order to gain the second assertion in (4.1]), we use the following estimate

(127) S IXewl < G ((Po, o)l + [ol?), Vo e 2 (%),
=1

Replacing v by z/)%g)Pku we have

> 1xel Prully < € 1Py Pru, v Pray| + [0 Prull?)
(=1

Since

PY) Pru = oD P+ 37 (20X ] - X [Xe 0T + [Xo, 0,
(=1

where

Zal, (B+Z)7 62071,...7771,;

[Xfa [XE, (ﬁ) ZZG‘] 14 ( (j) (B—H) +a Qg0 (ﬁ+i+j)) ) l= la ceey Y
i=1 j=1

and keeping in mind that X; = X, —i) ., a;. Z, we obtain

31Xl Prull? < Gy [||w§€>Pk+1u||o|w§€>P’“u||o + |0l Prull?

+22 las b Prul +ZZHa§2 ) Pru2

£=0 i=1 (=1 i=1

+ > (lap a7 Prullo+llag s, Prullo) ||¢§€’Pku||o].
=

14i=1 p=1

So, there is a new positive constant 52 such that
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m
ST IXewl) Prull? < Cy [||¢§€’Pk“u||o|w§€)Pku||o + [ PPul |2
/=1
3 T PR+ S 0 PRallo 48 PRullo
=1 =1

Y ||w§§““>Pku|o||¢§§’P’“u||o].

i=1j=1
By this estimates and the (4.26)), for every ¢ € {1,...,m}, we obtain

1 X Q) Prully < AP B2 s HIS120
x 03 By! <A1 + N~ ViA; + VRAENTE + nAl)_
Taking B large enough compared to A, we have
5§Bf1(A1 + N7 /Ay 4 AN +nA1> <1
We conclude that

”Xw](\llﬁpku”(] < A|15\+2k+1B%N5(1+\B\+2k)7 (=1,....m,
i.e. the second assertion in (4.1)).

Let my € N, we assume that
||Da'l/}§\?)PkuH < A‘lﬁ‘+2k+1Bf’”|04|+1Ns[r|a\+|B|+2k]7

||XgD°‘1/)1(§)Pku|| SA|15|+2k+1B%r(\O¢|+(2T)71)+1Ns[r(\a|+r*1)+|m+2k], (=1,...,m

)

for every « such that |a] < mg and 2r|a| + (|8 — M) + 2k < N. Our goal is to
show that the above inequalities are true for a such that || = mg + 1.
By the Proposition (4.1)) we know that

HDai/Jj(\é)PkUHQ < A|1f6‘+2k+P+1B%’"W|+P+1Ns[r|a\+|B|+2k+P]7

holds for 2 < p <7, |a| < mg and 2r|al + (|8] — M) + 2k < N — 2p. In particular
it holds when p = r:

||Da¢](\’?)Pku||1 < A‘lﬁ|+2k+T+1B%rm0+r+1Ns[rm0+|5\+2k+r] )
Let (o, B, k) € N*"T1 with |a| = mg + 1, such that 2r|a| + (]3] — M) + 2k < N,

then 2r(mo + 1) + (|8| — M) + 2k < N, i.e. 2rmo+ (|8 = M) + 2k < N —2r. So
a=oy+eje =(0,...,0,1,0,...,0), with |ag| = mg. Since

2rmo + (18] — M) + 2k =2r(mo+ 1) + (|8| — M) + 2k < N — 2r,

by inductive hypothesis, (4.1]), in Proposition is true for (ayg, 8, k), so by Propo-
sition (4.3) holds for p = r and (o, 8, k), we conclude that

(4.28) | D¢ Prullg = ||D; Dy Prull
< ||Da0w](\/[3)PkU”1 < A|1ﬂ\+2k+7"+1B%’rmo+r+1Ns[rmo+|ﬂ|+2k+r]

_ A\lﬁ\+2k+1B%r\a|+1Ns[r|a\+|B|+2k] « (AlBl—l)r.
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As before, assuming B; large compared to A; the factor A; By ! is less than one.
We have obtained what we want.
Now, we have to show the second assertion, i.e. that

||XgDa1[1](5)Pku|| < /1|16H—2k+1Bf7'(|0¢|‘f‘(2r)71)‘f‘lA]VS[T’(\Oé|+’f_1)+‘5|+2k]7
is true for |a| = mo + 1.
By (4.27)), replacing v by Daz/J]({?)Pku, we obtain the following estimate

(4.29) Z XD Prul3 < C| | D20 P ul|o| Do PRullo

1D Prull + ([P, D) P* D%E@P’“w@
< 5[||Daw§§>P’““u|o||Dw§€’P’“u||o 1D Prul?
+y° <2|<Xf Xy, D¢V PRu, DY\ Pru)|

{=1

+ [([Xe, [Xe, D9 PR, Daw§§>Pku>|>
+ {[Xo, D 1P, D PR + [{[e, DTy Pra, Daw%)pm]'

Now, since X; = X+ fo, fo =375, ag‘{t?v and

m m

1
> 2 X[ Xe, DO | PRu, DY) Pruy| < % S IxeDw) Prull?
/=1 /=1

+4C > |1Xe, DT PRuld + 2 (X0, DU 1 PR, fe D9 Pru)),
=1 =1

then (4.29) can be rewritten as follow

(4.30) Z HXeDa’g/J(ﬁ)PkuH% < 25|:||Da¢1(€)Pk+1u||0||DaZ/J1(§)Pku0
=1

+ 1D Prull + 23 ([Xe, D21 PR, fe D) Pru)|
=1

+4C Y 1Xe, DoV 1PR R + 7 X, [Xe, DN PEu, DY) Pru))|
=1 =1

+ [([Xo, D1 PRu, DG Pru)| + [{[e, DT Pru, D i PRy |

We analyze separately the term on the right hand side.
We begin to remark that by (4.28]) ,we know that

(4.31) | DS Prul2
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8142k p2r(al+(2r) )41 rslr(laltr 81428 ) s =2 nr—2s
< | A4 B; N xB] N~
Concerning the first term on the right hand side we have:
ID2wE PEullo| D2l Prully < D20 p ) P** ully | D207 Prullo,
now we remark that
2r|ag| + Bl + 2k +2 =2r(la) — 1) + |B] + 2k + 2 < 2r|a| + |8 + 2k;

2(1 — r) is negative as r > 2. Since |ag| = mo, (v, B, k + 1) satisfies the condition

in (LI), then by Proposition (4.3) is true for p = r for the 2n + 1-tuples
(ao, B,k + 1); we have

||Dao¢§§)Pk+luH1 < A|15|+2k+2+7“+13127"\010|+T+1Ns[r|a0|+|[3\+2k+2+r]_
By (4.31)) and the above inequality we conclude that
(432)  [|D*R” P* ullo] D Prullo

2
< <A|1ﬁ|+2k+1Bf7'(|a+(2T)_1)+1Ns[r(a|+r1)+|5|+2k]) XA;+QBI—T—2-

We focus on the third term on the right hand side of (4.30). By (3.5)), (3.11]), (3.12))
and (3.13) we have

(4.33) Z| ([X¢, D*¢P1P*u, f,D\P Pru)|

ZC ||Da0¢ (B+7) Pkull ||Da1/}(6 PkUHO

(=1 j=1
n

u v ol y
+ 3003 O S D PRl D u ) Prull
=

1j=1 v<a
U#O

v Oé! a—v j «@
D)WL S TIPS Prulo D7) Pl
(=

1j=1 v<a )
v#0

In order to handle the second factor in the first sum we remark that
2rjao| + |18l + 2k + 1 =2r(Ja| — 1) + |8 + 2k + 1 < 2r|al + |B] + 2k;

1 — 2r is negative, r > 2. Since |ag| = mo and («p, 8 + 4, k), satisfies the condition
in , then by Proposition (4.3) is true for p = r for the 2n + 1-tuples
(a0, B+ j, k); we have

||Daow1(\€+j)Pku||1 < A|1ﬁ\+1+2k+7"+1B%7”|0¢0\+7’+1Ns[7"\cvo\+\,3|+1+2k+7”]_
By (4.31) and the above inequality, we obtain
| Doy Prully [ D Prullo

2
< (Alﬁ+2k+13f'r(a|+(2r)—1)+1Ns[r(|a+r1)+|[3+2k]> XA71'+IB;7‘72N—3-
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In order to handle the terms in the second multiple-sum we have to distinguish
two cases, |v| = 1 and |v| > 1; we remark that in the second case, we have that
| — v + j| < myg, so we can use directly the inductive hypothesis. Concerning the
case |v| = 1 we have

1D+l Prujg < [|D 44 Pral;.
Now
2r(Jag| — [v] + 1) + |B] + 2k = 2r(|a] — |v]) + 8] + 2k < 2r|a| + 8] + 2K;

|v] = 1. Since |ag| = mo and (g — v + 7, B, k), satisfies the condition in (4.1]), then
by Proposition (4.3)) is true for p = r for the 2n + 1-tuples (oo, 8 + 7, k). We
have

||Daofu+jw](€)Pku”1 < A\lﬁ|+2k+r+1B%r\ag|—2T|V|+2r+r+1Ns[r‘ao|7T|y‘+r+|5|+2k+r].
Recalling that |v| = 1, by (4.31)) and the above inequality, we obtain
| Do 490 PRul | D PRullo

2
< <A|1ﬁ|+2k+ler(a|+(2r)—1)+1Ns[r(|a+r1)+ﬁ+2k’]) XA;’Bl—T—2N—2s-

As 0‘7',/), < |0z|"’| < NI, we have

(a—

v a! v o
>y )yl o I U Pralol| D gAY Pl
(=1 1 v<a
= v#0
n

m
<3SN T eiN(peo gD Pruly | DUl PRullo

=1 j=1 |v|=1

m n
v[+3 Ars|v a—v+j a
+33°N et Ne Do) Prullo| Dow) Prull

(=1 j=1 v<a
lv[=2

IA
A/~

2
A|1,6’|+2k+1Bfr(|a+(2r)1)+1Ns[r(a|+r_1)+|ﬁ|+2k])

x nmCy {AQB;MN—?S + BNy (B N‘S(T‘l)(”‘l)] :

v<a
[v|>2

Since we chosen B; large enough in order that 2C1 By < 2andr > 2, we conclude
that

v a! v o
SIS O D ) Pl D Pl

=1 j=1 v<a
v#0

2
< <A|1,8|+2k:+1B%7‘(|a+(2T)1)+1Ns[r(a|+rl)+|ﬁ|+2k]>

x nmCy|ATBT AN "2 4 2”—1311N—S] .
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Concerning the last multiple-sum on the right hand side of (4.33]), we observe that
since |v| > 1 we can use directly the inductive hypothesis. Using the same strategy
adopted above, we obtain

v|+3 a! a—v j «
Yy ok e T ID T U PRl D Pl
=1 1 v<a
= v#0

2
- (AllﬁIJr?kHBfr(la+(2T)_1)+1Ns[r(a|+r1)+|B|+2k])
x 2" tnmC} A, By 2N ~°.

Summing up, by the above consideration, we conclude that

434) S Xe, D PR, fiD ) Pru)|
=1

2
- <A|1ﬂ|+2k+1Bfr(|a+(2T)1)+1Ns[r(a|+r‘)+lﬁl+2k])

X {AQB;HN—?S +nm2" " 'C{B N (A;“B;T—lz—”“zv—s +1+ AlBl_l)] :

Concerning the second to last term on the right hand side of (4.30)): using the same
strategy adopted to handle the previous term, we have

(4.35)  [([Xo, Do) 1PPu, DUy Pru)|

2
< <A|lﬂ|+2k+1Bfr(|a+(2r)1)+1Ns[r(a|+r_1)+|ﬁ|+2k]>

X {AgBl‘T‘QN‘QS +nm2" CEB NS (A’{B;T—lz—”ﬂzv—s +1+4 AlBl_l)] :
We handle now the last term on the right hand side of (4.30). By (3.6) we have
(e, DT Pru, Do Pru)|

|
< E C|u\+1 a i o ()~ lHDa Vw(ﬁ)PkuHO”Da'l/J](\?)PkUHO-
v<a,

v#0

We observe that since |v| > 1, |a — v| < mg. We can use directly the inductive
hypothesis. Arguing as before to handle the other multi-index sums, we obtain

(4.36)  [([e, D14 PFu, Dyl Pru)|

2
- (AllﬁIJr?kHBfr(la+(2T)_1)+1Ns[r(a|+r1)+|B|+2k])

X (2"—1013121\7—25).

There remains one last term to handle, the third to last term on the right hand side

of - By (3.13) and the identities (3.15), (3.16)), (3.17) and ( -, we have
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m
(437) Y X, [Xe, DR PFu, Dy Pru)|
=1
| vl .
{ ZE C\V|+3 . )) (HDa v (ﬁJrJ)PkuH +||Da l/-'rjw ﬁ)PkUHO)
=1 v<a,
U;ﬁO
l l . )
+2§ E Ol |+2 @ (V) V ) (”Da Ud) (B+37+1) PkuHO—l-||Da7y+j1/)](§+l)Pku”0>
7 1v<a,
o= v#0
n s—1 s—1
[v|+|pl+3 O['(l/') (:u") a—v—p,, (B+7) pk
T 3 Ty M G R | PR
j=lv<a, p<la-v, '
v#0  p0

D2 PRl

n y al (W)t ! st e i
#23 DY S o S [ pee iy ph,

ij=1v<a, p<a-—v,
v#0  p#0

+||Da71/fu+j,lp](\§3+i)PkuH0 + HDafufu+j+iwj(€)Pku”O}

+nC} anw W) Prulg + C3 ZHD%E?“*”P%HO}||D%§€’Pku||o.

j=1 jri=1

We begin to analyze the terms in the last two sums. We have

o2 (na S IDm D Pruflg + ||Daw§5“”>P’“u|o) 106 Prully
j=1

§ri=1

< nC} (ZD"‘”M“’P%H + ZIID% (it P’funl) 1D9) Pullo.
=1

7,0=1
We remark that

2rlag| + |8 + 2k + 1 =2r(Ja| — 1) +|8| + 2k + 1 < 2r|al + |B] + 2k;
2rlao| + |8 + 2k + 2 = 2r(Ja| — 1) + | 8] + 2k + 2 < 2r|a| + |B] + 2k;

1 —2r and 2(1 — r) are negative, r > 2. Since |ag| = mo and (ag, 8 + j, k), and
(ag, B+ j +1, k) satisfy the condition in (4.1]), then by Proposition [@.3) is true
for p = r for these tow 2n + 1-tuples. We have

”Daowgfﬂ)]gkuul < A|15|+1+2k+7’+1Bf7“|(10‘+T’+1Ns[r\o¢0|+\5\+1+2k+r];

||Daow§\?+i+j)PkuH1 < A|15|+2+2k+7°+1Bl27“‘0t0‘+T+1Ns[r\a0|+\,3\+2+2k+7"].
We obtain

<nc ZHDO‘QZJ(BJ”)P]CU” + Z ||Da1/1(ﬂ+j+i)Pku|o> ||Da1/J](\§3)Pku||0

7,0=1

2
< <A|lﬂ|+2k+1Bfr(|a+(27')1)+1Ns[r(a|+r_1)+|ﬁ|+2k])
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x ndCATTEB "2 <A11NS + 1).

About the other terms on the right hand side of (4.36), we remark that, except
the second term in the first two sums, when |v| = 1, and the third term in the last

multi-indexes sum, when |v| = |u| = 1, since |v|, |u| are greater than one, we can
use the inductive hypothesis to handle all the terms in multi-indexes sums. We
point out that in the cases |v| = 1 and |v| = |u| = 1, we have to cross the same

problem run into to handle the first term in the first multi-index sum on the right

hand side of (4.33).
Case, |v| = 1. By (4.28]), we have

|‘Da—u+j¢§€)Pku||O < A\1ﬂ|+2k+1312r\a|+1Ns[r|a\+|ﬁ|+2k] « (Alel)r;
then
| D= PRulo| D4 Prullo
2
< <A|1ﬂ|+2k+ler(a|+(2r)—1)+1Ns[r(|a+r1)+ﬁ+2k]) quBl—r—2N—2s.

Concerning the second term in the second multi-index sum we have
DG Prullo|| Doy Prullo = | D>~ Prully | D* i Prullo,
j=1

where |a — v| is equal to mg. Since
2rmo + (|8 = M) + 2k = 2r(mo + 1) + (|8] = M) + 2k < N — 2r,

(4.1), in Proposition is true for (o — v, 8 + 4, k), so by Proposition (4.3)
holds for p = r and (o — v, 8 + j, k), We have

”Da*l/,lpj(\l’a"‘i)Pku”l < A‘lﬁ|+2k+1BIQT‘(XH‘lNs[r\oc|+|,8|+2k:+1] > (A71“+1B17r71) )
We conclude that
1D Prully | D% Prullg

2
< (Alﬁ+2k+1Bfr(O¢|+(2’r‘)1)+1Ns[r(|a+7»1)+|[3+2k)}> XA%T+1B]-*27‘72N—3'
Case |v| = |pu| = 1:

n
DD Prallo | D Prallg
i=1

= || D=ty P PRl | D) PRullo.

where |a — v — u + j| is equal to mg. Using the same argument adopted above we
have

|Do=v =43 Pr||y | DY) PRl

2
< (Alﬁ+2k+1Bfr(oz|+(2r)—1)+1Ns[r(|a+r1)+|ﬁ+2k]> XA%TBlfSerN—s-
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So, by the above considerations and using the same strategies adopted, several
times, previously to handle the multi-index sums, we conclude that

(4.38) > [([Xe, [Xe, DY) Pru, DOy Pru)
=1

2
< <A|15|+2k+1BfT(|a+(2T)1)+1Ns[7-(a|+7'1)+|B|+2k])

x 22 2ot AT B! [2311 +AATI BT 2ATBTT O + CllABl] :

Enlarging By if necessary and taking it large enough compared to A;, the second
factor of (4.31), (4.32), ([.34), ([4.35), (4.36) and (4.37) times 4C? can be made
strictly less than 6~ !. We conclude that

| X, D" %)PkuHO < A|1ﬁ|+2k+lerlal+1Ns[r\a|+1+|5\+2k]7

where |a| = mg + 1.

By induction we have obtained that is true for m € N and (a, 3, k) € N2n+1
such that 2r|a| + (|3] — M) 42k < N.

This conclude the proof of the Proposition. ([

Corollary 4.1. The following estimate holds
(4.39) ID*¢wullo < BFENerIel,
where B is independent of o and N.

We recall the following result due to Hérmander ([36])

Proposition 4.3. Let g € Qy C R" and u € 2'(Q). Thenu € G, s > 1, in
a neighborhood of xq if and only if for some Q0 of xg there there is a sequence
un € &'(Qo) which is equal to u in Oy and satisfies the estimates

(4.40) an ()] < C(ON*/IEh™,  lgl>1, N=1,2,...,

for some constant C.

Setting uy = Yyu and N = 2r|«| the estimate (4.39) is equivalent to (4.40) in the
above Proposition, we conclude that u € G°"(y). We obtained the Theorem [2.1
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