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Weak convergence in probability of predictive distributions
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Abstract

Let (X,) be a sequence of random variables with values in a standard Borel space S.
We investigate the condition

E{f(Xn4+1)| X1,...,Xn} converges in probability, *)

as n — oo, for each bounded Borel function f : S — R.

Some consequences of (*) are highlighted and various sufficient conditions for it are
obtained. In particular, (*) is characterized in terms of stable convergence. It is
also shown that, under (*), there is a random probability measure « on S such that
E{f(Xn41) | X1,..., Xn} £ | f da for each bounded Borel f. Moreover, since (¥)
holds whenever (X,) is conditionally identically distributed, three weak versions of
the latter condition are investigated. For each version, our main goal is proving (or
disproving) that (*) holds. Several counterexamples are given as well.
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1 Introduction

Throughout, (5, B) is a standard Borel space, that is, S is a Borel subset of some
Polish space and B the Borel o-field on S. We denote by 1, (S) the set of real bounded
B-measurable functions on S and we let Cy,(S) = {f € M(S) : f is continuous}.

A random probability measure (r.p.m.) on S, defined on a probability space (2, A, P),
is a map v on €2 x B such that:

— v(w, +) is a probability measure on B for fixed w € Q;

— the function w — ~(w, B) is A-measurable for fixed B € B.

If f € My(S), we denote by (f) the real random variable w — 7(w, f) where

Y@, f) = / f(@) 1w, dz).

Moreover, if f = 15 for some B € B, we let v(B) = v(1p).
Let v, and v be r.p.m.’s on S. In the sequel, we write

Y = 7y a.s. or -, = < in probability
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Asymptotics of predictive distributions

to denote that v, (f) <% v(f) or v, (f) N ~(f), respectively, for each f € C(S). By a
diagonalization argument, it can be shown that v,, = = in probability if and only if, for
each subsequence (n;), there is a sub-subsequence (n;, ) of (n;) such thatv,,, = v a.s.
as k — oo; see [4].

1.1 Content of this paper

Let X = (X3, Xo,...) be a sequence of S-valued random variables on the probability
space (2, A, P). Define

Fo=1{0,Q}, F,=0(X1,...,X,), and
an() = P(Xpnp1 €| Fn) for each n > 0.
Each «,, is a r.p.m. on S such that
an(f) = E{f(Xnt1) | Fn}  as. forevery f € M,(S).

The r.p.m.’s «,, are usually called the predictive distributions of the sequence X.

In various frameworks, a (natural) question is whether «,, converges, in some sense,
as n — oo. For instance, convergence of a,, is an important issue in Bayesian inference,
empirical processes for dependent data, species sampling sequences, urn models and
bootstrap; see e.g. [5, 6, 7, 8,9, 12, 13, 15, 16, 19, 21, 22, 24] and references therein.

Two meaningful modes of convergence for «,, are

oy (f) converges in probability, as n — oo, for each f € M,(S) (1.1)
and
o, (f) converges a.s., as n — oo, for each f € M,(95). (1.2)

The latter is strictly stronger than the former, that is, (1.2) trivially implies (1.1) while
the converse is not true; see Example 4.1. In addition, (1.2) is more popular than (1.1).
In fact, (1.2) implies a.s. weak convergence of predictive distributions, which is the
usual notion of convergence for r.p.m.’s.

Even if almost neglected, however, condition (1.1) is of interest as well. Some of its
consequences are listed in Section 1.2. Here, we anticipate that (1.1) implies the weak
law of large numbers and asymptotic exchangeability. Moreover, under (1.1), the limit of
oy, (f) can be written as «(f) for a single r.p.m. «. In particular, (1.1) implies «,, = « in
probability for some r.p.m. a.

This paper focuses on condition (1.1). Our main results are a characterization of (1.1)
in terms of stable convergence and various sufficient (but not necessary) conditions.
Moreover, we prove the consequences of (1.1) mentioned above, namely, asymptotic
exchangeability and the existence of a rp.m. « such that «,(f) £, a(f) for every
f € M(S). Another main contribution of this paper is the examples. A number of
examples, highlighting the connections between (1.1) and other related conditions, are
given.

Finally, this paper has also another target. A well known sufficient condition for (1.2)
is that X is conditionally identically distributed (c.i.d.), that is

(X1,...,X,, Xy) isdistributed as (X1,...,X,, X,y1) forallk >n > 0;

see [3]. A natural question is whether (1.2) is still true if the c.i.d. condition is weakened.
Hence, we introduce three weak versions of the c.i.d. condition. In the spirit of this
paper, for each version, our main goal is proving (or disproving) that (1.1) or (1.2) hold.
However, (1.1) and (1.2) are not the only reasons for studying these versions. The
latter are in fact three possible generalizations of the c.i.d. condition, which could be of
interest independently of (1.1) and (1.2).
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Asymptotics of predictive distributions

1.2 Some consequences of condition (1.1)

To motivate condition (1.1), we briefly list some of its consequences.

(i) One of our main results (Theorem 2.1) is that, under (1.1), the limit of a,,(f) can
be written as a(f) for a single r.p.m. «. Precisely, if (1.1) holds, there is a rp.m. e on S
such that ay,(f) L, a(f) for each f € M;(S). In particular, condition (1.1) yields o, = «
in probability for some r.p.m. a.

(ii) Let p,, be the empirical measure, i.e., u, = (1/n) Y., 6x, where §, denotes
the unit mass at the point x € S. Say that X satisfies the weak law of large numbers
if p,(f) = (1/n) Y7, f(X;) converges in probability for each f € M(S). By a (well
known) martingale argument, one obtains

n

pn(f) — % Z%‘q(f) = % Z{f(XZ) - ai_l(f)} 2% 0 for each f € My(S).

i=1

Hence, under (1.1), X satisfies the weak law of large numbers. Precisely, ., (f) N a(f)
for all f € M,(S) where « is the r.p.m. involved in (i).

(iii) By (ii), condition (1.1) implies u,(f) — an(f) L, 0 for each f € My(S). Hence,
for large n, the empirical measure p,, is a good approximation of the predictive «,,. Using
a statistical language, under (1.1), u,, is a consistent estimator of «,,.

(iv) Condition (1.1) implies that X is asymptotically exchangeable, that is

(Xn+1, Xnt2,...) — (Z1,Z2,...) in distribution, as n — oo,

where (Z1, Zs, . ..) is an exchangeable sequence. This is proved in forthcoming Theorem
2.2, which slightly improves a result by Aldous. More precisely, in Lemma (8.2) of [1],
Aldous proves that X is asymptotically exchangeable provided «,, = « a.s. for some
r.p.m. «. Instead, in Theorem 2.2, asymptotic exchangeability is obtained under the
weaker condition that «,,(f) converges in probability for each f € Cy(S).

2 An analysis of condition (1.1)

This section includes our main results (apart from the examples). We recall that, in
such results, (S, B) is a standard Borel space. This assumption is basic. Indeed, if (.5, B)
is arbitrary, a regular conditional distribution for X, ; given F, may fail to exist. In
addition, convergence of «,(f) for each f in a given class of test functions does not
necessarily imply «,, — «, in some sense, for some r.p.m. «; see Example 2.1 of [4].

Given a sub-o-field G C A, a r.p.m. « is said to be G-measurable if the function
w — a(w, B) is G-measurable for fixed B € 5.

Theorem 2.1. Let 7 = (), 0(Xy, Xn+1,...) be the tail o-field of X. If condition (1.1)

holds, there is a rrp.m. « on S such that « is T-measurable and a,,(f) L a(f) for each
fe My(S).

Proof. Suppose condition (1.1) holds. The proof can be split into three steps. The first
is just an application of Corollary 2.4 of [4]. In fact, since (5, B) is standard Borel and
o, (f) converges in probability whenever f € C,(S), Corollary 2.4 of [4] yields «,, = a in
probability for some r.p.m. « on S. The second step is proving that o can be taken to be
T-measurable. The third step, based on a monotone class argument, lies in showing that

an(f) il a(f) for each f € M,(S) (and not only for each f € Cp(S5)).
We next turn to the second step, that is, we obtain a 7-measurable version of «. Let
pn = (1/n) Y, x, be the empirical measure. By point (ii) of Section 1.2, since «,, = «

ECP 31 (2026), paper 16. https://www.imstat.org/ecp
Page 3/15


https://doi.org/10.1214/26-ECP765
https://imstat.org/journals-and-publications/electronic-communications-in-probability/

Asymptotics of predictive distributions

in probability, one obtains u,, = « in probability. By a diagonalization argument, there is
a subsequence (n;) such that yu,; = a a.s. as j — oo; see Section 1. Define

A= {w € Q: iy, (w,-) converges weakly as j — oo}

and note that A € 7 and P(A) = 1. Moreover, fix a probability measure 5, on B and
define f(w,-) = By forw ¢ A and f(w,-) = lim; yu,, (w,-) for w € A, where lim; is meant
as the weak limit as j — oo. Then, 3 is 7-measurable and a(w, -) = f(w, -) for almost all
w € A. Therefore, 5 is a 7-measurable version of .

Finally, we focus on the third step, i.e., we prove that o, (f) N a(f) forall f € M(S).

For each f € M,(S), fix a random variable v(f) satisfying «,(f) £, v(f) and define
L={feM(S):alf) =v(f)as.}. Then, L O C,(S) and L is a linear space including
the constants. Hence, it suffices to show that, for each f € M,(S5),

f € L provided f; — f pointwise for some monotone sequence (fj) C L.

Under this condition, in fact, the monotone class theorem yields L = M;(S).

We now prove such condition. Fix f € M;(S) and a monotone sequence (f;) C L such
that fr — f pointwise. Since L is a linear space, (fx) can be assumed to be increasing,
i.e. f1 < fo <...In this case,

olf) = swpalfi) = swpr(fi) <v(f)  as,

In addition, since P(X,, € B) = E{a,_1(B)}, condition (1.1) implies that lim,, P(X,, € B)
exists for every B € B. Define

A(B) =lim P(X, € B) and X"(B)=E{a(B)} forall B e B.
By the Vitali-Hahn-Saks theorem, ) is a probability measure on B. Moreover,
Ag) = lim E{an(9)} = E{v(9)} = B{a(9)} = \"(g) forall g € Cy(S).
Therefore, A = A\* and this in turn implies
E{v(f) —a(f)} = B{v(f)} - E{a(f)} <limE{an(f)} = Mf) = A(f) = A(f) =0,

where the inequality is due to Fatou’s lemma. Since v(f) — a(f) > 0 a.s., it follows that
a(f) =v(f) a.s. Hence, f € L and this concludes the proof. O

An obvious weakening of condition (1.1) is
an(f) converges in probability, as n — oo, for each f € Cy(S5). (2.1)

Condition (2.1) is strictly weaker than (1.1); see Example 4.2. However, it arises quite
frequently. For instance, condition (2.1) amounts to «,, = « in probability for some r.p.m.
a; see Corollary 2.4 of [4]. To make a further example, let us introduce the condition

hrILn P(X,, € B) exists for every B € B. (2.2)
Then, by the same argument of Theorem 2.1, it can be shown that
(1.1) <= (2.1) and (2.2).
Note also that condition (2.2) is trivially true if the sequence X is identically distributed.

Finally, condition (2.1) implies asymptotic exchangeability.
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Theorem 2.2. Condition (2.1) implies asymptotic exchangeability of X .

As discussed in point (iv), Theorem 2.2 slightly improves a result by Aldous [1].

The proof of Theorem 2.2 is postponed to the end of this section. Here, we note that
the converse of Theorem 2.2 does not hold, i.e., asymptotic exchangeability does not
imply condition (2.1); see Example 4.3. A further remark is that, since exchangeability
amounts to stationarity and asymptotic exchangeability, Theorem 2.2 yields

X exchangeable < X stationary and condition (2.1) holds.

We now give some characterizations of condition (1.1). Let AT = {A €eA:P(A) > O}.
Recall that X,, converges stably to o, where « is a r.p.m. on S, if

P(X,e-|H) ““BYB{a()|H} forall He A".

Equivalently, E{a(f) | H} =lim,, E{f(X,) | H} forall f € C},(S5) and H € A".

Theorem 2.3. Condition (1.1) holds if and only if condition (2.2) holds, X,, converges
stably to «, for some r.p.m. o on S, and

E{a(f)?} =lim E{a,(f)?}  forall f € Cy(S). 2.3)
Proof. First note that, if H € F}, for some k, then
E{lH f } E{lH (Xn) | ]:n—l)} = E{lH Oén_l(f)} a.s. (2.4)

for all f € M(S) and n > k.
Assume condition (1.1). By Theorem 2.1, there is a r.p.m. « on S such that « is

T-measurable and «a,(f) N a(f) for each f € My(S). Hence, condition (2.3) follows
from the bounded convergence theorem. Next, fix f € Cy(S). If H € |J,, Fr and P(H) > 0,
one obtains

E{a(f |H}—hmE{an |H}:lirrlnE{f(Xn)|H}

where the second equality depends on (2.4). Since 7 C ¢(X) and « is 7-measurable, by
standard arguments, this implies

E{a(f |H}7hmE{f n) |H}  forall H e AT,

Hence, X,, — « stably. Finally, condition (2.2) holds since (1.1) < (2.1)-(2.2).

Conversely, assume conditions (2.2)-(2.3) and X,, — « stably. Since (2.2) holds, to
obtain (1.1), it suffices to prove condition (2.1). Fix f € C,(S). Since X,, — « stably,
using equation (2.4) and arguing as above, one obtains

Efa(f) | H} =lm E{an(f) | H} ~ forall H € AT, (2.5)

Since a(f) is bounded and .A-measurable, «(f) is the uniform limit of a sequence (Uj) of
A-simple functions. Since Uy — «(f) uniformly, as k¥ — oo, equation (2.5) implies

E{a(f)?} = lim E{Uy a(f)} = limlim E{U} on(f)}
= limlim E{Uy aa (f)} = lim E{a(f) an (1) }.
Hence, condition (2.3) yields

E{(an(f) _a(f))Q} = E{O‘(f)Q} +E{O‘n(f)2} _2E{an(f) O‘(f)} — 0.

Therefore, a,(f) il a(f) and this concludes the proof. O
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The next result deals with a special case. Recall that u, = (1/n) Y., dx, denotes
the empirical measure.

Theorem 2.4. Suppose that, for each f € M,(5),
un(f) converges in probability to a degenerate random variable. (2.6)
Then, condition (1.1) is equivalent to condition (2.2) and
lim E{ vy (f)?} = lim E{f(X,)}* foreach f e My(S). (2.7)

Proof. Assume condition (1.1). Then, condition (2.2) holds. Moreover, as noted in point
(ii), there is a r.p.m. « such that a,(f) N a(f) and p,(f) AN a(f) for all f € My(S).
Since pn(f) L, a(f), condition (2.6) implies that «(f) is degenerate. Therefore,

2 2
lim E{an(f)2} = E{a(f)?} = (E{a()})" = (lm E{an1(N)}) = lm B{f(X.)}

where the second equality is because «(f) is a degenerate random variable.

Conversely, assume conditions (2.2) and (2.7). By (2.2) and the Vitali-Hahn-Saks theo-
rem, A(-) := lim,, P(X,, € -) is a probability measure on B such that A(f) = lim,, E{ f(X,,)}
for each f € M,(S). Hence, condition (2.7) yields

E{(an(f) = M)} = B{an(H?} + AN = 2MH) E{f(Xpi)} — 0. O

Condition (2.6) is known to be true in various meaningful cases. For instance, it is
true if X is stationary and ergodic, or pairwise independent and identically distributed,
or an irreducible positive recurrent Markov chain. More generally, condition (2.6)
holds if X satisfies the weak law of large numbers (see point (ii) of Section 1.2) and
P(H) € {0, 1} for each H in the o-field generated by the random variables lim sup; j,,; (f),
where f € M(S) and (n;) is any subsequence. We also note that, in the special case
where X is pairwise independent, Theorem 2.4 is analogous to a characterization of
convergence in probability of X,, proved in [14].

To get condition (1.1) via Theorem 2.3, one should first identify the r.p.m. . We next
provide a version of Theorem 2.3 not involving « explicitly.

Theorem 2.5. Condition (1.1) holds if and only if condition (2.2) holds and

2

lim E{f(X,) | H} exists, p,(f) converges in probability, (2.8)
n

and limE{an(f)2 - un(f)Q} =0 forall f € Cy(S) and H € A*.

Proof. The “only if” part follows trivially from Theorem 2.3 and point (ii). Conversely,
assume conditions (2.2) and (2.8). Since (S, B) is standard Borel and lim,, E{ f(X,,) | H}
exists for all f € C,(S) and H € AT, there is a r.p.m. a on S such that X,, — « stably. By
Corollary 2.4 of [4], since pu,(f) converges in probability for all f € Cy(.S), there is also a
r.p.m. p on S such that u,, = p in probability. Moreover, by (2.8),

E{M(f)2} = liﬁnE{Mn(f)Q} = li7rlnE{an(f)2} for all f € Cy(95).

Hence, because of Theorem 2.3, it suffices to see that «(f) = u(f) a.s. for each f € Cy(S).
Fix f € Cy(S) and recall that 11, (f) — 2 7" | o;—1(f) =5 0; see point (ii) again. For all
H € At, one obtains

E{a(f) | H} = lim B{ f(X,)) | H} = lim B{a,(f) | H}
—tim " B2 (f) | H) =lim B{un(f) | H} = B{n(f) | H}.
i=1
It follows that a(f) = p(f) a.s., and this concludes the proof. O
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In view of the next example (and of Section 3.2) we briefly recall the notion of quasi-
martingale. Let (Y,,) be a sequence of real integrable random variables adapted to a
filtration (G,). Then, (Y,,) is a quasi-martingale with respect to (G,,) if

ZE‘ rL+1|grL _Yn < 0.

For instance, a non-negative supermartingale is a quasi-martingale (but not necessarily
a martingale). Importantly, Y,, converges a.s. provided it is a quasi-martingale such that
sup,, E|Y,| < oc.

Example 2.6. (Empirical based predictive distributions) For each n > 1, fix a
constant ¢, € (0,1), a F,,-measurable r.p.m. 3,, and define

Qp = Cnﬂn+(1 7Cn)/‘n = Un + Cp (ﬂn *,Ufn)~

Predictive distributions of this type play a role in various frameworks, including empirical
processes for dependent data, species sampling models, Bayesian predictive inference
and bootstrap; see e.g. [6, 8, 12, 15, 18, 24] and references therein. Anyway, because of
Theorem 2.5, condition (1.1) holds whenever

¢, — 0 and Z

n+1 < o0

To check the conditions of Theorem 2.5, fix f € M;(S). Since f is bounded and ¢,, — 0,

E{an(£)? = un(F)?} = ci E{(Bu(f) = ()} + 20 E{tn(f) (Bu(f) = 1 ()} — O.
Moreover, since

= inl£) 4 5 (Balf) = pa(D)  as,

then
S E|B{ (7)1 i = m(F)] < 2 suplf] 3 250 <

Therefore, pu,(f) is a quasi-martingale, and this implies that u,(f) converges a.s. In
particular, condition (2.2) holds. In fact, letting f = 13, one obtains

lim P(X,, € B) =lim E{a,_1(B)} =lim E{p,—1(B)} exists for every B € B.
n n n

It remains only to show that lim,, E{ f(X,) | H} exists for each H € A™. To this end, by
standard arguments, it can be assumed H € F, N A" for some k > 1. In this case, the
existence of lim,, E{ f(X,,) | H} follows from ¢, — 0, p,(f) converges a.s., and

E{lg f(Xn+1)}=E{lg ()} =E{lg pn(f)} +cn E{1t (Bn(f)—pn(f))} foralln > k.
To close this section, we provide a proof of Theorem 2.2.

Proof of Theorem 2.2. Suppose condition (2.1) holds. The proof can be split into four
steps. The first coincides with the corresponding step of the proof of Theorem 2.1.
Indeed, by [4, Cor. 2.4], there is a r.p.m. « on S such that a,, = « in probability. The
second step is proving that X,, — « stably. The third step is showing that

1ir]anE{f(Xn+1) 9(Xns2)} = E{a(f)a(g)}  forall f, g € Cy(S). (2.9)
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The fourth step is to generalize equation (2.9) by induction.
We skip the second step, since X,, — « stably can be proved exactly as in the proof of
Theorem 2.3. Let us turn to the third step, i.e. let us prove (2.9). For all f, g € Cy(S),

E{f nt1) 9(Xnt2 } E{f nt1) B(g(Xn+2) | ]:n-&-l)}
- E{f n+1 an+1 } - E{f 71+1 } + E{f n+1 (an+1(g) - Oé(g))}

Observe now that

|[E{f(Xu11) (ania(9) — al9) }] < suplf|

an+1(9) — a(g)’ — 0.
Moreover, since X,, — « stably and a(g) is bounded and .4-measurable,
li7rlnE{f( nt1) } E{a }

Hence, equation (2.9) follows immediately from the above limit relations.
Finally, regarding the fourth step, we note that

k k
lim £ 14 Xnss) p =EL [[ s (2.10)
j=1

j=1

forall £ > 2 and all fi,..., fi € Cp(S). In fact, (2.10) reduces to (2.9) for k = 2, and it
can be proved by induction in the general case. Equation (2.10) precisely means that
(Xn+1, Xnt2,...) converges in distribution, as n — oo, to the exchangeable sequence
(Z1,Zs,...) whose probability distribution is given by

P(Zy€By,...,Z, € B) = Ha forallk>1and By,...,By€B. O

3 Weak versions of conditional identity in distribution

Recall that X is c.i.d. if (Xq,..., X, Xy) is distributed as (X1, ..., X, X,+1) for all
k >mn > 0. C.i.d. sequences have been introduced in [3] and [20] and then investigated
or used in various papers. See e.g. [2, 6, 7, 8, 10, 11, 15, 17] and references therein.

Condition (1.2) holds whenever X is c.i.d. In this case, in fact, (a,,(f) : n > 0) is a
uniformly bounded martingale for fixed f € M;(S). Hence, a,,(f) converges a.s.

In this section, we focus on three weak versions of the c.i.d. condition. In the spirit of
this paper, our main goal is to investigate whether they are still sufficient for (1.1) or
(1.2). However, such versions are of interest independently of (1.1) and (1.2). Indeed,
they provide three generalizations of the c.i.d. condition which could be useful in various
contexts.

3.1 Conditional identity in distribution of higher order

Let m be a non-negative integer. Say that X is m-c.i.d. if

E{f(Xk) | -Fn} = E{f(Xn+m+1) ‘ ]:n} a.s.

forall k > n+m, alln >0, and all f € M(S). If m =0, then X is c.i.d. if and only if it is
0-c.i.d. Moreover, if X is m-c.i.d., it is p-c.i.d. for all integers p > m.

The m-c.i.d. condition looks reasonable in various problems. As a remarkable special
case, X is m-c.i.d. provided it is identically distributed and m-dependent. (Recall that X
is m-dependent if (X4, ..., X,,) is independent of (X; : i > n + m) for every n).
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The m-c.i.d. condition has been included in this section for it is a natural weakening
of the c.i.d. condition, which looks potentially useful in applications. However, condition
(1.1) may fail when X is m-c.i.d. As shown in Example 4.4, it may be that X is stationary,
m-dependent but not asymptotically exchangeable. In this case, X is m-c.i.d. (for
it is identically distributed and m-dependent) but condition (1.1) fails (for X is not
asymptotically exchangeable).

3.2 Quasi-martingale predictive distributions

Quasi-martingales have been defined in Section 2, just before Example 2.6.

It is straightforward to check that X is c.i.d. if and only if the sequence (o, (f) : n > 0)
is a martingale, with respect to (F,), for fixed f € M,(S). Hence, trivially, a weakening
of the c.i.d. condition which still implies (1.2) is

(an(f) : m > 0) is a quasi-martingale, with respect to (F,,), (3.1)

for each f € M,(S). In fact, under (3.1), a,,(f) converges a.s. since (a,(f) :n > 0)isa
quasi-martingale such that F|«,(f)| < sup|f| for all n. Note also that

an(f) = E{f(Xle) | }—n} and E{anJrl(f) | ]:n} = E{f(Xn+2) | ]:n} a.s.
Therefore, condition (3.1) reduces to

ZE‘E{f(XnH) — f(Xp1) | Fu}| < 0o foreach f € My(S).

In real problems, if X is required to be c.i.d. (or even exchangeable), the predictives
a,, are subjected to a quite strong constraint, and this rules out various meaningful
choices of a,,. An example are kernel estimators. Some choices of «,, which make X
c.i.d. or exchangeable, do not give rise to realistic kernels; see e.g. [2, 8, 9, 18, 24]. On
the contrary, condition (3.1) allows to deal with actual kernel estimators, in the sense
of statistics and learning theory. In fact, non-c.i.d. sequences satisfying condition (3.1)
arise quite frequently in applications. We close this section with a few examples.

Example 3.1. (Recursive predictive distributions) If (2, A) = (S,B), arp.m. on S is
said to be a kernel on (S, B). For each n > 0, suppose

a7z+1(') = QTL(Xh .. 7Xn) O‘n(') + (1 - QH(Xl) .. aX’n)) KTL(XTL+17 ) (32)

where g, : S™ — (0,1) is a Borel function and K,, a kernel on (5, B). This type of predictive
distributions have an intuitive interpretation and are quite popular in Bayesian predictive
inference and species sampling; see e.g. [2, 8, 18, 24]. Since

E‘ E{f(Xnt2) = F(Xn41) | Fu}| < E{lansa(f) — on(£)[}
<2 sup\f|E{1 — qn(X1,.. .,Xn)},

condition (3.1) trivially holds whenever

Z sup (1 — gn(z)) < o0.

zeS™

n
Moreover, since the K, are still arbitrary, they can be chosen so that X is not c.i.d.

Example 3.2. (Convex combinations of kernels) For each n > 0, choose a constant
d, > 0 and a kernel K,,. Define D,, = Z?;OI d; and

n—1
an(-) = (1/Dy) Z d; K;(X;11,) wheren>1.
i=0

Since (3.2) holds with ¢, = D,,/D,,+1, a sufficient condition for (3.1) is > o < o,

n Dpia
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Example 3.3. (Generalized Pdlya urns) An urn contains b > 0 black balls and » > 0
red balls. At each time n > 1, a ball is drawn and then replaced together with a random
number of balls of the same color. Say that B,, black balls or R,, red balls are added to
the urn according to whether Y,, = 1 or Y,, = 0, where Y, is the indicator of the event
{black ball at time n} To model this urn scheme, it is quite natural to let

b " BY:
P(Yyy1=1|B1,R1,Y1,...,Bn, Ry, Yy) = n+ 2 iz BiYi .
b+r+ > (BYi+ Ri(1-Y;))

Urns of this type have an history; see [2, 3, 5, 21, 23] and references therein. Now,
define X,, = (B,, R,,Y,,) and suppose:

* (Bn+t1, Rny1) is independent of (X1, ..., Xpn, Yui1);

* 0< B, R, <bforsomeb>0and E(B,) = E(R,);

s lim, E(B,), lim, E(B2), lim, E(R?) exist and lim,, E(B,,) > 0.
Then, as shown in [5, Sect. 4.3], P(Y,,4+1 = 1 | F,) is a quasi-martingale, so that it
converges a.s. Thus, since (B,41, Rn41) is independent of (X;,...,X,,Y, 1), condi-
tion (1.1) holds whenever E{f(Bn7 Rn)} approaches a limit for every bounded Borel f.

This trivially happens, for instance, if the sequence (B,,, R,,) is identically distributed.
However, X is not necessarily c.i.d.

3.3 Non-adapted c.i.d. sequences

Let (G,,) be a filtration on (9, A, P) satisfying G,, C F,, for each n > 0. Define the
r.p.m.’s
571,(') = P(Xn+1 (S | gn)

and note that 3, (f) = E{f(Xu11) | Gn} a.s. forall f € My(S).
In this section, we assume that

E{f(Xk) | Gn} = E{f(Xn41) | Gn} as. (3.3)

forall k >n > 0and all f € M(S). Then, X is identically distributed (since Gy = {0, 2})
and X is c.i.d. whenever G,, = F, for all n. More importantly, for fixed f € M;(S5), the
sequence (B, (f) : » > 0) is a uniformly bounded martingale with respect to (G,,). Hence,
Bn(f) converges a.s. In addition,

ﬁn(f) = E{f<Xn+1) | gn} = E{E{f(Xn-H) | ]:n} | gn} = E{an(f) | gn} a.s.

Therefore, a (natural) question is whether condition (1.1) holds whenever G,, is close to
Fy, for large n. The next result is a possible answer to this question.

Theorem 3.4. Suppose condition (3.3) holds and define F,, = a(Un}'n) and G, =
a(ungn). Then, a sufficient condition for (1.1) is

liTILnE{an(f)Q} = liTILnE{Bn(f)Q} for each f € My(S). (3.4)
If Goo = Foo, condition (3.4) is necessary as well.
Proof. Fix f € M(S). Under (3.4),
E{ (an(f) = Ba(1)"} = Blan(5)*} + B{Bu()?} = 2B{Ba() E{on()) | Gu}}
- E{an(f)Q} - E{ﬁn(f)Q} — 0.
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Hence, «,(f) converges in probability since a,,(f) — B.(f) ", 0and Bn(f) converges
a.s. (because of (3.3)). Next, suppose G, = F and condition (1.1) holds. By Theorem

2.1, a,(f) £, a(f) where the r.p.m. « is T-measurable. By the martingale convergence

theorem, B3,(f) = E{an(f) | Gn} i E{a(f) | G }. Since T C Foo = Goo and « is
T-measurable, then E{a(f) | oo } = a(f) a.s. Hence, both a,,(f) and 3,,(f) converge in
probability to a(f), so that lim,, E{,(f)?} = E{a(f)?} = lim, E{B.(f)*}. O

In general, under (3.3), condition (1.1) could be expected to be true if G, is close to
F, for large n. However, G, = F is not enough. Indeed, as shown by Example 4.5,
condition (1.1) may fail even if condition (3.3) holds and G, = F.

Finally, apart from (1.1), condition (3.3) helps to get the weak law of large numbers.

Theorem 3.5. Let g : [0,00) — [0, 00) be an increasing function such that g(z) < x for all
x>0 and lim, n~? [|" g(x) dz = 0. Assume condition (3.3) and

Fu—lgtn)) € Gn  foreachn >0
where [] is the integer part. Then, u,(f) converges in probability for each f € M,(S5).

Proof. Let f € M,(S). Since §,(f) converges a.s., it suffices to show that

tim 2 B (370X — ia (1))} =0

n
i=1

or equivalently

tim o S B{(F(X) - B () ()~ 81(5) } =0

For fixed j, since F;_;_4(j—1)] C Gj—1, one obtains
E{(£(X:) = Bia (D) (F(X5) = B1(N) }
= B{(£(X) = Bia(£) B(F(X;) = B-1(£) | -1 ) | =0

whenever i < j — [g(j — 1)]. Therefore, it suffices noting that

n j—1 su 2 n
LYY E0 - st () - )] < LI 5o )
=2 i=j—[g(j—1)] j=2

4 Counterexamples

All the counterexamples are collected in this final section.
Example 4.1. (Condition (1.1) » condition (1.2)) In the following example, not only
(1.1) holds and (1.2) fails, but X is also pairwise independent. Simpler examples are
available if pairwise independence is not required.

Let (X,U, Q) be a non-atomic probability space. Then, given d € (0,1/2), there are
three events A, B, C € U such that

* A and B are independent and C = (AN B) UG with G C A°N BS;
* Q(A)=Q(B) =dand Q(G) = d — d>.
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In fact, since (X,U, Q) is non-atomic, there is A € i with Q(A) = d. Since d < 1/2, then
Q(A°) =1 —d > 2(d — d?). Hence, using non-atomicity again, there are Ay, By, G € U
with Ag € A, BUG C A, BpNG = 0, Q(A()) = d? and Q(B()) = Q(G) =d—d% To
achieve the desired conditions, it suffices to let B = Ay U By and C' = Ay U G. Note also
that A, B, C are pairwise independent (even if not independent).

Next, define the countable product space (2, 4, P) = (X*°,U*°,Q) and fix d,, €
(0,1/2) for each n > 1. Then, (2, A, P) supports the events A4,, B,, C,, € A such that:

* The sequence of triples {(A,, B,,C,) : n > 1} is independent;
* A, and B, are independent and C,, = (4,, N B,,) UG,, with G,, C A% N BS;
s P(A,) = P(B,) =d, and P(G,) =d, — d2.

Finally, for each n > 1, define X3,,_2 = 14, , X3,—1 = 1p, and X3, = 1¢, . Since each
triple (A4,,, By, C,) is pairwise independent, X is pairwise independent. Since X3, o is
independent of F3,,_3 and X3, _; is independent of F3,,_>, one obtains

aSn—?)(f) = E{f(X?m—Q) | ]:?m—?;} = E{f(X?m—Q)} = E{f(lAn)} = f(O) + (f(l)—f(())) dn
and amo(F) = B{F(Xan1) | Fana} = B{f(15,)} = (0) + (F(1) - F(0) ds s,

On noting that P(AS N B\ G,) = (1 —d,)(1 — 2d,,), one also obtains

E{f(lc,)aglpe} _ f()P(Gn) + fO)P(A N B\ Gn) _ f(1)dn + f(0)(1 - 2dy)

P(A;NBg) P(Ag)P(Bg) B (1—dy)

Therefore,

asn-1(f) = B{f(Xsn) | Fsn-1} = E{f(1c,) | 1a,,1B,}
E{f(lc,)1laclp:}
P(A¢ N BS)

= 1)+ ()~ FO) {La, 15, + T2 Lag 1o} as

= f(1)1a, 1, + f(0){1aclp, + 14,15 } + Lac1pe

Thus, (1.1) holds and (1.2) fails whenever d,, — 0 and Zn d% = o0o. In fact, if d,, — O,
P P
then as,—3(f) — f(0), agn—2(f) — f(0), and

Elaga-1(f) = £O)] < 1£(1) = SO {P(4a N Ba) + f”dn}

dﬂ,
= £ = FO{d2 + - — 0.
However, if f(0) # f(1) and >, d? = oo, then as,_;(f) does not converge to f(0) a.s.,
since the Borel-Cantelli lemma yields P(A,, N B,, occurs for infinitely many n) = 1.

Example 4.2. (Condition (2.1) » condition (1.1)) First note that, by Theorem 2.1,
condition (2.1) holds and condition (1.1) fails whenever «,, = « in probability, for some
r.p.m. «, but a,(f) does not converge in probability to «(f) for some f € M,(S). This
situation can be realized in various ways. For instance, suppose (X,,) is independent,

. . . . weakly . . . .
each X,, has a discrete distribution v,,, and v,, —~ v where v is diffuse (i.e., v is

a probability measure on B such that v({z}) = 0 for each = € S). By independence,
an = Vp+1 = V a.S. Moreover, since the v, are discrete, there is a countable set B C S
such that v, (B) = 1 for all n. However, v(B) = 0 since B is countable and v is diffuse. As
another (trivial) example, fix a random variable X; with values in {1, 2,.. } and define
X, = 1 X;. Then, a,, = dx, /(n1) = do a.s. However, letting B = {Z : j, n > 1}, one

T n

obtains dy(B) = 0 and «,(B) =1 a.s. for all n.
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Example 4.3. (Asymptotic exchangeability - condition (2.1)) Let (Y, Z,) be an
independent sequence of bivariate random variables. Suppose that (Y, Z,,) has a density
fn, with respect to Lebesgue measure on (0, 1)?, where

fu(y,2) =1+sin(2mny) cos(27z) forall (y,z) € (0,1)2.

Define X; = 0, Xo, = Y, and Xo, 41 = Z,, for all n > 1. Since the pairs (Y,,, Z,,) are
independent and Y,, is uniformly distributed on (0,1), letting f(z) = cos(27 z), one
obtains

1
Qon— 1 E{f ‘Y17Z1,...,Yn_17Zn_1}:E{f(yvn)}: COS(27TZ)dZ:0
0

a.s. However,

a?n E{f ‘Ytha--' Yn 17Zn—17Yn}
in(2 Y,
=E{f(Zy) | Y0} = / cos(2m2) fn(Yn,2)dz = w a.s.

Hence, since f € Cp(S) and «,,(f) does not converge in probability, condition (2.1) fails.
It remains to show that X is asymptotically exchangeable. First note that

i B (o0 1z} =t [ [ o) h) vz = [ away [ na:

for all g, h € Cy(S). Based on this fact, forall £ > 1 and ¢1,...,gx € Cp(S), one obtains

k k 1
lim £ {ngxnm} - H/O gilt) dt

This means that (X1, Xnit2,...) = (Z1,Z,...) in distribution, as n — oo, where
(Z1,Zs,...)is ii.d. with Z; uniformly distributed on (0, 1). Therefore, X is asymptotically
exchangeable (it is even asymptotically i.i.d.).

Example 4.4. (Stationary and m-dependent - asymptotically exchangeable) Let
X, =Y, —Y,,, where m > 1 and (Y,,) is an i.i.d. sequence of real non-degenerate
random variables. Then, X is stationary and m-dependent. Let 7 =), 0(Xpn, Xnt1,...).
Since T C (), 0(Yn,Yn41,...) and (Y,,) is i.i.d., then P(A) € {0,1} for each A € T.
Toward a contradiction, suppose now that X is asymptotically exchangeable. Since X
is stationary, this would imply exchangeability of X. In turn, exchangeability of X and
P(A) € {0,1} for each A € T, would imply that X isii.d. But X is noti.i.d. Hence, X is
not asymptotically exchangeable.
Example 4.5. (Condition (3.3) and G, = F,, # condition (1.1)) Take X as in Example
4.4 and define G,, = {0,Q} for n < m and G, = F,_n, for n > m. Then, Goo = F and
condition (1.1) fails (due to X is not asymptotically exchangeable). Moreover, since X
is m-dependent, E{f(Xy) | G} = E{f(X1)} a.s. forall k > n >0 and f € M,(S). Thus,
condition (3.3) holds.

To introduce our last example, recall that E{f(X,+2) | Fn} = E{ant1(f) | Fn} as.
Hence, a necessary condition for (1.1) is

E{f(Xni2) — f(Xp41) | Fu} 50 foreach f € My(S). (4.1)

However, (4.1) does not suffice for (1.1) even if various other conditions are satisfied.
Interestingly, this may happen even in the classical CLT.
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Example 4.6. (Condition (1.1) may fail even if condition (4.1) holds, X, converges
stably, and X is asymptotically exchangeahle) Let W, Zy, Zs,... be real random
variables on (02, .4, P). Suppose W has a standard normal distribution and the Z,, are
i.i.d. with E(Z;) = 0 and E(Z?) = 1. Then, it is well known that

Xn:=n""2>"7 — N(0,1)  stably.
i=1

Next, for any k > 1, the vector (X,,4+1, ..., Xn+k) can be written as
n+k
n+1 n+1 Zn+2 Dicny2 Zi
Xt A = Xats e oot = X1 | + |0, .
( R R n+k “) ( Vn+2 Vntk

Hence, (X;41,- .., Xntx) = (W,..., W) in distribution for every k > 1, or equivalently
(Xn+1, Xny2,...) — (W, W,...) in distribution. Thus, X is asymptotically exchangeable.
To prove (4.1), we also assume that the distribution of Z; is absolutely continuous with
respect to Lebesgue measure, so that sup 4.5 |P(X, € A) — P(W € A)| — 0. We also note
that X, 10 — X,p1 =2 0, and thus ¢(X,42) — 9(Xni1) =3 0 for each Lipschitz function
g. Fix f € M,(S) and € > 0. Since X,, converges in total variation, there is a bounded
Lipschitz function ¢ such that E|f(X,,) — g(X,)| < € for large n. Therefore,

Elf(Xn2) = f(Xng1)| < Elf (Xni2) — 9(Xni2)| + Elg(Xnt2) = 9(Xnp1)| +
+ E|g(Xnt1) — f(Xn41)| < 3€e  forlarge n.

This proves lim,, E|f(Xn+2) — f(Xn+1)| = 0, which in turn implies condition (4.1). Finally,
we prove that condition (1.1) fails. Since X,, does not converge in probability, there is
a bounded Lipschitz function g such that g(X,,) does not converge in probability. Let v
denote the probability distribution of Z;. Since

an(g) = E{9(Xnt1) | Fn} :/g <\/n@+1 X, + \/7%) v(dz) as.,

one obtains

NG T | Xnl + E|Z1| P
< — X, - 9(X, e U
—/‘9<\/nT1 MV T 9(Xn) T U+l

where c is the Lipschitz constant of g. Hence, condition (1.1) fails. In fact, «,(g) does
not converge in probability since g(X,,) does not converge in probability.

an(g) — 9(Xn) v(dz) <
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