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Abstract
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1 Introduction

A polymatroid M is a pair (E, rk) consisting of a finite set E, called the ground set,
and a function rk: 26 — Z-, called the rank function, satisfying the following
properties:

o k() =0,
e if Ay C Ay, thentk(A) < rk(Ajy), and
e forall A;, A C E, one has

k(A1) + 1k(A2) > tk(A; U A2) + 1k(A; N A2).

If furthermore rk(A) < |A| for every A C E, then M is a matroid. A flat of M is a
subset F' C E such that rk(F U {e}) > rk(F) for all e € E \ F. The set of all flats
of M ordered by inclusion is a lattice, denoted &£ (M). We will always assume that
a polymatroid M is loopless, i.e. that & € L (M). We refer to [39, 44] for detailed
treatments of polymatroids.

A subset € € £ (M) of nonempty flats is a building set if it satisfies a factorability
condition (see Definition 2.1). To any matroid M and building set €, Feichtner and
Yuzvinsky [24] associated a Chow ring D(M, €) (see Definition 2.6), motivated by
the geometry of wonderful compactifications of De Concini and Procesi [15]; this
construction was later extended to polymatroids with arbitrary building sets by Pagaria
and Pezzoli in [36]. These are Artinian graded rings D(M, 6) = ; D' (M, €) whose
Hilbert series are denoted

Hj(x) == Y dim (D'(M.9) ) »'.

i>0

Let us highlight two particular instances of the Chow ring D(M, 6):

e When M is a matroid, the Chow ring D (M, 6x) with respect to the maximal
building set Gy ax is the Chow ring of the matroid M as given in [3, Definition 1.3].
It is a central object in the Hodge theory of matroids [3] that resolved the Heron—
Rota—Welsh conjecture [27, 38, 44] on the log-concavity of the coefficients of the
characteristic polynomial of a matroid.

e When M is a braid matroid K, i.e. the graphic matroid associated to a complete
graph on n vertices, the ring D(K,;, $nin) with respect to the minimal building set
©Cmin 18 isomorphic to the Chow ring of the Deligne-Knudsen—Mumford moduli
space ﬁo,nﬂ of stable rational curves with (n 4+ 1) marked points.

A myriad of works have studied the Hilbert series H;\g;I (x) in these two cases:

e For matroids with maximal building sets, see [7, 8, 20, 22] for proofs of combina-
torial interpretations, valuativity, and general recursions; [21, 43] for inequalities
for Chow polynomials in the broader context of graded posets; [5, 32] for equiv-
ariant counterparts; and [11, 28, 29] for results that pertain to special cases such
as uniform matroids.
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{ Log-concavity }

[Real—rootednessj [ Unimodality }

{ y-positivity }

Fig. 1 Hierarchy of properties for palindromic polynomials

e For the braid matroid K,,, three different formulas for the Hilbert series Htgmm (x)
have been found by Manin [33], Keel [31], and more recently by Aluffi, Marcolh
and Nascimento [4], all via the geometry of the space Ml 1.

The ring D(M, €) is known to satisfy a trio of properties known as the Kdhler
package [36, Section 4]; see also [2] and [12]. One of the components of the package,
the Hard Lefschetz theorem, implies that the sequence of coefficients of the polynomial
H;a (x) is symmetric and unimodal. Under the additional assumption that M is a matroid
and € is the maximal building set, it was conjectured by Ferroni and Schréter in [22]
that the corresponding Hilbert series are real-rooted polynomials. Real-rootedness is
the strongest in the hierarchy of properties depicted in Figure 1 (see [9, 10, 40]). The
weaker property of y -positivity was established in this special case [20].

In the general setting of arbitrary building sets, all of the properties appearing in
Figure 1, except unimodality, fail to be true. The failure of real-rootedness and y-
positivity is easily found: when M is a uniform matroid of rank k > 3 and € = Gy,
one has H;\g;l (x) =14 x + --- 4+ xk~1. The failure of log-concavity will be given in
Theorem 1.6 (with more details in Section 6). The construction of this example is an
application of some recursions we develop that generalize those in [20] to the case of
arbitrary building sets.

1.1 Main results

Our first main results consist of a pair of recursive formulas for the Hilbert series
H,ﬁ (x) of the Chow ring of an arbitrary building set € on a polymatroid M. Let us
fix additional notation to state it. The characteristic polynomial of a polymatroid M,
denoted xm(x), is defined as

) = Y (@, F) kD,
FeZ(M)

where p denotes the Mobius function of the poset &£ (M) (see [42, Chapter 3]). In the
case of a matroid realized as a complex hyperplane arrangement, the characteristic
polynomial of a matroid has, up to an alternating factor, the same coefficients as the
Poincaré polynomial of the cohomology of the arrangement complement (see [34]).
The set of G-factors of a building set € on M, denoted f (), consists of all maximal
elements in the subset € of the poset &£ (M). For a flat F’ of M, a building set € naturally
induces building sets €| and €/ F on the restriction M| g and the contraction M/ F
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polymatroids, respectively (see Definition 2.3). If M is the empty polymatroid, we set
HS(x) = 1.
M

Theorem 1.1 For every nonempty polymatroid M and every building set §, the fol-
lowing two recursions hold:

G\ — XM (X) C/F
Hy (x) = Z m 'HM/F(X)’ (D
D#£FeL (M)
and )
- x
Haw = Y Hyle e @)

Lt (1 — )&/

We prove these recursions using a result of Pagaria—Pezzoli in [36] which consists
of a Grobner basis computation leading to a basis of D(M, €) as a Q-vector space.
Theorem 1.1 is equivalent to the statement (Theorem 3.6) that two particular elements
in the incidence algebra of & (M) are inverses. Thus, using the formalism of incidence
algebras, we derive a non-recursive formula as a sum over chains of flats.

Corollary 1.2 The Hilbert series of D(M, €) equals

m+1

G _ m XM|F,-/Fi—I(x)
Hyo=> > D ]1 Ry

m=>0 S=FyC-CFpi1=E

In the preceding statement, the sum runs over all possible chains of flats anchored
at the bottom and top elements. We also provide a more efficient way of computing
the polynomial Hﬁ (x), in terms of G-nested sets (Definition 2.5) that are spanning in
the sense that the join of its elements is the ground set E.

Theorem 1.3 The Hilbert series of D(M, ) equals

Hg () = [T XM supcs. @)

S FeS§

where the sum runs over all spanning G-nested sets, and sup(S, F) denotes the join
of all the elements in S C G which are strictly smaller than F.

In the above theorem ) (x) stands for the reduced characteristic polynomial of
M, which is defined as ﬁ xm(x) for each non-empty polymatroid M. The formu-
las in Corollary 1.2 and Theorem 1.3 are useful for computing Hilbert series of
rings D(M, €) when the characteristic polynomials of the intervals of &£ (M) obey
a predictable pattern. A central example is when M = K;;: in this case, the reduced
characteristic polynomials of intervals of flats are products of polynomials of the form
(x—2)(x —3)--- (x —r). When € = Gy, is the minimal building set, the wonderful
variety (see Section 3.5) is the moduli space ﬁo,nﬂ- Our results lead us to a new
closed formula for its Poincaré polynomial.
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Theorem 1.4 The Poincaré polynomial of ﬁo,w— 18

() —
_ n—1+L0))! Xo+1(X)
Pﬁo,nﬂ(x) - Z (n—1! 1_[ A+ 1
A-[n—1]

3

where the sum is over set partitions of the set [n — 1] = {1, ...,n — 1} into £(A)
nonempty parts, A; is the cardinality of the i-th part, and 'y, (x) = (x —2)(x —
3)---(x—m+1).

From Theorem 1.3, we also deduce a new proof of a recent result by Aluffi, Marcolli,
and Nascimento.

Theorem 1.5 ([4, Theorem 1.1]) The Poincaré polynomial of ﬁo,,ﬁ 1 satisfies

Py ) =01 —x)”ZZs(k+n,k+n—j)S(k+n —j k+1)x",
k=0 j>0

where s(n, k) and S(n, k) denote, respectively, the signed Stirling numbers of the first
kind and the Stirling numbers of the second kind.

Furthermore, from our formulas we can also recover generating functions and
recurrences for Pﬁo,n+1 (x) due to Manin and Getzler (see Proposition 4.5 and Propo-
sition 4.6).

For the Chow ring of a matroid M with the maximal building set €yax, an open
conjecture of Ferroni—Schroter [22] posits that the Hilbert series Hcla‘“a* (x) is real-
rooted. However, for general building sets this property and the weaker property of
y -positivity do not hold. We provide a negative answer to the analogous question for
log-concavity.

Theorem 1.6 There exists a matroid M such that Hzmi“ (x) has non-log-concave coeffi-
cients. For any sufficiently large n, there exists a building set ‘G on the Boolean matroid
U,.n such that Hﬁ (x) has non-log-concave coefficients.

n,n

The claimed examples are provided in Section 6. For the construction of these
examples, it is useful to note the underlying geometry (in the realizable case) behind
the formulas in Theorem 1.1. This underlying geometry of sequential blow-ups is
explained in Section 3.5. For those wishing to avoid the geometry of blow-ups, the
combinatorial counterpart (which holds regardless of realizability) is provided by
Theorem 5.1, which relates the Hilbert series of Chow rings of different building sets.

2 Preliminaries

We collect preliminary facts about building sets and their Chow rings.
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2.1 Building sets

Let us consider a loopless polymatroid M, and assume that we have some distinguished
subset of flats € C £ (M). We will write

S<r={Ge€6:GCF},
for each F € £ (M). We define
f(€) := the set of maximal elements in the subset G of the poset £ (M).

The set f(6) will be referred to as the set of ‘G-factors.

Definition 2.1 Let M be a loopless polymatroid, and let & (M) be its lattice of flats. A
subset € € £ (M) \ {@} is said to be a building set if for any F € & (M) the morphism
of lattices
er: ] [2.61— 12, F]
Gef(%<F)

induced by the inclusions is an isomorphism, and the following equality holds:

tk(F) = Z k(G).

Gef(G<F)

Remark 2.2 We emphasize that we do not require the ground set E to be part of a
building set, in contrast to some other works. Our definition of a building set coincides
with the original definition by De Concini and Procesi [15].

There are two distinguished building sets. The first, called the maximal building
set, consists of all nonempty flats, i.e.,

Cmax =L (M) \ {T}.

The second, called the minimal building set, consists of all nonempty connected flats,
ie.,

Gmin ;= {F € £(M) \ {@} : M|F is connected}.

Recall here that a polymatroid M is connected if the lattice £ (M) cannot be nontrivially
decomposed as a Cartesian product.

For a flat F of a polymatroid M = (E, rk), the restriction M| is the polymatroid
(F, 1k |f), and the contraction M/ F is the polymatroid (E \ F, rk’) where rk’(A) :=
k(AU F) —1k(F). The lattices of flats of M| and M/ F' are isomorphic to the intervals
[@, F]land [F, E] of £(M), respectively. These operations extend to building sets, as
follows.

Definition 2.3 Given a flat F of M and a building set € of &£ (M), we define the sets

Clr={Ge€:GCF}C2LWM|p)
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and
€/F={GVF:Ge%andG ¢ F} C Z2(M/F),

where V stands for the join operation of a lattice.

It can be proved that €| is a building set on £ (M|g) and €/F is a building set
on £(M/F). Note that G| = €<F; we will use the symbol €|r when we want to
emphasize that we are considering a building set on the restricted polymatroid.

Remark2.4 If € = Gy is the maximal building set for M, then €| and §/F
are maximal building sets of the restriction and contraction respectively. We caution,
however, that when € = €, is the minimal building set, €/ F' may not be the minimal
building set in the contraction, since contracting a flat may not preserve connectivity.

2.2 Nested sets and Chow rings

The choice of a building set € on the lattice of flats £ (M) of a polymatroid M induces
a special class of sets called €-nested sets. They are defined as follows.

Definition 2.5 A subset § C G is said to be G-nested if, for each subset of incompa-
rable flats {F7, ..., F;,} € S of cardinality at least 2, the join F; V - - - V Fy, does not
liein 6.

Clearly, if S is €-nested, then any subset of S is G-nested. In particular, the family
of all €-nested sets forms a simplicial complex that we will denote N (M, €) and call
the nested set complex associated to §. When € = Gpax, the nested set complex
coincides with the order complex of &£ (M) \ {&}.

The central objects of study in this paper are the Chow rings arising from a polyma-
troid and a building set. These rings (in a slightly more general set up) were introduced
by Feichtner and Yuzvinsky in [24], and later generalized to polymatroids by Pagaria
and Pezzoli [36]. The following definition can be found in [36, Section 4].

Definition 2.6 Let € be a building set on £ (M). We define the Chow ring D(M, 6)
as the graded quotient algebra

D&EM),6) =Qlxg : G € Cg]/l,

where [ is the ideal generated by the relations

b

m
(H)CG,) Z XH for each subset S = {G{,...,G,} C6and G € G,
i=1 Heg
H>G

where b := rk(G) — rk(sup(S, G)) and sup(S, G) := \/ G’
G'eS
G'<G
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The rings D(M, €) are graded and Artinian, i.e., they are finite dimensional as Q-
vector spaces, and under the decomposition D(M, €) = EBfk:(g -1 D' (M, 6) given
by the grading, we have that D! (M, €) =0 foralli > rk(E). Recall our notation for

the Hilbert series:
tk(E)—1

HH = Y dim(Di(M,‘§)> X
i=0

One of the main results by Pagaria—Pezzoli constructs a Grobner basis for the ideal
I in Definition 2.6. In particular, the rings D(M, €) possess an additive basis given
by a specific list of monomials. Since this is useful for computing the Hilbert series,
we restate it here.

Theorem 2.7 ([36, Corollary 2.8]) For every polymatroid M and building set ‘G, the
following monomials constitute a basis of D(M, €) as a Q-vector space:

€m

x;‘llx;‘ZZ o 'me’
where S :={Fy, ..., F,} is G-nested, and
0 < e; <r1k(F;) —rk(sup(S, F;))

foreach 1 <i < m, where sup(S, F) := \/ G.

GeS
G<F

The monomials appearing in the preceding statement will be customarily called the
“FY-monomials” associated to M and €. Notice that when € = 6ax, a nested set is
just a flag of flats S = {F| C --- C F,}, and the rank condition in the theorem reads
0<e <rk(F;)—rk(Fj_;) —1foralll <i <m.

3 Hilbert series for arbitrary building sets

The main goal of this section is to extend [20, Theorem 1.4] to general building sets. To
this end, we will work in the incidence algebra of the lattice of flats of a polymatroid.
Specifically, if £ (M) is the lattice of flats of a polymatroid, the incidence algebra .F of
Z£ (M) is the free Z[x]-module spanned by all closed intervals of & (M). The product
of two elements a, b € .F is given by the convolution

(a-b)rg = Z ary -bug,
He[F,G]

for every choice of flats FF C G, where arg denotes the polynomial that a associates
to the closed interval [F, G]. The two-sided identity in this algebra is the element
8 € J defined by §rg := 1 for F = G and 0 otherwise. Another very useful object
that we will use repeatedly is the so-called zeta function { € ¥, which is defined by
¢rc = 1forevery F C G. We will assume that the reader is familiar with the basics
of incidence algebras, and we refer to [42, Chapter 3] for undefined terminology.
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3.1 G-reduced characteristic polynomials

We now introduce a generalization of the reduced characteristic polynomial, which
takes into account general building sets.

Definition 3.1 Let M be a polymatroid on E, and let € be a building set on £ (M).
The €-reduced characteristic polynomial of M is defined as

. —1 if M is the empty polymatroid, and
Amx) = M)

— W otherwise.

If M is nonempty and € = Gnax, then | f(€)| = |{E}| = 1, so the Gpax-reduced
characteristic polynomial agrees with the usual reduced characteristic polynomial
Am@) == xm(x)/(x — 1). Since a building set € on £ (M) induces building sets on
eachinterval [F, G] € £ (M), we can define the following key object in the incidence
algebra of & (M).

Definition 3.2 Let € be a building set on &£ (M). The §-reduced characteristic function
on £ (M) is the incidence algebra element ¥ ¢ € . defined by

=% ._ =Sl6/F
XFG = XM\(é/F(x)

for every pair of flats F C G of £ (M), and YEG := —1 whenever F = G.

The unusual choice for how to define the §-reduced characteristic polynomial of
a singleton interval is important, and it is motivated by a similar choice made in [20]
of defining the usual reduced characteristic polynomial of an empty matroid as —1.
Before proving our main results, we need a further ingredient.

Definition 3.3 Let M be a polymatroid on E. The «-polynomial associated to a building
set € on £ (M) is defined as follows:

a,a(x) = (_1)|.f~(‘§)|—1 1_[ (x +x2 4 +xrk(F)_l).
Fef(%)

The a-function is the element ¥ in the incidence algebra .¥ defined by

¢ ._ Sle/F
Apg = aM‘G/F(x)

for every pair of flats F C G, and arg := —1 whenever F = G.

The following lemma will play an important role in the proof of the main theorems
in this section.

Lemma 3.4 We have the following identity in the incidence algebra:
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Proof For the sake of simplicity, and without loss of generality, we will prove that
(¢ -Yg)gE = a2 . The general case follows from this one. Let us set f(§) =
{G1, G2, ..., Gi}. We have the following chain of equalities:

%\  _ XHE (X)
(;~x )gE_ HE;M) (1 — x) /7 CG/H]

k
XF]'G]'(X)
= Z l_[ T1—x

Z H( XFG(X))

Fi€[9D,G;]

k
=0 Y TIxre®

Fie[9,G] j=1
k

=0T D XEe@

j=1 Fjel2.G)]

= (DM [+ % e 2O =
j=1

The sum in the second line is over all choices of flats (Fy, ..., Fy) € [&,G1] X --- X
[@, Gi]. The equality in the fifth line is obtained by exchanging the order of the sums
and the products. Finally, in the last line we used [20, Lemma 2.5] and the fact that
k=1f(9)I. =)

3.2 Recursions for Hilbert series of Chow rings

Definition 3.5 Let € be a building set on £ (M). The €-Chow polynomial of a
nonempty polymatroid M is defined as the Hilbert series HE (x) of D(M, €). The
€-Chow function is the element HY in the incidence algebra .¥ of 2 (M) defined by

¢ ._ ySlc/F
Hy; = HMlcc/F(x),

for every pair of flats F C G, and HCf-G := 1 whenever F = G.

The following is the crucial result enabling the computation of Hilbert series of
Chow rings using arbitrary building sets.

Theorem 3.6 Let € be a building set on £(M). The §-Chow function and the -
reduced characteristic function are inverses of each other in F up to a sign. That

is,
H = — (7‘5)7] .
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Proof First, let us show that o9 - HY = —¢. For the sake of simplicity, and without
loss of generality, we will prove that (¢ -H®) 5 = —{£. The case of more general
intervals follows from this one.

For each G € £ (M), consider the set A(G) of functions i: f(§|g) — N such

that h(F) € [1, tk(F) — 1]. The function aglg is (up to a sign) the generating function

of A(G) with respect to the total degree of the monomial [] . F(Gle) xlhp(F). The left
hand side of the identity we claim is

€ 1%
Z g6 Hgps
GeZ (M)

and it counts (without considering the signs) the possible choices of an element
of A(G) and of an FY-monomial in [G, E]. For each F g G define Y (F) =
sup (f(€]F) \ f(6|c)) andextend ¥ toamap N +— {Y(F) | F € N}.Itis astraight-
forward check that this map is a bijection between € /G-nested sets and G-nested sets
with no elements smaller or equal to G. Let FY (M, €) be the set of FY-monomials
associated to M and G, and define an injection (cf. [36, Lemma 4.14])

9G: A(G) x FY(M/G,6/G) — FY(M, )

o (h, I x';f”) _ O A T

FeN Fef($lg) FeN

The range of ¢¢ is the set of all FY-monomials associated to a nested set N such that
f(€|g) € min(N). The sets Im ¢ cover FY (M, €) and an FY-monomial m(N, k) =

[Tren x];(F) is contained in 2/M")l sets corresponding to the element sup 7' for any
T C min(N). Therefore,

(@ W%, = Z Z (—)TI=1 | xdegn Vb —

m(N.,k)eFY(M,6) \TCmin(N)

This completes the proof. O

3.3 Explicit formulas for the Hilbert series

Using Theorem 3.6, we can deduce the following recursions for computing Hilbert
series of Chow rings of polymatroids with arbitrary building sets, which is one of the
main results of the present paper.

Theorem 1.1 For every nonempty polymatroid M and every building set G, the fol-
lowing two recursions hold:

€, . —xmp () gF
€
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1 / \
2 / \2 c
4
2\2

Fig.2 The lattice of flats of a polymatroid M

and

o G|y — XM/ F(x)
i = 2, ) g @

Proof Because of how we defined the element HY € .9, the Hilbert series of the ring
D (M, €) equals HEE. By applying Theorem 3.6, we have that ¢ - HY = —§. In
particular, since E # &, we have that

(7? .H@)QE =0.

Expanding, we obtain that

G
Z X@F Hpp =0,
FeZ (M)

and the identity follows from separating the summand corresponding to F' = &.
The proof of the other identity is completely analogous, but using instead that
H¥ . %% = —§ and isolating the summand corresponding to F = E. O

Example 3.7 Consider the loopless polymatroid M on E = {a, b, ¢} described in
[36, Section 7]. Its lattice of flats is depicted in Figure 2. Consider the building set
€ = {a, b, ¢, abc}. One can enumerate the FY-monomials to see that

H;a(x) =1+4dx +5x2 +4x3 + x*.

Let us show how to compute this polynomial using Theorem 1.1. We begin by comput-

ing H,\?’;I//I; (x) in descending order of rank. Since for polymatroids of rank at most 1 the

Hilbert series of the Chow ring is identically 1, we have that Hz//alzc x) = z//ilz x) =
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;a//i (x) = 1. We can now compute HM Ia 9 (x) (and H,\?’;l//i (x) in an identical fashion) as

HY () = _ XMy /a (X) HE/ () XM/q (X) HOI 1y
Hia @) = = )17 @laga FMjan ™) = 7 7c@za Pmyabe
x2—-1 x—x

1—x 1—x
:1+2x+x2.

Lastly, we observe that | f (€|s5)| = 2, so

AM], (X) (x? —1)?

— _ 2
0= )@l — (=2~ D
Therefore,
© AM), (X) N XM, () /b XM|(( x) N
HM(x)Z_ 1—x M/Z( x) — bx M/b( x) — — M/i‘( x)
XM () y¥/ab M (x)

a- )2 M/ab()_l—x
=+ DE+D2+ @+ DE+D2P+ @ +x2+x+1) -1
— D2 I+ =2 —x =)

=1 +4x +5x% +4x3 + x*.

We now rewrite Theorem 3.6 to obtain a non-recursive formula for H;f;l (x) as a sum
over chains of flats.

Corollary 1.2 The Hilbert series of D(M, 6) equals

m

G _ m XM\F,-/Fi—l(x)
Hyw =3 > (—1)11(1_x),f(%|Fi/Fi_l)l.

m>1 @=FyC--CFp=E

Proof Combining the identity in Theorem 3.6 with a general formula describing
inverses in the incidence algebra as sums over chains (see [17, Lemma 5.3]) gives
the result. O

Example 3.8 Consider M = K4, the graphic matroid associated to the complete graph
on 4 vertices. As we explain at the beginning of Section 4, flats of this matroid are in
natural bijection with partitions of {1, 2, 3, 4}. These are the possible chains in &£ (M),
where we denote flats by partitions of [4]:

one flag of type 1|2|3|4 C 1234,

6 flags of type 1|2|3|14 C ijlk|l € 1234,
4 flags of type 1|2|3]4 C ijk|l C 1234,
3 flags of type 1|2|3|4 C ij|kl € 1234,
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e 12 flags of type 1|2|3|4 C ijlk|l C ijk|l C 1234,
e 6flags of type 1|12|314 C ijlk|l C ijlkl C 1234.

Let us write x,, (x) = (x —1)(x —2) - - - (x —m + 1) for the characteristic polynomial
of K;,. The formula in the preceding corollary states that

Gmin ~ vVl - EvaEvaikva -~ . — =
H " () = X4 +6X2X3 +4X3X2 = 3X2X2X2 + 12X2X2 X2 + 6X2X2 X2
=(x—-2)(x—3)+10(x —2) +15
=x245x+1.

3.4 A more efficient non-recursive formula

Let S be a G-nested set. We recall from the notation in the statement of Theorem 2.7
that
sup(S, F) := \/ F;.

Fjes

Fi<F
Following the terminology in [13, Definition 2.12], we say that a §-nested set S is
spanning if the join of all the elements in S is the ground set E or, equivalently, if S
contains all the maximal elements of €. We have the following formula for computing
H;a (x) in terms of spanning -nested sets.

Theorem 1.3 The Hilbert series of D(M, 6) equals

HG ) =Y [T %Mt supis. ), ©)

S FeS§
where the sum runs over all spanning ‘G-nested sets.

Proof We show this by induction on the rank of the polymatroid M. We analyze two
cases according to whether E belongs to G or not.
If E € €, then, by the induction hypothesis applied to the recursion (4), we have

€ — —€§/F
Hyw = Y > I tmessws.o [ Tr- ©
E#FeZ£(M) \ S’ spanning GeS’
€| F-nested

Since E € G, we have that 73//; (x) = Xwmyr(x). Notice that for each spanning
€| p-nested set §” appearing in the sum between parentheses, the set S = S’ U {E} is
G-nested and F' = sup(S, E). Therefore, we can write X/ r (X) = XMjz/ sup(s, ) (X)
and group it with the factors inside the sum, thus finishing the induction step in this
case.

If, instead, E ¢ € let f(€) = {F}, ..., Fi} be the §-factors. There is a correspon-
dence between G-nested sets and the disjoint union of G| g, -nested sets fori =1, ... k;
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moreover, this correspondence extends to FY-monomials. Hence, the identities

k
SlF.
H(x) = ]—[ Hy, | ()
=t

and
k
Z H AMp/sup(s.F) = l_[ Z l_[ AMp/ sup(S. F)
S spanning FeS j=1 S spanning FeS
‘G-nested €| F; -nested
hold and allow us to conclude by using the induction hypothesis. O

3.5 The geometry of the formulas

We explain the geometry behind our formulas for H%;l (x). For simplicity, let us explain
the recursion (4) under the assumption that M is a matroid and that € contains the
ground set E. This geometric picture will also be helpful in constructing examples in
Section 6.

Suppose the matroid M has a realization by a linear subspace L € CF. That is, the
rank function of M is given by

rk(S) = dim(the image of L under the projection CE - 5.

We assume that L is not contained in a coordinate hyperplane, i.e. that M is loopless.
Denote by PL := PLNP((C*)E) the projective hyperplane arrangement complement.
For F aflatof M,let Lr := LN{x; =0:i € Fyand LY := L/L . We consider L r
and LY as subspaces of CE\F and CF respectively, so that they define arrangement
complements PLpandPLY , with corresponding matroids M/ F and M| g, respectively.
Note that PLy = @ and PLE = PL.

Given a building set € containing E, let {G, ..., G} be a total order on €
that refines the order on & (M). The wonderful variety E}? introduced in [15] is the
sequential blow-up of (the strict transforms of) the PLg,, that is,

WE = Blg,, (- Blg,, | Bleg, PL) ).

The cohomology ring of E% is isomorphic to D(M, 6).

Let Px(q) denote the virtual Poincaré polynomial of a variety X over C, charac-
terized by the following two properties (see, for instance, [23, Section 4.5]): (i) If X is
complete and smooth, then Px (q) = "~ dim H (X, Q)¢'; and (i) if X = Ll Yjis
adecomposition of X into finitely many locally closed subsets Y;, then Py = }_ j Pr;-
Note that PW? (@) = H;a (qz). Since E € €, the recursion (4) states

Hy @) = Y Hy () - Ty e ().
F+#E
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which now follows from the following observations:

e The projection map r : E}f — PL is a composition of blow-down maps, under

which the strict transform of PLF is EflpF X chﬁ d [15, Theorem 4.3], so that

7 Y PLp) ~ Ef'f x PLE.

e We have a decomposition PL = | |p_p PL into locally closed subvarieties,
which gives a decomposition ch =] F£E a7 \(PLF).

e The virtual Poincaré polynomial P, iy (q) of PLF is equal to the reduced charac-
teristic polynomial X, F(qz) (see, for instance, [30, Section 7.2]).

4 Formulas for llo p+1.

In this section we will apply our results to the case in which M = K, is the graphic
matroid associated to the complete graph on n vertices, and € = €piy. These matroids
are often called braid matroids since they admit realizations by the braid arrangements
of type A. In this realization, the wonderful variety as recalled in Section 3.5 is the
moduli space ﬁo,nH of (n 4 1)-pointed stable rational curves [15, Section 4.3]. The
Poincaré polynomial Pﬁo,n+l (x) of the cohomology ring of [l ,+1 therefore satisfies

(gmin D
HKn (x) - P-/”LO,VH»I

(x).

There have been several works on this Poincaré polynomial [4, 26, 31, 33]. We apply
our formulas from Section 3 to deduce a new formula for Pﬁo it (x) and recover

previous results about PfO - (x).

4.1 A formula in terms of partitions

Let us begin with an elementary but useful observation: the flats of K, of rank i are
in bijection with the partitions of [n] = {1, ..., n} into n — i nonempty subsets. The
bijection is given by assigning to the partition S; Ul - - - L S,,—; = [n] the set of edges
in the union Kg, Ul --- U Kg, ; of complete graphs. Thus, the connected flats of K,
correspond to partitions of [n] in which there is at most one part that is not a singleton.
The meet (resp. join) on the lattice of flats £ (K;,,) can be interpreted as the coarsest
common refinement (resp. finest common coarsening) of partitions of [n]. For braid
matroids, because a minor M| /F by flats F and G is again always a direct sum of
smaller braid matroids (up to simplification of some parallel elements), one deduces
that Gpin|g/F is the minimal building set for the minor M|g/F. From now on, we
write A F [a] to denote a set partition A of the set {1, ..., a}.

To apply Theorem 1.3, we need a description of (spanning) Gmin-nested sets of K, ;
this is accomplished by the next proposition. This result has been rediscovered multiple
times in the literature; see, e.g., Erdos—Székely [18, Theorem 1] or, for a more explicit
explanation, [25, Theorem 2.1] by Gaiffi. We include a formulation more adequate for
our purposes, and a proof for the sake of completeness.
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Proposition 4.1 There is a bijection between the set of spanning Gmin-nested sets of
cardinality m in K, and the collection of set partitions of [n + m — 1] into m parts,
none of which has size one. Moreover, for each spanning Gmin-nested set, the sizes of
the parts of the partition are determined as follows: each F € S corresponds to a part
of size k where Ky, is the simplification of the minor K,)|p/ sup(F, S).

Proof Letus constructan explicit bijection. Considertheset A = [n]U{wy, ..., wy—1}
consisting of n+m — 1 elements, i.e., the vertices of K,, and m — 1 additional elements.
Consider a spanning G-nested set S, and linearly order the flats of S as Gy, ..., Gy,

first by rank, then, among elements of the same rank, by their minimal element. Recall
that a nested set of K,, having G| as a minimal element is the same as a nested set
in K,,/G1. Reading the list in the order described before, we build a partition of A as
follows:

e If |S| = 1, then the spanning property implies that S = {E}. The corresponding
partition of A that we assign in this case is {A}.

e If|S| > 1, wesetapartinour partition to be G . To get the remaining parts, proceed
as follows. First, replace all the flats G € S such that G © G by (G\ G1) U{w1}.
Then, construct a partition with m — 1 parts of ([n]\ (G1Uw}))U{ws, ..., wy—1}:
inductively, this corresponds to a Gyip-nested set of cardinality m — 1 in K,_|g,|,
as nested sets with G as their minimal elements are in bijection with nested sets
of [Gy, E].

By ordering the partition of A using the order where all blocks without w;’s are less
than the blocks with them, and then ordering this second group by the minimal wj,
one can uniquely reconstruct the spanning G,i,-nested set S. O

Example 4.2 Let n = 6 and m = 4. To illustrate the bijection in the previous proposi-
tion, we list some partitions of length 4 of the set {1, 2, 3,4, 5, 6, wi, wy, w3} with at
least two elements in each block, along with their corresponding spanning G, -nested
sets S.

For S ={12, 56, 1234,123456}, the partition is {{1,2},{5, 6},{3, 4, w1 },{w2, w3}}.
For S ={12, 56, 1256,123456}, the partition is {{1,2},{5, 6},{w1, w>},{3, 4, w3}}.
For S={12, 56, 3456,123456}, the partition is {{1,2},{5, 6},{3, 4, wa},{wy, w3}}.
For S = {12, 34, 56, 123456}, the partitionis {{1, 2}, {3, 4}, {5, 6}, {w1, wo, w3}}.

We will write x,,(x) = (x — 1)(x —2)---(x — m + 1) for the characteristic
polynomial of K,,, and ,,(x) = (x —2)--- (x —m + 1) for the reduced character-
istic polynomial. To avoid overloading the notation, we will also write x, (x) for the
polynomial x4, (x) whenever o; denotes a block in a partition of a set.

As an immediate consequence of the bijection described in the previous statement,
we obtain the following formula for Pﬁo,m (x).

Corollary 4.3 The following identity holds:

(o)

Paon@ =2, 2, [17at0:

m>1ok[n—1+m] i
U(o)=m
min; o; >2
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Proof The assertion follows by combining Theorem 1.3 with the characterization of
©min-nested sets of K;, proved in Proposition 4.1. O

Now we state a technical lemma that will allow us to rewrite the formula in the
previous corollary as a sum over set partitions of [n — 1] instead of [n + m — 1] for
varying m.

Lemma 4.4 Let p, be the number of set partitions of [n] of typeo = (01, 02, ...,05)
n. Consider the number m of set partitions of [n+s] of type (o141, oo +1, ..., gg+1).
Then, the following equality holds:

n+s)!
Mo T o + D
Proof We must partition [n + s] into s parts, none of which has size 1. To do this,
first delete s elements from [n + s]: there are ("'SH) such choices. Call A the set of n
numbers in [n + s] that remain after the s chosen elements are deleted. We partition
A using type (o1, ..., 0s) in exactly p, different ways. Each such partition can be
augmented to a partition of [n + s] of type (o1 + 1, ..., o5 + 1) by adding back the s
elements that we removed from [n 4 5] to get A, one to each part. There are s! ways
of adding these elements to the parts of A. However, to avoid multiple counting, we
must take into account the number of ways that a specific element of a part of our new
partition of [n + s] could have been picked, i.e., we have to divide by ]_[f: 1o + 1),
which leaves us with the equality claimed in the statement. O

Now we put the pieces together to prove Theorem 1.4.

Theorem 1.4 The Poincaré polynomial of M ;1 is

176

(n—14+20))! X1 ()
Py, ()= > [[# .
o Pt Ul A
Proof This follows from Corollary 4.3 using Lemma 4.4. O

4.2 A formula by Aluffi-Marcolli-Nascimento

Our next goal is to give a new and self-contained proof of a recent result by Aluffi,
Marcolli, and Nascimento [4, Theorem 1.1]. We follow their notation and write s (n, k)
for the (signed) Stirling numbers of the first kind and S(n, k) for the Stirling numbers
of the second kind.

Theorem 1.5 The following formula for the Poincaré polynomial of ﬁo,n+l holds:

Py 00 = (1 = x)" DO stk+nk+n—j)Sk+n—j.k+1)xH
k>0 j>0

Proof We start from the formula of Corollary 4.3. Since Py

o (x) is palindromic of
degree n — 2, we obtain
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@) =x"Pg, 7D

=x1172 Z Z Hyai(xfl)

m>1ok[n—14+m]i=1
L(o)=m
min; o;>2

Pﬁo,nJrl

n—2+4+m M

X -1
Z Z mgxm(x )

m>1ok[n—14+m]
L(o)=m
min; o; >2

=(1-x) Z Z Z (n +m:k B 1>x"_2+m+k ]ﬂ[xa; 7 h

m>1ot[n—14m] \ k>0 i=1

L(o)=m
min; 0;>2
14
=A-0"Y" Y P[],
p>1A-[n—1+p] i=1
£0)=p

where the partition A is obtained from ¢ by adding k singletons in all possible ways.
By reindexing the first sum, we obtain

k+1
Pl @ =1 =012, D, " Do 7. ™
k>0 AF[n+k]
L)=k+1

To finish the proof, we note the following elementary identity'

Zx s(a,a— j)S(a—j,b) =x" b Z HX)"(X . )

A-[a] i=1
L(A)=b

To see this, notice that both sides count the number of permutations ¢ € &, together
with a partition of its set of cycles into exactly b blocks. The parameter —x records
the number of cycles of the permutation. Now, applying the identity in Equation (8)
to the formula for Pﬁo‘”ﬂ (x) obtained in Equation (7) yields the equality

Py @) =01 —x)" Y > stk+nk+n—j)Stk+n—j.k+1)x*,
k=0 j=0

as desired. O
4.3 Generating functions and recursions

Several different formulas for the above polynomials (and their exponential generating
functions) were obtained by Getzler [26], Manin [33], and Keel [31]. In this section,

we show how our Theorem 3.6, when restricted to M = K, and € = G, can be
used to recover these formulas.
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Proposition 4.5 Let H be the exponential generating function of the Poincaré polyno-
mial of Mo p+1:

tn Gmin tn
H = H(x’ t) = Z Pﬁ(},n-ﬁ—l(x); = ZHKH (X);

n>1 ' n>1

(i) The incidence algebra equality —x min . H%in = § is equivalent to the compo-
sitional formula [26, p. 228]

H(t_w’ I)ZI.
x(x —1)

(ii) The incidence algebra equality H%min .3 %min = _§ is equivalent to the functional
equation [33, Theorem 0.3.1 (0.7)]

A+ H)Y =x*>H+1—x(x— .

Proof The reduced characteristic polynomialis X, (x) = (x—2)(x—=3) - -- (x—n+1).

Therefore, the exponential generating series of —YE“" (x) can be rewritten in closed
U

form as
14+ —1—xt

—Smin tn
G::Z—XK" (x)azt Y

n>1
The compositional formula [41, Theorem 5.1.4] can be applied to the identity —3 %min -
H%in = §, from which the statement H (G (7)) = ¢ follows immediately.
For the second statement, we reason analogously but with the dual identity H%min .
7%""'" = —§. We obtain that G(H (t)) = ¢ or, in other words,

(+H—1—xH _
B x(x — 1) -

The result follows by rearranging the terms. O
Lastly, we consider the formula by Keel [31, p. 550].

Proposition 4.6 The polynomial P, - x) = HE‘"‘“ (x) is uniquely determined by
either of the two following recursions:

n—1
. . n—1 . .
Hm (v) = Hg™ (x) + x }j( ; )HE;?‘“(x)-HE;"";(x), ©)
j=2
x "2/
_ cgmin - cgmin . cgmin
=+ HI @ + 5 2j (J.)HKj (0 - HE™ (), (10)
j=

forn =3, and H¢™ (x) = H™ (x) = 1.
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Proof The recursion in Equation (9) (and thus, as we will explain below, also Equa-
tion (10)) follows from the functional equations proved in the previous statement: this
proofis carried out in [33, Corollary 0.3.2]. We take the opportunity, however, to prove
it combinatorially via the FY-monomials. Consider an FY-monomial with associated
©Emin-nested set S, and let G € S be the smallest flat whose nontrivial part contains n,
if it exists. Let Fy, ..., F be the elements of S_; and Hy, ..., H, be the elements of
S~ so that the FY-monomial is e, XEXG H?=1 x;{j. Notice that [T_, xif’_ng\{ln}

is an FY-monomial for the complete induced subgraph on G \ {rn} and H?:l XZ/VG

is an FY-monomial for the matroid K,,/G with respect to the minimal building set.
The first summand of Equation (9) corresponds to FY-monomials where such G does
not exist; the other summands correspond to the connected flats G of rank j whose
nontrivial part contains 7.

The recursion appearing in Equation (10) can be deduced from (9) by first rear-
ranging the term in the sum corresponding to j = n — 1:

n—1
. . n—1 , .
oo =g o e 3 (1 0w @
=
n—2 n—1
= (I + OH™ (x) + x Z( . )Hﬁjﬂ"(x) HER (0. (D
AR |
Then, using the change of variables i = n — j on the sum of the right-hand side, this

is equivalent to

n—2

) . n—1 . .
H™ (x) = (14 0)HE™ (x) +x Y (n } i)HE:jj (x) - Hg™ (x)
~
n—2 n 1
— Gmin - Gmin Gmin
= (1 +0)H™ (x) +x 2; <j - 1)HKn_j @) -HMw, (12)
j=

where in the second step we used the identity ("~}) = (7_|) and the change of variables
i = j. Keel’s formula (10) follows from adding Equations (11) and (12), applying

Pascal’s identity (" ;l) + (;':i) = (;’) and dividing by two. |

5 Conversion between building sets

Given two building sets € and €’ on £ (M) with €’ C €, we now explain how to
relate H;a (x) and H;a/ (x). For simplicity, we assume M to be a matroid in this section.
It will suffice to consider the case when € and €’ differ by one element (see the first
part of Proposition 5.2). We thus show the following.
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Theorem 5.1 If€ and €' = 6\ {G} are building sets of £ (M) differing by one element
G, then

1 g/ / — ¢ €'/G
H () = Hiy (1) + (x + - - + x/E )] I)HMl'GG (x)HM//G (x).

For the proof, we need the following description of D(M, €) as the Chow ring of a
fan (see [24]). The Bergman fan of M with respect to € is the fan X in RF consisting
of the cones Rxp{eg : G € S}, one for each G-nested set S. Here, we denoted by eg
the sum ) ;. €; of standard basis vectors. The ring D(M, €) is equal to the Chow
ring A®(X«¢) of the fan X¢. We now note the following.

Proposition 5.2 [19, Proof of Theorem 4.2] Let € D ¥ be two building sets of £ (M),
and let G be a minimal element of € \ #. Then, €' := € \ {G} is a building set.
Moreover, the fan X is the stellar subdivision of the fan Y« at the face corresponding
to the nested set f(%'|g) of factors of G in €'.

We thus need to understand how Chow rings of fans change under stellar subdivi-
sions. The following lemma allows us to do this.

Lemma 5.3 Let A®(X) denote the Chow ring of a smooth fan ¥ with rational coeffi-
cients. For a cone o € X of dimension ¢, let S be the stellar subdivision of ¥ ato,
and let st (X) be the closed star of ¥ at o (i.e. the fan consisting of the cones of .
containing o ). Then, as graded vector spaces, we have

-1
AY(Z) ~ AY(Z) @ P A* (5o (T)[—il.

i=1

Proof This follows from [31, Theorem 1 in Appendix], which is stated for Chow rings
of blow-ups of smooth varieties along smooth varieties satisfying a certain surjec-
tivity condition (which holds for toric varieties). In our case, the stellar subdivision
corresponds to the blow-up of the toric variety Xy along the torus-invariant subvariety
corresponding to the cone o. O

The last remaining ingredient concerns the star fans of Bergman fans.

Lemma 5.4 Let G be a nonempty flat of M not necessarily in a building set €', and let
f(€'6) = (G, ..., G} be the §'-factors. Then, the closed star of L at the cone
corresponding to f(€'|g) is isomorphic to the fan Yy, XX Xy, X Xg/G-

1 L

Proof This follows from a repeated application of [6, Theorem 1.7], which states that
forany G’ € €', the closed star of T« at the ray R>o{eg’} is isomorphic to the product
2@/‘6/ X Eg//G/. O

Proof of Theorem 5.1 Let {G/, ..., G} be the €'-factors of €'|. Note the isomor-
phism qu(;, X oo X E@/l(}’ X Ygr/g =~ Xg/|g X Xg//G- Combining the second part
1 12

of Proposition 5.2 with the two preceding lemmas yields the desired result. O
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6 The failure of inequalities

In this section, we discuss the potential failure of the properties in Figure 1 for the
Hilbert series of the ring D(M, €6).

6.1 Failure of log-concavity

We provide examples where the coefficients of H;f}l (x) do not form a log-concave
sequence. It will be useful to consider H;a (x) as the Poincaré polynomial of a wonderful
variety constructed via a sequential blow-up, which was reviewed in Section 3.5. The
strategy common to all of our examples is the following simple observation: if a
sequence (a, b, ¢) is log-concave but 2b < a + c (i.e. not concave), then (a + ¢, b +
£, c + £) is not log-concave for all large £ > 0, since (b + D2 —(a+ 0+ =
(b%* —ac) + 2b —a — o)L.

Example 6.1 (Hc,\g;I (x) need not have log-concave coefficients) Let M be the uniform

matroid of rank _9 on t}le grouﬂl set E = [8] L [10] of 18 elements, where [8] =
{1,...,8}and [10] = {1, ..., 10}. Let

10
@:EUUZU&UM“”JB%W&UCSDUML

which one verifies to be a building set on M by noting that every interval [&, F] for a
proper flat F # E is a Boolean lattice.

As uniform matroids are realizable over C, following the construction of wonderful
varieties given in Section 3.5, we find that the Chow polynomial H;\g;l (x) is the Poincaré
polynomial of the variety obtained as a sequential blow-up of P%, in two steps:

(1) First, one blows up a complete flag PL12345678 C --- € PLj» € PLj in P8,

starting with the point, then (the strict transform of) the line, then the plane, etc.
(2) Then, one blows up (180) = 45 more points not lying on the hyperplane PL;.

By induction, one verifies that blowing up a complete flag in a projective space yields
a variety whose Betti numbers are the binomial coefficients. In our case, we have
that after step (1) the Betti numbers read (1, 8, 28, 56, 70, 56, 28, 8, 1). Note that
2-28 — (56 + 8) = —8 < 0. Then, for step (2), when one blows up a point, we note
that the Betti numbers change by adding 1 to each of the entries that are not the first
or the last. In our case, one may also deduce this geometric fact from Theorem 5.1. In
particular, the final Betti numbers read (1, 8 4 45, 28 + 45,56 4 45, ...), and at the
third entry, we find that log-concavity fails since 732 — 53 - 101 = —24 < 0.

Example 6.2 (Hc,\g;lmin (x) need not have log-concave coefficients) The geometry in the
previous example of blowing up a complete flag in P® and then blowing up 45 additional
general points can be realized as a minimal building set on a matroid in the following
way. We do this in two steps, corresponding to the steps (1) and (2) in the geometry
described in the previous example. We will use notions in matroid theory such as free
extensions and principal extensions by flats, which can be found in [35, Chapter 7].
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(1) First, we construct a matroid Mg of rank 9 on the ground set {1,2,2/,3,3, ...,
9,9’} as follows. Let M; = Uj (1), the Boolean matroid of rank 1 on the set {1}.
Then, for i > 1, we inductively define M; := (M;_; @ i) + i’. That is, M; is
obtained from M;_; by adding a coloop named i, and then taking the free exten-
sion of M;_; @ i by an additional element i’. In general, for a loopless matroid M
on ground set E, the connected flats of the free extension M + e are the proper
connected flats of M and E U e. Hence, we find that the connected flats of Mg are
{1,122/, 12233, ...,122/33"...99'}. That is, the matroid Mg has the property that
its connected flats form a complete chain in & (Mo).

(2) Now, we extend the matroid Mg (on a ground set of size 19) to a matroid (of
the same rank, 9) on 19 + 45 - 9 = 424 elements, such that the set of connected flats
will consist of those from Mg together with an additional 45 flats of corank 1. For a
matroid M of rank » on a ground set E, denote by M + U,._; , the matroid on ground
set E LI[r] constructed as follows. First, perform (» — 1)-many times the free extension
of Mto obtain M+{1, ..., r — 1}, and then take the principal extension of the resulting
matroid by the flat {1, ..., r — 1}. (That is, we extend M by r-many elements as freely
as possible with the sole constraint that the r-many elements that were added do not
form a basis). Note that if a flat ¥ € E U [r] of M 4+ U,_1 , properly intersects [r],
then F N [r] consists of coloops of F, since by construction no element of [r] is in the
closure of any proper flat of M. Thus, the proper connected flats of M4 U,_1 , are the
proper connected flats of M and [r]. The matroid we seek is Mg + Ugg + --- + Ug g
(where +Ug ¢ is performed 45 times).

This matroid on 424 elements can be realized over any infinite field as follows.
Begin with a 9 x 19 matrix of the form

1 0 % 0 % 0=
1 1 0 0*.“
Ag = 1 1 0% ’
11

where the x entries are generic. (The row span of) this matrix realizes the matroid My.
Then, fori =1, ..., 45, let U; each be a distinct generic choice of a 9 x 9 matrix of
rank 8. The matroid we seek is realized by (the row span of) the matrix

[Ag|Uy| - - - |Uss].

The resulting wonderful variety corresponding to the minimal building set is the
sequential blow-up of P identical to the one described in Example 6.2, and hence the
Chow polynomial Hc,\g;I (x) fails to have log-concave coefficients.

Example 6.3 (H(Sn , (x) need not have log-concave coefficients) We provide a building

set on a Boolean matroid for which the Chow polynomial has non-log-concave coeffi-
cients. That s, the s-vector of the corresponding nestohedron need not be log-concave.
For this connection to nestohedra, we point to [37].
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First, let us consider the following geometric scenario. Ford > 0 and N > d, we
consider blowing up a flag of subspaces in PV of dimensions 0, 1, ..., d. Note that
for any n > 0, the first n Betti numbers of this blow-up are independent of N provided
that N is large enough. In fact, they are the partial sums of binomial coefficients:

d+1 d+1 d+1 d+1 d+1 d+1
(5 C5 )= (0= () (55 ))
For instance, when d = 5, the sequence reads (1, 7,22, 42, ...). Then, if we blow-up
additional points, for instance 39 additional points, we obtain that (22 + 39)2 —(7+
39)-(42+39)=-5<0.

This geometric scenario can be realized as the construction of a wonderful variety
from a building set on a Boolean matroid, as follows. Take M = Uys, [45], the Boolean
matroid of rank 45 on the set [45]. The collection of subsets {[44], [43], ..., [39]} U
{[45]1\{i} : i € [39]} along with the atoms and the ground set [45] forms a building set.
The ordering ([44], [43], ..., [39], [45]\ {1}, ..., [45]\ {39}) refines the partial order
by reverse inclusion, and the resulting sequential blow-up gives the desired geometric
scenario above.

6.2 Koszulity, gamma-positivity, and real-rootedness

A result by Coron [14, Theorem 3.12] states that if the lattice of flats £ (M) of a
matroid is supersolvable, then the Chow ring D(M, 6,in) is Koszul. This generalizes
a result by Dotsenko [16] for the braid matroid K,,. On the other hand, Mastroeni and
McCullough showed that for all matroids M, the ring D(M, €pn,x) is Koszul.

As is explained in [20, Section 5.4], whenever the degree of the Hilbert series
of a graded Artinian Koszul algebra is not more than 4, then it has only real zeros.
Furthermore, by [20, Theorem 1.8], for any matroid M we have that Hz‘“ax (x) is y-
positive.

The following question arises naturally in this context.

Question 6.4 Ts there a loopless matroid M and a building set € such that D(M, €) is
Koszul and Hy; (x) fails to be

(i) y-positive, or
(i1) real-rooted?

We note that the real-rootedness question for H min (x) was posed by Aluffi, Chen,
and Marcolli in [1, Conjecture 1], while in this spec1a1 case, y-positivity follows
directly from Proposition 4.6 (see [1, Theorem 1.2]).
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