n b
Electr® 8biljty

Electron. J. Probab. 30 (2025), article no. 43, 1-28.
ISSN: 1083-6489 https://doi.org/10.1214/25-EJP1301

Central limit theorem for the overlaps
in mean-field spin glasses on the Nishimori line*

Francesco Camilli'® Pierluigi Contucci*® Emanuele Mingione®

Abstract

The overlap distribution of the Sherrington-Kirkpatrick model on the Nishimori line
has been proved to be self averaging for large volumes. Here we study the joint
distribution of the rescaled overlaps around their common mean and prove that it
converges to a Gaussian vector.
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1 Introduction

Mean-field models of statistical mechanics are expected to be described by an order
parameter and its fluctuation properties. In the deterministic cases, like the Curie-Weiss
model and its variants, the magnetization concentrates almost everywhere at large
volumes in the plane of the temperature and magnetic field i.e. it satisfies the law of
large numbers (LLN). The coexistence line, low temperatures and zero external field
[0,T.) x {H = 0}, is the exception to such concentration and presents two coexisting
thermodynamic phases with a spin-flip spontaneously broken symmetry. The presence of
the two phases can be seen as a mild violation of the LLN. Outside the coexistence line,
where the magnetization distribution converges to a delta function the fluctuations follow
the central limit theorem (CLT), while at the critical point the distribution scales with the
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power 3/4 of the volume and converges to a quartic distribution [35, 34]. The mean-field
spin-glass case, the Sherrington-Kirkpatrick (SK) model, described by the Parisi theory
[53], has the peculiarity of a structural violation of the LLN at low temperature and
small external field [64]. The overlap, the order parameter of the model, is the scalar
product between two independent spin configurations sampled from the Boltzmann-
Gibbs measure with a fixed realization of the disorder. The permutation invariant overlap
array among an arbitrary number of identical copies (real replicas) of the system has a
non trivial limiting joint distribution characterized by specific factorization properties
[2, 40, 28], in particular ultrametricity [53, 7]. Parisi theory has been rigorously justified
by a series of results [41, 68, 59, 60]. At high temperatures and large magnetic fields,
when the overlap concentrates [70, 25, 47], it has been proved that the fluctuations
are normal [42, 70]. We mention that, in the presence of quenched disorder, also the
fluctuations of the free energy play an important role in the characterization of the
thermodynamic properties of the system [1, 22, 26]. The region where the overlap
concentrates extends also beyond the one we mentioned. An important role is played by
the region where one allows random interactions with positive mean:

N
Hy(o) =~ > Zjoio; (1.1)
i<j=1
where ;; ~ N'(\/N, A/N), for some A\, A >0 and o = (04)i<y € {—1,+1}¥, i.e. the sum
of Curie-Weiss and SK models. The free energy of such model, that turns out to have a
Parisi-like representation, has been studied in [19, 24, 9] and generalized in [20].

In this paper we focus on the celebrated special case defined by A = A which coincides
with the Nishimori line, that emerged for the first time in the gauge theory of spin-
glasses [57] (see also [58] for a general reference). On this line the model fulfills a set of
remarkable properties consisting of identities and correlation inequalities [29, 31, 55]. It
is worth to notice that the above identities/inequalities hold regardless of the underlying
structure (ex. also in finite-dimensional lattices). In this work we consider mean-field
models where they can be use to obtain a control of the asymptotic behaviour of the
overlap, that turns out to be self-averaging [5, 6, 13, 14, 10], as predicted by the replica
theory. The relevance of model (1.1) is also related to the remarkable correspondence
between genuine statistical mechanics models and high-dimensional inference problems
[58, 54]. For example, the model (1.1) on the Nishimori line corresponds to an instance
of the spiked Wigner model [48] defined as the problem of the reconstruction of a binary
signal o* € {+1,—1}", from the set of noisy observations

/A . . i
Yij = NJ;U;( + 2ij 1 <Dy, Zij "511./\/’(07 1) (1.2)

with some A > 0. The Bayesian approach suggests to study the posterior measure for o*
given the y;;’s. Exploiting the Gaussian nature of the noise (z;;)<;<;j<n, we can write
the posterior as

Plo|y) = Z(ly) exp [— % Z (yij — \/ggio'j)Q} ] (1.3)

1<i<j<N

Re-absorbing trivial terms into the normalization, that is a partition function, and
plugging (1.2) into the previous equation, one readily gets

Plo|y) = Z(%a_*)exp [ Z (\/gzij + %Ufo;‘)oiaj] . (1.4)

1<i<j<N
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The latter can also be interpreted as a random Boltzmann-Gibbs measure, and as such
we know that many of its features are encoded in its pressure

1
pN(A) = NEZ’U* log Z(o*,2z). (1.5)

*
77

Notice now that after the Z; gauge transformation z;; — z;;0707,
actually gets rid of the original signal o* in the pressure:

pn(A) = %Ez log Z exp [ Z (\/gzij + %)Uiaj} , (1.6)

oc{-1,1}N 1<i<j<N

g; V> 0,0 one

The random variable inside the round parenthesis is exactly a Gaussian with mean
equal to its variance, which characterizes the Nishimori line in spin-glasses. We stress
that the condition A = ), together with the assumption that o and o* have the same
distribution, are crucial for the validity of the Nishimori properties. From the point of
view of inference the statistician knows everything about the way the observed matrix
y is generated. Dropping one of the two conditions is enough to lose the Nishimori
identities and in particular the self-averaging of the overlap at low temperatures. From
a statistical mechanics perspective the relaxation of one of these hypotheses leads to a
model that includes an SK part with the addition of a Mattis-type interaction [58]. In
inference this is known as mismatched setting [20, 65, 66, 39, 21, 45, 12] where the
apriori information of the statistician doesn’t agree with the way the observations are
generated. In the mismatched setting there is a replica symmetric phase in a region
larger than the Nishimori line. Here it is reasonable to expect that CLT for the overlap
holds and a possible method to prove it could be inspired by [43, 42, 69]. On the
other hand at low temperatures the SK part gives rise to replica symmetry breaking
as predicted by the Parisi solution [62, 63] and even the law of large numbers for the
overlap is violated.

The analogy is not limited to the example above, but it can be extended to other types
of spins, and many techniques coming from rigorous Statistical Mechanics, such as the
cavity method [69, 3], or the interpolation scheme [44, 41] can actually be successfully
transferred to inference [27, 13].

In the present work we study the rescaled and centered overlap array distribution on
the Nishimori line for spins with bounded support measure and prove that it converges
to a Gaussian vector for large volumes. Previous work on the topic had computed its
second moment and proved a CLT for the free energy [4]. Here we compute the entire
overlap joint distribution by controlling the convergence of the limiting characteristic
function.

The paper is organised as follows. Section 2 introduces the notations and the main
result. Section 3 presents the cavity method and the preliminary concentration results
needed to obtain a convergence in distribution. Section 4 proves the main theorem, first
for the single overlap, then generalized in Section 5 to an arbitrary number of replicas.
The Appendix collects some technical parts of the proof of the main theorem.

2 Definitions and main result

From the Statistical Mechanics point of view, the model we want to study is completely
characterized by the following Hamiltonian

Yo /A A A
—Hy(x;x%,2) = Z [ it + Nzlmijm;‘ - ﬁxfx? , (2.1)
i<j,1
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x did

where z;; = zj; ~ N(0,1) and xf ~ Px. The z and x* are random variables that play the
role of quenched disorder, so for a given realization of them the state of the system is
determined by the x. We further take Px with bounded support, though this assumption
could be relaxed, and we endow the site variables z;, or the spins, with the same apriori
measure Px.

Once the Hamiltonian is given, according to Boltzmann’s prescription, we have a
corresponding measure on the site variables, the Boltzmann-Gibbs measure, defined as
follows:

dP al
dun (x;2,x*) 1= Z]V();(ii)exp(—HN(x;xﬁz)) , dPx(x)= HdPX(xZ-). (2.2)
’ i=1

The normalization, denoted with Z, will be referred to as partition function, and it

depends on the quenched randomness (z,x*). Its logarithm, re-scaled by the number of
sites, defines the pressure of the model:

pn(z,x*) = %logZ(z,x*)7 (2.3)
The term pressure belongs to spin glasses jargon. From the point of view of statistical
mechanics corresponds to the free energy density of the system up to a factor — /3. Notice
that both expectations w.r.t. the measure (2.2) and the pressure are random objects.
One could indeed take a further expectation w.r.t. the quenched disorder. If we use
the standard bracket notation for Boltzmann averages, i.e. for any, say bounded, test
function f(x) of the site variables

Frae = / dpi (x;2,°) £ (x) 2.4)

the so-called quenched averages would appear as

E, x+ (f)zx* = Egx- /duN(X;z,x*)f(x). (2.5)

Taking the expectation on the random pressure gives instead rise to what shall be
referred to as quenched pressure, or free entropy

1
pn(A) = NEZ-,X* log Z(z,x*). (2.6)
To state our main result we also need to define the replicated Boltzmann-Gibbs measure,
that will be needed to average over n € IN independent i.i.d. samples from the Gibbs
measure:

n a)\n * - dPX (X(a))
dpR " (xX)n_y;2,x7) = H Zzx)
a=1 ’

exp(—HN(x(“);z,x*)> . 2.7)

With an abuse of notation we shall denote expectations w.r.t. the replicated measure still
with (), x~. Notice that replicas, namely the i.i.d. samples, share the same quenched
disorder. Hence they are independent only conditionally on z,x*, and a further quenched
expectation w.r.t. the latter would couple them. In other words, for any bounded test
functions f(xM,...,x0)), g(xU*+D ... x() one has

B (f(xD, . xW)g(x0HD L x(M)), L.
= IE)z,x* <f(X(1), v 7X(j))>Z,X* <g(X(j+1)7 R 7X(n))>z7x*
# By (F(xD . xD)), By o (g(xUFY L xM)), . (2.8)
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In order to lighten the notation, from now on the subscripts z, x* will be dropped. Notice
that the distribution of the overlap function is invariant under permutations even at
finite volumes. The main quantity under investigation is the overlap family

N
Gab = }V;x%g@, 0<a<b<n (2.9)
where the 0-th replica is by convention x*.

The model defined by the Hamiltonian (2.1) can be regarded as an extension of the
SK model on the Nishimori line to other type of spins. The Hamiltonian (2.1) indeed
arises in inference in the so-called spiked Wigner model. In this very popular inference
problem, a Statistician has to retrieve a rank-one spike, of the form x*x*7/+/N, from the
set of observations

[\
Yij = N%Z‘x;%zij, 1<i<j<N. (2.10)

If the Statistician is optimal, meaning they know everything about the generating process
of the y;; (Px, A, the relation (2.10)), then they have access to the Bayes’ posterior

2
dPy+|y(x) o< dPx (x) exp [— %Z ( %ximj — y”) } . (2.11)
i<j

By plugging (2.10) into the previous equation, after computing the square one realizes
that the posterior measure is nothing but the Boltzmann-Gibbs measure (2.2), with a
normalization constant being exactly Z(z,x*). The optimality of the Statistician carries
on some properties that are inherited by expectations of observables called Nishimori
identities, that can be stated as follows. Given a bounded test function f(y,x*, (x)7_,),
it holds that:

E(f(y,x", (%)a=2)) = E(f(y, (x)5=1)) , (2.12)

namely we can replace x* with an additional independent replica. This has already some
interesting consequences on the overlap family:

E(g(qar)) = E(g(qr0)), 1<a<b<n, (2.13)

for any bounded test function g. The Nishimori identities, in all of their generality, can be
seen as a consequence of Bayes rule. A quick proof can be found in [50]. In this setting
with Gaussian disorder z it is possible to obtain them, starting from the r.h.s. of (2.12),
directly through the change of variables

A
Zij = Zig — NDS?SEZ" (2.14)

Remark 2.1. An alternative way to conceive the model is the addition of an SK term
with Hopfield type interaction, respectively given by the first and second term in (2.1).
x* plays the role of a planted pattern that is attracting x. The noise is instead disturbing
the retrieval of x*. We stress that the SK and Hopfield interaction strengths must
have the same value A\. Moreover x and x* must have the same a priori distribution.
These conditions guarantees the validity of the Nishimori identities. The case when the
strengths of the interactions do not match, or the a priori distributions of the pattern
x* and x are different, are two cases of the mismatched problem, that was studied in a
similar setting in [20, 21].
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The thermodynamic limit of our model, and its generalizations were intensively
studied in recent years [51, 33, 13, 4] with rigorous approaches, that produced a replica
symmetric formula for the limit of px(\). The term “replica symmetric” refers to the fact
that the order parameter of the model concentrates around its expected value, which in
turn implies a finite-dimensional variational principle for the quenched pressure. For
this model the order parameter is the overlap between x* and x, which converges to its
expectation in the thermodynamic limit in a proper sense [10]. More specifically, the
following result holds:

2

A v . gz
p(A) := lim py(A) = Sup{ _AT Elog/dPX(ac)e( AqztAqet)a— 24 } , (2.15)
N —o00 q>0 4

with z ~ A(0,1). Similarly to what happens for spin-glass models on the Nishimori line,
the optimality of the Statistician constrains p () to be non-decreasing and convex in A
[55], and so will be its limit. Hence p()) is twice differentiable almost everywhere by
Alexandroff’s lemma. It can be proved that if p is twice differentiable at a given J, then
the supremum is uniquely attained at a value g()\) satisfying the consistency equation

E *fdp(j)xe(ﬁz+rx*)x_§x2
= x

¢=FQaq), Fr) f dP(z)e(Vratras)z—5a?

=Ez*(z), 0, (2.16)
and ¢()) can be identified as the asymptotic expected overlap between x* and x [50].

The optimization w.r.t. ¢ can give rise to phase transitions in the model, that are
typically controlled by A. From the inferential point of view, )\ is the signal-to-noise ratio.
With the present scalings, with a signal that has a diverging number of components to be
estimated, it can indeed happen that if A is not big enough it is not possible to retrieve
the spike signal. In the NV — oo limit this threshold will be given by

Ae =sup{A >0 : g(A\) > 0}. (2.17)

Notice that for some kind of priors, for instance not centered ones, we could have A\, = 0.
In fact, in order to obtain a non-trivial alignment with x* it would be sufficient to sample
directly from Px.

The very same model could be given with some additional one-body terms that do not
break the Nishimori identities (2.12), as follows:

) X a A A
—Hy(x;x*,2,h) = Z [ 2 %% + lexfmjx; - ﬁxfxﬂ
i<j,1

(2.18)
al ha?
—I—Z (\/Ehll‘l—f—h.’[?;kl‘l— Z) R

=1

2
where h; ~ N (0,1) and independent on z. It is easy to verify then that the associated
Boltzmann-Gibbs measure is the posterior measure of a spiked Wigner model with the
additional “side information”:

i = Vhai + h; . (2.19)

For this model everything is unchanged, including uniqueness and convexity properties,
except for the variational formula for the pressure,

- Ag? (VATFRzt (gt h)a o — Qethie?
p(\h) = ]\}gnoopN(A’ h) = 51;18{ - T Elog [ dPx(x)e 2 } :
qz

(2.20)
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and the consistency equation, that becomes
q=F(Aq+h), (2.21)

whose solution, when unique, is denoted by G(A, h). This variant of the original problem
(2.1) will be used only in the proofs.

We can finally state our main result, that is a Central Limit Theorem for the family of
the overlaps:

Theorem 2.2. Consider the model with Hamiltonian (2.1), X\ in the set where the convex
function p()\) is twice differentiable. For each n € N define the random array

E = (5ab)1§a<b§n7 gab = \/N(QGb - (j()‘)) (222)

If either A\ < A\, or Px is not symmetric about the origin then
£ —2 5 N(0,%) (2.23)
N—o00

wrt. the quenched measure E(-), for a suitable covariance matrix ¥ = (X, cq) With
1<a<b<nl<c<d<n.

Remark 2.3. The permutation invariance among replicas is not broken by the N — oo
limit. This constrains the elements of the covariance matrix > to take only three possible
values: Ygp.0p0 = A, Xappa = B, Xap,ca = C With a # c and b # d, that are computed in
(5.19).

3 Methods and preliminary results

In this section we illustrate the main tools that lead to the proof of Theorem 2.2.
The whole proof revolves around the so called cavity method, also known sometimes as
leave-one-out method. We will follow Talagrand’s construction [69] of the cavity interpo-
lation introduced in the analysis of the Sherrington-Kirkpatrick model and subsequently
adapted to the inference setting by [4]. Here we repeat this construction for the help of
the reader.

The idea is to study the variation, along a suitable interpolating path, of the expected
values of some observables when one spin of the system is “isolated”, namely decoupled
from the other ones. It turns out that the most convenient choice is an interpolating path
that leaves the model on the Nishimori line for any value of ¢. Since for models like (2.1)
the Nishimori line condition is not as explicit as for binary spins, for which it is sufficient
to have Gaussian interactions with mean equal to their variance, we need to exploit the
inference point of view and construct the Gibbs measure as a posterior. For ¢ € [0, 1] and
q > 0, that will be fixed later on, let us consider the following set of observations:

y”:\/%x;‘x;Jrzm 1 <j<N-1
yin =/ Ariry +zy <N -1 (3.1)
yn = VAL —t)gry + 2y

where zy and (z;);<j<n are all independent copies of a standard Gaussian. Given the
observations (3.1), the posterior measure on the x’s is then

2
1 [
dPxjy—y(x) o [] e _2< N”‘“J‘_yij>

i<j<N-—1
2
1 tA 1 2
X H exp | —5 NIEN YN X exp ) —5 (\//\(1 —t)qrn — yN) . (3.2)
i<N
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Expanding the squares and reabsorbing into the normalization those terms that do not
depend on x we get

N-1 \ A\
dPx|y—y(X) o exp Z [\ / Vit = mxfz?}

1<J
[t\ Y’
—YiNT; T
N YINTEN 2N’

Now, if we plug (3.1) into the previous equation we can finally identify the cavity
Hamiltonian:

N

A1 —t
+ 'Ml_tMnyN“(iz)qx%}. (3.3)
=1

= A A Ay
— Hy(x) = Z sz’ﬂ?i% Nsclxzx Tj — 5T
[tA tA At
+ Z N GNTIEN + in:cfa?N:U}‘V — QNx?ac?V}

Al —t
+ VA1 —t)gzyaeny + M1 — t)gznzy — %m?\, . (3.4)

It is clear that for ¢ = 1 we recover the original model (2.1) while for ¢ = 0 the last
particle x is decoupled from the rest of the system and replaced by a random Gaussian
external field whose variance is proportional to ¢, plus a contribution in the direction
of the ground truth component z}; again proportional to ¢q. Let us now tune the value
of ¢ = g(\) where g()\) is the solution of the variational problem (2.15). Notice that,
by hypothesis of Theorem 2.2 if p(\) is twice differentiabile at A, then g(\) is uniquely
defined and satisfies the consistency equation (2.16).

The main point is that by construction the interpolating model is on the Nishimori line
for any ¢ € [0,1], namely the quenched measure E(-); satisfies the Nishimori identities
(2.12), where (-);, with abuse of notation, denotes also the replicated random Boltzmann-
Gibbs measure induced by the cavity Hamiltonian (3.4).

3.1 Properties of the cavity measure

In this section we study the properties of the quenched measure E(-); that will be
denoted for brevity as v4(+). In what follows, since it has a special role, the last component
') of the vector x(!) for I = x,1, ..., n, will be denoted by (). We recall that we set 0 = x
for replica indices. We also need to introduce a slight modification of the overlap gz
in (2.9):

N—
Qoo = N Z E“ = Qeer — NE(Z) e (3.5)

for ¢,¢' € {*,1,... ,n}. The next lemma allows to control how the measure v4(-) changes
along the time parameter t.

Lemma 3.1. For any bounded function f of n replicas of the signal and the ground truth
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the following holds:

803 5 () ) () s
=1

1<IAlI'<n
4 )‘il’t ((qz_* ) 0 *f) — Ay ((q;rl ,—q) et *f)
=1
+ /\ww ((q;+1,n+2 - Cj) €(n+1)€(”+2)f) ' (3'6)

Proof. The proof essentially follows from [69, Lemma 1.4.2] that is based on Gaussian
integration by parts. However, our Hamiltonian contains two sources of disorder: the
Gaussian noise in the z’s, and the ground truth x*. Let us introduce the auxiliary

Hamiltonian
N—1
/A A A
_ Ht,s(X) = Z Nzijxix] N:E1 xzx Tj — 2le2$?]
i<j

N

t2

tA * * At 2.2
leac TN + inxixNxN - ﬁxixl\,

Al —t
+ VA1 = s)gznen + A1 —t)gzyzy — M=t

5. B

For the derivative w.r.t. s of the corresponding quenched measure v; ; we can use [69,
Lemma 1.4.2]:

LuaN =3 S e (£ (g~ q )—nAZuts(fe“ D (g — 7))

1<1,'<n

A , _ _ An(n+1 _ _
NG Vs (fe( R (T q)) + %Vt,s (fe("+1)€("+2) (A q)) :
(3.8)

The t-derivative instead requires no integration by parts and can be computed directly:
d v, — _
Vt s(f)=A Z Vts (fe(l) )) — Anvy s (fﬁ(n+1)€ (qn+1,* - Q))

- ;\Zn: ( *(qy — t?)) - n%w,s (fe("“)2 (Gpi1mer — q)) . (3.9)

Adding up the two previous contributions and setting s = ¢ we get the statement. O

From the previous lemma we can get a (still raw) control on the expectation of a
non-negative function:

Lemma 3.2. For any bounded non-negative function f of n signal replicas and the
ground truth we have

vi(f) < KA, n)n(f), (3.10)

where K(A,n) > 0 is a constant depending only on the signal-to-noise ratio \ and the
number of replicas n.
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Proof. Recall that we consider bounded support priors. Therefore using (3.6) and the
triangular inequality it is easy to see that |v;(f)| < C (A, n)v:(f) for some constant C(\, n)
depending only on the signal-to-noise ratio A and the number of replicas n, and then

vi(f) > =C(A\n)vi(f). (3.11)

The rest follows from an application of Gronwall’s lemma. O

Now we come to the central technical result that allows us to carry out the entire
cavity computation.

Lemma 3.3. For any bounded function f of n replicas and the ground truth we have

() = wo(F)l < KA )™ (lgg, — al™) v/ ™ (| £17) (3.12)
() = o(f) = v ()] < KO )™ (lgg, — al*™) v /™ (1) | (3.13)

for any non-negative 71,7, such that - + - = 1.

Remark 3.4. We stress that in (3.13) 7; is multiplied by a factor 2 in the exponent of
|¢1. — G|, which will be proven to be to be crucial to obtain the Central Limit Theorem
from concentration of the overlap, later displayed in (3.19), at least with the approach
used in this work.

Proof. Thanks to Lagrange’s mean value theorem

i (f) —vo(f)] < sup |y (f)]. (3.14)
t€(0,1]

Using (3.6), the fact that Px has bounded support and the triangular inequality one can
bound the first derivative of 14 with an expression containing terms of the type

ve (I |aw — @) (3.15)

that by Holder are further bounded by
v ™ (g — ™) ™ (£17) (3.16)

with 71 and 75 as in the statement. After an application of the Nishimori identities and
(3.10) any term used to bound the derivative has the same form. Therefore inequality
(3.12) is proved.

Concerning (3.13), notice that

v (f) = vo(f) = o) < sup |v/(f)] (3.17)

te0,1]

So now the goal is to bound the second derivative of v;,. This can be done applying
(3.6) twice. Using again the triangular inequality one can bound it with an expression
containing terms like

Vg (|f| ’qﬁ, — Cj‘ |qr_r, — q|) S th/ﬁ (’qﬁ/ _ q‘n |q,._,./ _ q|71) l/tl/"'2 (|f|7'2) . (318)

To obtain the final bound one can use Cauchy-Schwartz’s inequality on the first ex-
pectation on the rh.s. The result then follows again by the Nishimori identities and
(3.10). O
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3.2 Overlap concentration

We borrow a concentration result from [4, Theorem 7] for the overlap ¢;. with respect
to the measure v; induced by the cavity Hamiltonian (3.4):

Theorem 3.5. Suppose p is twice differential at a given A. Then for allt € [0, 1] there
exist two constants K (\) > 0 and ¢(t) such that

Vt<(q1* - q(A))“) < K(A)(% + e_c(t)N> , (3.19)

with ¢(t) > 0 on [0,1). Moreover if either A\ < A, or Px is not symmetric about the origin,
then ¢(t) > 0 on [0,1].

We note that by Jensen’s inequality the previous gives also an analogous control on
the quadratic fluctuations of ¢;. around g(\):

1 .
v (01— a0))?) < KO (5 +¢7ON). (3.20)
for some K and ¢ with the same features as above.

3.3 Lemmata

We have already seen that the cavity method leads to expectation values of observ-
ables containing the quantity (¢;, — g(\)) where ¢;; is defined in (3.5). We also introduce
the rescaled version of them:

&o=VN(qp —aN), LUe{x1,...n}& = (&) 1<act<n (3.21)

The expectations simplified via the cavity method will present one missing spin (¢ =0 in
the interpolation). Hence, in order to close some consistency equations, we will need to
add it back and control the error, which is precisely the purpose of the following Lemma.

Lemma 3.6. Givenu € R*"~Y/2 and [,1’ € {,1,... n + 2} consider the quantity

v (fzz/e“ﬂﬁ) (3.22)
where v is the quenched measure over n + 2 replicas. Then
. _iaTe- C(1+ |u])
1“*'5) - ( g ) <=y (3.23)
v(&e Y /e .
| (fll 0 (& | hS N

where C' is independent from N and u.

Proof. Fort € [0,1] and /,!’ as above let us define

_ t
G (t) = & + ——=a0al) (3.24)

VN

and &(t) = (€ab(t))1<a<b’<n. Define also the function
g(t) = v (fu/(t)ei“*f(t)) (3.25)

where v; is the quenched measure on n + 2 replicas induced by the cavity Hamiltonian

(3.4). Since g(1) and ¢(0) are respectively equal to the two terms in the Lh.s. of (3.23), if

1+ |yl
VN

d
we show that ‘d;(t]’ <C uniformly in ¢ then (3.23) is proved. A direct computation

gives

dg _ dvi iuTE(®) A& (®) mrew) | ; P AW e
dt - dt <§ll/(t)€ ) + Vt( dt (& ) + 1y (fll/(t)u da e ) . (326)
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Concerning the last term, by the very definition (3.24) of £,,(t), the fact that all the z’s
are bounded random variables and by (3.20) we have that

d€(t) iureq) Clu|
2 (fw(t)uTWe )‘ < Vi (3.27)

The second term in the above equation is bounded in norm simply by C/ VN, again by
boundedness of the x’s and of the imaginary exponential. The first term in (3.26) can be
computed using (3.6) and using Cauchy-Schwartz inequality that leads to a bound by a
sum of terms proportional to the quantities

}1/2. (3.28)

[”t (€ ()?) v (g — D))

Let us recall that by (3.20) 14 ((&71/)2) < o0, therefore using (3.10) one also has
v ((§,1)?) < oo and then vy ((q;; — @)?) = O (N~'). This implies that also the first
term in (3.26) is O(N~'/?) and this concludes the proof. O

In the proof of Theorem 2.2 we will show that the characteristic function of the random
vector £ defined in (2.22) satisfies the same differential equation as the characteristic
function of a Gaussian vector up to a remainder that vanishes as IV goes to infinity. The
next lemma gives sufficient conditions in order to conclude that if this is the case, then
the large-N limit of the characteristic function of £ coincides with the characteristic
function of a Gaussian vector.

Lemma 3.7. Let (fn) be a sequence of absolutely continuous, complex valued functions
fn : R — C that satisfy

{f]/\/(s) =—as fn(s) +rn(s), (3.29)

fn(0) =1

where a € R is a fixed parameter and ry is such that |ry(s)| < g(s)N~* for some « > 0
with g continuous, then
1 2
lim fy(s)=e 29 . (3.30)
N—o0

Proof. Letus write fy = Re(fn)+iIm(fn) =: zny +iyn, then the Cauchy problem (3.29)
is equivalent to the system

{x’N(s) = —asxzn(s)+ Re(rn(s)) {93\1(5) = —asyn(s) + Im(rn(s)) (3.31)

I'N(O) =1 yN(O) =0

us2
We are going to prove that zxy(s) — e~ "2 . The same argument can be used to
show yx(s) — 0 concluding the proof of the lemma. Consider the function Ayn(s) =

as

xn(s) — e~z . Then one can verify that

(3.32)

Aly(s) = —asAn(s) + Re(rn(s))
An(0) =0

Therefore J J
—|AN(s)| < [ An(s)| < |as| |An(s)| + N"%g(s) (3.33)
ds ds

and then by Gronwall’s inequality (see the classical reference [36] for instance) one gets

Ay (s)| < Nl / g(t)dt (3.34)
0

EJP 30 (2025), paper 43. https://www.imstat.org/ejp
Page 12/28


https://doi.org/10.1214/25-EJP1301
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Central limit theorem for the overlaps on the Nishimori line

that implies

lim ’AN(S)‘ =0 (3.35)
N—o00
that is )
lim zy(s) =e 5. (3.36)
N —o00 0

As we anticipated in Section 2, we will also need to treat the model with an external
magnetic field. There is a way to interpolate in the (), k) plane from the original model
to one with only external fields, i.e. one-body terms in the Hamiltonian and keeping
the expected overlap constant along the trajectory. The following Theorem, that can be
considered an extension of [43, Theorem 1] characterizes these trajectories.

Theorem 3.8. Let \ be in the full Lebesgue measure where p()\) is twice differentiable.
Recall the definition of F in (2.16). Moreover, let h(\') = hg — X' F(hg) for any ' € [0, )]
be a trajectory in the plane (A, h) € Rso X R>¢. The following statements hold:

1) F is non-decreasing in R > 0;
2) the supremum of p()\) is uniquely attained at a point §(\) = q(), 0) s.t.

q(A,0) = F(Ag(A,0)); (3.37)

3) there exists a unique hg s.t. h(\) = 0 and F(ho) = ¢q(\,0), namely hg is uniquely
identified by );
4) for any X € [0, \] the solution to the fixed point equation

g, h(N)) = F(Nq(X, h(\)) + h(X) (3.38)
equals F(hy).

Proof.
1). This result is a correlation inequality analogous to the one obtained in [55]. Using
the Nishimori identities it is in fact possible to prove that:

dF 9 2} 2
5(7‘)=E(<X ) —(X) ) >0, (3.39)
where we dropped subscripts for brevity.

2). See statement and proof of [50, Theorem 1].

3). h(\) = 0 means
ho = AF(hg).

It is easy to realize that hy = Ag(},0) both solves the previous equation and satisfies
F(ho) = g(\,0). Furthermore, it is uniquely identified once A is chosen by point 2).
Before going to the next point we stress that, without the condition F(hg) = g(},0), hg
could also take other values, like hy = 0 in case of a symmetric prior. However, this
would not yield the overlap ¢(A,0) which is instead needed to attain the supremum of
the pressure if we are above the critical threshold A..

4). Consider a point of the straight line h(\') = hg — X' F(hg) for a given \’. Then we
have another equation for hg:

ho = h(XN') + N F(ho)
which is solved by
ho = XNq(\,h(\)) + h(N). (3.40)
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Notice that we have no guarantee up to this point that the quantity ¢(\’, h()\)) is single
valued, since its related fixed point equation may have multiple solutions. Nevertheless
any of them must yield the same hy, that is fixed by the end point (), 0) for any \'. Hence,
if we evaluate F' on both sides of the previous equation, using (3.38) we easily get

(A, 0) = F(ho) = F(Nq(N, h(X)) + h(X)) = q(N', A(X')) (3.41)

which finally implies that the solution is constant along the trajectory and it is uniquely
determined by the end point (A, 0). O

4 Proof of Theorem 2.2: The case n = 2

In this section we will prove Theorem 2.2 in the case n = 2, namely a CLT theorem
for the rescaled overlap &> defined in (2.22). In this simpler case the proof does not
contain many technicalities and shows the main ideas used also in the general case. The
proof relies on Lévy’s continuity theorem. Hence, the main object under study will be
the characteristic function:

on(u) = u(e”‘m) : (4.1)

Now, thanks to the Nishimori identities (2.12) we can replace one of the two replicas with
the quenched variable x*, this simplifies computations. We will then use the definition

on(u) = V(e“‘fl*) . (4.2)

In order to compute the N — oo asymptotics of it we use the cavity method to obtain a
differential equation for (4.2). The u-derivative of ¢y yields:

OudnN(u) = iv (fl*eiu&*) =iV Nv ((ee* _ q)eiuﬁf*-‘riu%) =

o ee* 1
=iV Nv [ (ee" — g)e™6r- (1 +zu>> + O (> =
(1w = VN VE
- - 1
= Z\/Nl/( et —q ewfl*) —uv (ee* e’ —q ewgl*) +0 () , (4.3)
( q) ( q) Wi
where 7, is defined in (3.21). We stress that in the second equality we have used the
1
VN
as a quantity that can be uniformly bounded in norm by C,,/ VN for some C,, > 0 at fixed
u. In the present case the dependence of C), on u is at most quadratic.

Let us treat the the second term first. By (3.12) with m; = 1, % = oo one has

permutation invariance among the signal components, and O ( ) has to be interpreted

v (ee*(ee* - q)ei“g*) = v (ee”(ee” — Q) 1o <eiu€f*) +4 (4.4)

where § = O(v(|q;, — q|)), that thanks to (3.19) is § = O(1/v/N). Recall indeed that we
are in the hypothesis of asymmetric prior or A < A. so ¢(1) > 0 and the exponentially
decaying contribution is negligible w.r.t. 1/ V/N. This remainder can be considered
independent of u because the imaginary exponential is always bounded by 1 in norm.

The first term in the last line of (4.3) requires more attention because of the VN
factor in front of it. Therefore, we will need the finer estimate (3.13) with my = 1,75 = ©
to obtain negligible remainders:

v ((ee* — q)ei“5f*) =1 ((ee* — q)ei“g*) + ((66* - (j)eiugf*) + (4.5)
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where §' = O(v((g1, — 3)?)) = O(1/N) uniformly in u by (3.20) for the same reasons as
above. Since at t = 0 the spin € is decoupled from anything else, the first expectation on
the r.h.s. of (4.5) can be shown to vanish, in fact

vo (e€”) = Ex™ () ag,2,0+ (4.6)

where (z), , .- is defined in (2.16) and then v (ee*) = G. To evaluate v, we need instead
(3.6) with f = (ee* — ¢)e**%1+, and in particular n = 1:

1/6 (( e’ —q)e wfl*) = -\ (6(1)6(2)((] q)(e (1) * — Qe zu&l*)
+ Avg (6(1)6*(‘11_* —q)(eMer — Cf)eiuﬁf*) — A\ (6(2)6*( — ) (eWer — q)eiuff»«>
g (€@e® (g — @) (Ve — et ) L @)

We recall that at ¢ = 0 the spin € and its replicas are decoupled from the rest. This allows
us to factorize them and to average over them separately, thus obtaining the following
coefficients:

ap = E<‘r2>§\q,z,z* - (72
az = E(2*)rg 200 (2)3g 000 — @ (4.8)
as = E<I>§\§,z,m* - 3.

With these notations we get

v ((ee —q)e W§1*) = —2Xasly ((ql—2 _ q)eméf*> + Xajvo ((ql—* _ q)eiuff*) i

— —\ jiué Aa — iuéy, Aa — i Aa ug,
)\a3]/0 ((q23 — q)e 51*) — 71V0 (51*6 51*) —_ 272”0 <§12e 51*) -+ 73V0 (§2 51*) .

VN VN VN
(4.9)
Now we plug everything into (4.3), including the remainders, obtaining:
OudnN (u) = —uaivy (ewfl_*) + ida1vg <§f*ei“5f*) — 2idasvy (ffzemgl_*)
e 1
+ idasy, ( e e“‘gl*) +0 () . (4.10)
340 623 \/N

We see that, even if we assume to be able to replace 1 (emgg) with ¢x(u), the

equation is not self-contained, because of the presence of the last two terms. This
suggests that we have to introduce two other functions to be treated with the cavity
approach:

U (u) = iv (Eo.e™e1) (4.11)
(v (u) = iv (Eaze™er) (4.12)

Let us further define the quantities

o (1) =10 (ei“ET*) (4.13)
b (u) = v (g;*ei“fi) (4.14)
Gy () = ivo (€™ ) . (4.15)
EJP 30 (2025), paper 43. https://www.imstat.org/ejp
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With these notations (4.10) rewrites as

Oudn (1) = —uar¢g (u) + Aa10y g (u) — 2Xagtyy (u) + Aasy (u) + O <\/1N> . (4.106)

Let us now turn to ¢ (u). Again by permutation symmetry of the spins

YN (u) = ivVNv ((6(2)6* _ q)eiuéf*ﬂ‘um) _

o g 1) )

— iv/Nv <( (2)* _ q)eiuf;> —uv <€<1>6*(6(2>6* — e w&l*) +0 <\F) . 4.17)

Now we use (3.12) for the second term:

v (6(1)6* (6(2)6* _ q)eiuff*> =1 (6(1)6* (6(2)6* _ (7)> Yo (eiUEf*)+,y = aspy (u)+y. (4.18)

Here v = O(v(|q;, — G|)) = O(1/v/N). The more delicate term that multiplies v/N has to
be treated with (3.13) where f = (¢()¢* — §)e’*¢1- which is a function of n = 2 replicas
and the ground truth:

(( (2) *x ) w{l*) — VO(G(Q)E* _ Q)VO (eiuﬁf*) +V(/) (( (2)6* _ q> zuil*) +’Y/~ (4.19)

The first term on the r.h.s. vanishes since vy(e*¢(®)) = ¢. v/} can be evaluated through
(3.6) as before with n = 2, yielding:

(( @ _ gle Luél*) — Xas ((q;2 _ q)eiufﬂ) — 2\asvg ((q;3 _ q)eiufﬂ)
— 2azvy ((qz‘s - Q)emﬁf*) + Aazvp ((ql* —q)e “‘51*) + Aa1vg ((‘12* —q)e “‘51*)
— 2)Xas1 ((qS_* — q)eiugf*) + 3Xasvg ((q§4 — q)eiugi) . (4.20)
Using the definitions of ¢, ¢, and ¢, , and plugging everything inside (4.17) one has:
Y (u) = —uaggy (u) + Aagdy @y (u) + Apg (w) (a1 — az — 2a3)

+ A (u) (3as — 2a2) + O < ) . (4.21)

5i-

Finally, we simplify (n too.

Cl) = iV ( (D60 - gt ) =

L (1) .=
=ivVNv ((6(2)6(3) _ (j)emgl* (1 i Z.ue\/Ne )) ( )
=iV Nv (( 2B _ e 11151*> —uv (6(1)6*( 2B _ Qe 7“51*) (f)  @22)

As usual, we first treat the second term with (3.12):

y (6<1>€*( @) _ g)e ué) = asdy (u) + 1 (4.23)
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where 7 = O(v(|Ry, — q|)) = O(1/v/N). The first term in the last line of (4.22) is instead
treated with (3.13):

(( @e®) _ g)e zufl*) = 1p(ePe® — P (eiug;) i (( @) _ g)e zu{l*) Ly (4.24)

The first term on the r.h.s. is still zero thanks to the Nishimori identities. We focus on
the second one, using (3.6) with n = 3:

(( @) _ g)e mél*) = Xasvo ((sz _ —)ewa;) T Ao ((Rfs _ q)ews;)

+ Aarvg ((R2_3 - fi)e”gf*) — 3Aasuy ( “5) ~ 3asrp ((R2‘4 - q)ews;)

— 3Xagvy ((R§4 - Q)eiu£;*> + Aazvg ( “‘51*> + Aasvg ((R2* q)e 1“51*)

+ Aazvyg ((Rg* q)e mgl*) — 3Xasvy ( zufl*) + 6asvg ((R45 )e“‘fl*) .
(4.25)

Using the definition of the 0-time functions and plugging the previous inside (4.22) we
get

Cn(u) = —uasdg (u) + AaszOudg (1) + Mg (u) (dag — 6as)

_ 1
+ Ay (u) (a1 — 6ag + 6as) + O (\/N) . (4.26)
With the computations above we have just shown that
OupN ay —2az a3 OuPy ay
YN =X|lax a;—as—2as3 3as — 2a9 Yy —ugy (u) | az
CN as 4a2 — 6(13 ayp — 6(12 + 6&3 CO_ as

1
ol — | . 4.27
* (wv) *27)

We recall again that O(1/v/N) has to be intended as a quantity whose norm can be
bounded with C,/ V/N where C, has an at most quadratic dependence on u.

We claim that, up to O (Nfl/z), one can replace in the r.h.s. of (4.27) the quantities
9o,V » and (, by ¢, and ¢ respectively. Consider for instance the difference between
0, ¢ and 0,¢, , the other terms can be treated analogously. By Lemma 3.6 with n = 2 one

1
readily obtains that d,¢n — Ou¢pg = O <\/N> Therefore equation (4.27) can be now

rewritten in a more compact form as

W PN ai 1
(]l — )\M) YN = —u¢N(u) as | +0O () R (4.28)
(N as VN

where M is the 3 x 3 matrix in (4.27). In [4] it is proved that if X is such that p()\) is twice
differentiable then 1 — AM is invertible and in this case

2 —3+3Xa; —2)\a
( I T ea - g )

ai

_ -1 _ 1 [ —3+3Xa1—2)as
[1-aM] " |aa | = 1 ( e | 3 , (4.29)
as 4>\a§+(1—)\a1—5ka2)a3+2)\a3
(1—p1)*(1—po2)
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with po < p1 and

/1,1()\) = )\(a1 — 2a9 + (13) (4.30)
/,62(/\) = )\(a1 — 3as + 2@3) . (4.31)

In particular, when p() is twice differentiable one has u;(\) < 1 ensuring the existence
f[1—AM| ~!. Therefore the differential system (4.28) is equivalent to

u¢N [ :I 1 ai 1
YN = fung(u) 1—MM| as | +O <> . (4.32)
(N as VN

The first line of the previous system, together with the initial condition ¢5(0) = 11is a
Cauchy problem for ¢n:

(4.33)

dupn = —Cudn(u)+0 (N~1/2),
on(0) =1

where C := Z?Zl []l — )\M] ;;aj . One can verify that ¢y is a sequence of absolutely

continuous functions and then by Lemma 3.7 one gets ¢ Noeo, ¢ where ¢ solves the
same differential problem without the remainder. More precisely one obtains

u2C

lim ¢n(u) = ¢(u) = exp ( - —) , (4.34)
N—oo 2

and then by Levi’s continuity Theorem we conclude that &, converges in distribution to

a centered Gaussian with variance C.

Remark 4.1. As a last check we note that 93¢ (u) is bounded for any fixed u € [~ K, K]
for instance, thanks to (3.19). Hence, we can exchange the second derivative w.r.t. u
with the N limit (see e.g. [2, Theorem 1.1]). If we evaluate such derivative in u = 0 we
obtain the matching

2n(0) = —v(€2,) X2 92¢(0) = —C (4.35)

which is in agreement with [4]. Equivalently, one could have argued that thanks to
(3.19) the sequence ¢7, = N(qi. — q)? is uniformly integrable. Therefore, besides the
convergence in distribution, one would have also convergence of moments up to the
third for instance, that would be 0.

The same argument holds true for the second derivatives of ¢ and (. From the
limiting version of (4.32) it is clear that ¢ (u) := limy_, o ¥ (u) must satisfy

3
b(u) = —ug(u) Yy [1 - AM], (4.36)
j=1
which in turn entails
N 3
0un (0) = V(o) = 0u(0) = = [1 - AM], (4.37)
j=1
Analogously:
N 3
0uCn (0) = —v(Eas1.) =2 0,C(0) = — Y [1 =AM, (4.38)
j=1
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5 Proof of Theorem 2.2

We now prove the main theorem with a generic number of replicas. We are going
to prove that the vector £ = ({u5)1<a<b<n tends to a Gaussian vector with a suitable
covariance matrix ¥ = (X,pcq) Where 1 < a < b < n,1 < ¢ < d < n. Let us fix the
notations:

u = (uab)1§a<b§n 5 é = (gab)1§a<b§n 3 uTE = Z uabfab . (51)

1<a<b<n

Following the same procedure as before we now define the fields

on(u) =v (ei“T‘E) (5.2)
Py (u) = (iu (gr,nﬂe”"”ﬁ) )Tzl """ § (5.3)
(v(u) = iv (£n+l,n+2€iUT£) , (5.4)

together with the global field

dudn (1) w (f.eiu'l'ﬁ)
Py = | dy | = (#(Eanee)) | (5.5)
G (u) w (§n+1,n+2eiUT§)7 /

We will also need to handle the fields without the last particle:

o (u) = 1g (ei‘"s_) (5.6)
do ) = (i (6nae™™€) ) (5.7)
G (u) =ivg (§;+17n+2eng*) 5 (5.8)

that will be collected in the vector I'y (u). Let us also introduce the following coefficients
a®t = I/U((GTGS —q)et b) . (5.9
Regardless of the values of r # s and a # b, they can assume only three values
a, a=r,b=s
a=Say, a=r,b#ts . (5.10)

as, a#r,b#£s

We collect the simplifications of the cavity fields into the following

Lemma 5.1 (Cavity computation). Under the hypothesis of Theorem 2.2 we have

T'y(u) = —Aug] (u) + ABT; (u) + O(N~1/?), (5.11)
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ab)1§a<b§n

/
) 1<res<ntl V (rs)=(nt1,n42) and, for1 <r <r' <n

where A = (a

A a<b<n

rr!

B, =(BX) =4 -(n—1A"" a<n b=n+1 , (5.12)
7"("271)Afj1’"+2 , a=n+1,b=n+2

b
ag,n+l ) a < b S n

b 41 nt2

Brnt1 = (Blni1) = qapnii —napn iy, a<n,b=n+1 : (5.13)
n(n+1) n+2,n+3 n+1,n+2 o _
s R S — N, a=n+1,b=n+2

b
Anfint2, a<b<n

b
Bitinte = (Buiing2) = 2‘1?{:;1&2 —(n+ l)aifii+2 , a<n,b=n+1
+1)(n+2 +3,n+4 +1,n43
- )g(n )a2+1,2+2 —2(n+ 1)GZ+1,2+2 , (a,b)=(n+1,n+2)

(5.14)

The proof of Lemma 5.1 is deferred to the Appendix. Thanks to Lemma 3.6 we can
replace ¢, with ¢ and the fields I'j with I'. Equation (5.11) then rewrites as

(1 —AB)I'y(u) = —Augy(u) + O(N~/?). (5.15)

Theorem 3.8 grants us that if we move along the trajectories there characterized the
overlap is constant, and so will be B. Hence, we conclude that 1 — AB is invertible for
almost all A along these trajectories. In particular, if 1 — AB is not invertible, there is
another point on the (), h) plane with a value A’ arbitrarily close to X such that 1 — \'B
is invertible. For future convenience, we also extend the definition of the characteristic
function to the plane (\.h) as follows:

[T, dPx (x(@)e= Zimr Hn (V" ) fiuTe
f ngl dPX (X/(b))e_ i fIN (x/(b) ;x*,z,h)

N (WA h) =E,px- (5.16)

with H defined in (2.18) and &4, = VN (qap — G()\, h)). We will make the dependency on A
and A explicit only when needed.

Suppose for the moment that X is such that we can invert 1 — AB in the original
problem (without external magnetic fields). We then rewrite the equation as

6u_’¢N(u)
Un(u) | = —(1-AB)'Aupy(u) + O(N1/2) (5.17)
(v (u)

whose first n(n — 1)/2 components constitute a linear differential equation for ¢ with the
initial condition ¢(0) = 1. We recall again that the remainder has an at most quadratic
dependence on u. Hence, we can use Lemma 3.7 with fy(s) = ¢n(su) to find a solution
for ¢(u) := limy_, o0 ¢ (u). The solution of such equation must then be of the form

$(u) = exp ( - %uTEu) (5.18)

where ¥ is a matrix, whose elements depend on those of (1 — AB)"'A. Even when it
is possible, inverting 1 — AB is impractical, especially because our statement is for a
generic number of replicas n. Nevertheless, thanks again to [2, Theorem 1.1], we can
exchange derivatives w.r.t. to any component of u in u = 0 (note that the control on each
partial derivative is uniform w.r.t. the other coordinates thanks to the boundedness of
the imaginary exponential). This allows us to match the elements of 3 with the following
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covariances:
Sabab = 3 [1=AM]| a;
=1 ’
Sabac = 3 [1=AM], a, (5.19)
j=1

NE

Zu,b,cd = []l - )\M} ;;G/]

1

.
Il

with a < b, ¢ < d, a # ¢, b # d, whose explicit form can be read in (4.29).

On the other hand, for those values X at which 1 — AB is not invertible, we consider
a point (), 2()\')) as in Theorem 3.8 arbitrarily close to (\,0). For this point we can
invert the matrix and proceed as before. Now, we note that the extended characteristic
function (5.16) is Lipschitz along the trajectories of Theorem 3.8, and so will be its limit.
A straightforward computation of the directional derivative indeed yields

W@V(u N, h(X)) = (Ox — @On)on (u; N, (X))

—0(1) + ]E< DY §ab—nZ§an+1+ )5n+1n+2}> (5.20)

0<a<b<n

where by O(1) we mean a quantity that is bounded by a constant, depending only on the
width of the support of Px and on the number of replicas n. Recall that g(A’, h()\)) = g())
for any X € [0,\]. Each of the other three contributions appearing above can be
bounded thanks to Theorem 3.5, leading to bounded derivative uniformly in N. Hence

the non-invertibility points on the A-axis can be completed by continuity.
N —o00

We still need to make sure that ¢y (u; A, 0) ——— P(u :\,0), the latter being well
defined if p is twice differentiable at A (recall that 1 — AM in (5.19) is thus invertible).
This is clearly the case thanks to uniform (in V) Lipschitzness of the characteristic
function. In fact:

|on (w5 X,0) = d(w; A, 0)] = o (u; X, 0) — G (w; N, h(X)) + o (w; X, (X))
— p(w; N, h(N)) + o(w; N, (X)) — ¢(u; A, 0)]
<2K|A = N| + |on (w; X, A(XN)) — d(u; X, A(N))| (5.21)

where K denotes the Lipschitz constant, both of ¢ and its limit ¢, and we simply used
the triangular inequality repeatedly. Now we let N — oo and then A’ — )\ obtaining, and
the proof is complete.

6 Conclusions and perspectives

In this paper we considered a class of disordered mean-field spin-glasses defined by a
Hamiltonian with two body non centered Gaussian interaction and spin distribution with
bounded support. The Hamiltonian is such that the model fulfills the Nishimori identities,
and in this case the free energy can be expressed as the solution of a one dimensional
variational principle. This is indeed a consequence of the Nishimori identities that
force the order parameter, i.e. the overlap between two spins configurations, to be self-
averaging everywhere but the critical points. We studied the fluctuations of the overlap
around its mean and proved that the rescaled overlap vector converges, everywhere
but the critical points, to a Gaussian vector in the thermodynamic limit for an arbitrary
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number of involved real replicas of the system. This result improves our knowledge
of the statistical mechanics properties of such systems. We notice that our techniques
cannot be applied if the model is at the critical point. For Ising spins, for example,
criticality occurs at A = 1, and in this case the quantities (4.29), as well as the elements
of covariance of the Gaussian density in the CLT, diverge. Nevertheless, we believe the
methods employed here are robust enough to generalize the result in various directions.

A first generalization can be obtained replacing one dimensional spins with vector
spins. This corresponds to a finite-rank matrix estimation problem in inference [51, 50,
46]. Here the order parameter becomes a “matrix overlap” and it is possible to show
that Nishimori identities imply its concentration [10]. Hence it is reasonable to expect
that the matrix overlap satisfies a Central Limit Theorem everywhere but at the critical
points. Within this framework, it is also possible to describe a Potts-like model, where
the site variables z;, and the corresponding ground truth 2} are replaced by vectors x;,
x} in R¥ with k arbitrary but finite. To obtain a Potts type Hamiltonian then it suffices to
choose a prior Py (x;) that is supported on the canonical basis of R¥.

Recently, it was shown in [56, 30] how to extend Ellis and Newman’s results to
the Curie-Weiss p-spin model. We believe that a similar extension can hold also in
a wider context, i.e. for disordered models on the Nishimori line with higher order
interactions. The corresponding inferential problem is called low rank tensor estimation,
which exhibits the same replica symmetric features of the standard low rank matrix
estimation [52, 15, 23].

Another direction in which we believe one can extend the fluctuation analysis is for
the class of mean-field multispecies models. They are characterized by an invariance
under block-permutation among particles of different species. Their deterministic
formulation, with the related fluctuations properties, were studied in [38, 49]. In the
disordered case with centered Gaussian couplings, the free energy was computed only
under some technical convexity assumption [16, 61, 32] or for spherical spins [8, 17, 67].
Multispecies models on the Nishimori line instead were solved in [5, 6] also in absence
of convexity. For the latter, the central limit theorems for the rescaled overlap vector
should be obtained with the same methods used in this work.

Finally, the free energy of spin glasses with rotationally invariant couplings, i.e.
whose law is invariant under orthogonal transformation, was investigated in the high
temperature phase [18, 37]. In particular, the free energy fulfills a replica-symmetric
variational principle, with the overlap as the order parameter. Moreover, using methods
from Statistical Physics, it is possible to find a replica symmetric formula for the free
entropy of inferential models with rotationally invariant noise, where the overlap appears
again as an order parameter [11]. It would thus be interesting to study the fluctuation
properties, both for the free energy and the overlap, in those cases.

A Intermediate results for the proof of Theorem 2.2

We begin with a modified version of Lemma 3.1:

Lemma A.1l. For any bounded function f of n replicas (and not of the ground truth) the
following holds:

d A . :
=5 3 w(law-a))

1<I£l'<n

- n - 1 — — n n
—A(n—1) E W ((ql,n-H - ‘j) el +1)f) + A%W ((qn+1,n+2 - Q) el +2)f) . (A1)
=1

3

Proof. The proof follows from that of Lemma (3.1) applying Nishimori identities, and
uses the fact that f does not depend on the ground truth. O
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A.1 Proof of Lemma 5.1

Concerning the first n(n — 1)/2 components of I'y, given 1 < <’ < n we have
O, (0) = i (§rree®™"€) = VN (€€ — e™"€) =
=iV Nv ((ererl - q)ei“TF*fﬁ Za<n Uabﬁ“ﬁb) — iVNv ((67"67" _ q)eiu75_>

- gum} v ((ererl —q) aebeiuTgi) + O(%) . (A2)

Here O(1/v/N) can depend on u at most quadratically. The last term can be simplified
thanks to (3.12):

Xn: Uap V ((erer’ _ (j) aebeiuT£7> — [i Uab affff,] (i)(; (11) +6. (A.3)
a<b a<b

Here § = O(v(|qy, — q|)) = O(N~'/?) independently of u. The term proportional to v N
needs instead the finer estimate (3.13) with 4 = 1, 75 = 00, and consequently (A.1):

W (e =S ) = VN (€ g e )

a<b
“ A=) Y (e = et (g — @)™ )
a=1
An(n —1 / - —\ iuTg”
%Vo((erer - Q)€n+1€n+2(9n+1,n+2 —q)e™'E )} +4d, (A4)

where &' = VNO(v((qy, — §)?)) = O(N~'/2). Now consider that at t = 0 the ¢ particle
decouples from the other N — 1-s. Hence we recover the coefficients a%%,. For future con-
venience we gather them into a rectangular matrix A = (a

ab)1§a<b§n
rs)1<r<s<n+1 V (r,s)=(n+1,n+2)"
Plugging everything back into (A.2) we get

D, &N (1) = —(AU),p g () + AB, - Ty (u) + o(\/iﬁ) (A.5)

with B, as in (5.12), and a remainder that can depend at most quadratically in u.
From this moment on, every remainder O(N~'/?) depends at most quadratically on u
if not specified. Let us turn to ¢:

Yy () = i\/ﬁu((erenJrl - q)ei“Tg) = iﬁu((e"e”“ - q)ei“Tgf)
- Z uabu((ere""‘l - (j)e“ebeiuT() +O(N~Y2). (A.6)
a<b
The last term can be approximated by means of (3.12):
Z uaby((€r€n+1 7 q)eaebeiu75—> _ Zuabl/o ((ErenJrl o Q)GaﬁbeiuTg_) + O<N—1/2) _
a<b a<b
n
= uapafh1¢p (1) + O(N7?) = (Au)yni1dp (0) + O(N~V2) . (A7)

a<b
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The first term needs instead the finer estimate (3.13) and (A.1):

n+1
Wy (et = g€ ) = iVN[A D an((€ ! — @) oy — )
a<b
n+1

_ )\nz o ((€r6n+1 _ q)€a€n+2(qa 2 — Qe iuTE" )

An(n+1)

5 Yo ((€r€n+1 q)€n+2€n+3(q;+27n+3 _ q)eiu'rﬁf)} + O(N—l/Q) . (A.8)

We treat the three contributions in the three lines of the previous equation separately,
keeping in mind that under v, the e-particle is factorized out. Concerning the first, by
splitting the sum we have

n+1 n
iVN Z 7 ((€r6n+1 — e e (g — )e™' € ) = Z At 410u,, 6o (1 Z arniive.(u). (A9)
a<b a<b

The second contribution in the second line yields instead

n+1 n

VNS n (€ = e (g e — D™ ) = D Al e (w) + ol G (). (A10)
a=1 a=1
Finally:
_ 2.n+3 —
vy ((€TE7L+1 — q)e”+26”+3(qn+2 ni3 — Qe uTen ) = a?;_,_;ﬁ ¢ (u). (A.11)

Putting everything together we get a cavity approximation for J:
Ynr() = —(Au)pnt1 ¢g (1) + ABy i1 - Ty (u) + O(N 1/2) (A.12)

with B, 11 asin (5.13).
We now finally turn to

(n(u) = z'x/ﬁu((e”“ewr2 — q)ei“T5> = i\/JVV((e”HG"Jr2 — q’)ei“TF)
— Zuaby(e € ”'H €2 q)ei“TF) + O(N_l/Q). (A.13)
a<b

As before, we first focus on the last term

p(e (e 1e = e ) = S uapazlyy e ég (W) + O(N Y2 (A.14)
a<b

where we used (3.12). Secondly:

n+2
WNV((e e = )T ) = iVN[A D w (e = a)ete g, — e )
a<b
n+2
_ )\(’I”L + 1) Z Vo ((6n+16n+2 _ q)eaen-i- (qa s — q) iuTé )
a=1
An+2)(n+1 il I . e B
+ %m)((e Flent2 _ gyente +4(qn+37n+4_q)6 ¢ )] FO(N"Y2). (A.15)
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The contribution in the first line yields

n+2 n
ivV'N Z Yo ((6n+16n+2 q)eaeb(q - q)ezu"ﬁ ) = Z a?zz-l,n+2auab¢a (u)
a<b a<b

n n
a,n+1 — a,n+2 — n+1 n+2
+ Z an+1,n+2w0,a(u) + Z an+1,n+2w0,a(u) n+1 7L+2CO ( )

n n
- n+1 - +1,n42
= Z a?LZ—l,n—&QauaquO (u) +2 Z aZfl,an’o,a(u) Z+1 Z+2Co (u). (A.16)
a<b =

The contribution in the second line is

n+2

VN v (et - qete (g - @)™ ) A.17)
a=1
n
;n+3 — 1,n+3 —
= Z aZﬂin+2¢O,a(u) + QGZL,ZLCO (u). (A.18)
The third line contributes just with
VN (€12 = g3t (g g = e ) =an G (). (A19)

For the last time, gathering all the contributions we have

Cnv(u) = —(AU), 11 mi2¢g (W) + ABpyinie - Tp (u) + O(N~Y2) (A.20)

with

b
Bn+1,n+2 = (Br(]{+1,n+2)
agz—l,n—i-Z ) a < b S n
1 3
= 2aflffrn+2 (n+1a fon+27 a<n,b=n+1 . (A21)

wagﬁ’ w2+ Dap ity (a,b) = (n+1,n+2)

Hence, we have just proven that the following linear system of equations holds

T'n(u) = —Augy (u) + ABT (u) + O(N~/2). (A.22)
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