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Abstract. This work is focused on the formulation of a numerical model for prediction of flow field inside a particulate filter. More 
specifically, a one-dimensional mathematical model of the gas flow in a particulate trap-cell is deduced and solved numerically. 
The results are given in terms of velocity, pressure, and filtration velocity. In addition, the dependence of the pressure drop on the 
main governing parameters has been investigated. More specifically, the permeability of the porous medium and the hydraulic 
diameter play a fundamental role in the pressure drop. 

Keywords: Particulate filter model; Porous media; Non-dimensional approach; Numerical approach. 

1. Introduction 

Internal combustion engines, during operation, release quantities of pollutants in aerosol form which are harmful to the 
environment and human health [1]-[2]. As a consequence, car companies are making use of engine exhaust fume filtering 
systems to keep pollutant emission levels low [3], while research institutions are exploring the option of developing fully 
sustainable vehicles (as innovative electric buses [4] or solar powered vehicles to [5,6]). The most common geometry is the wall-
flow one, in which the exhaust gases are forced to pass between the filter cells and overcome the porous matrix that separates 
the different cells (as depicted in Fig. 1). However, inserting the wall-flow filter into the flue gas exhaust duct produces a pressure 
drop, i.e., the engine must perform more work to overcome it. This affects the performance of the engine, in particular its fuel 
efficiency. Therefore, the ability to accurately predict the backpressure caused by the filter monolith has become very important 
for automotive companies in the optimization of their vehicles [7]. 

Bissett [8] in 1984 proposed a pivotal study regarding the regeneration process of the filter using a one-dimensional numerical 
resolution approach of the balance equations of mass, moment and energy. This conceptual model constituted the basis for 
subsequent works aimed at the prediction of the pressure drop under different working conditions of the filter and filtration 
efficiency. Prantoni et al. [9] adopted the above-mentioned model [8] considering the fluid dynamic interaction between the cells 
that make up the entire wall-flow filter. Aleksandrova et al. [10] used the Bissett model [8] to characterize particulate filters for 
diesel engines and for gasoline engines under different flow conditions but at a fixed temperature. Moreover, Koltsakis et al. [11] 
and Yang et al. [12] recount additional examples of application of Bissett's model [8] for the characterization of particulate filters. 
The majority of these models, such as the one here developed, are based on a scaling approach so that the pressure drop of the 
filter can be modelled by considering a simplified geometry including a single inlet and outlet channel. In coherence with 
Prantoni et al. [9], the approximation introduced by the scaling approach can be justified when the velocity profile entering the 
filter is flat, so that the mass flow rate is the same in all channels, and when the ratio between the cell hydraulic diameter and 
the filter diameter is very small (d/Dfilter<<1). In other words, it means that the full coupling between open and closed channels is 
negligible on the scale of the entire filter. It is worth mentioning that the applicability of the scaling approach is also limited to 
filters with homogeneous properties, i.e. all the cells have the same hydraulic diameter, all the porous walls have the same 
permeability, and soot is distributed homogeneously. 

The efficiency of the filter varies over time according to the augmentation of the soot thickness. The simulation of this 
scenario requires the modelling of the interaction events between particles and porous matrix (Lattice-Boltzmann method), with 
high computational cost (see [13]-[15]). Another problem that affects the simulation of a real porous medium is the modelling of 
geometry. On this regard, some authors used the Voronoi tessellation (as reported in [16], [17]), while others used real images 
obtained from an X-ray analysis [18]. Both these approaches proved to be unreliable for solving equations of motion, especially 
when analyzing large systems. The unsurpassed approach is still to model the porous medium through the Darcy equation, in 
coherence with Celli et al. [19], and Tilton et al. [20], as will be described in next Paragraph 2. 
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Fig. 1. Wall-flow Particulate filter: single trap cell model where U is the inlet cell velocity, L is the monolith length, d is the cell dimension equal to 
the hydraulic diameter, s is the porous wall thicknesses, u1(x) is the velocity field in the inlet cell, u2(x) is the velocity field in the outlet cell, p1(x) is 

the pressure field in the inlet cell and p2(x) is the pressure field in the outlet cell. 

 
The major application that the system under consideration is applied is the automotive sector. In general an automotive is a 

quite complex electro-mechanical system consisting of a large number of subsystems and components. Dealing with systems of 
such a complexity implies a versatile research approach ranging from modeling tasks [21, 22], over optimization of various 
components [23, 24], engines [25, 26], to aspects of computational fluid dynamics [27, 28], etc. However, all filter systems have an 
impact on other aspects as well, such as noise, vibrations [29]. 

The present work deals with a one-dimensional mathematical model of the particulate wall-flow filter in stationary 
conditions and with the hypothesis of constant temperature system. In particular, the model is developed considering the 
pressure dependent gas density through the ideal gas law. The model is non-dimensionlized and the results are validated by 
comparison with the literature [30]. Furthermore, a sensitivity analysis has been carried out by correlating the pressure drop of 
the gas flow through the filter with the variation of the system parameters (hydraulic diameter (d), porous media wall thicknesses 
(s), monolith length (L), permeability porous media (k) and dynamic viscosity (µ)). The model is solved numerically in MATLAB 
ambient [31]. 

2. Physical Domain and Mathematical Model 

In Fig. 1, the configuration of the Wall-Flow filter used in this work is depicted: the flow inside a honeycomb cell is considered. 
The gas flow is forced to enter the inlet cell (cell 1), cross the porous medium and finally to pass in the outlet cell (cell 2), 
communicating with the environment after the filter. In coherence with Konstandopoulos et al [32], the one-dimensional mass 
(Eq. (1)) and momentum (Eq. (2)) balance equations of the exhaust gas can be defined for the inlet cell (subscript 1) and outlet cell 
(subscript 2):  
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where � is the fluid density, u is the fluid velocity, d is the hydraulic cell diameter, vf is the filtration velocity trough the porous 
wall, p is the pressure, µ is the fluid dynamic viscosity, f is the friction factor and Re is the Reynolds number. 

The filtration velocity vf is related to Darcy's law: 

 1 2      ,fp p sv
k

µ
− =  (5) 

where k is the porous medium permeability and s is the porous medium thickness.  
The boundary conditions are expressed as follows: 

( )1 0 ,u U=  (6) 

( )1 0,u L =  (7) 

( )2 0 0 ,u =  (8) 

( )2  ,atmp L p=  (9) 

where L is the monolith length, U is the inlet cell velocity and patm is the pressure at the outlet cell imposed equal to atmospheric 
pressure. 

Eqs. (6)-(7) indicate that the inlet cell velocity is known at the entrance and at the termination, Eq. (8) expresses the 
impermeability of the outlet cell at x=0, and Eq. (9) states that the exhaust gas is exiting at a known atmospheric pressure. 
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Substituting the filtration velocity vf (formulated in Eq. (5)) into Eqs. (1)-(2), we obtain: 
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According to the ideal gas law [33], the local density can be defined as a function of the pressure pi: 
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where R is the air specific gas constant equal to 287.058 J/(kg K) and T is the temperature.  
By substituting Eq. (12) into Eqs. (10)-(11) and Eqs. (3)-(4), the following differential set of equations is obtained: 
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Eqs. (13)-(16) coupled with the boundary conditions Eqs. (6)-(9) represent the Boundary Value Problem (BVP) whose unknowns 
variables are ui(x) and pi(x) with i=1,2. 

Introducing L as a length scale, U as the axial velocity scale, and dU/4L as the transverse (wall) velocity scale, the governing 
equation can be expressed in terms of the following dimensionless quantities: 
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Finally, the dimensionless equations and boundary conditions are given by: 
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( )1 0 1,u =ɶ  (22) 

( )1 1 0,u =ɶ  (23) 

( )2 0 0 ,u =ɶ  (24) 

 ( )2 1 0 ,p =ɶ  (25) 

where a, b and c are parameters defined as: 
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For the sake of conciseness, the complete non-dimensional procedure of equations has been reported in Appendix A. 
In this study, a sensitivity analysis of the boundary value problem Eqs. (18)-(25) has been pointed out by varying the 

parameters a, b and c in accordance with the real physics conditions defined in Table 1. 
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Table 1. Parameters set up [12]. 

Name Symbol Value Units 

Hydraulic diameter d 0.001 m 

Porous wall thicknesses s 0.0002 m 

Monolith length L 0.125 m 

Permeability porous media k 5.5x10-13 m2 

Gas constant R 287.05 J/(kg K) 

Temperature T 700 K 

Atmospheric pressure patm 101325 Pa 

 
More specifically, the analysis was conducted by varying one physical property at a time, maintaining the other constants at 

the values indicated in Table 1.  
The variation of dynamic viscosity with temperature T has been calculated using the Sutherland's Law [34]: 
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The product between the friction factor f and Reynold’s number Re was obtained following the fully developed square tube 
theory [35] so that f Re = 14,227. Thus, the starting calculated values of the parameters are a=209.076, b=502.338 and c=0.0234. 

3. Numerical Procedure and Model Validation 

The non-dimensional Boundary Value Problem (Eqs. (18)-(25)) was solved numerically in MATLAB ambient[31], by means of the 
“bvp4c” solver, a finite difference code that implements the four-stage Lobatto IIIa formula [36]. The latter is a collocation formula 
providing a C1-continuous solution that is fourth-order accurate uniformly in the interval of integration. Mesh selection and error 
control are based on the residual of the continuous solution. The collocation technique uses a mesh of points to divide the 
interval of integration into subintervals. The solver determines a numerical solution by resolving a global system of algebraic 
equations resulting from the boundary conditions, and the collocation conditions imposed on all the subintervals. More 
specifically, the computed solution S(x) is the exact solution of a perturbed problem S´(x) = f(x,S(x)) + res(x). On each subinterval of 
the mesh, a norm of the residual in the i-th component of the solution, res(i), is estimated and has not to exceed an imposed 
tolerance. This tolerance is a function of the relative and absolute tolerances, here fixed equal to RelTol=10-5, and AbsTol=10-6. 
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( )
( )
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max ,

res i
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        ≤           
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Therefore, if the solution does not satisfy the tolerance criteria, the solver adapts the mesh and repeats the process. What is 
needed is to provide the initial mesh points, as well as an initial approximation of the solution in the mesh points. Regarding the 
case here treated, the domain [0,1] has been divided into 100 points.  

Therefore, in order to validate the model described in Section 2 (Eqs. (18)-(27 )), the velocity fields inside the single cells have 
been compared with the results obtained by J.D. Cooper et al. [30]. In turn, the solution illustrated in Ref. [30] had been validated 
by means of experimental results taken from a magnetic resonance imaging (MRI), considering a trap-cell with the following 
characteristics: (i) monolith length L= 0,145 m, (ii) hydraulic diameter d=0.001 m, (iii) porous wall thickness s=0.0002 m, (iv) 
permeability porous media k=5.5x10-13 m2, (v) temperature 295 K. 

  

Fig. 2. Comparison between non-dimensional velocity profiles (here found and the ones obtained by J.D. Cooper et al. [30]) with reference to the inlet 
cell (black line and black points) and outlet cell (blue dashed line and blue points), for two values of velocity inlet: 

(left) 0.044 m/s and (right) 0.525 m/s. 
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Table 2. Numerical values of the comparison illustrated in Fig. 2 and percentual error. 

 Home Code J.D. Cooper ε% Home Code J.D. Cooper ε% 

ɶx  Inlet Outlet Inlet Outlet Inlet Outlet Inlet Outlet Inlet Outlet Inlet Outlet 

0 1 0 1 0 0 0 1 0 1 0 0 0 

0.25 0.6756 0.3244 0.6759 0.3235 0.044 0.280 0.7548 0.048 0.7563 0.050 0.200 4.170 

0.5 0.5013 0.4967 0.5012 0.5028 0.020 1.230 0.6051 0.026 0.6091 0.024 0.660 7.690 

0.75 0.3339 0.6661 0.3342 0.6723 0.090 0.930 0.4427 0.089 0.4483 0.090 1.260 1.120 
1 0 1 0 1 0 0 0 1 0 1 0 0 

 
Figure 2 highlights the comparison between the velocity profiles in both inlet and outlet cells. Based on pure observation, 

there are no major discrepancies between the solutions, as confirmed by the error value ε reported in Table 2 that was 
computed according to the following equation: 

 . 
i ref

i

v v

v
ε

−
=
ɶ ɶ

ɶ
 (29) 

where ivɶ is the value obtained using the home code and refvɶ is the value taken from Ref. [30]. 

4. Results and Discussion 

In the following sections, the velocity and pressure fields in the two cells are analyzed as the governing parameters of the 
problem vary. 

4.1 Influence of Hydraulic Diameter 

Figure 3 shows the behavior of the non-dimensional velocity uɶ  in the inlet and outlet cells for different values of the 
hydraulic diameter d (d=0.5 mm, d=1 mm and d=2 mm), and for fixed values of the inlet velocity U (U=1m/s and U=50 m/s). 
 

U=1 m/s  U=50 m/s 

  

Fig. 3. Non-dimensional velocity uɶ in the inlet (continues line) and outlet (dashed line) cell along the non-dimensional coordinate xɶ as a function of 

the inlet velocity U and the hydraulic diameter d: d=0.5 mm (black lines), d=1 mm (red lines) and d=2 mm (blue lines). 

 
 

U=1 m/s  U=50 m/s 

  

Fig. 4. Non-dimensional pressure pɶ in the inlet (continues line) and outlet (dashed line) cell along the non-dimensional coordinate xɶ as a function of 

the inlet velocity U and the hydraulic diameter d: d=0.5 mm (black lines), d=1 mm (red lines) and d=2 mm (blue lines). 
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d=0.5 mm d=1.00 mm d=2.00 mm 

   

Fig. 5. Non-dimensional filtration velocity
f

vɶ in the inlet/outlet cell along the non-dimensional coordinate xɶ , as a function of hydraulic diameter d 

and of the inlet velocity U. 

 

 

Fig. 6. Non-dimensional pressure drop Δpɶ as a function of the hydraulic diameter d and the inlet velocity U. 

 
Based on pure observation, the behavior of the non-dimensional velocity uɶ  inside the cells (inlet and outlet) is symmetrical. 

More specifically, as the velocity U increases, the intersection point between the two velocity functions tends to move towards the 
exit (0.5< xɶ <1). Please also note that as the hydraulic diameter increases the two velocity functions approximate a linear profile, 
especially for law values of the inlet velocity U.  

Figure 4 highlights the influence of the pressure drop. More specifically, Fig. 4 shows the non-dimensional pressure pɶ  trend 
inside the inlet and outlet cells for different values of the hydraulic diameter d (d=0.5 mm, d=1 mm and d=2 mm) at the same fixed 
values of the inlet velocity U (U=1m/s and U=50 m/s). The shape of the non-dimensional pressure p ̃ profile is more influenced by 
the value of the hydraulic diameter d. For law values of d, significant pressure gaps between the start and end of each cell are 
detected. The opposite happens for higher values of the hydraulic diameter in which the pressure differences between start and 
end of the cell decrease. 

Moreover, the pressure trend regulates, according to Darcy's law Eq. (5), the filtration velocity fvɶ . On this regard, Fig. 5 shows 
the non-dimensional filtration velocity trend (see Appendix B for non-dimensioning procedure) as a function of the hydraulic 
diameter d and for different values of the velocity inlet U. It is important to underline that the curves corresponding to velocity U 
= 100 m/s are purely numerical as these velocity value is not real. 

The filtration velocity proves to be highly influenced by the hydraulic diameter d, being in turn the pressure difference 
between the two cells highly affected by the value of this parameter. 

It is worth mentioning that the total pressure drop between the entrance and the exit of the trap-cell is of great importance in 
engineering: 

( ) ( )Δ 1 20 1 .p p p= −ɶ ɶ ɶ  (30) 

With reference to the model here developed, ( )2 1pɶ is equal to 0, due to the imposed boundary condition (see Eq. (25)), so that Eq. 

(30) is reduced to the value ( )1 0pɶ . 

Finally, Fig. 6 shows the pressure drop Δpɶ  as a function of the hydraulic diameter d evaluated for different value of the 

velocity U. The pressure drop Δpɶ  is a decreasing monotone function of the hydraulic diameter d, while the velocity U has slight 

influence. 

4.2 Influence of Porous Wall Thickness 

The behavior of the thickness porous media s (Figs. 7-10) is similar to that of hydraulic diameter previously analyzed. The non-
dimensional velocity shape uɶ  in the two cells tends towards linearity with the augmentation of the thickness porous media s 
(Fig. 7). The increase of the velocity U, on the other hand, tends to shift the crossing point between the velocity functions by 
values xɶ  exceeding 0.5. The velocity distribution pɶ is regulated by the non-dimensional pressure pɶ , as depicted in Fig. 8. 
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U=1 m/s  U=50 m/s 

  
Fig. 7. Non-dimensional velocity uɶ in the inlet (continues line) and outlet (dashed line) cell along the non-dimensional coordinate xɶ as a function of 

the inlet velocity U and the thickness porous media s: s=0.1 mm (black lines), s=0.2 mm (red lines) and s=0.6 mm (blue lines). 

 

U=1 m/s  U=50 m/s 

  
Fig. 8. Non-dimensional pressure pɶ in the inlet (continues line) and outlet (dashed line) cell along the non-dimensional coordinate xɶ as a function of 

the inlet velocity U and the thickness porous media s: s=0.1 mm (black lines), s=0.2 mm (red lines) and s=0.6 mm (blue lines). 

 

s=0.1 mm s=0.2 mm s=0.6 mm 

   
Fig. 9. Non-dimensional filtration velocity

f
vɶ in the inlet/outlet cell along the non-dimensional coordinate xɶ as a function of the thickness porous 

media s and Inlet velocity U. 

It is visible that the thickness of the porous medium s causes the pressure distribution to vary more significantly than due to 
the velocity U. This pressure distribution, through Darcy's law, also regulates the filtration velocity fvɶ (Fig. 9), which in turn 
indicates the depths of the filter. It is important to underline that the curves corresponding to velocity U = 100 m/s are purely 
numerical as these velocity value is not real. 

In addition, Fig. 10 shows that the pressure drop Δpɶ (eq. (28)) decreases monotonically with the augmentation of the thickness 
of porous media. The simulations are carried out by holding constant all the other parameters. In particular, the total permeability 
of the porous media is the same while increasing its thickness. This is affecting the pressure drop along the cell length and 
determines a more uniform pressure distribution. 
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Fig. 10. Non-dimensional pressure drop Δpɶ as a function of the thickness porous media s and Inlet velocity U. 

U=1 m/s  U=50 m/s 

  
Fig. 11. Non-dimensional velocity uɶ in the inlet (continues line) and outlet (dashed line) cell along the non-dimensional coordinate xɶ as a function of 

the inlet velocity U and the monolith length L: L=100 mm (black lines), L=125 mm (red lines) and L=250 mm (blue lines). 

 

U=1 m/s  U=50 m/s 

  
Fig. 12. Non-dimensional pressure pɶ in the inlet (continues line) and outlet (dashed line) cell along the non-dimensional coordinate xɶ as a function 

of the inlet velocity U and the monolith length L: L=100 mm (black lines), L=125 mm (red lines) and L=250 mm (blue lines). 

 

4.3 Influence of Monolith Length 

The influence of the monolith length L is reported graphically in Figs. 11-14. This parameter presents an opposite behavior if 
compared to the previous cases. As the value of the monolith length L increases, the velocity profiles deviate from linearity (see 
Fig. 11). While, as the inlet cell velocity U increases, the intersection point between the curves moves to the xɶ >0.5 domain area. 

In addition, the pressure pɶ trend increases its gradient with the augmentation of the monolith length L, as depicted in Fig. 12. 
The pressure pɶ trend between the two cells also regulates the filtration velocity fvɶ : on this regard, Fig. 13 demonstrates that is 
takes a parabolic shape that becomes more pronounced as L increases. It is important to underline that the curves corresponding 
to velocity U = 100 m/s are purely numerical as these velocity value is not real. This means that the most “filtering parts” of the 
filter are those at the extremes. Finally, the pressure drop Δpɶ  increases with the augmentation of the monolith length L, as 
depicted in Fig. 14. 
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s=0.1 mm s=0.2 mm s=0.6 mm 

   

Fig. 13. Non-dimensional filtration velocity
f

vɶ in the inlet/outlet cell along the non-dimensional coordinate xɶ as a function of the monolith length L 

and Inlet velocity U. 

 

 

Fig. 14. Non-dimensional pressure drop Δpɶ as a function of the monolith length L and the inlet velocity U. 

 

U=1 m/s  U=50 m/s 

  

Fig. 15. Non-dimensional velocity uɶ in the inlet (continues line) and outlet (dashed line) cell along the non-dimensional coordinate xɶ as a function of 

the inlet velocity U and the permeability porous media k: k=2.75×10-13 m2 (black lines), k=5.50×10-13 m2 (red lines) and k=11.00×10-13 m2 (blue lines). 

 

4.4 Influence of Porous Media Permeability 

As can be observed from Fig. 15 and Fig. 16, no major differences are detected in the velocity and pressure fields as the 
permeability of porous media varies. The increase in the inlet velocity U shifts the intersection between the velocity profiles in 
the part of the domain with xɶ > 0.5, while the pressure field increases slightly by module. 

This observation is confirmed in Fig. 17, in which it is also noted that the filtration velocity remains approximately the same. 
The variation of the porous medium permeability k has a linear effect on the pressure drop Δpɶ . As shown in Fig. 18, as the 
permeability k increases, the pressure drop Δpɶ  increases monotonically and its slope depends on the incoming velocity value. It 
is important to underline that the curves corresponding to velocity U = 100 m/s are purely numerical as these velocity value is not 
real. 
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U=1 m/s  U=50 m/s 

  

Fig. 16. Non-dimensional pressure pɶ in the inlet (continues line) and outlet (dashed line) cell along the non-dimensional coordinate xɶ as a function 

of the inlet velocity U and the permeability porous media k: k=2.75×10-13 m2 (black lines), k=5.50×10-13 m2 (red lines) and k=11.00×10-13 m2 (blue 
lines). 

 

k=2,75 × 10-13 m2 k=5,50 × 10-13 m2 k=11,00 × 10-13 m2 

   

Fig. 17. Non-dimensional filtration velocity
f

vɶ in the inlet/outlet cell along the non-dimensional coordinate xɶ as a function of the permeability 

porous media k and the inlet velocity U. 

 

 

Fig. 18. Non-dimensional pressure drop Δpɶ as a function of the permeability porous media k and inlet velocity U. 

4.5 Influence of Dynamic Viscosity 

The influence of the dynamic viscosity µ has been investigated taking into account the temperature T of the system, 
according to eq. (27). For sake of clarity, Fig. 19 represents graphically eq. (27) as a function of temperature, within the considered 
range [400 K, 1000 K]. Based on pure observation, the gas viscosity increases with the augmentation of temperature, due the to the 
forces generated by the molecular collision [37]. As shown in Figs. 20 and 21, the behavior of velocity and pressure fields is mainly 
affected by the variation of the velocity entering in the first cell. 
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Fig. 19. Dynamic viscosity as a function of temperature according to the Sutherland's Law (Eq. (27)). 

 

U=1 m/s  U=50 m/s 

  

Fig. 20. Non-dimensional velocity uɶ in the inlet (continues line) and outlet (dashed line) cell along the non-dimensional coordinate xɶ as a function of 

the inlet velocity U and the viscosity µ in function of different temperature T values: T=400 K (black lines), T=700 K (red lines) and T=1000 K (blue 
lines). 

U=1 m/s  U=50 m/s 

  

Fig. 21. Non-dimensional pressure pɶ in the inlet (continues line) and outlet (dashed line) cell along the non-dimensional coordinate xɶ as a function 

of the inlet velocity U and the viscosity µ in function of different temperature T values: T=400 K (black lines), T=700 K (red lines) and T=1000 K (blue 
lines). 

 
Figure 22 corroborates that the dynamic viscosity µ has the same trend influence on the velocity filtration. It is important to 

underline that the curves corresponding to velocity U = 100 m/s are purely numerical as these velocity value is not real. 
Furthermore, Fig. 23 shows that the pressure drop Δpɶ  is more affected by the inlet cell velocity U than by the system 

temperature T.  
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µ(T=400 K)=2.285 × 10-5 kg/(m s) µ(T=700 K)=3.332 × 10-5 kg/(m s) µ(T=1000 K)=4.152 × 10-5 kg/(m s) 

   

Fig. 22. Non-dimensional filtration velocity
f

vɶ in the inlet/outlet cell along the non-dimensional coordinate xɶ as a function of Inlet velocity U and the 

viscosity µ in function of different temperature T. 

 

 

Fig. 23. Non-dimensional pressure drop Δpɶ as a function of inlet velocity U and the viscosity µ in function of different temperature T. 

5. Conclusion 

In this work a one-dimensional model of the elementary cell of the honeycomb particulate filter has been defined. In 
particular, a sensitivity analysis of a wall-flow filter was carried out. The non-dimensional mass and moment balance equations 
were solved numerically by modelling the filtration process through the porous layer according to Darcy's law. The model was 
validated against experimental work available in literature. 

Several conclusions and ideas for future research emerged from this study. The results show how the variation of the 
governing parameters affects the system fluid dynamics so that the filter generates a different pressure drop. The pressure drop 
has trends that depend on the velocity value entering the cell. In general, at a fixed gas inlet velocity, a decrease of pressure drop 
occurs as the (i) hydraulic diameter increases, (ii) the thickness of the porous medium that separates the different cells increases 
and (iii) the viscosity of the gas increases. Instead, the pressure drop undergoes an increasing trend as (iv) the monolith length 
increases and (v) the porous medium permeability increases. 

More specifically, the permeability of the porous medium plays a fundamental role in the pressure drop: since, as it increases, 
the pressure drop values increase by an order of magnitude. Similar behavior was found when increasing the hydraulic diameter; 
the pressure drop increased by approximately up to 15 times between the smallest and the largest diameters. This is reflected in 
the real operation of a particulate filter due to the accumulation of soot inside the inlet cell that creates the cake layer on the 
porous medium and thus modifies the permeability. In addition to the change in permeability, the inlet section of the cell 
decreases, and the dimensionless pressure values increases accordingly. 

The proposed model can be used to predict the backpressure determined by the particulate filter in the Internal Combustion 
Engine exhaust (ICE) systems. This is an important parameter that influences the ICE Efficiency, in fact, with the augmentation of 
the pressure drop the engine wastes more energy for the scavenging process. Here the regenerative process of the filter is able to 
restore the original working conditions, as to reduce the wasting work of expelling the fumes. 

Finally, the formulation proposed in this study assumes the phenomena as stationary and isothermal process. Even if this 
assumption demonstrated to be capable to predict the trend of the particulate filter pressure drop against the main operating 
parameters, the numerical model can be potentially modified to account for the thermal gradients as well as time varying 
processes. These aspects may be hopefully investigated as future developments of the present study. 

Appendix A 

The mass balance for the input cell (cell 1) considering Darcy’s law for the filtration velocity and the ideal gas law for the 
density is 



Prediction Capabilities of a One-Dimensional Wall-Flow Particulate Filter Model  
 

Journal of Applied and Computational Mechanics, Vol. 8, No. 1, (2022), 245-259 

257 

( ) ( )1 1 1 1 2

4
   .

 

d k
p u p p p

dx d sµ
=− −  (A.1) 

The dimensionless quantities are 

( ) ( ) *

*

     
,     1,2 ,     1,2 ,    .

4   
atmi i

i i

u p px Uds
x u i p i p

L U p Lk

µ−
= = = = = =ɶɶ ɶ  (A.2) 

Substituting Eqs. (A.2) into Eq. (A.1) and dividing by U/(L p*) the following result is obtained 

( ) ( ) ( )*
1 1 1 1 1 2* *

4
.

 
atm atmp pd d k L

p u u p p p p
dx p dx d s U pµ

  + =− + −   
ɶ ɶ ɶ ɶɶ ɶ

ɶ ɶ
 (A.3) 

Defining a=patm/p* the following result is achieved 

( ) ( ) ( )( )1 1 1 1 1 2 .
d d

p u a u p a p p
dx dx

+ =− + −ɶ ɶ ɶ ɶɶ ɶ
ɶ ɶ

 (A.4) 

Following the same reasoning, for the output cell (cell 2) the dimensionless balance equation is 

( ) ( ) ( )( )2 2 2 2 1 2 .
d d

p u a u p a p p
dx dx

+ = + −ɶ ɶ ɶ ɶɶ ɶ
ɶ ɶ

 (A.5) 

Considering now the momentum balance equation for the input cell 

( )2 1
1 1 12

1
  2         ,

 

d dp
p u f Re u

RT dx dx d

µ
=− −  (A.6) 

and substituting Eqs. (A.2) into Eq. (A.9) and dividing by U2/(p*RTL), the results is 
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2
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Defining b=RT/U2 and c=2 f Re µ L U / (d2 patm) the following non-dimensional momentum balance equation is written 

( )
2

2 1 1
1 1 1       .

d du dp
p u a b abcu

dx dx dx
+ =− −

ɶɶ
ɶ ɶ ɶ

ɶ ɶ ɶ
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Following the same reasoning, for the output cell (cell 2) the dimensionless momentum equation is 

( )
2

2 2 2
2 2 2       .

d du dp
p u a b abcu

dx dx dx
+ =− −

ɶɶ
ɶ ɶ ɶ

ɶ ɶ ɶ
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Appendix B 

The filtration velocity fv is defined through Darcy’s law 

1 2      .fp p sv
k

µ
− =  (B.1) 

Substituting the dimensionless quantities 

( ) *
*

4      
 ,     1,2 ,    ,

  4   
atmi

f f i

p pL Uds
v v p i p

dU p Lk

µ−
= = = =ɶɶ  (B.2) 

inside Eq. (B.1), and simplifying and considering the parameter p* defined in eq. (B.2), the result is 

 1 2  .fp p v− =ɶ ɶ ɶ  (B.3) 
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Nomenclature 

a, b, c Dimensionless parameters U Inlet cell velocity, [m s-1] 
Abstol Absolute tollerance u Fluid velocity, [m s-1] 

d Hydraulic diameter/cell dimension, [m] Vf Filtration velocity trough the porous wall, [m s-1] 
f Friction factor x Cartesian coordinate, [m] 
k Porous medium permeability, [m2]  Percentual discrepancy error 
L Monolith length, [m]  Fluid density, [kg m-3] 
p Pressure, [Pa] µ Dynamic viscosity, [kg m-1s-1] 

Re Reynolds number ( ~ ) Dimensionless variables 
RelTol Relative tollerance ( * ) Dimensionless variables 

res Residual 1 Inlet cell 
s Porous media wall thicknesses, [m] 2 Outlet cell 
R ideal gas constant for air, [J kg-1 K-1] atm Atmospheric 

S(x) Computed solution ref Reference 
T Temperature, [K]   
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