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Regularization with optimal space-time priors

Tatiana A. Bubba*, Tommi Heikkildt, Demetrio Labate, and Luca Ratti®

Abstract. We propose a variational regularization approach based on a multiscale representation called cylin-
drical shearlets aimed at dynamic imaging problems, especially dynamic tomography. The intuitive
idea of our approach is to integrate a sequence of separable static problems in the mismatch term
of the cost function, while the regularization term handles the nonstationary target as a spatio-
temporal object. This approach is motivated by the fact that cylindrical shearlets provide (nearly)
optimally sparse approximations on an idealized class of functions modeling spatio-temportal data
and the numerical observation that they provide highly sparse approximations even for more general
spatio-temporal image sequences found in dynamic tomography applications. To formulate our reg-
ularization model, we introduce cylindrical shearlet smoothness spaces, which are instrumental for
defining suitable embeddings in functional spaces. We prove that the proposed regularization strat-
egy is well-defined, and the minimization problem has a unique solution (for p > 1). Furthermore,
we provide convergence rates (in terms of the symmetric Bregman distance) under deterministic and
random noise conditions, within the context of statistical inverse learning. We numerically validate
our theoretical results using both simulated and measured dynamic tomography data, showing that
our approach leads to an efficient and robust reconstruction strategy.

Key words. Cylindrical shearlet, dynamic tomography, regularization, statistical inverse learning, smoothness
spaces, cylindrical cartoon-like functions

MSC codes. 47A52, 42C40, 65J20, 6522

1. Introduction. Traditional X-ray tomography is typically used to determine the interior
structure of an unknown (static) object measuring the total attenuation of X-rays from many
orientations. This inverse problem is known to become more severely ill-posed as the number
of measurements (i.e., projections) decreases. Regularization theory of inverse problems is
widely used to overcome errors and limitations caused by very few measurements or too
coarse modelling. The underpinning idea is that in order to obtain realistic approximate
solutions from limited and noisy data, suitable prior information needs to be built into the
problem by means, e.g., of a penalty term, leading to a variational regularization formulation
of the reconstruction problem. A wide range of different priors have been proposed to enforce
desired structures and properties on the reconstructions. Often, in limited data problems, total
variation (TV), which enforces gradient sparsity, is used as a simple, yet effective prior [24,
59, 66, 94, 93, 97], as well as its variants, e.g., total generalized variation [79]. Alternative
strategies have employed wavelets [51, 58, 68, 78, 85, 38], curvelets [17, 36], shearlets [11, 25,
47, 86, 101] and combination of those [39] as priors.

However, noise and limited data are not the only cause of errors in tomographic recon-
structions. In many applications, the target (or parts of it) is dynamic, i.e., it can change
between the recording of two consecutive projection images. As a consequence, movement or
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2 T.A. BUBBA, T. HEIKKILA, D. LABATE, L. RATTI

changes of the target can cause reconstruction artefacts [71, 74|, unless carefully accounted [3]
or compensated for [27, 57, 48], either prior [69], during [100, 77, 13, 22, 70, 65] or after the
reconstruction process [87, 43].

Dynamic tomography, that is, the study of tomographic image reconstructions of non-
stationary targets, is the motivating example of this work. An extensive review of dynamic
imaging problems (including tomography) is provided, e.g., in [91, 52, 53]. Adopting the
classical viewpoint of regularization theory of static inverse problems, we are interested in
establishing a variational regularization framework where both spatial structure and temporal
evolution of the solution are restricted by some predetermined model or representation system.
As compared to those approaches aiming at accurately modelling the uncertainties coming
from the non-stationary target in the forward operator, variational approaches turn modelling
into a quest for a suitable prior for the penalty term. For example, changes over time can
be controlled by penalizing the total variation in time [82, 83], possibly coupled with optical
flow [13], separating the dynamic parts from the static background via low-rank constraints [37,
81, 105, 1], Bayesian estimation [33, 75, 64], Kalman filters [89, 49] or by sparse multivariate
systems [96, 9, 8, 60].

Here we introduce a variational regularization approach based on cylindrical shearlets [31],
a recently proposed direction-aware representation system aimed at efficiently approximating
spatio-temporal data, that is, temporal sequences (or videos) of 2D images. Compared to
wavelets or even classical shearlets [62], the geometry of cylindrical shearlets is better suited
to the characteristics of spatio-temporal data, as such data are typically dominated by edge
discontinuities in the spatial coordinates only. We are motivated by the recent observation that
cylindrical shearlets provide nearly optimally sparse approximations for a class of functions
that is useful to model spatio-temporal image sequences and videos [31, 8] where they provide
N-term approximations with error rate of order O(N~2). In contrast, conventional 3D wavelets
and 3D shearlets only achieve approximation rates that are O(N_%) [28] and O(N™1) [45],
respectively.

To formulate our regularization model, we also need to define the corresponding cylindrical
shearlet smoothness spaces (in subsection 2.3) by extending the work of one of the authors [63].
This definition is based on the theory of decomposition spaces introduced by K. Grobner and
H. G. Feichtinger [35, 34] and later adapted into the theory of smoothness spaces by L. Borup
and M. Nielsen [5]. Building cylindrical shearlet smoothness spaces is instrumental for deriving
suitable embeddings in functional spaces. This allows us to express the norm of the target’s
cylindrical shearlet coefficients as the norm of the target in a suitable cylindrical shearlet
smoothness space, similarly to the classical case of wavelet coefficients and Besov norms [26].

This sets the foundation for stating our regularised model for dynamic X-ray tomography:

angain { 5 14f = 1+ S S |
fex p

where A is the time-dependent X-ray transform, SH the cylindrical shearlet transform, X
the cylindrical shearlet smoothness space, Y a Bochner space (integrating over time), and we
consider 1 < p < 2 (see section 3 for all the details). This formulation is certainly reminiscent
of a classical regularized formulation of static imaging problems. However, there is a twist
in our model: while the mismatch term essentially integrates a sequence of separable, static
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REGULARIZATION WITH OPTIMAL SPACE-TIME PRIORS 3

tomographic problems, the regularization term sees the non-stationary target as a spatio-
temporal object, tying inextricably the temporal dimension to the spatial ones.

This approach is seemingly straightforward, both in its formalization (constrained analysis
formulation) and conceptualization (treating time as an integral dimension of the target).
However, it proves to be very rich to explore and analyze from a theoretical viewpoint and
surprisingly effective in its practical numerical implementation. Indeed, we are able to prove
that this regularization strategy is well-defined, and the solution of the minimization problem
exists and is unique for p > 1 (see subsection 3.2). Furthermore, we provide convergence
rates (in terms of the symmetric Bregman distance) under deterministic and random noise
conditions (see subsection 3.3). These results build upon the vast literature on regularization
of inverse problems, in particular on the derivation of convergence rates, in various error
metrics. The most relevant to our framework are [67], which considers p € [0,2], [41] where
p € [1,2], [15, 40, 42, 50], which focus on p = 1, and [56, 107] where Tikhonov regularization
in Besov spaces is deeply analysed, both in the context of deterministic and random noise.

We remark that the bounds we derive in Proposition 3.2 for the dynamic case are the same
of those derived in the literature for the static one. Finally, these estimates are also analysed
under the lens of the statistical inverse learning framework [2] (see subsection 3.4), extending
to the dynamic setting the work in [7, 12], where convergence rates for p-homogeneous regu-
larization functional are established, and numerically verified in the context of tomographic
imaging with randomized projections. The latter estimates could be relevant for (dynamic)
tomography scenarios where the exact projection angles can not be determined a priori by
the operator. For example, in really fast tomography, where hardware limits rotation and
measurement speed [88]; or [104], where gating is subject to irregular movement, making the
chosen angles irregular too; or in cryo electron tomography where many copies of similar tar-
gets are taken at unknown orientation, which can be viewed as having many projections of
just one target from unknown directions [80].

To show that the derived theoretical convergence rates are attained in practice, we include
several numerical experiments using both simulated and measured dynamic tomographic data
(see section 4). Our numerical experiments validate the theoretical approximation rates and
show that our theoretical framework leads to a practical and robust reconstruction strategy.
While the numerical experiments are restricted to a (2-+time)-dimensional setup for computa-
tional feasibility, both the theoretical and computational frameworks are extendable to higher
dimensions, the only limitation being the computational times. In the spirit of reproducible
research, our numerical codes are made available on GitHub [10].

Finally, we remark that, while the results derived in this work are motivated by the case
of dynamic computed tomography, our approach is very general since quite general assump-
tions are required on the dynamic operator, making it extendable to many dynamic imaging
modality, e.g., magnetic resonance imaging (MRI) [81], magnetic particle imaging (MPI) [6]
or positron emission tomography (PET) [90].

2. Cylindrical shearlets. Cylindrical shearlets were introduced to provide an efficient rep-
resentation system of spatio-temporal data, assuming that edge discontinuities are mostly
located along the spatial coordinates while along the last coordinate axis the geometry is
notably simpler. We briefly recall below their construction from [31].
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4 T.A. BUBBA, T. HEIKKILA, D. LABATE, L. RATTI

2.1. Construction. Similar to traditional bandlimited shearlets in L?(R?), the construc-
tion of cylindrical shearlets consists first in splitting the frequency domain R? into symmetric
pairs of conical sections, followed by partitioning into rectangular annuli before applying di-
rectional filtering. Hence, we first define the cones:

§2

P ={(&,6,&) e R : &1

1

S 1}) P2 = {(51752)6-3) € R3 :

<1},

Then, a cone-adapted cylindrical shearlet system is a collection of functions
(2.1) PO = () >0,k < 2,m e ),

defined separately for the two cones P,,t = 1,2. Denoting the Fourier transform of ¢ by @Z,
the cylindrical shearlet elements of (2.1) are defined in the Fourier domain as

o) _ -1 —25 —k A—J 2ﬂiBjkA7j§-m
(2.2) D) m(©) = [det Ay |2 W20V, (BLFAIE) P A,

where the functions W and V/,) (defined below) provide the scale- and direction-based filtering
and the matrices are

40 0 100 2.0 0 110
23) Apy=(0 2 0|, By=[1 1 0], A9 ={0 4 0], Bgy=[0 1 0
00 4 001 00 4 00 1

Note that the shear matrices B(,) are transposed compared to the usual definitions since we
work mostly in the Fourier domain. R
To define our Fourier subbands, we start by choosing ¢ € L?(R?) such that ¢ € C§° (i.e.,

the class of infinitely differentialble functions with compact support), with 0 < (E({) <1 and

(2.4) d&)=1for € e {*%%}3 and ¢(£) =0 for§€]R3\[— é%r’

Setting W?2(¢) = qubg (%) - gp (5), we obtain the following smooth partition of unity:
(2.5) F(€) + Y W2 (27%¢) =1 for € € R,
3=0

. _9in . i 113
where each function W (2 255) is supported on a rectangular annulus [—227 192 1] \

[—22j —4.9% _4]3. This construction partitions the Fourier space into partially overlapping
rectangular annuli outside a central cube. Next, to produce directional filtering, we let

Vin(©) =v (), iy = v (8),
where v € C*°(R) is such that supp(v) C [—1,1] and

(2.6) lu(z = 1)2+|u2)]* + vz + 1)} =1, for z € [-1,1],
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REGULARIZATION WITH OPTIMAL SPACE-TIME PRIORS 5

which implies that 3 |v(z 4 k)| = 1, for any z € R.

keZ
By the definitions of W and v, we see that each element ﬁj(lk) m 18 contained in the set
lelz —_ {é- c [_22j—1’ 22j—1]3 \ [_22,7—4, 22j—4:|3 . 9 _ 2_]]{; < 2_]} .
’ 1

The set ng,g is defined similarly by switching §; and & around. Notice also that Q;; C
BkAjQO,O and for any j, k we have:

010
MoQV) = QP where M, = M;' = (1) 8 (1)

It is also easy to choose an affine transformation My such that det(Mp) = 1 and [—2_3, 2_3] e

MOQ(%, to include the central low-frequency cube. For example, a simple shift My = € +
(%, 0,0) suffices. Notice that we do not always specify the index of the sets () and matrices A
and B when ¢ = 1 if it is otherwise clear from context.

The wedge-shaped Fourier-domain support of the cylindrical shearlet system is illustrated
side-by-side with the partition of traditional 3D shearlets in Figure 1, showing that cylindrical
shearlets tile the Fourier domain differently compared to traditional 3D shearlets.

&3 3

Figure 1. Left: illustration of one pyramid-like section of the traditional 8D shearlet system in the Fourier
domain and (in red) the outline of the Fourier support of a shearlet element w;b,)c,m, t=1,7=0,k=(0,1) and
m € Z%. Right: illustration of one cone-like section of the 3D cylindrical shearlet system in the Fourier domain
and (in red) the outline of the Fourier support of a cylindrical shearlet element ¢](L,)€m, t=1,7=0,k=0 and

m € Z2. In both illustrations, the low frequency cube is shown in gray.

We obtain a smooth Parseval frame of cylindrical shearlets for L?(R?) by combining the
two conical systems ™) and ¥, given by (2.1), with a coarse scale system generated by
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6 T.A. BUBBA, T. HEIKKILA, D. LABATE, L. RATTI

the integer translates of ¢, given by (2.4). Additionally, to ensure that all elements of this
combined system have good decay properties, we modify the elements of the shearlet system
overlapping the boundaries of the regions P; and P, in the frequency domain. In brief, the
shearlet elements from U™ and ¥® overlapping the lines & = +&, are merged together to
ensure a smooth transition between the two pyramidal regions in the Fourier domain. We
refer to [46] for details about the construction of these boundary shearlets. Hence, we obtain
the discrete cylindrical shearlet system:

Vo= {Ym =z —m) : meZYU{Y), i >0kl <2 mez’ =12}

km

(2.7) U{0\) 1§ > 0,k = +2 m e 23,0 = 1,2},

0

are given by (2.2) and the functions 1) ke

where the functions w(L) are obtained by a

Jkm
simple modification of the functions w% m € U (we refer to [31] for all the details on the
construction). We recall the following result.

Theorem 2.1 (Theorem 1, [31]). Let ¢ € L*(R®) be chosen such that ¢ € C3°(R?) and (2.4)
hold, and v € C§°(R) be chosen so that supp(v) C [—1,1] and (2.6) hold. Then the discrete
cylindrical shearlet system (2.7) is a Parseval frame for L*(R3). Furthermore, the elements
of this system are C*° and compactly supported in the Fourier domain.

With a slight abuse of notation we denote the full discrete cylindrical shearlet parameter
group as:

A=TxZ>~{(j,k,i;m):j € NU{0, —1}, k| < 27,0 =1,2; m € Z3}.

Separating the translations m € Z3 from the other parameters (in 7) is needed later in
subsection 2.3.2. With this notation, we define the cylindrical shearlet transform:

(2.8) SH : L*(R3) — £2(A), where  SH(f) = ((f,¥x))xen -

In subsection 2.3, we show that this function system belongs to a class of decomposition spaces
associated with a special partition of the Fourier domain. Let us first motivate why we choose
cylindrical shearlets to represent spatio-temporal data.

2.2. Cylindrical cartoon-like functions and cartoon-like videos. In this section, we recall
the definition of cylindrical cartoon-like functions from [31], used to model a simple class of
spatio-temporal sequences with discontinuities in the spatial plane only.

Following [29], we start by defining a class of indicator functions of sets with C? boundaries.
In polar coordinates, let p(#) : [0,27) — [0, 1] be a radius function and define the set S =
{z € R?: |z| < p(h),0 € [0,27)}. In particular, the boundary dS is given by the curve in R%:

_ (p(6) cos(0)
(2.9) B(0) = (p(@) sin(6) ) 6 € [0,2m).
For any fixed constant Z > 0, we say that a set S € STAR?(Z) if S C [0,1]?> and S is a
translate of a set satisfying (2.9) where

"

(2.10) sup |p (9)‘ <Z, p<po<l
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REGULARIZATION WITH OPTIMAL SPACE-TIME PRIORS 7

Hence, denoting with C3([0,1]?) the class of twice differentiable functions with support in
[0,1]2, the set of cartoon-like images £2(Z) C L%(R?) was defined in [29] as the set of
functions h = hg x5 where hg € C2([0,1]?), S € STAR?(Z) and > laj<2 DR[| < 1.

Using the above notation and definition, some of the authors defined in [31] the class of
cylindrical cartoon-like functions as follows.

Definition 2.2 ([31, Equation 12]).  Given a constant Z > 0, the class of cylindrical
cartoon-like functions is the set of functions U*(Z) C L*(R3) of the form

(2.11) f(x) = f(z1,22,23) = h(x1,22) X5(71, T2) 2(23),

where S € STAR*(Z), h € C3([0,1]%), z € C3([0,1]) and | Dh|, , || Dz|,, < 1.

Note that for any cylindrical cartoon-like function f and constant ¢ € R, the function fc(az) =
f(z1,22,c) is a cartoon-like image, where the edge boundary 05 is the same for all x3.

2.2.1. Sparse approximations. Cylindrical shearlets were shown to provide (nearly) op-
timally sparse approximations, in a precise sense, for the class of cylindrical cartoon-like
functions defined by (2.11).

Let U = {4 : A € A} be the Parseval frame of discrete cylindrical shearlets given by
(2.7). For any function f € L?(R3), the cylindrical shearlet coefficients are the elements of
the sequence SH(f) = {(f,¥n) : A € A}. We denote by fy the N-term approximation of f
obtained from the N largest coefficients of its cylindrical shearlet expansion, namely:

=) v,

AELy

where Zy; C A is the set of indices corresponding to the N largest entries of the absolute-value
sequence {|(f,¥)| : A € A}. We have the following result from [31].

Theorem 2.3 ([31, Theorem 3]). Given any Z > 0, let f € U*(Z), the set of cylindrical
cartoon-like functions, and fx be the N-term approzimation to f defined above. Then, for
N € N there exists a constant ¢ independent of A in SH(f) and N such that:

If = FxlZe < eN"2(In(N)*.

Remark 2.4. The decay rate in Theorem 2.3 is nearly optimal, in the sense that, up
to a logarithmic factor, no other representation system satisfying polynomial depth search
can achieve an asymptotic approximation rate faster than N72 for the class of functions
U?(Z) as shown in [31]. By contrast, separable 3D wavelets and conventional 3D shearlets,
up to a logarithmic factor, only achieve approximation rates that are O(N~1/2) [28] and
O(N™1) [45], respectively. The notion of representation systems satisfying polynomial depth
search includes any Parseval frame and was introduced to include function representations
that are more general than orthonormal bases but not as large as to make the approximation
problem computationally intractable [18, 45]. The significance of Theorem 2.3 is that sparsity-
promoting cylindrical shearlet norms are expected to provide a sparsity-inducing prior for data
in the class of cylindrical cartoon-like functions.
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8 T.A. BUBBA, T. HEIKKILA, D. LABATE, L. RATTI

2.2.2. Cartoon-like videos. Cylindrical cartoon-like functions are a rather coarse model
of spatio-temporal data, as they exhibit the same discontinuous edge at the same location over
the entire temporal sequence. We introduce here a generalization of this class of functions
providing a more realistic model of spatio-temporal data found in applications.

Definition 2.5. Given a constant Z > 0, we define the class of cartoon-like videos as the
functions G*(Z) C L*(R®) of the form

(2.12) f(@) = h(z1 — qi(z3), 22 — @2(x3)) xs(21 — q1(23), 22 — q2(23)) 2(x3),

where S € STAR*(Z), h € Cg([O, 1%, z € Cg([O, 1)), |IDh|| ., |ID%2||, < 1 and q1,q2 €
C3([0,1]) with q1(0) = g2(0) = 0.

By construction, for any x3, discontinuities in cartoon-like videos occur on the boundary
of the sets:

Sw:a = {(xhx?) € RQ : |(x1 - Q1(x3)’x2 - Q2(‘T3))| < p(0),9 € [07277)}7

where the radius function p(6) is given above and S = Sp; i.e., we have the boundary curves:

0 = (p(0) cos(0) + q1(x3), p(0) sin(6) + ga(x3)) -

Hence, we can write (2.12) as:

f(@) = h(z1 — qi(z3), 22 — q2(x3)) XSz (1, 22) 2(x3).

xs3

i) T

Figure 2. Ezample of a cylindrical cartoon-like function (left) and a cartoon-like video (right) in L*(R?).

Figure 2 shows an example of a cylindrical cartoon-like function (left) and an example of
a cartoon-like video (right) defined by displacing a starshape region S C R? as a function of
the x3 coordinate. Note that the region S is allowed to gradually disappear if z(x3) = 0 at
some 3.

Remark 2.6. Based on our numerical experiments reported below, we conjecture that the
sparse approximation result in Theorem 2.3 is also valid for the class of cartoon-like videos.
However, no proof of this conjecture is available at this time.



o

[\
[ BN SN ) BEG] S
w N

NN [N}
- W W

ot

[\
(@)

[\)

~

[\V]

o N
ot gt ot Ut
© o

[N ]
==
o

363
264
265
266
267
268
269

REGULARIZATION WITH OPTIMAL SPACE-TIME PRIORS 9

2.3. Decomposition and smoothness spaces. We introduce the class of cylindrical shear-
let smoothness spaces by adapting the construction of the shearlet decomposition spaces [63]
associated with traditional shearlets [62, 44] to cylindrical shearlet systems. We start by re-
calling the basic definitions of the decomposition space theory from [35, 34, 5]. For brevity,
we write f < g if there exists a constant C' > 0 independent of f and g such that f < Cg. We

denote f Sg<S fby f~g.

2.3.1. Constructing decomposition spaces. An admissible covering {Q; C RY : i € I}
is any collection of bounded and measurable sets such that | J,c; Qi = R? and there exists
a uniform bound on how many of the sets @Q; can overlap at any point in R?. Given any
admissible covering a bounded admissible partition of unity (BAPU) is a family of functions
{v; : i € I} such that, each 7; is supported only in Q;; 32, 7i(€) = 1 for any ¢ € R% and

sup; \QiﬁilH’VYi”Lp < oo for any p € (0, 00|, where ¥ is the inverse Fourier transform of .

We are interested in more structured coverings. Let 7 = {Tj : x — Agx + by : k € N}
be a collection of invertible affine transformations on R% and, to ease the notation, we omit
the index k, if possible. Consider two bounded open sets P, Q C R? such that P is compactly
contained in @ and the collections @ = {JQ : T € T} and P = {TP : T € T} are both
admissible coverings. If, in addition there is a constant C' such that:

(AQ +bp) N (AQ+b) #0 = |4 Ayl < C,

then we call Q a structured admissible covering and T a structured family of affine transforma-
tions. Then, we know that Q and 7 are also associated with a squared BAPU {¢7:T € T},
i.e., the second condition is replaced by > ¢ |¢7(£)|? = 1 and the third one only needs to hold
for any p € (0,1].

Denote |T| = |det A| and let Q and T be as defined above. Suppose K, = [—a,a]?, for
a >0, is a cube in R? containing Q. Then we can define the system:

{Nmg * Tms = @remy, ML T T},
where @7 is a squared BAPU and

g1 iZm- T
em,7(§) = X, (T—_He ., meZlTeT.

V24|71

It follows that the system of 7, 7's is a Parseval frame of L?(R?) [5]. Then, if we denote:

1_1
Mo = 171 P m 7
we can characterize all of the decomposition spaces D(Q, LP,)),,) using the associated frame
coefficients {(f, nﬁf?ﬁ : m, T} in the way specified by the following result.

Proposition 2.7 ([5, Proposition 3]). Let Q@ = {TQ : T € T} be a structured admissible
covering, Y a solid (quasi-)Banach sequence space on T with a Q-moderate weight' w. For

LA strictly positive function w is Q-moderate if exists C' > 0 such that w(z) < Cw(y) for all z,y € Q; € Q

and all ¢ € I. A Q-moderate weight on I is derived as the sequence (w; = w(mi))iep where each z; € Q;.
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0 < p < oo we have the characterization:

(= jeaior)?) |

mezs

HfHD(Q,LP,yw) =

This indicates that there is a coefficients space d(Q, (P, ),,) associated with the decomposition
space and we can define it as the set of coefficients ¢ = (¢ym,7),,,c7¢ 7o Which satisfy:

1
Hc”d(g’gp,yw) = H << Z |Cm,‘I|p>1fa>‘I .
€y

mezs

< Q.

w

If we define the coefficient operator X : D(Q, LP Y,,) — d(Q,¢P,),,) and the reconstruction
operator K* : d(Q, P, YV,) — D(Q, LP,),,) in the obvious way:

j<:(f) = (<f7 7722;)) 5 and x* (C) = Z Cm,T T]g;)g,
m,T

m,T

then both operators are bounded and X*X = Idp(g r»,y,) [5]- From now on we shall use the
more familiar names analysis and synthesis operator when referring to the coefficient X and
reconstruction X* operators, respectively. 2

Finally, as shown in [5], by choosing 7 to be a structured family of affine transformations
(where Tz := Aga +by), YV = €1 5(T), with w a Q-moderate function, 3 € R and the weights
defined by w® = (wﬁ(T))TeT,

we denote by 55, ¢(T,w). For example, with wavelet transform-like dilations 7 we can identify

the decomposition spaces form certain smoothness spaces, which

the smoothness space Sﬁ q With a suitable Besov space [63].
In the next section, we construct a similar setting for the cylindrical shearlets.

2.3.2. Cylindrical shearlet decomposition spaces. We fix the structured admissible cov-
ering by using exactly those affine transformations defined for the cylindrical shearlet system
(2.1) in subsection 2.1 and write:

T:={T=M'B*A7 : 1 =1,2,]k| <27, eN}U{My} and Q:={TQuo: TcT}

Now, a squared BAPU can be obtained by cancelling out the normalization term in the
cylindrical shearlet system (2.7), that is:

(2.13) 6,0, (6) = |det Ay |2 DY) 1(€) 1= [T13dhr ().

Hence we define the cylindrical shearlet smoothness space Sg, q(R3), for f € R,0 < p,qg < 00
and w(T) = 27, as the set of functions f € S'(R?) such that:

”fHSg,q = (Z <2Bj Z \(f, |7|§_;1Zq,m>}p>g)‘ll

TET meZ?

2Historically it seems that the names coefficient and reconstruction operator were used in the theory of
atomic decompositions, whereas analysis and synthesis originate from the more classical frame theory of Hilbert
spaces. The theory of Banach frames lies at their intersection (see [20, 19] for more details and context).
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.14) (X (21T G b)) <.

JeT mez?
In particular for ¢ = p and if we denote @ = wg,(T) = w’(T) |7]2~" we can define the
cylindrical shearlet smoothness space norm:
1
215)  fllg, = ISHP oy = (D BOL00P)" <00 Vf € SE,
AEA

where the cylindrical shearlet transform SH from (2.8) acts as the analysis operator. Essen-
tially, we expressed the (weighted) ¢P-norm of the cylindrical shearlet coefficients of f as the
norm of f in the cylindrical shearlet smoothness space Sﬁ p- Moreover, since the cylindrical
shearlet system (2.7) is a (smooth) Parseval frame (Theorem 2.1), we have the following result.

Proposition 2.8. Let 0 < p < 2 and || f||r2 > 1. For any weight w such that infyep w(A) >
0, there is C' > 0 such that

(2.16) 11z < N SH)ller < ClISHS ) ler(a)-

In particular, the cylindrical shearlet smoothness space norm is coercive in L? (R3).

Proof. First, we use the fact that for 0 < p < 2 we have:
[ee]
(2.17) lulZe <Y lwl? = llullpy  Vue:lule <1,
i=1

which follows since |u;|? < |u;|P < 1 for all i. Next, notice that for any ||v]|,2 > 1 we have:

2—
L< ollee = vl mizlie < lalpr 1o =l Il <= vl < ol
(2.18) = vlle < o).

Since cylindrical shearlets form a Parseval frame, we get the unweighted version of (2.16)
by using (2.18), i.e., ||fllz2 = |SH(f)llez < || SH(f)|ler. Then, given any (not necessarily

Q-moderate) weight @, and denoting ¢ = infycp wW(A), it follows that:

7112 < eI SHDllo < I SH gy
This proves the coercivity and inequality (2.16) for C' = CI% [ |
Since in section 3 we are interested in weights of the form @w(T) = wP(T) |72~ with
w(T) = 27, we conclude this section proving the next result.
Corollary 2.9. For @ = 298 |72, if B > 5(2—p), then || SH(f)ler (i) 1s coercive.

Proof. We need to check when inf@w > 0. Since det(Mp) = 1 and det(M.,) = 1, we can
focus on the case when j > 1. Hence the sequence of weights is always monotone w(j) =

987 934(5-1) = 2i8+53(5-1) It is clear that infj>0 w(j) = limj0e w(j) = 0 only when the
exponent is negative. Therefore, the necessary condition for 3 is given by:

5 5
Bai(b-1)z0 — gz e-») O
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Remark 2.10. The usual choice for unweighted ¢? regularization of the (cylindrical) shear-

let coefficients actually corresponds to the limit case § = %(2 —p), ie., wP(j) = 21(2=P)i ip
order to have w(T) =1 for all T € T.

For the remainder of the paper, we only consider the case p > 1 to carry out our theoretical
analysis. When p > 1, the smoothness spaces Sg,p(Rg’) are reflexive Banach spaces, since the
spaces LP(R?) and ), = € 5(T) are both reflexive Banach spaces (cf. [103, Theorem 3.21]
and [35, Theorem 2.8]). Note also that, by inequality (2.17) and the fact that the cylindrical
shearlet system is a Parseval frame, it follows that convergence in Sg, p implies convergence in
L2,

3. Regularizing a dynamic inverse problem with cylindrical shearlets. In this section,
we formulate the inverse problem we want to tackle using cylindrical shearlet regularization.
To this end, we first introduce the related notation and the necessary assumptions, along with
a motivating example (i.e., the inverse problem arising from dynamic Computed Tomography
(CT)) which will be used in the numerical simulations in section 4. Then we derive convergence
rates considering two scenarios: full measurements and (randomly) subsampled measurements.

3.1. Dynamic inverse problems. Consider the following (dynamic) inverse problem:
(3.1) given ¢®eY : Ot) = (AfN)(t) +de(t) ae te(0,T), recover  fl e X.

We can formulate the problem in a rather general framework assuming that X is a reflexive
Banach space, X C L?(2 x (0,T)), being Q C R? a bounded set, and Y = L?*(0,T;Y), where
Y is a Hilbert space. The notation L?(0,T;Y) is used for the Bochner space:

T
L*0,T;Y) = {g: [0,T] — Y measurable s.t. / llg(t)]|= dt < oo} .
0

=

For later purposes (see subsection 3.4), it is convenient to interpret the elements of Y as
functions, whose variable lives in the compact set &/ and whose values range in a suitable
Hilbert space V: ie., Y = L?(U;V). We assume that A is a bounded linear operator from
X to Y. In the case of our motivating example (i.e., dynamic CT), the operator A is the
Radon transform, which we briefly introduce here. This definition is the first step towards
introducing our final model, which is detailed in the following subsections.

Motivating Example, Step I (Radon transform):
For a function f € L*(Q), the Radon transform Rf is defined as follows:

Rf(e,s)z/f(swam)da eSS seR.
R

The function Rf (the so-called sinogram) belongs to the space HY/?([0,2n) x (—5,5)) for a
suitable § > 0 depending on ) (see [16, Theorem 2.10]). In particular, the range of R is
a subset of L*([0,27) x (—5,3)), which we may interpret as L>(U;V) being U = [0,27) and
V = L?(—5,5). The dynamic operator A: L*(Q x (0,T)) — Y associated with the Radon
transform is then defined by (Af)(t) = R(f(-,t)) for almost every time t.
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REGULARIZATION WITH OPTIMAL SPACE-TIME PRIORS 13

Next, going back to problem (3.1), for the error term de, with § > 0, we consider two
different scenarios, for which we formulate different assumptions:
e Deterministic noise. In this case, € € Y is a generic (unknown) function perturbing
the measurement, for which we only assume that

(3.2) llelly < 1.

This is the most common environment in which classical regularization techniques for
inverse problems have been introduced and developed (see [32]).

e Statistical noise. In this scenario, the measurement acquisition is modeled as a random
experiment, and the uncertainty € is modeled as a random process in time such that, at
almost every ¢, €(t) is a random variable taking values in Y. In this case, analogously
to [7], we assume that at almost every time ¢ the variable ||e(t)||y is sub-Gaussian (see
[102, Definition 2.5.6]) and

(3.3) Ele()) =0 and [le()ly] o<1 ae te(0,T).

It is clear that the deterministic case can be interpreted as a single realization of the
statistical one, provided that the noise distribution is bounded. In subsection 3.2 and subsec-
tion 3.3, our analysis will consider both scenarios, whereas in subsection 3.4 we will restrict
only to the statistical one in the case of (randomly) sampled measurements. We point out
that, in the statistical noise scenario, the assumption that €(¢) is a random variable on Y can
be restrictive: for example, as shown in [61], Gaussian white noise cannot be interpreted as
a random variable on the infinite-dimensional space L?(£2). In order to encompass a larger
family of noise models, the reader is referred to the approach presented in [14].

3.2. Regularization with cylindrical shearlets. In this section, we show how cylindrical
shearlets can be employed to define regularization strategies for dynamic inverse problems.
Our inspiration comes from applications in the non-dynamic setting [21, 85]: indeed, in many
static, imaging problems it is common practice to assume a priori that the target is sparse
with respect to some wavelet representation. This is modeled as a variational problem in a
suitable Besov space (i.e., employing Besov norms as a regularizer).

In our setup, motivated by the observation that cylindrical cartoon-like functions (i.e.,
“dynamic images”) are optimally sparse with respect to cylindrical shearlet frames (see sub-
section 2.2), we consider the smoothness spaces Sg,p(Rg‘) as the natural embedding space for
this class of problems.

In principle, the theoretical analysis in section 2 would hold for any p > 0, but we are
only interested here in the case where p < 2 (to enforce sparsity) and p > 1 (to leverage
strong convexity). Notice that in place of a smoothness space as the ones introduced in
subsection 2.3.2 we can consider its subspace consisting of those functions which are supported
on the compact set Q x [0, T]. We therefore set

(3.4) X =85 (R*) N {f :supp(f) C Qx [0,T]},

with 1 <p < 2and 8 > %(2 — p). As remarked above, any converging sequence in X must
converge also in L?-norm implying that the limit must also be supported on the compact set
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Q x [0,T]. Hence X is a closed subspace of Sg »(R3). By Corollary 2.9 X is also continuously
embedded in L2(Q2 x (0,T)), and we can define the following minimization problem:

1
(3.5) f2 = argmin J)(f) := argmin { IAf —°|1% + aR(f)} ,
fex fex 2

where J: X — R and we choose

1 1
(3.6) R = S = I SHOD
with the weights W) = w(j) = 2j6+§j(§—1)’ being A € A the single index describing the
shearlet elements, and j = |A| its scale.
We first observe that problem (3.5) is well-posed, and in particular that the minimizer ffy
always exists and is unique. The next result proves this for both proposed noise scenarios.

Proposition 3.1. Let X be as in (3.4) with 1 < p < 2 and B > 2(2 —p), and let A be a
bounded operator from X to Y. Define ¢° = Aff + de, with 6 > 0 and o > 0. Then:
o Ife €Y satisfies (3.2), there exists a unique solution fo of (3.5).
e If e is a random process on'Y satisfying (3.3), the solution f3 of (3.5) is a uniquely
defined random variable on X.

Proof. Let us first consider the deterministic scenario. In this case, the existence of a
minimizer is guaranteed by standard arguments, since the functional JS: X — R is lower
semi-continuous and coercive (thanks to Corollary 2.9), thus its sublevel sets are bounded
and, since X is a reflexive Banach space, they are also compact with respect to the weak
topology. Moreover, Jg is the sum of a convex quadratic term and a strictly convex term
(since p > 1): as a consequence, its minimizer is also unique.

In the statistical scenario, at each time the noise €(¢) is a random variable on Y, namely, a
measurable function on a suitably defined probability space. We can use the same argument
as above to show that, for every realization of the process €, a minimizer of Jg exists in X.
The function mapping the probability space to the minimizer fc‘i is also measurable, thanks
to Aumann’s selection principle (see [95, Lemma A.3.18]). [ |

The next step is showing that (3.5) represents a regularization strategy for the inverse
problem (3.1). To do so, we shall prove that if the noise ¢ reduces, there exists a selection rule
a(d) such that the solution fg(é) of the variational problem converges, in a suitable metric,

towards the solution ff. This is the content of the next section, where we formally state this
result, providing also convergence rates.

3.3. Full measurements: convergence rates. In this section, we provide quantitative
estimates regarding the convergence of the regularized solution ffy to the true solution f%, ac-
cording to a suitable a priori choice of parameter a(d). Our approach shares many similarities
with the one in [14] (e.g., leading to Corollary 3.12). The main difference with respect to their
result is that we are considering a simpler model for the noise, namely that it belongs to Y
(deterministic noise) or is a random process in Y (statistical noise). One should compare our
results with the one in [14, Corollary 3.12] by setting o = 0 in their estimate.
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Since the variational regularization problem (3.5) involves the minimization of a convex
functional, we employ tools from convex analysis to address it. In particular, we use the
symmetric Bregman distance of the functional R(f) = %H f1I% to measure the distance between
f9 and fT. We briefly recall its definition. First, for a convex functional R, the subdifferential
OR(f) at a point f € X consists of:

OR(f)={re X" :R(f) > R(f) + (r.f — f)» VfeX},

where (-, -). denotes the standard pairing between the (reflexive) Banach space X and its dual
X*. If the functional R is differentiable (as in our case, since the norm in a reflexive Banach
space is Fréchet differentiable, see [92, Remark 2.38]), then OR(f) = {VR(f)}. For f, f € X,

we can define the symmetric Bregman distance between f and f as:

Dg(f,f) = (VR(f) = VR(f), f = ).

The purpose of the next result is to show that Dp( fg, fT) converges to 0, also providing
some convergence rates. To do so, we need to introduce some additional assumption on the
solution ff. Within this framework, we limit ourselves to the simplest and most classical
assumption, namely the so-called source condition:

(3.7) Juw' eV : VR(f) = A*w'.
The adjoint operator A*: Y — X* is bounded thanks to the assumptions on A, and is defined
by the equality (A*f, g)x+ = (f, Ag)y, for all f € Y and g € X.

Proposition 3.2. Let X be as in (3.4) with 1 < p < 2 and § > %(2 —p), and let A be
a bounded operator from X to Y. Suppose that fT satisfies the source condition (3.7). Let
g = Aft +6¢, 6 >0, and f2 the solution of (3.5) with o > 0. Then, if e € Y satisfies (3.2),
it holds:

262
(3.8) Dr(f3, 1) < 2afw'|§ + W
If € is a random process on'Y satisfying (3.3) it holds:
(39) E[DR(faa f )] < 2a||w HY + 7

Proof. Let us first consider the deterministic noise, € € Y. Since the functional J? in (3.5)
is differentiable and strictly convex, the minimizer fg satisfies the optimality condition:

A (Afa = 9°) +aVR(f2) =0
Taking a duality product with f¢ — f and using the expression of ¢°, we get
AL = DI + o{VR(f2), f2 — f1)e = 8(A%, 2 — [T
Subtracting a(VR(fT), f2 — f1). on both sides, we get

LA = O + aDr(f3, f1) = a(VR(fY), £2 — f1)u + (A%, £ — 1)
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Now, using the source condition and the definition of the adjoint,

s = IYIE + aDr(fa, 1) = (ow!, A(fa = D)y + (06, AL = D)y
Finally, using Young’s inequality on both terms on the right-hand side, we get
1
(3.10) MU = IO+ aDr(fa, 1) < 202 [[w'|5 + 6% [ell},
from which (3.8) immediately follows. In the statistical noise scenario, (3.9) holds for every

realization of e: by taking the expectation on both sides, (3.9) follows immediately from (3.3)
and from the bound on the moments of sub-Gaussian random variables in terms of their

sub-Gaussian norm, see [102, Proposition 2.5.2]. |
In both estimates, by choosing o = a(¢) = ”u‘;”, we get:
(3.11) Dr(fo. f1) <2|wlllys  and  E[Dr(f3. /1] < 2[w'|ys.

Note that the rates in Proposition 3.2 do not depend on p, but the metric Dg does.

Remark 3.3 (non-negativity constraint). In many (static or dynamic) imaging applications,
including X-ray tomography, it is known a priori that the desired solution f' is non-negative
and including this information in the variational problem (3.5) is fundamental to obtain su-
perior reconstruction results. This leads to the following minimization problem:

(312) angain {5 147 = 1§ + aR(f) + o7 |
fex

where ¢, is the indicator function of the non-negative orthant in X C L?(Q x (0,T)), namely:

0 if f>0 ae. inQx(0,7)
400 otherwise.
The statement of Proposition 3.2 still holds in the case of the minimization problem (3.12):
it is easy to check that the Bregman distance associated with R(-) is the same of the Bregman
distance associated with R(-) + ¢4(+), when the arguments are all non-negative.

3.4. Sampled measurements: convergence rates. In many practical instances, full mea-

surements are not at disposal, and only a subsampled version of ¢° is available.
Therefore, we now focus on the case of subsampled measurements, and in particular those
sampled according to a random procedure. In detail, we assume that, at almost every time ¢,
instead of the full measurement (Af)(¢) which should be a function from U to V, and partic-
ularly in Y = L2(U; V), we only have N point evaluations of it, corresponding to the values
ui(t),...,un(t) which are randomly sampled. Since the point evaluation of a function in Y
is not well-defined, we introduce the following assumptions on the operator A:

(01) A: X — Z where Z = L*(0,T;CU,V)).

(02) A is continuous from X to Z and || Al|x—z < 1.
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Assumptions (O1) allows to evaluate (Af)(t) at any point u € U, for f € X, whereas (02)
will be useful later.

Let us consider again our motivating example, introduced in subsection 3.1 (see Step I,
Radon transform). Our goal is to deal with a subsampled version of the sinogram Rf, in
which the angles are randomly selected.

Motivating Example, Step II (Semi-discrete Radon transform): The Radon transform R
does not allow for a continuous point-wise sampling in the variable 0. Following [7, 12], a
possible alternative strategy is to consider a semi-discrete version of the Radon transform (by
introducing a discretization of the variable s), which ensures higher regularity with respect
to the angular variable 6 than the operator R. In particular, we set the variable s in a
discrete space which corresponds to modeling the X-ray attenuation measurements with a finite-
accuracy detector, consisting of Ng. cells. To this end, we introduce a uniform partition
{I,...,In,, } of the interval (=8, 5), where we denote by s; the midpoint of each interval I; and
take a smooth positive function o of compact support within (—1,1) such that f_ll o(x)dx = 1.
The semi-discrete Radon transform is then an operator R**: L?(Q) — L2([0,2r); RNae) such
that, for any f and 6, each component of the vector (R* f)(0) € RN can be written as:

S — 55

| 1]

1) (RO = [ | [ 0+ aeﬂg( ) dods = [ | @)oo, 0)ds

being oi(z,0) = g(xlcos(e)—klﬁsm(e)_si). It is easy to check (see [7, Section 6.1]) that if

f € L*(Q), then its semi-discrete sinogram R*® f belongs to the space C((0, 2r); RNdic),
Finally, when considering the dynamic operator R°* associated with the semi-discrete

Radon transform R*¢, we introduce local averages in time, to ease the sampling process. To this

end, we introduce another smooth, positive, real-valued function @ such that supp(o) C (—7,7)

and f_ﬁﬁﬁ(T)dT =1, and define R*?: L*(Q x (0,T)) = Y as:

T T
(3.14) (R f)(t) = / R(f(-, 7))ot —7)dr = R*? (/0 f(,m)o(t — T)d7'> , te(0,T).

0

It is straightforward to verify that R*? satisfies the assumptions (O1) and (02) by setting
U=10,2r) and V = RNae for any X € L*(Q x (0,T)).

Note that we introduce the smooth partitions of the spatial offset s and time t for mainly
technical reasons. However, in practice both of these quantities are always averaged as real
detector elements have finite resolution and require some time to collect sufficient photon
statistics to make a measurement.

We now specify the statistical measurements model for both sampling and noise. In this
section, we only consider a statistical noise scenario. We introduce two random processes (for
the sake of clarity, we also show their dependence on the random event w living in a suitable
probability space). The first random process, u(t,w) = (u,(w,t))_;, is defined in (0,T) and

n=1»

takes values in Uy; the second one, €(t,w) = (€, (w,t))N_;, is defined in (0, 7T") and takes values

in V. Here, Uy and V) denote the product spaces of i and V with themselves N times. We
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consider the following scalar product in Vy:

1 N
<V7 G)VN = N Z<vn1 @n>v
n=1

Furthermore, we assume the following;:
(M1) €(w,-) € L*(0,T;Vy) for a.e. w.
(M2) For a.e. t € (0,7) and for n = 1,..., N, the random variables €, (f) are independent
and identically distributed as v, a random variable on V.
(M3) v is such that E[v] = 0 and v is sub-Gaussian with || ”V”VHSG <1
(M4) u(w,-) is a bounded and measurable function from (0,7") to Uy, for a.e. w.
(M5) For a.e. t € (0,T) and for n = 1,..., N, the random variables u,(t) are independent
and identically distributed as u, a random variable on V.
(M6) Random variables v and p are independent.
Finally, we can state an analogue of the inverse problem (3.1) for the case of random
subsampled measurements:

(3.15) given g% € L2(0,T;Vy) : ga(t) = (AufN)(t)+d€(t) ae.t € (0,T), recover fI e X.
In particular, the sampling operator:
N
Au: X = L%(0,T;Vy), (Auf)(t) = ((AS) () (un(t))),_, a-e te(0,T)

is well-defined due to our assumptions. We can regard this operator as the composition
Ay = SuA, being Sy: Z — L%*(0,T;Vy) the sampling operator associated with the vector
uc€ly:

(3.16) (Sug()n = g(t)(un) ac. te(0,7).

To solve (3.15) we want to use the following regularization strategy:

. . 1
AT fhy = angmin () = argnin {5 1af = gl +aR(D |
fex fex

with R as in (3.6). The existence and uniqueness of fg ~ can be proved following the same
procedure as in Proposition 3.1. In particular, thanks to a more refined selection principle
suited for product spaces (see [95, Lemma 6.23]), it can be shown that fg’N is a random
variable in L?(0, T; Vy), from which the proof follows.

Similarly to the fully sampled case, we are interested in deriving convergence estimates for
the regularized problem (3.17), specifically for the quantity E[Dg( fg N f f)]. In this context,
we can take into account two asymptotic behaviours: when § — 0 ‘and when N — co. In
contrast to the (deterministic) inverse problem literature, where one only expects convergence
of fi N to fT when the noise level ¢ is reduced, in the statistical scenario it is also possible
to recover f! for a non-vanishing noise level, by increasing the number of point evaluations.
This is common in the statistical learning literature and is essentially due to the fact that the
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noise affecting each evaluation is (zero-mean, additive, and) independent: thus, increasing the
number of measurements helps cancel the effect of noise.

In analogy to the fully sampled case, we look for an a priori choice rule for « of the form
a = a(d, N). Unfortunately, following closely the simple strategy adopted to prove Proposi-
tion 3.2 leads to convergence rates that are provably suboptimal. Hence we propose a strategy
which relies more closely on the convexity of the functional R(f) = %H fl%, where X is as
in (3.4), and follows the one in [7, 12]. Indeed, the minimization problem (3.17) is analo-
gous to the one considered in [7, 12], the main difference being the presence of the Bochner
norm || - [[z2¢0,7;vy), Which integrates the mismatch in time. As a consequence, we can take
advantage of the results proved in [7, 12], with slight formal modifications. For an in-depth
comparison in a non-dynamic setting, we refer to those publications (cf. also Appendix A
where the ancillary results building up to the main result, Theorem 3.4, are stated).

Recall that X is a reflexive Banach space, continuously embedded in L2((0,T) x ) (see

Proposition 2.8) and that the convex conjugate R* is defined by:

R X" =R, R(y) = Sup {(y,2)x — R(x)}.

Next, we define the following quantity, which plays a crucial role to prove the convergence
rates and it is strictly connected to source conditions:

- . L\ B
(3.18) R(B,u; f1) = wELQI(ng . {R* (H - Auw> +5 ©1 720008 (2

being 7T = VR(f"). This quantity naturally arises in one of the auxiliary results (see the
right-hand side of (A.2) in Proposition A.1).

We are now ready to state the main result, establishing the convergence rates, for N — oo,
of the expected value of the Bregman distance associated with the optimal choice of o and for
1 < p < 2. In particular, the following result has been proved (in the non-dynamic case) in
[7, Theorem 4.10], where one has to consider Q = q/2. We report it here by first isolating the
general estimate (3.20), which is then specified into the two main convergence rates (3.21) and
(3.22). To simplify the notation, we use the symbols < and ~ to denote that an inequality
and an equality hold up to a multiplicative constant independent of «,d, N.

Theorem 3.4 ([7, Theorem 4.10 with @ = ¢/2]). Suppose that assumptions (O1)-(02) are
satisfied and it holds that:

(3.19) E [ﬂz(ﬁ, u; fT)} <B+N"%  and E[R(ALe)] < N7,

where N is the number of randomly subsampled measurements. Then, as N — oo, we have
the following estimate:

5 gt 5 1
(320) E[DR(foz,N’f) SQ+W+N

which, depending on the asymptotic regime, reads as:
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e If SN — oo (and 62/N — 0), then:

52\ 0 52\ 3
(3.21) E [DR(fg,NafT)} S <N) Jor a =~ (N) .
e If 6N is bounded, then:
(3.22) E [DR(fiN,fT)] SNt for a~N7L

Remark 3.5 (non-negativity constraint). As in the case of full measurements, it is advanta-
geous to incorporate in the variational problem (3.17) the information that the desired solution
f1 is non-negative. This leads to the following minimization problem:

. 1
(3.23) g {5 Maf = el + aRU) + () ]

where ¢4 is the indicator function of the non-negative orthant. The statement of Theorem 3.4
still holds in the case of the minimization problem (3.23): the proof is analogous to the one
outlined in Section 3 of [12].

In order to verify the conditions (3.19) of Theorem 3.4, we need to introduce the following
assumptions on the exact solution f' and on the operator A. First, we have to define an
operator fl;’; associated with the probability distribution governing the sample procedure in
U. Let Y, be the Hilbert space Y = L*(0,T, }7“), where ffu is the space Y = L2(U; V), having
replaced its inner product with:

) = /M (), 9wy du(u).

Then, A, is the adjoint of A in Y),. Notice in particular that, if i/ is bounded and 4 is a uniform
distribution on U, then p is a continuous distribution associated with a (constant) density
equal to 1/|U|. Therefore, the inner products of Y and Y, only differ by a multiplicative
constant 1/|U| and A, = 1/|U|A. Next, we introduce the following assumptions:

(S1) The ground truth satisfies the source condition:

Jwl e Z2=1%0,T;CU,V)) st VR(fN) =A%

Notice that this condition is essentially equivalent to the one introduced for the full-
measurement case, (3.7). In particular, there is no need to verify a source condition
for every sampled operator Ay, and the random sampling procedure only affects (3.7)
by replacing the original operator A* with its representation A}, in Y),.

(S2) Let (1a)aea be the cylindrical-shearlet (Parseval) frame introduced in (2.7) and, for
each A € A, let X 29, = Yxlax(o,r)- Then the operator A satisfies:

HUADA ) Aoy = 3 By VPIABA L = Cy < o0,
AEA

where we denoted by w the weight sequence such that w) = u?;q/ P
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These assumptions allow to verify the hypotheses of Theorem 3.4, as shown by the next result.
Proposition 3.6. The assumptions (S1) and (S2) imply that (3.19) is satisfied.

Proof. The proof of Proposition 3.6 is analogous to the ones of Proposition 4.2 and 4.3 in
[12], with significant but technical modifications due to the time-dependent framework. To
balance self-containment and clarity, we only prove that the first bound in (3.19) holds.

In the definition (3.18) of R, we consider @w = Syw', being w' the source condition element
in (S1) and Sy the sampling operator defined in (3.16). Thus, we obtain:

_ . 15}
R(B,w 1) < R (f1 = AySuw') + S l1Suwl 720 vy

. ; p
< HAMwT — -AuSuwT”X* + 5”5uwT”%2(o,T;VN)7

where we used (S1) and (A.5). The expectation of the second term on the right-hand side can
be computed as follows:

5 E
By {2||suwT||%2(0,T;VN> -5/ usuww,~>||iz(O,T;VN)duN<u>

B
= ﬁ uJo Z ||w t un)”vdt dH un - Z ||YM 7Hw1‘||%2(0,T;YH)’

and gives rise to the first term in the right-hand side of the first bound in (3.19). Instead, for
the first term on the right-hand side, recalling (A.5), we have:

o * * ol a
Mgt = A Sl = 37 @77 |(Ajh = AgSuw), ) xe x|
AEA

~ " b q i
_ Z —a/p ’ T)‘AN¢A>YM - <SuwT,.Auw)\>L2(O,T;VN)‘ = Z a/p
AEA e

ch

where we have set: () = <wT,AM@A)YH — (S, w, SunAVA)) 12(0.750) -

It is easy to show that the real-valued random variables ¢\ are zero-mean and also inde-
pendent and identically distributed. Moreover, they are bounded random variables. Indeed,
in view of (O2) and of the Cauchy—Schwarz inequality, for any u,, € U we have:

T
(Sun !, Su, AN 1200 720) = /0 (w1 (1)), (AD2) (8) (n(t))) vt

T
S/O 1w (&, Mle@n) MO D lewydt < ']z A, 2.

Therefore, each () takes values in the interval of size 2||w'||z[|A,]|z and we can apply the
Hoeffding’s inequality for bounded random variables to get:

P il >t] <2exp| — — .
o 2[|wtIZ 1A%
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N q
> o ]
n=1
1 3 BN / ¥ ja-1p
q J 0

A€A

In conclusion:

1 _
E [HA;wT - A;;suwfnx*} = -3 @ PN E
q AEA

N
> G

n=1

IN

>t> dt

< 2Zw.‘Q/pN—q/ootq—1exp ot 12 | dt
vt 0 2[|wt||% (1A%
2 Y F N ST RV R e 1,

< ij N7 z[[w'|Z [l A2 §° T exp s” | ds,
1 3\ea 0 2

which can be bounded by a constant, depending on ¢ and on Cj in (S2), multiplying N “i.m

Thanks to Proposition 3.6, we know that Theorem 3.4 holds true if (S1) and (S2) are
satisfied. The source condition (S1) depends on the unknown solution fT and it is in general
difficult to check. Instead, the property (S2) only depends on the operator A and on the frame
{¥x} . For example, this is verified in the case of our motivating example.

Motivating Example, Step III (R and cylindrical shearlets satisfy (52)): The following
lemma shows that, for a cylindrical shearlet frame, condition (S2) is satisfied if, e.g., the
forward operator A is the semi-discretized Radon transform (3.14).

Lemma 3.7. The cylindrical shearlet frame truncated to Qx (0,T), {1}, and the operator
R defined by (3.14) satisfy

(3.24) D ]| R |% < oo
AEA
Proof. First of all, we remark that, since ¢ > 2 and w) = @;q/ P being wy uniformly

bounded from below, it holds:

DRI Z <o = D | RV, L < oo
AEA AEA

We thus prove the convergence of the series on the left-hand side. Since U = [0,2m) is one-
dimensional, we can take advantage of the Sobolev embedding:

T T
H R ¢>\”22 = /0 ”(RSd w)\)(t)||é((072ﬂ_);Rthc)dt S /0 H(RSd w)\)(t)"?{1((07271—);Rthc)dt'

We can therefore compute:

T thc

IESTNEED S /0 S (IERTR Ol 2(0m) + 1061 TR ONil0.m))
=1

AEA AEA
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698 and, more specifically, using the definition of R%d in (3.14):

Z/T%CH (RGN il 2 (0.2) Z/TNM/QTr //wx $)oi(z,0)a(t — s)dxds )

NeA \eA
TthC 27
699 :/ / > [(wa, 0i(, 0)a(t — ) *dodt
0 AEA
Tthc 2r
< / / 01, 0)3(t — )P oiryy 0t < oo,

700 and analogously:

T Natc o Tthc o
3 / S 100[ RN )i 0.0m) < /0 / 10001 08t — )12 g 0.1 d0E < 0.
=1

AEA
701 |

702 We now have all the ingredients to numerically verify the expected convergence rates
703 proven in Theorem 3.4 for the two asymptotic behaviours of the noise.

704 4. Numerical tests. To show that the theoretical convergence rates of subsection 3.3
705 and subsection 3.4 can be attained in practice, in this section we conduct some numerical
706 experiments (similar to those in [12]) which aim at validating the rates. In addition, we provide
707 some of the resulting reconstructions to highlight that while our perspective is relatively
708 theoretical, it also leads to a practical and robust reconstruction algorithm. Since a number
709 of repeated runs of the algorithm is needed to validate the results in expected value (see
710 subsection 4.3), the experiments were carried out on a computational cluster® using 4 Intel
711 3.2 GHz CPU cores with 1 GB of RAM each, running MATLAB 2022a on RHEL version 8.

712 4.1. Discretization of the mathematical model. The problem setting for the numerical
713 experiments is the one of the motivating example, i.e., a sparse angle dynamic tomography
714 problem with time steps {t1,...,tx} C [0,T], very similar to the one in [9, 8]. To set the
715 notation, we briefly explain how to derive a fully discrete counterpart of (3.17) in the case
716 A = R%d. We discretize objects of X by means of vectors in R*Vex| where Npx denotes the
717 total number of pixels involved in the discretization of €2 and x is the number of time steps.
718 We consider the following discrete model:

719 (4.1) g% =gl +dexy = Ro f1 + dey
720  with
s
fIl Re,tl gN,tl

721 fi= : , Re= ) g§v: :
fIn Ro’t” gESVatN

3https://wiki.helsinki.fi/xwiki/bin/view /itdsci/
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where, for 7 =t1,...,tx, fi € RV denotes the (unknown) discrete and vectorized image at
time 7, Rg - € RNateNXNpx pepresents the sampled version of the Radon operator correspond-
T

ing to the N randomly sampled angles 8 at time 7, g5, € RMNateV i the subsampled sinogram

at time 7 and ey ; € RNaweN ig the noise at time 7. In the implementation, for each time step
T =t1,...,ts, we consider a normal distribution for the noise vector, € ~ N'(0,1n,, n), where
1n,,.~ is the identity matrix in RNaweNXNaweN' T form each Reo -, we pick N € N projection
angles randomly from a uniform distribution, independently for each time step 7.

Then, a regularized solution f‘f% N € ]Rin"l is obtained by considering regularizers of the form:

(4.2) R(f) = ; |KF|?

where 1 < p < 2 and K € R*NoxX#Npa with ¢ > 1, depends on the sparsifying transform.
Our main focus is cylindrical shearlet-based regularization where K = S#H is the matrix
representation of the 3D cylindrical shearlet transform detailed in subsection 2.1. In partic-
ular, thanks to the theoretical framework developed in subsection 2.3, R(f) is the discrete
counterpart to the norm of the smoothness space Sg, ,,(RS), where for simplicity we choose the
parameter 8 as in Remark 2.10 to have unitary weights in the coefficients. For comparison,
we also consider wavelet-based regularization, where K = W is the matrix representation
associated with the 3D wavelet transform. In this case, R(f) is equivalent to the norm of

B;(R3), provided that s = d (% - %)

Even though in this work we do not explicitly derive convergence rates for wavelet-based
regularization for the dynamic setting, in view of the results in [7, 12], we expect the theoretical
rates to be the same for any orthogonal wavelets. The comparison with wavelet-based regular-
ization is motivated by its wide application in many inverse problems, including tomography,
despite being suboptimal for approximating signals of dimension 2 and higher.

Finally, with the notations introduced above, the discrete counterpart of (3.17) reads as:

. 1 2
(4.3) fix = argmin {N |Ro s~ g + aR(f)} -
feRanxl 2 2

To solve (4.3), we use the variable metric inexact line-search algorithm (VMILA) [4] and the
full framework including a list of all the necessary toolboxes is available on Github [10]. In
addition, the appendix of [12] contains a detailed explanation of a numerical implementation
process which is almost directly applicable to the dynamic problem in (3.17) as well. The
main difference in this case (with respect to the implementation detailed in [12]) are the
implementation of the forward operator and the corresponding data, which consists of multiple
time steps. However, those can be computed separately using standard implementations.
In particular, the discrete Radon transform is implemented using the ASTRA Toolbox [99,
98]. Then, we use the cylindrical shearlet transform SH from [31], whose implementation is
available on Github [30], with a bandlimited generator function, and three scales, with 23,23
and 2% directions per scale, using zero-padding boundary conditions. Compared to the original
implementation, we chose to precompute the directional filters before starting any of the
iterations, which is more efficient. For wavelet-based regularization, the implementation of the
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3D discrete wavelet transform W is from the Matlab wavelet toolbox [73], using Daubechies-2
filters (with symmetric, i.e., mirrored, boundary conditions) and three scales.

4.2. Test data. Our regularized reconstruction approach is tested on both simulated and
measured data. Specifically, we consider the following two sets of data.
e Cartoon phantom: these are simulated data of a custom ellipsoid phantom (similar to
the one used in [8]). The ground truth at some relevant time steps is shown in Figure 3.
In particular, the intensity values of the two larger ellipsoids change linearly in the interval
[0, 1], while the intensities of the multiple smaller ellipsoids follow a periodic pattern. The
boundaries of the phantom remain fixed over time. The spatial dimensions of the phantom
are 128 x 128 and we simulated in total K = 32 sparse angle sinograms (i.e., corresponding
to 32 different time steps). For each time step 7 = t1,...,t32, all data projections of 9?\/,7

are simulated using parallel-beam geometry from the same reference object fi at twice the
spatial resolution, and the sinogram is then binned to avoid inverse crime.
¢ STEMPO data set: these are real X-ray tomography data measured with a motorized
device. During the measurement process, a square section of the phantom is translated in a
straight line across the fixed circular region. The data are available in Zenodo (cf. [55]) and a
detailed description is reported in [54]. In particular, here we use the stempo_seq8x180_2d_b8
data, which consists of 1440 projections in fan-beam geometry (8 full rotations with 2° eq-
uispaced angles), each from a unique time step. We approximate x = 16 sinograms by first
dividing the data into 16 batches (corresponding to 90 equispaced projections from just a half
revolution or a 180° range each) and then by linearly interpolating the N random projec-
tion angles from each batch. Although the theory presented in section 3 pertains the case of
parallel-beam geometry, the extension to the fan-beam case would be a matter of geometrical
reparametrization. In practice, the 180° range seems to be enough even for fan-beam and
allows double the temporal resolution compared to using full 360°. The spatial dimensions of
the final reconstructions are 280 x 280.

To verify the convergence rates in expected value of Theorem 3.4, a ground truth is needed.
To obtain a reliable “ground truth” in this case, we use the original (densely sampled) sinogram
batches to compute a reconstruction using a variational method similar to the one in the
original documentation [54]. To avoid bias (towards either cylindrical shearlets or real-valued
wavelets priors), we use 3D dual-tree complex wavelets [23] for the sparsifying transform in the
regularization term. The regularization parameter is chosen automatically [84] and it is not
used in any of the other numerical experiments. These reconstructions are shown in Figure 4
and, for selected time steps, on the rightmost column of Figure 5 and Figure 6.

Remark 4.1 (Verification of source conditions and cylindrical cartoon-like function assump-
tions). The (nearly) optimal approximation result reported in section 2 holds under the as-
sumption that the target belongs to the class of cylindrical cartoon-like functions (cf. Defini-
tion 2.5). In addition, to derive the convergence rates in section 3, a source condition assump-
tion is needed (cf. (S1)). However, for more realistic simulations, the model of cartoon-like
videos (cf. (2.12)) offers a more natural setting for the phantoms presented above. Although
there is no theoretical guarantee that the same approximation rate holds in this case, we argue
that the result of section 2 still offers a valuable guideline and the numerical results provide
an indication that a result similar to Theorem 2.3 is expected to hold in a more general set-
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ting. Regarding condition (S1) for the cartoon phantom, it was already observed in [12] that
a version of a simulated phantom generated by numerically enforcing the source condition is
visually almost indistinguishable from the original. This suggests that the numerical verifica-
tion of the convergence rates does not differ significantly between the original phantom and
its version satisfying the source condition. Instead, for STEMPO data, the source condition
cannot be established or enforced because of the experimental nature of the data. Finally,
a relationship has been established between a (different) class of source conditions (in par-
ticular, variational source conditions) and the theory of optimally sparse approximations for
orthogonal wavelet systems. In [72], it was shown that optimally sparse nonlinear wavelet
approximations of cartoon-like images automatically satisfy a variational source condition.
Although this observation does not apply directly to our setting, it is plausible that a similar
relationship could be established also in our case. This topic is beyond the scope of this work
and is left for future investigation.

T=38 T=16 T=24 T =232

Figure 3. Cartoon phantom ground truth at different time steps 7. The reconstruction size is 128 x128x32.

T=1 T=4 T=17 7T=16

Figure 4. Ground truth reconstruction (280x280x16) of the STEMPO phantom at different time steps T.

4.3. Results. In this subsection, we verify the expected convergence rates proven in The-
orem 3.4 for the sparse dynamic CT problem (4.2)-(4.3). We focus on the statistical noise
regime (cf. (3.3)), for which similarly to [7, 12] we consider the following two scenarios:

e Decreasing noise: in particular, § ~ N~!. In this case, the optimal parameter choice is
o =~ N1 In particular, we choose § = csNuin|| R f'||cc N ™!, where c5s = 0.6 for the cartoon
phantom, and c¢5 = 0.45 for the STEMPO data. Here, Ny, is the minimum value of N con-
sidered for the numerical experiments and it is different for the two tested data. Notice that as
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N increases from Ny t0 Niay, the corresponding noise level § decreases from ¢;]| R 1| to
5 Nmin/Nmax|| R fT]|oo. Finally, we set a = coN~', where ¢, is heuristically determined for
each choice of data and regularization method. The specific values of ¢, and cs are in Table 1.
e Fixed noise, i.e., § > 0 constant. Since SN — oo, we take o ~ N~1/3. In particular,
we choose § = ¢;|| R f1||oo, where c5 = 0.03 for the cartoon phantom and ¢s = 0.05 for the
STEMPO data. Then, we let o = ¢, N~1/3, where ¢, is heuristically determined for each
choice of regularization method and data. The specific values of ¢, and ¢s are in Table 1.

In the cartoon phantom experiments, we test 7 distinct values of N between Ny, = 24
and Npax = 240, and the projection angles are sampled uniformly from the interval [0, 27).
In the STEMPO data experiments, we test 6 distinct values of N between Ny, = 9 and
Npax = 60, and the projection angles are sampled uniformly from the interval [0, 7) or [, 27)
in an alternating fashion based on the time step 7. Indeed, due to the limited amount of
STEMPO data, each of the sinogram g(zsv,r corresponds to just 180° range of projection angles
and (unlike parallel-beam) in fan-beam geometry projections from opposite directions (i.e., ¢
and 6 + 180°) are unique.

Finally, the expected values appearing in Theorem 3.4 are approximated by sample av-
erages, computed using 5 random realizations. This means that, for each number of angles
N, the reconstruction is performed 5 times, each time with a different set of N drawn angles
(sampled using Matlab’s rand) and a new realization of the noise vector.

4.3.1. Validation: p = 3/2. We start by considering the case p = %, which is fully

supported by the theory developed in section 3. We compute the value of the expected
Bregman distance E [D Rr( fi, N fT)] as a function of N and report the slope of the decay rate
in Table 1. In computing the Bregman distance, fi n and f1 are considered as 3D objects.
In order to provide a quantitative assessment of the decay, we compare the theoretically
predicted decay with the experimental one, which is obtained by computing the best monomial
approximation ¢N? of the resulting curves.

In the supplementary material (SM) we have included plots showing the decay rates for
both decreasing and fixed noise regimes, using the simulated cartoon phantom in Figure SM1
and the measured STEMPO data in Figure SM2. In each plot, the value of the expected
Bregman distance is indicated by a blue solid line and its monomial approximation by a black
dashed line. We also report the standard deviation error bars (that is, the shaded region
in each plots). Notice also that, with cylindrical shearlet regularization, there are basically
no oscillations around the mean, contrary to the wavelet-based case where, especially with
a lower number of projections, the variance is more pronounced. All of the predicted and
numerically confirmed decay rates are also collected in to Table 1, along with the corresponding
regularization and noise parameters ¢, and cs. The first 4 rows (for p = %) show that the
theoretical behaviour is numerically verified: |E [D Rr( fi N fT)] decays as N~/3 in the fixed
noise scenario, and as N ! in the decreasing noise one. The results are particularly noteworthy
for the STEMPO data considering that the Bregman distance is computed from an estimated
ground truth object, obtained from fixed and relatively limited data with some unavoidable
measurement error and whose (randomized) projections have been further interpolated.

Finally, to complement the convergence rates analysis and show that the proposed strat-
egy leads to a practical and robust reconstruction algorithm, we report in Figure 5 some
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Table 1

Theoretical and numerically approximated convergence rates, and different reqularization and noise parameter
values for each choice of p, noise scenario, data set, and reqularization method used in the numerical tests.

Noise Theoretical Cylindrical shearlet Daubechies-2 wavelet
. Data b Cs
scenario rate b [N’] Approx. rate Ca Approx. rate Ca
. Cartoon -1.190 0.03 -1.001 0.12 0.6
Decreasing —
3 STEMPO -0.943 0.005 -0.938 0.015 0.45
2
. Cartoon 1 -0.315 0.03 -0.381 0.12 0.03
Fixed —=
STEMPO 3 -0.332 0.005 -0.394 0.015 0.05
Decreasing Cartoon N/A -1.053 0.001 -0.996 0.004 0.6
1 STEMPO -0.920 0.0001 -0.864 0.0003 0.45
Fixed Cartoon N/A -0.320 0.001 -0.373 0.004 0.03
STEMPO -0.340 0.00005 -0.314 0.0003 0.05

reconstructions from the STEMPO data for the fixed noise scenario (using both cylindrical
shearlets and wavelets). All the reconstructions are qualitatively good, especially considering
the very limited data. Considering the low data regime, both regularization methods suffer
from some sparse-angle artifacts and produce slightly blurry images. However, wavelet-based
reconstructions are distinctly noisier. Overall, the cylindrical shearlet-based approach is able
to produce clearer reconstructions, even in the limit case of only 9 projection views: the thin
circular boundary of the phantom, in particular, is notably sharper.

Some reconstructions of the simulated data are shown in Figure SM5 of the supplementary
material, including also the relative ¢ error and SSIM [106] values. Since the dynamics are
less severe, these reconstruction do not show as strong movement artefacts but the quality
trends (for the two regularization methods and different number of projections) match those
of the real data.

4.3.2. Extension: p = 1. Next, we take a leap of faith and extend the numerical ex-
periments outside the theoretically guaranteed range and set p = 1, which corresponds to
the widespread regularization approach by minimization of the ¢'-norm of wavelet or shearlet
coefficients to enforce sparsity. The numerical machinery from the previous subsection can
be still applied, however the Bregman distance is no longer uniquely defined nor is a metric.
To circumvent the first issue, as in [12], we follow the strategy in [16] to pick an element
in the subdifferential OR. The approximate decay rates are listed in Table 1. Despite Dg
still not being a metric, similarly to the numerical tests in [12], it seems that our choice of
Dpg( fg N fT) is informative enough to be able to capture the desired convergence properties
of the expected Bregman distance E [DR(fiN, fT)}.

The plots showing the resulting decay rates are included in the supplementary material:
in Figure SM3 (simulated cartoon phantom) and in Figure SM4 (measured STEMPO data).

As in the previous subsection, some reconstructions from the STEMPO data for the fixed
noise scenario are shown in Figure 6 (using both cylindrical shearlets and wavelets). Despite
the very limited data, the reconstructions are relatively sharp: both regularization methods
are able to reconstruct well the static sections of the phantom and, with cylindrical shearlets,
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Figure 5. Cylindrical shearlet and wavelet reconstructions from selected time steps and angular samples,
fized noise, p = % STEMPO data.

there are notably less noise and sparse-angle artifacts in the reconstructions. Instead, the
wavelet regularized images show point-like artifacts even with a relatively large number of
projections. The cylindrical shearlets produce better results across all N, even though the
translated square section produces slightly visible trajectory artifacts.

Finally, in Figure 7 the pixelwise variance of the different reconstruction samples is shown
for both regularization methods and values of p. Only one time step (7 = 7) is considered,
for the sole fixed noise scenario. This illustrates the effect of randomly picking the projection
angles for each measurement setting: as one should expect, with only 9 angles there is more
variance whereas with 28 projections the reconstruction process is more robust and the results
vary less. Similar results with 13 and 19 angles are available in the supplementary material
(Figure SM6). For p = 3/2 (first and second column) the differences are relatively small and
overall there is less variance in every test case compared to same instances with p = 1. For
p = 1 (third and fourth column) the differences are more noticeable. Cylindrical shearlet-based
reconstructions exhibit a larger variance for the dynamic object (rectangle in the middle) while
the static parts are more uniform. Instead, wavelet-based reconstructions show significant
differences in both the dynamic and static parts of the reconstructions. This was somewhat
expected given the larger oscillations of the wavelet samples in Figures SM1 to SM4.
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Figure 6. Cylindrical shearlet and wavelet reconstructions from selected time steps and angular samples,
fized noise, p=1. STEMPO data.

5. Discussion and conclusions. We have demonstrated the application of the cylindrical
shearlet transform in variational regularization of spatio-temporal data to solve a class of
ill-posed dynamic tomography problems. Our choice is motivated by the fact that cylindrical
shearlets provide (nearly) optimally sparse approximations for the class of cylindrical cartoon-
like functions, which is suitable to model our desired application. We also introduce the class
of cartoon-like videos, to model more realistic movements, but a proof of (nearly) optimally
sparse approximations is left to future work. Moreover, we extended the theory of shearlet
decomposition spaces to include cylindrical shearlets in order to use their decomposition space
norms as well-defined regularization functionals with a variety of weights and any p > 0.
We examined these regularization strategies and characterized their convergence properties
(including in the statistical inverse learning framework) for dynamic tomography problems.
In the full measurements case, we provided convergence rates as the noise level goes to zero,
considering both deterministic and random noise conditions. Then, we considered the situation
where only a limited number of imperfect samples are obtained though a random process, in
our case a limited number of random X-ray projections of the changing target, and proved
bounds for the error decay as the number of measurements grows. We provided rates for
two distinct cases: where the amount of noise remains fixed and where its severity decreases
with more samples. Our current methods of obtaining the convergence rates are limited to
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Figure 7. Pizelwise variance between & reconstructions samples of the STEMPO data. Columns show
different regularization methods and p-norms, rows show different number of projection angles N. Only the
results from time step T =7 and fized noise are shown.

p > 1 and an interesting future development would be to show similar rates for p = 1 (i.e., the
usual choice for sparsity promoting regularization). However, in addition to confirming the
theoretical rates, our numerical studies indicate that a similar behavior is likely to be true for
p=1

It is particularly interesting how well most of the numerical experiments follow the pre-
dicted theoretical rates with the measured STEMPO data, even if we do not have access to
arbitrarily many, truly random and noise free projections nor the ground truth object. In
addition, the actual reconstruction algorithm seems robust and effective. Perhaps similar
convergence rates are viable also to researchers applying imaging methods (even other than
tomography) and not just purely theoretical results.

Although possible, we do no comparisons with traditional shearlets. Firstly, as observed
after Theorem 2.3, their approximation properties are expected to fall in between wavelets
and cylindrical shearlets but at a higher computational cost; secondly, the relatively small
temporal resolution of the data noticeably limits their reliability in practice (especially for the
STEMPO data). With cylindrical shearlets this is not an issue as the directional filtering is
only performed on the larger, spatial dimensions.
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Appendix A. Ancillary results for section 3.

We report here ancillary results leading to Theorem 3.4. While their statement is analo-
gous to those in [7, 12], we state them here for the specific case of the dynamic setting. We
only sketch the proofs since they follow closely the arguments in [7].

The starting point to derive the converge rates in Theorem 3.4 is the deterministic setting,
i.e., by fixing a realization of the noise € and of the sampling pattern u. We begin with the
optimality criterion associated with (3.5), which reads as:

(A.1) A(Aufdy — 8N) + aVR(f y) = 0.

Since the simple strategy adopted in (the proof of) Proposition 3.2 would deliver subop-
timal convergence rates, we use instead the Fenchel-Young’s inequalities. Notice that we do
not require any source condition on f1 yet. This leads to the following result, which is derived
exactly as in [7, proposition 3.2], where for simplicity we consider the choice I'1 = 77 Id and
'y =92 1d, where 71,72 € R are positive constants and Id is the identity operator.

Proposition A.1 ([7, Proposition 3.2]). The regularized solution f(iN given by (3.5) satisfies

1 Q
é T . S Bl R S 2
A.2) Drlfan[1) < meLQl(%,fT;vN) (R <71 r Auw)> T3 HwHLQ(O’T;VN)>

FRE - 2+ (R (Saue) + R (R - ) )

where r' = VR(fT) and 71,752 € R are positive constants.

Now, due to the definition of the norm ||f||x = || SH f| (@), we can deduce that, as the
space (P, X is p-smooth and 2-convex (see [92, Definitions 2.32-2.33]). Hence, to estimate
the second and the last term on the right hand side of (A.2), as in [7, Section 4], we rely on
the p-homogeneity of the functional R, as well as on tools from convex analysis, such as the
Xu-Roach’s inequalities [108] for the 2-convex Banach space X. This leads to the next lemma.

Lemma A.2 ([7, Lemma 4.1]). Let f,f € X. For1<p <2 it holds that

(A3) FR(f - ) < € (1= 2)75% max {R(). R() } + ED(1. ),

for some C > 0 depending on p with any 7 > 0.
The first term on the right hand side of (A.3) can be treated through the following estimate.

Proposition A.3 ([7, Proposition 3.1, second estimate]). The unique minimizer f{ y of J y
satisfies, for some constant C > 0,

(A1) R(f\) < C (R(f*) n (5) o R*Mﬁe)) |
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The following result combines all the previous estimates to provide a deterministic bound
on the Bregman distance between fg’ N and fT. Tt relies also on the fact that, for the choice
of R outlined in (3.6), it holds that:

. 1 I— ., —
(A.5) R*(y) < ~llyll%. = =D dal{y, ¥a) x-xx?,
q AEA

where 1, = Q,[))\|Q><(O,T) are the truncated shearlet frame elements, ¢ is the Holder conjugate
of p and 1y = (y)~%9P. This can be proved via [7, Proposition 4.1], using the fact that, in
this case, the shearlet transform SH is associated with a Parseval frame, hence SHI = SH*.

Theorem A.4 ([7, Theorem 4.3, (i)]). The regularized solution fg,N given by (3.5) satisfies
N o2
-~ ~— ~ ~ o~ * * =~ ’7 P
Dr(fon: 1) < Gy |3 *R(0A, ws 1) + H(a, 0,51, 52) R* (Aje) + (%’ + ;) R(f")

for arbitrary ¥1,7v2 > 0, where CN’p > 0 is a constant independent of o, 9, N and

2
-~ X ANz 67
H(O[,(;, 71)72) = 047:}7(1 + (r)/f + ’Zj) () .

) «

The statement (and the proof) of Theorem 3.4 follows from the last result by taking the
expectation of Bregman distance associated with the optimal choice of a.
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