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ON THE SHARP GEVREY REGULARITY FOR A
GENERALIZATION OF THE METIVIER OPERATOR

G. CHINNI

ABSTRACT. We prove a sharp Gevrey hypoellipticity for the operator
D2+ (@*"+1Dy)* + (a"y"D,)?,

in Q open neighborhood of the origin in R2, where n and m are positive
integers. The operator is a non trivial generalization of the Métivier operator
studied in [20]. However it has a symplectic characteristic manifold and a non
symplectic stratum according to the Poisson-Treves stratification. According
to Treves conjecture it turns out not to be analytic hypoelliptic.
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1. INTRODUCTION

In [20] G. Métivier studied the non-analytic hypoellipticity for a class of second
order partial differential operators with analytic coefficients in {2, open neighbor-
hood of the origin in R™, whose principal symbol vanishes exactly of order two on
a submanifold of 7).

In the case of sum of squares of vector fields the most representative model of such
class is the following

(1.1) D? +2%D? + (yD,)*.

In [20] the author proves that the operator (1.1) is G2-hypoelliptic and not better
in a neighborhood of the origin.
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This means that if u is a smooth function in the neighborhood of the origin U
solving there the equation Pu = f, where P denotes the operator in (1.1) and f is
analytic in U, then u belongs to the Gevrey class G?(U) and there are no solutions
in G*(U) with 1 < s < 2.

Here G*(U), s > 1, denotes the space of Gevrey functions in U, i.e. the set of all
f € C*>=(U) such that for every compact set K C U there are two positive constants
Ck and A such that for every o € Z7}

|Df(z)] < AC oo, vzeK.

The Gevrey index 2 corresponds to that obtained by Derridj and Zuily, [13] (see
also [1]), when applied to this operator.
For this type of operators Hérmander, [18], stated the condition for C'* hypoellip-
ticity:
(H) the Lie algebra generated by the vector fields and their commutators has
dimension equal to the dimension of the ambient space.

We recall that a sum of squares operator satisfying the Hérmander condition is said
to be G*-hypoelliptic, s > 1, in €2, open subset of R™, if for any U open subset of €2
the conditions u € 2’ (U) and Pu € G*(U’) imply that v € G*(U"), U’ open subset
of U. Needless to say G*(U’) = C¥(U’), the class of real-analytic functions on U.

One of the main motivations to study the optimality of the Gevrey regularity of
solutions to sums of squares in two variables is due to the fact that in dimension
greater or equal than 4 the Treves conjecture has been proved to be false, see [2], [6].
In dimension 3 there are no results although in [7] a candidate has been produced
that should violate the conjecture. On the contrary there are good reasons to
surmise that the conjecture of Treves holds in two variables. We refer to [24], [10]
for more details on the statement of the conjecture, as well as to [7] for a discussion
of both the 3- and 2-dimensional cases.

This implies that it is of crucial importance to know if a certain Gevrey regularity,
which may be relatively easy to obtain by using L? a priori estimates, is optimal
or not.

In two variables this becomes particularly difficult because if the characteristic set
is not a symplectic real analytic manifold, the Hamilton leaves corresponding to
the kernel of the symplectic form have injective projection onto the fibers of the
cotangent bundle, thus causing great technical complication in the construction of
a singular solution, which is the method of proving optimality.

In order to exhibit a singular solution, meaning a solution which is not more regular
than predicted, one constructs first a so called asymptotic formal solution. Once
this is done, the formal solution gives a true solution solving the same equation
with possibly a different right hand side and then one can finally achieve the proof.
The construction of the formal solution in [20], e.g. for the operator in (1.1), uses
the spectral theory of the harmonic oscillator, i.e. of the operator D? + x2, the
variable y being reduced to a parameter. For the eigenfunctions of the harmonic
oscillator there are three terms recurrence formulas relating the derivative of an
eigenfunction to those up and down one notch. As a result the k-th derivative with
respect to x of an eigenfunction can be expressed as a linear combination of 2k
eigenfunctions and this makes possible turning the formal solution into a true one.
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In the case of an anharmonic oscillator, which occurs if one considers cases vanishing
of order higher than 2, Gundersen has shown in [15] that such recurrence formulas
do not exist, so that the optimality for the operators

D2 + 22D + (y*D,)?,
as well as
D?E + xz(q_l)Dz + xz(”_l)(ykDy)z7 1<p<aq,

is not known.
In 2001 Bender and Wang, [3], studied the following class of eigenvalue problems

(1.2) —u(t) + t*NP2u(t) =t"E u(t), N=-1,0,1,2,...,

on the interval —oo < t < 4o00. Such a kind of problem arises in different con-
texts in physics, like the fluid-flow with a resonant internal boundary layer and
in supersymmetric quantum mechanics. The eigenfunction uw above is a confluent
hypergeometric function and moreover can be written as a product of a polynomial
and a function exponentially vanishing at infinity.

In this paper we study the optimality of the Gevrey regularity for the operator

(1.3) My (2, y; Dy, D) = D2 + (2" D,)° + (a"y™D,)?

in Q open neighborhood of the origin in R?. Here n and m are positive integers.
We point out that M, ,, is a generalization of the Métivier operator, (1.1), which
corresponds to the case n =0 and m = 1.

This operator allows us to use the recurrence relations between the eigenfunctions
of the operator in order to construct an asymptotic solution.

Here is the statement of the result.

Theorem 1.1. The operator My, m, (1.3), is G -hypoelliptic and not better in
any neighborhood of the origin.

A few remarks are in order.

(a) The Gevrey regularity obtained for the operator M, ,, is in accordance with
that predicted in [9]. The Gevrey regularity obtained for the operator M, ,,
remains the same if we perturb the operator adding a pseudodifferential
operator of order less then (2n + 2)~! as showed in [4]. The strategy
used to obtain the result could allowed, in same special cases, to show
the optimality of the Gevrey regularity obtained for the models studied in
[11].

(b) The characterization in terms of Gel’fand-Shilov spaces, see Theorem 5.1.12
below, of the eigenfunctions of the eigenvalue problem (5.1.1) allows us to
precisely compute the partial Gevrey regularity for M, ,,. This means
that we find the Gevrey regularity with respect to = and with respect
to y of the solutions: the operator (1.3) is Gevrey hypoelliptc of order
so=1+ WM with respect to the variable x and of order s; = %
with respect to the variable y and not better in any neighborhood of the
origin. We recall that a smooth function u(z, y) belongs to the non-isotropic
Gevrey space G(5051)(U), U open subset of R?, if for every compact set
K C U there are two positive constants Cx and A such that for every
Q, B € Z+

|DEDYu(z,y)| < ACRHP ot P (2,y) € K.
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(c) As well as the Métivier operator (1.1), the operator M, ,,,, in (1.3), is not
globally analytic hypoelliptic on the two dimensional torus. This means
that if for instance we consider in T? the operator

D? + (Sin2”+1(x)Dy)2 + (sin"(x) sinm(y)Dy)2 ,

then it is not globally analytic hypoelliptic in T2, it is G*-globally hypoel-
liptic for every s > % This can be obtained via Theorem 1.1 and or
following the proof of the Theorem 2.1 in [25] (p. 325) or following the proof
of the Proposition 1.1 in [5], concerning the subject see also [12]. We recall
that a partial differential operator P is said to be G®-globally hypoelliptic,
s > 1, in T™ if the condition v € 2’ (T") and Pu € G*(T™) imply that
u € G*(T™). Here G°(T™) denotes the space of the Gevrey functions on
.

Here is the plan of the paper. In the first section we construct a formal solution to
the problem M, ,,u = 0. More precisely first of all we construct a formal solution
and subsequently, in order to justify the formal steps we went through, we turn the
formal solution, u, into a true solution, %, with the aid of a family of smooth cutoff
functions. Then M, ,,% belongs to a suitable function space.

In the second section we deduce the proof of the Theorem 1.1. In order to focus
on the construction of the formal solution, we shifted to the appendix a number of
both known and unknown facts about the properties of the eigenfunctions of the
eigenvalue problem (1.2), in the case N = 2n, as well as some auxiliary technical
lemmas.

Aknowledgements. The preparation of this manuscript has been done partially
while the author was supported by the Austrian Science Fund (FWF), Lise-Meitner
position, project no. M2324-N35. The author would like to thank the people of
the Department of Mathematics of Vienna University and in particular professor
B. Lamel, for their hospitality and the numerous mathematical discussions.

2. FORMAL SOLUTION OF THE OPERATOR (1.3)

Following the ideas in [20], the purpose of the present section is to construct a
formal and the associate “approximate” solution to the problem M,, ,,u = 0 of the
form

@1 A= [ = [ ), do
where 0, v and r are parameters that will be chosen later and the function (¢, p)
is an infinitely differentiable function in R? , With support in the region p > 0 and

rapidly decreasing as p goes to infinity. The first step will be to establish the values
of the parameters 6 and ~.

‘We have
“+oo
.9
() DA [ = [ DRt p)] . dp
0 e
—+oo
@) (D) = [ e e )
0 t=pYax

(3) and by applying the Lemma 5.2.3, see Appendix,
m _
(x”ymDy)2 N [u] _ (I2ny2mD§ + 7I2ny2m lDy) H [u]
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1 Feo,
_ () / elpeypr+29—2n’y+2m(l—9) [thP(t, P, 8t7 6p)u(t’ p)]l dp,
0

it -
where
P(t,p,0:,0,) = 9™ + <2m+1 —0(m—1) +7’+’yt8t>8§m1
Z H(t0y) — mOPE | (tdy)) 02,
i— P

here

PL(t0;) Z’P (t0,)) and 27 (t0;) Zﬁl (t0,)!

The coefficients /r\ ~and /rx _are obtained by the formulas (5.2.4) and
i,j i,j
(5.2.5), Lemma 5.2.3, setting p = 2m, ¢ = r + 20 — 2nvy, f = 2n and
p=2m—1,q=1r+60 —2ny, f = 2n respectively.
Choosing § = 2m(2m —1)~! and v = m(n 4+ 1)71(2m — 1)~! we obtain

(22)  Mym#[u] = (D2+ (@*71D,)" + (a"y"D,)*) #[u] (2,)

2m

T e 1
=/ T b i Zp Pi(t, 0, p)ult, p) dp,
0

=0 m__
‘t:p(n+1)(27n—l) »

where
Polt, at; = —62 + t2(2"+1) + 2m—1)2m t2na2m.
2im
) Pi(t,0r,0,) = 2" (3= 1) ((41;1m1)12m +2mr + Wtat) o2m=1;

2im

iii) P;(t,0,9,) = (2m=1)"™ ,(10,)02m ", i = 2,3, ..., 2m, where 2;(10;) =
> i=0 - (td;)’; the coefficients .. . are obtained from the previous for-
1,] ]
mulas replacing 6 and v with the above assigned values.

We have to solve the following equation

2m
1
(2.3) > EPi(t, D¢, 0,)u(t, p) = 0.
=0

We do this formally. We set
tp) = ult,p),
£>0

with the purpose to obtain the functions wuy(¢, p) recursively taking advantage of
the eigenvalue problem, (5.1.1), studied in the Appendix. More precisely we want
to express the functions us(t, p) in the following form:

4
p) = Zgé’p(p)vp(t)
p=0

where v,(t) are the eigenfunctions given by (5.1.2) in the Appendix.
We remark that we allow the above sum for uy to be finite because of the relation
(5.1.9), Lemma 5.1.3. We point out that the relation (5.1.9), and more generally
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the relation (5.1.11), allow us to construct a suitable system in order to obtain
recursively the functions w(t, p). We stress that P;up_; can be expressed by a

linear combination of wvg(t),...,ve(t). This gives us the possibility, at any step
of the process, to reduce the problem to solving a system of ordinary differential
equations.

We choose

(2.4) uo(t, p) = go,0(p)vo(t) = e~ Puo(t),

where ¢; = 5272 (2n + 1)1/2™ (sin (5%) — icos (3= )) and vy(t) is the even-parity

eigenfunction to the problem (5.1.1), see (5.1.2) for its explicit form, corresponding
to the eigenvalue Ey = 2n + 1. We have

(25) 7)0 (t, 8,5, 8p)u0(t, p) =0

We set ¢ = R(cq).

Before constructing our formal solution we point out that, in order to have the
desired growth of the functions g ,(p), since they have exponential nature, the
derivative with respect to the parameter p does not help to push down the order
with respect to negative power of p. The only instrument that allow to do it, it is
the multiplication by negative powers of p. In particular the growth of g¢o(p) will
be the most thorny; the precise choice of the parameter r plays a fundamental role
in this situation.

Let us start with the action of the operators P;(t, 0, 9,) on ue(t, p):

i) case of Py; by (5.1.1), for every £ > 1 we have

2m —1\°" :
Poty = (_atz 4 ¢2(@n+2) 4 <2m> t2na§m> (Z ge,p(p)vp(t)>

p=0

2n 2m —1 S 2m 2mi m
=t (o) 2 \%H gmm1) B ) g0

p=0
2m £
2m —1
= 42n .
= en (2021 5= Oratalpe0)

. 2m
where ©, = 92" + ( Qmjl> E,, see Lemma 5.2.4 and (5.2.7) in the

2m

Appendix, here E, = 4p(n + 1) + 2n + 1 is the eigenvalue corresponding to
the even-parity eigenfunction v,(¢) to the problem (5.1.1), see (5.1.2).
ii) case of Py; for every £ > 2 we have

o (2m =1\ et [
Prug—y =t ( 2 ) ( Mot Ty 1t6t) 8,2; ! (ZQ@—l,p(P)%(@)
: . =

. 2m — 1 2m £
=1 2mi Zg&lxl(p)vp(t)
p=0

_ (@m-1)2m _2m®
2m—1 (n+1)(2m—1) >

equation ( 2). By the Lemma 5.1.3, in the Appendix, we have

where T + 2mr and T, = see ii) after the

(26)  geoa(p) = (o 1,00 09000 () + oy 8092 (o),
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_ 2 1 2 1 2 1
@7 gepa(p) =g 0 920 (0 + 920, 0V oy, D9, ()

2m—1
0 e 0 ), p=12, 2,

0—1,1 _(2m— 1)()

(28)  gre-1a(p) = 0 iy 8

2m—1
Oyt 8 De e o),

2m—1
(29) geealp) = pv 5 g (o)

the symbols §77 are defined in (5.1.11), Lemma 5.1.3, in the Appendix. In
the case £ =1 we have

2m — 1" o
P1u0:t2”< ) [(p o 08 657 (oot

2msi

+ 00t V)]

(4m—1)2m
2m—1
is linear with respect to r with a non zero coefficient, we may make a
suitable choice of the parameter r cancelling the coefficient of vy in the

above expression.

Since the term Tro = + 2mr, see ii) after the equation (2.2),

iii) case of P;, i =2,3,...,2m; we have
2m — 1\ " =
Poug_; = t2" (zm> Pi(t0,)02m (ZO gei,p(p)vp(t)>
=
om £
=" (%) g)gl,p,i(/o)”p»
where

min{p+i,0—i}

210w - Y 0 (% 8

v=max{p—1i,0} Jj=lp—v|

The symbols §7? are defined in (5.1.11), Lemma 5.1.3 in the Appendix, and
we have set 65’0 =1

We introduce the operator I and its “orthogonal” (1—TIy) acting on the functions
up in the following way

Houe = go,e(p)vo(t) and (1 —Io)ue = Zg&p

As consequence of the choice of the parameter r we have that
H0P1H0u0 = H0P1u0 =0.
Moreover
P lguy =0  for every L.

This is crucial in order to obtain the right growth of the functions gy o(p) with
respect to (negative) powers of p (see Lemma 5.2.7 in the Appendix).
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Following the idea in [20], to obtain the us, we consider the system

min{¢,2m}
(1 —1Ip) Poue = — (1 — o) Z Epiueﬂ';
i=1
(211) 1 min{{+1,2m} 1
My Poue = *;Hopl (1 —1Ip) ue — I Z Epiuf+1—i-

=2

This allows us, at any step of the process, to reduce the problem of computing the
up to that of solving a system of ¢ + 1 ordinary differential equations yielding the
functions g ,(p), p=0,...¢.

With the purpose of understanding how to construct and subsequently estimate
the functions ge,(p), we begin to analyze the case £ = 1.

For ¢ = 1 system (2.11) in terms of the g1 ,, p =0, 1, becomes

1 2m—1
Org11(p) = =21, 01" 90" (o)

1 m— 1 m—
Oug10(0) =~ 05000 ()= 3 (1 90+ 80 4 1,507 s ()
where go,0(p) = e~ ? and O = 92™ + (2mi(2m — 1)’1)2m Ey, k=0,1.

We stress the fact that the choice of the parameter r has allowed us to make the
right hand side of the second equation of order —2 with respect to the variable p.

We denote by fi1,;(p), 7 = 1,0, the functions on the right hand side of the above
system.

In order to be able to apply Lemmas 5.2.5, 5.2.7, we need to make sure that the
variable ¢ in those Lemmas belongs to the half line [Cy(j+ 1), +o0[. To accomplish
this, we use cutoff functions y, so that the hypotheses of those Lemmas are satisfied.
We define a family of smooth functions {x¢(p)}¢>0 such that

i) xe(p) is identically zero for p < 2R;(¢ 4+ 1) and identically one for p >
4Ry (¢ + 1), where R; denotes a suitable positive constant;
ii) there is a constant C), independent of p and ¢, such that

(2.12) P <ct k< 2m.

The construction of the functions x, can be done using the same strategy used to
construct the so called Ehrenpreis-Hormander cut-off functions. More precisely the
function x, can be optained in the following way. Let Q@ = {z € R : |z| < 2R (¢ +
1)}. We choose a function ¢ € Z(R) with support in %1(0) = {z e R : |z| < 1}
such that ¢ > 0 and [@dx = 1. For every § > 0 we write 15(x) = 0~ ¢ (%). Let
© be the characteristic function of the set {z € R : dist(z; Q) < 3Ry (£ +1)}. We
set

Xe =@ @% oo % Q% Qo % -+ % Qo %O,

2m—times m—times

where ¢; = (R (£ + 1) — 2m)m ™!, we assume that R; > 2m. Since the support of
a convolution is contained in the vector sum of the supports of the factors in the
convolution the function X, is supported in {x € R : |z|] < 4R; (¢ + 1)} and it is
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identically one on Q. Let k € Z, with k < 2m, we have

DE)Z@:(DPQD)*---*(DP@)* @k kP ko, Kk ek Poy * O
———

k—times (2m—k)—times

Via the Holder inequality we obtain

k 2m m
IDfXelloo < [T NP0l TT leller [T el 1€l < €,
i=1 i=k+1 j=1

where C, = || D,¢|| 1.
Setting x¢ = 1 — X¢, the function x, satisfies the properties in i) and ii) above.

We define the functions g1 ,(p), p =0,1, as
g11(p) = (G1 * (x1.f1)) (p),

and

91,0(p) = (Go * (x0f0)) (p) — ho(p) — hm—1(p),

where Gy and G are the fundamental solutions of ©y and ©1, see Lemma 5.2.4,
and the functions ho(p) and h,,—1(p) are the solutions of the linear homogeneous
equation ©gh = 0 defined in Lemma 5.2.7.

By Lemma 5.2.5, see also Remark 5.2.6, and Lemma 5.2.7, see also (5.2.10), (5.2.11)
in Lemma 5.2.4, we obtain

1 —c
|gl,p(p)| < Cz;e op’ p= Oa 1;

for p > Ry, where C is a positive constant depending on m and n.

Let us now consider the case £ > 1. To construct the functions g, ,(p) and con-
sequently the functions wuy(t, p), we proceed recursively adopting the technique de-
scribed above.

We have to solve the following system of ¢ + 1 equations

©0ge.0(p) = fro(p);

(2.13) 919&1@) = fea(p);

©¢ge,e(p) = fee(p)-
Where due to (2.6), (2.7), (2.8), (2.9) and (2.10) we have

2m
1
(214) ff’p(p) = _Zﬁg&pyi(p% p=1....¢
i=1
or, more explicitly, for p=1,..., ¢,
min{¢,2m} 1 min{¢,2m} 1 i f—i
o . J (2m—1)
UHUEED SRETUT RS SHED 35 DA )
i=1 i=1 j=0p1=0

where (’Piug_i)p denotes the coefficient of v, in the expression of P;u,_;.
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Moreover
(2.15)
min{¢,2m} min{:,£—i+1}

1 om-1 1 (2m—i v,j
fe,o(p)=—;g§71 )(p)/p1716371— > > ;9§ﬂ-+1,’y(p) >0
=2 v=0

To comply with the hypotheses of Lemmas 5.2.5, 5.2.7, we solve instead the system

©09e,0(p) = fe.o(p)xe;

e = ;
(2.16) . 19e.1(p) = fea(p)xe

©cge.e(p) = fee(p)xe-
We remark that all the sums involved in the above formulas, see (2.10), are finite
and they have at most 4m terms. We also point out that, due to the recurrence
relation described in Lemma 5.1.3 in the Appendix, we have that |647] < Cjw.

The function fr(p) has order —¢ — 1 with respect to p.
The system (2.16) is then solved by

gep(p) = Gpx (Xefep)p), p=1,....¢
geo(p) = Go * (xefe0)(p) — ho(p) — hm—-1(p),

where the functions ho(p) and h,,—1(p) are the solutions ofthe linear homogeneous
equation Ogh = 0 defined in Lemma 5.2.7
The next lemma gives the estimates of the derivatives of the coefficients gy ;.

(2.17)

Lemma 2.1. With the above notations we have that

(1)
(2.18) R e

and more generally,

1)+
(219) |g§)’2(p)| S Cl+1+(ﬁ71)+ (£+1) ; 2 3
withk € Zy. Herexy =z ifx >0 and x4 =0 if x < 0.

Proof. We apply Lemmas 5.2.5, 5.2.7 as well as Remark 5.2.6. We have
min{¢,2m} 1
k
(220) gy () =G | —xul0) D —aepilo) | (p). Forp>1,

i=1

where
min{p+i,l—i}

(2.21) gepilo) = > g2 (o) > T j(S;;jl,

v=max{p—i,0} i=lp—vl

We proceed by induction on £. Assume that for every ¢ < ¢, for every k € Z, and
for every 0 < p < ¢/, we have

’ (1— k. ’
oy (p)] < CF IR (¢ )OSR oo,

Let us estimate first the quantity in (2.21). We have
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min{p+i,l—i}
(222) lgepilo)) < Y O )OO AmE

v=max{p—1i,0}

2m

B o= (=) g—coo

Cp Z Clv.
Jj=lp—v|

Hence

min{¢,2m} min{p+i,l—i} 4

Wer<e, Y Y Y o
i=1

v=max{p—i,0} j=|p—v|

. ptoo
) CiV(1—1/2m) 4 2Zm=i 1
Cé—z—i—l (g i 1)@ )(1—1/2m)+ 24 / |G](ok)(p — (7)‘*0_66 0% do

min{¢,2m} min{p+i,l—i} i

i3 i . 0—i)(1—1/2m)4 2=t
< CpCq > 3 Y ojpict (6 — i 4 1)EDA-1/2m)+255

=1 v=max{p—i,0} j=|p—v|

2m—1—k +0c0

2m —1 ktl_ g ool L

. B e—cnlp 0|7€ 0% o
2m R o

Let us now use Lemma 5.2.5 as well as the fact that the indices j, v, i run over a
finite number of values.
We point out that there are two positive constants 1 < C_ < Cy such that

C_(p+1)<E, <Ci(p+1).

As a consequence Eg < CY%(p+1)?if 0 > 0, whereas Eg <Cl(p+1)? <(p+1)fif

0 < 0. Setting Cg = C; we have that Eg < C%* (p+1)?, where 6, = 6 for 6 > 0,
0+ =0 for § < 0. We note that C'r depends only on the problem data.
We then obtain

min{¢,2m} min{p+i,l—i} i

UHOIEICED SR SE D (el s

i=1 v=max{p—1,0} \J=0

2n

n—i_ : ko
2m +1 C(E27n 1)+ (p+ 1)%71

(=i 4 1))

o—cop min{¢,2m}

<o+ )t S0 Y o
p i=1

provided C' is chosen suitably large.

So far we proved the following

Proposition 2.2. There are functions ug, £ = 0,1, ..., such that

¢
(2.23) u(t, p) = ZW,p(P)%(ﬂv
p=0
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where the v, are the eigenfunctions of the operator in (5.1.1) defined in (5.1.2). go,0
is defined in (2.4) and the g, ,(p) are defined by (2.17), (2.14), (2.15) and satisfy
the estimates (2.19). Finally the function

ult,p) =Y uelt, p)
>0

is a formal solution of (2.3) in the sense that system (2.11) is verified and formally
equivalent to (2.3).
We say that  [u] is a formal solution of equation (1.3).

Next we need a lemma allowing us to estimate the derivatives with respect to ¢ of
the functions ug, £ > 0.

Lemma 2.3. For any ¢ € N, any a, B3, v, we have the estimate

m— n 1
(2.24) [t ) uy(t, p)| < CLTFAHIFL (0 4 1)4%5m +ma ol 7ev2 Bl T ?e—col”

where C, denotes a positive constant independent of ¢, o, 3, 7.

Proof. We apply Lemma 2.1 and Theorem 5.1.12 to

‘
u(t, p) = Zgé,p(/))vp(t)-
p=0

Then

L
[t°07 ue(t, )| < Y 1079e.0(p) 4707 vy (2)]

p=0
a (1= g7 )+ 2
< ch+a+ﬂ+1a!ﬁ5!§ﬂé AR (t+ 1) . ) e~ CoP
p=0 P
Then we reach the conclusion choosing C), large enough. g

3. TURNING A FORMAL SOLUTION INTO A TRUE SOLUTION

Our next task is to turn the formal solution just constructed into a true solution.
The obtained function is a solution of an equation of the form M,, ,,u = f, with f,

more regular than G,
In order to define the “approximate” solution to the problem M,, ,,u = 0, we need
another family of cutoff functions.

Lemma 3.1 ([8]). Let ¢ > 1. There exists a family of cutoff functions w; €
G°(R}), 0 <wj(x)<1,7=0,1,2,..., such that
1- w; =01if 2| <2R(+1), wj =14f |z]| > 4R(j + 1), with R an arbitrary
positive constant.
2-  There is a suitable constant C,,, independent of j, o, R, such that

(3.1) |D%w;(z)| < CloIF1R=lel if la| < 3j.

and

1o
(3.2) |D%w;(z)] < (RC,,)l*I*+! « for every a.

|z|lel”
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Let wy denote cutoff functions like those in the above lemma, with ¢ > 1 sufficiently
close to 1 and R large to be chosen later. We shall be more precise further on.
Define

(3.3) at, p) =y uelt, p)we(p)
£>0
where uy is given by Proposition 2.2. We point out that the above series is actually
a locally finite sum, so that we do not have any convergence problem.
We consider

2m

“+o00
G4y Hley) = [ e e A,
0

tp |t:pmwd/”

where 4 is given by (3.3).
Applying M, ., to JE[u](z,y), we obtain

2m
Zpiipi(tahap) Zuewf (‘Thy)
=0

£>0
Let us look at the quantity in square brackets. We have
2m
Zpiilpi(tvataap) ZuZwE ZZZ a’wa 'Pi(’Y) (t;at,ap)ufa
i=0 >0 i=0 £>0 y= 0 :

where Pi(v)denotes the differential operator whose symbol is 9YP;(t, T, 0).

We are going to consider separately the cases where the cutoff function wy takes
derivatives and those where it does not take any derivative. The above quantity
becomes

ZZ —wiPi(t, 01,0, ug+zzz — 9wy !Pi('Y)(tﬁt,Bp)ug:Al—i—Ag.

=0 l>0 1=0 £>0 vy= 1
Let us consider A; first. We have

(3.5) ZWPOUHZZ—WP (t, 01, 0,

>0 £>0 i= 1
min{¢,2m} 1
=Y wPour+ > > SwiPilt, 0, Op)ui
>0 =1 i=1 P
min{¢,2m} 1
= ng(l — Ho)’PoUg + Z Z TCUg_i(l — Ho)Pl'(t, 8t, 8p)ug_i
>1 =1 i1 P
min{¢,2m}
+ > willgPous+ Y > —wrilloPi(t, 0, 0 )ue—
>1 =1 i P
min{¢,2m} 1
= Z W@ 1 - Ho)’PoUg + Z sz*i(l - Ho)'Pi(t7 O, ap)’LLg,i
>1

min{¢,2m}

Jrzwﬂﬂopouﬂrz —we—1oP1(1-1lo)ue— 1+Z Z ﬁwe—iﬂopi(tﬁtﬁp)w—i

£>1 £>2 0>2 =2
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min{¢,2m}
1
= Z we(1 —Tlo)Poue + Z szﬂ'(l —ILo)Pi(t, Or, Op)ur—;
>1 i—1

min{¢+1,2m}
1
+ g welloPou, + ;weﬂopl(l — Ip)ue + g ElerlfiHO,Pi(ta O, Op)Upy1—i
>1 i=2

where we used the fact that Poug = 0.

We immediately see that if the functions w, are identically 1 or 0 the quantities
in brackets above are zero because of (2.11). As a consequence the quantities in
square brackets above have p—support for 2R({ +1 —2m) < p < 4R({ + 1).
Consider now As. Since 7 runs over a finite interval, the derivatives of the functions
wy are uniformly bounded and as a consequence

2m 1 1
> = we— P (t, 04,0, )ue
= !

has p-support in the interval [2R(¢ + 1),4R(¢ + 1)]. Hence

Mo (i), ) = 2| D ] (@),
e>1
where the p—support of Wy is contained in the interval [2R(¢ + 1 — 2m),4R(£ + 1)].
We now show that ¢ [@](z,y), where @ = ), W, belongs to the following class
of functions. -

Definition 3.2. Let s > 1, we denote by v*(Q2), Q open subset of R™, the set of
all o € C*(Q), for which, to every compact set K in Q and every ¢ > 0, there is
a constant C, such that, for every o € 27,

(3.6) |DYp(z)| < Cella®lel 2 c K.

The classes v* () are the (local) Beurling classes of order s and, for further reference
on the subject, we refer to [17]. We may also define the global version of the classes
7%, by using uniform constants. These classes are denoted as 7, ().

Proposition 3.3. With the above notation the function M,, ., [4](z,y) belongs

to ’ysm/(Qm_l)(RZ).

Proof. We start off by estimating the derivatives of %[Zbl zl)g] (z,y). Set sg =

27%:?1 and 7’ =r + 5. Then
(37)
B too " tos Bsq ~
|a;a§f[zw4 (z,y)] = ’/0 givp®® ' +osot sty (afw(t,p))’t_pu;g%dp‘.

>1

As we pointed out above the quantity 8{3 w(t, p) is the sum of two functions:
P w(t, p) = O f1(t, p) + AP fa(t, p), where f; contains the terms where the cutoffs
wy are not getting derived, while fo has the terms where the wy takes derivatives.

2m
1
fltp) =Y Ewﬂ’i(t, O, Op)us,

i=0 £>0
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ZZZ ame ) (t, 04,0, )u

=0 £>0 y= 1

Consider the above integral where 5‘? w has been replaced by 8? f2. We have to
estimate

+oo
[ ey aﬂzzz P40, 0y o
0

50
=0 £>0 y= 1 |t:p2(nJr1>z

1
ST [T et o Lo Ap0 G o], ap
= OZ>0'y 1 p ’Y |t:p2(n+1)I
Y tasot aln -8
<ZZZ Z (5,)/ pl Tesot sty p wa 73( (t,at,ap)af Buz(ﬂﬂ) «  dp
i=0 £>0v=18'<f |t:p2<n+1>x

Where P. W(ﬂ )(t, 0O¢,0,) denotes the differential operator whose symbol is given by
807 Py (t, T, 0).
Next we need to bound |8’6 f2|. This derivative is a sum of terms of the form
p " m—ie o
(6’ Ol |2 O g2 (2, ), G <,
modulo a constant independent of o, 8. We apply Lemma 2.3 to obtain the bound
for the above quantity

<§/> 1 |87w |C€+J B'+i+B—B +2m—i—y+1

p2m=1 | 2m—i—y ont1 @ COP

(e )R gy - )RR

Since 0 <i <2m, 1 <~y <2m —1, j <14, we may bound j by 7 and replace 3’ by
zero. We also point out that the base of each factorial in the second line above is
bounded by £+ 5 + 2m. As a consequence we get the estimate

—co
(?’) el CL P (4 5+ 2m) i M R

—co

OunlC P (4 6 4 2m) B+

<
—co 2n41

|37w |C§+B+1£€2"‘ lﬂﬁznﬂ.

pz—&-i

Now the support of 0wy is contained in the interval [2R(¢ +1),4R(£ + 1)], so that
! < ﬁ — 1. As a consequence

27n 1 1 ¢ 2?’;1 ¢ 1 ¢ 2?";1 1 1
e (m) s <2R> prim
p

This allows us to conclude that
e2'm 1

100 fa(t, p)| < Z <C4> CPH BB 3 paim e~ TR P o8 PP

£>0
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Choosing R large enough allows us to bound the sum over ¢ and absorb it into the
constant.
Going back to (3.7) where 074 has been replaced by ) fo we obtain

d

i iyp®0 ' tasot sl (o
2(n+1
/0 e p Gt (O fz(t,P))}t:p%w P

+oo
B41 pp2ntl S0 aJr% ——L_plo r s —c
<yt gl p ( 2 ,+1))e ImRPO8P T Tam TP,
2R

Since p’","’%me_c‘)” < (5, C5 independents by «, 8 and sg, and applying Lemma
5.2.9, for any € > 0, the right hand side of the above relation is bounded by

2n+1

B
CsCit gl et me (O‘ +

(ot 2 )0
2n + 2) '
With a slight change of notation we see that the above quantity is estimated by
(3.8) C e B s ghso,

since
S0 2n+1
— < .
mt2 opra S50

Consider now

+oo 50 ' basot Bsg 8
/ el pr st 3 (9] 1 (t, p) P,
0

I
’t:pa(nﬂ) ©

where f1 has been defined after (3.7). Arguin as in (3.5) we may rewrite the integral
above as

“+o0 o , Bs
/ ivp opr tasot st [atﬂ Z (wé(l — 1) Poue
0 >1
min{¢,2m} 1
+ Z 7&)@_1'(1 — Ho)Pz (t, ata ap)UZ—i>] s dp
- P |t:pz’(n70+1)m

+oo . s ’ Bso
+ / etyp OpT tasotsmyn
0

1
af Z (ngOPOug + EUJgH()'P1(1 — Ho)’U,z

>1
min{¢+1,2m}
+ Y 7we+1—iﬂopi(t73t75’p)ue+1—1) - dp.
. p _sq
=2 |t:p2("+1) T

The quantities in square brackets above have p—support for 2R({ +1 —2m) < p <
AR(£+1).

The estimate of the derivatives of order  with respect to t of the above terms
is made according to the same lines of the estimate above, since the order of p-
derivative of wy played no role in the above estimate.

Hence we get (3.8) also in this case. This ends the proof of the proposition. [
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4. PROOF OF THEOREM 1.1

For the sake of completeness and to make the paper self contained, we recall, in the
Gevrey setting, the following result due to Métivier.

Theorem 4.1 ([19]). Let P be a differential operator with analytic coefficient.
Assume that in  open neighborhood of xg € R™ there exist a continuous operator
R from L?(Q) in L?(Q) such that PR = Id. Then P is G*-hypoelliptic in xq if and
only if for any neighborhood Qo C Q of xg, there exists a neighborhood 23 € Qo of
xo and constants C' and L such that for any k € Z and any u € 2'(Qs) we have:
1) Pu € H* (Qg) = U, S Hk(Qg),’
ii) the following estimate holds
(4.1) [l < CL* (| Pulllk.0, + E*lul

where

O,Qg) 5

IPulllin, = Y k*E1D D Pullg,q,.
|al<k

We are going to use the above theorem to prove Theorem 1.1. Since the operator
My.m in (1.3), as well as its adjoint, satisfies the Hormander condition in €, open
neighborhood of the origin, both M, ,, and its adjoint are subelliptic with a loss of
2(1=1/(2n+1)) derivatives (see [18] and [21].) As a consequence there is ; € €,
neighborhood of the origin, where M,, ,,, satisfies the assumption of Theorem 4.1.

Arguing by contradiction, assume that M, ,,, is G*-hypoelliptic in a neighborhood

of the origin for s < 2731"11.

We showed before, in Proposition 3.3, that M, ,, ¢ [u] € 'ygm/(mel)(RQ); due to
estimate (4.1) and to the fact that G*'(Q3) C ¥*2(Qs) if 51 < s2 (see Lemma
5.2.10,) we have that #[i] € v*™/(2m=1(Q3), Q3 € Q, open neighborhood of the
origin.

Next we need to prove the following

Proposition 4.2. For any € > 0 there exists a Cc > 0 such that for any a € N we

have
(4.2) ()20 A [a) (0, y) || Lo () < Cee®al™,
where
_ 2m
0T o1

Let us show first that Proposition 4.2 allows us to prove Theorem 1.1.

Lemma 4.3. For any € > 0 there exists a C. > 0, B > 0, B independents of €,
such that

(4.3) # ([l (0,m)] < Coe P

Proof. Since

o i 1 2 qa m 1

VMWmm%WA@%%meMw
@ 180 —a 1

< Cee®al™|n| /R<y>2

dy < Cle®al®|n|~“.
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Focmons (M) Lo ()7,

so that, summing over a we finally obtain

|7 (A [a]) (0, m)

from which we conclude the proof of the lemma. ([

Hence

1
[n]

%G(X)% < Cé//,

We need also a bound from below of the same quantity of Lemma 4.3.

Lemma 4.4. There are constants M > 0, u € R such that for n > 4R, R large
enough, we have

(4.4) Iﬁ(%[ﬂ])(ﬂ ) = Miplteeoll™

2m 1(2TL+ 1)1/2m (SIn (2 ) —icos (%))

where cg = R(c1), ¢ =

Proof. Since

+oo 1 too r+l_q 1
Hlalow) = [ e i o= = [ e a0 ),
0 0J—-

we have that
2w r+1 1

F(A ) O.) = Tn a(0.07).

Then, using Lemma 2.3 we may write that

12 (1) 0vm)] = )5 (s (050 0) e 3 ) 0.

£>1

eo -1 (wo(n%)vo *Co|77| So ng qO 60‘77‘ ‘UE(O 77;0 )‘eco\n\ )
>1
N 1
(om0 )wo(0)e eI —em Sl Ny () O (E41) % 7 ).
>1
On the other hand, on suppwy, 77% > 2R(¢ + 1), so that the above inequality
becomes, if

r+

**\n

2w 41
> —|n| o
S0

1 e
ST

z 1 ‘ e( T 1)
—co|n| =0 § £+1 s

- 2w 41
|7 (A [a])(0,m)] > sT)M %0

>1
Since 2 W 1l= _W and taking R > C,, we have
¢
1 > . 1 C?
{55 ) chte+n)- o < O, Z( > cu< = 1)“.
= <2R = 2R 1— 54 2R-C,
Then
- 2 rtl 1 _ % 1 02
7 > 200 coln| =0 E _ o
2 (1) 0. = Tl %0 e (wo (7 )uol0) — gt



ON A GENERALIZATION OF THE METIVIER OPERATOR 19

1
+1
rso 16 Co|’fl|507

> Min

provided |77|% > 4R and R is large enough, so that v(0) — C2(2R — C,)~! > 0.
This ends the proof of the lemma. ([

Lemma 4.3 and Lemma 4.4 for n large and € small give a contradiction. Hence the

operator M,, ,, is Gevrey 2727:?1 hypoelliptic and this value is optimal.

To finish the proof we have to show that (4.2) holds, or, in other words, that

2m

A [@](0,y) belongs to the global Beurling class v4™ " (R).

Proof of Proposition 4.2. Since ' [u] € ’y?riﬁll (Q), where Q is a neighborhood of
the origin in R?, we need only to show that J#[i](0,y) € v4™ ' ({|y| > §}), for a
suitable positive §.
Actually we are going to prove (4.2) for |y| > 4.
For a € N, consider
y* 0y A 1a)(0,y).
If the factor y? is missing the argument is the same, hence we skip it.
Let us compute the above quantity:

—+00 o +00 o
y* Dy / e p"u(0, p)dp = y* / P a0, p)dp.
0 0

Now
P — 1 D vr®
ysops ot " 7
so that
9 +oo . ) +oo 0 1 B
yDS‘/O e’ pT’U(O,p)dp:y/O e’ <Dpy80pso_1) pr (0, p)dp,

where we made 3 integrations by parts using the fact that @(0, p) is rapidly vanishing
at infinity.
As for the factor y? we transform it into derivatives with respect to p, finally
obtaining

too
yQDZ/ e’ p"a(0, p)dp
0

+oo s 1 2 1 B + ~
= (Do) (Do) #0000

1 [t 1 B+2 .
- = w0 (g, ) p" (0, p)dp.
yﬁ/o ‘ < ”z’sOpSO‘l) o0, )

We use the formula

1 B+2  B+2 1
- _ h
(45) <_8p isopo1 ) a hZ:o e pso(B+2)—h 8’) ’
where
srah (B+2)! B+2+h
(4.6) V42,8 < C) T SOTTTTM (42— R

h!
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Here C’fy, C, are positive constants independent of 3, h. In particular we have

V42,842 = (%)ﬂw, and for convenience we set y99 = 1. Thus the above integral
becomes

B+2 0o 1

Z’Yﬁ+2 h/ e’ Waﬁ( TS0 q(0, p)) dp.

We use the formula
p

(@7) % () = 3 (1) e 4k,

k=0
where (A)g is the Pochhammer symbol defined by
(4.8) Npg=2A=1)---(A=p+1), (No=1, leC.
Then the above integral becomes

B+2 h

+oo
10 LS () asnsmnian [ e a0, oy,

h=0 k=0
Consider now

k
=50 0. phan(p) = 32 Y- () 25000090k ()
>0 £>0 i=0

by (3.3). The absolute value of the quantity in (4.9) for |y| > ¢ can be estimated,
applying Lemma 3.1 and Lemma 2.3, by

5 552}&:22( )( ) (r + aso)n—kl[v5+2.1]

h=0 k=0 £>0 ¢=0

+o0 j '
) /0 pr+aso+k—so(ﬂ+2)|a;u5(0,p)Ha,’;_lwf(pMdp

<5 ﬁﬁiﬂizzofﬁw h( )(Z)|(T+Oé80)h—k|(ﬁ_};2)!

h=0 k=0 £>0 =0

+oo
. (Rcw)k—i—i-l( )|Ucé+1+1(€+ 1) +2,,L / p7'+a80+i—so(B+2)—€e—copdp
2R(£+1)
Choose 8 + 2 = a. There is no problem in assuming that a > 2, since we are
interested in large values of a. Furthermore on the domain of integration we have

that
1 1
i —
p~ 2R({+1)

so that the quantity on the right hand side of the above inequality is bounded by

sma20a N SN N gk (O bl asoll
2.2 > z ﬁw< — i)

h=0 k=0 £>0 i=0

. REit1- Zm(g—i—l e 1)/ r+i(1+ﬁ)efcoﬂdp.
2R(4+1)
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The sum over ¢ > 0 yields a constant independent of «:

h k

5—a+20a+1 i Z Z C—h—&-k-‘rlg! |(’f‘ + asO)h*kl (k _ i)!o—l

] EAY
h=0 k=0 i=0 it (h=k)

) +oo )
X Rk_i+1_21 / pr-‘,—z(l-i—ﬁ)e—copdp.
0

Now

|(r +aso)n—r|  |r+aso| |[r+asg—1]...|r+asg—h+k+1]

(h—k)! (h—k)!
< (Ir] + aso)(|r| + aso— 1) ... (Jr| + asg — (h— k) + 1)
- (h — k)!
h—k
_sh—k(‘s%l—’_a) ("SLOI—FQ_%)'”(Q—FQ_%) <sh—k(%+a)
=50 (h—k)! =70 (h —k)!
otk al a7k (= (h—k))!
<G k(h—k)!_ 0 k(a—(h—k))! al (h —k)!
« ah—k o — — !
= cgk(h “ k) (o= (h— k) < C?% <cs.

Here we assumed, without loss of generality, that o > L—’;l and we also used the
estimate n! > C"n". Plugging this into the above expression we get

a h k

§oat2oett Z Z Z C_h+k+1%!!(k _ i)!a—l

h=0 k=0 i=0

. R—itl-gh pr-l—i(l-i—ﬁ)e—copdp,
0

with a different meaning of the constant involved. As a consequence the above
quantity can be further estimated as

a h k
5—a+2co¢+1 Z Z Z C—h+k+1a.7'!(k _ Z»)!U—le—H-l—ﬁMii!l—i-ﬁ.
1.

h=0 k=0 i=0
If we choose o such that o — 1 = ﬁ, we have
e} h k )
soat2oat+l Z Z Z O~k | RE—it 1= 50 AV ript T < 57a+20?+1a!1+ﬁ.
h=0 k=0 i=0

Hence for |y| > § we have that J#[@](0,y) belongs to G 1tz ({|y| > 6}) and, since

14 1 < 2m
2m  2m—1

S0,

2m
2m—1

we proved that 2 [a](0,y) belongs to v4™ ' (R) and, moreover, each derivative is

L' summable in the variable y.
[
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5. APPENDIX

In this appendix we collect some results on the eigenfunctions of the Bender and
Wang operator. We also include here some estimates we use in the preceding
sections.

5.1. On a special eigenvalue problem. In [3], Bender and Wang study the
eigenvalue problem

(=0} +*N ) u(t) = BtVu(t), N=-1,0,1,2,...,
on the interval —oco < ¢t < 400. The eigenfunction wu(t) is required to obey the

boundary conditions that u(¢) vanish exponentially rapidly as ¢ — toc0.
In this paragraph we focus on the case N =2n, n € Z,

(5.1.1) (—6,? + t2(2"+1>) u(t) = Et*™u(t).

In [3] the authors show that the even-parity eigenfunctions have the form
2nd2 $2n+2

5.1.2 H=e mr [ TVEH) (2 ) peg,

(512) on(t) = e 55 L - +

with corresponding eigenvalue
Ep=4k(n+1)+2n+1;

and the odd-parity eigenfunctions have the form

t2n+2

), kel

_2nt? 1/(2n+2))
(5.1.3) wi(t) = e~ 77 ¢ L\ o

with corresponding eigenvalue
Ep =4k(n+1)+2n+3.

L,(CO‘)(~)7 o = +1/(2n + 2), are the generalized Laguerre polynomials given by

o (1202 k (k+a £2i(n+1)
Ll(c ) = E (1) P SR TI
n+1 ~ k—1i/) (n+1)%4!

In the next Proposition we list some properties of the Laguerre polynomials that
we use in what follows:

Proposition 5.1.1. The following properties concerning the generalized Laguerre
polynomials hold:

(L-1) let k € Zy and o > —1/2 then

(5.1.4) (F+1D)Li(s) =k +1—a—s) Li(s) + (k + a)Li_(s) = 0,
and
d
(5.1.5) sng(s) = kL (s) — (k+a)Li_(s);
(L-2) let k,q € Z4 and a > —1 then
e —S [} (o3 k + «Q
(5.1.6) /0 e *s“Ly(s)Lg(s)ds =T'(a+ 1)( k )6;67[1,

where 0y, q s the Kronecker symbol;
(L-3) due to the Theorem 6.23, [22], if « > —1 and k € Z4 then LY(s) has k
positive zeros.
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Remark 5.1.2. Due to the property (L-3), Proposition 5.1.1, we have that vy(t),
(5.1.2), has 2k zeros each one of multiplicity 2n + 2 and wy(t), (5.1.8), has 2k + 1
zeros, 2k of them with multiplicity 2n + 2, 0 is a zero.
From the property (L-2), Proposition 5.1.1, we obtain

(5.1.7) IIt%k(t)II(%:;( : )Mr(l‘o‘)(k;a)

n+1
and
1/ 1 \7e k+a
1. " o= (1
(5.18) el =3 (1) rara (")

where a = (2n +2)71.

Moreover we have (t" v, t"vy) = 0 and (t"wy, t"wy,) = 0 for any k,m € Zy with
k # m. From now on we shall consider the eigenfunctions, vi, wg, as normalized
with respect the norms in (5.1.7), (5.1.8).

The next lemma gives us a three terms recurrence relation for some derivative of
the eigenfunctions. This relation is crucial for our computation of the asymptotic
solution.

Lemma 5.1.3. The following recurrence relation holds

(5.1.9)
d
tavk(t) =(n+1) <(k + Dvgp1(t)— 1+ @)op(t)— (K + Oé)Uk_l(t))7 k=1,
and
d
(5.1.10) tgvo(t) =n+1) (vi(t) — (1 + @)ve(t)),
where o = fﬁ. More in general for every i,k € Z, we have
a\ i .y k+i .y
(5.1.11) (tdt> ve(t) = > w0 = > 8.
Jj=—1 j=max{k—1,0}
where:
(i) (51” = (n+1) (kﬁ)!, and, more generally,
(i) |5§’i < Ci%, j=—i,...,1, where C is a suitable positive constant.

In the first sum in (5.1.11) we used the convention that v(t) is identically zero if £
18 negative.

Proof. Taking advantage of the relations (5.1.4) and (5.1.5) in (L-1), Proposition
5.1.1, it easy to obtain the recurrence relation (5.1.9) and (5.1.10).
Setting 5;“ =(n+ 1)%5;“ a direct computation allows us to obtain recursively the
coefficients in the sum (5.1.11):
o 0 = (k+4)or' Y
o O = (k+i— 1505 — (14+ )50
ki N\ Fhyi—1 Shyi—1 . Ski—1 . . .
. (ﬁj = (k+7)d;"1 f(lJEa)dj *(k+j~+.1+ot)5j+1 y ] = =42, ,1—2;
o 8= (k+a—i+2)85 0, — (14 )b
o M= (k+a—i+1)d"
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where &) "', ¢ € {i —1,—i + 1}, are the coefficients of (n + 1)+ (tjt)F1 v ().

From the above relations and arguing by induction we obtain Sk = (k'H)', |§ 1| <
i(1+a) B SR Z [T (k+a—€) and |65 < VD! G = i1, 02,
where C' is a suitable positive constant. ([

Remark 5.1.4. From the above Lemma and taking advantage of relation (5.1.7),
Remark 5.1.2, we can describe the action of the operators P;(td:), (5.2.3), on the
even-parity eigenfunctions. We have

(1) forp<i

(5.1.12) Pi(tor)vp(t) = > Z . 577 | v (t);
=0 \j=ppl
(2) forp>i
p+i

(5.1.13) Pi(t0)vy(t) = Y Zﬁ](gm v (8).

v=p—i \j=|v—p|

Next we show that the eigenfunctions vg(t) belong to the Gel’fand-Shilov space

S(2n+1 /(2n+2)
1/(2n+2)

eigenfunctions wy(t).

(R); the same approach can be used in the case of the odd-parity

Definition 5.1.5. Let a and B be real positive numbers. By Sg‘ (R) we denote the
set of infinitely differentiable functions f(t), in R, satisfying the inequality

(5.1.14) [tF (1) < CAF BIEkgP
where the positive constants C', A and B depend only on f(t).

Fore more details on the subject we refer to [14].
In order to prove the following proposition we follow the ideas of Gundersen, [16],
and of Titchmarsh, [23].

Proposition 5.1.6. There exists a positive constant Cy, such that the following
estimates hold

(5.1.15) lvg(t)]|oo < CoE 2+4"+4 and  ||wg(t)|leo < CoFE 2+4”*4.

Proof. We set Qi (t) = t* (t*"*2 — E},). Even though Q is not a polynomial of
the form considered in [16], [23], we observe that it differs from a polynomial of
that form by the factor t2". Hence if we work on the complement of a small interval
centered at the origin, we may argue along the same lines of [16], [23], Sections 5.4
and 8.4.1.

In what follows we work for ¢t > 0. A symmetric argument holds for ¢ < 0.

Set Ty = Ep/ ") g0 that Qi (Tx) = 0 and Qx(t) # 0 if t > Tj.

Since v (t) and v}/ (t) have the same sign for ¢t > T}, all the zeros of v (t) are in the
interval (0, Tk).

Let t1 be a zero of vy (t), so that v}/ (t1) = 0, and let ¢2 > ¢; be the next critical point
of vg(t). To be definite we assume that t5 is a maximum, the case of a minimum
being treated in the same way.
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Let s be a point in the interval [t1, ¢2]. Since v} (t) = —Qx(t)vk(t) we have

to ta  pt2
/ vy(s) ds / / 2" (By, — t2"12) o (t) dt ds
tl tl S
ta
/ / 20, (1) dt ds gEk|Tk|"/ (2 — )2 "0 (0)]| L2y d
t1 S
2

t1
14-n A
< 2B ()t < TR
Same argument if {5 is a minimum. As a consequence the first of the estimates in
(5.1.15) follows from the fact that both vy, is rapidly decreasing at infinity.

The same argument gives the second estimate in (5.1.15). g

vk (t2)| =

< Ej

Proposition 5.1.6 allows us to estimate how the L> norm of v; depends on k.
Corollary 5.1.7. There is a positive constant, C,,, such that
(5.1.16) [vklloo < Colk + 1)5Fmm,

Proposition 5.1.8. There ezists a positive constant Cy, such that the following
estimates hold

7__1 71
(5.1.17) loh(®)lloe < CLE ™ and  [luh(®)]lec < CLEE T

Proof. Let to be such that |tg| < T} and let ¢; denote the closest critical point for
to
/ §°" (s*" 2 — Ey) vi(s) ds

vg(t). Then
to
k(1)) < / ol (s) ds
t1 t1

< BT orlloolto — tr] < Bx T+ |vk]|oo-

On the other hand, since |vg(t)] — 0 and |v},(t)] — 0 for ¢t — +oo we obtain the
first of the estimates in (5.1.17).
Same argument for the second estimate in (5.1.17). O

Proposition 5.1.9. The following estimate holds

(5.1.18) lv(t)] < ClHLe=BE
where
1 _ 52n+1
2n + 2

where 6 < 1/2 and Cy is a suitable constant independent of k.

Proof. Let to be such that Qg (to) and v (to) are both positive. (In the odd-parity
case, wg(t), we have to consider |wg(to)| since for tg¢ < —Tk, Qr(to) > 0 and
U)k(to) < 0)

We assume that o > Ti. We have that for ¢ > ty, Qx(t) > 0, vg(¢t) > 0 and
v, (t) < 0, vi(t) — 0 as t — +oo (in the odd parity case wy(t) < 0 and w},(t) > 0
as t — —o0.) We have

—vp, () (1) = Qr(t)vr (1) (—vi () = Qu(to)vr(t)(—vy(t))-
We have

t1 /
| ot =
to

to to to



26 G. CHINNI

‘We obtain

) ) g [_

<vk<;1>>2 . <vk(;o>)2] |

Taking t; — +o00, since both v (t1) — 0 and v}, (t1) — 0, we have

, 2
(04 (t0))* > Qulto) (vx(to))? or equivalently (—:gi) > Qulto).

Without loss of generality we replace tg by t, t > T}. Integrating both side on the
interval (to,t) we have

-/ Y(8) s — log uy(to) — logui(t) > [ @us*” s

0 'Uk-(s) to

We obtain
_ [t /
Uk(t) < ’Uk(to)e fto(Qk(s))1 2d8.

2
In the region s > Ei/(2"+2) = T}, we have (32"“ — E;/Qs") < gint2 _ pg?n,

We set Zy = 5_2E,1/(2n+2)(2 Tk), § < 1/2. Taking ¢ty = Zy in the above formula
we have

_ [t )1/ _ [t o(g2ntl_pl/2ony g
v (t) < we(Zo)e on(Q’“(‘))lzdsgvk(Zo)e fzo(‘z BT ds

< o (Zo)e T ~B P~ SRR _ o g0)em e BY S
Let B = %, we have
u(t) < C(Z0)e B for t > Z,
We remark that
O(2Z0) = vy(Zo)e 55 B P < oy oed ™" it
On the other side if ¢ € [0, Zy] we have
vk () < flogllooe™ " P,
Hence we have obtained the estimate
|’Uk(t)| < C(l)chle—BtZ("H).
where Cy, B are suitable positive constants independent of k. [

Proposition 5.1.10. The following estimate holds
/t2n+2

(5.1.19) v (t)| < C1CEe™ 8 ,

where 0 < B’ < B, B, Cy are given in Proposition 5.1.9 and C1 suitable independent
of k and such that C1 = 0((B — B')7?).

Proof. Let t > Ty. By the Mean-Value Theorem we have
lor(t+1) — v (t)] = [vp.(t1)],  t<ti <t+1.
Since both |vy,(t)| and |vk(t)| tend to zero as t — oo, we have

o (t + DI < Jor(t)] < Jor(®)] + [or(t + 1] < 2Jvk(2)]-
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Arguing as above we have

R (t+ 1) = v ()] = [ (t)] = 13" (B — 5" Pun(t2)],  t<ta <t+ 1

For ¢ > T}, we obtain
o ()] < [oi (¢ + D] + [13™(Ey, — 13" "2 )ve(t2)]
< |og(t)] (2 4 2 (Bt ) 4 1)) < 2v ()] (1 + ¢*"2).
We apply the result in Proposition 5.1.9:
|’U;€(t)| S 2 (1 + t4n+2) C§+16_Bt2n+2_
Then we may conclude that
B/t2n+2

o (B)] < CLCge” ,
where 0 < B’ < B and C; = 0((B — B’)~2). This proves the assertion.

27

O

We consider vg(2), z € C, which is the entire continuation of vy (t). We are inter-
ested to the order of v, (z). We recall that an entire function f(z) is of finite order

if there exist C, a > 0 such that
FEl <, vz
We have

Proposition 5.1.11. vi(z) has order 2n + 2, is of finite type, and the following

estimate holds

(5.1.20) luk(2)] < CFFlecrl?

|2n+2

for some ¢, and C positive, independent of k.
Proof. We st fo(2) = fo = v(0) and
f) = 1)+ [ QOG- 0d =120,
We have
A =fola)|=| [ QOAOE - g

Qu(2)l2?
2 i

<S5

/0 Qul0) (vr(0) + Ul (0)) (= — O)d=

where S = |v3(0)| = |fo| and Qx(2) = |2|** (|2[*"*2 + E}). Using the above

estimate at the step two we have

2(2)l*
o

o) — Fa(2) = / Tk (O — fol0) (= — odc] <59

By induction argument we obtain

Q“(=)|=**

|fe(z) = fec1(2)] < S @O

Ve > 2.
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Due to the above estimate we have that the series )~ (fi(2) — fe—1(2)) converges
uniformly on compact sets and the term by term differentiation is permitted. Hence
we may take a term by term second derivative of it. We consider the function

F(2) = fol2) + Y (fo(2) = fe-r(2)) -
=1

We have that
f(2) = Qr(2) f(2).

f(z) satisfies our equation with the same initial conditions at z = 0 as vg(z), so
that

Uk (2) + ) (fel2) = fee1(2)) .

£=1

If |z > cEl/(2n+2) we have
on+2)2¢ N
lop(2)] < S <1 + Z |Z| ) ) = Scosh(c;|z[*"1?) < Cecr 2"

where ¢; > 1+ 0*2(”“) and C > 0 does not depend on k.
On the other side since vg(z) is a holomorphic function in the bounded domain

\z| < CEI/(2n+2)7 its absolute value attains its maximum at some points on the
boundary of the disc |z| < CE;/(Q”-F?):

lug(2)| < Ce2Br < CF L,
We conclude that

‘2n+2

o (2)] < Oy +tecrl?

where Cy is a suitable positive constant independent of k. This shows that the
order of vi(z) is less or equal than 2n + 2; on the other hand Proposition 5.1.9
shows that the order is greater or equal than 2n + 2. (I

Due to the Propositions 5.1.9 and 5.1.11 and by the Remark at page 220 of [14] we
have

Theorem 5.1.12. For any k the function v(t) belongs to the Gel’fand-Shilov space

1
Sani?(R) and moreover satisfies the estimates
2n+2

(5-1.21) 20 vy ()] < ClF+P ol g,

Proof. The proof is contained in [14] and we sketch it here for convenience.

By estimates (5.1.18), (5.1.20) we may apply Theorem 1 of [14], p. 213, and con-
clude that on a domain of the complex plane of the form |s| < K;(1+ |¢]), K7 a
suitable positive constant independent of k, we have

(5.1.22) og(t + is)| < ChH1e= BT

where C3 = max{C,Cy} and B’ differs as little as desired from B.
Applying Theorem 2 of [14], p. 216, because of the above estimate, we obtain that

2n+2

(5123) |Uk(t + ZS)| < CkJrl —B'#23"t2 ey ,

for any ¢t +is = z € C. Here c3 is a constant depending on B’, ¢; and Kj.
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Finally we apply Theorem 3 of [14], p. 219, and obtain that

2ntl _ pry2nt2

(5.1.24) 07 vk (t)] < C3T B g e :

where B” differs as little as desired from B’ and B is a positive constant independent
of k.
This concludes the proof of the theorem. ([l

5.2. Technical Lemmas. The following paragraph is devoted to list several tech-
nical results used in the first two Sections.

Lemma 5.2.1. Let 0 be a positive real number. Then for every positive integer p
the following identity holds
P

(5-2.1) [P0 (1= 0+ pd,)]" = p= > (=0)'"bpe (1= 0+ pd,)" ",
=1

where the constants by, ¢ satisfy the estimate
bpe <27 H(p—1)"
In particular bp1 =1, bpo =plp—1)/2, by, = (p — 1)L
Proof. By induction we have that the coefficients b, satisfy the recurrence re-
lations: by1 = 1, bpp = bp_1p—1(p — 1) and by = bp—10 + (p — 1)bp—1.0-1,

¢ =3,...,p— 1, where b,_1, are the coefficients of (AB)?~!. By induction we
have the estimate. U

Lemma 5.2.2. Let v be a positive integer number. Then the following identity
holds

1%
(p0p)" = dyip T
1=1

where the constants d,; satisfy the estimate
dyi <2V (v +1—1i)"
In particular dy1 =1=d,,, dyo=v(v—1)/2 and d,;, i =3,...,v—1.
Proof. By induction we have that the coefficients d,, ; satisfy the recurrence rela-
tions: dy1 =1=d,,, dpo=v(v—1)/2and d,; =dy_1,+ v +1—9)dy_1,-1,

i=3,...,v—1, where d,_ ; are the coeflicients of (pap)”_l. By induction we have
the estimate. O

Lemma 5.2.3. Let 0, f, q and v real number, 6 > 0. Then for every integer p the
following identity holds

(5.2.2)

[p7% (1 =0+ p0,)]" p[t ult. p)],_ = p"%

le=p7a

p
1> " pTt Pi(t0) 08 ult, p)]
1=0

|t:p'7:t

1
= pa=op [tf (85 +£ (p;(l —0)+a+f+ 7t8t> %

+> pi%(tat)agi> ult, p)]

=2

‘t:p'ym

)
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where
(5.2.3) P (tdy) Z oy (td,)’
The coefficients 71 =2,...,p— 1, are given by
p +v— :u —v v—j
(5.2.4) JE:}: =)o }”( 0)“ " (1=0+q+7f)" " bpp—vt1dp—puimpt 1,
v=g r=v”
and
ey
(5.2.5) o ZUX_;(].)( )" 71 =0 +a+7f)" by p-vir-

The constants by ,—y+1 and dp—,, ;— 41 are the same of the previous Lemmas.
Proof. We have
(1= 04 pd,) p? [t ult, p)] locpra p? (1 =0+ q+ pd,) [t u(t, p)]
=p? [t/ (1= 04 q+vf + 710 + pd,) u(t, p)]

Applying the Lemma 5.2.1 we can rewrite the left hand side of (5.2.2) in the fol-
lowing form

(5.2.6)

_gpz 0) " by (1 — 0+ p0,)" " p7 [t u(t, p)]

le=p7a

lt=pra

lt=p7 2

pl=or tfz 0)' " b,0 (1 — 0+ q+~f + 7t + pd,)" T ult, p)
lt=p7a

We observe that if Q1 and Q2 be two operators such that [Q1, Q2] = 0 for every
positive integer v we have

(Qi+Qu)" = ; (Z)Qi

Taking advantage from the above formula and from the Lemma 5.2.2 we obtain
(5.2.2) from (5.2.6). O

Lemma 5.2.4. Let Oy be the ordinary differential equation of order 2m, m € Z,
given by

(5.2.7) o= (L 2m+ 2mi 2mE
o = \dp 2m — 1 ks

where B = 4k(n + 1) + 2n + 1 is the eigenvalue of the eigenfunction vi(t), (see
(5.1.2).) We shall use the following fundamental solution of Oy

[m—l

1 . .
5.2.8 G = (12 —(2m-1) 2—[51110j] —ck sin 0 |p| o 9. 0.
( ) Gr(p) = (ick) - jéo e sin (cx|p| cos 0 + 6;),

where ¢, = 2m(2m — 1)’1E,1/2m, 0 = 5-(1+24), j =0,1,....,2m — 1 and
[z] = max{n € Z; | n < z}, x > 0. We point out that when m is odd the
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summand in (5.2.8) corresponding to j = ™=t isecIPl and [sin ;] = 0 if j < =L,

[sin6;] = 1 when j = =1,
Moreover we have
(5.2.9) 1Gr(p)| < c}:@mfl)e—% sin(r/2m)|p|

Moreover for every £, 0 < ¢ < 2m — 1, we have
(5.2.10)

m;l]

ome1—n 1 0 e <ing. .
G (p) = imm =D Brmtm0 = N g=linilemensindslel cos (e || cos O + (¢ +1)6;) sign(p),
m

=0
if £ is odd and
(5.2.11)
1 (752 _
G (p) = i Bm Ve Cr1=0 N emensin®ilel sin (¢ p| cos 0 + (€ +1)8;),
m
j=0
if £ is even.

Proof. Using e.g. the residue theorem we have that
L[ e (D™
G = — ngid .
k:(p) o /Re O.Qm + sz g
If p > 0 we have

m—1 1

. —(2m— . i“‘igj
Gulp) = (iew) "V i Y e

If p <0 we have

2m—1
o . \—(2m—1) . 1 icpetfi
Gk(p) - (ch) ? Z m 61(27”—1)97‘ F L.
j=m
Since 0y, = 0 + 7 for 0 < £ < m — 1, we deduce that
m—1 1 "
— (in—(2m=1) ke pl
(5.2.12) Gr(p) = (ick) i Z S © cxe'|p|

j=0
Further we have that e!?m=1% = _e= for every j, 0 < j < 2m — 1, and
Opm—1—¢ = m— 0. Plugging this into the expression of G we, if m is even, can sum
the j-th summand and the (m — 1 — j)-th summand obtaining that
_ ot ez‘ckei%|p| _ pifm—1—; 6ic,€e“’m—1—j|p|
— _ei eickemj ol e*i‘)je*icke_wj lpl
_ _ei9j+i0k cos 0 |p|e—ck sin 0 |p| + e—iGj—ick cos 0; e~ Ck sin 0| p|

— _9jeCk sin 6;|p| (

sin 6 cos (¢ cos 0 |o]) + cos b sin (. cos 0 |o]))

= —2je~ 5 0lPlsin (¢4 cos 0] p| + 6;) .
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Plugging this into (5.2.12) and taking into account that the number of summands
is even, we obtain

-1

of3

—cp sin 65| p|

Grl(p) = (icy)~ ™Y e sin (¢, cosb|p| +0;),

1

m =
which is (5.2.8) for m even.

Consider now the case of m odd. The number of summands in (5.2.12) is odd, so
that we may proceed as above for all but one summand, obtained when j = %
Now for this value of j, 0; = 7, which implies that the corresponding summand is

written as

2m
which gives (5.2.8). Deriving (5.2.9) is straightforward.
Let us now turn to the derivatives of GG;, when m is odd. We have

—(2m-1) 1
e

(5]

—Gr(p) = (ick)*@m*l)% ]io 9~ lsinb;lg=cxsinbslel [ sin 0, sin (cx|p| cos 6, + 6;)
+ci, cos 6 cos (cx|p| cos 0; + 0;)] sign(p)

_ —(2m-1),—(2m-2) 1 & —[sin 6] ,—cx sin 6;p| .

=1 Ck - jz::() 2 ile 1Pl cos (cx|p| cos 8 + 26,) sign(p),

which is (5.2.10) when ¢ = 1. Again

m

—1

71
Z 2—[sin ej]e_Ck sin 0 |p| [_ck sin 6]' CcoS (Ck|p| cos 9]. + 29])
=0

[

_ —(em-1),—(2m-2) 1
dprGk(/}) =i e, m

—c, cos 0 sin (¢ |p| cos 0; + 26,)]

1 == .
+ f(2m*1)c;(2m_2)— Z 9~ [sinbslg=ersinbilel cog (¢ p| cos 6; +26,)26(p)

m
7=0

m—l]

Ctameg 1 S . :
c—(2m— 2m—3 —[sin6;] ,—ck sin 6 :
— 3)ck( )E Z 9lsinb;lg=ensinbilel sin (¢4 |p| cos 6, + 36;)
7=0
m—1
o =
i @M BmmR) 2N 9= bin 0] o5 (20, (p).

m
Jj=0

The last sum in the above formula gives zero:

(751 '
Z 2715 05] o5 (20;) = 0.
j=0

In fact we have—we recall that m is odd and that fm_1 = Z (142l =2

m—1 m—3

2 . 2 1
—[sin 0; ) — . _
Z ol Icos (29]) = JZ:O cos (QHJ) + 5 COS(QemT—l)

(=)

<.
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m

=3 . _m—1
1 s 2 27 1 - 1 —e“T m
=——4+R|e'm Yl | = — 4+ R et — —
5 + e ;:0 e 3 + ( 1 ox >

2
— et

2

= +R

2 —2isin =
m

=0.

T T
i el

1 14 e im 1 1+ cosE —isin ™
+ R ——— m m
e

This proves (5.2.11) for £ = 2. For £ odd we see that the ¢-th derivative is a multiple
of sign(p) and (5.2.10) can be derived with an argument completely analogous to
the above. Assume that £ is even. Then the ¢-th derivative is the sum of a term of
the form (5.2.11) and a multiple of the distribution . The latter contains the sum

m—=1
2

Z 27Bm O3] cos (£6;) .
j=0

This is zero since arguing as above we isolate the summand corresponding to j =
i

mT_l obtaining the value (,;)2

the same argument as above.

This proves (5.2.11) and (5.2.10) when m is odd.

Assume m even. Then the factor 271 %] = 1. Again, arguing as above, we find

that the distribution § has a factor containing the sum

. The remaining sum then gives the opposite using

m_y

Z cos (£6;) = 0.
j=0

This completes the proof of the lemma.
O

Lemma 5.2.5. Let a and b be two positive constants such that a > b. Then there
is a positive constant Cy such that for every R > Co(j + 1), j € Z4, the following
inequality holds

ooy 1 2 —bp
(5.2.13) / —ealpmTI=br g < ( + ) < .
r T a a—b) p

Proof. We write the right hand side of (5.2.13) as
P 1 oo 1

/ edTW et dr 4 / e 0T _ =t dr = (1) 4 (II).
R TJ P TJ

Since p < 7 then p~! > 771 and 7" < e~ we have

—bp +oo —bp +oo —bp
(11 < & / e =gy = £ / e~tds =S
, apl Jy ap?

p]

Let us estimate of term (I). We take 777 = ¢71°67 and we consider the function
f(r)=2"Yar —br) —jlogT. Since fM (1) =27 (a—b) —jr~ !, f(7) is decreasing
function for 7 < 2(a — b)~!j and increasing function for 7 > 2(a — b)~!j. Since
et F(1) < ef(1) < esuP f(7) taking R > 2(a—b)~'j so that f(7) is increasing function
in the region [R, p] we have that sup f(7) = f(p). We have

1 (-
ef(T) S 7‘6( gb)P.

pJ
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For R > 2(a — b)~'j we have

1 _(a+v) P a—b 1 _(a+p) P a—b
(I)<—e 27 [ e 7 Tdr < —e 2 Pl e 2 Tdr
0

P R p
= Le_(a;b)p 2 (e “e 1) < —ebr,
p’ a—>b “a—bpl
Summing up we obtain (5.2.13). O

Remark 5.2.6. Setting a = ¢ sin(n/2m) = 2m(2m — 1)*1E;/2m sin(w/2m) and
b = ¢osin(n/2m) = 2m(2m — 1)’1E3/2m(sin7r/2m), E, =4k(n+1)+2n+1,
k € Z,, in the above Lemma we have

r T = (k+1)Y/2mpi
for R > Cy(j +1). Here C denotes a suitable constant depending only on m; Cy
can be chosen greater than two and independent of j and k.

teoy , : C .
—Cf SIn(7 m)|p—T|—Co SI1n(m m)T < —Cp SIn(7m m)p
(5.2.14) / e (m/2m)|p—7| (m/2m)7 1. e (/2m)p

Lemma 5.2.7. Let Go(p) be the fundamental solution of ©g used in Lemma 5.2.4.
Then there is a positive constant Cy greater than two such that for every R >
Co(j+1), j€Zy, we have

400 onl e—c(,)\gp
5.2.15 G — - TN Tdr — hy — hp <Ci———,
( ) . olp—7) ye 7 —ho(p) 1(/))’ S Y
where Cy is a positive constant independent by j, co = 2m(2m — 1)_1Eé/2m and

(2m—1) 1 i(coXop+6o) e bV 1
_ - —4m— (CoAopP 0 1Co T
ho(P) = (ZCO) Qime /R € ° 7-j+1d7-a

1 . too 1
hm—1(p) = (ico)f(mel)72imez(co)‘m*1p+0’"*1) /R ew“)‘m—lTT._H dr,

with \g = Xy +iXg = cos O +isinby, Oy = 50—, A1 = Ap, 1 +iA;, 1 = 08Oy 1+
w(2m—1)

isin&m_l, Gm_l = om

Proof. We recall that
1 (=5 4 4
Golp) = (ico)~®m=D = Z 9~ bin Okl g=cosinOklel i (¢|p| cos Oy + Or) .
k=0
We have

+o0o
1 —co\ T . —(2m—1) 1
(5.2.16) /R Golp—1) —71° 02T dr = (ico) -

[anl

2 +oo

% Z 27[Sil’l 0] / e ¢o sin O |p—7| sin (CO|P — 7‘| CcOS Qk + ek)
k=0 R

e~ 0N T 7,

]

We begin to handle the term k = 0. Since

—cp sin 6

e Il sin (¢q cos o] p| + 0o)

— g—cosinbolp] (

1

_ = 6i00+i50 Coseg|p|67c0 sinfo|p|
2

sin g cos (co cos By |p|) + cos By sin (co cos By pl))

671007250 cos O e—cosin Go\p\)



ON A GENERALIZATION OF THE METIVIER OPERATOR 35

. . _ifg . . —ifg
o (ezeoezc()e lpl _ =00 o—icoe Ipl)
)

= 27 (ei90 eic()ei@glp‘ n ei9m—1eic()e"9mf1 ‘,D‘)
1

— (eieoeicokow + eiem—le’ico)\mfllpl,) )
21
we have

+oo
. 1"
/ e—cosinbolp—7| (c0|p — T‘ cos Oy + 90) ya e~ CONT I
T

R
. +oo . 1 " . . "
6190 ezco)\0|p—7'\ 4 e—CO)\OTdT + elgm,l ezcokm,1|p—7| . e—COAOTdT
R J+l R 7'J+1

1
24
170 r 1 " too 1 "
_ 6190 ezco)\o(pf‘r) efco)\ord,r+ ezco/\o(rfp) efco)\o‘rd,r
2i R i+l o (EAR
eCOAgTdT)]

i0 P icon 1 A T eon
Fettm—1 eicorm-1(p—7) _—_ ,—co oTdr + eicorm—1(T—p)
R Tt p Tt

. ! . ’ - ’
1 ) +oo 67200)\07 +oo 67200)\07 +oo ezco)\oT B .
ei(corop+o) —dr + —dr + — e 20N dr
o i+l o i+l

21 R Tj+1

(cor +o ) “+o0 efiCO)‘;n—lT “+o0 671’00)\:“717'
1(CoAm—1p+0m—1 d - d
e - T - T
+ L 7—.7"1‘1 +L 7—]"1‘1

400 _ico\. T
e m—1 7
—2coAg T

/p i+l ¢ r ]|

where we used that A}, _; = —\j and X/ _; = \{. We obtain that

_ 7"
e~ T dr

+
(ico)f(mel)l OO6760 sinbole=l sin (¢o|p — 7| cos B + o)
m R Tj+1

= ho(p) + hin—1(p)
+oo efico)\o-rdT N /+oo eim)\or 67200/\6'Td7_
P

1 .
. —(2m—-1) _~ i(corop+0o) e
+ (ZCO) € /p i+l I+l

2im
(cor +o ) +oo e*ico)\;n_l‘r +oo 62’50)\;”_17' S
(COAM—1p m—1 —4Co T
+e /p e dr +/p i e oTdr
= ho(p) + hm—1(p) + (I)

The absolute value of (I) can be estimated by
, efco)\gp

Py
where C’ is a positive constant independent by j
Concerning the other terms in sum (5.2.16),
e NTdr, k=2,...,] 5

+oo -
/ e~ oS OP=Tl gin (¢o|p — 7| cos Oy + O1) porm)

R
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we can apply the Lemma 5.2.5. Since sin ), > sinfy = \{ the absolute value of the
above quantity can be bonded by

“+o0 1 _COA()IP
. 17
e~ Co sin Ok | p—| ' e—c(,)\o‘rdT < o ' 7
R 7J+1 pJ+1

where C” is a positive constant independent by j.
Putting the above considerations together we obtain the (5.2.15). (]

Remark 5.2.8. The functions ho(p) and hy,—1(p) are both solutions of the problem
©oh = 0.

Lemma 5.2.9. Let a, s be two positive real numbers and j € Z4. Then for every
€ > 0 there exist a positive constant C,, independent of j, such that

(5.2.17) / e~ wPlogr psig, < Clel jI.
0
Proof. We have
—+oo —+oo
/ e*aplogpijdp:/ e*aplongrcpPSJ’e*(cfl)pe*pdp’
0 0

where c is a positive real number such that s(27'¢)™V/* +1 > ¢ > se7 /5 + 1. We
have

577
sup pe=(e=Dr = K 5 ) } e I5§5T < gl IS,
o c—1

On the other hand f(p) = —aplog p + cp take its maximum in py = e(c=*/%, We
have that ef(P0) < exp(ae(*(2e"/") " —a+1)a™") = C Setting C = C. we have the
assertion. (]

Lemma 5.2.10. Let s1 and so two positive real number such that s; < so then
G*1(Q2) C v*2 ().

Proof. We have that AC!®l|a|*ll = ACIl|a|(s1=s2)lal|q 5212l We want to see that
Clelja)si=s2llel < g elel ve > 0.

We observe that since so > s than Clol|a|(s1=52)lel — 0 for |a| — 4o0.
We take the logarithm of both side of above inequality

|| log (g) — (52 — s1) log |a| < logC..

Consider the function f(t) = tlog(C/e)—(s2—s1)tlogt in (1, +00). We have f'(t) =
0 for tg = e~ 1(C/e)Y/(52=51), Setting C. = exp(f(tp)) we have the assertion. [
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