Quantum Machine Intelligence (2025) 7:100
https://doi.org/10.1007/s42484-025-00323-y

RESEARCH ARTICLE l‘)

Check for
updates

A weighted quantum ensemble of homogeneous quantum classifiers

Emiliano Tolotti' - Enrico Blanzieri' - Davide Pastorello?3

Received: 16 June 2025 / Accepted: 10 October 2025
© The Author(s) 2025

Abstract

Ensemble methods in machine learning aim to improve prediction accuracy by combining multiple models. This is achieved by
ensuring diversity among predictors to capture different data aspects. Homogeneous ensembles use identical models, achieving
diversity through different data subsets, and weighted-average ensembles assign higher influence to more accurate models
through a weight learning procedure. We propose a method to achieve a weighted homogeneous quantum ensemble using
quantum classifiers with indexing registers for data encoding. This approach leverages instance-based quantum classifiers,
enabling feature and training point subsampling through superposition and controlled unitaries, and allowing for a quantum-
parallel execution of diverse internal classifiers with different data compositions in superposition. The method integrates a
learning process involving circuit execution and classical weight optimization, for a trained ensemble execution with weights
encoded in the circuit at test-time. Empirical evaluation demonstrate the effectiveness of the proposed method, offering
insights into its performance.

Keywords Quantum computing - Quantum machine learning - Ensemble methods - Quantum classifiers - Binary classification

1 Introduction

Ensemble methods are well-known in machine learning and
they aim to enhance prediction accuracy by combining the
outputs of multiple models (Polikar 2006). One important
principle of ensemble methods is to ensure diversity among
the predictors, allowing each of them to capture different
aspects of the data. As a result, the combined models provide
a more comprehensive understanding and better prediction
capability. In the context of homogeneous ensembles, where
the internal models are of the same kind, diversity can be
introduced by using different sets of data for each classifier.
The main methods include bagging (Breiman 1996), which
considers subsets of training points sampled with replace-
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ment, and attribute bagging (random subspaces) that uses
random subsets of features (Ho 1998). Weighted-average
ensembles are a subclass of ensemble methods where certain
models are considered to be more accurate than others. These
superior models receive higher weights through a weight
learning procedure, giving them greater influence on the
final prediction. They can be considered as stacking ensem-
bles (Wolpert 1992), where the stacked classifier performs
the weighted aggregation. By combining the predictions of
individual models with varying weights, weighted-average
ensembles leverage the strengths of each model to achieve
superior performance.

The advantages of ensemble methods in the quantum
setting have been presented in multiple works, where the
proposed quantum-classical hybrid schemes show improve-
ments in prediction performance (Zhang and Wang 2023;
Qin et al. 2022; Incudini et al. 2023; West et al. 2023;
Tolotti et al. 2024). The idea of quantum ensembles has
been introduced in Schuld and Petruccione (2018); Abbas
et al. (2020), where the authors propose a Bayesian Model
Averaging method with non-trained classifiers weighted by
accuracy. The authors in Macaluso et al. (2022, 2024) pro-
pose an ensemble strategy with the introduction of diversity
by action of a controlled unitary execution acting on the data
register. However, their approach involves a single exam-
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ple with qubit encoding, where individual data instances are
encoded in different qubits, and the introduction of diver-
sity by unitary application is performed entangling different
training observations for each control state.

In contrast, we propose a method to achieve a weighted
homogeneous quantum ensemble that employs a more effi-
cient data encoding strategy based on instance-based quan-
tum classifiers that rely on an indexing register, such as the
quantum distance classifier (Schuld et al. 2017), the quantum
cosine classifier (Pastorello and Blanzieri 2021), and a clas-
sification routine based on the SWAP test (Buhrman et al.
2001). These classifiers consider training instance vectors
in superposition, requiring a different mechanism for intro-
ducing diversity. Additionally, rather than relying solely on
diverse classifiers, which require independence to be advan-
tageous, we propose a weighted aggregation of the internal
models to increase accuracy.

Building on this, our method introduces diversity by allow-
ing subsampling of both features and training points for these
instance-based quantum classifiers. This is achieved through
permutation of indexes and post-measurement state selec-
tion. By exploiting superposition and an additional control
register that determines the size of the ensemble, the method
enables quantum-parallel execution of internal classifiers.
To facilitate effective weighting, our approach requires two
distinct execution modalities, one for training and one for
testing, differing in the measured qubits. We evaluated the
performance of the proposed method using benchmarks on
real-world datasets, which demonstrated improved accuracy
over single classifiers, showcasing the effectiveness of the
parallel weighted aggregation of diverse classifiers.

The remainder of this paper is organized as follows: Sec-
tion 2 provides background information on the quantum
classifiers used in our approach. Section 3 details our pro-
posed method, including the quantum circuit design and the
weight learning procedure. Section 4 presents experimental
results demonstrating the effectiveness of our method. Sec-
tion 5 discusses the implications of our findings and the role
of the proposed ensemble. Finally, Section 6 draws some
conclusions and suggests directions for future research.

2 Background on quantum classifiers

In this section we provide a brief overview of the quantum
instance-based binary classifiers considered in this work. All
the classifiers consider amplitude encoding of the data vec-
tors, specifically they rely on a data register encoding the
training set defined as follows:

M-

1
¥a) ——Zw AN (0

j=0
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where N and M indicate the number of data instances and
features respectively, xij indicates the feature j of the i-th data
instance and |i}, | j) are the basis states corresponding to the
binary representation of i, j. Feature vectors are unit-norm
normalized. All the classifiers consider a basis encoding for
the binary labels y; € {—1, 41}, mapped to the domain {1, 0}
as

i = ——. 3

2.1 Quantum cosine classifier

The quantum cosine classifier (Pastorello and Blanzieri
2021) is a binary classification algorithm that is based on
the cosine similarity between feature vectors. Its prediction
function is defined as

N—-1
y(x) = sign (Z Vi cos (xi, x)) : )

i=0

with N being the number of training instances x; with respec-
tive binary labels y;. Its initial state is defined as

1
—=¥)10) +[¥)1) € Hu @ Hin @ Hi ® Ha, (5)

V) = 7

with
| Nl

[Vx) = Wi Z i) 1xi)lli) € Hp @ Him @ Hi,
| Nl

Ilﬂ)=ﬁ [))1x)|—) € Hpn @ Himn @ Hi.

The classifier requires the execution of a SWAP test (Buhrman
et al. 2001) between an auxiliary qubit initialized in |+) and
the ancilla a of the initial state |W),.

n,m,l
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The probability of measuring 1 on the ancillary qubit con-
trolling the SWAP test is

7§ N-L .
Py =-(1- %jo vilrha) ) ©6)
A\ V2 IR 2
With unit-norm data vectors, since
X-y
cos (x, y) = ————r, @)
iyl
the prediction according to Eq. 4 is given by
y(x) = sign(l —4P(1)). (®)

2.2 Quantum distance classifier

The quantum distance classifier proposed in Schuld et al.
(2017) is a binary classification algorithm based on the
squared Euclidean distance between feature vectors. Its pre-
diction function is defined as

N-—1
1
y(x) = sign (Z y,-(l—z||x—xi||2>>, ©)

i=0

where N is the number of training instances x; with binary
labels y;. The initial state is defined as

N—-1

1 .
V) = Wori ;II)(IO)IXHII)IXI'))IZI') € Hn®@Ha®@Hpu @M. (10)

The circuit is composed by a Hadamard gate acting on the
ancilla a and a conditional measurement of the label qubit /
after measuring the ancilla.

:

n, m
e

Specifically, after a successful measurement of the ancilla
qubit a in O, the probability of measuring k € {0, 1} in/ can
be written as

i X +xil?
Yillx+xl?

1
Pk|0) = —— = 11
(k10) 4Np0i§k||x+xl|| (11)

where py is the probability of measuring a in 0. With unit-
norm data vectors, the following relationship holds:

1 1 1
— > M +xlP == A= <llx —xl), (12)
AN - N ; 4
then, the predicted label according to Eq. 9 is given by
) 1
y(x) = sign (IP’(O|0) — 5) . (13)

2.3 Quantum SWAP test classifier

The authors in Blank et al. (2020) introduced a binary clas-
sification algorithm utilizing the SWAP test (Buhrman et al.
2001). This approach leverages a quantum kernel based on
state fidelity. In our analysis, we consider a circuit that uses
a single copy of the test data. However, this method can be
extended to incorporate any number of copies, n, resulting in
akernel based on the n-th power of the fidelity. The prediction
function is defined as

N—1
y(x) = sign (Z Vi cos? (x,-,x)) . (14)
i=0
The initial state is defined as
N—1
[W)[x) = LX:Ii)lxi)lli)lx) € Hu @ Hin @ H; ® Hx (15)
YN 3 ’

where |x) indicates the state encoding the target vector x.
The circuit applies the SWAP test between the qubits of the
m and x registers, followed by a measurement of the control
qubit of the SWAP a, and the label qubit /.

o) —{7} 0
7 n

L8 B "
(A=

|lz) —# T

The joint probability of measuring ¢ in the ancillary qubit

and k in the label qubit can be written as
1

Pg, k) = 5= D Il + D7l (16)
isli=k
The classifier’s output is computed from the expectation
value of the observable corresponding to the measurement
in the computational basis of the output qubits, as

(of ®azl) =P0,0) —-PO, 1) —P(1,0) +P(1, 1)
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N—

Z [(x|xi )] (17)

i=0

Considering unit-norm data vectors, the prediction according
to Eq. 14 is given by

y(x) = sign(P(0,0) —P(0, 1) —P(1,0) + P(1, 1)). (18)

2.4 General formulation of the initial state

The classifiers described above share a common structure
for the initial state, which we can express into a unified for-
mulation. To provide a common notation for the different
initializations, we express the initial states in a more general
form that highlights the data encoding. We define

2"—1,2"—1

V) class = Z

i,j=0
N—1,M-1

i |1 ) i)
(19)
i jli)|j) i) € Hn @ Hn ® H,

i,j=0

where we consider n and m qubits to encode the training
samples and features respectively, so that N < 2" and M <
2™ . The coefficient «; ; represents the amplitude of the j-th
feature of the i-th data point, so ; ; = 0, Vi, j ¢ [0, N —
1] x [0, M — 1]. In this expression, each classifier encodes
a dataset of N training instances in superposition, with each
instance represented by an indexing register (H,, ), identifying
the training sample, and a feature register (7, ) that encodes
feature vectors through amplitude encoding. The auxiliary
register () stores class labels, ancillas, or other classifier-
specific information.

We can express the initial state of the quantum classi-
fiers in the unified form, by determining specific values for
the amplitudes «; ; and the auxiliary register state |v;). For
instance, the initial states of the quantum cosine and distance
classifiers (referred to as cdc), described in Section 2.1 and
Section 2.2 respectively, have a form of this type:

1 N—1
\chdc - . ; ;
|@ede) m;wwww
+ 1)1 = y)16;)) € Hp @ Hin @ Ha @ He,  (20)

where the input sample x is encoded in the same register of
the training samples but entangled with different values y €
{0, 1} of the ancilla qubit a, and |¢;), |6;) encode classifier-
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specific information. To match the general form, the initial
states of these classifiers can be rewritten as

N—1,M—1
jwedey = DY ) )
«/2N i=0
+ X7 1= Y)0:)) = 1V ) crasss 21

where the amplitudes and the auxiliary register state are iden-
tified as

1 j j
ijl¥i) = —(x; i L —=y)6i)),
i jlyi) m(x, 1)) +x7 |1 —y)6;)) 22)

Vie{0,...N—1},¥j e {0, ... M —1}.

The SWAP test classifier, described in Section 2.3,
encodes the test point x in an additional register (H, ) instead,
and the initial state can be generally written as follows:

N-—1
|WSWaP) = \/_ﬁ ;IHIM)MHX) € Hu ® Him @ He @ Hy.
(23)
This state can be recast into the unified form as
N—1,M—-1 M—1
WPy = Z x 1)) 1) (szm)
i,j=0 z=0
= 1¥)class ® |x), (24)
with
a; jli) = x) 1),
i,j1¥i «/_ i 1 (25)
Vie{0,..,.N—1},Vj €{0,.... M — 1}.

3 Proposed method

In this section we outline the procedure and the details of the
proposed quantum ensemble scheme.

3.1 Procedure

The procedure considers classifiers of the type reported in
Section 2, whose initial states are expressed using the uni-
fied notation in Egs. 21, 24. For presenting the procedure, we
utilize the general form in Eq. 19, to which we add a control
register and an additional ancilla qubit. The size (d) of the
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control register determines the size of the ensemble, i.e. the
number of diverse internal classifiers (2¢). The general initial
state for the proposed ensemble, considering the control reg-
ister, the initialized classifier and the additional ancilla qubit
can be written as follows:

1D0) = 10)5% @ 1¥) crass ® 10 i
2n—1,2m—1

=10)% >

i,j=0

a; i) j)i}10). (26)

This general representation simplifies the description of the
ensemble’s operations, and will be reconducted back to the
classifier-specific formulations when it will be needed.

We discuss the steps of the procedure at test-time in Sec-
tion 3.1.1, followed by the modifications utilized for training
in Section 3.1.2.

3.1.1 Quantum ensemble circuit at test time

The test-time procedure performs the ensemble’s prediction
for an input x, by executing the circuit exemplified in the
diagram in Fig. 1. Suppose we have access to a positive
unit-norm normalized weight vector w for aggregation of the
internal classifiers of the ensemble. We encode the weights
related to each internal classifier into the amplitudes of the
control register by action of the unitary U,,:

201 2M—1,2m—1
|©1) = Uyl ®o) = Y Vwele) Y aijli)li)¥i)l0), (27)

=0 i,j=0

where ,/w,. indicates the amplitude related to the weight w.

' '
o -
0 e "
‘ >r:{,rl Uw : T
. Rt .
a : " 1
! 1 '
n—a : " ! }n
b | Up " '
[ T
[9) crass , H | class ' }m
m— 1 " i
P it :
! " '
! - output
! 1" '
! N oo 1
‘ —.  CLASSIFIER
10) 4o : b— A : selection
l}

Fig.1 Circuit diagram of the ensemble at test time. The control regis-
ter is prepared with the weights encoded in the amplitudes. Then, the
controlled permutation unitary is executed, acting on the data register
of the classifier. The data register then partially controls (a qubits out of
n and b qubits out of m) a NOT gate acting on the ancilla qubit, which
is subsequently measured for data selection. The classifier is executed,
and the related output qubit is measured. Specifically, the displayed
circuit is designed to execute a quantum classifier of type cdc

In the next step, we apply controlled “permutation” unitary
logic U, controlled by the control register and targeting the
indexing register of training points and features. The purpose
of the U, unitary is to permute the elements of the training
set in superposition, by entangling the data register with the
control register. This can be achieved through bit-flip logic,
as an application of CNOT and CSWAP gates. After the bit
flipping, a different permutation of training samples and fea-
tures is entangled with each basis state of the control register.
The action of U, can be written as follows:

P 2n—1,2m ]

[@2) = Upl®1) = > Vacle) Y. o 1i)Ivil0),  (28)

=0 i,j=0

where the amplitude o] ; indicates a different feature ampli-
tude depending on the control ¢ for each index i, j.

After the permutation, a (multi-)controlled-NOT (MCX)
gate is applied with control on partial index and feature reg-
isters, while acting on the ancillary qubit,

|P3) = Umcx|P2)
241

-y Jw_c|c>< > af 1)) 1¥)10)
c=0

i,jesel

+ 2 af,j|i>|j>|w,->|1>). (29)

i,jésel

Referring to Fig. 1, assuming for example control by 2 qubits
(a = b = 1), specifically the least significant in binary nota-
tion of the index and feature registers respectively, the action
of the Toffoli gate (CCX) is

|®5) = Uccx|P2)
211_1 2"7171.2"‘7'71
=) Vo )] (aii,z,-\zi>|2j>wz,~>|0>
=0 i,j=0
5410512 + 1)12))1¥2i41)10)
+ a5 041120127 + 1)[¥2:)10)

+ g1 041120 + DI2j + 1)|1lf2i+1)|1)). (30)

The selection of training indexes and features is obtained
by measuring the ancilla in the state |®3), obtaining a post-
measurement state that reflects the corresponding state of the
control qubits. Measuring 1 selects the training indexes and
features whose binary representations have 1 in correspon-
dence with the qubits that controlled the action on the ancilla,
while measuring O selects the complementary set. The mea-
surement probability is expected to be proportional to the size
of the selected subset, assuming that the feature amplitudes
are uniformly distributed. Measuring the ancilla collapses the
state to a superposition of multiple diverse datasets, where
each basis state of the control register is entangled with a
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different encoded data composition. The post-measurement
state results to be

241

|a) =¢__ZW_C'C ) >

i,jesel

af ;IDINIYNI0),  GBD

where pg is the probability of measuring O in the ancilla
qubit. Supposing we want to select the set where the ancilla
is 0 in the |d>’3) state (pg & 0.75), in the example above
(a = b = 1) the resulting state after the data selection by
measurement is as follows:

2d_q on=1_1 om=1_1

me > <a§i,zt,-|2i>|2j>|wz,->\0>

i,j=0

|®y) = —
4 f

a5 41,2512 + 1)I2))[¥2i11)10)
o3 0541120012/ + 1)\1/f2i>|0>>-
(32)

Note that in the case of cosine and distance classifiers (cdc)
|®%) = |dy4), while in the case of a SWAP test (swap)
classifier with separated test point register we have

P

s £ v T

i,jesel

| q)swap

af AP0, (33)

where the selection is performed on the test point register
as well. Here, the permutation unitary U, is applied also on
|x), performing the same feature permutation of the training
points also on the test point, for each basis state of the control
register. In this case the circuit in Fig. 1, which is designed for
the cdc classifier, should include also the test point register,
and U, should act on both the training and test point registers.

A reformulation of the preceding results can shed light
on the nature of the elaboration. The equation Eq. 31 can be
rewritten substituting back the original indexes and features,
interpreting the selection as a different composition of the
training set. In the case of the quantum cosine and distance
classifiers Eq. 20, the state after the data selection can be
written as

2d 1
|05%) = — Z Jwele) Y 8eiliy(1x{) ) 1)
iesel
- |x<‘)>|1 — ¥)1¢i))I0), (34)

while in the case of the SWAP test classifier Eq. 23 it can be
written as

241

@) = 7 Zxﬁwm D Sl 1k )j0).  (35)
iesel
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In both cases, x 7 and x© are the selected training and test
input points respectlvely, after applying the same permutation
and selection of features, where d. ; represent normalization
coefficients for each control basis state and training sample.
It should be noted that the formulation resembles a superpo-
sition of the initial states of the classifiers, with the control
register entangled with different compositions of the training
and the test points.

The original circuit (denoted class in Fig. 1) of the classi-
fier (cdc or swap) is then executed:

241
1D5) = D Jwele) g™ 10). (36)
c=0

where |p2") denotes the output qubits state of each classifier,
generally not normalized, and |¢.) indicates the rest of each
classifier’s state. Considering an observable O, the output
of the ensemble classifier is given by the expectation value
of O, obtained by collecting statistics of the measurement
outcomes:

271 out out 241
we (g [0 lgM)
El0] = 2223 P = X wld O, (3T
c=0 We Cu (pcu c=0

which resembles a linear combination of the outputs (¢"|O
|2y of the internal classifiers, where the weights are repre-
sented by the unit-norm vector w.

As a special case, considering a single output qubit and
projective measurement on the computational basis, |p2") =
B;10)+p711) and O = |0)(0[, Eq. 37 reduces to the following
linear combination of outcome probabilities:

241

welB§12. (38)
we (1BSP + 1651) Zo ’

d_
2wl BS 2
d_1
22

P0) =

3.1.2 Quantum ensemble circuit at train time

The training procedure provides a way to obtain the weight
vector w to be used at test time. To achieve this, it considers
a set of samples as input and collects the outputs of each
of the internal classifiers, which are used to determine the
weights. The training circuit is similar to that during testing,
with the corresponding diagram reported in Fig. 2, where
the differences lie in the control register. During training, the
classifiers are initialized on the training set and we consider
uniform aggregation weights. The control register can be pre-
pared in balanced superposition by applying Hadamard gates,
replacing U,, with H® in Eq. 27. The same shuffling logic
is then executed Eqs. 28, 29, and a measurement is taken to
select the same data in superposition Eq. 31, so the ancilla
output needs to match that at test time.
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Fig. 2 Circuit diagram of the ensemble at training time. The control
register is prepared in a balanced superposition using Hadamard gates.
Then, the controlled permutation unitary is executed, acting on the data
register of the classifier. The data register then partially controls a NOT
gate acting on the ancilla qubit, which is subsequently measured for data
selection. The classifier is executed, and finally, the control register is
measured to get an internal classifier with the related output. Specifi-
cally, the displayed circuit is designed to execute a quantum classifier
of type cdc

Upon a successful postselection (e.g., ancilla qubit in state
|0)), the classifier is executed:

241

1
1s)e = 2775 D_ 1)19e) 102" )10). (39)
c=0

The training phase requires measuring the control register
to collect the predictions of the individual classifiers on a
validation dataset. After measurement, the state collapses to
that of a randomly chosen internal classifier ¢, determined
by the measurement output of the control register:

|P6)r = [€)1¢e)l9c™)10), (40)

1
v Pe
where p, is the probability of measuring the control register
in the basis state corresponding to the classifier ¢, which is
proportional to the norm of its output state:

I

pe =3 (41)

Then, the observable O is measured on the output qubits of

|S"). The prediction of the single internal classifier ¢ is then:

(@O

ELOJe = (gout|gout)

(42)

These values are estimated by executing the circuit multiple
times, and are used to compute the aggregation weights w,.

The training circuit execution is reported in Algorithm 1,
which can be applied to predict the training set (or a different

Algorithm 1 Hybrid Training Procedure

Require: validation set Dyy (x, y), training circuit QC;,
Ensure: aggregation weights w
1: for all x; € Dyy(x, y) do

2: forc <« 0to2¢ —1do

3 kolc] <0

4 ki[c] < O

5:  end for

6: fors < 0to Ngyors — 1 do
7.

8

> init O counts for classifier ¢
> init 1 counts for classifier ¢

ci, 0} < QCu(xi) > run the circuit for sample x;

: if o} = 0 then > accumulate counts for classifier ¢}
9: kolel] < kolcj1+1
10: else
11: kile]] < kilej1+1
12: end if
13:  end for
14:  forc < 0to2¢ —1do
15: pli, c] <= (kolc] + kilc])/ Nshots > estimate p. Eq. 41
16: poli, c] < kolcl/(kolc] + ki[c])  © estimate P(0), Eq. 42
17:  end for
18: end for

19: w <« weights_learning(p, po) > compute weights w

20: return w

validation). For simplicity, here we assume the output of the
internal classifiers to be a single qubit, but the procedure can
be generalized to multiple output qubits and observables. In
this setting, O = |0)(0] is the observable for measuring the
output qubit. The expectation E[ O], for the internal classi-
fier ¢, corresponds to the probability P(0). of measuring 0
in the output qubit. The procedure estimates the values in
Egs. 41, 42, for each internal classifier ¢ and for each valida-
tion sample x;, that are used to compute the weights w for the
aggregation of the internal classifiers. The algorithm iterates
over the input samples x; and runs the training circuit for
a determined number of shots Nghos, related to the quality
of the estimation. Each circuit execution outputs a random
classifier index ¢; and an output measurement o; for that clas-
sifier and current data sample i. Here we assume the circuit to
output a successful realization, but in practice the data selec-
tion circuit may fail, and the procedure should be repeated
until a successful measurement is obtained. The results are
then accumulated, for each internal classifier and validation
sample, and the output values are estimated. Afterwards, the
individual outputs are used to calculate the weights w for
the classifiers to be used at test-time. These weights can be
computed arbitrarily with classical or quantum procedures.
A possibility is applying a weighting based on their perfor-
mance on the training set, such as weighting by accuracy or
by considering exponential weight decaying with errors. The
chosen method involves optimization using logistic regres-
sion. The computed aggregation weights are then encoded
in the amplitudes of the control register, taking into account
positive weights. This enables us to consider an accuracy-
weighted ensemble, having measured the performance in
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predicting the training set, or to tune the weight vector with
a model fit.

3.2 Data selection

The data selection procedure introduces diversity in the
ensemble, by selecting the data subsets of each internal
classifier. It is composed by a permutation of the dataset
in superposition and a controlled action on an ancilla con-
trolled by a few qubits of the data register with successive
measurement of the ancilla. Regarding the permutation, it is
performed by applying controlled operations acting on the
data register controlled by the control register. This action,
referred as U, in Eq. 28, produces bit flips of the basis states
of the data register changing its indexing differently for each
basis state of the control register. The logic can be applied to
both the index and feature registers of the classifier, achiev-
ing different ordering for the training instances and features
producing 2¢ potentially different amplitude permutations
entangled with a control register of size d. For classifiers
that consider the test point in a separate register in the ini-
tial state, as in Eq. 23, such as the the SWAP test classifier
described in Section 2.3, the same controlled permutation
logic used for the features needs to be applied also to the test
register. In this way the different permutations of the features
are consistent between training and test points.

To produce diversity for each classifier in superposition,
we make the data register collapse to a subset of the indexes
or features by measurement. We achieve that by a multi-
controlled-NOT acting on an auxiliary qubit and controlled
by a subset of the data register qubits (in Figs. 1 and 2, a and
b qubits of the index and feature register respectively), as
described in Eq. 29. The measurement of the auxiliary qubit
collapses the states of the qubits that controlled the opera-
tion, effectively producing a subset of indexes of the data
register, which will contain different data in superposition,
as in Eq. 31. We considered a single ancillary qubit for this
process, but an alternative approach is to consider multiple
qubits to refine the data selection. For instance, one ancilla
could be employed for selecting training indexes while the
other focuses on the features, with each ancilla controlled by
either the index or feature qubits, for defining more complex
data selection patterns.

The permutation unitary and the ancilla control with mea-
surement outcome are chosen, and deterministically decide
the ensemble’s internal classifiers data compositions and size
with a given training set order. Their action can be arbitrary,
with the requirement that it would produce different data
sets which the ensemble can leverage from. For example the
permutation can include multiple CSWAP and CNOT gates
acting between different qubits, while the index selection
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Algorithm 2 Data Selection Quantum Circuit
Require: control qubits, index qubits, feature qubits, ancilla
Ensure: circuit producing 2¢00l-qubitsdifferent data sets with ~ %
original size in superposition
1: for idx < 0 to control_qubits — 1 do
2. if idx < |index_qubits/2] then
3: CSWAP control(control[idx])
target(index[idx], indexlidx + |index_qubits/2|])

4:  endif

5. if idx < |feature_qubits/2] then

6: CSWAP control(control[idx])
target(featurelidx], featurelidx+ |f eature_qubits/2]])

7:  endif

8: if idx < index_qubits then

9: CNOT control(control[idx]) target(index|idx])

10:  end if

11:  if idx < feature_qubits then

12: CNOT control(control[idx]) target(featurelidx])

13:  endif

14: end for

15: for idx < 0 to control_qubits — 1 do
16:  for idxl < 0 to control_qubits — 1 do

17: if idx # idxI then

18: CSWAP control(control[idx])
target(index|idx], index[idxI])

19: CSWAP control(control[idx])
target(featurelidx], featurelidxI])

20: end if

21:  end for

22: end for

23: CCX control(index[0], feature[0]) target(ancilla)
24: a < measure ancilla

25: if a == 0 then

26:  continue

27: else

28:  goto initial state preparation

29: end if

can be performed by considering different control qubits in
the data register, and the measurement can be accepted if
in 1, considering the subset of the indexes that activated the
control, or in 0, considering the outer set. The success prob-
ability of this measurement, assuming the data is uniformly
distributed, is proportional to the size of the subset we aim
to select. Specifically, it approximately corresponds to the
fraction of the subset relative to the total training set.

In this work we considered the data selection circuit
described by the pseudocode in Algorithm 2, which employs
CSWAP and CNOT operations for the controlled permu-
tation, and for the selection the action of a CCNOT gate
controlled by the first qubits of the index and feature regis-
ters and post-selection with 0 measurement. The circuit is
designed to select a subset with a size of ~ % of the original
training set, with a success probability of ~ %. Specifically,
the circuit discards the second half of the features the from
the second half of the training points that are permuted dif-
ferently in each internal classifier.
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3.3 Weighted output combination

This section explains how the outputs of the internal clas-
sifiers are combined to produce the final prediction of the
ensemble. At test time, the final ensemble prediction is the
linear combination of the contributions S of each inter-
nal classifier, weighted according to the positive unit-norm
weight vector w, encoded in the amplitudes of the control
register, according to Eq. 37, which we can rewrite in vec-
tor notation as w” B. To allow for both positive and negative
weights, the vector w can be rescaled to be entirely positive
by adding a bias b. In this case, the circuit needs to be exe-
cuted twice for each input, with the rescaled positive weights
w + b and with uniform weights b (unit-norm normalized),
and the final output is obtained by the difference of the runs,
rescaled accordingly:

b'p

bT
(w+b) ’3—||b||—>. (43)

w'g 1
llw + bl 1111

Hwll Hwll

<|Iw+b||

After obtaining the output probability of the classifier, by
collecting statistics of the measurement outcome of the out-
put qubit for multiple circuit repetitions, the output can be
post-processed classically, obtaining the weighted ensemble
output. In our case, the final decision is determined according
to parameters computed with logistic regression. Specifi-
cally, as detailed in Sec. 3.1.2, during training the circuit
is executed on a validation set to obtain the estimations of
pe.i and E[O].;, for each internal classifier ¢ and valida-
tion sample i (Egs. 41 and 42), to be used for the parameters
optimization. Then, we express the output of the ensemble
classifier E[O]; for each validation sample i, by means of
the internal classifiers’ outputs and weights w, by rewriting
Eq. 37 as

d__
2 we - pei - ELOLe

E[O]; = o (44)
ZC=0 We * Pe,i
The optimization minimizes the log-loss function:
[Dyail
Law, b k) = ——— " (vilog(o (@)
|Dval| i=1
+ (1 =y log(1 =0 () ). (45)
where o (z) = I +le — is the sigmoid function, z; = kKE[O]; +

b, y; is the label of the i-th sample, and | D,;| is the number
of validation samples. The positive weight vector w, a bias b,
and a scaling factor k are optimized by bounded minimiza-
tion of the log-loss using the L-BFGS-B algorithm (Zhu et al.
1997). Since the norm of the weight vector w does not influ-
ence the objective function in Eq. 45, the unnormalized w

obtained from the optimization is rescaled to unit norm for
the encoding in the control register. By running the circuit
with learned w as detailed in Sec. 3.1.1, Eq. 37 is estimated,
and the prediction for an input x is then obtained as follows:

y(x) = sign (a(z(x)) - %) =sign(E[O]+ b/k). (46)

Considering a binary classification task, this formulation
effectively performs a stacking of this logistic regression
model on top of the internal classifiers, which act as a feature
extractor layer. Considering the quantum classification algo-
rithms and respective output probability formulations Egs. 6,
11, 16, some of these methods require unit norm feature
vectors for their prediction functions. However, in the data
selection procedure, if we select a subset of features, the unit
norm prerequisite is no longer valid. This is represented by
the 8.; coefficients in Eqs. 34 and 35. Despite this, even if
classifiers are not used as intended, utilizing a weight opti-
mization procedure, such as the one we considered, allows
the suboptimal internal classifiers’ outputs (f) to serve as
informative features leveraged through logistic regression.

4 Experiments

In this section we report empirical results of the performance
of the proposed weighted ensemble.

4.1 Methodology

We implemented the scheme in Python with Qiskit (IBM
2024; Javadi-Abhari et al. 2024), and tested it on 11 real-
world datasets from the UCI Machine Learning Library
(Kelly et al. 2024), pre-processed to be suitable for a
binary classification task. The implementation is avail-
able at https://github.com/emiliantolo/quantum-ensemble-
method. The datasets are reported in Table 1.

The results have been computed with a Monte Carlo cross-
validation technique (Xu and Liang 2001), with a 80%—20%
training—validation dataset split and 10 independent runs. We
employed the data with three different data normalization
techniques. Specifically none refers to data as it is. Instead,
std standardizes to mean O and standard deviation 1, then
considering a training set {xi, ..., x,} the j-th feature of the
i-th training instance is defined as

X = s i)

std(x/) = (47)

J J
o(X], .0 Xp)
where (x{, ..., xi) and o' (x7, ..., x;) are mean and standard

deviation of the j-th feature of the training set. With min-
max each feature belongs to [0, 1], then the normalization is
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Table 1 Considered datasets

Name # samples # features Class balance
iris_setosa_versicolor 100 4 balanced (50/50)
iris_setosa_virginica 100 4 balanced (50/50)
iris_versicolor_virginica 100 4 balanced (50/50)
vertebral_column_2C 310 6 unbalanced (100/210)
seeds_1_2 140 7 balanced (70/70)
ecoli_cp_im 220 7 unbalanced (77/143)
glasses_1_2 80 9 almost balanced (42/38)
breast_tissue_adi_fadmasgla 71 9 unbalanced (49/22)
breast_cancer 80 9 almost balanced (44/36)
accent_recognition_uk_us 80 12 unbalanced (63/17)
leaf 11_9 30 14 almost balanced (14/16)

defined as
J : J
. ; X! —min;—q, x7)
minmax(x]) = ¢ ; l n 7 (48)
max;=i,. (X;) —minj=j__»(x;)
where min;—1__, (xi] )and max;—1 ., (xi] ) are the minimum

..........

and maximum features of the j-th feature in the training
set. The normalization parameters have been computed on
the training set samples for each dataset split. For the min-
max normalization, test points exceeding the [0, 1] bound are
clipped.

Regarding the execution, statevector simulation refers to
exact results computed based on the statevector, while local
simulation indicates circuit execution in a noiseless environ-
ment with 8192 repetitions using the Aer simulator. Itis worth
noting that the number of shots includes both successful
and unsuccessful data selections, hence the effective num-
ber of shots used for the estimation of the outputs is lower.
The weighted ensemble adopts the data selection scheme
described above and reported in Algorithm 2, thus the selec-
tionis performed by measuring the ancillain O after the action
of the first index and feature qubits, and the aggregation is by
means of logistic regression which parameter optimization
is performed using the SciPy package (Virtanen et al. 2020).
We considered positive weights, constraining the optimizer
with a positive bound. Moreover, we utilized the training set
to train the weights at train-time.

4.2 Results

We considered the classifiers described above, namely the
quantum cosine classifier, quantum distance classifier, quan-
tum SWAP test classifier. We tested the single quantum
classifiers using the full training set and simulated the execu-
tion of the ensemble’s internal classifiers by applying the data
selection procedure and feeding the resulting subset of the
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original training set to the classifier. We evaluated ensembles
with various sizes of the control register (where d indicates
the number of control qubits).

Considering statevector simulation, we reported the results
in Fig. 3. In the ideal case, we observed a performance
degradation of the internal classifier compared to the single
classifier on average, with some combinations of classifier
and data normalization being more affected by data selection.
Despite this, the weighted ensemble seems to effectively uti-
lize these weaker internal classifiers, showing a noticeable
average accuracy improvement across all considered data
normalization methods and classifiers. Moreover, the mean
accuracy improves slightly on average with increasing con-
trol register size. Additionally, we included XGBoost (Chen
and Guestrin 2016), a parallel implementation of boosted
decision trees, as a performance reference for classical
ensembles. While it typically delivers the best performance,
itis matched in accuracy by the weighted ensemble in certain
conditions with these datasets.

Regarding the quantum cosine and distance classifiers,
they exhibit similar behavior, highlighting their relationship,
particularly considering their close prediction functions. This
similarity is also reflected in their performance when used
as feature extractors within the ensemble, where they show
comparable performance across various data normalizations.
Specifically, the best classification performance is achieved
with std standardization. Conversely, minmax normalization
results in some information loss. While it starts with accept-
able accuracy, the ensemble’s performance ultimately falls
below that of non-normalized data (none).

Similarly, for the quantum SWAP test classifier, the
ensemble with none achieves the best average performance,
even though the single classifier performs best with minmazx.
On the other hand, std normalization, which centers features
in zero, deteriorates the performance of the SWAP test clas-
sifiers since it is based on state fidelity, where squaring the
values causes the sign to disappear.
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Fig. 3 Accuracy performance with statevector simulation of single
classifiers (full), ensemble’s internal classifiers (internal), weighted
ensemble and XGBoost in terms of aggregated results over 10 Monte
Carlo runs for 11 real-world datasets. The considered internal models

are the quantum cosine, quantum distance and SWAP test classifiers.
Multiple control register sizes (d) and normalization techniques are

taken into account
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Fig.4 Accuracy performance of local simulation with 8192 shots, con-
sidering the quantum distance classifier on 11 datasets over 10 Monte
Carlo runs. The left panel shows the accuracy comparison between local
simulation and statevector simulation, where points above the bisector

We conducted reduced-set testing using local simula-
tion to demonstrate the impact of circuit repetitions. Due to
computational constraints, we employed only the quantum
distance classifier with the same data as the previous tests.
The single distance classifier shows a minimal decrease in
average accuracy with shot noise, as fluctuations of mispre-
dicted points near the prediction threshold balance out those
of correctly predicted points, implying the inaccuracy of the
single classifier near the threshold. On the other hand, the
weighted ensemble is more affected by measurement repe-
titions, likely due to error propagation in the optimization
process. However, it still maintains an accuracy advantage
over the single classifier. These results are displayed in Fig. 4.

5 Discussion

The proposed weighted quantum ensemble method demon-
strates a significant performance improvement over individ-
ual quantum classifiers. This method allows for a theoretical
exponential ensemble size with respect to the control register
dimension.

In terms of qubits requirements, the ensembles introduces
a modest increase relative to a single classifier. For a dataset
of N instances and M features, the data register is composed
of n + m qubits with n = [log, N1 and m = [log, M]. A
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indicate accuracy degradation. The right panel presents the accuracy
comparison of single and ensemble classifier (d = 5) with local simu-
lation for the different normalization techniques

single classifier then uses n + m + ¢ qubits, with ¢ being the
constant number of additional qubits required by the specific
classifier. The number of qubits required by the ensemble is
d+n+m+c+1,asshownin Fig. 1, corresponding to d + 1
qubits above the single classifier, d for the control register
and one ancilla for data selection.

In terms of computational complexity, the proposed
weighted ensemble introduces a moderate overhead com-
pared to a single classifier. At test time, the additional steps
consist of preparing the control register (action of Uy, in
Fig. 1) and executing the data selection S (U, and MCX in
Fig. 1), both of which have a moderate impact on circuit cost
in practice. In fact, the data encoding Uy, shared with the
original classifier, is independent of U,,, and can therefore
be executed in parallel prior to S, mitigating the effective
overhead. Moreover, the data selection circuit S, detailed in
Algorithm 2, scales polynomially with the number of control
and data qubits (s ~ poly(n, m, d)), keeping the additional
cost limited. The classifier execution C, with polynomial time
complexity in the number of qubits 7, remains unchanged.
Specifically, if Toc = O(Nshots - (Ty, + Tc¢)) is the time
complexity of the single quantum classifier for Ngpors T€p-
etitions of the circuit, then the complexity of the weighted
ensemble at inference time is

1
Tog =0 <Nshots F (max(Ty,, Ty,,) + Ts + TC)) , (49)
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where F' < 1 is the fraction of the training set selected by
the data selection circuit. The term F reflects the fact that,
on average, to obtain a useful computational path, the circuit
must be executed 1/ F times to select the correct data subset.
The data selection we considered in Algorithm 2 corresponds
to F' ~ (0.75. Thus, the ensemble’s inference complexity is
comparable to that of the single classifier.

An important consideration is the cost of state preparation.
In general, the exact amplitude encoding of an L-dimensional
vector using [ = [log, L] qubits requires a circuit depth
of O(L) (Mottonen et al. 2005; Iten et al. 2016). In this
setting, the data encoding unitary Uy has a complexity of
Ty, = O(N - M), which also holds for the base classi-
fiers (Pastorello and Blanzieri 2021; Schuld and Petruccione
2018; Blank et al. 2020). The weight encoding unitary U,
has cost Ty, = O(D), where D = 24 is the number of
internal classifiers resulting from a d-qubit control register.
In our scheme, d < n+ m, so the control register is typically
smaller than the data register, as in our experiments. Since
U, and Uy, can be prepared in parallel, the overall prepara-
tion depth is determined by the larger of the two, usually Uj.
In practice, Ty, can often be neglected, and the additional
overhead compared to the original classifiers is limited.

To mitigate the state preparation cost, several proposals
aim to trade an increased number of ancillary qubits for
reduced circuit depth. Specifically, for L = 2! amplitudes
and [ qubits we can achieve poly-logarithmic circuit depth
O (I*) with O (L?) qubits (Zhang et al. 2021; Sun et al. 2023).
Also, the authors of the SWAP-test classifier (Blank et al.
2020) indicate quantum forking as a possibility to prepare
the initial state when each data sample is already available
in separate registers, with linear routing depth in the number
of data points. Moreover, approximation and compression
strategies (e.g., Matrix Product State) have been proposed in
the literature to mitigate state preparation cost (Malz et al.
2024), and their integration with the proposed ensemble
remains an interesting direction for future work. While such
approximations may introduce inaccuracies in the ensemble
predictions, these effects could be mitigated by error-aware
learning strategies, which might also address the impact of
shot and hardware noise.

Attraining time, the ensemble circuit is executed to collect
the outputs of the D = 2¢ internal classifiers for a validation
set of size | Dy |. The time complexity for the training circuit
execution is

1
TQE, = O (D - | Dyatl + Nshots * 7 (Ty, +Ts + TC)) , (50)

where Nghots - 1/ F is the effective number of measurements
for each internal classifier and validation sample. Notably,
at this stage, there is no need to encode weights in the con-
trol register. The training procedure is hybrid as it requires
an arbitrary classical optimization procedure to compute the

weights w. Since the optimization is performed on the outputs
of the internal classifiers, the complexity of the optimization
procedure is at least O (D - |Dy4|). However, this is a one-
time, offline procedure.

That said, the primary focus is not on computational
complexity but rather on the performance enhancement
achievable with the proposed scheme, which is evident
even with limited control register sizes. Empirical results
showed that the proposed weighted ensemble outperformed
the single quantum classifier consistently, across various
datasets and data normalization methods. This indicated
that the ensemble successfully utilized the diversity of the
weaker internal classifiers, introduced by the data selection.
Moreover, the ensemble showed an increased robustness to
data normalization, with instances where the ensemble with
non-standardized data outperformed the ensemble with the
standardization that showed the best result with the single
classifier.

In the local simulation setting, where shot noise is present,
the weighted ensemble was more sensitive to noise than the
single classifier. This sensitivity is likely due to the opti-
mization stage of the ensemble, which can be negatively
affected by inaccuracies in individual outputs. Nonetheless,
the ensemble showed acceptable resilience to noise, as it out-
performed the accuracy of the single classifier.

Indeed, for linear classifiers, such as distance and cosine
quantum classifiers, the weighted aggregation can be inter-
preted as a modified dataset with multiplicative factors on
training points and features. This allows for an alternative
execution of the weighted ensemble at test-time by using a
single quantum classifier on the modified dataset, avoiding
the data selection circuit logic but requiring a change in the
data encoding procedure of the initial state.

For non-linear classifiers, such as those using the SWAP
test, the weighted ensemble can be interpreted as a two-layer
neural network (NN) with some missing connections in the
first layer and the second layer’s weights trained by an opti-
mization procedure. A similar NN structure based on the
SWAP test has been proposed in Pastorello and Blanzieri
(2024), which considers a classical combination of quan-
tum modules, whereas the proposed method has a quantum
aggregation of SWAP test based classifiers. To assess the non-
linear prediction capabilities and correctness of our approach,
we tested it on a synthetic 2-dimensional XOR dataset. As
expected, the linear classifiers and related ensembles strug-
gled, while the ensemble using the non-linear SWAP test
achieved nearly perfect accuracy.

Additionally, a majority voting aggregation strategy can
be implemented by sampling the circuit defined for the
training procedure. This allows the individual outputs of
the internal classifiers to be estimated and then combined
in a bagging fashion via majority voting. Sampling with
replacement-like data sampling may be advantageous and
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can be simulated by using a larger training dataset, employ-
ing multiple copies of the original training data, and allowing
for training point repetitions in each subset up to the number
of original training set copies.

6 Conclusion

In this work, we proposed a weighted homogeneous quan-
tum ensemble method that leverages instance-based quan-
tum classifiers to improve classification performance. The
method introduces diversity through training point and fea-
ture subsampling in superposition, allowing for a quantum-
parallel execution of the diverse internal classifiers, which
outputs are combined with weights. The weight learning pro-
cedure is hybrid, where the quantum circuit is executed to
collect the outputs of the internal classifiers, and the weights
are trained classically. The deployment is quantum, encod-
ing the weights in the circuit at test-time. Importantly, the
ensemble introduces a modest computational overhead, as
the dominant complexity remains that of the underlying orig-
inal quantum classifier.

The empirical evaluation on real-world datasets demon-
strated the effectiveness of the proposed method. The results
showed improved accuracy over the single quantum classi-
fier, both in the exact case by considering results computed
with expectation values, and with shot noise considering cir-
cuit measurement repetitions. We compared the accuracy of
the quantum ensemble with XGBoost and showed compa-
rable performance with some internal classifiers and data
normalizations.

Moreover, let us remark that, while variational quan-
tum circuits have become central in current QML research,
non-variational approaches like the proposed one based on
ensembles of similarity-based classifiers, avoiding gradient-
based optimization for circuit training and related issues (e.g.
barren plateaus), align naturally with the NISQ constraints.
In this way, in our opinion, quantum ensembles of quantum
(non-variational) classifiers represent an advantageous solu-
tion in QML.

Future directions include exploring different diversity
introduction mechanisms not based on data subsetting, such
as parametric controlled rotation operations. Moreover, we
aim at investigating approximated state preparation tech-
niques as a way to reduce circuit depth, and their impact
on the ensemble prediction performance. Overall, the pro-
posed quantum weighted ensemble method offers a robust
and flexible framework for improving classification accuracy
in quantum machine learning.
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