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Abstract

Affine Bruhat-Tits buildings are geometric spaces
extracting the combinatorics of algebraic groups.
The building of PGL parameterizes flags of sub-
spaces/lattices in or, equivalently, norms on a fixed
finite-dimensional vector space, up to homothety. It
has first been studied by Goldman and Iwahori as a
piecewise-linear analogue of symmetric spaces. The
space of seminorms compactifies the space of norms
and admits a natural surjective restriction map from
the Berkovich analytification of projective space that
factors the natural tropicalization map. Inspired by
Payne’s result that the analytification is the limit of
all tropicalizations, we show that the space of semi-
norms is the limit of all tropicalized linear embeddings
t: P" < P" and prove a faithful tropicalization result
for compactified linear spaces. The space of seminorms
is in fact the tropical linear space associated to the
universal realizable valuated matroid.
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INTRODUCTION

Let K be a complete non-Archimedean field (possibly carrying the trivial absolute value). The
non-Archimedean analytic approach to tropical geometry (see, e.g., [2, 14, 19, 32]) makes crucial
use of non-Archimedean analytic spaces in the sense of Berkovich [5]; the particular topological
properties of these Berkovich spaces let us think of the analytification X2" of an algebraic variety
X as a form of universal tropicalization that is independent of the chosen coordinate system. In
this regard, the central result presented in [32] tells us that the analytification X?" of a quasi-
projective algebraic variety X over K is the projective limit of all tropicalizations with respect to
all the embeddings in toric varieties (also see [16, 17, 29] for generalizations of this result).

In this article, we argue that when considering only the tropicalization of projective spaces
linearly embedded into higher dimensional projective spaces, the role of Berkovich analytic space
is played by the Goldman-Iwahori space ?r(K ) of homothety classes of nontrivial seminorms on
(K™+1)* (see [18] but also [35, 36, 43]). The locus Er(K) of diagonalizable seminorms in Er(K) is
(a compactification of) the affine Bruhat-Tits building of PGL, ., (K), when K carries a nontrivial
valuation, and the cone over the spherical building of PGL,,;(K), when the valuation on K is
trivial. When K is spherically complete, we have Er(K) = EF(K ).

Let:: P" < P" be alinear closed immersion. The tropicalization Trop(P", t) of P with respect
to the embedding ¢ is the projection of (P")" C (P")?" under the natural tropicalization map

tropps : (P")*" — TP"
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toTP" =R — {(00, ..., )}/ R - 1 that is essentially given by taking coordinate-wise valuations
(see Section 2 for details). The tropicalization Trop(P", ) is a projective tropical linear space in
TP" and is associated to a realizable valuated matroid (see Section 4 for details).

We shall see in Section 2 that there is a natural continuous and surjective restriction map
7: (P")*" > En(K) that factors the tropicalization map as

tropE
(pmyan 5 Xn(K) — TP"

such that the tropicalization Trop(P", t) is given as the projection of X (K)CX n(K ) under trop— .
The connection between affine buildings and Berkovich analytic spaces is well-established in the
literature. We refer the reader in particular to [5] as well as to [34-36].

Denote by I the category whose objects are linear closed immersions ¢ : P" < U C P" into a
torus-invariant open subset U C P"; a morphism between ¢t: P" & U CP"and (! : P" & U’ C
P is given by a linear toric morphism ¢ : U — U’ such that ot = (/. The troplcahzatlon W1th
respect to ¢t : P" & U is naturally homeomorphic to the tropicalization with respect to the com-
position P" & U C P". For a toric morphism ¢ : U — U’ such that pot = i/, we have a natural
induced map ¢'°P : U™ — U’'%P guch that ¢™P(Trop(P’,t)) C Trop(P’,(’), making I into a
cofiltered category. Requiring morphisms only to be defined on an open subset of projective space
provides us with the added flexibility that we need in the following.

Theorem A. The tropicalization maps induce a natural homeomorphism

X,.(K)— l(i_n;Trop (P",0),
e

where the projective limit is taken over the category I.

Let I’ be the full subcategory of I, whose objects are linear embeddings ¢: P" & U C P
whose images meet the big torus G} C P". Then Theorem A provides us with a homeomorphism
between the space of norms X,(K) and the projective limit of all noncompactified tropicalizations
Trop(«(P") N G};)). When K is spherically complete, the Goldman-Iwahori space X,(K) is equal to
B,(K), and therefore we have a natural homeomorphism

B,(K) 5 lim Trop ((PHNGL).
er’

In addition to Theorem A, we also prove the following, which one may think of as a new
addition to the literature on faithful tropicalization (see, e.g., [2, 9, 20, 21] for other instances).

Theorem B. Leti: P" & P" be a linear closed immersion. Then there is a natural piecewise linear
embedding J : Trop(P", 1) — B,.(K) that makes the following diagram commute

B.(K) < Trop(P", 1)

trop
S TP,
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40f37 | BATTISTELLA ET AL.

It is worth emphasizing that in Theorem B the compactified tropical linear space Trop(P", i),
which may be thought of as a finite polyhedral approximation of the affine building E,(K ), nat-
urally embeds into B,(K) and not just into the Goldman-Iwahori space X,(K), even when K is
not spherically complete. This curious fact is, at least heuristically, explained by the observation
that the difference between E,(K ) and Er(X ) is only visible in nondiagonalizable seminorms on
(K"™*1)* that are defined via an asymptotic process (e.g., by the projective limit in Theorem A).

Suppose now that K is discretely valued. Then, for one, the section in Theorem B recovers the
so-called membrane of a realization of Trop(P",t) from [26, Lemma 4]. If K is also local, there is
a natural embedding of EV(K) = E,(K) into the Berkovich analytic space (P")?" (see [35, section
3] for details). Theorem A then tells us that the collection of all linear re-embeddings P" < P"
recovers exactly Er(K )= Er(K). The main result of [32], on the other hand, tells us that, once we
also allow nonlinear algebraic re-embeddings of P" into suitable toric varieties, we recover the
whole Berkovich analytification of P”.

Theorems A and B together provide us with a heuristic saying that X,(K) is in some sense
a universal (realizable) tropical linear space. This goes hand in hand with the work of Dress and
Terhalle [11], in which the authors realize the building 53,(K) as the tight span of a suitable infinite
valuated matroid, see Subsection 7.2.

In Subsection 7.1, we build on this observation and construct a tropical linear space for any
infinite valuated matroid (expanding on the finite case, see [41, 42] as well as [30, chapter 4]).
This allows us to make precise the idea that the Goldman-Iwahori space is the tropical linear
space L(wy;,) of the universal realizable valuated matroid w,;, that is given by the map

. (Kr+1)>x< _
Wyniy - < r+1 —R

induced by the permutation-invariant map val o det : KU+Dx0+D) R,

Theorem C. Let w,,;, be the universal realizable valuated matroid. Then the Goldman-Iwahori
space is the tropical linear space associated to the universal realizable matroid w,;,, that is,

X.(K) = L(Wyy)-

Our approach, in particular, provides us with a notion of tropicalization for a finite-dimensional
linear space embedded into an infinite-dimensional space, see again Subsection 7.1 for details.
Theorem C is also, in spirit, very similar to the universal (possibly nonlinear) tropicalization
of [17], which may be identified with Berkovich analytic space. An order-theoretic approach to
the problem has been developed by Hirai: generalizing the cryptomorphic characterization of
matroids in terms of their lattice of flats, he proved that tropical linear spaces are characterized
by their integer points forming a uniform semimodular lattice [23]. From this point of view, affine
buildings of type A correspond to uniform modular lattices [24]. Thus, roughly speaking, they are
identified with tropical linear spaces with many symmetries.

It is well-known that Bruhat-Tits buildings also admit a simplicial structure that can be
described in terms of filtrations by linear subspaces, when K carries the trivial absolute value,
and by sublattices, when K carries a nontrivial discrete absolute value. We incorporate those per-
spectives into our story in Examples 1.10 and 1.12, while, in Subsection 4.5, we recall the analogous
story of how valuated matroids over a field with trivial absolute value are nothing but matroids.
In Section 6, we illustrate our main results using this alternative point of view on buildings.
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Conventions

We write R for R U {oco} with tropical operations min as well as +, and TP" for R \
{(e0,..., )}/ ~, where ~ is the equivalence relation generated by translation by a real multiple
of the vector 1 = (1, ...,1). We write [n] for the set {0, ..., n} and (f) for the set of subsets of cardi-
nality r of a given set E. By K we denote a complete non-Archimedean field, with ring of integers
Ok and residue field k; in the discretely valued case, O is Noetherian and its maximal ideal is
generated by one element, called a uniformizer and denoted by 7.

1 | THE AFFINE BUILDING AND ITS COMPACTIFICATION

Let K be a complete non-Archimedean field. In this section, we recall some fundamentals about
the space of seminorms on a finite-dimensional vector space V over K. The (compactification of
the) affine building of PGL,, is the a priori proper subset of diagonalizable (semi)norms. If K is
spherically complete these two spaces will turn out to be the same.

Let V be a vector space over K of dimension n.

Definition 1.1. AnormonV isamap ||.|| : V — R that fulfills the following axioms.

(i) Forallv € V, we have ||v|| > 0 and ||v|| = 0if and only ifv = 0.
(ii) Forallv € V and 4 € K, we have

14 -l = 14] - [[vl].

(iii) For all v,w € V the strong triangle inequality

[lo + wl| < max {|[v]], [|w]] }

holds.

If in (i) we only require ||v]| > 0 and allow vectors v € V — {0} with ||v]| = 0, we say that ||.|| isa
seminorm. A seminorm ||.|| is said to be nontrivial if there is a v € V such that ||v]|]| # 0.

Example 1.2. Pick a basise = (ey, ..., ¢,) of V and d= (a,...,a,) € @n. We may associate to this
The seminorm is nontrivial if and only if at least one a; # oo and it is a norm if and only if all
a; 75 0.

A seminorm of the form .|| ; for a basis e and coefficients d R issaid tobe diagonalizable.

Definition 1.3. A non-Archimedean field K is said to be spherically complete if any decreasing
sequence of closed balls has nonempty intersection.

A valued field extension L/K is said to be immediate if it has the same value group and the
same residue field. A field is called maximally complete if it does not admit any proper immediate
extension. By a classical result from Kaplansky (see, e.g., [39], I.6, Theorem 8), it turns out that
this concept is equivalent to spherical completeness. We thus have the following:

LUORIPUOD pue Swie | 8L 88S *[202/T0/TT] Uo A%iqiTauliuo A8|Im ‘uewnoog 7 Mediq IWeKsIS Baly A 09821 'SW[/ZTTT'0T/I0p/W00 A8 1M A eIq 1 BUI [UO"d0SUeLIpUO|//:SANY Wo.j pepeolumod ‘T 7202 '0S2269%T

oA

3SUB0 |7 SUOLULLIOD dARERID 3|gedtjdde au} Aq pausenob ae sajoiie YO '8sN J0'Sa|nJ 10§ Ariq 1T BUIUQ AB|IAA UO (SUORIPLOD-pI



6 of 37 | BATTISTELLA ET AL.

Theorem 1.4 [28, Satz 24]. Every non-Archimedean field admits a (nonunique) immediate
extension that is spherically complete.

The following observation will be central for our result:

Proposition 1.5. Let K be a non-Archimedean field. Then K is spherically complete if and only if
every seminorm on a finite-dimensional K -vector space is diagonalizable.

Proof. By [6, Lemma 1.12], the non-Archimedean field K is spherically complete if and only if
all norms on a finite-dimensional vector space over K are diagonalizable. Our statement follows
from the fact that a seminorm is diagonalizable if and only if the induced norm on the quotient
modulo the kernel is diagonalizable. [l

Example 1.6.

(i) Every trivially valued field is obviously maximally (hence spherically) complete.

(ii) Every discretely valued complete field is spherically complete, as by [35, Proposition 3.1]
every norm on a finite-dimensional vector space is diagonalizable.

(iif) In particular, for any prime number p the field of p-adic numbers Q,, is local and spherically
complete.

(iv) The algebraic closure @g of the p-adic numbers is not complete (see [38, section 3.1.4]).

(v) The completion C,, of Qg is still algebraically closed, but not spherically complete.

(vi) Over C, the field of rational functions C(¢) is not Cauchy complete, as the Cauchy sequence
(Zin:o %ti)ne,\, has no limit. Its completion is the field of (formal) Laurent series C(t)), which
is spherically complete, because the valuation is discrete.

(vii) For any field k let k{t} = U@1 k((t'/™)) be the field of Puiseux series. It is not complete. Its
completion is the Levi-Civita field [3, Theorem 4.10], in which the exponents of a series
need not have a common denominator, but for any upper bound, there are only finitely
many exponents with nonzero coefficients. The Levi-Civita field is not spherically complete,
its spherical completion is the Malcev—Neumann field k((t®)) of power series with rational
exponents and well-ordered support (see [6, Example 1.1]).

Let M(V) and V(V) be the set of norms and, respectively, nontrivial seminorms on the
dual vector space V* (note the dualization!). For x € N (V) we denote by [|.||, the associated
seminorm. We endow N (V) with the coarsest topology that makes the natural evaluation maps

N{)3x— |vll, €R

for all v € V* continuous. The space N (V) has been first introduced by Goldman and Iwahori in
[18] over K = Q.

Remark 1.7 (Topology of V(V)).

(i) Equivalently, one may define the topology on F(V) as the topology of pointwise convergence:

anet(x,)in V(V) converges to a seminorm x € N (V) ifand only if ||v|| x, converges to vl
inRforallv € V*.
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(ii) A basis of the topology on F(V) is given by open subsets of the form

U={xe NV) ||vill, € (@, b)) foralli =1,...,1}

= e, (a1, b)) N - Nev, (@, b))

for some vy,...,0; € V* and open intervals (a;,b,), ...,(a;, b;) C R, where ev denotes the
natural evaluation map.

Two points x,y € F(V) are said to be homothetic, written as x ~ y, if there is a constant ¢ > 0

such [|.[lx = ¢ [[.||;. Homothety defines an equivalence relation on N (V) that restricts to an
equivalence relation on N (V).

. —diag —_
We denote by A'4i28(1) € A (V) the subspace of diagonalizable normsand N* (V) € N (V)
the subspace of diagonalizable seminorms. Note that seminorms that are homothetic to a
diagonalizable one are themselves diagonalizable. Let X(V) = N'(V)/ ..

Definition 1.8. The affine Bruhat-Tits building of PGL(V) is defined to be the quotient space of
diagonalizable norms by homothety:

B(V) = N2/ _.

_ di — —

The quotient B(V) = N lag(V) /. C X(V)= N(V)/_. forms anatural bordification of B(V) (in
fact, by Corollary 2.8 X(V) is compact). In particular, for a spherically complete field K the quo-
tient B(V) = X(V) is a natural compactification of B(V). This expands on the construction in
[43].

_ WhenV = Kt we write X, (K) and &, (K) for X(K"™1) and X(K"*1) as well as B,,(K) and
B,(K) for B(K"*1) and B(K"*1), respectively.

Remark 1.9. (Topological structure)

(i) By [6, Theorem 1.19], the locus N'4128(V") of diagonalizable seminorms is dense in A (V) with
respect to the Goldman-Iwahori metric

(Il I1-Mly) = sup (log vl = loglvlly)-
VEV*

The finiteness of the supremum follows from the fact that any two norms are equivalent (see
[6, p- 10]). The topology induced by this metric is finer than the one defined above because
uniform convergence implies pointwise convergence. It follows that (V) is dense in X(V).
Hence, also B(V) is dense in E(V). Indeed, a stratum of B(V) of seminorms with a fixed
kernel W C V can be identified with B(V /W).

(ii) Despite the notation suggesting that A (V) ¢ M (V) is open, this need not be true in general,
as we will show in Remark 2.10. On the other hand, it is when K is local. Indeed, let {x_},
be a net of seminorms, converging to X, and let {v,}, be a net of unit vectors (with respect to
some fixed norm on V') such that ||v,|| x, = 0.As the field is local, the unit sphere is compact
and so we can find a convergent subnet converging to 0 # 0. We conclude that ||0]|; = 0 by
continuity and thus X is also a proper seminorm.
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8 of 37 | BATTISTELLA ET AL.

Example 1.10. Let K have trivial valuation. Then we can give an explicit description of the
space of seminorms up to homothety on a vector space V of dimension r + 1. First recall that
by Example 1.6 Item (i), the field K is spherically complete and hence by Proposition 1.5 we have
?(V) = E(V). We claim that there is a bijection:

— 1:1 —
B(V) «—> {(O = VO g Vl g eos g V[ = V*,Cl > > Cl—l) | Cl"“’cl—l (S R>0}l N

=1,...,r+1
where0 =V, CV; ¢ --- € V; = V*isaflag of subspaces of V*. We allow the special case of | = 1
where we just have the flag (0 ¢ V*) without any coordinates.

Proof. Let || - || € M(V) be a representative of x € B(V), that is, a nontrivial seminorm on V*.
Then all balls around 0 in V* are subspaces. By letting the radius vary, we obtain a unique filtration
0=V,CV, & CV;=V"such that for all i = 1,...,1 the restriction of || - || to V; \ V;_; is a
constant function and the values are strictly increasing.

Let d; denote the constant value on V; \ V;_; and setfori=1,..,1 -1

log &
¢; :=—log —.
i g 4,
Note that any seminorm homothetic to ||.|| yields the same filtration of subspaces and only multi-
plies all the d; simultaneously by a common scalar. This does not change the c; and thus we obtain
a well-defined map.

Vice versa, every flag of subspaces0 =V, C V; ¢ --- € V; = V* together with coordinates ¢; >
.. > c_; € Ry gives rise to coordinates d; via the formula above by setting d; = 1, and thus we
obtain a well-defined diagonalizable seminorm with
=d

”'”'Vi\Vi—l i

and generic value 1. By construction, these maps are inverses of each other. O
Remark 1.11. The bijection in Example 1.10 restricts to a bijection
1:1
BV)—{0=V, gV, GGV, =V e >..>¢ ) ]|ecp, .0 €Ryyl.

This can be identified with the cone over the order complex of the lattice of nontrivial subspaces
of V*. The latter comes with a natural weak topology, where a set is open if and only if its intersec-
tion with each cone is relatively open in that cone. This turns this set into the colimit of all cones
corresponding to a fixed filtration. However, the topology on the building is much coarser than
the weak topology of the cone complex, as the following example will show.

Example 1.12. We consider the case where K is any infinite field with trivial valuation. Then we
can identify B, (K) with the set

{0eVi ¢ &Y. 0)ceRy} u{(0cE)}.

See Figure 1. Here 7 := (0 ¢ (K?)*) corresponds to the homothety class of a norm that is constant
away from 0. Each cone corresponds to a 1-dimensional subspace and the point at infinity of each
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BUILDINGS, VALUATED MATROIDS, AND TROPICAL LINEAR SPACES 9 of 37

FIGURE 1 The building El (K) of a trivially valued field, where F is shorthand for “0 ¢ V; ¢ (K?)*”. The
coordinate c is a positive real number. A norm in the homothety class corresponding to (F, ¢) has generic value 1,
and value e~ on V, \ {0}. In the case of ¢ = oo, we have a proper seminorm with kernel V.

cone corresponds to the homothety class of a proper seminorm. In rank 1, the homothety class of
a proper seminorm is uniquely determined by its kernel, and thus we can identify El (K)\ B;(K)
with P1(K).

A basis of the topology of B,(K) is given as follows: choose finitely many vectors vy, ...,0, €
(K?)* and intervals (a;, b,), ..., (a;, b;) C R and define

U= {x S El(K) | 3 a representative ||.|| € x with [|v;]| € (a;,b;) forall i = 1,...,1}.

In particular, if such a set is a neighborhood of #, then it contains all cones correspond-
ing to subspaces that do not contain any vector vy, ..., v, that is, all but finitely many. This
is of course not necessarily true for open neighborhoods of 7 in the weak topology of the
cone complex.

The space B(V) has the structure of an affine building in the sense of [36, Definition 1.9] (see,
e.g., [31, IT1.1.2] for a proof). We refer the reader also to [4] for a discussion of the various axiom
systems for affine buildings over possibly nondiscretely valued fields. For us, however, the most
important notion is the following:

Definition 1.13. An apartment A(e) in B(V') (associated to a basis e of V*) is given by the image
in B(V) of

R sy Ndiag(v)

S
a+— || lleg-

Every apartment is a closed subset homeomorphic to R"*! /R ~ R". The above parameteriza-
tion can be extended to @nﬂ —{(00, ..., 0)}. Its image, denoted by A(e), is the closure of A(e)
and may be naturally identified with TP" = ® {(c0,...,0)}/ R - 1. We refer to Ale) as a

compactified apartment.
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FIGURE 2 The affine Bruhat-Tits building 5, (Q,).

Example 1.14. In Example 1.12, every apartment is the union of exactly two 1-dimensional cones:
a (homothety class of a) seminorm is diagonalizable by a basis {v;, v,} C (K?)* if and only if it lies
in the cone corresponding to (v;) or (v,).

Our conventions are chosen so that the associations V +— X(V) and V ~ B(V) are co variant
functors from finite-dimensional K-vector spaces to topological spaces. In particular, any embed-
ding ¢ : V & W induces an embedding BQ) : B(V) < B(W). We have a natural operation of
PGL(V) on X(V), which respects diagonalizability and nondegeneracy. It is easy to show, that
for dim V' > 1 this operation of PGL(V') on B(V) is transitive if and only if the valuation on K is
surjective.

Example 1.15. In the case of a discretely valued field K, the affine building B, (K) is a flag sim-
plicial complex whose vertices correspond to equivalence classes of lattices (see Subsection 6.2).
Let Ok denote the valuation ring, 7 a uniformizer, and k = O /() the residue field. A lattice in
K'*1is a free Og-submodule of rank r + 1. Two lattices L,, L, are homothetic if L, = cL, for some
¢ € K*. Two homothety equivalence classes A, A, of lattices are adjacent if there are representa-
tives L; and L, such that 7L, C L, C L;. The simplices of B,(K) correspond to flags of adjacent
lattices 7L, € L, € ... € L, & L,. Alattice L corresponds to an integral norm |.|; given by

x|, :=inf {]A| |4 € K*,A'x € L}

for x € K'*1, and one recovers the lattice as the closed unit ball of the norm. Given a lattice L,
the star of [L] in B,(K) can be identified with the spherical building 3,(k) (see Example 1.10)
by sending a flag of lattices 7L C L, C ... € L, C L to its image in L/7L, which is a flag of k-
linear subspaces.

Example 1.16. Letr = 1and K = Q,,. Then the affine Bruhat-Tits building 5,(Q,) is an infinite
tree whose vertices have valency p + 1. Let e = (e}, e,) be a basis of (@;)*. The apartment .4(e) is
an infinite path in the tree that uses all Z ,-lattices with basis (p*1e;, p“2e,) where (u;,u,) € Z*.
See Figure 2 for the compactified Bruhat-Tits tree of Q,. The open part is the usual trivalent infi-
nite tree /3;(Q,). The boundary 5;(Q,) \ B;(Q,) (illustrated by the circle) can be identified with
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BUILDINGS, VALUATED MATROIDS, AND TROPICAL LINEAR SPACES | 11 of 37

P'(Q,) because any homothety class of a nontrivial proper seminorm on (@%)* can be identified
with its kernel, which is a 1-dimensional subspace of (@%)*.

2 | ANALYTIFICATION AND TROPICALIZATION

For a complete non-Archimedean field K, we recall the Berkovich analytification for any locally
finite type scheme over K. We describe the relations between the Berkovich space, the space of
seminorms on (K"*1)*, and the compactified building. This allows us to define a tropicalization
map from the space of seminorms on (K"*1)* to tropical projective space.

Let A be a finitely generated K-algebra and write U = Spec A.

Definition 2.1. A (multiplicative) seminorm on A isamap |.| : A — R such that

@) |fl =0forall f € Aaswellas|a| = |a|g foralla € K;
(i) If - gl = 1f]-1g| forall f, g € A; and
(i) |f + gl <max{|f],|g[}forall f,g € A.

We think of the set U?" of multiplicative seminorms on A as a space, the analytification of U
in the sense of Berkovich [5]; we write x € U?" for a point in U?" as well as |.|,. for the associated
seminorm. The (analytic) topology of U?" is the coarsest that makes all evaluation maps

Uan_)R

x— |fly

for f € A continuous. For a scheme X that is locally of finite type over K, we define its analytifi-
cation X?" locally as above, and globally by gluing over affine open covers. See [5, chapter 3] for
details.

Remark 2.2. For an affine scheme U of finite type over K, we have a natural inclusion U(K) — U?"
via x — [f — | f(x)|]. For any scheme X, locally of finite type over K, these inclusions on affine
open subsets glue to an inclusion X(K) — X?2". If the valuation on K is nontrivial, the image of
X(K) is dense in X" for an algebraic closure K of K.

The association X — X2 is a covariant functor that commutes with the inclusion of the K-
points of a scheme into its analytification. See [19, section 2.6] for details.

Remark 2.3. To distinguish between multiplicative seminorms on a K-algebra and seminorms on
a finite-dimensional K-vector space, we denote the former by |.|, and the latter by ||.]] .

Let V be a vector space over K of dimension r + 1.

Remark 2.4 (Analytification of projective spaces). As explained in [36, section 2.1.1], the ana-
lytification of the projective space P(V) can be identified with the quotient of A(V)*" — {0}
modulo homothety.

Let S*V* be the symmetric algebra of the dual vector space V*. This is a finitely generated
graded K-algebra. Every choice of a basis (e, ..., ¢,) of V* induces an isomorphism of S*V* with
the polynomial ring over K in r + 1 indeterminates. The affine space A(V') and projective space
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P(V) are defined as

A(V) = Spec(S*V*) and P(V) = Proj(S°'V*).
As said above, A(V)2" consists of all multiplicative seminorms on S*V*. Then the analytification
P(V)?" is the quotient of A(V)?" — {0} by homothety: we define x ~ y if and only if there exists
a constant ¢ > 0 such that for all f € S"V* we have |f|, = ¢"|f]| y- Here the analytic topology on

P(V)2" is equal to the quotient topology.

A multiplicative seminorm on S*V* induces a seminorm on V* = S'V* by restriction, hence
we have a natural continuous map 7 : A(V)* — N'(V) such that 7(x) = 0 if and only if x = 0.

As this map is compatible with the equivalence relations, it descends to a continuous restriction
map

7 PV — X(V).
Proposition 2.5. Let K be spherically complete. Then the restriction map admits a section

I X(V)=BV) - P(V)™.

Given a diagonalizable seminorm ||.||, we may choose a basis e, ... e, of V* and c, ...,c, € Ry,
such that

| | Z Aiei ' | = miaX{Ci |/ll |}
The multiplicative seminorm J(||.||) on S*V* is defined by
JAID Z ael ..ef | = max {laslc? ...c/ }.
I=(igmiy)
When K is a local field, the section J is continuous.
Proof. We refer the reader to [35, section 3] for details on this construction. Note that in [35] the
authors assume that X is local, although everything but the continuity of J goes through when K

is spherically complete. O

Remark 2.6. We do not know whether J is continuous, when K is not local. Luckily this statement
is not needed in the remainder of this article.

Proposition 2.7. Let K be any complete non-Archimedean field. Then the restriction map
T P(V)™ = X(V)

is surjective.
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Proof. We want to construct a section X(V) — P(V) in the general case. We pick any spherically
complete extension L/K and denote V @y L by V;. Then for any seminorm ||.|| on V* we have an
induced seminorm ||.||, on V7 given by

lwll, = infml_ax{l/lil vl

Wwhere the infimum runs over all possible decompositionsw = Y, ;v; with ; € Landv; € V*. It has
been shown in [6, Proposition 1.25] that the map xX(V) > E(VL) given by ||.|| — [|.||;, isinjective and
that this map is a section of the natural restriction map E(VL) — X(V). Now, we define a section of
T by composing

X(V) — R(V,) = B, S B, — P)™

where the last map is the restriction of a multiplicative seminorm on the symmetric algebra S*V* C
SV O

Corollary 2.8. The space X(V)is compact.

Proof. This follows immediately from surjectivity of 7 : P(V)*" - X(V) and compactness of
P(V)2" (see, e.g., [5, Theorems 3.4.8 and 3.5.3]). O

Remark 2.9. We do not know if the section constructed in the proof of Proposition 2.7 is indepen-
dent of the choice of the spherical completion (which need not be unique in some cases in positive
characteristic, see [3, Theorem 6.17]), or if the section is continuous.

Remark 2.10. We can now show that N'(V) C V(V) need not be open. Let K be algebraically
closed. The set of K-points of P(V) is dense in P(V)*" and gets mapped to homothety classes of
proper diagonalizable seminorms in X(V'), thus its image is also dense. Consequently, neither

inclusion X(V) C E(V), nor B(V) € B(V), nor N' ) c F(V) can be open in this case.

From now on we consider the vector space V = K"*! together with its standard basis e =
(eg, ---» €,) and the associated dual basis e* = (e(’;, ..., ey) of V*. This identifies A(V) and P(V) with
A"l = SpecK[t,, ..., t,] and P" = ProjK[t,, ..., t,], respectively. As explained, for example, in
[32], there is a natural continuous tropicalization map

—n+1
trop e - (AP —s R

x > (=10gtol s ..~ l0g [£,1,)
that is compatible with the diagonal G,,,-operation. Therefore, this induces a tropicalization map
tropps : (P")*" — TP"

x — [=logltyl, © -+ ¢ —log|t,l,].
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Tropicalizing the analytification of the big torus in P" yields only elements with finite
coordinates:

troppn (G )" = R™1 /1.
Proposition 2.11. The tropicalization map troppx factors as

r — trop;n
P"H™ - X, (K) —— TP" D

where tropyn : EH(K) — TP" is a continuous and surjective map given by associating to a seminorm
Iy : V* = R the tuple

&)

trop;n(x) = [—loglleyll, : -+ = —logllelll,] € TP".

Proof. The tropicalization map trop is well-defined, as, for two seminorms |[.||,[|.||, on V*
n

together with a homothety x ~ y we have a ¢ > 0 such that ||.||, = ¢ - [|.||, and thus
trop;n(x): [~logllejll, : - : —log|lei]l.]
= [—logc—loglle(’;lly D —logc—loglleZHy]
= [~logllejll, : - = —loglleill,]
= trops; (¥).

It is continuous, as it is given by evaluation maps in each coordinate, and surjective, as the
compactified apartment map

—n+1
R

_ {00n+1} —>En(K)
(ao’ ’an) — ”-”e*,(ao ..... a,)

induces a continuous section TP" — En (K) C En (K) of trop}n . The factorization (1) follows from
the observation that, under the identification S*V* ~ K[t,, ..., t,,] the linear one-form e;k is natu-
rally identified with the linear polynomial ¢;. Therefore, we have |t;], = ||e} || () forall x € (P")*"
andi =0,...,n. This implies

tropy (7(x)) = [~ logllejllece) -t —loglleylloco)]
= [_1Og|t0|x Dol _logltn|x]
= troppx(x)
for all x € (P™)2". O
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Similarly, tropicalizing the noncompactified space of norms, one obtains all finite points:
trops (X,(K)) = R /1.

Let Y C P" be a Zariski-closed subscheme. Then, following [19, 32], the tropicalization of Y is
defined to be the projection

Troppn(Y) = tropp.(Y?")
of Y?" under tropp. into TP". Let L be an algebraically closed extension of K with nontrivial
absolute value |.|;. By [19, Proposition 3.8], the tropicalization Tropp.(Y) is equal to the closure
of

{1=108(lto11) = - = =log(Ital ) | Itg = -+ = 1,] € YO) S P" (L) | S TP".

Proposition 2.12. For a linear embedding 1: P" < P" the tropicalization Trop(P",t) =
troppn (((P")*") is equal to the projection of X(1)(X,(K)) C X, (K) under trop; into TP".

Proof. As the restriction map 7 is surjective, the commutativity of

Py —— X,(K)

tl li(z)

Py —% X,(K)

implies that E(L)(EV(K)) = t((2"(P")2"). The factorization of the tropicalization map in Proposi-
tion 2.11 then yields the claim. O

Henceforth, we will define for any linear embedding ¢ : P" < P" the composition 77, by
T, 1= trops o}([) : E,(K) — Trop(P", v).

Note that 7, is continuous and surjective. A direct computation shows thatift = [f, : ... : f,]for
fos s [ € (K™ we have

T[L(x) = [_log(”follx) Coee _log(”fn”x)]

for all x € X,(K).

3 | LIMITS OF LINEAR TROPICALIZATIONS

In this section, we will set up and prove Theorem A. We first set up a category of linear
embeddings such that tropicalization yields a covariant functor into the category of topological
spaces.
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Definition 3.1. Let I be the category of linear embeddings P" & U C P", where U is a torus-
invariant open subset of P", with morphisms given by commutative triangles

Pr _’> U
N
UI
where U — U’ is a toric morphism.

Remark 3.2. The codimension of the complement of U C P" in Definition 3.1 must be at least
r + 1. Thus, for all j =0, ..., r, the Chow group of U of codimension j is isomorphic to that of P".
The degree of ¢/ being 1 can be measured by intersecting its image with a generic linear subspace
of codimension r. As the same is true for ¢, we see that hyperplanes must pull back to hyperplanes
along U — U’, that is, this morphism is forced to be linear.

Remark 3.3. Allowing the toric morphism to be defined on a smaller torus-invariant open subset
instead of the whole projective space endows our index category with many more morphisms,
most notably coordinate projections. This makes I into a cofiltered category: indeed, for any two
objects ; : P" & U; C P, i =1,2, we can find a third one dominating both, namely, (: P" <
U C PN, where N = n; + n, + 1 with projective coordinates z,, ..., zy and

U= <[P>N \ V(Zg, 2, ) N prl_l(Ul)) N ([FDN \ V(Zp, 415+ Zn ny41) 0 prz_l(Uz)).

And for any two morphisms f, g : U; — U, commuting with ¢; as above, we can equalize them
by defining U, = {f = ¢} C U,, and noticing that ¢, factors through U, and the closure of U, in
P™ is a linear subspace P C P™.

The tropicalization U"P of a torus-invariant open subset or P" is a special case of the trop-
icalization of toric varieties, as introduced in [32, section 3]. In our case, this means removing
those tropical torus-orbits from TP", for which the corresponding algebraic torus orbit is not con-
tained in U. For a toric morphism ¢ : U — U’ such that ot = ¢/, we have a natural induced
map P : UP — P gych that ¢"°P(Trop(P", 1)) C Trop(P", (). In particular, if ¢ is a coor-
dinate projection, then ¢'°P is the analogous tropical coordinate projection. We refer the reader
to [32], to [33, sections 3 and 5], and to [30, section 6.2] for more details on the tropical geometry
of toric varieties.

Lett : P" < U be a linear closed immersion, where U is a torus-invariant open subset of P",
andletj : U — P" be the inclusion. Then we have a homeomorphism of tropicalizations

trop
Trop(P", ) LA Trop(P",jot) C TP".

Using this observation we will henceforth identify any tropicalization arising from a linear
morphism P" — U with a subset of TP".
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Lemma3.4. Lett : P" S U CPrand! : P' < U’ C P be linear embeddings and ¢ : U — U’
be a toric morphism with pot = . Then the diagram

X,(K) — Trop(P", )

trop
N I

Trop(P", (")
commutes.

Proof. This follows immediately from Proposition 2.11 and the fact that the same holds for the
Berkovich analytification [32].

O

This lemma yields a well-defined continuous map

1(12 -

-~ LE. .

X, (K) —— hr? Trop (P, )
e

where the limit runs over all linear embeddings ¢ : P" — U C P" into torus-invariant open sub-
sets. The limit is endowed with the coarsest topology making all projections continuous; in
particular, the limit topology is generated by (the preimage under projection of) all opens in
all (finite) tropicalized linear spaces. The right-hand side is thus a pro-object in the category of
topological spaces.

Theorem 3.5 (Theorem A). The map

l(igﬂ, 1 X(K) — {iETrop (P",0)
el el

is a homeomorphism.

Proof. As yﬂtel Trop(P", 1) is a Hausdorff space and X, (K) is compact by Proposition 2.7, it suffices
to show bijectivity.
We first show the “injectivity” of lim _ 7,. Assume thatlim  7,(x) =lim 7, (x’) for x,x" €
«—€l «—i€l «—iel

E,(K). We choose representatives y and y’ of the homothety classes x and x’, respectively.

Claim. The seminorms y and y’ have the same kernel.

By symmetry, it suffices to show one inclusion. Let 0 # f € (K"+1)* with || f]| y = 0. Then by
extending f to a generating set f, f1, ..., f,, of (K"*1)* and looking at the corresponding embed-
dinge=[f : f; : ... : f,] : P" > P", we obtain that the first coordinate of 7,(x) = 7,(x") equals
—logl|fll, = co. By assumption, also —log || f||,, = oo and thus also || f|],» = 0.

Let now fo, f1 € (K™%, with ||foll, # 0and |1 f,1I, # 0. Thenalso || foll, # Oand |[f ],/ #

0 and we need to show that llllj{"lllly, = lllljfllllly, , as this immediately implies that y, y’ are homothetic
0lly 1y
and thus x = x’. We extend f, f, toageneratingset f, f1,..., [, of (K"1)*. Lett = [fy ¢ ... © ]
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be the corresponding embedding from P" into P", then 7,(y) = 7,(y") and thus their difference is
a multiple of 1, in particular

I folly
— 10
S0l

FAS
A

= —(log|Ifoll, —logllfolly ) = —(logllf1ll, —log |l f1ll,) = —log

We now show the “surjectivity” of lim _ 7,. Let (¥,),¢; € lim _ Trop(P",j). First, we consider
—el J7 —el
theidentityid = [ej @ ... : ] : P" — P". After a permutation of coordinates, we may assume that
the first coordinate y;q , of yiq € TP" is not co. We will construct a seminorm ||.|| with [lej|| =1
and 7, (||.|]) = y, forallj € I.

Claim. For all linear embeddings ¢ = [e; @ fy @ -+ @ f,], the first coordinate y, , is not co.
After composing with the corresponding embedding into projective space we can assume that
the codomain of ¢ is P". We consider the linear embedding
e i tel i fy it f] i PP UCP™
where U = P"™" \ V(x,, ..., x,) U V(Xy, X, 1, .- X, 4,)- Then we have a projection U — P" onto
the first r + 1 coordinates and a projection U — P" given by [xg : ... : X, ] =[xy @ Xpp © ot
Xrynl- As ()),s is an inverse system, this shows that the first coordinate of y, cannot be co.

Construction of the seminorm. Let f € (K"*1)*. We choose an embedding j = leg : f:fr:
<+ 1 f,] : P" - P" and define

”f” = eXP(yj,o _yj,l)

where we set exp(—oo) = 0. Note thaty, , # oo and that this does not depend on the representative
of y, € TP".

We show that this is independent of the choice of j. Let )" = [¢; @ f : f7, ¢ ... : f]]. Similarly
to before, consider the embedding

leg c fifar i fut oot 1] t P — U C Pl

where U = P"™"'~1\ V(x,, ..., X,) U V(xXy, X, Xpt1> - » Xy —1) s before. By the same argument,
applying the projections to P and P" shows that Vo—Y1=Yro— Y1

By a permutation automorphism one can show that for any linear embedding ¢ = [e; : -+ : f :
---], where f is in the ith entry, we have || f]|| := exp(y],0 - yj,i).

We check that the constructed map is indeed a seminorm. For f € (K"*!)* and A € K consider
any embeddingj = [e; : f : Af : ...]. Then, by Proposition 2.12, for every y, € Trop(P’,j) there
is a class of a seminorm [||.||'] € Er(K) with

7 ([I11])
(trop, o%() ) ([1111'])

= [~logllegll" : —loglIfII" : =loglIAf]l" : -]

Y
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and thus i+ val(1) = V)2 where val is the valuation on K. Therefore,

Af1] = exp(y, 0 = ¥,2) = exp (¥,0 — 1 + val(d)) = 4] - [If]I.

For f, g € (K"1)*, the inequality || f + g|| < max{||f]|l, ||g]|} follows similarly by considering an
embedding containing f, g and f + g.

By construction, the seminorm ||.|| isan inverse image of (y)),¢;: Let) = [f1 @ ...t fp,] 1 P —
U C P"! be a linear embedding into a torus-invariant open subset U C P"~!. Consider the
embedding j’ = leg © f1t @ fu]l t PP —> V CP" where V is the complement of the intersec-

tion of the last n coordinate hyperplanes. As the projection of V' onto the last n coordinates is
a toric morphism, we have an induced projection map Trop(P’,;") — Trop(P’,j). The same
permutation argument as before shows

[—log(I1f11D) : -+ = =log(IfnID] = [ logexp(y, o — ¥, 1)) © - = —log(exp(y, o — ¥y )]
= [y =Yyo it V=Vl
= [yt Yyl
= [yJ,O Co :yJ,n—l]'
Ol

Remark 3.6. Instead of the category I used above, several subcategories would yield the same

limit.

(a) The full subcategory I’ of I of nondegenerate embeddings where no coordinate equals
0. Then I’ is cofinal in I, and thus the respective limits of tropicalizations are naturally
isomorphic.

(b) The full subcategory of I of nondegenerate embeddings that are different in every
coordinate.

(c) The wide subcategory of I, where instead of all (linear) toric morphisms we only allow
coordinate projections. Note that these morphisms are the only ones used in the proof
of 3.5.

Following the proof of Theorem 3.5, one can similarly show that the restriction of the map
l(iﬂlel, 7, to the noncompactified space &, (K) induces a homeomorphism

&,(K) — lim Trop ((PHNG) = lim (Trop (P", ) NR™*!/R - 1),
er’ el’

where n, is the dimension of projective space that is the codomain of «.

Remark 3.7. In [22], the authors consider a projective limit of tropicalizations with respect to
all linear re-embeddings of a fixed affine variety. They, in particular, show that this construc-
tion recovers the whole Berkovich analytification in the case of an affine smooth algebraic
curve. Theorem A may be thought of as a natural linear-algebraic incarnation of the authors’
ideas.
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4 | VALUATED MATROIDS AND TROPICAL LINEAR SPACES

In this section, we recall some of the basic definitions and results on valuated matroids in the
sense of Dress and Wenzel [13], in particular, how to associate a (projective) tropical linear space
to a valuated matroid and to describe its local structure.

4.1 | Essentials of matroids

A matroid M of rank r is given by an arbitrary set E, called the ground set, and a set T of subsets
of E, called independent sets, such that the following axioms are satisfied.

(I1) The empty set is independent.

(I2) Subsets of independent sets are independent.

(13) If A,B € I and |A| > |B|, then there is a € A such that Bu {a} € T.
(I4) If A is an inclusion-wise maximal independent set, then |A| = r.

Note that if the ground set E is finite, then axiom (14) follows from (I3), but if E is infinite then
(I4) is a necessary axiom. Clearly, these axioms are modeled after linear independence of a set of
vectors whose span is r-dimensional; for example, we get a matroid by considering the linearly
independent subsets of a subset E of a vector space K". The rank of A C E is the cardinality of a
maximal independent in A. The family (M) of inclusion-wise maximal sets of 7 are called the
bases of M, and by axiom (I12) they determine Z. A circuit C C E is a minimal dependent set, and
aflatis a subset F C E such that |C \ F| # 1 for all circuits C. A set is a flat if and only if adding
any other element to it increases its rank. A loop is an element in E that is contained in no basis;
equivalently the singleton with only this element is dependent.

4.2 | Valuated matroids
We begin with the following definition due to Dress and Wenzel [13].

Definition 4.1. A valuated matroid of rank r on a ground set FE is a function
v: <E> — R
r

(i) There exists A € (]f) with v(A) # oo.
(ii) Forall A,B € (]f ) and a € A — B we have the valuated basis exchange property

that fulfils the following axioms.

v(A) + v(B) > rgleig {v(bUA\ a)+v(@UB\b)}.

The elements A € (f ) with v(A) < oo form the set of bases of a matroid, called the underlying
matroid of v. We explicitly do not require the underlying set E to be finite.
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)

Remark 4.2. Valuated matroids on E of rank r are parameterized by the Dressian Dr(E,r) C R,

_(E
This is the tropical prevariety of points v € ") such that for all 7 € (rf Jandallo e (f ) the

expression
rgg@@\j%+MUUD) 2)

attains the minimum at least twice. It is straightforward to verify that the basis exchange axiom of
valuated matroids is equivalent to the minimum in Equation (2) being attained at least twice for

allt € (rfl) andallo € (ri). If v is a point in the interior Dr(E, r)° = Dr(E,r) N [R{(f), then the
underlying matroid of v is the uniform matroid on E of rank r, that is, the bases are all subsets of
cardinality r. Valuated matroids with different underlying matroids lie at the boundary. That is, if
M is a matroid on E of rank r, we obtain the Dressian with underlying matroid M by intersecting
with hyperplanes at infinity:

Dr(M) = Dr(E,r)n ﬂ {UG@G) | v(0) = }.

ce(’f)
o not a base

Example 4.3 (Realizable valuated matroids). Let K be a field with a non-Archimedean valuation
val : K - R.

(a) Let{f,,..,[f,} be a generating subset of K"*!. The map

o: (1) —®
r+1
A={ay,..,a,} — val (det [fy, = fo])

defines a valuated matroid or rank r + 1. This follows from the Grassmann-Pliicker identity:
n
det(vy, ..., v,) - det(wy, ..., w,) = 2 det(vy, ..., Uj_1, Wy, Vjy1s - U,) - det(vy, wy, ..., W,.)
i=0

for all vy, ..., v,, Wy, ..., w, € K"+1. All valuated matroids of this form are called realizable.
(b) Extending on (a), the map

(E&YY =
Wyniy - < r+1 —R

induced by the permutation-invariant map val o det : KU+DX0+1) _ R is a valuated matroid,
called the universal realizable matroid.
(c) If the valuation on K is trivial, then in (a) we have

0 if Ais a basis,
v(A) = e
oo if A is dependent.
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Thus, the notion of an ordinary matroid that is realizable over a fix trivially valued field cor-
responds exactly to that of a valuated matroid that is realizable over the same trivially valued
field.

4.3 | Tropical linear spaces and matroid polytopes

Valuated matroids v with ground set E and rank r + 1 have an associated polyhedral complex
L(v) of pure dimension r in TPF that is connected through codimension 1 and that satisfies
intersection-theoretic properties analogous to linear spaces. Hence, the £(v) are called tropical
linear spaces. We recall the definition, some properties, the associated Matroid polytope, and a
regular subdivision induced by v that is dual to £(v). When the matroid is realizable, this recovers
the coordinate-wise tropicalization of any linear subspace associated to v.

In the following, let E = {0, ..., n} be the (finite) ground set of a valuated matroid v of rank r + 1
with underlying matroid M.

Definition 4.4. The tropical linear space L(v) C TP" associated to v is the locus of those (u,),c €
TP" such that for any r € (rf 2) the minimum in v(7 \ e}) + u, is attained at least twice.

If some f € E is a loop, by taking 7 = B U {f} for any basis B, one can see that u; = co for
each (u,),ep € L(v). Thus, adding or deleting loops only yields homeomorphic associated tropical
linear spaces. Consequently, for simplicity, we now assume that M has no loops.

Now, we give a characterization of matroids in terms of polytopes. We use the following notation
for the indicator vector in RE of a set A C E:

eA = Zei (S RE
i€EA

Definition 4.5. The matroid polytope P, of a matroid M is the convex hull of
{eg| B e BM)} CR™.

The valuated matroid v can be regarded as a height function on the vertices of the polytope P,
giving rise to the lifted polytope I'(v), which is defined to be the convex hull of

{(eg,v(B)) € R"** | B € B(M)}.

Projecting the lower facets of I'(v) back to R"*! induces a polytopal subdivision D,, of P, called
the regular subdivision induced by v. By [42, Proposition 2.2] (also see [30, Lemma 4.4.4] or [25,
Theorem 10.36]), a real-valued function from the vertices of P, is a valuated matroid if and only
if all the faces of the induced regular subdivision are matroid polytopes.

A vector u € R"! selects a face of the regular subdivision induced by v by taking the convex
hull of all vertices e; of P,; such that v(B) — u - e5 is minimized. Such a face corresponds to the
polytope of a matroid, the so-called inital matroid M,, of M at u. For a loopless valuated matroid
v, we have that:
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Proposition 4.6 [15] or [42, Proposition 2.3]. The interior of the tropical linear space L(v), that
is, the points with finite coordinates and satisfying Equation (2), equals the set

L(v)° = {u € R""' | M,, has no loops}.
The closure operation only adds points with infinite coordinates.

The condition of M,, not having loops is related to the minimum being achieved twice in Equa-
tion (2). The set £(v)° has a natural polyhedral structure labeled by the initial matroids, where a
cell consists of all the points in £(v) whose associated initial matroid is constant, a given M,,. By
taking the closure, this polyhedral structure extends to L(v).

4.4 | Tropicalized linear spaces

Lett=[fy : = & fol: P" < P* with f,..,f, € (K")* be a linear embedding. Let v be the
valuated matroid of rank r + 1 on E = {0, ..., n} associated to the fy,..., f,, as in Example 4.3.
Note that another representative f’ (’), v f1Of[fo i - ¢ f,]isrelated by multiplying with a scalar
A # 0. Hence, its associated valuated matroid v’ satisfies that v/ = v + (r + 1) - val A. So, both v
and v’ define the same tropical linear space £(v) and the same underlying matroid M. Moreover,
we have:

Theorem 4.7 [7, Theorem B; 42, Proposition 4.2]. The tropical linear space associated with
a realizable valuated matroid coincides with the tropicalization of the corresponding linear
embedding:

L(v) = Trop(P", ).

Without loss of generality, we may assume that f; # 0 for all i € {0, ..., n}. Then Trop(P’,t)
equals the closure in TP" of the noncompactified tropicalization

Trop(P",) N R™*'/R1 = Trop («(P") N GL,).

Again, we can get an initial matroid M), from u = [u, : --- @ u,] € Trop(«(P") N G},)) by consid-
ering the matroid of rank r + 1 on E whose bases are the bases B = {b,, ..., b,} of M such that
v(B) — up, — ... — u;, is minimal. This definition is independent of the choice of representative of
u.

In [37], the author defines the notion of a local tropical linear space that can be extended to our
compact setting, that is, for tropical linear spaces in TP".

Definition 4.8. Let B = {b,,, ..., b,} be a basis of M. The local tropical linear space Trop(P", 1)z C
TP" is defined as the closure of the set of vectors u € Trop(«(P") N G}, ) such that M,, contains the
basis B.

The tropical linear space Trop(P',t) is the union of all its local tropical linear spaces
Trop(P", ).
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{eg:ei} {ef,e3}

* *
€0 €2

{eg, e3}

FIGURE 3 The compactified cones of Trop(P?,id) = TP? given by flats of the uniform matroid Uy ;. This
also represents the compactified apartment in the spherical building EZ(K ).

Remark 4.9. In terms of polyhedral subdivisions, the (open part) of the local tropical linear space
Trop(P", )y N R™*!/R1 is a polyhedral complex dual to the faces of the regular subdivision D,
that contain the vertex ep. For details, we refer the reader to [37, Corollary 2.5].

4.5 | The trivial valuation case

Throughout this subsection, we assume that v is trivially valued, that s, forall A € (r}i 1), we have
that v(A) = 0 if and only if A is a basis. This way we may identify v with its underlying matroid
M and the subdivision D, of P,, from Subsection 4.3 is trivial. So, the polyhedral complex of L(v)
is a fan, known as the Bergman fan of M (cf. [30, section 4.2]).

The following theorem refines the polyhedral structure of the Bergman fan, by realizing its
support as the order complex associated to the poset of flats of M.

Theorem 4.10 [30, Theorem 4.2.6]. Let M be a loopless matroid. The cones (e, ..., g )g_, + R1
in R"*1 /1 for every chain of flats § C F; G --- C F, form a fan with support L(M). In particular,
L(M) N R™*! /1 is homeomorphic to the cone over the order complex of the lattice of flats of M.

With this polyhedral structure, we can describe the boundary at infinity of the cones, and see
that it differs from a usual coordinate-wise compactification at infinity. Namely, for any cone o
given by a chain of flats # C F, C -+ C F), the closure in TP" is given by (€p, s> eFl)ﬁZO + R1.
In particular, if the ith coordinate of a point in o is infinite, then we consider the minimal j
such that i € F;, and we have that the i'th coordinate is also infinity for any i’ € F ;- Thus,
there is a single maximal stratum in the boundary of £(v) for each cone, which can alterna-
tively be explained by the fact that the cone structure above triangulates the Bergman fan of M
(see [30, section 4.2]).

Example 4.11. We consider the embedding P2 X P2. Then the associated matroid has
as ground set {eé‘,e’f,e;}, and every subset is independent, that is, we have the uniform
matroid Us;. The Bergman fan of U;; consists of a single cone R2. However, there
are six nontrivial flats, namely all three 1-dimensional subspaces and three 2-dimensional
subspaces. In Figure 3, we labeled all 1-dimensional cones corresponding to nontrivial

flats.
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5 | FAITHFUL LINEAR TROPICALIZATION
The goal of this section is to show Theorem B from the introduction. We recall its statement:

Theorem 5.1 (Theorem B). Let t: P" & P" be a linear closed immersion. Then there is a natural
piecewise linear embedding J : Trop(P",t) — B,.(K) that makes the following diagram commute

B,(K) < Trop(P", 1)

f\cél/
N

trop

B,(K) S TP".

By a piecewise linear embedding J, we mean that we have a finite covering of Trop(P’, () by
subcomplexes such that the image of each subcomplex lies in an apartment and the restriction
of J on each subcomplex is piecewise linear. In particular, 7z, induces a piecewise linear homeo-
morphism between the union of apartments | BOM) A(B) and the tropicalized linear subspace
Trop(P", v).

Choose fy, ..., [, € (K"'+1)* defining the embedding( : P" < P" and let v be the corresponding
valuated matroid of rank r + 1 on E = {0, ..., n} as in Example (4.3) (a). As above, we assume
that f; # 0 for all i € E. Let B € (M) be a basis of the underlying matroid M. Recall that the
compactified apartment A(B) in Er(K) denotes the set of all seminorms on (K"+1)* diagonalized

by B. It is homeomorphic to TP': a parameterization TP" = A(B) is given by

v=1[vy : - v ]— 5.0

This map is well-defined because different projective representatives v’ = v + A1 give rise to
homothetic seminorms || - || ,» = exp(=A)|.||5-

For the proof of Theorem B, we need a couple of technical results first. We begin with a valuative
version of Cramer’s rule.

Lemma 5.2. Let B be a basis of M, and k € E \ B. Write . = Y\, .5 Ay f, with 4, € K. For all
b € Bwe have

val(4,) = v(k U B\ b) — v(B).

Proof. Label the elements of B as by, ..., b,, with b, equal to our chosen b. Using multilinearity of
the determinant and properties of the valuation we find:

ok UB\b)=val (det[fi fo, - fb])

r

=Val<2/1idet[fi Jo, fb,.]>

i€EB
:val(/lbo-det [fo, - fb,])

= val(4;,) + v(B).
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Lemma 5.3. Let B be a basis of (E, v). If u is in L(V), then there is k € B such that u;. # co.

Proof. If B = E, the statement follows from the definition of tropical projective space. Otherwise,
assume there is u € L£(v) with u; = oo for all i € B. Choose k € E \ B such that u;, < oo and set
7 =k UB. As B is a basis, we have that v(B) + u;, < co. But this is the only finite term in the
minimum for Definition 4.4 hence it is not attained twice for t, which is a contradiction. O

For the following statement we interpret [37, Theorem 2.6] in our setting and extend to the
compactifications. It gives a piecewise linear homeomorphism between the local tropical linear

space Trop(P", 1)z (as in Definition 4.8) and the compactified apartment A(B).

Proposition 5.4. Let B =1{b,,...,b,} be a basis of M. The map Jy sending u € Trop(P", 1)y to

the seminorm || - ||B,MB, where ug = [ubO D DUy ], is a piecewise linear homeomorphism between
Trop(P", 1)z and A(B). Its inverse is the restriction of m,. Explicitly, the seminorm x = ||.||5, € A(B)
is mapped to m,(x) € Trop(P", 1)z with
Uk ifk €B,
7T, (X) = . . .
min;cp v(k UB\ i) —v(B) + v,  otherwise.

Proof. First, we define J; on the open dense subset Trop(P", )z N R"*! /R1 and show that this
gives a piecewise linear homeomorphism to .A(B). Clearly, the map 7, is injective on .A(B). So, we
show that 7z,0J is the identity on Trop(P", )5 N R"*!/R1, that is for u in the latter set we show

7 T5@) = 7 (11Mllgay ) = [~108 1follpay =+ =108 11 allpy | = [0 © =+ : .
As —log |l fpllpu, = up for b € B, we only need to check the equality for k in E\ B. As u €
Trop(P", ), the condition in Definition 4.4 for B U {k} says that the minimum is attained at least
twice in
min {u(k UB\ i) +u; .
i€kUB { ( \ ) l}
By subtracting u - e,z wWe see it is equivalent to the minimum being attainted at least twice in
min {v(kUB\i)—u-e Pfe
iekUB { ( \ ) kUB\l}
As B is a basis of the initial matroid M, it minimizes the expression v(c) —u - e, over all
oe (Vf 1). So, the minimum is achieved at i = k and some other i = [. That is, for all i € B
we have
VB)+u, =vkUB\ D) +u; <v(kUB\i)+u.
Writing f) = },cp 4:f;» by Lemma 5.2 this is equivalent to

w, = val(d) +u; < val(d) +

foralli € B. Hence, —log || fi|lp, = min;cp(val(d;) + u;) = uy.
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This also gives the alternative description of 7,. We are left to show that 7,(A(B)) lies in
Trop(P", )y N R™*!/R1 for which we refer to [37, Theorem 2.6]. Hence, J and the restriction
of 7z, are piecewise linear inverse homeomorphisms between Trop(P’, 1)z N R"*1/R1 and .A(B).
We now extend J naturally to a piecewise linear map Trop(P", ) — A(B) by sending u =
[ug : -+t u,lto [1-115,,- This is well-defined if [ub0 D ubr] lies in TP", namely if there is at
least one finite coordinate in [}, : -+ @ uy ]; this is proven in Lemma 5.3 and using the fact that
Trop(P",t) = L(v). Then, 7r,0J is the identity on Trop(P”, 1) because we have seen it is the iden-
tity for a dense subset and Trop(P", t)5 is Hausdorff. As .A(B) is dense in A(B), the image ﬂL(X(B))
is exactly the closure of Trop(P", )z N R"*! /R1 which is Trop(P", (). As before, JBoﬂl|z(B) =id

on A(B) which concludes the proof. O

Proof of Theorem B. Recall that Trop(P",t) is the union of all its local tropical linear spaces
Trop(P", 1) where B runs over the bases of the matroid M associated to Trop(P", ). Thus, we
define J locally as Jp and show that the maps Jp glue. For A, B € B(M), we show that J, and
J glue on the open part Trop(P",t) , N Trop(P", 1)z N R"*! /R1. Choose u = [u, : -+ : u,] in the
latter set and let (u, ..., u,) € R"*lbea representative. As in Proposition 5.4, we write u 4, ug for
the vectors in R"*! with the coordinates of u indexed by A and B, respectively. If || - || Ay equals || -
ll3,u,» We get a piecewise linear homeomorphism between Trop(P", 1), N Trop(P", ) N R /R1
and .A(A) N A(B).

Claim. The seminorms || - || Ay and || - || By ar€ equal.

First assume that A and B differ by two elements, that is, there are a € A and b € B such
that A\ a = B\ b. Choose v € (K"*!)* and write it in terms of the bases A and B: let v =
Zica®ifi = gfo+ Dieaa@ifiand fo = By fp + Xjep\p B;f j- Replacing, we getv = a8, f), +
ay Xjep\y Bifj + Zieava @ifi = 2aBpfp + X jep\p(@aBj + a))f . We want to show equality of
the expressions

—log|lvll 4, = min {Val(aa) +u,, ig{la val(e) + }, (3)

—log||v| |, = min {Val(cxa) + val(8,) + “b»jfélg{lb{val(“aﬁj +aj) + uj}}.

By Lemma 5.2, we have for every j € B that
val(B;) =v(@UB\ j)—v(B) = v(AUB\ j) — v(B). 4
As u € Trop(P", 1), the basis B is in the initial matroid M,,, so B minimizes the expres-
sion v(o) —u-e, overallo € (rfl), sov(B) —u-eg SV(AUB\ j)—u-eyp; forall j € B. By
Equation (4), we get

g — 14 = 1+ (aup ) — ) < VA UB\ J) = v(B) = val()). ©

Also u is in Trop(P", t) 4, s0 A is in the initial matroid M,,, thus v(A) —u -e, < v(B) —u - eg and
)

u, —uy = V(A) — v(B) = val(B,). (6)
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If we set j equals b in Equation (5) and combine it with Equation (6), we get val(8,) + u; =
val(B,) + u,, and furthermore val(a,) + val(8,) + u, = val(a,) + u,. So, equality in the first
terms of Equation (3) happens.

It remains to show for i € A\ a that either val(a,B; +o;) = val(a;) or val(a;) +u; >
val(a,B; + ;) + u; > val(a,) + val(B,) + uy. By properties of valuations we have

val(a,B; + ;) > min (val(a,) + val(B;), val(a;)),

and moreover if val(«,) + val(B;) > val(a;), then val(a,8; + «;) = val(«;) and we are done. Thus,
assume that val(a,) + val(g;) < val(a;). In that case, we calculate using Equations (4) and (6), the
following

(val(a,8; + ;) + u;) — (val(er,) + val(Bp) + up) > val(B;) — val(B8,) + u; — u,

2> u, —u, —val(B,) = 0.

Thus, both minima in Equation (3) coincide. For the general case where AAB has 2m elements,
as both A and B are bases in the initial matroid M,,, by the basis exchange axiom there is a
sequence of bases B, By, ..., B,, such that B, = A and B,, = B and every pair B, B, differs by
two elements. Thus, we may apply our previous argument to every pair B, By, to conclude the
claim for inner points of the local maps. Again, extending to the compactifications concludes the
proof. O

6 | EXAMPLES: THE TRIVIALLY AND THE DISCRETELY VALUED
CASE

6.1 | The trivial valuation case

We can make Theorems A and B explicit when the valuation is trivial. Recall from Example 1.10,
that there is a bijection

BW) > {0=VoEViC Vi=Vie > > ) [epen €R )
In other words, a class of a seminorm is given by a flag of subspaces together with decreasing coor-
dinates corresponding to logarithms of the (constant) values of the representative with generic
value 1. We fix an embedding t = [f,, : ... : f,] : P" — P" and obtain a realizable matroid M on
[n]. Recall that we can compute Trop(P',t) as a compactification of the cone complex over the
order complex of flats of M, see Theorems 4.7 and 4.10.

Theorem A

We can explicitly compute the maps 7, in terms of both the coordinates of the building above and
the description and coefficients for flats of M.
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Let x € EV(K) be given by a flag0 =V, C V; € --- C V; = (K"*1)* and coordinates ¢; > ... >
c¢;_; as in Example 1.10. We formally set ¢, := o0, ¢; := 0. Let ||.|| € x be a representative with
generic value 1and d; := exp(—c;). Recall that then d; is the constant value of ||.|| on V; for j =
0,...,l. Fix a given coordinate i € [n] and let j be minimal such that f; € V;. Then —log(||f;|]) =
—log(d;) = c;. We consider the matroid on [n] induced by ¢ and for j =0, ..., ] we define a flat
F; ={i € [n]| f; € V;}. Then the above computation shows

7 (111D = [=1log(l fol 1) = -+ —log(||f D]

-1
= Z(Cj - cj+1)eFj € Trop(P", ).
j=0

Theorem B

Apointu = [u, : - : u,] € Trop(P", ) can be written as

1
u= Z ajeFj
Jj=0

for a; € Ry, and a chain of flats F, C --- C F; = [n]. Note that each flat F; of M yields a
subspace V; of (K™1)* and that proper inclusions of flats yield proper inclusions of their
corresponding subspaces.

Let B € 98(M) be any basis such that for all j = 0, ..., I the rank of F; N B equals the rank of F';.
Such a basis can be obtained by successively extending bases of the flats. Then u lies in the local
tropical linear space Trop(P", t)z. We want to compute the map J : Trop(P", 1)z — E,(K) from
Proposition 5.4.

Fixi € B and let j be minimal such thati € F;. Then we have

Then J sends u to the homothety class of the seminorm having generic constant value exp(—u;) =
exp(— Zf{z i a;) on V. In the coordinates from Example 1.10, if we set ¢; := Zf(_:l] ay, we have

Jw) =Jpw)=(0GV, G GV, =& ™ e; > .. >cy).

6.2 | Lattices and the discrete valuation case
Let V be a vector space of dimension r + 1 over K.
Definition 6.1. A lattice in V* is an Og-submodule A such that

A®p, K = V.
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To a linear map f : V — W and a lattice A C V*, we can associate the lattice (f*)~'(A) in W*.

Remark 6.2. That A ®p K ~ V™ is equivalent to the following: for every f € V* there exists a c
in K such that ¢! f is in A.

Note that, despite K being generated over Oy by infinitely many elementse_,,y € I';, (where
val(e_,) = —y), these generators satisfy obvious relations e_, =rye_, withry, € Ok fory; <
7> When inverting all the r;;, the relations show that the resulting module is freely generated
by one element ¢,, which can be taken to be 1 € K, showing that K ®0K K ~ K. So, a lat-
tice could contain a vector subspace of V*, in which case it would not be finitely generated as
an Og-module.

Lemma 6.3. If a lattice is finitely generated, then it is free on r + 1 generators.

Proof. As the lattice spans a vector space of dimension r + 1 over K, r + 1 is clearly the minimum
number of generators. Suppose that there were r + 2. Then we would find a nontrivial K-linear
dependence relation. Compare the denominators and multiply by the one (say it is the Oth) achiev-
ing the highest absolute value. We thus obtain an Og-linear dependence relation with invertible
0Oth coefficient, showing that the Oth generator is redundant. O

In the following we present ways to go between seminorms and lattices. In general, they are
not inverse to one another (see [40, Lemma 1.2.2]).

Definition 6.4. Let A C V* be a lattice. The seminorm associated to A is (called its gauge):
= inf eR.
an(f) ot el
Definition 6.5. The lattice associated to a seminorm g is the closed unit ball A, = g~ ([0, 1]).

Remark 6.6. If A contains a vector subspace of V*, the associated seminorm is not a norm, and
vice versa.

Note that all norms on a finite-dimensional vector space are equivalent. In particular, the space
is complete with respect to any norm. Once a basis V ~ K"+ is chosen, one such norm is given by
[[(Ags - » 4|l = max; |4;], which is clearly diagonalizable. The closed unit polydisc is the lattice
{veV: v, <1} Itis finitely generated by the elements of the chosen basis.

Proposition 6.7. If K is spherically complete, the correspondences above induce an equivalence
between closed unit polydiscs (with respect to some basis and || - ||,) and T-valued norms.

Proof. Let q be a I'-valued norm. As K is spherically complete, there exists a basis {vy, ..., v,} of
V* such that g(1yv + -+ + 4,0,) = max;(|4;|a;). Note that a; = g(e;) is an element of the value
group by assumption. Let ¢; € K be any element such that |c;| = ;. Then the associated lattice
A, is the closed unit polydisc with respect to the basis {c;’ Logs s c, v, 1.
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Vice versa, if A is the closed unit polydisc with respect to a basis {v, ..., 0}, then g, = || - ||
with respect to the same basis. Note that v € cA if and only if g(v) < |c|, therefore

qx, () =inf {|c| | v € eA,} = q(v),

as we have assumed that g takes values in I'. The inclusion A € A, is always true. On the other
hand,v € A, ifand only if g, (v) < 1;butas g, = || - ||, With respect to some basis for which A
is the closed unit polydisc, it is clear that g, (v) < 1 ifand only ifv € A. O

Remark 6.8. In the spherically complete case, a description of all lattices can be found in [8,
Theorem 3.6].

Corollary 6.9. If K is a complete discretely valued field, the correspondences above induce an
equivalence between finitely generated lattices and integer-valued norms.

As we are interested in the building of PGL, we consider (semi)norms up to homothety (g ~ yq
for any y € exp(I")), which correspond to lattices up to homothety (A ~ cA for any c € K*).

Simplices

In the discretely valued case, there is a way of reconstructing the simplicial structure of the

building in terms of nested sequences of finitely generated lattices and collections of real numbers.
Indeed, to any norm g we can associate a nested sequence of lattices

{A©) =g7'(0,cD | c € [1,el}.

Up to homothety, this list consists of 0 < k + 1 < r + 1 lattices Ay C ... € A, € 7 1A, where 7 is
a uniformizer of O. Moreover, we can associate to g the list of jumps:

{c; =inf{c € (L,e] | AC) = APhioy k-

Vice versa, given a nested sequence of lattices Ay C ... C A € 7 1Ay, we can find a basis
{eg, ---»€,} of Ay such that

Ap_y =(mey, ..., ey 1€ 41,5 €p)

for some 0 < i) <..<i; <r=:1iy. Givenc,..,c, € (1,e), wesetc,=1and o;; = ¢j ifij <i<
i;_1. We then define the associated norm

qApey + -+ + A,e.) = max {12;1et; }.

Remark 6.10. Possibly infinitely generated lattices in V* are dual to finitely generated submodules
of possibly nonmaximal rank in V, which provides another description of the compactification of
the building, as explained in [43, sections 3-4] in the case of a local field.

Convexity
In the discretely valued case, there are various notions of convexity in the building: Weyl con-
vexity (see, for instance, [1, section 4.11]) is the one that bears the closest resemblance to the
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metric approach to buildings. There are weaker notions of convexity that have been studied in
[26] from a tropical perspective: a set of lattices up to homothety is +-convex (resp., N-convex) if it
is closed under rescaling and taking sums (resp., intersections) as submodules of K"*!. In terms
of norms, these operations correspond to taking pointwise maximum (resp., the largest norm that
is bounded above by pointwise minimum).

Membranes, introduced in [27], are +-convex unions of apartments, consisting of all lattices
admitting a basis of the form {7 % f; , ..., 7% f; }, where the a;’s are integers and the f;’s are chosen
from a fixed set of n + 1 vectors {f, ..., f,,}in K"*1.In [27, Theorem 4.11] and [26, Theorem 18], the
authors show that the lattice points in the membrane [M] correspond bijectively to integer points
in Trop(P", 1), where ¢ denotes the embedding [f, : ... : f,] : P"— P". Both the membrane and
the tropical linear space are indeed the tropical convex hull of finitely many points (at infin-
ity). The correspondence is based upon the nearest point map onto the tropical lattice polytope
Trop(P", t) described in [26, Lemma 21], which can be interpreted as the tropicalization map 7,
and the section J (see Section 5 for the definitions) restricted to the affine part Trop(P", 1) N R" /R1.

7 | The UNIVERSAL REALIZABLE VALUATED MATROID
7.1 | Infinite tropicalization

Let v be a valuated matroid on a, possibly infinite, ground set E, and let E’ C E be any subset con-
taining a basis. Then the restriction of v to (i ’1) yields again a valuated matroid v’. We associate
a tropical linear space to v in general, by gluing together the usual construction for finite valuated
matroids. We define the sets

TP 1= (1tees | e € B\ {(o0)e} ) /R

U, :={(u,)ecr € TP | forall bases A C E thereis a € A withu, # oo} C TPE.

Definition 7.1. The tropical linear space L(v) C TPF associated to v is the set of (u,),cp € TPF
such that for any 7 € (rfz) the minimum in v(z \ {e}) + u, is attained at least twice.

Note that the proof of Lemma 5.3, does not use the finiteness condition of E, hence we have for
a valuated matroid v and its associated tropical linear space that

L£(v) c U, c TPE.

Passing to the smaller set U, allows us to endow it with a limit topology as follows. Let I be the
category of finite subsets E’ of E containing a basis, with inclusions as morphisms. Then we have
a functor from I°P into the category of topological spaces, assigning to each E’ the space U, C
TPE', where v’ is the restriction of v to E’, and to every inclusion the corresponding coordinate
projection. Note that these coordinate projections are well-defined by the construction of the U .
We see that

UU = lim UU”
—
E'el
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and we can endow it with the limit topology. As we also have an identification

~ ,
L) = lim £,
E'el

and in particular we can endow £(v) with the limit topology.

We now restrict our attention to realizable valuated matroids. Recall that the universal realizable
matroid w,;, is given by wy;, (A) = val(det(A)) for A € ((Krr :)* ). Theorem A and Speyer’s result
on the tropicalization of finite linear subspaces (Theorem 4.7) allow us to identify the space of
seminorms on (K"*1)* up to homothety with the tropical linear space associated to the universal

realizable matroid.

Theorem 7.2 (Theorem C). The Goldman-TIwahori space is the tropical linear space associated to
the universal realizable matroid w;,, that is,

X, (K) = L(Wypni)-
Proof. By Theorem A and Remark 3.6 (c), we can write E,(K) as the limit of all lin-

ear tropicalizations with respect to the category of coordinate projections. The tropicaliza-
tion functor from this category is naturally equivalent to the functor that associates to an

embedding ¢ =[f, : --- : f,] the tropical linear space associated to the valuated matroid
given by {fy,...,f,}, as repeating entries and permuting coordinates yields homeomorphic
tropicalizations. O

Let E denote the set of (nonzero) vectors in K" 1. We obtain linear maps

@K - Kr+1, (7)

E

and dually

iy - K e KE.

As in Example 4.3 and Subsection 4.4, we may associate to t,;, the realizable valuated matroid
w,;,- Hence, we can interpret X,(K) as the tropicalization of the universal projective linear
subspace of rank r.

In the following, we will show that E,(K) is cut out by much simpler equations than
the ones coming from the universal realizable valuated matroid. We can think of (7) as the
(r + 1) x E matrix whose eth column vector represents e in the standard basis of K'*!. It
follows that the ith row corresponds to the ith coordinate projection as a function on E,

that is:

Proposition 7.3. The image of 1., : K't' & K consists of (the restrictions of) all the linear
maps from K'*! (resp., E) to K. In particular, the equations of t,,;, involve only finitely many
variables.
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Proof. Let x, denote the coordinate on K such that x,(f) = f(e). The equations of ¢, are

X3, = AX,, for A € K*,e,le € E;

Xoiyo, = Xe, + Xe,s fore;,e,,e; +e, €E.

Remark 7.4. These are the equations of K1 < KE' for any subset E/ C E and the corresponding
projection K¥ — KE' (restriction of functions).

Given a basis (ey, ..., e,,;) of K" *+1 (e.g., the standard one), these equations are equivalent to

r+1

X, = Z[e]ixei.
i=1

As a curiosity, we note that the large circuits of Definition 4.4 are equivalent to the
tropicalization of the small circuits from Proposition 7.3.

Proposition 7.5. Write w for w,,;,- The minimum is attained at least twice in all
min (uy,, u, + val(1)) forAi € K*ande, e € E; (8)
min <u61+ez’ Up, s “e2> fore;,e,,e; +e, EE; ©9)

if and only if the minimum is attained at least twice in all

rlr}:_lfn (u; + w(r \ 1)) fort e <r f 2). (10)

Proof. (10)=(8): If e is not 0, consider a basis B = {e, e, ..., e,} and apply (10) to {Ae} U B. Note that
w(t \ i) = oo unless i = e, Ae. Equation (8) follows. Equation (9) follows similarly.

(8) and (9)=(10): From Equation (8), we get u;, = u, +val(1), and by induction from
Equation (9) we get that for k > 2 the minimum is attained at least twice in

MiN(Uy ... qe > Ueys e Ugy )- 1)
Lett € (rf 2). If 7 contains no basis, then Equation (10) is trivially true. Thus, suppose 7 = f U B,
with B a basis, and write f = ), A.e. By Lemma 5.2, we have that val(4;) = w(r \ i) — w(B) for
alli € B.If weset A, =1, 50 Val(/lf) = 0andval(4;) = v(r \ i) — w(B) also for i = f, we get

min (y; + w(r \ 1)) — w(B) =min (y; + w(r \ i) — w(B))

LET LET

=min (y; + val(4;)) = min(u ;),
ier ier t

and the conclusion follows from Equation (11). O
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7.2 | Tight spans

Many of our results extend work by Dress and collaborators in T-theory [10]. A tight span is an
isometric embedding of a metric space E into a hyperconvex metric space T. The motivation for
these spaces is fitting phylogenetic data; see the cited work for a discussion. There are also applica-
tions to extending valuations in p-adic geometry [12]. A so-called four-point condition [10, section
4.6] is necessary and sufficient for a tight span to be an R-tree; see Figure 1 for an example of an R-
tree. This condition is essentially the basis exchange property for rank-2 valuated matroids. Hence,
generalizing to higher dimensions, [12] introduces the tight span of a rank-r valuated matroid
(E,v) as

.

T = {p e RE ‘ Ve €E : p(e) = ezmger {v(e,e,....e) — Z ple)} } (12)
""" " i=2

The maximum in Equation (12) says that the functions p efficiently satisfy a triangle inequality.

Their formulation using max is dual to our work using min. Another difference is that their space

is in affine R¥ instead tropical projective space TP".

Recall from Definition 4.8 the concept of local tropical linear space, and from Proposition 5.4
the homeomorphism between a local tropical linear space and a compactified apartment in the
building. In the setting of tight spans, an analogous description by local pieces holds: Given a basis
B ={by,...,b,}, the map @ that sends a point (u,, ...,u,) in the hyperplane H,g) = {3,/ u; =
v(B)} to the linear map ®5(u) : E — R given by

e r— max {v(eUB\i)+u;} —v(B)

is injective [11, Proposition 1]. There is also a polyhedral description for intersections ® ,(H) N
@5 (H) with A and B bases of (E, v). Moreover, as B varies over all bases of (E, v), the whole Ty )
is covered. It can be shown via the theory of (B, N)-pairs that the ®;(H) form the apartments of
what is sometimes called the extended affine building of GL,,.

Theorem 7.6 [11, Theorem 1]. Let K be a non-Archimedean field with discrete valuation, and w,,,;,
the universal realizable matroid of rank r as in Example 4.3. The space T gr\q . ) iS equal to the
space N'(V) forV = K".

A point p € Tgr\ow,, ) 8iven by p = ®5(u) corresponds to seminorm || - ||, : K"\ 0 —» R
given by || - ||, = exp p(-), which by Lemma 5.2 is diagonalizable by B and u. The expression
®p(u)(e) — v(B) attains the minimum at least twice foralle € E \ B, thatis, once for e and once for
some i in B. Hence, the equations from Definition 4.4 are satisfied for all 7 = e U B. It is straight-
forward to show that these equations imply the same result for arbitrary z. Thus, as remarked by
Speyer on [42, p. 6], the tight span Ty ,,) is a lift of £(v) to RE.
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