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(Dated: February 11, 2025)

We present a thorough investigation of nonstabilizerness - a fundamental quantum resource that
quantifies state complexity within the framework of quantum computing - in a one-dimensional U(1)
lattice gauge theory including matter fields. We show how nonstabilizerness is always extensive with
volume, and has no direct relation to the presence of critical points. However, its derivatives typically
display discontinuities across the latter: This indicates that nonstabilizerness is strongly sensitive
to criticality, but in a manner that is very different from entanglement (that, typically, is maximal
at the critical point). Our results indicate that error-corrected simulations of lattice gauge theories
close to the continuum limit have similar computational costs to those at finite correlation length
and provide rigorous lower bounds for quantum resources of such quantum computations.

Introduction. - There is presently considerable inter-
est in exploring quantum computing and simulation ap-
proaches to particle physics phenomena [1–4]. A pivotal
role in this context is played by lattice gauge theories
(LGTs) - regularized version of field theories defined on
discrete space [5, 6]. Following early theory proposals [7–
10], this has led to remarkable experiments in analog
quantum simulation of abelian LGT in one spatial dimen-
sion [11–13], at the boundary of classical computational
capabilities [14]. In parallel, digital approaches - where
the system dynamics is implemented via a sequence of
gates - are also increasingly developing. Early theoretical
studies in LGTs demonstrated efficient implementations
with the number of qubits [15] and have progressively
moved from pioneering demonstrations [16, 17] to mid-
scale experiments [18, 19].

With the advent of quantum error correction - whose
early steps have been recently demonstrated [20, 21] -
digital quantum simulations can be particularly fit for
LGTs: The main reason is that their complex multi-
body interactions are challenging for analog approaches
(describing both minimal coupling and magnetic terms),
but do not constitute a major complication for digital
ones. However, it is presently very unclear what the bot-
tleneck in this direction will be: The key resource in the
context of error-correcting codes - nonstabilizerness [22]
- is essentially unexplored in LGTs, and its potential role
in limiting the exploration of gauge theories towards the
continuum limit is not known.

Here, we provide an in-depth study of nonstabilizer-
ness, also known as “magic”, in the lattice Schwinger
model - an archetypal gauge theory in one spatial dimen-

sion. Concretely, we utilize the quantum link formalism
of LGTs: This formulation of gauge theories utilize spin
variables to describe gauge fields, and is the one that
has found the widest application so far in the context of
quantum simulation [1, 23, 24]. We compute, analytically
and numerically, a measure of nonstabilizerness known
as stabilizer Rényi entropy (SRE) [25] over the entire
phase diagram, which encompasses a variety of phases
and (critical) transition lines. Recently, several methods
based on Tensor Network states [26–29] have been pro-
posed to compute SRE, utilizing both exact [30, 31] and
sampling-like [32–36] approaches. In this work, we em-
ploy a combination of exact diagonalization and Monte
Carlo sampling [37].

Our results indicate that, regardless of the phase of
matter considered, nonstabilizerness is always extensive.
However, the magnitude of such extensive scaling varies
widely over the phase diagram: Ordered and disordered
phases are characterized by low and high values of non-
stabilizerness, respectively, with critical lines in between.
Most importantly, our work provides a first throughout
investigation of the relation between magic and criticality
in gauge theory - a fact that is presently debated even
in the context of spin chains, where different scenarios
have been reported [32, 34, 35, 37]. The absolute value
of nonstabilizerness fails, in general, to detect transition
points - as already observed in other models [35, 37] -,
while maxima of derivatives locates critical points pre-
cisely [31, 37, 38].

The aforementioned findings suggest that the digital
quantum simulation of gauge theories on error-corrected
devices will generically require at least linear with size
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FIG. 1. Gauge invariant nonstabilizerness across the phase
diagram of the U(1) quantum link model for L = 30. The
black solid line represents an exactly solvable line, (7), while
the red dashed lines represent the integrable lines. The red
(dark green) circle shows the location of the Potts (tricritical
Ising) point in the phase diagram, while the blue points show
the location of the maximum derivatives across the transition
at U = −5.

nonstabilizer resources, whose scaling is, however, not
necessarily worst close to the continuum limit. From a
basic science viewpoint, the results suggest a strong con-
nection between nonstabilizerness and critical behavior,
confirming similar results in the context of statistical me-
chanics models without gauge symmetries.

Model Hamiltonian. - The model we are interested in
is a lattice version of the Schwinger model [39, 40] in the
quantum link formulation [23, 41–43]. It describes the
dynamics of fermionic particles, denoted by Φj and resid-
ing on the lattice site j, mediated by a U(1) gauge field.
The latter is represented by a spin-1/2 operator residing
on each bond, with the electric field Êj,j+1 = Sz

j,j+1. We
employ Kogut-Susskind (staggered) fermions [44], with
the conventions that holes on odd sites represent anti-
quarks q̄, while particles on even sites represent quarks
q. Their dynamics is described by [7]:

H = −w
L∑

j=1

(Φ†
jS

+
j,j+1Φj+1 + h.c.) +m

L∑
j=1

(−1)jΦ†
jΦj

+ V

L∑
j=1

Sz
j−1,jS

z
j+1,j+2 + J

L∑
j=1

(Sz
j,j+1 − θ/π)2. (1)

Here, the first term describes the minimal coupling be-
tween gauge and matter fields, the second is the mass
term, the third is a four-Fermi coupling between matter
particles, and the last is the electric field, with θ being
a topological angle that, in the following, we will fix to
θ = π. The generators of the U(1) gauge symmetry are

defined as

Gj = Ej,j+1 − Ej−1,j − Φ†
jΦj +

1− (−1)j

2
, (2)

and satisfy [H,Gj ] = 0, so that gauge invariant states
|Ψ⟩ satisfy Gauss law Gj |Ψ⟩ = 0 for all values of j.
For practical reasons, it is convenient to work in a

formulation where the matter fields are integrated out.
The corresponding duality has been derived in Ref.
[10], showing that Eq. (1) is equivalent to the Fendley-
Sengupta-Sachdev spin-1/2 chain [45]:

H = w

L∑
j=1

σx
j + U

L∑
j=1

nj + V

L∑
j=1

njnj+2, (3)

with the constraint njnj+1 = 0. Here, nj = (σz
j + 1)/2,

m = −(U + V )/2, and we set w = −1.
The model phase diagram, schematically depicted in

Fig. 1, is very rich. It features two symmetry-broken
phases (that we denote Z2 and Z3 phases, as they break
translation symmetry by 2 or 3 lattice sites), a para-
magnetic phase, and a gapless phase (whose extent is
however very small, and only established at very strong
coupling). Starting from V = 0, the transition separating
Z2 and paramagnetic phase belongs to the Ising univer-
sality class and then becomes first order after a tricritical
Ising point. The transition between Z3 and the param-
agnetic phase is debated. However, along the integrable
line (red-dashed in Fig. 1), critical behavior is dictated
by the Potts universality class, and it is located precisely

at VPotts = (
√
5+1
2 )5/2.

Gauge invariant nonstabilizerness. - Our main goals
are to understand how many non-Clifford resources are
needed to represent ground states of H in different
phases, and if, when approaching the continuum limit
(that is, close to critical lines), nonstabilizerness behaves
in a specific manner or not. In the context of quantum
computing and digital quantum simulation, this question
can either be asked on the entire Hilbert space, or on the
gauge invariant Hilbert space. In terms of resource effi-
ciency, it is natural to disregard the former and focus on
the latter case (we note that the latter is also a rigorous
upper bound for the former). The reasons are multiple:
(a) in the latter case, the number of qubits needed is
much smaller with respect to the first case; and (b) by
focusing directly on implementing the dynamics within
the gauge invariant subspace, issues of gauge violation
(which are known to lead to considerable computational
overheads, both in terms of postselection and in terms
of Hamiltonian engineering) are automatically resolved.
We will thus focus on the amount of nonstabilizerness re-
quired to realize states using Clifford gates directly onto
the gauge invariant subspace: We denote this as gauge
invariant nonstabilizerness.
In the dual formulation, the only remnant of the orig-

inal gauge invariance is a nearest-neighbor constraint:
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this implies that our nonstabilizerness quantification
shall be intended as the amount of non-Clifford resources
necessary to generate a state without leaving the gauge
invariant sector of the theory. For the case of global
symmetries, an in-depth study of these aspects has been
reported in Ref. [46].

To address this question, we are going to quantify
nonstabilizerness via Stabilizer Rényi Entropies (SREs)
[25, 47]. For a pure quantum state |ψ⟩, this quantity is
defined as

Mn (|ψ⟩) =
1

1− n
log

{ ∑
P∈PL

⟨ψ|P |ψ⟩2n
2L

}
. (4)

where PL is the group of Pauli string of L qubits. We
are going to focus on the special case of n = 2. SREs
and other nonstabilizerness measures have already found
widespread application in the context of statistical me-
chanics models, in particular in the context of critical
behavior [30, 31, 34, 35, 37, 48–51], for quenched gauge
theory [37], and also real-time dynamics [52–60]. SREs
are also experimentally measurable [61–65].

Exactly solvable line. - We start our investigation
by analytically obtaining the SRE-2 density m2 (M2/L)
along the exactly solvable line, represented by the solid
black line in Fig. 1. This line is described by the condi-
tion:

3V 2 + UV = 1 (5)

with V > 0, which can be parameterized by

V = eβ

U = e−β − 3eβ .
(6)

The Hamiltonian on this line has the form of the
frustration-free Rokhsar-Kivelson-type Hamiltonian [66–
68], and the ground state is in the disordered phase for
any value of β. Along this line, the ground state wave-
function can be written as [66–68]

|ψ(β)⟩ = 1√
Z(β)

∑
s∈FN

eβ
∑

i

σz
i
2 |s⟩ , Z(β) =

∑
s∈FN

eβ
∑

i si .

Here, FN is the set of configurations for a periodic chain
of N spins, which respects the nearest-neighbor blockade
constraint. Z(β) can be seen as a classical partition func-
tion at temperature T = 1/β. The wavefunction has an
MPS representation with bond dimension χ = 2 [69], so
bipartite entanglement is bound by ln 2.

We compute m2 along this line using the technique of
Ref. [37], yielding

m2 = − log
16λ(

e−β +
√
e−2β + 4

)4 , (7)
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FIG. 2. (a) SRE-2 density versus V in the RK line. The
solid line represents the exact result obtained using (7), while
red (blue) circles are the numerical result for β = 0 (β ≈
0.69) with L = 30; (b) Numerical convergence of m2 with the
number of sampled states N for two different points in the
solvable line. For N = 800, the numerical error in m2 is less
than 1%. (c) Finite-size effects in m2 for two different points
in the RK line.

for large L. Here, λ is the largest root of the cubic equa-
tion

x3 − (1 + e−4β)x2 − (1 + 13e−4β)x+ 1 = 0. (8)

The corresponding result is depicted in Fig. 2(a), and in-
dicates that (i) M2 is always extensive along the entire
solvable line; and (ii) gauge invariant nonstabilizerness
has a very distinct behavior with respect to entangle-
ment, that is instead size-independent and almost con-
stant over the entire solvable line. It is instead not imme-
diately clear how nonstabilizerness and critical behavior
are related (the regime closest to criticality is for V ≳ 3):
To address this point, it is important to move away from
the solvable line and investigate the phase diagram using
numerical simulations.

Towards the continuum limit: Nonstabilizerness and
critical points. - We obtain the ground state of (3) via
exact diagonalization (ED) of periodic chains. The com-
bination of gauge invariance and translational invariance
significantly reduces the Hilbert space dimension, allow-
ing us to obtain and sample the ground state of systems
up to 42 spins [70].

Evaluating (4) using methods such as the Pauli-
Markov chain [34, 35] becomes challenging due to the
large number of samples required to achieve relatively
small errors, while via direct sampling is prohibitive
due to precision issues. However, for any state |ψ⟩ =∑

s cs|s⟩, the SRE-2 can be rewritten in a more conve-
nient expression for Monte Carlo sampling [37]
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FIG. 3. Absolute value of the first derivative of the SRE-2
density with respect to (a) U and (b) V across the entire phase
diagram (Fig. 1). The transition lines that separate ordered-
disordered phases are well captured by the first derivatives,
showing the sensitivity of nonstabilizerness to criticality.

exp(−M2) =
∑

s(1),s(2),s(3),s(4)

[
cs(1)cs(2)cs(3)cs(1)s(2)s(3)

c∗s(1)s(2)s(4)c
∗
s(1)s(3)s(4)c

∗
s(2)s(3)s(4)c

∗
s(4)

]
,

(9)

where s(a) represents the basis states. This formulation
allows direct sampling over the ground state coefficients
|cs|2, enabling perfect sampling by considering

(
N
4

)
com-

binations from N samples. To validate this method - ap-
plied to gauge theories for the first time - we confirmed
that m2 matches the analytical solution from Eq. 7 for
two different points along the solvable line, depicted as
red and blue circles in Fig. 2. It yields small errors for
different values of N and no significant finite-size effects
are observed; see [70] for more details.

We now move away from the solvable line and explore
the relation between gauge invariant nonstabilizerness
and phase transitions. In Fig. 1, we plot m2 across three
main phases of the model. In ordered phases, the SRE-2
density has low values of nonstabilizerness, with its mag-
nitude decreasing as we delve deeper into these phases.
Oppositely, m2 has significantly higher values in the dis-
ordered phase and it behaves nonuniformly across it. Its
maximum happens near the exact solvable line, reaching
m2 ≈ 0.42.

With m2 showing a different behavior across different
phases, it seems natural to look at the first derivatives of
m2. In Fig. 3, we show how the derivatives capture the
ordered-disordered transition across the FSS diagram,
with the transition lines between different phases be-
ing well delimited. Therefore, similarly to entanglement,
gauge-invariant nonstabilizerness is sensitive to critical-
ity, but in a distinct manner: Instead of being maximal
at the critical point, the phase transitions are signaled by
a maximum of the first derivatives of m2, which shows

discontinuities at these points. Let us note that since the
wavefunction is not analytic at the critical point, observ-
ables or their derivatives should reveal singularities - see,
e.g., the Bose-Hubbard model [71, 72].
Potts Critical point: We now clarify the connection be-

tween nonstabilizerness and field theories, taking place
along critical lines. We start by inspecting the case

VPotts = (
√
5+1
2 )5/2, examining howm2 behaves as a func-

tion of U , as shown in Fig. 4(a). It shows a smooth tran-
sition from Z3 ordered phase, wherem2 has relatively low
values as displays a sublinear scaling with L, to a perfect
linear scaling in the disordered phase, which does not
show any finite-size effect in the SRE-2 density m2 [70].
There is no indication of phase transitions at the criti-
cal point, represented here as a dashed line. However,
as depicted in Fig. 4(d), the first derivative of m2 peaks
precisely at the critical point, showing the sensitivity of
the first derivative to the criticality.
Tricritical Ising point: In the vicinity of the tricritical

Ising point, the scaling of m2 is different, as it seems
to peak in the vicinity of the transition (where it also
becomes size-independent). Most importantly, however,
its derivative still peaks at the critical point, exhibiting
a size-dependent maximum.
Phase diagram cut at U = −5: We then check how m2

behaves across a phase diagram cut, featuring two or-
dered phases separated by a disordered one [see Fig. 4(c)].
As expected, the value of m2 is maximum in the disorder
phase and does not show very clear features at transi-
tion points. Instead, again, its derivative displays two
clear peaks at the transition points. These two different
points in V correspond to the blue points in the phase
diagram (Fig. 1), showing that indeed the location of the
disordered phase can be captured by the first derivative
of m2. We thus conclude that, for the model at hand,
while the value of m2 does not behave generically close
to the continuum limit, its derivative always shows signs
of critical behavior [73].
Conclusions and outlook. - We have investigated how

nonstabilizerness behaves in lattice gauge theory, intro-
ducing the notion of gauge invariant nonstabilizerness -
that is, nonstabilizerness in the context of gauge invari-
ant operations. In 1D U(1) lattice gauge theory, full-
state nonstabilizerness peaks in trivial phases but does
not necessarily indicate the presence of phase transitions,
while its derivatives always do. This signals that nonsta-
bilizerness, in gauge theories, behaves remarkably differ-
ently from entanglement. From a practical viewpoint,
our results indicate that realizing gauge theory dynam-
ics on error-corrected quantum computers might be par-
ticularly resource intensive, as, in the continuum limit,
nonstabilizerness is always extensive. The fact that our
lower bounds are nevertheless relatively small shall moti-
vate further study on optimal compilation, which, so far,
have returned very major resource requirements [74–77].
It would be interesting to explore such features for non-
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FIG. 4. SRE-2 density m2 (upper panel) and its derivative (lower panel) at various cuts in the phase diagram. The critical
points are determined by the expression U = −V + 1/V , with the Potts (tricritical Ising) critical point occurring at V = VPotts

(or V = −VPotts). The first derivatives peak precisely at these critical points, as shown in panels (d) and (e). Panels (c) and
(f) illustrate the behavior of m2 and its first derivative at U = −5.0, respectively.

Abelian lattice gauge theories, where analog and digital
implementations have gathered significant attention over
the past years - some of them focusing precisely on the
model we discuss here [77–84], as well as within effective
models relevant for particle theory [85, 86].
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[84] G. Calajó, G. Magnifico, C. Edmunds, M. Ringbauer,
S. Montangero, and P. Silvi, Digital quantum simulation
of a (1+ 1)d su(2) lattice gauge theory with ion qudits,
PRX Quantum 5, 040309 (2024).

[85] C. E. Robin and M. J. Savage, The magic in nuclear and
hypernuclear forces (2024), arXiv:2405.10268 [nucl-th].

[86] C. D. White and M. J. White, The magic of entangled
top quarks (2024), arXiv:arXiv:2406.07321 [hep-ph].
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SUPPLEMENTARY MATERIAL:
NONSTABILIZERNESS IN U(1) LATTICE

GAUGE THEORY

Nonstabilizerness of “rainbow”-like state

Here, we show that our results can also be used to
compute the SRE of the “rainbow”-like state

|E⟩ = 1√
χ

∑
f∈FL

(−1)|f | |f⟩ ⊗ |f⟩ , (S.1)

which is an exact volume-law entangled eigenstate at
energy E = 0 in the PXP chain with PBCs and size
N = 2L. Here, |f | denotes the parity of a given config-
uration. The normalization is given by χ = ZL(β = 0).
We first notice that applying the operator ⊗L

i=1σ
z
i to |E⟩

removes the (−1)|f | factor. Since the operator is a Clif-
ford gate, the SRE-2 is unchanged. We immediately see
that the SRE density of |E⟩ is given by half of the SRE
density of |ψ(β = 0)⟩, which is m2 ≈ 0.1733. This re-
sult is within the errorbar of the numerical calculation
in Ref. [87]. This highlights the wide applicability of
the method employed here, as it is useful beyond states
efficiently represented by low bond dimension tensor net-
works.

Nonstabilizerness is always extensive

In this section, we demonstrate that M2 is always an
extensive quantity, even in ordered phases. In Fig. S-
1(a), we can see thatM2 is always extensive with system-
size L near the Potts critical point and, therefore, the
amount of non-Clifford resources needed to simulate the
two distinguish phases always grows with L.
However, one can observe that M2 has a sublinear de-

pendence with L, as it is clear from Fig. 4(a) in the main
text. This behavior is merely a finite-size effect, with
the asymptotic scaling being a linear dependence with L.
To illustrate this, we assume a power-law growth of M2
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FIG. S-1. (a) System-size dependence of M2 near the Potts
critical point, showing that the gauge-invariant nonstabilizer-
ness is always an extensive quantity; (b) Power-law exponent
α at different fitting ranges. Although a sublinear behavior is
observed in the ordered phase, it flows towards a linear scal-
ing in the asymptotic limit.

(M2 = ALα) and show in Fig.S-1(b) how the power-law
exponent α changes assuming different fitting ranges. In
the ordered Z3 phase, it can be seen that the exponent
grows as the system-size range of the fitting increases,
and this suggests that the asymptotic behavior of M2

always grows linearly with L.
The results in the other cuts analyzed throughout this

paper are similar. Near the Tricritical Ising point, the
SRE density m2 becomes system size independent, show-
ing that the gauge-invariant nonstabilizerness is a quan-
tity that always grows linearly with system size, inde-
pendent of the nature of the phase. The same conclusion
can be obtained by looking at the third cut in the phase
diagram where, despite some finite-size effects at small
values of L, the curves of m2 for L = 30,36 and 42 nearly
overlap with each other.

Sampling method and error analysis

The ground state |ψ⟩ =
∑

s cs|s⟩ of the U(1) QLM
is obtained using exact diagonalization directly in its
dual formulation (Eq. 3 of the main text). The Gauss
law (nearest-neighbor constraint in the dual formulation)
strongly reduces the growth of the Hilbert space dimen-
sion, which scales as dimHL = FL−1 +FL+1, where Fi is
the i-th Fibonacci number and L is the number of matter
sites. In the limit of large L, the Hilbert space dimension
is given by dimHL ∼ (1.618)L. Moreover, the periodic
boundary conditions allow us to diagonalize the system
directly within the momentum sector where the ground
state resides. Therefore, by leveraging these two features,
we can obtain the ground state of systems up to L = 42
matter sites using Krylov space techniques.

Once we obtain the ground state in the momentum
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FIG. S-2. Boxplot of 50 different runs along the exact solvable
line (V = 2) for L = 36 qubits. Although different simulations
yield different results, the difference between the mean value
(red dashed line) and the exact solution (black dashed-dotted
line) is less than 0.2%, showing the accuracy of our results.

space, we transform it back to the real space. We then
perform perfect sampling directly on its coefficients |cs|2
and compute all

(
N
4

)
possibilities to choose from N sam-

ples selected according to the cumulative distribution of
the ground state coefficients (see Eq. 9 of the main text).

Although the gauge constraints eliminate many possi-
bilities, we achieve a good numerical convergence by set-
ting a sufficiently large number of samples and averaging
over 50 different realizations (see details below). The pre-
cision of our method is shown in Fig. 2(a) of the main
text, where we benchmark the numerical results along the
exact solvable line. It shows perfect agreement with the
analytical prediction (black solid line), illustrating the
robustness of our numerical algorithm. The convergence
of m2 with N is relatively fast for moderate system sizes
(L = 30 qubits), as shown in Fig. 2(b), yielding errors
of less than 1% for any value of N considered. Addi-

tionally, no finite-size effects are observed, with numerics
matching the analytical prediction already for systems
with L = 15 spins (c.f. Fig. 2(c)).
It is important to stress that, because of the gauge con-

straint, a single Monte Carlo run may not be sufficient
to obtain well-converged results. Therefore, to minimize
the uncertainties in the computation of m2, we perform
50 independent runs and average the results. The statis-
tical uncertainty is obtained by assuming that different
runs are uncorrelated with each other, and is given by

σm2
=

√
⟨(m2 − ⟨m2⟩)2⟩

Nreal
(S.2)

where ⟨m2⟩ is the average over Nreal different Monte
Carlo runs. To benchmark the convergence of our nu-
merical procedure, we set N = 500 and evaluate the al-
gorithm at a specific point along the solvable line (Eq. 7
of the main text) where the system has a large amount of
nonstabilizerness (m2 ≈ 0.42). The different results for
L = 36 are illustrated in Fig. S-2 in a boxplot representa-
tion, which conveniently shows how spread different runs
can be. The difference between different runs is due to
the Gauss law, which highly constrains the model so that
the number of nonzero elements in the sum is much less
than

(
N
4

)
terms. However, the relative error between the

mean value (red dashed lines) and the exact result (black
dashed-dotted line) is approximately 0.16%, showing the
robustness of our results.
It is important to mention that, throughout the letter,

we consider at least N = 500 samples. Therefore, despite
the constraints imposed by the Gauss law, the statistical
uncertainty is less than 1%, even for the largest system
size available (L = 42). However, our method loses its
precision very quickly as L grows, and one needs to con-
sider N > 500 samples for higher system sizes.


