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Abstract: We show explicit formulas for the evaluation of (possibly higher-order) fractional
Laplacians (—A)*® of some functions supported on ellipsoids. In particular, we derive the explicit
expression of the torsion function and give examples of s-harmonic functions. As an application,
we infer that the weak maximum principle fails in eccentric ellipsoids for s € (1, V3 + 3/2) in any
dimension n > 2. We build a counterexample in terms of the torsion function times a polynomial of
degree 2. Using point inversion transformations, it follows that a variety of bounded and unbounded
domains do not satisfy positivity preserving properties either and we give some examples.
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1. Introduction

The fractional Laplacian (-=A)*, s > 0, is a pseudodifferential operator with Fourier symbol | - [**
which can be evaluated pointwisely via a hypersingular integral (see (2.1) below). This operator has
many applications in mathematical modeling and the set of solutions of boundary value problems
involving the fractional Laplacian has a rich and complex mathematical structure, see [6,9, 17].

One of the main obstacles in the study of this operator is the difficulty of evaluating explicitly (—A)?,
even on simple functions, see for example [1, 3, 14, 15] and the references therein for some of the few
exceptions that are available in the literature. For the same reason, explicit solutions of boundary value
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problems are rare.

In this paper, we show some explicit formulas for the evaluation of the fractional Laplacian of
polynomial-like functions supported in ellipsoids. Our first result concerns the explicit expression of
the torsion function of an ellipsoid. Let

Hy(Q) :={ue HR") : u=0inR"\Q} for any s > 0

and H*(R") denotes the usual fractional Sobolev space of order s > 0O (see, for example, [4], for
standard existence and uniqueness results in this setting). If s = m € N, then H;(Q) is the usual
Sobolev space H{'(€2).

Theorem 1.1. Letn > 2, s > 0, A € R™" be a symmetric positive definite matrix, and let
E={xeR": Ax-x<1}.
Then, there is k = k(n, s,A) > 0 such that u; : R" — R given by u,(x) := (1 —Ax-x)$ solves pointwisely
(-A)’u; =« inkE, (1.1)
and uy is the unique (weak) solution of (1.1) in H;(E).

Here f, denotes the positive part of f. The explicit value of «(n, s,a) can be computed in terms
of hypergeometric functions 2F 1 (see (2.8), (2.4), and (3.11)). In particular, for (two-dimensional)
ellipses with axes of length —. o and — «F we have that

1
5;1;1—2—;) for ai,a, > 0,

k=4T(1 + s)zaiJr%a;l/2 2F1(s +1,
see Remark 3.4. The name torsion function comes from elasticity theory, where u; denotes the
Prandtl torsion stress function describing the deformation of an elastic body subject to surface forces.
The function u; also has applications in fluid mechanics (modelling the pressure gradient of a flow in
a viscous fluid), see [24] and the references therein. A solution of (1.1) in general domains for
any s > 0 is usually also called torsion function, and its explicit expression is often useful for
checking inequalities and to formulate or disprove general conjectures (see, for example, [23,24,28]).
Theorem 1.1 relies on the following more general result, which is an extension of [15, Corollary 4]

to ellipsoidal domains.

Theorem 1.2. Under the assumptions of Theorem 1.1, let j € Z, j = —|s] — 1, and u,, j(x) = (1 — Ax -
v, x € R". Then uy, j solves pointwisely

X)y
(_A)Xu.wj = f] inkE, Ugyj = 0 inR" \ E,
where f; is the polynomial of degree (2)),. given by

! r<s+ +R) ([ )+ (Ax- 02 (Ax - ) o
nS 97 —07
’22( L(3 + k) &) oF 6"’ A0) 1= (1.2)

O, i]cjs_17

fi(x) =

and, under the convention T'(1)™' = 0 fort € Z\ N,
22""1F(§ + )T+ s+ )
a=DRTL + T+ j)

ns,j —
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Theorem 1.2 can be in turn deduced as a particular case of Theorem 3.2 (see also Corollaries 3.3
and 3.5). The proof of Theorem 3.2 relies on direct computations mainly inspired by [14, 15].
Using this approach, we can also calculate the evaluation of (—A)* of functions such as

xiug and  xPuy (1.3)

fori = 1,...,n, see Lemmas 3.6 and 3.7. With a similar strategy one may compute the fractional
Laplacian (—A)* of x¥ u, for any k € N (although the length of the expressions increases considerably
with k).

These formulas are of independent interest since, as mentioned earlier, there are very few examples
of explicit computations regarding fractional Laplacians. However, one of our main motivations in
studying these expressions is related to the problem of the positivity preserving property (p.p.p., from
now on) for higher-order elliptic operators, which we describe next.

We say that the operator (—A)® satisfies a p.p.p. (in Q) if

u > 0a.e. in Q, whenever u € Hj(Q) and (-A)*u > 0 pointwisely in Q. (1.4)

Property (1.4) is sometimes called weak maximum principle and it holds for general domains if s €
(0,1]. The p.p.p. is one of the cornerstones in the analysis of linear and nonlinear second-order
elliptic problems, and it is involved in results regarding existence of solutions, uniqueness, regularity,
symmetry, monotonicity, geometry of level sets, etc.

Whenever s > 1, the verification of (1.4) is a delicate issue; it can be shown that (1.4) holds for
any s > 0 whenever Q is a ball [2,12] or a halfspace [1]; however, (1.4) does not hold in general. For s >
1, the validity of (1.4) depends strongly on the geometry of Q, but hitherto there is no way of knowing
which domains satisfy (1.4) and which ones do not. The classification of domains satisfying (1.4) is a
long-standing open problem in the theory of higher-order elliptic equations, see [18, Section 1.2].

One way of approaching this problem is to find first some examples of domains where (1.4) does not
hold, and to try to identify a common nature. In particular, the ellipse is known to be incompatible with
the p.p.p. whenever it is eccentric enough. This striking example shows that convexity, smoothness,
and symmetry are not properties that guarantee the validity of (1.4). Next we include a list of references
concerned with ellipses and the absence of a p.p.p.:

i) The first available result dates back to [16] for the bilaplacian s = 2 in dimension n = 2, where it
is shown that an ellipse with axes ratio 5/3 does not satisfy (1.4). Later, in [22], it is mentioned a
ratio of about 1.17 is enough.

ii) In [26] a machinery is designed to extend the two-dimensional examples to higher dimensions.
We remark that this approach strongly relies on a separation of variables that is not available for
the fractional Laplacian (2.1).

iii) For s = n = 2, [31] builds an explicit and elementary example: an ellipse with axes ratio equal
to 5; the explicit sign-changing solution is a polynomial of degree 7.

iv) A thorough analysis for s = n = 2 is performed in [27], finding a counterexample in terms of
a polynomial of degree 6 in an ellipse with axes ratio equal to V19 ~ 4.359. The authors also
show that it is not possible to construct a counterexample in an ellipse with polynomials of degree
less than 6; moreover, it is also shown that counterexamples with degree 6 polynomials are only
possible if the axes ratio is larger than ~ 4.352 (this threshold also appears in our analysis, see
Section 4.1).
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v) The first example for s = 3 and n = 2 was given in [32]: in this case, the ellipse has an axes ratio
equal to 12 and the explicit sign-changing solution is a polynomial of degree 8.

vi) Finally, [33] suggests that, for s = 4 and the same ellipse as in [32], it is possible to find an explicit
nodal solution which is a polynomial of degree 12.

Other domains where a general p.p.p. fails are some domains with corners [10] (in particular
squares), cones [25], domains with holes [19], elongated rectangles [13], some large cylindrical
domains [21], and some limagons and cardioids [11]. For a survey on this subject for the bilaplacian
in the context of the “Boggio-Hadamard conjecture”, we refer to [18, Section 1.2] and the references
therein.

All the techniques mentioned above are either incompatible or very hard to extend to the fractional
setting s € (0, 0)\N, this case requires new ideas. Nevertheless, we believe that the study of p.p.p. in
the fractional regime is relevant, since it offers a novel perspective on the subject using the continuity
of the solution mapping, see [23].

For fractional powers there is only one known counterexample to (1.4), given in [4] (see also [2,
Theorem 1.11]), where it is shown that, for s € (k,k + 1) with k a positive odd integer, two disjoint
balls and dumbbell shaped domains do not satisfy p.p.p.

In the following, we show that, using our explicit computations in ellipsoids, we can construct
counterexamples to (1.4) in any dimension n > 2 and for s € (1, V3 +3/2), where V3 + 3/2 ~ 3.232.
We follow the ideas from the above mentioned paper [31], where a counterexample in ellipses is built
in terms of an explicit polynomial. For n > 2, let

E, = (1.5)

{x=(01,...,x) R Z?:laix,-z< 1}, if a € R" with q; > 0,
x=(,..x)eR Y 2 vax <1}, ifa> 1.

For functions in H(E,) N C>*(E,) with y > 0 and s > 1, the fractional Laplacian can be evaluated
via the hypersingular integral (2.1), but it can also be evaluated as a composition of operators (see [35,
Corollary 1.4]), namely,

(_A)su _ (_A)(_A)s_lu for s € (1, 2),
(A=A for s € (2,3).

We emphasize that the order of the differential operators cannot be interchanged freely in the context

of boundary value problems. For more details, see [5,29].

Theorem 1.3. Letn > 2 and s € (1,2). There are ay = ap(s,n) > 1 and gy = gy(s,n) € (0, 1) such that,
for every a > ag and € € (0, &), the function U, : R" — R given by

n—1

U(x) := ((1—x1)2—e)(1—2xi2—axi)s, x€R”,

i=1
belongs to H;(E,), it changes sign in E,, and (-A)*U, > 0 in E,.

For larger values of s one can still construct a counterexample, but the shape of U, is slightly more
involved.
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Theorem 1.4. Letn > 2 and s € (1, \/§+3/2). There are constants ay > 1, &y € (0,1), y >0, and 6 > 0,
depending only on s and n, such that, for every a > ay and € € (0, &), the function U, : R" — R given
by

n—1

Ue) 1= (p) - )(1 = Y 22 —ax2) .

=1 x eR", (1.6)

—

where p(x) := (1 - x)? + vyl —x)— 6( x,% + axﬁ),
2

>~
I

belongs to H;(E,), U, changes sign in E,, and (-A)’U, > 0 in E,.

We emphasize that Theorem 1.4 is the first counterexample to (1.4) in the range s € (2,3). In
contrast to the results in [31] and [32] which rely on explicit computations of polynomials that can be
verified quickly with a computer, the fractional case is much more complex, even with the explicit
form of the fractional Laplacian (-A)*U,, since these formulas are given in terms of hypergeometric
functions which are in general difficult to manipulate. To overcome this difficulty, we use an
asymptotic analysis as the length of one of the axis in the ellipsoid goes to zero; it turns out that a
suitable normalization of the hypergeometric functions simplifies in the limit and its asymptotic
behaviour can be determined with precision (see Lemma A.1). This is enough to guarantee the
positivity of (—A)*U, for thin enough ellipsoids.

As to the upper bound V3 + 3/2 for s in Theorem 1.4, it is a technical limitation of our asymptotic
approach involving polynomials of the form (1.6). Surprisingly, for some (relatively) small values of a
one can obtain counterexamples for slightly larger s (up to around 3.8), and we explore this fact in
Section 4.1, where we do a computer-assisted analysis in two dimensions. We also remark that, as
expected, ap T oo as s | 1, as can be seen in Figure 2.

We believe that counterexamples for any s > 3 can be found in suitable ellipses, but this requires
a more involved analysis with polynomials p of degree strictly higher than two, and we do not pursue
this here. See the discussion in Section 4.1 and see [33] for a counterexample to the p.p.p. for s = 4 in
terms of a polynomial of degree 12.

Via a point inversion transformation, one can use Theorem 1.4 to show that a wide variety of shapes
do not satisfy (1.4) either. To be more precise, in [1] (see also [12]) the following result is shown.

Proposition 1.5 (Proposition 1.6 in [1]). Let v € R", ¢, s > 0, u € CX(R" \ {—v}), and x € R" \ {-v}.
Then

uo o-(x) ) _ 25 (—A)SM(O'(X)) where O'(X) = ﬂ —
lx + Vln—ls lx + V|n+2s ’ ' |x + Vl2

(=)' v, (1.7)

To understand the geometrical meaning of the point inversion transformation o, see Figure 4. We
have the following consequences of Theorems 3.2, 1.4, and Proposition 1.5. Letn > 1,¢ > 0, v €
R™\OE,, and
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it Vi . .

xeR" : E a,-(cx—:—v,-) <1y, if a €e R" with a; > 0,

— |x + V|

Qa,c,v) = i s )
X +V; X, +V,
GR":E L | + "y, <1}, ifa> 1.
{x 2 (c|x+v|2 v) a(clx+v|2 v) } ifa
(1.8)

Corollary 1.6. Letn > 1, ¢ > 0, a € R" witha; > 0, and v € R"\OE,. Then —v ¢ Q(a,c,v) and,
for s > 0, the function

1 n X; +Vv; 2\
)= ——— 1= afe=2 v |, €R’, H
w (x) |x+vln—25( Za (C|X+V|2 V) J * ( )
+

i=1

is a pointwise solution of

(=A)’wy(x) = in Q(a,c,v), wy=0 inR"\ Qa,c,v) (1.10)

|X + V|n+2s
for some constant k = k(n, s,c,a) > 0.

Corollary 1.7. Letn > 2, a,c > 0, and v € R"\OE, such that Q(a, c, v) is a bounded domain. Then —v ¢
a,c,v) and, for every s € (1, V3 + 3/2), there is ay = ao(s,n) > 1 such that Qa,c,v) does not
satisfy (1.4) for every a > ay. For the case Q(a,c,v) unbounded, the claim still holds under the
assumption n > 4s.

To see some of the different (bounded and unbounded) domains represented by Q(a, ¢, v) forn = 2
and n = 3, see Figures 5 and 6 in Section 5.

The paper is organized as follows. In Section 2 we introduce some of the most relevant notation
and important definitions. In Section 3 we show Theorems 1.1 and 1.2 and deduce the explicit
formulas regarding functions of the type (1.3) in ellipsoids. Section 4 is devoted to the construction of

counterexamples, and contains the proofs of Theorems 1.3 and 1.4, as well as those of Corollaries 1.6
and 1.7.

2. Notation and definitions

2.1. The higher-order fractional Laplacian

Any positive power s > 0 of the (minus) Laplacian, i.e., (—A)*, has the same Fourier symbol
(see [30, Chapter 5] or [5, Theorem 1.8]) as the following hypersingular integral,

Cnm,s 5mu(x, ) n
Lyu() = 22 fR ” Mnmy dy, xeR, 2.1)

where n € N is the dimension, m € N, s € (0, m),

m

2
Omtt(x,y) 1= Z (-1 (m r_nk) u(x + ky) for x,y e R"
k=—m
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is a finite difference of order 2m, and ¢, ; 1s the positive constant given by

LT +5) A\
R ”(Ek—)( )H), s € (0, m)\N.

22
4T(% + 5)s! o] ) -1 (2.2)
ST (}:(r>S( yS1mﬁ Cose{l,...m—1}.

Cnm,s +—
In particular, if | s] denotes the floor of s, then
(A)'u(x) = (=M =A) @) = L)
for x € Q and for any u € C**#(Q) N H;(€2), with 8 > 0, see [5, Corollary 1.4].

2.2. Ellipsoids

Letn>1,a€R", a; >0, and A = diag(ay);_, a diagonal matrix. Then, for x,y € R",

(x, y>a =Ax-y and |xl, = V(X, X)a

define an equivalent scalar product and norm in R" (note that the converse is also true for any symmetric
positive definite matrix A, after a suitable rotation of the axes). Let E, € R" denote the open unitary
ball with respect to the a-norm, i.e.,

E, ={xeR":|x, <1}

In Section 4 we use a to denote a positive real number, in this case we use the convention given in (1.5).
For g > —1, let the function uz : R* — R be given by

ug(x) :== (1 - |x[2 " x€eR"
We also let
do
dt) = ——a—r0, (2.3)
H |0|n+2S|A0|
where df denotes the surface measure of JE,, and
Jy = f 1(d6), (2.4)
OE,
ﬁ@:a?[ 6 u(do),  kefl,....n}), ieN. (2.5)
OE,
These integrals appear frequently in our explicit evaluations. In the particular case a; = ... = a,-; =1,

the integrals J, and Jl.(k) can be computed explicitly as well as their asymptotic profile as a, T oo, see
Lemma A.1.
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2.3.

Special functions

We use the gamma, beta, and hypergeometric functions in our analysis, see [7, Chapter 6 and
Chapter 15] for general properties of these functions. We collect here the definitions and some integral
representations.

D).

2).

3).

(Gamma function) For z > 0 we denote by

[(z) = f e dt
0

the gamma function. If z € (—00,0) \ Z, we let I'(z) be given by the iterative definition I['(z + 1) =
A (2).
(Beta function) For a,b > 0 we denote by

I'(@)I'(b)

Ba.b) = F v

the beta function. Note that in this case

1 00 tu—l
B(a,b) = 1 -+ 1! dt:f S — T
(a,b) fo( ) T

(Hypergeometric function) For a,b,c,z € R with |z < 1, ,F(a,b;c;z) denotes the
hypergeometric function

(o)

Fi(a,b;c;z) = Z

k=0

(@) (D)k é

(O kY -

where (g); is the Pochhammer symbol given by (¢)o = 1 and (g);, = ]_[f-‘:_o1 q + i). Note that
if g ¢ Z N (—00,0], then (¢); = r(r‘g)k) for k € Ny and hence in particular, if a,b,c ¢ Z N (—00,0],
then

I'c) ~oT(a+kr0b+k) Z

2Fi(a,b;c;z) = T(@I(b) £ I'(c+ k) k!

If instead g € Z N (=00, 0], then
(=0 fork+qg>1. 2.7

Moreover, if ¢ > b > 0, then by using the meromorphic extension of the hypergeometric function
we have forz < 1

1 1
F b: c: - - b—1 1= c—b-1 1= —a Jr. 2.
2Fi(a,b;c:2) B(b,c_b)fo P (L -2y dr 2.8)

Mathematics in Engineering Volume 3, Issue 5, 1-34.



3. Explicit evaluations

Lemma 3.1. Let s > 0 and B > 0. Then, for i, j,k € {1,...,n}and x € E,,

(=A)*(x; ug(x)) = 26+ Da 0( A)’ug,(x), (3.1)
1 1
(=AY (xixjug(x)) = —————(0i j(=A) up,1(x) + 75— 0;;(=A)’ug.»(x) ), (3.2)
(rix g (x)) mﬂ+mJ AT 5B 2)a; %Zx)
where ¢, ; is the Kronecker delta. In particular,
1
(=A)'(x1 ug(x)) = 2@+ Da 01(=A)’ug1(x), (3.3)
AY'(x} S— Ay’ L oy 3.4
(—AY (Cup(x)) = m((— Pipos(0) + 5 G g2 (34)
Proof. Let us first notice that, for any 8 > 0 and x € E,,
Oittg1(x) = =2(B + 1)(1 — leﬁ)é(Ax),- = =2(B + Da; xjug(x), 3.5
3,-(xjuﬂ+1 (.X)) = 5,-,juﬂ+1(x) - 2(ﬁ + 1)6!1' XinM[;(.X'). (36)

Identity (3.5) directly gives (3.1). Iterating the same idea, from (3.6) one deduces
(_A)S(xixjuﬁ(x)) ( i,j(_A)suBH(x) - ai(_A)s(xjuﬁH(x))) =
1

s 1
TE (6,-,J-<—A> 500+ 5

Note that the interchange between derivative 0; and fractional Laplacian (—A)* is allowed in this case
by the Lebesgue dominated convergence theorem, see for example [2, Proposition B.2]. O

1
2B+ 1a;
aij(_A)suﬁ+2(x))-

Theorem 3.2. Let s > 0 and B > —1. Then

22s—11"(% + S)F(l +B) Crum.s

(=AY up(x) = 1
F(l +ﬁ - S)F(E) Cl,m,s fOl’X c Ea,
xf‘ww+u@¥ﬂFs+1$+ L wen u(do)
or, I "2y (x) + (x, 0)?
(3.7)

where ¢, is given in (2.2). Here, T(1)™' = 0ift € Z\ N.

Proof. We consider spherical coordinates with respect to the a-norm by writing any z € R" as z = 10
with t > 0 and @ € AE,. This transformation has the Jacobian #~!/|A6|, since, by the coarea formula

(notice that Vx|, = Ax/|x|,),
°° S () |, f * f f(t60) |
dx dt = det' dt.
‘fo LEU |Ax] 0 JoE, a0

f f(x) dxzf
R R"
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We recall notation (2.3) and write

s Cnm.s Omitp(X, y) Crm.s Omitp(x, 16)
(=8)"up(x) = f o dy = f f ~ i dip(do) =
2 Je Dyl OE,

s Onmig(x, t6
_¢ f f ﬁfm ) it (o).
IE, |1
We now focus on the inner integral: recall that

Smtg(x, 10) = Z( 1)( )uﬁ(x+kt9) Z( 1)( )(1—|x+kt9lﬁ)’i-

k=—m

k=—m

Apply the change of variables

= ~(x.0), + 71~ 1 + (.02,

rearrange

2

I=|x + kt0)> = 1 — |x — k(x, 0),0 + k16 \/1 — |x2 + (x,0)2

a

=1 —|xf; = K*(x, 0); — K*T>(1 = |xl] + (x, 0)7) + 2k(x, 0), — 2k(1 — k)(x, O),7 \/ 1 — [x2 + (x, 6)>

_ 1 — g 2 (x,0); 22 _ (x,0)a )
_&—W+m%+%_“hm%uwzk72m T e o)
X (1= |x2 + (x,6)?)
1 12 <x,0)ﬁ 2.0 _ (x,0)q 2 2
= (1 (1-k) "l +(x6) k't = 2k(1 = k)t \/1 o 0)2)(1 |x[; + (x,6),)
<x’ 0>a 2) 2 2
=(1-((1-% k 1- ,0)2),
( ( )\/1—|x|§+<x,0>3+ ) )0 =l 0
and deduce
[ = 1= 02
R |t|l+ K
. 2m (x,0), 2\
-1 k( )(1 - (1 -k k )
k;n( ) m—k (( )\/1—|x|§+<x,9)3+ T) N
X 1+2s dT

R ‘T _ <-x7 9>a
VI =12 + (x,6)2

which amounts to (after a translation in the 7 variable)

Z( 1)’<( 2m )(1 Gy + kr2f
L%@%@m=aﬂﬁ+m%fj"m

It R Il

dr, (3.8)

142s
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where % := (x,0), (1 — [x2 + (x,6)>)"1/2. Now, using a particular case of* [15, Corollary 4], we know
that

§ (- 1)( ) —(z+ k)
Clms
—AY(1 -
(a1 -2. = fR it dr

B 225r(E +5)[(1 +f)
C T +8- ()
Therefore, by (3.8) and (3.9),

1
2,

1
2Fi(s + —,B+s;§;z2) forze (=1,1).  (3.9)

Z( 1>’<( o )(1—<xe+kr>)ﬁ

|1+2x

A0 = 2 [ (1 0 f dr u(do)

OE, R kg

C”’”‘f (1= Ixl2 + Cx, )2 (=AY (1 = 222 u(de),

2cl m,s
22s- IF(E + )L+ B) Cums

- e S)F(%) — s . (1- |x|§ + {x, 9>§)ﬁ_"' 2F1(s + X —B + s; %; xﬁ) u(deo).
O
In the next corollaries we collect some consequences of Theorem 3.2. For this let
k= 22710 (n/2 + s) (3.10)
. 2
Corollary 3.3. Let s > 0. Then it holds

(=A)’uy(x) =T (1 + )k, Jo forx e E,. 3.11)

Moreover, for any € € N such that s — € > —1, it also holds
(=N ’u,_(x) =0 forx e E,, (3.12)

with Jy as in (2.4).

Proof. Both statements follow by just considering respectively § = s and 8 = s — £ in (3.7). Note that

for (3.11) we are using that zFl(s + 5,0; ;, ) = 1fort € (-1, 1) and, moreover, since

4T(n/2 +s) 2m
Cuns = —mrs (Z( 1)( )) . seOm)\N,

we have

Cums _ L(n/2+ 5)Vr

Cl,m,s ﬂ”/zf(% + S) '

“In the notations of [15, Corollary 4], we fix V(x) =1, [=0,0=n=1, c=Fandp = s.
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Note that the same holds for s € N and hence
2273 + 8) Cams  227'T(n/2 + 5)
F(%) Cl,m,s ﬂ-n/2

= ky ;.

O

Proof of Theorem 1.1. Using the rotation invariance of the fractional Laplacian, we may assume that A
is a diagonal matrix. By (3.11), we have that

1
= (1 - a2} R" 1
T = 1 ey, Jo( o)., xeR’ (3.13)

satisfies pointwisely that
(-A)’t(x)=1 forxekE,. (3.14)

Moreover, T € H(E,). For s € N this is clear, so let s ¢ N and m € N such that s € (m,m + 1). We
argue with the Gagliardo-Nirenberg interpolation inequality (see, e.g., [8, Theorem 1]),

I lhwsrn < CUFGm e e, forall f € WHPH(E) A WRP(E,),  (3.15)
which for some C independent of f is satisfied for 1 < p, p;, p» < 00,0 < 51 < 5 < 5, satisfying for
some 6 € (0, 1) the relation

6 1-6
s=6s;+(1—-6)s, and — =—+ .
P D1 D2

Next note that for any 8, 8" € Nij with || = m and |8’| = m + 1 there is a constant C > 0 such that

10°7(x)| < €1 = |x,)*™ and | 7(x)| < C = |x,)* ™" forxeE,

so that T € W™*(E,) and also T € W™'2(E,) for 1 < p, < 1+m -. By B.15) withf =1+m-—3s, s =
m, sy = m+ 1, and p; = co, we then have T € W*(E,) for all p = % < g Since (1 +m —
$)(s —m) < }1, we have in particular T € H*(E,) = WS(E,). Smce also 7/dist(-,0E,)* € L*(E,), it
follows that 7 € Wg(Ea) also for s ¢ N (see, for example [34, Section 4.3.2, equation 7]). But then, by

uniqueness of weak solutions, 7 is the unique weak solution of (3.14) in H;(E,). |

Remark 3.4 (Torsion function in an ellipse). In two dimensions, the constant of the torsion function 7
can be computed explicitly with a direct computation. Let aj, @, > 0and & = {x € R? : @123 + apx; <
1}. Fora = Z—f let 7 be given by (3.13). Finally, let 7 : & — R be given by

1
—~ 1/2 s
) = a1l ) = ST+ o do ) - aar ),
1
(1-ax —ax3)’,
22sr(1+s)2 20 R (s+ 1,411 - 9) :

since, by Lemma A.1,

-1/2
Jo = -1/23(% %) 2F1(s+1 ; 1 1—2):n(2—?) 2F1(s+1 ;,1,1—0[—2).

Then, for x € &, (-A)*7(x) = (=A)*t(ax) = 1.
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The case § = s + j with j € N in Theorem 3.2 is particularly useful, and therefore we state it as a
corollary.

Corollary 3.5. Let j € N. Then, for x € E,,

I'a+s+))
I'a+j

- 1 1 ,0)?
Ko f (ur(x) + {x, 0)2) LFi|s+ =, — j;—'& u(de).
6Ea

(=A)'us.j(x) = 2 27 ui(x) + (x, 0)2
(3.16)

In the particular cases j = 1,2, Table 1 hold.

Table 1. Significant examples.

J 'l +s+ j)‘lk;’ls(—A)squ(x) for x€ E,
—Is]-1 0
-1 0
0 f u(do)
OE,
1 f (u1(x) = 25(x, 6)2) ()
OE,
2 % f (ul(x)z — dsuy(0)(x, 6)? + 43(“3—_1)@, 9>;‘)y(d0)
O0E,

Proof. 1dentity (3.16) simply follows by considering 8 = s + j in (3.7). In order to deduce the
particular cases listed in Table 1, we need to remark that, as one of the arguments in the
hypergeometric function is a negative integer, then the hypergeometric function reduces to a
polynomial, see (2.7). Such polynomials for j = 1,2 can be found in Table 2. The calculation of &,
follows as in the proof of Corollary 3.3.

Table 2. The explicit polynomial form of the hypergeometric expression.

: 1 1 w
j >3 — —j; = ——) fi -1,1
Jjoov+w) 1(S+2, 1,2,v+w) or 1€ (-1,1)
1 V= 2sw
4s(s — 1
2 \/2—4svw+¥w2

O
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Proof of Theorem 1.2. Using the rotation invariance of the fractional Laplacian, we may assume that A
is a diagonal matrix. As mentioned above, this Theorem follows immediately from Corollary 3.3
for j € Z \ Ny and from Corollary 3.5, since for j € Ny and v,w > 0 we have

(k! +wf
L T(s+ 3+ 0TQ) (j
~IT(s+ DI +k) (

. S G (D= wk
+w) o Fi(s+ =, —j; =3 =@w+w)
W aFi(s+ 2, —ji 53 ——) = (v w)k§:0

) (=D*w (v + w)/ %,

£ k
O
3.1. Auxiliary calculations for the counterexample
Recall the definitions of Jy, Jgk), and u respectively given in (2.4), (2.5), and (2.3).
Lemma 3.6. Let U(x) := (1 — a,i/zxk) uy(x) for x € R", k € N. Then, for any x € E,,
(=A)*U(x) k)N _1/2
——=Jo—(Jo+2sJ . 3.17
kmsr(1 +'S) 0 ( 0 sJ )ak Xk ( )
Proof. From Lemma 3.1 and Corollary 3.5 it follows that
-1/2
(A UW) @ f‘ )
—=Jp+ 0 —2s(x,0 do) =
ki D(1 + 5) 0 5 Ok o5, (u1(x) s(x, 0),) u(do)
=Jo—a*Joxy = 250, | (x,0)00 1(d0) = Jo — (Jo + 254 ")a*xs,
OE,
since, by symmetry, faE 00 u(do) = 0 for j e {1,...,n}\ {k}. O

Lemma 3.7. Let U(x) := (1 — a,i/zxk)2 uy(x) for x € R". Then for any x € E, we have

(=A)'U)

b T +5s) [Jo + 557 + 25(s = DIP g = 2[Jo + 25JP)a)* xi + Jo — 50+
n,s N

n

+ s Z [Jik) +2(s — l)aiakL 91-2013 u(d@)]aixl-z.
ik ’

Proof. Using (3.3) and (3.4) of Lemma 3.1, we have

-1/2

, 1
(A’ U(x) = (=AY uy(x) + :: [ Ok(=A) Ui (%) + 61D (=D ugi (x) +

. 1
A(s + D(s + 2)ay

x€E,. (3.18)

F(=A) usia (),
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Using the identities in Table 1, we have

(-A)'U(x) 1 2
m =Jy+ a}(T O f : (l/tl(X) —2s5({x, 9)0) ,u(d@) +
1 1 4s(s -1
+ = f (11(x) = 25(x, 0)2) pu(d) + —} f (11 (2% = dsuy (x)(x, 0] + - 0)2) (do).
2 OE, SClk OE, 3
(3.19)
In order to compute (3.19), we consider the following differential identities
Oru1(x) = —2ayxy, ﬁiul(x) = —2ay, (3.20)
0(x, 0)2 = 2ai(x, 0),6, 03 (x,0)2 = 2a;6;,
Fiur (0 = 9(2uy (x) Oy (%)) = 2(Fpr (x))” + 2u1 (x) By (x) = 8axy — daguy (x),
O (1 (x) (x, 0)7) = (x, 0); Fuuy(x) + 20,11 (x) Oi{x, ) + w1 (x) F(x, 0,
= —2a;{x, 6)2 - Sai(x, 0>, xi + Za,%ul(x)ez,
82(x, 0)F = Bu(2(x, 0)2 0i(x, 0)2) = 2(Bix, 0)2) + 2(x, 0)2 02(x, 6)2 = 12a3(x, )26 (3.21)

In view of (3.20) and (3.21), equation (3.19) can be rewritten

(-A)'Ux)
C(l+ 8k,

n

1 : 1
= Jy— Za;/zJoxk - 4sa,1</2J§k)xk + =Jou(x) — s Z a,-Ji')xl-2 + —(Sa,%Jox,% —4Joaiu(x)
2 P Sak

+ 8say Z aijgi)x? + 32sai]§k)xi - 8sakJ§k)u1(x) + 165(s — 1)ai Z a%xizf 91-20,% ,u(d@))
i=1 i=1 OE,

= Jy— Zai/zJoxk - 4sa,1</2J§k)xk + akJox,%

+ 5sakJik)x,f - sJik) + sJik) Z a,aci2 +25(s — l)akxijgk) +2s(s — Day Z aiz)ci2 f 91.29,% u(do)
i=1 6EU

i=1 =
i#k i+k

= [Jo+ 5sJ§k) + 2s(s — 1)J§k)]akx,% =2[Jo+ 2sJ§k)]a,1/2xk +Jo — sJik)

+ s Z aix; +2s(s — ay Z afxizf 0; ) (o).
i=1 i=1 9Ea

i+k itk

Lemma 3.8. Let U(x) = uy(x) Y, a;x; for x € R". Then, for any x € E,,
i#k

(A)UW)

(k) k) _ gk ®
Tty s|Jo = 77+ 25 = DY = IO = s(Jo = T +

# > G+ Do+ 4ss? = 510 + 2505 = DI +25(s = 1) > agay f 6262 u(d6) a;x?.
i=1 h=1 OE,

i#k h#k,i
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Proof. Using Lemma 3.1,

AV = ) a0 (xf(0) = 3o 1)(m ~ DAY g (0) + 2( 3 Z —62< ~AYy Ms+2(x))
i#k l?':k
By Table 1 and by suitably adjusting (3.20)—(3.21) to the current situation, we deduce
(-A)'U(x) n-1
LA+ 5k, 2

+ Z —Hzf ul()c)2 — 4su(x){x, 0)2 + M(x, 9)2);1((1’9)

f (u1(x) = 25(x, 6)2) ()
OE,

3
t;&k
= 2 Joul(x) —s(n—1) Z a]J(j)x2 + Z (SaiZJoxi2 —4Jpa;u (x) + 8sa; Z ahJih)xi
t#k h=1
+ 325020} = 850, uy (x) + 165(s = Da} " atc; f eﬁefu(de))
h 1 aEa
= Z (a Jox; + 4sa; J(’) 2 sJii)ul(x) +2s(s — Da; Z ax; f eﬁefu(de)).
— — 9E,
ik =
Observe that
D= (- abl) pdo) = Jo— JP
— OE,
i#k
Z aiay f 626’ u(d6) = f a i (1 — af)udo) = 7" - J©,
i=1 OE, 0E,
ik
then

(-A)'U(x) _

I'(1 + $)ky s

= Z [Jo + 4sJ(’) +2s(s — 1)J(l)] —s(Jo - J(k))ul(x) +2s(s = 1) Z a; Z ahth 6767 u(db)

i=1
ik t;tk h;tz

= s|Jo = /" + 2(s = DU = I |t — s(Jo = I)+
+ Z (s+ DJo+45T" = sT® 4 25(s = 1)JY + 25(s — 1) Z aiay, f 62621(d6)|a;?

l;tk h:#k i

Remark 3.9. Consider a; = ... =a,_; = 1 and a,, = a. In this particular case one has

n—1
626} u(d) |a .:Z f 626% u(d6) |2 + [a f 6267 u(df) |ax
E, JE,

i=

e [

i=2 OEq
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n-1 n—1
= niZ[; fa 5 6:6; u(dé)];x%+[a f . 6267 u(d6) |
n—1
= 5[41)_ IO g fa . 626> ﬂ(de)];x%[a fa . 6267 u(d6)|a:x]

and therefore

(=AY ((1 = x)uy(x)
ks (1 + )
(=AY((1 = x) ()
kys T(1 + )

=Jy— [.]0 + 25.]51)])&,

=[Jo+ SSJi]) +2s(s — l)Jél)]xf =2[Jo + 2sJi])]x1 +Jo — SJEI)

n—

1
+sy [1+2s-1) f 6;6} p(do)|x;
> OE,

i=

+ 5|77+ 2(s - Da f 6267 u(do) |ax,
OE,

Ay (0T, 2 + axd))
i=2
kysT(1 + )

= s|Jo = /" + 2(s = DI = IV |5 = s(do = I+

n—1
# (s + Do+ 45T = 51+ 25(s = DI
=2

n—1
+25(s=1) ) f 026714(d6) + 2s(s — 1)a f 6263 u(d6) |2
= JoE, OE,

h#i

+ (s + o + 47" = sV + 25(s = DI

—2s(s — Da f 6261 1(d6) |ax.
OE,
Note also that, in this case,

(=AY ((1 = a"x,)u(x)

=Jo—(Jo+ ZSJE"))al/an

knsT(1 +5)
(0 i)
ky o T(1 + ) = [Jo + 5sJ” + 25(s = DI ]ax? = 2[Jo + 250" )a'x, + Jo — sJ”
n,s N

2s—1) &
+ S[Jin) + ﬁ('lin) - Jén))] Z x,.z.
=1

1

For the sake of clarity we summarize the above in Table 3 for the particular case n = 2.
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Table 3. The particular case n = 2, a; = 1, a, = a, where we simply write J; for J;l).

p(x) T(1 + )"k, \(=A) (pu,)(x) for x € E,

1—x JO—[J0+2SJ1]X1

(1=x1)*  [Jo+5sJy +2s(s — Do]xi = 2[Jo + 281 |x1 + Jo — s/,
+5[J; +2(s = D(J; = Jo)]ax3

ax2 s|Jo = 1 +2(s = D1 = 1) | = s(Jo = J1)
@5+ (s + Do = s(4s + 1)Jy + 2s(s — 1) Jo]ax]

4. Counterexample to positivity preserving properties in ellipsoids

In the following, we give a counterexample to the positivity preserving property (see (1.4))
of (=A)*, s > 1, in an ellipsoid E,, where we choose a; = ... = a,.; = 1, and a, = a > 1 sufficiently
large. To this end, we consider

U(x) := p(x)us(x), x e R", 4.1)

where p is a polynomial of degree two such that p — € is sign-changing for every € > 0. Note that once
we have shown that there is a constant k > 0 such that

(-AYU >k  inE,, (4.2)

it follows, by linearity, that for a suitable € > 0 small the function U, := (p — €)u, has a nonnegative
fractional Laplacian while the function itself is sign-changing in E,,.

We begin with a heuristic explanation of the strategy. We choose p(x) = p,(x;) + ypi(x1) — dg(x)
for constants y, 6 > 0 to be fixed later and where

n—1

pax)=(1-x pix)=1-x, and q(x)= ) x+ax, xeR"
k=2

From Lemmas 3.6, 3.7, and 3.8 it follows that

(=AY (paus) = Pr(x1) + Ry(x2, ..., X) for some degree 2 polynomials P, and R,,
(=A)’(piuy) = Pi(xy), for some degree 1 polynomial Py,
(—=A)’(qus) = Q(x1) + Ro(x2, ..., x,) for some degree 2 polynomials Q and Ry.

To achieve (4.2) we then need, in particular, that ¢ satisfies

Ry — 6Ry > 0, in E,. 4.3)
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The choice of y is far more delicate, but from a geometric point of view it can be made intuitively
optimal: indeed, in the worst case scenario, the polynomial P,(x;) has two real roots P, - < P, < 1,
while P;(x;) always has one P, ,. In this case, it holds that P, , and P, , are both of the order

1-P,, = O(é) =1-P,, asafco.

But then, if we aim at having P,(x;) + yPi(x;) > 0in (-1, 1), it is enough to verify (see Figure 1)

Py <Py (4.4)
and consequently choose
Py(P>,.)
= - —. 4.5
Y P 4.5)

(noticing that the derivative of P, is a negative constant): with this choice of vy, we will have P,(x;) >
—yPi(x) in (=1, 1) by convexity.

Py s5(x1) Py s5(x1) + YPl(X}) YPi(x1)

P.Q,— P2,+ P.],+ 1

Figure 1. A choice of y that implies P, s + yP; > 0.

By taking ¢ > 0O such that (4.3) is satisfied, and replacing P,(x;) with P,(x;) + 6Q(x;), the range of
possible choices of s so that (4.4) is satisfied can even be enlarged.

The conditions that need to be verified in this argument and their compatibility (on top of an
asymptotic analysis as a T oo) is basically the technical reason why the strategy stops working at
finite s: nevertheless we expect that increasing the degrees of the involved polynomials could give
some more flexibility in the computations, resulting in a wider range for s.

Theorem 1.4 follows directly from the next result.

Theorem 4.1. Let

-1

S

p(x) =0 -x)*+y(1—x)) - 6( xi + axfl). 4.6)

k=2
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Then, for every s € (1, V3 + 3/2), there are y,6 > 0, and ay > 1 such that the following holds: for
every a > a there is K > 0 such that

J
(=AY’ (puy)(x) = K —g forall x € E,,.
a
In particular, for every a > ay there is € > 0 such that the function U, = (p — €)u, € H(E,) satisfies
(-A)’Us(x) >0 forall x € E,.

Proof of Theorem 4.1. In the following, we perform an asymptotic analysis letting a T co. To this end,
let us first recall (2.4) and (2.5). By Lemma A.1, we have

. 3
27D 1 270 |+, if s € (1, 5];
i o= lim — = and j, = lim —* = , (4.7)
ateo Jg 2s —1 ato  Jy 3 _ 3]1 ifs> E
(2s—D@2s—-3) 2s-3 2

a0
Moreover, lim —* = lim -5 = O for all s > 1. Let
ateo afeo J

Jo
A= (1= 56)Jo + 5(5 = 6(2s = NI\ + 2s(s — 1)(1 + &I,

(4.8)
B:=Jy+2sJ\", and C:=(1+65)Jy—s(1+8)J".

We denote by

Py(x1) = Jo — Bxy,
Pz,(g(xl) = AX% — ZBx1 + C,

n—

1
Os(xzs-.ox) =5 ) [1V+2s=1) | 667 u(@d)|x + s| 7V +2(s - 1a f 6267 u(do)|ax;
2

i= OE, OE,

—_

n

=5 ) [+ Do+ 45T = sV + 25(5 = DJY

1

1l
A}

n—1

+2s(s = 1) ) f 026%14(d6) + 25(s — 1)a f 626} u(d6) |2
— JoE, OE,
h#i

= 8| (s + D)o + 45" = 51\ + 25(s = DI = 25(s = )a f 6261 u(d0) |ax?, (4.9)
O0E,

so that, for x € E,, we have

(=AY (pU)(x)

=P +vyP + e X)), eE,.
T+ 9)k 26(x1) + YP1(x1) + Os(x2 Xn) X

We first note that the discriminant of P, s is given by
B* — AC = J§ +4s]oJ\" + 4s*(J\")
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— ((1 = $8)Jo + 55 = 625 = NI + 25(s = (A +6)J)(Jo(1 + 56) — s(1 +6)J")
= J3 +4sJoJ\V + 42TV = (1 = $267)J2 = s(1 + s6)(5 — 625 — 3))JoJ "
—25(s — (1 + 8)(1 + s6)JoJ + s(1 + 6)(1 = s6)JoJ"” + 575 = 625 — 3))(1 + &) (")
+25%(s = D1 +6)2J )
= 6205 + 5(4 = (1 + 56)(5 = 625 = 3)) + (1 + 6)(1 = 56))JoJ3"
+57(4+ (5= 625 = 31+ 6))(J")* = 25(s = 1)(1 + 8)(1 + 56)Jo ]
+25%(s = D1 +6)*J D
= 67 I3 = 256(25 + 1 + 52 = $)8)JoJi" + 5(9 + (8 — 25)6 — (25 - 3)6°)(J}")?
—2s(s = (1 + 6)(1 + $6)JoJs" +25%(s — (1 + 6)*J VI

If s € (1,3/2] and 6 = 0O, then

a2(32 _ AC) Cl.](l) 2 aZJ(l) aJ(l) aJ(l)
— =95} —) —2s(s—1 +25%(s— 1 ,
Jé s ( 7o ) s(s ) 7o Ky (s )— o 7o

asa | oo,

so that there is ay > 0 such that P, is positive for all a > ay. On the other hand, if s € (3/2,2)
and ¢ = 0, then, using (4.7),

(B> — AC al\’ aJP aJ D ag»
a(—z) - 9s2( 1 ) C2s(s— 1) £ 25 W ag
o Jo Jo Jo
6s(s—1) . 35 2(s=1) 35,
9 22 0 7 =3 — — —2)2 1 0 .
> 2s -3 I sjl(zs_l 2s—3) (25_1)(2s_3)(5 )(2s+1) < asa T oo

The claim in the case s € (1,2) hence follows by choosing 6 = y = 0, noting that Q, > 0 since it is the
sum of nonnegative terms.
In the following we assume s > 2. Moreover, we assume that ¢ is such that

A= (1=58)Jo+s(5-562s=3)J" +25(s = DA+ 6 >0 (4.10)

this is asymptotically satisfied as a T co if 56 < 1.
For the positivity of Qs first note that, by symmetry, Jfk) = Jfl) fork e {1,...,n—1}and i € N;
furthermore,

+1
I =Jo= (- 1J, f 016; 1(do) = —J‘” and a f 620 pido) = J - "2 3 @1
O, OEq
where the last two identities follow from Lemma A.2 and the first identity is a consequence of the
definition of J and of E,. Hence, again by symmetry, the fact that &2 + ... + 62_ +a6? = 1 — 6 for
0 € OE,, and (4.11),

[y

Os(X2, ., Xy) = xf[sjg” +2s(s — 1) f 6367 u(d6) - 6| (s + 1)Jo + 357" + 25(s = I
OE,

i

||
(S}
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+25s—1) | (B+...+ 6, +all)0? u(do) - 2s(s - 1)J§"]]
0E,

2
+ ax;

sJV +25(s = 1a f 6267 u(do)

OE,

= 8((s+ Do+ 457" = 5T\ + 25(s = DI = 25(s - Da f

OE,

06} u(de))]

n—1
2
[sJ“) - DY - ((s + 1DJo + 350 + 25(s — 1) f (1 - 6362 u(de))]
=2
+1
+ ax,z1 ngl) +25(s — l)(ng) 1 3 J(l))
w0 m_n+l g
- 6((s + DJo+2s(s + DI — s, = 2s(s — D(J} 7 — 3 —J/; ))
n—1

2 2
xf[sjg” + 3505 - DI = 6((s + Do + s2s + I - G 1)J§”)]
i=2
n+1

s2s = DIV = 2s(s - 1)TJ§”

2
+ ax,

+1
—6(2s + Ds+ Do = s[2(s + D — 1) + 25 = 1177 + 25(s - Do : J<‘>)]
This combined with the asymptotic estimates in Lemma A.1 gives Qs > 0 for a sufficiently large, if
sJV =6(s+ 1)Jy>0 and s2s—1)J\" = 5(s + 1)(2s + 1)J > 0.

Note that the second inequality implies the first and in view of the last inequality, we choose

1 s2s - 1)aJt” s 1
5=0(= d  &<-lim = 4.12
(7) S idm 5+ D2s+ Dy G+ D@s+ Da (4.12)

remark how this choice for ¢ also fulfills (4.10) for a large.
Note that, in view of (4.10), the largest root of P, is given by

B+ VB2 -AC
P, = - , (4.13)

provided’ B> > AC. We remark that*

B? — AC = §°6%J5 — 25625 + 1)JoJ\" + 952(JV)? = 25(s = 1)JoJY”

2525 + 1) 6 | 65(s — 1 1 J?
_ J(z)(szdz B S( s + )_ n Os 1 S(S ) )+ 0(_(2))’ as a T 00.
a

2s—1 a @2s-1)2a? (25—1)(2s—3)$

TIf this is not the case, then P, is positive and it is sufficient to take y = 0.
#We use the asymptotic behaviours stated in (A.3), on top of identities (A.9) and (A.10): mind that all this relies on the restriction s >
3/2.
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The root of P; is given by
J
P, = EO' (4.14)

As explained above, with y as in (4.5) we have P, s + yP; > 01in [-1, 1], if (and only if) we can find 6
such that

P2,+ < P1,+9 (4-15)

where the strict inequality is needed due to the asymptotic analysis. This inequality is moreover
equivalent to

B>+ BVB?2 — AC < JyA.

Asymptotically, this is satisfied if and only if

—<1-s56+

I+ + — = -,
2s—1 a Qs—-1)?%a> @Q2s-1)2s-3)a? 2s—1la

4s 1 5 252s+ 1) 6 952 1 6s(s—1) 1 55 1
5202 — -
2s—1a

which is equivalent to

2525+ 1) 958 1 6s(s—1) 1 s 1y 1
22
52— °4 - S <(-s5+ - for 6 -
s 25-1 a Q@s-1Pa (2s—1)(2s—3)a2<( § 2s—1a) o0y —1a
ie.,
1 /3(s—1) 4s 1 1 1
5> — _ S fors - 4.16
g s+1(2s—3 2s—1)a ore= s—1la ( )

As the condition aé < 1/(2s — 1) is already implied by (4.12), we are left to verify what values of s
allow for a non-empty range of ¢ as resulting from (4.12) and (4.16): these are those values that satisfy

3(s—1) 4s Ry
— + < ,
2s—3  2s—-1 2s+1
which in particular holds for s € [2, V3+3 /2). |
Proof of Theorem 1.3. This follows directly from the first part of the proof of Theorem 4.1. O

4.1. A computer-assisted analysis in two dimensions

Theorem 4.1 shows that the fractional Laplacian (—A)* does not satisfy a positivity preserving
property in the ellipse E, for a large enough. Its proof uses an asymptotic analysis as a T oo and
constructs an explicit counterexample for any a sufficiently large (a > ay for some ay > 1) and
for s € (1, s¢) with so := V343 /2 =~ 3.232. In this section we fix n = 2 and address the following
questions:

i) How large is a(?
i) What can be said for s > 5¢?

The answer to these questions depends on the explicit calculations developed in Section 3, which
involve several hypergeometric functions. These functions can be expressed as a series (2.6) or as an
integral (2.8). However, direct calculations using these representations are usually hard to perform;
nevertheless, computers are very efficient and precise manipulating and approximating the values of
hypergeometric functions, and we use this to answer questions i) and ii).
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4.1.1. The behaviour of a, in the simplest case

Let
p(x):=(1-x), xeR 4.17)

then the value of (—A)*(pu,) in E, can be computed explicitly in terms of hypergeometric functions,
see Table 3. In particular,

(-A)(puy) >0 inE,  if B>-AC<0, (4.18)

where A, B, and C are given in (4.8). In Figure 2 we present a plot of the nodal regions of D(a, s) :=
B? — AC (note that A, B, and C are all explicit functions of a and s).

N S

1.0}, ‘ ‘ ‘ a 1.0k pma a|
0 100 200 300 400 500 0 500 1000 1500 2000

Figure 2. The nodal regions of D(a, s) := B> — AC for s € (1,2) with a € (1,500) (left)
and a € (1,2000) (right). For (s, @) in the white region one can construct a counterexample

to positivity preserving properties for (—A)® in the ellipse E, with axes 1 and \/La

In particular, Figure 2 shows that (4.18) holds for all s € (1,2) and a > a, for some ay > 0, as stated
in Theorem 4.1, however ay T oo as s | 1, whereas for s = 3/2 we have ag < 115. Note that, if s T 2,
then we also have that @y T co whenever p has the simple form (4.17); but, by using a more general
polynomial p as in (4.6) for suitable ¢ and v, one can obtain a counterexample for s larger.

4.1.2. Extended range for counterexamples

If s > s0, then the asymptotic analysis in the proof of Theorem 4.1 cannot be successfully
implemented. However, one can show that a counterexample can be obtained for some s > sy if a is
not very large.

To be more precise, let y be as in (4.5) and let

_ s(JV +2(s = (I = IM))
(s + DJo — s = 25(s — DI = Iy + 25(s + 1)JP
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sta=D(2F1(5, s+ 11,50 = o Fi(5, s + 1,2, 1))
2F1(%,S+ 1;1;‘11;1)+((a— 1)S+a—2)2F1(%,S+ l’laaa;l)

This choice of ¢ is such that Qs = 0 (see (4.9) and use (A.2) and (A.10)).
Let Py, and P, be as in (4.13) and (4.14). Then a counterexample can be successfully constructed
if P,y > Py, see (4.15). Let

h(a,s) = Py, — Py 4.

Then we can compute numerically that A(11,s) > 0O for s € [3,3.8456), see Figure 3. Observe also
that 4(20, 3.8) < 0; in particular, this implies that large values of a are not always optimal to construct
a counterexample.

To argue the optimality and the consistency of our approach, we remark that the root of the
mapping a — h(a,2) can be computed numerically, and it is given by by = 18.94281916344395 (see
Figure 3), which is the same threshold found in [27, Theorem 5.2], obtained with different arguments
than ours in the study of the bilaplacian in two-dimensional ellipses.

N N
4.0k |

4.0F

e
| N

3.0

25‘

25

20¢, - A" . Ja 20\ - - - - .
6 8 10 12 14 16 18 20 0 200 400 600 800 1000

Figure 3. The nodal regions of h(a, s) for (a,s) € (5,20) x (2,4) (left) and for (a,s) €
(5,1000) x (2,4) (right). The dashed line represents sy = V3+3 /2. For (s, a) in the white
region one can construct a counterexample to positivity preserving properties for (—A)* in the
ellipse E, with axes 1 and \/La

5. Point inversion transformations

Fora,c > 0 and v € R", let o and Q = Q(a, ¢, v) be defined as in Corollary 1.6, namely, for x €
R\ {-v},

X+Vv

o(x):=¢c——— —
) |x + v

n—-1
v, Q=Qa,c,v):= {x eR" : Z oi(x)? + ao,(x)* < 1}.

i=1
The geometrical meaning of the point inversion transformation o is that of an inversion with respect
to the boundary of a sphere of radius +/c centered in —v, see Figure 4. Note thatif ¢ = 1 and v = 0,

then o is the usual Kelvin transform.
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______
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ME e ———
1 - <

- -
- ~o

- -
~ -
~
-~ ——

2

Figure 4. The associated point inversion o is an inversion with respect to the
boundary B z(—v). In the picture we see the ellipse E»s with axis of length 1 and % (dashed),
its transformation o(E»s) and the circle B z(—v) (dotted) for v = (—g, %), ¢ = 2 (left), and
for v = (0,-1), ¢ = 1 (right).

Varying v and ¢ gives rise to a wide variety of shapes, as illustrated in Figures 5 and 6 below. See
also [20], where a point inversion transformation is used to show the existence of domains for which the
bilaplacian’s torsion function is sign-changing. We thank G. Sweers for sharing references [11,20,21]
with us.

Proof of Corollary 1.6. We argue as in [1, Proposition 1.6]. Fix ¢ > 0, a € R" witha; > 0, v €
R"\ 0E,, o as in (1.7), Q := Q(a, c,v) = 0(E,), and let K,z(x) := |x + v[**"z(c(x)) for x € R"\{-v}
and z € C(R"). Note that —v ¢ Q. Then, if ug(x) == (I -y, ai)cl.z)fr we have that w, = Ku;.
By [1, Lemma 3.3], one can compute (—A)*w; pointwisely in . Then, for every ¢ € C.°(€2),

f Wy (-A)’¢ = b f K (Kw,)(x) (~AY K (K. p)(x) dx
Q Q
sy [ Kwi(0()) (CA)K$(0(0)
=c

Q

|X + v|n—2s |x + V|n+2s

dx = "% f K,w,(») (=A)'K¢(y) dy = f us(—A)’ K,
Ea E,

25—n

by a change of variables (y = 0(x)) and by Proposition 1.5, where we used that K (K;z) = ¢~ "z and
that the Jacobian for x — o (x) is ¢"|x + v|~?". Integrating by parts (see, for example, [5, Lemma 1.5]),

n -2n
[ carmepmar = [ corum T ay =« [ CE s ay= [ B
E,

lx 4+ vjr=2s 7 lor(x) + V|28 |x + v|n+2s

for some constant k > 0. Since this holds for any ¢ € C°(€2), we have that (—=A)*w,(x) = k|x + Y
pointwisely in €, as claimed. O
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Figure 5. From left to right and top to bottom: the ellipse E,s, Q(5%,1,(~1.03,0)),
Q(52,10, (2, %)), Q(5%,10, (-3, —3)), Q(15%,1,(0,-1.1)), and Q(5?, 15, (— 15, 0)). The last

> 10°\" 100°

two figures are Q(10%,10,(0,0,-1.1)) and Q(30?, 11—0,(—0.99,0)), which are examples of

unbounded domains.

Figure 6. From left to right, top to bottom: the ellipsoid E(; 49), ((1,4,9),1/2,(1.02,0, 0)),
0Q((1,9,16%),1/2, (-3, -2, —5)), and Q((1,16,36), 10,(0,0,—-1.1)). The last two figures
are €((1,4,9),1,(0,0,0)) and €((1,9,25),1/2,(-0.98,0,0)), which are examples of
unbounded domains represented by the exterior of the last two shapes.
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Proof of Corollary 1.7. We use the notation from the proof of Corollary 1.6. Assume that €2 is bounded
or that n > 4s and let U, be given by Theorem 1.4. Then, a direct calculation shows that W := KU, €
L?(R"). Moreover, W is sign changing and, by Proposition 1.5 and Plancherel’s Theorem,

f PP = fW<— AFW = & f Unlo() (A1 Uulox) _ o, f Uslo(x)) P(e ()
R" Q Q Q

|x + Vln—Zs |x + V|2s+n |)C + Vln—Zs |x + V|2s+n

_ ni2s f Us(x) P(x)
=c
E,

lo(x) + v["=25 |o(x) + v|*s*n

|x 4+ v|™2" = "2 f U.(x)P(x) < oo,
E,

where W is the Fourier transform of W and P is a polynomial of degree two given by Lemmas 3.6
and 3.7. In particular W € Hj(R"). Arguing as in Corollary 1.6, we obtain that (=A)*W > 0 pointwisely
in Q. m|
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A. Asymptotic behaviour of Jﬁk)

Recall that i is defined in (2.3) with a diagonal matrix A with entriesa; = ... =a,_; = l and a, = a.

Lemma A.l. Letn>2 ke {l,...,n}, and

JY = d f 07 u(do),  ieN, (A.1)
OE,
as in (2.5), where Jy := J(()l) =...= J(()"). Then
1 n—1 1 1
JW = a_l/za)n_zB(l + =, 1 )2F1(s + E, I+ =i+ n’ 1- —) and
! 2 2 2 2 a (A2)
1 n-1 n 1 n 1 ’
k) _ 71 _ -1/2 . oo, I T —
Jo=J"=a a),,_zB(l+2, 7 )QF](S+2,2,Z+2,1 ) fork=1,...,n—1,
+1 (>
where w, = % ISY for d € Ny. Moreover, hTm g = =1 and,

1). ifs>i—%, then

igO TG+ Hrd + s - i1 1+ 2k
fim i TG ) _ il (A3)

ateo J LI + ) "o 25—2k—1’

2). IfsSi—%, then

+1 n=l\p 11
M Bli+ 55 )B(i-5-3.3)
hmaZJ = W,_»
aloo (l _1 )
20 2
iy aiJt oo . ..
and in particular hm aJ—O =0for je{ iy with s > i—j—3.
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Proof. Let 6 = (Sin(¢p_1)Puro(¢’),a'?cos(¢,_1)), with ¢,_; € (=m,m) and P,»(¢') is the
parametrization of dB}~'(0) N {x, > 0}, that is Py = 1 and for n > 2,

Py =(Pus(@r- .. ¢us) Sin(@yo), cO8(By)). i€ (O.m) fork=1,...,n -2
Then
det JT Jy = cos*(¢,_1) + a” ' sin*(¢,_,)
for n = 2 and for n > 2 we have
COS(¢n—1)PZ_2(¢,) _a_1/2 Sin(¢n—l) COS((bn—l)Pn—Z(d)/) Sin(¢n—1)JP,1_2(¢/)
sin(¢u-1)J5, () 0 —a "2 sin(¢,1) 0
cos2(¢,-1) + a~' sin*(u-1) 0 )
0 sin*(¢u-1)J5_(¢)Ip, ()
= (cos*(B,-1) + @' sin’(B,-1) (sin*(p,-1))" > detJh _(¢)Jp, (@)

n-2

= (cos’(¢y-1) + a” ' sin(g,-1)) (sin*(g,-1))" | [ sin®* " g

k=1

det J} Jy = det(

= det(

We begin with k = n, where the above parametrization gives

W Wao [T €osT(@u)(cos () + Lsin (g, 1) (sin’ (g, )"
Jio = 12 172 d¢n-1
2 Jox (Sin*(umt) + L cos2(@,-1)) (SN (Bamr) + @ cOS2(m1))
_ Wp f” cos?(¢,_1)(1 — COSZ(¢n—l))n/2_1 dé
= n—1
202 Jox (1= (1 = 1y cos2(¢,-))""?
2w, f”/z cos?(¢,_1)(1 = cos2(d_))"*™" do
= n—1
al Jo (1= (1= 1ycos2p,-1))""”
by symmetry. With the change of variable ¢,_; = arccos(?), d";;‘l = —\/%7 (and afterwards 7* = 7) it

follows that

n/2-1

) f "2 08 (¢-)(1 — cos* (1))
o (I= (= cos (@)

1
‘ 1
— f T171/2(1 _ T)(n73)/2(1 _ (1 _ _)T)—s—n/z dr
0 a

o1 n-1 n., 1. n 1
= B(l'l' E,T)zFl(S'l' §,l+ E,l'l' 5,1 - ;),
where we have used the integral representation of the hypergeometric function ,F;. This proves (A.2)
for k = n.
fl@ _

In the following, given two functions f and g, we use notation f ~ g as a T oo, if liTm @ = 1. With
aToo

1 t2i(1 _ tz)(n—3)/2
d¢n_1 = 2f
0 (1 _ (1 _ é)tz)”"/z

the change of variable r = (a — 1)t we have asa T oo

1 n-1 n. 1 . n 1 ! i-1/2 (n-3)/2 1. \~57/2
) )zFl(s+§,z+§,z+5,1—5)~f1/27 (1-1) (1_(1_5)7) dr

B(i +
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a2 al r\n=3)/2
= f tl-1/2(1 - —1) (a—1)"*""? dt
a-— (a-1)/2 a-—

as+n/2 -1 .
= W f tl—]/z(a _ 1 _ t)(’l—3)/2(a _ t)_s_n/z dt
(a-1) D)2

as+n/2 (a—1)/2 122 n
- _ _ = n— —s—n
= G- j(; (a—1-0""¢ (t+1) dt

as+n/2 (a—1)/2 t i-1/2
— _ (n-3)/2 —s—n/2
= o eE fo (1-—) " e+ ar

0 -1 1
N as+1/2f l_(n73)/2(t + 1)7s7n/2 dt = as+1/2B(n . s+ 5) (A4)
0

Note now that the asymptotic behaviour of J; follows from (A.4) and it reads

11
'~ waB(F5=s+ 5)at asale. (A.5)

(n)

.S )
so that lim == 1 as claimed.
aloo 70

For k = 1,...,n — 1, by symmetry, it follows that Jfk) = JE”. Moreover, with the above

parametrization we have
n—1

01 = | [ sin(@n), with g € (0,7),

k=1
so that with a similar calculation as for k = n we have

n-2 T
Jf]) _ (l_[f Sink—1+2i(¢k) d¢k) %
k=1 0

f" (cos’(¢,-1) + L sin’(g, 1)) *(sin’(g,-1))"* """ a6
X .
- (Sinz((bn—l) + L_l; C052(¢n—1)))s+n/2( Sin2(¢n—l) +a COSZ(¢n—1))1/2 1
4 (221G + & /2 1 = cos2(¢,_))"2 1
- (l—[ (2) (k+12))f ( 1 (Pn-1)) ——
al" o TE+5) JJdo (1=(1 =1)cos? (1))
271'("_2)/2 n=2 r(l+ lé) fl " _ 1 —s—n/2
_ 121 — (n—3)/2+,(1 _(1-2 ) d
i (D]rm%) ) (1- ) ar
202 1 p—1  \ T(i+3) nl . n 1
— PIE B(E, > +Z)I‘(l+%) 2F1(S+§,§;l+§;1—5), (A6)

from which (A.2) follows for k = 1,...,n — 1. Note that if s < i — %, then, using again the integral
representation of the hypergeometric function and the dominated convergence theorem, we have

n 1 n 1
lim,Fi{s+ =, =i+ 31 ——) =
lim o5+ 5057+ 571 =)
Ln=1 e (1 p (n=3)/2+i 1y \/2
= B(E’ > + l) ETT;I ) (1 -1) (1 - (1 - E)T) dr
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e [ s L

by the integral representation of the beta function. Hence in this case

B(i+3,5N)B(i-5—3.3 ’ A7)

hmazJ( ) = W,
ateo " B(%,";z1 +10)

which shows the first part in 2. If s > i — % then with the change of variable = (a — 1)t we have
from (A.6)asa T oo

2722 T(i + 7) B( 1n-1
a—i+1/2 F(i+ nz;l) 2’ 2
2722 T(i + 3)

+i)2F1(s+E l°i+z'1—l)

iJ(l): b b b
@i 22Ty Ty

1 ) 1 —s—n/2
FRA (- (1= ) dr

STy
a2 T+ 5 a
Q=22 gs+n=1)/2+i T(j + l) (a=1) t o \(n=3)/2+i '
e (s
(a-1) @i+~ ) (a-1)/2 a-1

2=D/2 gs+n=1)/2+i T(j 4 l) (a=1)
(a _ 1)n/2+i—1 F(l + 0 ) (a-1)2
- +(n— 1 -
_ (=212 gs+(n=D/2+i T'(j + 5) (a=1)/2
(@ — 1y 2=t T+ 5L

t—l/Z(a -1-= l,)(n—3)/2+i(a _ t)—s—n/z dt

(a— 1= £y 2430254 4 1)=5=n12 gy

n— s+(n— i I | a-1)/2
_ 2 D224 (i 4 3) el . t )_1 /2t(’"3) Prig 4 1) 52 gy
(a— DD+ i+ 21y o a-1
. 1 00
D2 s I(i+3) N P L
I+ 2=t
rGi+1 -1 1
_ opo-orgs L0+ 3) Bli+ o~ s—i+3). (A.8)
TG + 51 2 2

Finally, we have with (A.4)

aJV 2P+ DB+ 5 s—i+ 1)

lim = 1
ateo  Jy Wyl (i + 5 )B(”— s+2)
TG+ (s—i+- Sl 4ok 1
_ TG+ ) 1 ) 1_[ A ifs>i—~.
m2T(s + 3) L3125 =2k-1 2

as claimed in 1. If instead s < i — %, then by (A.7) we have

1

ai—iJ» +oo ifi—j>s5+ =,
lim —— = f
= Jo 0 ifi-j<s+s.

The case of s =i — % now follows similarly, noting that in this case a'/?J; = O(In(a)) for a T co.
O
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Lemma A.2. In the notations of Lemma A. 1, we have

1
f 67 67 u(do) = §J§‘> forike{l,...,n—1}, i £k, (A.9)
6 a
2 2 _ g _ntlog - _
a 0; 6, u(do) = J, 3 J5 foriel{l,...,n—1}. (A.10)
0E,

Proof. The proof of (A.9) closely follows the computation in the proof of (A.2). Indeed, by symmetry,

fefeiu(de):f 6;6; u(do)  forike{l,...,n—1}, i #k,
OE, OE,
and with

T 2 1 32 12, : 2 n/2+1 ) -
J = f (COS (1) + 4 SN (@) (sin* (1) 73 d¢n_1( l_lf sin“* () d¢k),
B k=2 Y0

7 (5in(B-1) + & c0s2(@,-1)) " (5in%(B,-1) + @ cosA($,-1)

observing that 8, = cos(¢) ]—[Z;% sin(¢y), we have

[ @@uan =7 [ s ot o =i [ s ds - [ sint6) dor) =
OE, 0 0 0

(2 -1)= Ly,

_ J
A

2

For the proof of (A.10) we proceed as follows using again the symmetry:

n—1
—2
af efegﬂ(de):af efegu(de):f 6 (1= 63) utde) = IV = IO - T ),
0E, 0E, OE, 3

i=1

where we have used (A.9) in the last identity. O
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