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Abstract

We forecast short time series iteratively using a model based on stochastic differential
equations. The recorded process is assumed to be consistent with an a-stable Lévy motion.
The generalized moments method provides the values of the scaling exponent and the
parameter «, which determine the form of the stochastic term at each iteration. Seven
weekly recorded economic time series—the DAX, CAC, FTSE100, MIB, AEX, IBEX, and
STOXX600—were examined for the period from 2020 to 2025. The parameter « is always 2
for the four of them, FISE100, AEX, IBEX, and STOXX600, indicating quasi-Gaussian pro-
cesses. For FTSE100, IBEX, and STOXX600, the processes are anti-persistent (H < 0.5).The
rest of the examined markets show characteristics of uncorrelated processes whose val-
ues are drawn from either a log-normal or a log-Lévy distribution. Further, all processes
are multifractal, as the non-zero value of the mean intermittency indicates. The model’s
forecasts, with the time horizon always one-step-ahead, are compared to the forecasts of a
properly chosen ARIMA model combined with Monte Carlo simulations. The low values
of the absolute percentage error indicate that both models function well. The model’s
outcomes are further compared to ARIMA forecasts by using the Diebold—Mariano test,
which yields a better forecast ability for the proposed model since it has less average loss.
The ability and accuracy of the model to forecast even small time series is further supported
by the low value of the absolute percentage error; the value of 4 serves as an upper limit
for the majority of the forecasts.

Keywords: a-Lévy stable motion; a-Lévy stable noise; generalized moments method;
iterative stochastic differential equations; ARIMA forecasts

1. Introduction

In diverse fields, processes are typically presented as time series; therefore, it would
be very beneficial, if it is feasible through the available data, to forecast the evolution of
such a process and make well-informed decisions [1]. The experimental evidence can be
categorized as stochastic, noisy deterministic, deterministic, or a combination of these.
Among deterministic data, those that show chaotic dynamics are important since they
display very complex trajectories [2]. A finite-size trajectory can be either stochastic or
chaotic since both are very much alike; hence, data pre-processing will be crucial [3].
Stochastic data can be correlated or uncorrelated in time, a property usually revealed, but
not limited by, the form of their power spectra over the frequency domain [4].

A flat power spectrum indicates the existence of a memory-less stochastic process—
white noise. However, the probability distribution from which such a process draws values
is to be determined [5]. The power spectrum obeys a power law of the form S(f) ~ f~#,
with f being the frequency and B the scaling exponent. A link has been established between
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the scaling exponent of the spectrum and the scaling exponent H of the process, which is
called the Hurst exponent in honor of Harold Edwin Hurst. More specifically, for stationary
processes, B = 2H —1with -1 < f < 1,and p = 2H +1 with 1 < B < 3 for the non-
stationary [6,7]. Hurst, in his seminal work ref. [8], introduced the adjusted range statistics.
Later, Mandelbrot and Wallis established the mathematical foundation for the rescaled
range analysis (R/S) that is used today through a heuristic graphical method [9]. They
demonstrated how a scaling property for stationary processes permits a link between past
and future events. Let x(t) be a stationary time series, and let T be the length of the window
connecting the differences between past and future events. If there is a unique scaling, the
equation x(7) = ¢t holds; note that c is a positive constant and H is the scaling exponent,
H e (0,1). For0 < H < %, the process is anti-persistent, meaning that every new value
is likely to go in the opposite direction of the previous one. For 3 < H < 1, the process is
called persistent, and every new value is likely to follow the trajectory of the previous one.
For H = %, the process has no memory, and every new value is entirely independent of the
values that preceded it.

Various methods can be used to calculate the Hurst exponent, including the gener-
alized Hurst exponent (GHE) [10,11], the generalized moments method (GMM) [12-14],
dispersional analysis (DA) [15], power spectral density (PSD) [16], rescaled range analysis
(R/S) [9], detrended fluctuation analysis (DFA) [17], multifractal detrended fluctuation
analysis (MF-DFA) [18,19], and others; see, for example, [20]. The accuracy with which each
technique provides the scaling exponent depends on the length of the data and the type of
distribution the data satisfy (existence or nonexistence of heavy tails). It is questionable if
PSD, DFA, R/S, and DA can “reveal” the characteristics of multiscaling, or multifractal, pro-
cesses because they each produce a distinct scaling exponent (monofractality). Moreover, it
has been demonstrated that R/S overestimates the true Hurst exponent [21]. In contrast
to GHE and GMM, which are the best methods at capturing multifractality, MF-DFA is
not appropriate for data with heavy tails and small sample sizes [22]. Furthermore, GMM
works well for short time series and is among the most dependable methods for analyzing
non-stationary time series [12,22]. It is worth mentioning that GMM works only for weak
stationary time series: time series whose increments form a stationary realization. When
GMM operates on a stationary process, it returns a scaling exponent close to zero.

Time series data from seismic, meteorological, and financial sources offer a wealth of
information for testing any model that seeks to apply forecasting models or explore the
underlying stochastic nature of a process. The values of an index comprise a financial time
series. They are recorded at equidistant time frames (hour, day, week, month), and are a
collection of stocks, businesses, and other economic indicators that characterize a stock
market and whose study can provide information about market performance. A different
way to look at stock market prices is to assume that they are random variables [23]. This
allows us to compute scaling exponents that describe both stationary and non-stationary
stochastic processes [24]. Today, the field of studying these exponents in financial markets
is actually extremely rich [25-30], and the growing body of empirical data is constantly
enhancing our comprehension of their behavior.

Let the price of such an index on time frame i be x;. The price return is defined as
Xi
Xi-1
accepted that the variable r; is normally distributed, and thus the underlying process is

r;=lo g( >, the logarithmic difference of x; over two successive recordings. It is widely
quasi-Gaussian. In this situation, the deviation from the mean, or volatility, is a crucial
element for the analysis [23]. If the process is also monofractal, then a unique scaling
exponent exists whose value is half of the scaling of volatility. However, research showed
that financial time series are described by numerous scalings and thus are best characterized
as multifractals [27,30]. In addition, the type of the distribution of the returns has also been
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challenged, and it has been proposed that an a-Lévy stable distribution is the proper one,
where « is the Lévy index, and a = 2 yields the normal distribution once more.

For a certain period, price indices on the Milan, Italy, stock exchange exhibit an a-Lévy
stable distribution, according to analysis [31]. Furthermore, the same patterns have been
noted in European options data, where an a-Lévy stable distribution is responsible for
the multifractality [28]. Using either fractional Brownian (fBm) [32] or fractional Lévy
motion (fLm) [33], economic data have been analyzed and shown to be better described
as multifractals than as monofractals (fBm) [28,33-38]. It is worth noticing that in 1963,
Mandelbrot suggested that an a-Lévy stable distribution would be a good model to use for
analysing price disparities or logarithmic returns [25].

The present work applies the model we recently presented [39] to short time series,
weekly based recordings of stock markets, namely, DAX, CAC, FTSE100, MIB, IBEX, AEX,
and STOXX600 over the period 2020 to 2025. On the one hand, the model employs an
a-Lévy stable distribution as the underlying stochastic process, and the Lévy index « as
well as the Hurst exponent are computed by applying GMM [12-14]. GMM is reliable in
delivering the scaling exponent; GMM may be applied even to small data sets [22,40] and
is similar to the generalized Hurst exponent approach (GHE), which is frequently utilized
for financial data analysis [10]. The structure function [41] is computed by GMM, and its
form provides the Hurst exponent, the mean intermittency parameter (C), and the index «.
Notice that the scaling exponent of an a-Lévy stable distribution is given by H — % + % [36].
On the other hand, a stochastic differential equation with a drift and a diffusion term is
used for forecasting [23,37,38,42]. The drift term can be calculated using the mean of the
process’s increments, weighted by its actual value. The diffusion term computation requires
the autocorrelation of the underlying noise that arises from the discretization of an a-Lévy
stable motion. To forecast the value of the process at the point k + 1, we consider that the
previous k points form the “historical data” on which we apply GMM and compute the
values of «, H, and C. Next, we generate a number of a-Lévy stable noise sequences (white
noises), each with a zero mean and an equal length to the time series that was previously
analyzed. Each one of them is transformed to have the correct spectral exponent, and then
it follows the inverse Fourier transform for the reconstruction of the sequence in the time
domain [5]. The actual value of the index at the forecast point is influenced by the mean of
their tail, which is determined by the non-zero portion of their autocorrelation. At every
forecast, the values of « and H could fluctuate. Finally, we compare the predictions of the
present model with those of a properly chosen ARIMA-based forecast model combined
with Monte Carlo (MC) simulations on the basis of the Diebold- Mariano test.

2. Materials and Methods

We provide a brief description of the iterative forecasting model that is utilized in
the present study; ref. [39] contains the model’s analytical specifics. In order to assist the
estimation of the process’s scaling exponent and define the type of the general a-Lévy
stable distribution, the model first classifies the type of the process by computing the
parameters H and «. The latter determines the type of random process that is satisfied by
the input data increments, and this result is essential since it defines the diffusion term in
the stochastic equation. The final forecasting value is produced by creating sequences of
random processes that are of the same length and have the same properties as the time
series under analysis, see discussion below.

2.1. Generalized Moments Method (GMM)

Let {x;} represent the measurements of a field, and the index i runs from 1 to
N, with N the length of the field at time f. We define the increments of the field
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yn(A) = |x(n+A) —x(n)|, withn = 1,2,...,N — A and A being the time lag between
two raw data (A =1,2,..., %), in order to understand how the fluctuations of the field
behave. The latter can be achieved by computing the field’s scaling properties; “scaling”
refers to a process’s invariance across a range of scales. Scaling systems can be described
using fractal and multifractal theories, the latter of which is an extension of the former.
Fractal theory [43] focuses on simple scaling or monofractal processes, and complex events
can be described with a small number of parameters. However, multifractal theory deals
with multiscaling, which allows one to generalise a process’s scaling properties [44,45].

The structure function, or scaling exponent z(q), establishes whether a process is mul-
tifractal (having a convex form) or monofractal (a linear function of z(q) versus q). Among
all multifractals, universal multifractals, which are essentially log-Lévy multifractals, seem
to be ubiquitous [41], with a structure function of the form

Z(q)zqh*a(jl(q“q) (1)

#z(q)
dg?

the interval 0 < a < 2. For & = 2, z(q) = gh — C(q%> — q), the logarithm of the field is

normally distributed [46], for a = 1,z(q) = qh — Cqlog(q) the field is distributed according

to log-Cauchy, while for all the other values of « in the range (0, 2), the field is distributed

where & = —% lg=1 is the Lévy index or index of multifractality. It takes values in

according to log-Lévy. The term C is called co-dimension information and measures the

mean intermittency, and is defined as, C = dil(qq) l;=1 — H. It takes values in the range

C € [0,d] with d being the dimension of the support, which is 1 for a one-dimensional time
series. For C = 0, the field is homogeneous; only one scale exists. From lower to higher
values of C, the degree of intermittency increases, and some extreme outliers will occur.
The parameter i € (0,1), when the field is multifractal, shows the degree of fractional
integration (persistent for 1 > 0.5 and anti-persistent for & < 0.5). The value of z(q) for
g = 1 provides the Hurst exponent for a multifractal field. Since z(g) = gh, it follows that
z(q = 1) = z(q = 2) /2 when a field is monofractal [7]. Therefore, the analytical form of the
scaling exponent or structure function, Equation (1), gives information about the nature of
the stochastic mechanisms; see for details refs [7,12—-14,19,47]. For further information on
how GMM is used in financial time series, see ref. [39].

2.2. Stochastic Differential Equation

A differential equation with a stochastic term given by an a-Lévy stable motion
reads [33,48]

dxﬂt(t) = ]"(t/ xlX(t))dt + (T(t/ xa(t))dLa(t) )

with x,(f = 0) = x,0 being a random variable taking values from an a-Lévy stable
motion (Lsm). The terms p(t, x(t)) and o (¢, x(t)) describe the drift and the diffusion term,
respectively. To a first approximation, these two terms can be expressed as u(t, x(t)) = px(t)
and o (t, x(t)) = ox(t), and the discrete equivalent of Equation (2) is as follows

Ax(t) = px(t)At + ox(£)AE(t) 3)

with At being the minimum time lag. ¢ is the generic symbol used for the stochastic
term. Actually, it represents a generic process whose values are drawn from a probability
distribution, be it fractional Brownian motion (fBm), fractional Lévy stable motion (fLsm),
or multifractional Brownian motion (mfBm). In addition, the process ¢(t) is also regarded
as weak-stationary, meaning that its increments, Ag(t), create a stationary process with
zero mean and variance that needs to be computed.
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Equation (3) can be used iteratively to provide the next value of the process x(t) at
each iteration; however, this requires an estimate of the terms y and ¢. Dividing each term
of Equation (3) with x(t), we write

Ax(t)
x(t)

Taking the expectation value of Equation (4), and since < A(t) >= 0 we find

= ulAt + oA (t) (4)

Ax(t) 1

SO
We also find that < A;ES) A;E%) > equals p? + 02 ACEps (|t — '|), with ACEpz (|t — #'])

being the autocorrelation of the process A¢(t). Combining findings we end up with

2
v (<G e

where ACFaz(0) is the value of the autocorrelation function at t = t'. Equation ( 3) for

H=<

Z|

X

N Ax(ty)
L (o) 2

a generic stochastic motion ¢(f) in conjunction with Equations (5) and (6) is the main
equation utilized in the iterative forecast.

It is worth mentioning that the generic stochastic term can be expressed through the
corresponding white noise, the mother process from which x(t) is coming from [5], as
AE(t) = we(t)(At)® where s is the scaling exponent, that equals H for fBm, H — § + 1 for
fLsm, and H(t) for mfBm [37]. In addition, the spectral exponent these processes must
meet reads f = 2(H —  + 1) + 1, which returns g = 2H + 1 for a = 2.

3. Results and Discussion

We analyze a number of European stock markets from 2020 to 2025, such as the
STOXX600, DAX, CAC, FTSE100, MIB, AEX, and IBEX. The data was retrieved from the
website of Statista [49] and accessed on 21 July 2025. The generated time series are shorter
than 300 points, with weekly sampling. The values of the examined indices are shown in

Figure 1.
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Figure 1. Each one of the panels displays a different index (DAX in red, CAC in green, FTSE100
in blue, MIB in magenta, AEX in cyan, IBEX in purple, and STOXX600 in orange) over a five-year
period, from 2020 to 2025. Consecutive events have a distance of one week.
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The model assumes that the noise term of the stochastic equation, Equation (3), takes
steps from an a- Lévy stable distribution. For financial time series the value of « is frequently
2, and lesser values are discarded. Indeed, Figure 2, which displays the value of x with
respect to time, makes it evident that the indices DAX and CAC always have a values
below 2. In contrast, the value of « for the FTSE100, AEX, IBEX, and STOXX600 indexes is
consistent with the value of 2. These results demonstrate that FTSE100, AEX, IBEX, and
STOXX600 are processes that use steps from a Gaussian distribution, specifically a fractional
Brownian motion (fBm), if H is constant over time, or a multifractional Brownian motion
(mfBm), if H changes, with increments that correspond to a fractional Gaussian noise (fGn).
Conversely, the DAX and CAC indexes use a non-Gaussian probability distribution to
determine their steps, and an a-Lévy stable noise (x-Lsn) determines their increments.
Finally, for the first forecast points, the index MIB’s a value is less than two, and after that,
it settles at two.

DAX 2 CAC 3 FTSE100
1.94
1.98
s 1.92 3 32
1.96
1.9
1.94 1
220 240 260 220 240 260 220 240 260
t (weeks) t (weeks) t (weeks)
5 MIB 3 AEX 3 IBEX
1.98
S 406 32 32
1.94
1 1
220 240 260 220 240 260 220 240 260
t (weeks) t (weeks) t (weeks)
STOXX600
3 T T T T T T
25 b
S 2
15 .
-1 1 | | | | 1 | 1 |

220 225 230 235 240 245 250 255 260 265 270
t (weeks)

Figure 2. « parameters in time for several indices. The computed values are shown for historical data
with lengths that go from [0.8N | to N — 1, with N being the total length.

The time series displayed in Figure 1 are non-stationary and thus represent processes
that are out of equilibrium. To prove that, we consider the increments of each one of them,
which are then analyzed by GMM. Each analysis returns a Hurst exponent with a value
of zero; results are not shown. Next, we consider the original time series whose thorough
investigation based on the generalized moments method approach(GMM) [7,12-14,19,47]
delivers the values of H, C, and «. Refer to Figures 3-5, which show the scaling exponent
(s), the mean intermittency parameter (C), and the Lévy stable index («) versus time.

This study uses a minimal value of k equal to |0.8N |, although it can be even smaller.
A process of length k is analyzed, and its length increases by 1 at each iteration. With N
representing the entire length of each trajectory shown in Figure 1, the maximum value the
index k can take is N — 1. Observe that even if smaller trajectories have been treated in the
literature, the GMM requires a minimum of 100 points for a successful application [40].



Appl. Sci. 2025, 15, 11580

0.52 DAX CAC 0.38 FTSE100
0.51
0.51
] ] 0.5 » 0.36
05 0.49 0.34
220 240 260 220 240 260 220 240 260
t (weeks) t (weeks) t (weeks)
0.54 MIB 0.54 AEX 0.44 IBEX
0.43
® 0.52 o 052 ®»
0.42
0.5
0.5 0.41
220 240 260 220 240 260 220 240 260
t (weeks) t (weeks) t (weeks)
0.48 T T T T STOXYXGOO T T T
0.47 4
2]
0.46 - q
045 1 1 1 Il 1 1 1 Il Il
220 225 230 235 240 245 250 255 260 265 270
t (weeks)

Figure 3. Scaling exponent between a minimum of 220 weeks and a maximum of 270 weeks. With
every new trade week, the length of time that data is accumulated increases by one.

0.085 DAX CAC 01 FTSE100
0.085
0.08 0.095
© © 0.08 ©
0.09
0.075 0.075
220 240 260 220 240 260 220 240 260
t (weeks) t (weeks) t (weeks)
MIB 0.08 AEX 0.08 IBEX
0.1
0.075
O 0.095 O O 0.07
0.07
0.09
0.065 0.06
220 240 260 220 240 260 220 240 260
t (weeks) t (weeks) t (weeks)
STOXX600
0.1 T T T T T T T
& 0.095 .
0.09 B
1 1 1 1 1 1 1 1 1 -
220 225 230 235 240 245 250 255 260 265 270
t (weeks)

Figure 4. The mean intermittency parameter C for each market. The values are between a minimum
of 220 weeks and a maximum of 270 weeks.

From trading week to trading week, the value of the scaling exponent fluctuates;
see Figure 3, and its value is directly connected to the type of stochastic process: 0.5 for
white noise and coloured otherwise. Notice that there exist various types of white and
coloured noises [5]. As it was mentioned, the scaling exponent satisfies the relation
H— % + %, and thus, when a« = 2, the scaling exponent coincides with the Hurst
exponent (H = z(g = 1)). Unlike persistency (s > 0.5), which shows the presence of
temporal drifts, anti-persistency (s < 0.5) shows a propensity for prices to return to their
mean. Because their respective scaling exponents are consistently below the value of 0.5
during the course of the analysis window, the FTSE100, IBEX, and STOXX600 return to
their average value (anti-persistent behavior). Instead, for DAX, CAC, MIB, and AEX, their

s =
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scaling fluctuates in a very narrow range around or just above the value of 0.5, which points
to an uncorrelated process (white noise). However, since the mean intermittency parameter
is non-zero (see below), this uncorrelated process concerns the logarithm of the distribution
and not the distribution itself. It is log-normal distributed when a = 2, and log-a-Lévy
stable when o < 2.

4
x10 8500 9000
2.2 ol -
x & 8000 | W\, S 8500
2 3 ! 5
o O 7500 \v\/\\ ~ f- 8000
1.8 7000 7500
220 240 260 220 240 260 240 260
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4 4
us %10 950 AEX 13 %10
: Y /\
36 >, ! / s 12
g & 900 / \ [ ! fv .
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A AR V2N / VTN
v
500 & \//\ I L \4 L 1 L I

1
220 225 230 2385 240 245 250 255 260 265 270
t (weeks)

Figure 5. In black displays the evolution of each market index based on a weekly sampling rate over
a constrained time frame of five years (2020-2025). The forecasting values at the same time frame are
represented by the coloured curves.

The value of the mean of the intermittency parameter (C) approximately falls between
0.05 and 0.11, see Figure 4. Values of C constantly different than 0 point to a multifractal
process, which, in conjunction with the values of the parameter «, classify the processes
examined here as multifractal fractional Brownian motion (mfBm) [37] for FTSE100, AEX,
IBEX, and STOXX600; as fractional Lévy-stable motion (fLsm) for DAX and CAC; and as
fLsm that turns to mfBm for MIB. When shuffling input data, GMM analysis yields zero
scaling exponents, indicating stationary processes. The latter underlines that multifrac-
tality originates from long-range correlations or, in other words, pattern formations that
shuffling destroys.

We utilize Equation (3) to forecast the data in Figure 1. At each iterative step, the
values of « and H are used to create an a-Lévy stable motion, whose increments describe
either a fractional Lévy stable noise or fractional Gaussian noise (fGn). For the creation
of fractional Lévy stable noise sequences, we use Matlab’s built-in function STBL (Alpha
stable distributions for MATLAB R2022b) [50]. This function takes four inputs: the value of
« computed by GMM, the skewness parameter that is also available as the third central
moment computed by GMM, the scale parameter also available as the second central
moment, and the position parameter that is considered zero in all cases. The function
returns an a-Lévy stable white noise that must be transformed to have the same properties
as the original input data set. We first calculate the power spectrum, which is flat, and
then multiply it by f~F to produce the correct scale. Remember that = 2(H — J + 1) + 1.
Next, applying the inverse Fourier transform, we end up with the sequence in the time
domain [51,52]. For each iteration of length k, 1500 of such sequences are generated. The
last members of them, indicated by the non-vanishing autocorrelation function, contribute
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to the value of the sequence at the point k+1. The mean of all forecasts for the point k+1 is
then used in Equation (3). The forecasts are shown in Figure 5.

The recorded evidence is satisfactorily correlated with the forecasts. For some points,
though, the trend between the predicted and actual values differs. The ability of the current
model to forecast should be compared to some well-established models. An ARIMA-
based forecast combined with Monte Carlo (MC) simulations is used [53]. The first k
points of the input data shape the ’historical data’, and the time horizon for the forecast
is one-step-ahead. Various ARIMA models have been fitted to "historical data’, and the
ARIMA(2,1,2) best performs based on both the Akaike information criterion (AIC) and the
Bayesian information criterion (BIC), both of which have lower values at the same time.
First ARIMA(2,1,2) is used to fit the data, then it makes a forecast for the time horizon, and
finally, MC based on this forecast creates a number of paths whose mean at each point is the
final forecast. For every forecast, 1500 simulations are performed. Matlab built-in functions
have been used for the calculations [50], and the results are illustrated in Figure 6.

x10*

f 9000
22 8000 F\’\/ °
S 8500
g2 g ™A/ 5
a G 7500 bf\' ~\ . £ 8000
1.8 /
7000 7500
220 240 260 220 240 260 220 240 260
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4 4
x10 950 AEX 13 x10'
3.8 4
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% 3.6 E 900 /‘[ 'V\\/\ g
3.4 i o — 11
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3.2 \ 1
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t (weeks) t (weeks) t (weeks)

560 T T T T

8 540 -
NPV N A A SVAN /

% 500

480 I 1
220 225 230 235 240 245 250 255 260 265 270
t (weeks)

Figure 6. It shows the same information as Figure 5 but for forecasts based on ARIMA(2,1,2). Again,
black for the evolution of each market and coloured curves for the forecasts.

The ARIMA(2,1,2) based predictions combined with MC simulations correlate also
well with the recorded values; see Figure 6. Comparing the outcomes of the two models, it
is important to keep in mind that each forecast is based on historical data of varying lengths;
therefore, the idea of the mean cannot be used. Rather, a metric that is not dependent on
the actual values of the forecasts is needed. Such a metric is the absolute percentage error

(APE), which is defined as APE(t) = % where x(t) and xf(t) are the actual and the
forecast values, respectively, at time t. Figure 7 displays the APE for both models.

Setting the value 5 for the APE to be the upper limit for an accurate forecasting model,
we see that both functions well since few values for either model go above this threshold,
see Figure 7. Forecasting based on the a-Lévy stable model returns values of APE that
have an upper limit that does not exceed the value of 4, while forecasting based on the
ARIMA(2,1,2) combined with MC simulation generally yields slightly higher values.

For every market examined in this work, are the predictions made by the two
models equally accurate? The Diebold-Mariano (DM) test provides an answer to this
question [54,55]. By setting as significant level the value of p = 0.05, we run the DM
test [56], where the first input corresponds to the forecasts of the present model, the second
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to the forecasts of ARIMA(2,1,2), and the third one equals one for the forecast horizon.
The null hypothesis (both forecasts are equally good) is accepted if [DM| > 1.96; if not,
it is rejected. For STOXX600/FTSE100/DAX/CAC/MIB/AEX/IBEX the test’s computed
values are —3.63/—-3.50/—-3.21/—-2.18/ —3.35/—2.15/—3.93 and for none of them is the
null hypothesis satisfied. Moreover, given that all computed values are negative, the fore-
casts of the present model (first input) perform better than the forecasts of the second one
(ARIMA(2,1,2)): negative values indicate less average loss.

240 240

t(weeks) t(weeks) t(weeks)
MIB AEX - IBEX
: 10 i 5
6 i i 1
B 44
< {
PYs
o L & : ok 15
220 240 260 220 240 260 240
t(weeks) t(weeks) t(weeks)

STOXX600
T

APE

0
220 225 230 235 240 245 250 255 260 265 270
t(weeks)

Figure 7. Absolute percentage error (APE) for one-step-ahead forecast. Red for the present model
and black for ARIMA(2,1,2).

The forecasts of the present model and actual data patterns are consistent for most of
the evidence that has been documented, and there is an acceptable link between the two.
Thus, an a-Lévy stable noise, which describes the stochastic term of a forecasting process
based on Equation (4), forecasts successfully in a time horizon of one-step-ahead even for
small time series. The values of APE show how capable the model is.

4. Conclusions

In this work, we analyze and forecast several European market indices whose experi-
mental evidence forms short time series with lengths shorter than 300 points, a five-year
period from 2020 to 2025, and a sampling rate of 1 week. The forecasting is based on
an iterative stochastic equation whose diffusive term for each temporal length is defined
by a proper a-Lsm, the parameters of which are provided by the method of generalized
moments(GMM). STOXX 600, FTSE100, AEX, and IBEX follow a distribution with « = 2, as
opposed to CAC and DAX, whose values are constantly lower than 2, while MIB partially
follows a distribution with & = 2. The values of the parameters H, C, and « classify the
markets FTSE100, AEX, IBEX, STOXX600 and partially classify MIB as mfBm under the
different windows of analysis. DAX, CAC, and partially MIB are classified as multifractal
fractional a-Lévy stable motions. The process is anti-persistent for FTSE100, IBEX, and
STOXX600, and the other markets reflect processes whose values are uncorrelated and
drawn from a log-normal or log-Lévy distribution. The model was tested against the
forecasts of a properly chosen ARIMA model combined with MC simulations. The APE
for each forecast and for each model has been calculated, showing that both work well
with a value of 4 to serve as an upper limit of APE for the majority of the forecasts for the
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suggested model. In addition, the Diebold-Mariano test showed that forecasting based on
the a-Lévy stable model performs better than the corresponding one based on ARIMA. The
small values of APE for all forecasts and for all examined markets show that the suggested
model works well even if small time series are considered.
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The following abbreviations are used in this manuscript:

fBm fractional Brownian motion
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ARIMA  Autoregressive Integrated Moving Average
MC Monte Carlo
DM Diebold-Mariano test
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