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1 Introduction

Scattering amplitudes for the production of two final state particles in partonic collisions
play a crucial role in the study of particle interactions. This is true both phenomenologically,
where such amplitudes provide essential building blocks to model events observed at particle
colliders, and formally, since starting at four points, their non-trivial dependence on the
external kinematics provides important theoretical data for the study of general properties
of perturbative Quantum Field Theory.

The complexity of scattering amplitudes strongly scales with the increase in the perturba-
tive order (i.e., the number of virtual loops) and the number of different mass scales involved.
More mass scales are generated when considering the production of more particles (asin 2 — n
scattering with n > 2), but also when one allows more massive virtual states to circulate in the
loops (top quarks, electroweak vector bosons, etc.). From this perspective, amplitudes for the
production of two photons or two jets in massless QCD are among the simplest. In fact, due to
momentum conservation, they depend only on one non-trivial dimensionless ratio. This class
of amplitudes was computed up to second order in perturbation theory long ago [1, 2], recently
reaching the three-loop order both for the production of two photons [3, 4], two jets [5-7] as



well as a photon and a jet [8]. Thanks to the simplicity of the underlying kinematics and the
absence of any massive particles in the loops, they can be expressed in terms of a class of
very well-understood special functions, namely multiple polylogarithms [9-12] (MPLs). Even
more impressively, the subclass of so-called Harmonic Polylogarithms [13] (HPLs) only turns
out to be sufficient for their analytical representation up to the three-loop order.

Modeling the production of two photons and two jets in hadron collisions to a precision
consistent with the three-loop order requires many more ingredients in addition to the virtual
amplitudes. First of all, defining infrared finite observables for any QCD process to N3LO
requires the inclusion of real and real-virtual amplitudes, i.e., amplitudes for the production
of additional final state partons at a lower loop order. Recently, all these quantities have
become available, including the last outstanding building blocks constituted by the two-loop
amplitudes for the production of two photons and a jet [14-16] and three jets [17-19]. While
all amplitudes are there, devising a scheme to properly organize and cancel the infrared
divergences between real and virtual contributions to N®LO remains an outstanding task,
particularly when the production of colored partons is considered.

In addition to the ingredients necessary for a complete N>LO description of diphoton
and dijet production, when working at this precision, more effects can potentially have a
sizable impact on these observables. One such contribution is generated by heavy quarks
(especially the top quarks) circulating in the loops. These mass effects have the potential
to become sizable when one considers the production of photons and jets at high energies
and transverse momenta, which are of the same order as the top quark mass. For diphoton
production, in particular, these effects have been included up to the two-loop order in a
series of recent calculations [20-24]. Interestingly, from a more formal point of view, allowing
for the propagation of massive virtual states deeply changes the analytic properties of the
underlying two-loop amplitudes. Not only do they become functions of two independent
dimensionless ratios, but also a new type of special functions becomes relevant for their
analytic calculation: iterated integrals over kernels related to an elliptic curve. Integrals
of this type have been known to appear in perturbative quantum field theory (QFT) for a
long time, and the first place where they become relevant is arguably the calculation of the
electron self-energy to two loops [25]. The last two decades have led to the discovery of a
large number of physically relevant scattering amplitudes involving not only these special
functions, but also further higher-dimensional and higher-genus generalization thereof. This,
in turn, has motivated intense work to understand their properties and devise methodologies
for their calculations. Similar functions describe scattering amplitudes in string theory, and
methods exported from this field and even from pure mathematics have provided the basis to
generalize our knowledge of multiple polylogarithms to iterated integrals defined on elliptic
geometries [26-29] and beyond.

Despite the progress in understanding these functions analytically, the complexity of
non-polylogarithmic amplitudes has also stimulated the development of powerful numerical
and semi-numerical methods that aim to bypass the problem of having to deal with the
specific properties of the geometries involved [30-34]. In fact, most of the results in the
literature involving amplitudes of elliptic type have been obtained leveraging these numerical
methods, including the recent studies for diphoton production quoted above [21, 24] and
similar ones for the production of a Higgs boson and a jet [35]. While numerical methods are



powerful, there remain strong reasons to study the structure of these amplitudes analytically,
especially in view of the calculation of more complex 2 — 3 massive amplitudes whose
large kinematical phase-space can constitute a roadblock for automated numerical methods.
Moreover, understanding the analytic structure of scattering amplitudes can lead to significant
simplifications at the amplitude level, which might be crucial for phenomenology applications.

In recent years, growing evidence has been found of large cancellations among complex
combinations of iterated integrals of elliptic or even Calabi-Yau type, when physical quantities
are considered. These have been demonstrated explicitly for two-point correlators [36, 37],
while hints of similar simplifications can be observed also in elliptic higher-point amplitudes [38—
41], suggesting that getting analytic control over physical quantities might be simpler than
naively expected. A crucial tool in these investigations has been the differential equations
method [42-44], which is based on the existence of integration-by-parts identities [45-47]
among Feynman integrals. Once augmented by the concept of a canonical basis of Feynman
integrals [48, 49], differential equations allow, in fact, to expose the full analytic structure of
the corresponding Feynman integrals and naturally express them in terms of Chen iterated
integrals [50] over integration kernels related to the relevant geometries. While canonical
bases are well understood only for the case of iterated integrals defined over dlog differential
forms [51-58], in the past two years a new point of view has been developed to generalize their
construction, at least in principle, to differential forms defined on elliptic curves and their
higher-dimensional Calabi-Yau [59] and higher-genus generalizations [60]. The existence of
these bases is essential to demonstrate the simplifications hinted at above. Moreover, starting
from differential equations in this form, one can easily produce series expansion results for
the corresponding integrals, which in turn can be used for their precise and fast numerical
evaluation across the whole kinematical space. Having control over the functional relations
among these iterated integrals and being able to expand them in series to arbitrarily high
orders in all relevant kinematical regions constitutes a potentially very powerful starting
point for their fast and precise numerical evaluation.

As a matter of fact, very few examples have been worked out of non-polylogarithmic
amplitudes with non-trivial dependence on more than one scale, with the recent calculation
of Bhabha scattering [39] and the amplitudes for pseudo-scalar quarkonium production [38§]
among the few exceptions. It is, therefore, crucial to apply these new methodologies to more
multi-scale problems, with the goal of both investigating the universality of the simplifications
observed for two-point correlators and also to stress-test the limits of these methods in realistic
examples and improving their practical implementation. Diphoton and dijet amplitudes in
QCD with a heavy top quark provide the perfect playground. They provide realistic scattering
amplitudes, whose analytic structure is non-trivial due to the appearance of iterated integrals
over mixtures of kernels of elliptic type and complicated dlog-forms with algebraic argument.
At the same time, they remain simple enough to allow us to disentangle the problem of
the analytic evaluation of these functions from the swell in algebraic complexity, which is
typical of non-trivial amplitudes.

In this paper, we focus on all partonic channels for the production of a pair of photons
through a loop of top quarks, which include g4 — <+ and gg — +7y. The amplitudes
for producing different combinations of massless partons and photons will be considered
elsewhere. While both channels have been computed with semi-numerical methods and



used to do phenomenology, only the former are publicly available. The rest of this paper is
organized as follows. In section 2, we establish the notation and provide our calculational set-
up, including the tensor decomposition for the two partonic channels. In section 3, we define
the two-loop integral families used for the calculation and discuss the reduction to master
integrals. The differential equations satisfied by these integrals are discussed in section 4,
where we also elaborate on the elliptic curve relevant for some of these masters and on our
construction of a canonical basis. In section 5, we discuss the solution for the integrals
and for the amplitude in terms of iterated integrals, showcasing important cancellations of
large groups of elliptic differential forms. We continue then in section 6, where we discuss
UV renormalization and the subtraction of IR poles. Our main numerical result is then
provided in section 7, where we explain how series expansion solutions for the amplitudes
can be obtained from our differential equations. We focus in particular to the two cases of
large-mass expansion, m — oo, and threshold expansion, i.e., s — 4m?. This second point
is interesting because the elliptic curve does not degenerate. As we will demonstrate, the
convergence of these two series exceeds what one might naively expect based on the structure
of the singularities of the differential equations. Finally, we conclude in section 8. Additional
useful formulas are provided in the appendices.

2 Notation and computational setup

We consider the two-loop amplitudes for diphoton production through a heavy-quark loop

q(p1) +a(p2) — v(=p3) +v(=pa),
g(p1) +9(p2) — (=p3) +v(—ps). (2.1)

The usual Mandelstam variables describe the kinematics of the process
s=(pr+p2)°, t=P1+p3)*, u=(p2+p3)°, with s+t+u=0, (2.2)

where the external particles are on-shell, i.e. p? = 0. In the physical scattering region,
one has s > 0 and ¢t < 0, v < 0. The kinematical constraints above imply that in the
physical scattering region

0< —t<s. (2.3)

We also use the symbol m for the mass of the heavy quark. As it is well known, any amplitude
with this kinematics will depend in a non-trivial way only on two dimensionless ratios, which
for definiteness, we choose here to be

c=—, y=""  with 0<z<1. (2.4)
S S

We will see later on that, depending on the region in the two-parameter phase space, it might
be useful to parametrize the kinematics of the problem using different dimensionless ratios
in order to disentangle the structure of the branch cuts.

To represent the scattering amplitudes, we work in 't Hooft-Veltman dimensional regu-
larization scheme [61], where all internal momenta are continued to d = 4 — 2¢ space-time



dimensions, while external states remain exactly four-dimensional. In this scheme, it was
shown [62, 63] that scattering amplitudes can be consistently decomposed using a basis of
four-dimensional tensors. For the two channels, we write in particular!

Agq(s,t) = 5“ dra) [Z]—" s, t)u i U(pl)] €3, (P3)€a,n(pa) s (2.5)
8

Agg(s,t) = 0" (4ma) lz gi(&tﬂ}wm} e1,u(p1)€e2,u(p2)€3,0(P3)€4,0(P4) 5 (2.6)
i—1

where (k,[) are the color indices of the two initial state quarks represented by the spinors
u(p1) and u(p2), while a; is the color index of the gluon of momentum p; and €; ,(p;) is its
polarization vector. Following [3, 4], we make a choice for the polarization vectors such that

Ei'pizo, ’izl,...,4, (27)
and

{63’2?2 =e-p1 =0, forqqg— vy (28)

€ piq1 =0, for gg — vy

with ps = p; . With this choice, a convenient four-dimensional basis for the tensor structures
relevant for egs. (2.5) and (2.6) is

I ="ps, Iy =~"pf,
T8 = pa s, Iy =p. 9", (2.9)
TP = phpipips , T3 = phpie™
T3 = phplg™? T = p“p”g”p
T3P = pipig"? TE" = pin3g™”
THVPT = plpZght TLVPT = gV gPo 4 gHT gV 4 ghP gV (2.10)

We further fix the helicities of the external states and define a set of independent helicity
amplitudes for the two processes as follows

Apa?3r = g (47 ) [Z}" s,) @1 (po) T4 AC‘(Pl)] €33, (p3)er’, (pa) , (2.11)
=1
A;\;Azkgh 512 (4mre) lz Gi(s,t) T/Wpo] ei‘}u(pl)eg‘fu(pg)eg‘fp(pg)ei‘fa(p@, (2.12)
=1

where \; = {L, R} is the helicity along the massless fermion line while \; = + is the helicity
of the vector boson of momentum p;. We fix our conventions for the helicities by picking
left-handed spinors as

ur(p2) = (2| and ur(p1) = (1], (2.13)

'For simplicity, we omit color indices on the left side of egs. (2.5) and (2.6).




and the vector boson j of momentum p; and gauge vector g; as

SR ]l ) NI ] ' 7]
i+ () NCTOR d & _(g) Vala] (2.14)

With these, we find that the helicity amplitudes for the two processes can be written
in a very compact form. Specifically, for the quark-induced channel, we write

Ly _ 2034 L— _ 2(24[13]

q a(z,y), Aqq - B(z,y),
i o
L—+ __ L—
Aqq t= <24>[32] 7(337y), Aqq - <31>[23]5(‘T7y) .
with
a(x,y) = % (H = %]:3 + .7-“4> : Blx,y) = % (;]:3 + .7-“4> :
(2.16)
v(x,y) = ;:L (]:2 - F1 - %7"3 — Z./_"4> , d(z,y) = % (.7:1 + %7"3 — .7:4>
Instead, for the gluon fusion channel, we find
e,
_ 21)(24)[14 _ 32)(34)[24
Ay = <<34>><<13>><[14]> Fetrlmw), A= <<14>><<21>><[24]> Frv—s(@,9),
_ 42)(43)[23 L 12)[34
A;r;* B <<13>><<21)>([23]) Fros-(@:y), Agg = E12]><[34; feit(z,y),
;g+7+ = Ellg?gjgf—+—+(x,y), Agfg**Jr = E22§]><[11;1; fr——y(z,y), (2.17)

with the helicity coefficients given by the following combinations of form factors

2 /2G5 26 t
fronslog) = 5 (B2 =22 -0) 46y (242 44) + 3G - 61+ 65— Go).

272 1
fovii(z,y) = tz (gg —I—g1> +t (.C’/Ss + 5(94 +Gp — gQ)) ;

frqy(z,y) = "j <2u% - gl) +t (ig - %(gz +Gs + 95)> :
frv_v(z,y) = i (2895 + g1> + ¢ (gj + %(QG +Gr — 95)) )
Foie (my) = —i (256 _ gl) e (gj + %(94 +Gr - gg)) ,
fovi(z,y) = —igl + %t(gz +G3 — Gs — Gr) + 263,

(%G S )
fotr—i(z,y) =t (Su 5s Toy 4 )
t2 1
fr——t(@,y) = =7 G1 + 5t(G3 — Ga + G5 — Go) + 20s (2.18)



Clearly, not all these helicity amplitudes are independent. First of all, the remaining four
amplitudes for right-handed quarks and the eight missing ones for gg — < can be obtained
from the amplitudes provided in eq. (2.15) by a charge-conjugation and parity-invariance
transformation, respectively

AR = G (i) e (i) (2.19)

L) < i) (2.20)

where \] indicates the opposite helicity of );, i.e., £ = F. Since we can swap the two

A/\1)\2)\3)\4 A)‘l)‘*’\ AL
99

photons and the amplitudes must be invariant, the helicity coefficients cannot be independent
under the transformation pg <> pg, which is equivalent to ¢ <> u or = <> 1 — x, where
x = —t/s. By working out the transformation of the helicity amplitudes explicitly, one
can easily verify that it implies

7(x7y) :B(l—x,y), 6('%3/) = —a(l—x,y), O‘(xay) = _a(l _xay)> (2'21)

and

Drorrsie (T, 1) = Faaonsn (1 —2,9), Darorars (2, 9) = s (I —2,y) . (2.22)

The bare helicity coefficients so introduced can be expanded in the bare strong coupling
constant agp. Up to two loops, we write

2

Qg = Su(dma) 3 (O‘S b) , (2.23)

=0
2RI
Qgy = baray (470) 3 (2) Ly (2.24)
=

with Qg = {0, 8,7,0} and Qgg = {fry4+, -, fr——+} the helicity coefficients defined in
egs. (2.16) and (2.18). In the formulas above, ¢ represents the number of loops, and we
used the fact that the gluon-fusion amplitudes are one-loop induced, and so for this channel,
the sum starts with ¢ = 1. To explicitly compute the helicity coefficients Q(z ) Qg,ﬁb) we
follow [63] and define a suitable set of projector operators which act directly on the Feynman
diagrams representing the amplitudes to the corresponding loop order. Explicitly, we define
projector operators for the quark and gluon channels as

4

Pl =D cijulp)U) u(p2)€s ,(ps)ei , (pa) (2.25)
7j=1

Pid = Z dij T} € (0163, (p2) €5, (p3) €l 5 (P1) (2.26)
j=1

with the '} and T;""" defined in eqgs. (2.9) and (2.10). The projectors are constructed
such that

Agg =D P Agy = 6" (4ma) F; | (2.27)
pol

Agg = ZP )Agg = 01" ()G (2.28)
pol



Denominator || Integral family PLA Integral family PLB Integral family PLC
Dy k? k3 k? —m?

Ds k2 — m? k2 — m? k2 — m?

D3 (kl — k2)2 — m2 ( ) m2 (k)l - /{?2)2

Dy (k1 — p1)? (k1 — p1) (k1 —p1)? — m?

Ds (ko — p1)? (K2 —p1) —m? (ky — p1)? — m?

Ds (k1 — p1 — p2)? (k1 — p1 — p2)? (k1 —p1 — p2)? —m?
Dy (ks —p1 —p2)* —=m? | (k2 —p1 —p2)> —m? | (ko —p1 — p2)* — m?
Dy (ki —p1—p2—p3)* | (ki—p1—p2—p3)* | (ki—p1—p2—p3)*—m?
Dy (ky—p1—p2—p3)?—m? | (ka—p1—pa—p3)>—m? | (ka—p1—p2—p3)?—m?

Table 1. Routing definition for the three planar scalar integrals families PLA, PLB and PLC.

“w.on

where their action, represented by the dot operator “-”, is realized explicitly by summing over
the polarization of all external particles (i.e., quarks, gluons, and photons). The polarization
sums have to be performed consistently with the choice made in eq. (2.8) for the polarization
vectors. The explicit form of the coefficients ¢;; and d;; to define the projectors can be found
in [63] and we do not report them here for simplicity. By suitably combining these projectors,
we can obtain helicity projectors that single out directly the helicity coefficients €y, and Q.

We provide explicit expressions for our helicity projectors in appendix A.

3 Integral families and reduction to master integrals

To compute the scattering amplitudes, we generate all Feynman diagrams that contribute
to the two partonic channels in eq. (2.1) with QGRAF [64]. Here, we focus on the calculation
of those diagrams that contain (at least) one heavy fermion loop. At two loops, there are
14 such diagrams for ¢q¢§ — vy and 166 for gg — vy. We use FORM [65—67] to apply the
projector operators on each diagram and perform color and Dirac algebra. After these
manipulations, all two-loop helicity coefficients can be expressed as linear combinations of
scalar Feynman integrals. These integrals can be categorized into five integral topologies,
which we define as follows

ddk‘g 1
Itopo(n:h"'a /H l ] Dnngg ) (31)

where pg is the dimensional regularization scale,

C.=i(4n)T(1+e), (3.2)

and topo labels the different integral families. The corresponding propagators Dy, ..., Dg
are given in table 1 for the planar families and in table 2 for the non-planar ones. In figure 1,
we provide representative graphs for the relevant top sectors. In addition to the five previous
integral families, we also have to consider their permutation with respect to the exchange of
the external photons (ps3 <> p4) to map all Feynman integrals that contribute to the helicity
coefficients. If we allow for crossings under any of the external momenta, these five families
are even sufficient to map all Feynman diagrams that contribute to dijet production.



Denominator || Integral family NPA Integral family NPB
D k3 k3 —m?

Dy k3 —m? k3

D3 (kl — k2)2 — m2 (/Cl - k2)2 —m

Dy (k1 —p1)? (k1 —p1)? —m

Ds (k2 — p1)? (k2 — p1)?

Ds (k1 — p1 — p2)? (k1 —p1 —p2)* —m?
D~ (k1 — ko + p3)? — m? (k1 — ko +p3)? —m
Ds (ko —p1 —p2 —p3)? —m? | (k2 —p1 —p2 — p3)?
Dy (k1 — ko — p1 — p2)? (k1 — k2 — p1 — p2)?

Table 2. Routing definition for the two non-planar scalar integrals families NPA and NPB.

N

(a) PLA (b) PLB (¢c) PLC

(d) NPA (e) NPB

Figure 1. Representative set of two-loop graphs with internal heavy-quark loops. Thick and thin
lines represent massive and massless propagators, respectively.

All integrals in the families above can be reduced to a minimal subset of master integrals
using integration-by-parts identities [45, 46]. We use, in particular, the publicly available
implementation of the Laporta algorithm [47] provided in Reduze2 [68, 69] and KIRA2 [70-T73].
For diphoton production, we find a total of 165 master integrals, which we choose to arrange
in the five families above and all their crossings.? Interestingly, while family PLB is useful
for matching all Feynman diagrams, after reduction, it contains no extra master integrals,
so we ignore it from here on. As we will see below, there are actually 11 extra relations
among these integrals, which we can prove to be valid to all orders in € from the differential
equations they satisfy, reducing the number of independent master integrals to 154. We
will describe these relations in the next section. The complete list of master integrals in a
convenient basis can be found in appendix B.

To compute these master integrals, we resort to the differential equations method. To
avoid having to discuss how to cross the various integrals, we prefer to consider all master
integrals, including their relevant crossings, at once. In the next section, we describe how to
derive a set of differential equations for these integrals and how to put the system in an e-
factorized form, which will make the analytic properties of the scattering amplitudes manifest.

2Note that this counting includes all relevant crossings of the master integrals.



4 Differential equations and e-factorized basis

It is convenient to introduce the vector notation for the master integrals j ={J, .., Ji65},
where for simplicity we left the dependence on the kinematics and on the dimensional regulator
implicit, i.e., J; = Ji(z,y;€) for ¢ = 1,...,165. For now, we consider the full set of 165
integrals, even if, as hinted to above, 11 extra relations can be discovered a posteriori by
studying their system of differential equations.

More explicitly, by leveraging integration-by-parts identities, we can easily derive two
systems of differential equations for the master integrals in the two dimensionless ratios
x,1y, which take the general form

;z:j = Ax(ﬂﬁ,y; E)jv aayj = Ay(l‘,y; E)j’ (4'1)
where the entries of the two matrices A,(z,y;€) and Ay(x,y;e) are rational functions in
x,y and the dimensional regulator e.

We are interested in solving these equations as a Laurent series in €. In principle, this
requires first solving all coupled homogeneous blocks in the limit ¢ — 0 and then obtaining
an inhomogeneous solution using Euler’s variation of constants. This should then be iterated
order by order in e. While this procedure is, in principle, always possible, for a generic choice
of master integrals the dependence on € of the matrices A, (z,y;€) and Ay(x,y;€) can be
arbitrarily complicated, which makes it very difficult to read off the analytic properties of
the result directly from the differential equations. For this reason, it is often convenient to
derive a so-called e-factorized basis, i.e., one attempts to find a rotation of the basis of master
integrals such that all dependence on the dimensional regulator e factorizes, i.e.,

I=T(xy6)T  — ai;f = €By(z,y)I, Fyf = eBy(z,y)T,  (4.2)
with
9T
€eB,(z,y) =TAT " + %T and  z € {z,y}. (4.3)

Using the formalism of differential forms, the equations can then be written as

0B 0B
dZ = edB(z,y)Z, with dB = B,dz + B,dy = %dx + a—ydy, (4.4)

such that their solutions can be written formally as a path-ordered exponential
Z(z,y) = Pexp [e/ dB} Ty. (4.5)
¥

In eq. (4.5), Zy is a suitably chosen boundary condition and = is a one-dimensional path
connecting the boundary point to the generic point (z,y). Writing

N
dB =) Giw; (4.6)
=1

,10,



with G; numerical matrices and w; differential forms, it is then obvious that upon expanding
in ¢, the solution of eq. (4.4) can be written in terms of Chen iterated integrals defined
over the differential forms w;

Hwp,...,w1;7) = /wl-“wn
v

t tn to
= / fn(tn)dtn fn—l(tn—l)dtn—l . / f1 (tl)dtl y (4.7)
to to t

0

where v(tp) is the boundary point, and we defined the pull-back of the forms on the curve
v as Y*w; = fi(t)dt. An important special case is constituted by those classes of Feynman
integrals for which all w; are logarithmic differential forms (so-called dlog-forms) of algebraic
arguments. If the arguments are all rational functions, the ensuing class of iterated integral
solutions can be written explicitly in terms of Multiple Polylogarithms.

Clearly, the problem of finding an e-factorized system of differential equations is intimately
related to being able to solve all coupled homogeneous blocks in the original system at ¢ = 0.
As it turns out, if the master integrals can be written in terms of iterated integrals of
dlog-forms, all homogeneous solutions are, at most, algebraic functions that satisfy simple
first-order linear differential equations with rational coefficients. On the other hand, Feynman
integrals, whose homogeneous solutions are related to more complicated mathematical objects,
have been known in the literature for a long time. Most notable are periods of elliptic
curves and their higher-genus and higher-dimensional (Calabi-Yau) generalizations. Studying
the homogeneous coupled system of differential equations provides, therefore, important
information on the geometry relevant to the problem considered. This, in turn, can be
achieved by considering the independent integration contours associated with the maximal
cut of the corresponding Feynman integrals [74, 75], which can be most easily evaluated in
the so-called Baikov representation [76-78]. In the case under study, it has been known for
some time that one encounters at least one elliptic curve (and, in the general case of dijet
production, also its crossings) in the two-loop non-planar graph in figure 1(d), see [21, 23, 79].
In particular, an elliptic curve was first recognized in a specific three-point subgraph [80, 81],
and more recently, it was shown that the very same elliptic curve also appears in the top
graph [82]. In the same reference, also an e-factorized basis for the homogeneous differential
equations satisfied by the top-graph in figure 1(d) was identified.

Despite these results, constructing a canonical e-factorized basis for the full problem
remained an outstanding problem. In fact, in this case, one encounters a non-trivial mixing
of polylogarithmic integrals depending on multiple algebraic letters, together with non-
polylogarithmic Feynman integrals of elliptic type. To construct an e-factorized basis for
this problem, we rely on the algorithm recently proposed in [59]. The properties of our
basis also allow us to argue that this is the right generalization of a canonical basis to the
elliptic case. We will then use this basis, on the one hand, to produce analytic results for the
amplitudes in terms of independent iterated integrals, studying the patterns of cancellations
in the final result, and on the other to produce arbitrarily precise series expansion results
for its fast numerical evaluation.
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4.1 The elliptic Feynman integrals

We start by describing some basic properties of the elliptic geometry encountered in this
problem and how also, in that case, we can rely on an integrand analysis to determine a
good starting basis for the application of the algorithm in [59]. There are two graphs that
are individually elliptic on their maximal cut. They both belong to integral family NPA,
see table 2, and correspond, in particular, to the two sectors identified by the following corner
integrals: Znpa(1,1,1,0,0,1,1,1,0), Znpa(1,1,1,1,0,1,1,1,0). As we will demonstrate below,
both integrals can be related to the same elliptic curve defined by the algebraic equation

Y2=Pi(X), Pi(X)=(m?=X)(m*+5—X) (m2(m?—3s) - X(2m*+5)+ X?) . (48)

As it is well known, an elliptic curve is characterized by its period matrix. Two out of the
four periods are given by the integrals

dX dX
m1(s,m?) : ma(s,m?) :

. C1 \/P4(X)7 - Ca P4(‘X)7

where one has integrated the differential form of the first kind, dX/Y", over the two independent

(4.9)

integration contours, C; and Cy. These periods are also the two independent solutions of
the associated second-order Picard-Fuchs operator. In what follows, we will not need the
specific choice of the contours since we will never use these periods. Instead, both for the
construction of a canonical basis and for the numerical evaluation of the resulting integrals,
it is more useful to consider the local solution to the associated Picard-Fuchs operator, close
to each regular singular point of the elliptic curve. Close to each such point, one can define
an holomorphic solution and one which contains a single power of a logarithm that diverges
as the singularity is approached.? This specific choice of periods is usually referred to as a
Frobenius basis. In what follows, we will use the notation w([]z](s, m?) for the holomorphic

(2] 2

and ;" (s,m?) for the logarithmic solution close to the singular point s = zm?, respectively.

The curve above has three regular singular points located at s = {—16m?,0,00}. First,

let us consider the point s = 0. The holomorphic solution w([)o](s,mQ) and the one that
diverges logarithmically wgo](s,mz) can be defined as follows
2 3 4
[0] oy 1 S 9s B 25s 5
= (8,m) = Vsm? <1 64m? * 16384m*  1048576mS +0 m? ’ (4.10)
[0] 2y _ §
wy (s, m”) = wo log <m2>
1 s 2152 18553 s \*
- - — 4.11
e ( Som? T 16384md  3145728m5 | <m2> ) @1

where in writing down all formulas we assumed s — 0% and m? > 0. Similarly, the holomorphic

3This is strictly true only close to a point of maximal unipotent monodromy (MUM point). In the elliptic
case, each regular singular point is a MUM point and so we will not need this distinction here.
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and the logarithmically divergent solutions for the other two singular points can be chosen as

- 1 Am2  36m*  400mS m2\*
w([) }(s,mQ) = (1 - + 2 3 +0 o ; (4.12)
[oo) [oo] m?
w, (s,mQ) = w, (s,mQ)log e
1( 8m2 84m* 2960m® m2\*
1 _ m” 41
+S( —+— > +O<S , (4.13)
2 3 4
(—16] 2y _ i ) 3v 41v 147v o (v) 414
@ (s =5 < t 6am2 T 16334mt T 1048576m° T O \m2) | (4.14)
_ _ v
@y (s,m?) =g (s, m?) log <m)
1 v 3702 45503 v \?
L v 41
+ m2 (32m2 + 16384m4 + 3145728 m?b +0 <m2> ) ’ (4.15)

where v = s + 16m?. After these general considerations on the elliptic curve, let us analyze
the two elliptic sectors separately. We will demonstrate their relation to this curve and
showcase how to find a good starting basis for master integrals on the maximal cut, starting
from an integrand analysis.

Six-denominator sector Znpa(1,1,1,0,0,1,1,1,0). By a simple IBP reduction, one
can easily see that the six-denominator subsector requires two master integrals on the maximal
cut. Using a (loop-by-loop) Baikov representation, one can easily show that its maximal

cut in d = 4 space-time dimensions reads [81]

1 ng

g \/P4(29) ’

where we neglected overall numerical prefactors and Py(z9) is the quartic polynomial defined
in eq. (4.8). From eq. (4.16), we can then see immediately that Zxpa(1,1,1,0,0,1,1,1,0)
corresponds to a differential form of the first kind on the elliptic curve defined in eq. (4.8).

MaxCut [Znpa(1,1,1,0,0,1,1,1,0)] (4.16)

Following the construction described in [59], this is a good initial integral, at least on the
maximal cut, and we will keep it as it is. Since this sector requires only two master integrals,
the second master must be associated with the form of the second kind, and a convenient
choice for it can be made by taking the derivative 9,,2 of the previous integral.* This analysis
allows us, therefore, to identify a good start basis on the maximal cut as

64sINpA(1,1,1,0,0,1,1,1,0), 5458mQINpA(1,1,1,0,0,1,1,1,0), (4.17)

where the € normalization was chosen for later convenience.

*We stress here than any derivative would work or even a combination of derivatives. Since in our case the
mass m only appears in the propagators, we choose 9,,2 as it can be more cleanly related to a combination of
integrals with squared propagators.
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Seven-denominator sector Zypa(1,1,1,1,0,1,1,1,0). Let us move now to consider the
top sector. An IBP reduction demonstrates that this sector contains four independent master
integrals. By analyzing the maximal cut of the corner integral in Baikov representation, we find

1 dzsdzg
M t [Z; 1,1,1,1,0,1,1,1 | o 1.18
axCu [ NPA( , 1,1, ,0, P 70)] X s P273(Z5,29) ) ( )

where P 3(2s5,29) is a polynomial given as

Py 3(25,20) = 22 (m* — 29) (m*+5—29) — 25(m? — 29) (M + 5 — 29) (3m> —t — 2g)
+m?[m*(2m?+3s) —m?2(m?+3s)t +st’]
—m?[5m2(m?+s) — (2m>* +3s)t] 29 +m>(4m> +2s —t) 25 —m>2;5 . (4.19)
This polynomial is cubic in zg9 and quadratic in z5. While it has single poles in both variables,
it is clearly convenient to start the analysis with z5. Picking the two residues in z5, or

alternatively taking a primitive in 25, we can then easily write the maximal cut of the
second integral as

1 d 1
MaxCut [INPA(LL1,1,0,1,1,1,0)}0<7/ ( 6 /dlog (Jﬁf(gfngf?)) 7

S mQ—t—29)\/P4(29) 1 —f(z5,29)
(4.20)
where 9 9 3m? _t_9
f(zs,29) = (m” = 20)(m” + 5 — 20) (3" — ¢ ~ 225 — 29) (4.21)

(m? —t — 29)\/ Pa(29)
In this form, it becomes evident that, due to the extra pole at zg = m? — ¢, this integral can
be written as a dlog-integration iterated with a differential form of the third kind on the same
elliptic curve given in eq. (4.8). Indeed, since the reduction to master integrals exposed four
master integrals, we expect that, differently from the previous case, we should also be able to
identify some forms of the third kind on the maximal cut, which should correspond to the
extra two masters. Taking the extra residue at this pole shows that its leading singularity is

! ! _ ! (4.22)

ReSzpt-m2 L (m2 —t — z) P4(ZQ)] syPi(mZ—1)

which immediately gives us a first good candidate for this sector as

sy/Py(m? — t) Inpa(1,1,1,1,0,1,1,1,0), (4.23)

modulo appropriate € normalization. From this analysis, we also immediately identify a good

candidate for the integral corresponding to the differential of the first kind. This can be
obtained by considering an integral with a scalar product constructed exactly to cancel this
residue. Using the formulas above, in fact, we see that

MaxCut [(m2 — )Inpa(1,1,1,1,0,1,1,1,0) — Inpa(1,1,1,1,0,1, 1,1, —1)}

1 (m?—t—z) 11 dz L+ f(z5,20)
o~ /d25d29 Pra(ez) S/ e /dlog (1 —f(25,z:9))' (4.24)
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Having identified the integral of the first kind, we can choose its derivative (we choose once
more J,,2) to map the integral of the second kind. Finally, a similar integrand analysis allows
us to identify a second independent integral of the third kind as

MaxCut [(mQ — ) Zxpa(1,1,1,1,0,1,1,1,—1) — Tpa(l, 1,1,1,0,1,1,1,—2)} x

1 —t— 1
o f/dz5d29 m” 20) o _ /dZ9 /dlog( +/ 25’29)> , (4.25)
S P4 (29)

P» 3(2s5, 29) [z, 29)

which has a single pole at zg = co. In this way, we come to our choice of initial basis for the
top sector, which at € = 0 explicitly separates the integrals of the third kind from the coupled
2 x 2 block of homogeneous equations satisfied by the first kind and its derivative

Li=e's [(m?—H)Txpa(1,1,1,1,0,1,1,1,0) = Zapa(1,1,1,1,0,1,1,1,-1)] ,
I =550, | (m? —)Ixpa(1,1,1,1,0,1,1,1,0) = Tnpa(1,1,1,1,0,1,1,1,~1)] |
Iy=cs [(m?—1)Txpa(1,1,1,1,0,1,1,1,~1) = Zypa(1,1,1,1,0,1,1,1,-2)| ,

Ii=cs\/Py(m2—1t)Inpa(1,1,1,1,0,1,1,1,0).

As expected, one can easily verify by deriving the homogeneous differential equations satisfied
by these four integrals that they take the following form

I x* %00 I
I * %00 I

d = Ofe). 4.30
13 *+ %00 13 + (6) ( )
I4 *%x 00 I4

From this starting basis, we can construct a rotation to a new basis satisfying e-factorized
differential equations by going through the following steps identified in [59]:

1. We first make the homogeneous differential equation of the two elliptic blocks manifestly
unipotent by multiplying the initial basis by the inverse of the semi-simple part of the
Wronskian matrix. This involves multiplying by a matrix that depends on the periods
of the elliptic curve and its derivative with respect to m?. It is important to realize that
the equations so obtained are strictly valid locally, i.e., close to each regular singular
point, where at each point we must use the different definitions of the periods given in
eqs. (4.10)—(4.15) . For definiteness, we consider now the construction of the canonical
basis close to the point s = 0.

2. This step defines a new set of master integrals close to a regular singular point of the
elliptic curve. Since the differential forms in the matrix associated with this new basis
of integrals turns out to have different transcendental weights, we must rescale the
various integrals by suitable factors of € to account for this weight shift. If we start from
a basis found following the criteria above, this effectively confines all non e-factorized
entries to be below the diagonal of the differential equation matrices.

3. Finally, we integrate out systematically all remaining non-e-factorized terms by a
suitable rotation.
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Upon performing the last step, this procedure to obtain a canonical basis can introduce
new transcendental functions besides the holomorphic period of the elliptic curve defined
in eq. (4.10). In our case, we must introduce the following function

m* (s 4 2t)/Pa(x — 1)
G(s,t,m? :/ dx wo(s,x), 4.31
( ) U5+ 1) —dse2. 00 (4:31)

which is related to one of the extra punctures on the elliptic curve. In fact, it also admits a

representation in terms of complete elliptic integrals of the first and the third kind, which
can be obtained from the maximal cut of I4, see eq. (4.20) and eq. (4.29),

G(s,t,mQ)om/R;(m?—t)/(mz_t_djz)\/m. (4.32)

This representation is not particularly illuminating and also not needed for what follows,

so we decided not to provide it explicitly here.

Following the same logic as for the periods, it is more useful to provide its series
representation. Being a two-dimensional function, extra care has to be put in choosing the
right variables to define its expansion close to s = 0, ¢ = 0. In view of the construction of series
expansion solutions in section 7, it is convenient to introduce the two dimensionless ratios

rN = ———>5, Ty = R (433)

in terms of which we can write

3x3  43x173
G(s,t,m?) = —\/x; 3 ll 2 10x122 + T2 ZOTT + 142223 4+ O (xi’,m%)] :

32 1024 16
(4.34)

Following the steps above, supplemented by the usual integrand analysis for polyloga-
rithmic sectors and integrating out by hand some remaining non-e-factorized terms in the
differential equations, we can arrive at a fully canonical basis

74
df =€ [Z lell f (4.35)
=1

We stress that some of the polylogarithmic canonical candidates can be found in [23, 83].
Moreover, we provide our canonical basis 7 in the ancillary files found in a zenodo.org
repository submission [84] accompanying this article. We find that in order to fully describe
all master integrals and their crossings required to compute the diphoton amplitudes, we
need a total of 74 differential forms. We call the full set of two-loop differential forms W20,
and similarly the one-loop ones W) In particular, 12 letters are purely rational, 45 are
algebraic, and 17 contain kernels of elliptic type. Among the elliptic letters, 4 of the latter
are modular letters defined on the elliptic curve eq. (4.8), while the remaining 13 are more
involved, as they mix the period of the elliptic curve, with additional algebraic or rational
functions that add extra structure related to the polylogarithmic master integrals. We provide
the full set of differential forms in appendix C. As we will show explicitly below, a large
number of the elliptic letters will eventually drop in the finite part of the scattering amplitude,
following a typical pattern already observed in other calculations of QFT correlators related
to non-trivial geometries [36, 37].
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4.2 Extra relations among the master integrals

As already hinted at in the previous sections, while a standard IBP reduction exposes
165 independent master integrals for this problem, there exist (at least) 11 extra relations
among the latter, which cannot be obtained (with our definitions of integral families) as
inhomogeneous “extra IBPs” from higher sectors. In terms of our canonical integrals, the
relations read as follows

Igo=179—139, Ig3=1go—141, I3 =1g5—143,

(4.36)
g1 =10, 184 =142, Ig7 =14, T1o6 = Z108 = Z110,
Ie 51g 1io  ZLoa 3los Lo
Tigr=— 0298 210 2 95\ I g T T
107 3 3 3 + 9 5 + 5 39+2L41— 143
Iro Imn Iro I79  Igo  Iss
+ 2 2 + 2 2 + 2 2’
Ts 1Ig bHT e 7 37
Tygo=— 20— 04 T 7 O Ty Ty +Tag
8 8 8 2 2 2 (4.37)

Zro I ZIra Irg Isa  Iss
TR TR T T T Ty

5Z¢ TIg Zio 3Zoa  Tos  Ias
T — 26 =8 10 9224 525 | 226 4 0 7T
t 8 8 8 2 2 2 9L TS

2 2 2 2 2 2

It is interesting to notice that out of these 11 relations, seven can also be obtained from the
remaining four by a suitable crossing of the external momenta. There are different ways to
prove them analytically. The most direct one goes through the canonical system of differential
equations in eq. (4.35). Indeed, since all differential forms are linearly independent, one can
consistently search for linear combinations of the integrals Z; which fulfill purely homogeneous
differential equations. If such integrals exist and if one can use regularity conditions to prove
that their boundary conditions are zero to all orders in ¢, Cauchy theorem guarantees that
the integrals are identically zero. A similar approach was used in [85] to prove extra relations
among phase-space master integrals required to compute the triple-real corrections to the
N3LO N-jettines quark beam function. Extra relations of this type are known to appear in
normal amplitudes, even at one loop [86]. Interestingly, following [86], also in the present
case we could prove two of these relations by performing non-linear transformations on the
Feynman parameter representations of the corresponding integrals. Concretely, consider
the scalar Feynman integral associated with the graph depicted in figure 2. Its first and
second Symanzik polynomials &/ and F read

U(z) = (23 + x7) (T2 + 28) + 21 (T2 + T3 + 27 + 28) + 24 (22 + 23 + 27 + 28) , (4.38)
F(s,u,z) = swy (roxy — x128) + umy (X227 — T328) + m? [xl (o + 23 + 27 + x8)2

+xy4 (x2 + 3 + 7 + a:g)2 + (z3 + 27) (22 + 23) (x2 + 23 + 27 + xg)} ,  (4.39)

where x = (21, x2, x3, x4, 7, x3) denote the Feynman parameters. The graph has an obvious
symmetry under crossing ps > ps (corresponding to ¢ <> u), which can be seen on the level
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Figure 2. The edge labels correspond to the propagator numbering in family NPA.

of the graph polynomials by exchanging xs <+ x3 and z7 <> xg. By studying the differential
equations satisfied by the associated Feynman integral as described above, it can be shown
that the integral is equal to all its crossings, which implies that it is also invariant under
exchanging p3 with any of the other two external momenta, i.e., p; or ps. In terms of our
canonical basis, these relations read: Zios = Zigs = Zi10-

However, there exists no permutation of the Feynman parameters that maps the graph
polyomials to themselves with s exchanged with any of the other two Mandelstam variables ¢
or u. To showcase this symmetry, a quadratic transformation in Feynman parameter space is
required. For example, the symmetry under s <> u can be seen from the change of variables

X
xl%w’ x2—)x27 xgéw
T3+ x7 1+ T4 (4.40)
(1 + z4) 7 (x3 4+ x7) 24
Ty —> ——————, Ty — ———————, rg — Iy,
T3+ Ty T+ 24

whose Jacobian has determinant equal to —1 and which also maps the sum of all Feynman
parameters to itself. A similar change of variables can be found to prove the symmetry
under s <> t. In contrast to the two relations just discussed, the remaining nine identities we
found relate integrals associated to different Feynman graphs, not just crossings of the same
integral. It would be very interesting to explore the origin of these equalities and if they can
be proven similarly in Feynman parameter space. However, this requires the construction of
transformations that map qualitatively different graph polynomials onto each other. There
have been attempts in the literature to generalize standard symmetry searching algorithms
to find more relations among Feynman integrals [87]. It will be interesting in the future to
see if also these types of relations can be obtained systematically without having to resort
to the underlying system of canonical differential equations.

5 Helicity amplitudes in terms of iterated integrals

With our solutions for the 154 independent master integrals and the extra relations provided
in section 4.2, it is immediate to obtain analytical solutions for the helicity amplitudes in
egs. (2.15) and (2.18) in terms of a basis of iterated integrals. We notice here that the
amplitude for the production of two photons in quark-antiquark annihilation is substantially
simpler than the gluon-fusion one, the difference amounting mainly to polylogarithmic sectors.
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The discussion below applies to union the sets of iterated integrals appearing in both partonic
channels, except the last point, where we discuss the extra simplifications happening in the
quark channel. Upon expanding in € and substituting the solutions of our master integrals,
we can make various observations about the final structure of the bare helicity amplitude,
which we summarize here:

1. First, we notice that all iterated integrals with kernels of elliptic type identically cancel
in the poles of the amplitudes. Also, for both amplitudes, the color factors that are
supposed to be finite, are indeed identically finite upon substituting our solutions.
Moreover, as expected, a large number of the algebraic letters cancel, leaving an
analytic expression for the poles written in terms of iterated integrals up to length
three, depending only on the one-loop letters

w :{mQ, s,t,—s —t,s —4m>,t — 4m?, —4m? — s — t, 4sm> + t(—s — t),

s—ry t—r9g —s—1t—r13
s+rit+ry —s—t+rg

Atm? + s(—s — t),4m%(—s — t) + st,

st—r7 s(—s—t) —rg t(—s—1t) —rg st(s—4m?) —riry
st+r7 s(— —t)—i—rg t(—s—t)+ry st(s—4m2)+riry’
s(—s —t)(s — 4m?) —rirg st(t —4m?) — rory (5.1)
s(—s —1t)(s 4m2) +rirs’ st(t —4m?2) + rory’
t(—s —t)(t —4m?) —rorg s(—s —t)(—s —t — 4m?) — rarg
t(—s—1t)(t — 4m2) +1rorg’ s(—s —t)(—s —t — 4m?) + rarg’
t(—s —t)(—s —t —4m?) — r3rg
t(—s—t)(— s—t—4m2)—|—r37‘9}

where the square roots r; are defined in appendix C.

2. All algebraic polylogarithmic letters appear in the finite part of the bare amplitude,
while two of the rational ones drop, in particular, s + 4m? and s + 16m?.

3. Finally, out of the 17 elliptic letters, 6 drop and 11 appear instead in the finite part of
the bare amplitude. We stress here that the pattern of the disappearing letters follows
exactly what was expected from previous calculations of two-point correlators [36, 37],
namely all letters which contain the holomorphic period squared g at the numerator
drop from the amplitude. We stress here that this also includes letters that depend
indirectly on two positive powers of wy, for example through the new function G
defined in eq. (4.31). Following the nomenclature for the elliptic letters introduced
in appendix C, the elliptic letters that drop are {My, E4, Fs, E11, E12, F13}.

4. As we already discussed, the quark-antiquark channel is substantially simpler. In
particular, all dependence from the massive quarks cancels up to one loop and, there-
fore, the poles of the two-loop amplitudes only depend on a small subset of the
one-loop letters

wh = {mz7 s, t,—s — t} , (5.2)



Moreover, for what concerns the finite part of these amplitudes, an additional elliptic
letter drops compared to the gluon channel, which is Fs. From the alphabet, 30 letters
(4 rational, 26 with square roots) contribute and are a subset of the gg alphabet.

6 UV renormalization and IR structure

The bare helicity amplitudes contain both divergences of UV and IR origin. The UV
divergences can easily be removed by renormalizing the strong coupling constant, the quark
and gluon wave functions, and the top mass. We work in the MS scheme for the massless
quarks and in the on-shell scheme for the top quark. In practice, this means that the
relations between the bare and the renormalized parameters to the e-order needed for this
calculation read

u%eSeas,b = p*ay {1 - (560 + (5w) (;;) + (’)(042)] , (6.1)
mo = m [1 + 6 (;) + O(ag)} , (6.2)

with as = as(p) the renormalized coupling evaluated at the renormalization scale p. In
the formulas above, we have put

S. = (4m)eeee (6.3)
and
By = %CA - §TR 0, (6.4)
S = Trnp (Zf) h (—326 - 7{;6 + %ggez + 0(5))) , (6.5)
S = —Cr (Zf) h (236 +o+ 0(6)) (6.6)

with ny the number of massless active fermions, n;, the number of massive flavours with mass
m (which we assume to be nj, = 1 throughout the calculation) Cy = N, the Casimir of the
adjoint representation, Cr = (N2 — 1)/(2N,) the Casimir of the fundamental representation
and Tr = 1/2 (see also [88]). Clearly, N. = 3 is the number of colors and from here on we
fix up = p. Finally, we also need the wave-function renormalization constants for gluons
and massless quarks, which, to this order, read

(6%
=1 il 2
Z A + <2W> dw +O0(a3),

21+ (%) emiom [~ 2] (12 + o o
= —_— n - — T a a .

“ o) UM e 24] \m? o

respectively, where d,, was defined in eq. (6.5). Putting everything together, and focussing
only on the part of the two-loop amplitude which contains at least one massive loop, the
renormalized helicity coefficients for the two channels can be written as

2 ¢

Qs

QY = dulira) 3 (52 ) 06, (6.8)
=0
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L
Qs
Qggv = 6a1a2 (47ra) Z (27_() Qé%UV) ) (6.9)
=1

where explicitly we find®

C 2 C 1 5 Iu/2 2e
2,uv) _ [ Le 2,b € 1b 0,b
ng ) = () ng ) - (5> Ouw Qéq )+ CrTrny { } <> Qf]q ), (6.10)

S, i 4e  24] \ m2
and
QSJUV) — Qé;’b) 7 (6.11)
A% Ce\ C 00"
2,UV) __ € 2,b € 0 ~(1,b € 2 99

We notice that, to this perturbative order, the renormalization of the top quark mass does
not enter in Qf;’qUV.

After UV renormalization, the massive helicity coefficients for the quark-antiquark channel
are finite, while the ones for the gluon-gluon channel still contain divergences of IR origin.
As it was first shown by Catani up to two loops [89], at every order in perturbation theory
in the strong coupling these can be reorganized in terms of lower loop amplitudes [90-94].
In our case, we can write

2.in) _ (2,UV
Q™ = oY)

9

1,fin Q0 1,UV 2.fin 2,UV T 1 Q 1,UV 1
where the operalor 15551]) reads

(1):_6”6(@1 ﬁo) —s—i0"\ "
Ty, T\ + = 2 : (6.14)

While we performed UV renormalization and the subtraction of IR poles as a consistency
check, we prefer to provide the results for the bare helicity amplitudes, which can be found
in a zenodo.org repository submission [84] accompanying this article. These allow the
implementation of any UV renormalization and IR subtraction in an arbitrary scheme.

7 Series expansions and numerical evaluation

Our discussion until now has been limited to expressions of the amplitudes in terms of linearly
independent iterated integrals. This has been beneficial in studying some of their analytic
properties, in particular, the cancellation of large numbers of integration kernels that could
have otherwise naively been expected to appear in the final result.

In this section, we describe a possible strategy to efficiently evaluate our amplitudes
numerically. At variance with other approaches that aim at evaluating all functions numerically
on the fly, producing series expansion solutions for them for each individual phase-space
point (see, for example [32-34]), our approach will consist of constructing series expansion
representations for the whole amplitude and patching them together in order to cover large
portions of the relevant phase space. The use of generalized series expansion representation
for scattering amplitudes is not new: various problems have been solved by merging series

5We stress that we assume here that the bare amplitude is defined using the normalization for the integration
measure provided in eq. (3.2).
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approximations derived with different methods in different regions of the phase space, see for
example [95-101]. In our approach, we entirely rely on the underlying system of differential
equations in canonical form, which allows us also to stress a subtle point: following the
standard theory of differential equations, we would expect that a larger number of different
series expansions would be necessary to cover the whole phase space due to the intricate
structure of singularities. Instead, as already observed in different contexts [13, 37, 60, 102],
the fact that most of these singularities are pseudo-thresholds makes it such that the series
obtained around the various singular points often converge beyond their naive radius of
convergence. This typically allows one to cover large regions of the phase space with a very
small number of expansions. Additionally, we can utilize the symmetry properties of the
amplitude (see egs. (2.21) and (2.22)) to derive further series expansions valid around different
points from a single expansion point. This reduces the actual number of series expansions,
which must be derived by explicitly expanding the individual master integrals.

As a proof of concept of this approach, we provide series expansions for our amplitudes

close to m?2

= oo, which corresponds to the large mass expansion of the amplitude, and
s = 4m?, which is one of the physical thresholds, and showcase how they are sufficient to
cover a large patch of the physical phase-space. We recall here that s = 4m? is a very
non-trivial point. In particular, the elliptic curve in eq. (4.8) does not degenerate at this
point, which means that our series expansions contain new numbers related to the periods
of the curve evaluated on this kinematical point. The results presented here can be easily
supplemented by adding more expansion points. In particular, it is natural to consider the
value of the amplitude close to m? = 0. Here, one can easily prove from direct inspection
of the system of differential equations, that the amplitude can be expanded to arbitrary
high orders in (m?)"log™ (m?) in terms of harmonic polylogarithms [43] of z = —t/s, see
for example the recent calculation [103]. Below, we briefly discuss how we obtained our
series of solutions in the regions discussed above.

7.1 Large-mass expansion

The large-mass expansion of an arbitrary scattering amplitude can typically be obtained by
a straightforward application of standard methods of asymptotic expansions of Feynman
integrals [104]. This approach has been used effectively to obtain results in this limit for
many non-trivial scattering amplitudes, see for example [95, 105-107] and many others. Here,
we follow a different approach, deriving the large-mass expansion directly from our system
of canonical differential equations.

To consistently expand around any regular singular point of a system of differential
equations, it is crucial to consider a good set of variables. These variables have to be
chosen such that all possible singular lines intersecting at the considered singular point
are disentangled. In detail, this means that we must separate the singular lines so that
at most two singular lines intersect. In addition, we must make sure that all intersections
happen non tangentially. This condition is referred to as normal crossing divisors in the
mathematical literature. One can achieve this by performing a so-called blow-up [108]. The
number of blow-ups required depends on the strength of the intersection of the singular lines.
Reference [109, 110] demonstrates that, after performing a sufficient number of blow-ups, one
can always locally disentangle all singular lines yielding normal crossing divisors.

— 922 —



-6

(a) Singularities gluon fusion (b) Singularities quark-antiquark annihilation

Figure 3. Plot of all singular lines in the variables s,t for gluon fusion and quark-antiquark
annihilation, respectively. We have highlighted the physically relevant parameter space in light gray.
Notice that the physical threshold is at s = 4m?.

In the specific case of the large-mass expansion, the point m? — oo corresponds to s = 0,
t =0, and u =0 < s = —t in the kinematical plane. In figure 3, we draw all singular lines
relevant for gluon fusion and quark-antiquark annihilation, respectively, with a particular
focus on the ones passing through (s,t) = (0,0). As it can be seen, many lines intersect at
that point and most of them cross tangentially to each other. Concretely, these singular
lines correspond to the following set

{s+t,—4s—4t+st,s—|—232—|—s3+t—2st+s2t,—4s+st+t2,s—28t—4t2+st2,
s — 287 4+ 53 — 65t + 253 — 4% + st?, 5+t — 25t + 2% + st® + 3, 5% — 4t + st, (7.1)
—45% 4t — 25t + 2, —4s® + t — Gst + 2t — 262 + 25t + t3}

for gluon fusion and the subset

{s+t, —4s — At + st, —ds + st + 2, s — 25t — 442 + st2,
(7.2)
s — 252+ % — 6st + 25%t — 4% + 8t2,s2 — 4t + st}

for quark-antiquark annihilation. Following the blow-up procedure, in our case, a good set
of variables that resolves all singularities is given by

tm S

Tl = ———>%5, T = 477”)12 . (73)

In figure 4, we report the same singularities in the new set of coordinates x1,xo. As it is
easy to see, all singular lines are appropriately disentangled in the large mass limit, i.e., for
x1 = x9 = 0. Moreover, in the blow-up variables z1, z2, the threshold s = 4m? is at o = 1.
With these new variables, we can now expand all singular denominators in series consistently.
We stress here that, in terms of the original kinematic variables, this choice of expansion
variables corresponds to having taken the directional limit —¢/m? < s2/m*.

Before integrating the differential equations, we have to determine the necessary boundary
constants. We follow the standard approach and first use regularity properties of the individual
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(a) Singularities gluon fusion (b) Singularities quark-antiquark annihilation

Figure 4. Plot of all singular lines after blow-up in the variables x1, x5 for gluon fusion and quark-
antiquark annihilation, respectively. The threshold is now given at zo = 1. We have again highlighted
the physically relevant parameter space in light gray.

master integrals to minimize the number of independent boundary integrals that must be
computed explicitly. The remaining boundaries can then all be related to simple products of
tadpole and bubble integrals, which can be easily computed analytically. Alternatively, one can
also recover the boundaries from high-precision numerical evaluations of the master integrals
close to s = t = 0 via the method of auxiliary mass flow, relying on the MATHEMATICA
package AMFlow [30, 31].

Having all boundary conditions at our disposal, we can expand the system of differential
equations and integrate them iteratively up to arbitrary orders. For definiteness, we produce
solutions for the canonical master integrals expanding up to 40 orders, which allows us to
obtain a corresponding expansion for the helicity amplitudes up to 34 orders. The order of
expansion for the helicity amplitudes is reduced due to rational functions in the amplitudes,
which have poles of up to power six. We stress here that using a canonical basis is beneficial,
as the loss of terms due to divergences in the numerators is typically less severe.

7.2 Expansion at s = 4m?

As a second, non-trivial expansion point, we consider the threshold s = 4m?2.% Having good
control of the amplitudes close to this point is important since we can expect that the effects
induced by the massive loops will be most visible in this region of the phase space.

The periods of the elliptic curve do not depend on t. Nevertheless, an expansion of
the helicity amplitudes in the single variable s around the threshold value 4m? remains
non-trivial. This is due to the function G(s,t,m?), for which s = 4m? is a regular point. As
a consequence, after expanding in the variable s, the remaining integration of the canonical
differential equations in the variable ¢ still requires integration over elliptic kernels. To handle
them, we perform a double series and expand the helicity amplitudes simultaneously in
both variables around the singular point (s,t) = (4m?,0), rendering all integrations trivial.

5As s = 4m? is a regular point of the elliptic curve, both periods are holomorphic in a neighborhood of
this point. For concreteness, we used the specific linear combination corresponding to w([)o] (see eq. (4.10))
to function as wy in the definition of our local canonical basis, while any other choice would have also
been allowed.
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In contrast to the large-mass expansion, there are only two singular lines s = 4m? and
t = 0 crossing at this point, such that no blow-up is necessary. As expansion variables,

we therefore use
e (74)

To find the values of the master integrals at the expansion point, we make use of the fact
that the boundary conditions are trivial in the large mass limit considered previously. We can
then use the canonical differential equations to transport them from the point (s,t) = (0,0)
to (s,t) = (4m?,0) along the path given by the straight line connecting the two points.”
This can be supplemented by regularity conditions, as well as information on the branching
structure of the master integrals to reduce the number of single-scale integrals that have to
be computed explicitly. In practice, this approach proves convenient for most of our master
integrals® except those that require integration over elliptic kernels. For these few integrals,
we rely on numerical evaluations obtained with AMFlow.

We performed the expansion of the master integrals in this limit up to 35 orders, from
which we can obtain at least 30 orders in the corresponding expansion of any of the helicity
coefficients. As for the previous case, the reduction in the number of orders obtained stems
from rational functions in the amplitude, similar to the large-mass case.

7.3 Numerical evaluations

By merging together the expansion for large mass and the one around the point (s,t) =
(4m?,0), and exploiting the symmetry properties of the helicity amplitudes under ¢ < u
(see eq. (2.21) and eq. (2.22)), we can obtain a stable and reliable numerical evaluation of all
helicity coefficients on a large portion of the phase space. In particular, we use the symmetry
under ¢t <> u to obtain two more expansions, one around the additional expansion point
(s,u) = (4m?,0) < (s,t) = (4m?, —4m?) and another one in the large-mass limit. Of course,
in this case, the overlapping singularities are disentangled by different blow-up variables,
obtained from those given in eq. (7.3) by ¢t — u. With these four expansions put together,
we can cover the entire phase space region around the massive-particle production threshold
s = 4m?, down to the region covered by the large-mass expansion.

The series have to be produced once and are extremely efficient to evaluate numerically.
For instance, without any further optimization, the evaluation of our results on a single
phase-space point in MATHEMATICA using a single core on a standard laptop takes around
0.02s to 0.07s per helicity coefficient.

To double-check our results, we compared the numerical value of the expanded helicity
coefficients in multiple different phase space points to evaluations of the unexpanded coef-
ficients where the numerical values of the master integrals have been obtained via AMFlow.
In table 3, we show the absolute value of the difference for the finite part of the bare helicity
coefficients, normalized by the unexpanded result, for several phase space points.

For the quark-antiquark channel, the helicity amplitudes can be split into a part propor-
tional to the square of the electric charge of the heavy quark in units of the electron charge,

"The master integrals are finite as ¢ — 0, with the exception of Ji62 and Ji65, which correspond to massless
one-loop integrals with a tadpole attached, that can be computed exactly instead.
8To this end, the functionalities of the MATHEMATICA package PolyLogTools proved highly useful [111].
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en, and a part proportional to the electric charge squared of the light quark e, (similarly
in units of the electron charge) instead,

Qg = €2 U +e; Q. (7.5)

Note that the coefficients §2; are substantially simpler, as the only dependence on the heavy
flavour is contained in bubble subdiagrams and all integrals can, in principle, be expressed in
terms of multiple polylogarithms. For this reason, in table 3, we have shown this difference
only for 2, which receives contributions from those diagrams where the two photons attach
directly to a heavy-quark loop.

To get an estimate of the convergence of our series expansion representation across the
whole phase space region and identify where our representation is not reliable anymore, a
possible approach is to take differences of the partial sums to check how many digits are
preserved when adding one more term to the expansion. This is based on the fact that,
as long as the series converges, adding one more term to the series should improve on the
previous result. The best estimate of whether our series converges or not can then be obtained
by the highest order term in the series, which is also the difference between the partial
sums with the largest number of terms and the partial sum with one term less. Calling this
term Qx max for the helicity amplitude €2x, we turn it into an estimate for the number of
digits of precision as follows: we take its absolute value, compute its logarithm with base
10, and multiply the result by minus one,

—10g10 (‘QX,maxD . (76)

The result for the finite part of all the bare two-loop helicity amplitudes is shown in figure 5
and figure 6, where we have taken in every point the best value of the four expansions
available. Note that we treated €, and €2; as defined in eq. (7.5) separately.

Close to the expansion points, the convergence is very rapid, and € x max is of order 10100,
corresponding to the red-colored regions in the figures. As the distance to the expansion
points increases, so does {)x max, as the speed of convergence slows down, resulting in the
colors becoming colder. Finally, at the dark blue- to purple-colored edges bordering the white
regions, {)x max is of order 107!, and we expect that the series expansion representation up to
the given order will cease to provide an accurate numerical value for the helicity coefficients.

On general grounds, each of the expansions is expected to converge in a region around
the expansion point, whose size is essentially determined by the distance to the next physical
singularity, with the convergence improving as additional orders in the expansions are
calculated. While most expansions appear to converge at most for s = 8m?, convergence
beyond such bounds can, however, not be excluded, as it happens, for instance, for a; and &,
see figure 6. To fully cover phase space regions with s > 8m?, the expansions performed can
be supplemented by additional expansions, for instance, an expansion in the limit of small
quark mass [103]. We will consider this problem in a subsequent publication, where also all
amplitudes for the production of up to two massless partons will be computed.

Finally, we show in table 4 the numerical results for all the bare 2-loop helicity coefficients
in a selected phase-space point for reference.”

We thank Taushif Ahmed, Amlan Chakraborty, Ekta Chaubey, and Mandeep Kaur for enabling a
comparison of results prior to publication of this article [112]. We found complete agreement in the point
used for table 4, as well as two further phase-space points, (s/m?,t/m?) = (13/10,—3/5) and (s/m?,t/m?) =
(51/10,—11/10).
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5/m?

13/10

23/10

28,9

11/3

22/5

51/10

t/m?

-3/5

-1

-1/10

5/2

-3/5

-11/10

|

2.3 x 1078

2.5 x 1076

2.7x10718

3.8x10718

5.2x 10721

9.2 x 107Y

|

1.2 x 1079

6.4 x 1077

1.9%x 10716

1.6x10718

1.3x10718

7.4 %1077

| ——

1.2 x 1079

6.4 x 1077

1.9x 10716

1.6x10718

1.3x10718

7.4%x 1077

-

1.8 x 107°

7.9x%x 1077

2.1x10716

2.0x10718

1.4x10718

6.4 x 1077

j

1.8 x 107?

7.9 %1077

2.1x10716

2.0x10718

1.4x10718

6.4 x 107

j—

5.1x10710

3.7x 1077

4.0x10718

3.5x10719

1.9%x 10722

5.2%x 10710

|

1.1 x 1079

1.6 x 1076

2.1x10715

4.9%1018

1.5x 10718

5.6 x 1077

Jr——+

2.3x 1078

1.0 x 1076

5.1x10719

7.0x107%7

6.7x10~20

7.7 x 1078

Qp

3.0x 1077

4.1 x 1077

2.3x10717

1.0x1072!

5.2x10721

3.5x 1078

Bh

8.4x1012

7.7 x 1079

2.1x10718

6.7x 10723

7.0x10722

1.5 x 1079

Th

5.7x10711

2.9x 1078

3.3x1071°

6.8x 1021

3.3x1022

2.5 x 1079

on

3.0 x 107?

4.1 x 1077

2.3x10717

1.0x1072!

5.2x10721

3.5 x 1078

Table 3. Absolute value of the difference of the helicity coefficients evaluated via the method of
auxiliary mass flow and the series expansion representation, normalized by the former. For every
phase space point, we use the series that performed best at that point.

’ H 1/e ‘ 1/¢ ‘ 1/e €’
fra++l O —2.6098 —19.546 — 8.1990: —32.044 — 3.5038:
feaaa]| O —0.032704 —0.17702—0.102742 | —0.36482 — 0.22727¢
Foall 0 —0.032704 Z0.17702— 0.102747 | —0.36482 — 0.22727i
j— () —0.032704 —0.17702—0.102744 | —0.08140 — 0.347174
frar+=1 O —0.032704 —0.17702—-0.102742 | —0.08140 — 0.34717:
.o 4.8124 20.196 + 15,1197 | 36.108 + 4.2217i
() 1.2813 4.4086 + 4.02541 4.4725 + 6.9322:
j— (] 0.29001 1.00104 + 0.911087 | 1.0263 + 1.63901
oy 0 0 80/99 0.19228 + 0.05399¢
0 -4/9 | —0.08921 —1.39626i¢ | 1.6850 — 1.5085 0.75751 4+ 0.835521
ol -4/9 | —0.08921 —1.39626¢ | 2.0198 — 2.0749 2.6238 — 1.15357
0 0 0 —80/99 —0.19228 — 0.05399:
ap 0 0 0 —0.0088466 + 0.00552483
O, 0 0 0 0.19945 — 0.55326¢
Yh 0 0 0 0.19886 — 0.55796¢
On 0 0 0 0.0088466 — 0.0055248:

Table 4. Numerical value of the 2-loop bare helicity coefficients in the point (s/m?,t/m?) =
(11/3,-5/2) with N, = 3 and the electric charge of the respective quark coupling to the photon in
units of the electron charge set to one. Further, we extracted a factor (u3/m?)%¢. We stress that the
bare helicity amplitudes are computed with the normalization of the integrals defined in eq. (3.1).
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Figure 5. Number of digits of precision obtained for the finite part of the bare helicity amplitudes in
the gluon-fusion channel. The horizontal axis corresponds to s/m?, the vertical axis to t/m?.

— 928 —

€€0(9202) 90dHHL



€€0(9202) 90dHHL

4 6

()

Figure 6. Number of digits of precision obtained for the finite part of the bare helicity amplitudes in
the quark-antiquark annihilation channel. The horizontal axis corresponds to s/m?, the vertical axis
to t/m2.
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8 Conclusions

In this paper, we have addressed the analytic computation of the two-loop scattering ampli-
tudes for the production of a pair of photons in quark-antiquark annihilation and gluon fusion,
mediated by a loop of massive quarks. While these amplitudes had already been computed
using semi-numerical methods, new developments in the theory of Feynman integrals defined
on non-trivial geometries, including canonical differential equations and their solutions as
iterated integrals, allowed us to reconsider this problem from a different perspective. In
particular, we have derived a system of canonical differential equations from which we could
obtain analytic results in terms of independent iterated integrals defined over mixtures of
logarithmic and elliptic differential forms. With these expressions, we could verify recent
conjectures on the cancellation of some entire classes of elliptic differential forms from the
finite part in € = 0 of the scattering amplitudes. Moreover, these equations can be used as the
starting point to obtain fast converging series representations for the result close to any regular
or singular point from the differential equations. In particular, here we produced double series
expansion solutions close to the point s = 4m?, t = 0, and the point m? = oo, corresponding
to what is usually referred to as large-mass expansion. While in the large mass limit, the
calculation becomes trivial, at the point s = 4m?, t = 0, the elliptic curve that characterizes
the problem does not degenerate, and one obtains series expansion solutions in two variables
with coefficients that are defined as iterated integrals over elliptic kernels. All these numerical
coefficients can be evaluated with very large precision and allow us to produce a compact
series expansion representation for the entire amplitude close to the threshold, which can be
evaluated numerically in fractions of a second. This result can be used to supplement the
much simpler series expansions that can be obtained at m? = oo to provide reliable solutions
across large portions of the phase space where mass effects are expected to be sizable.

We believe that the results provided here constitute a proof of concept of how amplitudes,
which require Feynman integrals defined on non-trivial geometries, can be computed analyti-
cally and numerically efficiently, leveraging new developments in the theory of differential
equations for Feynman integrals. It is to be expected that a minor generalization of these
results will allow us to obtain similar results for the production of two jets or a jet and
photon, mediated by a top quark. It will be interesting to apply the same techniques to
more involved problems in the future.
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A Helicity projectors

In this appendix, we provide the explicit analytic form of the helicity projectors that we use
to compute directly the helicity amplitudes in egs. (2.15) and (2.18). We use the notation P,
with w = {a, §,7,d} for the projectors onto the quark helicity amplitudes, i.e.,

Pw : Aqq = (.U(x, y) )

where 2 and y were defined in eq. (2.4). Similarly, we define Py, x50, the projectors on
the gluon helicity amplitudes

PA1>\2)\3>\4 : "499 = f>\1>\2>\3/\4 (x7 y) .

We decompose the quark helicity projectors onto the basis of tensors as

P [ ) 2 i)
Pe=1a : 3) % (=) + 2t8:—2;iu7§ - Sltfl] ,

P= (g [ () gt - ]
SRR RTINS TR

where
i = )T} u(p2) el (p3)ed (o)

and the I'M"” have been defined in eq. (2.9).

In the same way, we decompose the gluon helicity projectors as

1 3((4—d)(d—2)s? + (4 — d)(d — 2)st — 2(d — 2)t?)
Piyts = 3 [
3(d—1)(d—3)t 4s(s+t)
3((d—2)s*t + (d — 2)st?) 4 3(—ds’t — 2st?)

4s(s +t) 2+ 4s(s +t) 3
3(ds®t + dst® — 257t — 2st?) i ;
a 4s(s + 1) (71_73—1_7-7)
3(ds®t + 2dst* + (d — 2)t° — 2st?) N 3(s2t2 + st?) 1
4s(s+1t) 6 4s(s+1t) 8]
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Pttt =

Pity =

Piy—t =

Piyi- =

Pyt =

1 [3(d28(s +t) — 4ds? — 8dst — 2dt? + 4t(s + 1)) -
3(d —1)(d — 3)t2 4s(s +t) !
3(ds®t +dst?) 4\ 3(ds*t+dst* —2st(s+1t)) /4 4
 4s(s+t) (TZ_E)+ 4s(s+t) <7%_T7>
3(ds®t + 2dst® + dt® — 2t*(s + 1)) 4  3(ds®t —2st(s+1)) 4  3t2 4
; T+ 27,
4s(s+1t) 4s(s+t) 4
1 [3((123(3 +t) — 4ds? + 2dt% — 4st) -
3(d — 1)(d — 3)t2 4s(s +t) !
3(ds*t + dst?®) /_4 ' 3(—ds®t — 2st?) 4
C 4s(s+t) (TQ +7}’>+ 4s(s+1) ®
3(—ds®t — dst® + 25°t + 2st*) /4 ;
4s(s +t) (7:1 + 77 )
3(—ds’t — 2dst® — dt® + 25°t 4 2st%) 4 3t 4
4s(s +1t) 7%4_47;}’
1 [?frlT (d25(s +t) — Ads® — 8dst — 2dt + 4t(s + 1))
3(d—1)(d— 3)t? 4s(s+ 1)
3(ds®t + dst®> — 2st(s+1)) /& 4\ 3(ds*t —2st(s+1)) 4
4s(s +1t) <T2 _71) * 4s(s+1t) 7s
3(ds2t + dst2) + i 32 i
C 4s(s+t) (7-5_7-7>+T7é
3(ds®t + 2dst?® + dt> — 2t*(s + 1)) Tq
4s(s+t) 6]
1 [3(d25(5 +t) — 4ds? + 2dt* — 4st) -
3(d —1)(d — 3)t2 4s(s +t) !
3(ds*t + dst® — 2s*t — 2st?) /4 +
4s(s +t) (7-2 +75 )
3(—ds’t —2st?) 4 3(ds*t +dst®) ,_ +
4s(s + 1) 3t 4s(s +1t) <72 +T7)
3(—ds’t — 2dst® — dt® + 2st(s+1t)) 4  3t2
4s(s + 1) 7%’+47§]’
1 [ 3((d—4)(d —2)s? + (d—4)(d—2)st—2dt2)7_T
3(d —1)(d — 3)t2 4s(s +t) !

3(—ds*t + (2 — d)st® + 25°t) 4 3(—ds?t + 25t 4 2st?)

_ _ T
4s(s+t) 7 4s(s+1t) 7s
3(ds’t + dst? 3(ds?t + dst? — 252t — 2st2
( ) (ET _ 7~5T> _ ( )7~7T
4s(s+1t) 4s(s+t)
3(ds?t + 2dst? + dt3 — 25t — 2st?) + 3(—st? — st3) +
4s(s +t) 6 4s(s+t) B

- 32 —



P _ 1 [_ 3(d%s(s +t) + 2ds® + 2dst + 2dt* — 4t?) -
—+—+

3(d —1)(d — 3)t2 4s(s +t) !

2 2 2 2
__S(ﬁié;:ijt) (Zj——7j—%7§——7j)——B(ﬁZé:;ijt) ;
—dst — 2dst? — dt? + 2t%(s + t 2
_3( 4ﬂs+ﬂ+» (4_»7g+%i%1’
P - 1 [_?)((d—4)(d—2)32+(d—4)(d—2).975—2dt?)TT
T 3(d—1)(d - 3)t2 4s(s +1) 1
3(ds?t + dst? 3(—ds’t + 2s°t + 2st?
_ (45(5—:—t)) (7'2T _ 7-7T> _ ( 4;(_8 - t)+ )7?‘
3(ds*t 4 dst® — 2s%t — 2st?
_ 3(ds’t + e ) (78 - 7%)
_ 3(ds?t + 2dst® + dt’ — 2%t — 2st?) N (st + st°)
4s(s+1t) 6 4s(s+t) 8]
where
T =TI (p1)6s 0 (2)65  (03)€i o (p1)
and the T!"”” have been defined in eq. (2.10).
B Master integrals
Our choice of initial basis of master integrals for the amplitude is given by
Ji =Zp1a(0,2,2,0,0,0,0,0,0), J2 = Ipra(2,2,0,0,0,1,0,0,0),
Js = Ipra(0,2,2,0,0,0,1,0,0), J1 = Tprax124(0,2,2,0,0,0,1,0,0),
Js = Iprax123(0,2,2,0,0,0,1,0,0), Js = Iprra(0,2,2,0,0,1,0,0,0),
Jr = ZIpra(0,2,1,0,0,2,0,0,0), Js = Ipr.ax12(0,0,2,1,0,0,0,0,2),
Jo = Iprax12(0,0,2,2,0,0,0,0,1), Jio = Zpra(0,0,2,1,0,0,0,0,2),
Ji1 = Zpra(0,0,2,2,0,0,0,0,1), Ji2 =Zpra(0,1,2,1,0,0,1,0,0),
Jis = Zpra(0,1,1,2,0,0,1,0,0), Jia =ZIppa(0,2,2,1,0,0,1,0,0),
J15 = Iprax124(0,1,2,1,0,0,1,0,0), Ji6 = Iprax124(0,1,1,2,0,0,1,0,0),
Ji7 = Tprax124(0,2,2,1,0,0,1,0,0), Jis = IpLax123(0,1,2,1,0,0,1,0,0),
J19 = Tprax123(0,1,1,2,0,0,1,0,0), J20 = Zprax123(0,2,2,1,0,0,1,0,0),
Jo1 = Ipra(2,2,0,0,0,1,1,0,0), J22 = Ippa(1,0,2,0,0,1,0,0,1),
Jos = Ipra(2,0,2,0,0,1,0,0,1), J24 = Ippa(0,1,3,0,0,1,0,0,1),
J25 = Iprax12(0,1,3,1,0,0,0,0,1), J26 = Ippa(0,1,3,1,0,0,0,0,1),
Jor = Ipra(0,1,2,0,0,0,1,0,1), J2s8 = Ipraxi124(0,1,2,0,0,0,1,0,1),
T2 = Tpraxi23(0,1,2,0,0,0,1,0,1), T30 = Iprc(2,2,0,0,0,1,1,0,0),
J31 = Iprcx12(0,0,0,2,2,0,0,1,1), J32 = Ippc(0,0,0,2,2,0,0,1,1),
Jss = Ipra(1,1,1,0,0,1,1,0,0), J3a =ZIpra(1,0,2,1,0,1,0,0,1),

— 33 —



Js5 = Ipra(1,0,2,1,0,1,0,—1,1),
Js7 = Iprax12(1,0,2,1,0,1,0,—1,1),
J39 = TpLax123(0,1,1,1,0,1,0,0,1),
Ja1 = Zpra(0,1,1,1,0,1,0,0,1),

Jus = Iprax12(0,1,1,1,0,1,0,0,1),
Jus = Ipra(0,1,2,1,0,0,1,0,1),

Jur = ZIpra(0,1,2,1,-1,0,1,0,1),
J19 = Iprax12(0,1,3,1,0,0,1,0,1),
J51 = Tprax123(0,1,2,1,0,0,1,0,1),
Js3 = Ipraxi23(0,1,2,1,—-1,0,1,0,1),
Js5 = IpLax124(0,1,3,1,0,0,1,0,1),
Js7 = Tprax1234(0,1,2,1,0,0,1,0,1),
Js9 = Tpraxi234(0,1,2,1,-1,0,1,0,1),
J61 = TpLax1243(0,1,3,1,0,0,1,0,1),
Jos = Ipra(2,1,0,0,0,1,1,0,1),

Jes = Iprc(1,1,1,0,1,2,0,0,0),

Jo7 = IpLcx12(0,1,1,1,1,0,0,2,0),
Js9 = Zprc(0,1,1,1,1,0,0,2,0),

Jr1 = Iprcexi2(1,1,1,0,1,0,0,1,0),
Jr3 = Ip1c(1,2,0,1,0,1,1,0,0),

Jws = Iprc(1,0,0,1,2,0,0,1,1),

Jrr = Iprc(1,2,0,1,0,1,0,1,0),

Jr9 = TpLcx23(0,1,1,0,1,1,0,1,0),
Js1 = Iproxi2s(0,1,2,0,1,1,0,1,0),
Jss = Iprc(0,2,1,0,1,1,0,1,0),

Jss = Iprcx12(0,1,1,0,1,1,0,1,0),
Js7 = Iprcx12(0,1,2,0,1,1,0,1,0),
Jso = Ippa(1,1,1,1,0,1,0,0,1),

Jo1 = Iprc(1,1,0,1,1,1,1,0,0),

Jos = Iprc(1,1,0,1,1,0,0,1,1),

Jos = Iprc(1,1,1,-1,1,1,0,1,0),
Jor = Iprexi2(1,1,1,-1,1,1,0,1,0),
Jo9 = Tproxizs(1,1,1,-1,1,1,0,1,0),
Jior = Iproxi2(—1,1,1,1,1,1,0,1,0),
Jios = Zprc(—1,1,1,1,1,1,0,1,0),
J10s = IpLoxizs(—1,1,1,1,1,1,0,1,0),

J36 = Ipraxi2(1,0,2,1,0,1,0,0,1),
Jss = Ippa(1,1,1,0,0,1,0,0,1),

Ja0 = Tprax123(0,1,2,1,0,1,0,0,1),
Ja2 = Ippa(0,1,2,1,0,1,0,0,1),

Jus = Iprax12(0,1,2,1,0,1,0,0,1),
Ja6 = Ippa(0,1,3,1,0,0,1,0,1),

Jus = Ipraxi2(0,1,2,1,0,0,1,0,1),
Js50 = Ipraxi2(0,1,2,1,—-1,0,1,0,1),
Js2 = IprLax123(0,1,3,1,0,0,1,0,1),
Js4 = IpLax124(0,1,2,1,0,0,1,0,1),
Js6 = IpLax124(0,1,2,1,-1,0,1,0,1),
Js8 = Tprax1234(0,1,3,1,0,0,1,0,1),
Js0 = IprLax1243(0,1,2,1,0,0,1,0,1),
Js2 = Tprax1243(0,1,2,1,-1,0,1,0,1),
Joa = Iprc(1,1,1,0,1,1,0,0,0),

Js6 = Iprcx12(0,1,1,1,1,0,0,1,0),
Jes = Iprc(0,1,1,1,1,0,0,1,0),

J70 =ZIprc(0,1,1,1,1,1,0,0,0),

Jr2 = Iprc(1,1,1,0,1,0,0,1,0),

J7a = Iprcx2(1,0,0,1,2,0,0,1,1),
Jr6 = Iprexa2s(1,2,0,1,0,1,0,1,0),
Js = Iprcxi2(1,2,0,1,0,1,0,1,0),
Js0 = Iprcxa23(0,2,1,0,1,1,0,1,0),
Js2 = Iprc(0,1,1,0,1,1,0,1,0),

Jsa = Iprc(0,1,2,0,1,1,0,1,0),

Js6 = Iprcx12(0,2,1,0,1,1,0,1,0),
Jss = Ipra(1,1,1,0,0,1,1,0,1),

Joo = Ipraxi2(1,1,1,1,0,1,0,0,1),
Jo2 = Iprcx2(1,1,0,1,1,0,0,1,1),
Joa = ZIprc(1,1,1,0,1,1,0,1,0),

Jo6 = Iprcxi2(1,1,1,0,1,1,0,1,0),
Jos = Iprcxi2s(1,1,1,0,1,1,0,1,0),
J100 = Iprcx12(0,1,1,1,1,1,0,1,0) ,
J2 = Zprc(0,1,1,1,1,1,0,1,0),
Jioa = IpLexi23(0,1,1,1,1,1,0,1,0),
Jioe = Inpa(1,1,1,1,0,0,1,1,0),
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Jio7r = Inpa(1,2,1,1,0,0,1,1,0)

J109 = Inraxi24(1,2,1,1,0,0,1,1,0)
Ji11 = Inpaxi23(1,2,1,1,0,0,1,1,0)
Jiis = Inpa(1,2,1,0,0,1,1,1,0),

Ji1s = Inpexi24(1,1,1,0,0,1,1,1,0),
Ji7r =Zpra(1,1,1,1,0,1,1,0,1),

Ji19 = Ipra(1,1,1,1,0,1,1,—-1,1),
J121 = Ipraxi2(1,1,1,1,0,1,1,0,1),
J123 = Ipraxi2(1,1,1,1,0,1,1,-1,1),
Ji2s = Iprc(1,1,1,0,1,1,1,1,0),

Jior = Iprc(1,1,1,-1,1,1,1,1, 1),
J129 = Tproxi2(1,1,1,-1,1,1,1,1,0),
J131 = Iproxi2s(1,1,1,0,1,1,1,1,0),
J133 = Tproxies(1,1,1,-1,1,1,1,1, 1),
J135 = Iproxia(—1,1,1,1,1,1,0,1,1)
Jis7 = Ip1c(0,1,1,1,1,1,0,1,1),

Jiso = Iprc(—1,1,1,1,1,1,-1,1,1),
Jia1 = Iproxis(—1,1,1,1,1,1,0,1,1),
Jias = Inpa(1,1,1,1,0,1,1,1,-1),
Jias = Inpa(1,1,1,1,0,1,1,1,-2)
Jur = Ines(1,1,1,1,0,1,1,1,0),

Jia9 = Inpp(1,1,1,1,-1,1,1,1,0),
Jis1 = Inep(1,1,1,1,-1,1,1,1,-1)
Ji53 = InpBx124(1,1,1,1,0,1,1,1, 1),
1,1,1,1,0,1,1,1,-2),
1,1,1,1,0,1,1,1,0),
1,1,1,1,-1,1,1,1,0),
Ji61 = InpBxa2s(1,1,1,1,-1,1,1,1,-1),
Jies = Zp1.a(0,2,0,2,0,0,0,1,0),

Ji65 = Trraxi2(1,2,0,1,0,1,0,1,0),

J155 = INPBx124
J157 = INPBx123

J159 = INPBx123

~~ ~~ ~~

Jios = Inpaxi24(1,1,1,1,0,0,1,1,0),
J110 = Inpaxizs(1,1,1,1,0,0,1,1,0),
Ji2 = Inpea(1,1,1,0,0,1,1,1,0),

Ji14 = Inps(1,1,1,0,0,1,1,1,0),

Jii6 = Inpaxi23(1,1,1,0,0,1,1,1,0),
Jis =Ippa(1,1,1,1,-1,1,1,0,1),
Ji20 =Zpra(1,1,1,1,-1,1,1,—-1,1),
J122 = Tpraxio(1,1,1,1,—-1,1,1,0,1),
Ji24 = Tpraxie(1,1,1,1,-1,1,1, -1,1),
Ji26 = Iprc(1,1,1,-1,1,1,1,1,0),
Ji2s = Iprexa2(1,1,1,0,1,1,1,1,0),
Jiso = Iproxi2(1,1,1,-1,1,1,1,1, -1),
Jiz2 = Iprexaes(l,1,1,-1,1,1,1,1,0),
Ji34 = Iprexi2(0,1,1,1,1,1,0,1, 1),
J136 = Iprexaze(—1,1,1,1,1,1, —1,1,1)
Jiss = Iprc(—1,1,1,1,1,1,0,1,1),
J1a0 = Tproxi23(0,1,1,1,1,1,0,1, 1),
J1a2 = Iproxies(—1,1,1,1,1,1,-1,1,1) ,
J1aa = Inpa(1,2,1,1,0,1,1,1,-1),
Jia6 = Inpa(1,1,1,1,0,1,1,1,0),

Juas = Inep(1,1,1,1,0,1,1,1,-1),
Jis0 = Inpp(1,1,1,1,0,1,1,1,-2),
Jis2 = Inpxi24(1,1,1,1,0,1,1,1,0) ,
J154 = InpBx124(1,1,1,1,-1,1,1,1,0),
J156 = InpBx124(1,1,1,1,-1,1,1,1, 1)
Jis8 = InpBxi123(1,1,1,1,0,1,1,1, -1),
Ji60 = InpBxi123(1,1,1,1,0,1,1,1, -2),
J162 = Iprax12(0,2,0,2,0,0,0,1,0),
Ji6a = Ipra(1,2,0,1,0,1,0,1,0),

where we include also crossings of the original integral families. For the crossings, we follow
the notation introduced by Reduze2 [69] such that x;, _;, indicates a cyclic permutation of
the n momenta p;,,---,p;,. More explicitly, in our case we need crossings of up to four

external momenta, which are defined as

Lij Di <+ Pj
Tijk - Pi — Dj —» Pk — Di (B.1)
Tijkl Pi — Dj —» Pk —> Pl — Di-
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The integrals J1, ..., Jig1 are relevant to the helicity amplitudes in the gluon-fusion channel,
while for the amplitudes in the quark annihilation channel, only the following 63 integrals
are needed:

{T, T, T3, T, T7, Tz, Jo, Jho, Jiv, Ti2, Tiz, Jia, To1, Jo2, Jo3, Joa, Jos, Jo6, Jo1,
J33, T34, T35, T36, T37, T38, Tat, Jaz, Taz, Taa, Tas, Tae, Tar, Tag, Jag, Ts0, J63, T70,

J79, J80, Ts1, T8, T, Joo, J106, J107, J112, J113, J117, J118, J119, J120, J121, J122,
J123, Ji24, J143, T1a4, Tras, Jr46, J162, J163: Ji64, Ji65 ) -

(B.2)

C Canonical differential equations

In this appendix, we list all the kernels appearing in our e-factorised differential equations.
They depend on the following 16 square roots of the kinematic invariants and mass

ry = [s(s — 4m?) ro = \Jt(t — 4m?)

rs = /(s +t)(4m? + s+ 1), re = \/s(s + 4m?2),

t 4+ t(4m?), re =1/(s+1)(s+t—dm?),

rr = \/st(st — dm3(s + 1)), rs = 1/s(s +1)(s(s + 1) — 4m?t),

rg = \/t(s + t)(t(s + t) — 4m?2s), rio = \/s(—4m2(s + 1) + s(m? + s + )?),
ri1 = \/s(—4m2t2 4 s(—m? + 1)?), riz = /(s + O)(Am2e2 + (—m? + t)2(s + 1)),
ris = \/t(—4m2s? + (—m? + 5)2t), ria = /(s + ) Am2s? + (—m? + 5)%(s + 1)),
ris = \/t(—4m2(s + )2 + t(m? + s+ 1)2), 116 = \/—(m2st(s + t)).

Strictly speaking, the roots rs, rg are not required. We include them anyway to render the
set of roots closed under crossings of the external momenta. Next, we list all dlog-kernels,

w; = dlog oy (C.1)

with letters a;. We split the alphabet (the set of letters) into sets of rational (even) and
algebraic (odd) letters

Wi ={m?,s,t,—s —t,s —4m?> 4m? + s,t — 4m?, —4m? — s — t,

4sm? + t(—s —t),4tm? + s(—s — t),4m?(—s — t) + st, 16m* + s},
WA:{s—rl s—ry t—ry —s—t—r3 s(—4m*> —s—1t) —ryry

s+mrs+ry t+ry —s—t+ry s(—4m2 —s—1t)+r3ry’
s(t—4m?) —rory st—r7r s(—s—1t) —rg (—s—t)t —rg st(s—4m?) —rirs
s(t—4m?2) +rory st +r7’ s(—s—t)+rs’ (—s—t)t + 19 st(s—4m2) +riry’

s(—s—t) (s —4m?) —rirg st (t —4m?) —rary (—s — t)t (t — 4m?) — rory
s(—s —t) (s —4m?2) + rirg’ st (t —4m2) + rory’ (—s — )t (t — 4m?2) + rorg’
s(—s—1t) (—4m? — s —t) —r3rg (—s—t)t (—4m? — s —t) — 7379
s(—s—t)(=4m2 —s—1t) +r3rg (—s —t)t (—4m? — s —t) +r3rg’
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—s(—s —t)t (s —4m?) —rrrg —s(—s — )t (—4m? — s —t) — rgry
r7rg — s(—s — t)t (s —4m?2) ' rgrg — s(—s —t)t (—4m2 — s —t) ’
—s(—s —t)t (t —4m?) —rrrg sm? + (—s —t)(s +2t) — ryg
r7rg — s(—s — t)t (t —4m?2) " sm? 4+ (—s —t)(s +2t) +r1p’
sm? 4 (—s =20t —ryy (—s —t)m? + (s — t)t — 112 tm? +5(—25 —t) — 713
sm2+ (—s —2t)t + 111 (—s —t)m2 + (s — )t + 112 tm2 + s(—2s — t) + r13’
s—t)ym?+s(t—8) —r tm?+ (—s—1)(25 +1) — 115
s—t)ym?2+ st —s)+ria tm?+ (—s—t)(2s +t) + 115’
s+2t)m? +s(—s—1t) —rio (—s—2t)m? + st —rpy
(s+2tym? + s(—s —t) + 110 (—s —2t)m? + st +ry1’
(s —t)ym? + (—s —t)t —r1g (=28 —t)m? + st —r3
(s —t)ym2+ (—s — t)t + 112" (=28 —t)m2 + st +r13’
(
(

(
(
(

(t—s)m*+s(—s—t) —riq (2s+t)m* + (—s —t)t — 15
(t—s)m?2+s(—s—t)+ria 2s+t)m?+ (—s—t)t +ri5’

)

s(s(—s—1t) — (=3s — 4t)m?) — rir1o s (st — (s +4t)m?) — rir1y
s(s(—s—t) — (=3s —4t)m?) + ririp s (st — (s + 4t)m?2) + rirqy

t(st— (4s+t)m?) —roriz t((—s —t)t — (—4s — 3t)m?) — rarys

t(st— (4s +t)m?) +roriz’ t ((—s — t)t — (—4s — 3t)m?) + rory5’

(—s—1t) ((—s — t)t — (3t — s)m?) — rar12

(—s—t) ((—s —t)t — (3t — s)m?2) + rary’

(—s—1t) (s(—s—t) — (3s — t)m?) — rar1a

(—s—1t)(s(—s—t) — (3s — t)m?2) + r3riqa’

s(—s—1t) (s(—s —t) — (—s — 4t)m?) — rgrip st (st — (3s +4t)m?) — rery
s(—s —t) (s(—s —t) — (—s — 4t)m?2) + rgr10 st (st — (3s + 4t)m?2) + roryy’
(—s =)t ((—s —t)t — (t — 3s)m?) —ror1a st (st — (4s + 3t)m?) — r7r13
(—s—t)t ((—s —t)t — (t — 3s)m?) + ror12” st (st — (4ds + 3t)m?2) + r7ri3’
s(—s —1t) (s(—=s —t) — (s — 3t)m?) — rgria

s(—s—1t)(s(—s—t) — (s — 3t)m?) + rgria’

(—s =)t ((—s —t)t — (—4s — t)m?) — rori5

(—s =)t ((—s — t)t — (—4s — t)m?2) + ror15’

st (4(—s — t)ym? + st) — 2rrrie s(—s —t) (4tm? + s(—s — t)) — 2rsrig
st (4(—s — t)m? + st) + 2r7r16” s(—s —t) (4tm? + s(—s —t)) + 2rgri6’
(—s — )t (4sm? + (—s — t)t) — 2r9r16}

(—s —t)t (dsm2 + (—s — t)t) + 2rgri6 )

Notice that all algebraic letters appearing in the differential equations also appear in the
amplitude.

We can split the elliptic letters into two groups. The first group contains 4 elliptic
letters, which are easily related to modular forms. We call them M; and give here their
defining differential relations

dM; = M?#ds + M!dt + M™ dm?,
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with

1
M; = —
! s2(16m? + s)w3 ’
MQS = o,
r4wo
My = - A0
3 4m? + s
M= (8m? + s)*w} ,
16m?2 + s

The other 13 elliptic letters contain the function G defined in eq. (4.31). We denote them

My =0, Min?:st(lfile—Fs)wg’
M=o, MQIQ:—ST%O,

M =0, ngﬁ:%,

M =0, Mfzzs(SmZ—l—s)ng

m2 (16m?2 +s)

with F;, and they are similarly defined by
dE; = ESds + E'dt + E™ dm?,

with
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