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MOLECULAR PREDISSOCIATION RESONANCES NEAR
AN ENERGY-LEVEL CROSSING II:
VECTOR FIELD INTERACTION

S. FUJIIE!, A. MARTINEZ? AND T. WATANABE?

ABSTRACT. We study the resonances of a two-by-two semiclassical sys-
tem of one dimensional Schrédinger operators, near an energy where the
two potentials intersect transversally, one of them being bonding, and
the other one anti-bonding. Assuming that the interaction is a vector-
field, we obtain optimal estimates on the location and on the widths of
these resonances.

Keywords: Resonances; Born-Oppenheimer approximation; eigenvalue cross-
ing.

Subject classifications: 35P15; 35C20; 35599; 47AT5.

1. INTRODUCTION

This paper is devoted to the study of diatomic molecular predissociation
resonances in the Born-Oppenheimer approximation, at energies close to
that of the crossing of the electronic levels. It is a continuation of [FMW]
where a method was introduced in order to overcome the difficulty of working
with a 2 x 2 system of semiclassical operators.

In all of the work, the parameter h stands for the square-root of the inverse
of the (mean-) mass of the nuclei.

In [FMW], we obtained optimal estimates both on the real parts and on the
imaginary parts (widths) of the resonances (that respectively correspond to
the radiation frequency and to the inverse of the life-time of the molecule),
under the condition that the interaction is of the form h(ro(x) + hri(z)D,),
with rg # 0 at the point where the two electronic levels cross. However, when
performing a Fechbach reduction in the Born-Oppenheimer approximation
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2 S. FUJIIE!, A. MARTINEZ2 AND T. WATANABE3

(see, e.g., [KMSW, MaMe, MaSo|), it appears that the interaction that
comes out is a vector-field of the form ih%ry(z)D, (plus smaller terms),
with 71 real on the real. In that case, the result of [FMW] just says that the
widths are O(h?), and does not provide any lower bound on them.

Here we plan to apply the techniques introduced in [FMW] in order to obtain
the asymptotic behaviour of the widths of the resonances, in the physical
case of a vector-field interaction.

As in [FMW], we consider a 2 x 2 matrix system, the diagonal part of
which consists of one-dimensional semiclassical Schrodinger operators, and
we assume that the two potentials cross transversally at the origin, with
value 0, and that, at this energy level, one of the two potentials admits a
well, while the other one is non-trapping (see figure 1).

N

FiGURE 1. The two potentials

For such a model, we study the resonances E = E(h) that have a real part
O(h?/3) and an imaginary part O(h).

2. ASSUMPTIONS AND RESULTS

We consider a Schrédinger operator with 2 x 2 matrix-valued potential,

B (P AW
(2.1) Pu = FEu, P = <hW* P, > ;

where P; = h2D2 + Vj(z) (j = 1,2) with D, = —i%, , W =W(x,hD,) is a
first order semiclassical differential operator, and W* is the formal adjoint
of W.

As in [FMW], we suppose the following conditions on the potentials Vi (x), Va(z)
and on the interaction W (z, hD,):

(A1) Vi(x), Va(x) are real-valued analytic functions on R, and extend to
holomorphic functions in the complex domain,

'={zeC; |[Imz| < §(Rex)}
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where &y > 0 is a constant, and (t) := (1 + |¢[?)"/2.
(A2) For j = 1,2, V; admit limits as Rex — £o00 in I', and they satisfy,
lim Vi(z)>0; o im Vao(z) > 0;

Rexz——

zel zel’

lim Vi(z)>0; lim Va(z) <O.
Rez—+o00 Rexz—+o00

zel zel’

(A3) There exists a negative number z* < 0 such that,

e Vi >0and Vs >0 on (—o0,z*);
e V1 <0< V5o0n (33*,0);
e V5 <0< Vjon (0,+00),

and one has,
Vll(x*) < 0, V{(O) =7 >0, VQ/(O) =: —79 < 0.

(A4) The intraction W (x, hD;) is a differential operator of the form,
W(CE, th) = 7/‘O(IL‘) + iTl(x)th’

where ro(x) and ri(z) are bounded analytic functions on I', and ro(x) is
real-valued on R.

Notice that, in a neighborhood of F = 0, the scalar operator P; has eigen-
values, while P, has only essential spectrum. Hence, if the interaction W
is absent, the matrix-valued operator P has embedded eigenvalues in the
essential spectrum. But if W is present, it is expected that there exist, in-
stead of embedded eigenvalues, resonances close to them in the lower half
complex plane of the energy.

The resonances of P are defined, e.g., as the values £ € C such that the
equation Pu = Fu has a non identically vanishing solution such that, for
some 0 > 0 sufficiently small, the function z + u(ze) is in L?(R) @ L*(R)
(see, e.g., [AgCo, ReSi]). We will give an equivalent definition of resonances
adapted to our setting in the next section (see also [HeMa]). We denote by
Res(P) the set of these resonances.

For E € C small enough, we define the action,
z1(E)
(2.2) A(E) = / VE —Vi(t)dt,
z1(E)

where z7(E) (respectively x;(E)) is the unique solution of Vi(z) = E close
to z* (respectively close to 0).

We fix Cy > 0 arbitrarily large, and we study the resonances of P lying in
the set Dy (Cp) given by,

(2.3) Dy(Co) := [~Coh®?, Coh®?] — i[0, Cohl.

For h > 0 and k € Z, we set,

—A(0) + (k + 3)mh
A’(O)h2/3

(2.4) Ai(h) ==
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The Bohr-Sommerfeld quantization condition of eigenvalues for the scalar
operator P reads

A(E) = (k+ )ﬂ'h—i-O(hQ)

Then the A, (h)h?/’s are approximate eigenvalues of P; near 0. We will find
resonances close to these real values.
First we recall the result obtained in [FMW]. Notice that a multiplicative

factor (7'17'2)% in the asymptotic formula of the imaginary part of resonances
was missing in that paper. We would like to correct it on this occasion.

Theorem 2.1 ([FMW]). Assume (A1)-(A4). For h > 0 small enough, one
has,

Res (P) N Dy(Co) = {Ek(h); k € Z} N Dy (Cy),

where the Ey(h)’s are complex numbers that satisty,

(2.5) Re Bi(h) = Ap(h)h} — 2"‘; ,((%)) Me(h)2RE + O(hD),
(2.6) Im Ey(h) = 27TA7:(()(())) (t172)3 (Nl()\k(h))2+ﬂ2()\k(h))2>h%—Fo(hg)a

uniformly as h — 04. Here, the functions p1 and po are defined by

/ Ai(r le—t))Al( (T2y+t))d

/A1 3 (ray — )AL (=7 (my + 1)) dy,

where Ai stands for the Airy function Ai (z) = 5 [ T+ /3) ge

Remark that, if r(0) = 0, this theorem gives only an estimate O(h?) for the

imaginary part of resonances. The following main result provides a precise
8

asymptotic formula up to O(h3) in the case where ro(x) vanishes identically.

Theorem 2.2. Assume moreover that ro(z) = 0 and r(x) is real on R.
Then the Ey(h)’s in the previous theorem satisfy, with 73+ = 7, ' + 75, !

B 2 A(0) s AD(0)
(2.7) Re Ey(h) = Ar(h)h3 — QA/(O)Ak(h)Qh 6A0)

P (o N T o
(2.8) ImEg(h) =— (0) 7'1—1217'2 (A1 (—4 )\k(h))) hs + O(h3),

Au(h)PhS + O(h5),

uniformly as h — 0.

3. PROOF OF THEOREM 2.2

We prove Theorem 2.2. For a sufficiently small 8 > 0, let I := (—o0,
1% := Fy([0,+00)) with Fy(x) :== z+i0 f(z) where f € C°(R4,Ry), f(x)
x for x large enough, f(x) = 0 for x € [0,24] for some zo > 0, and f is

)
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chosen in such a way that, for any x > x,, and with some positive constant
C, one has (see [FMW], Formula (3.1)),

Fp ()
(3.1) Im / JE—Va{)dt > —Ch.

The linear space V' of solutions to the system (2.1) is of dimension four.
The solutions in LQ(I}%) S L2(If2) form a two dimensional subspace Vi =
V N (L2(1%) @ L(1%)), and the solutions in L2(I1) & L*(If) form a two
dimensional subspace Vi, = V N (L2(I1) @ L*(11)).

Then FE is a resonance if and only if the intersection Vg NV}, is at least 1
dimensional. In other words, the quantization condition of resonances can
be written in the form

(3.2) Wo(E) := W(wi,L, w21, w1,k W2,R) = 0,

where the couple (wy 1, w2 1) (resp. (wi g, w2 r)) is a basis of V7, (resp. Vi)
and W(w1, 1, w2, w1 r, w2 r) is the Wronskian, i.e. the determinant of the
4 x 4 matrix
< wi,L w2 L, wW1,R w2 R >
Ogwi, Oywar Oywir Oywor )

Such solutions wy,1,, wa, 1, w1 R, We g are constructed as in [FMW] using fun-
damental solutions to the scalar equations (P; — E)u = 0.

On Ir, and for E € Dy(Cp) and j = 1,2, let u;-tL be the solutions to
(Pj—E)u = 0 constructed in [FMW] (in particular, u; ;, decays exponentially
at —oo, while u;fL grows exponentially, and their Wronskian W[UIL, uJ_L] is

of size h_%). We construct fundamental solutions K 1, j = 1,2 on Iy:
+
ujp(x) o
Kj plo)(x) = =2 —— / g (Hu(t) dt

B W2W[uf,ui ) oo
u; 7 () /0
3,L +
—b= [l (t)v(t) dt.
hQW[u;L,uj’L] . F

(3.3)

In the same way, we construct K; g, 7 = 1,2 on I% using the solutions uij
(uij grows and U p decays exponentially, at co along I%):

Kjr[v](z) : u]R(x)]/ox u p(t)o(t) dt

hZW[u;R,uIR
ul () +o0
J’R/ us p(t)u(t) dt.
W[ poulp) o R

(3.4)
+

Let CY(I1) and CY(1%) be the space of bounded continuous functions on Iy,

and I}% respectively. The above operators act on these function spaces, and
satisfy (P; — E)Kj =1d and (P; — E)K; r = Id respectively.

We have the following estimates, which are better than the elliptic case (see
Proposition 3.1 and 3.2 in [FMW]).
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Proposition 3.1. As h goes to 04, one has uniformly,

(3.5) | KW [ cpirny) = OR3),
(3.6) | B2 Ky LW K LW || gcoa, )y = O(R),
(3.7) I A ELRW ooy = O(h3),
(3.8) I h* Ko, kWK1 mW || zco(r,)) = O(h).

Proof: We first prove the estimates for K; ;. For j = 1,2, we set,
Uj(z,1) ‘UJL ) ( )|1{t<x} + ]u] (@) ’1{t>:c} = Uj(t, z);

(3.9) U]/-(:L‘,t) = |“j,L( )atuj,L( )|1{t<$} + |uj,L( )8t“j,L( )’1{t>$}a
Uj(x,t) = Uj(z,t) + Ul(z,t).

Thanks to our choice of Kj 1, and doing an integration by parts, we see that,

2 0 -
Ky W) = O(h) ( | B+ U1<m,o>rv<o>\) ;

(3.10) o
Ky W o(a)] = O(h3) ( | B ipola+ Uz<xvo>rv<o>|) ,

and therefore,

0 ~
B.11) || hEKas W™ = O(h}) Sup/ Us (2, )dt + O(h3) sup Ua(a,0).
xz€lyp J—oc0 zely,
Moreover, using the asymptotics of u%tL and 8xu§EL on Iy, we see that
Us(z,t) = O(1) uniformly, and fixing some constant C; > 0 sufficiently
large, we also have,

( _ Blie[Re S (va=E) 2| /n
o(h*%)Wz(t) Elie|Re): 1
[Va() — E3

oz, t) = { O™ &) |Va(t) — Ble[Refia=E)2m ¢ < _oypf <2 < 0),

($7t S _Clhg)v

O(h™7)|Va(w) — E[“5e IReli =By < —0ypf <1 <),
\ (’)(h_g) (z,t € [—C1h%>0])-

In particular Us(z,t) = O(h~2/3) uniformly, and when z < —8 with § > 0
constant, there exists a positive constant « such that,

0o _ , [/ )
/ Oy (x, t)dt = O(h~3) / el =t/hgy 4 O(eIhy — O(hb).

—0o0 —00

On the other hand, if § is chosen sufficiently small and = € [—6, —C1h%/3],
then, there exists a (different) positive constant a such that,

0 _ —C1h?/3
/ Oy, £)dt :/ Os(a, t)dt + O(1)
—o00 —26

2 1 2 1 7a’t%7|:1:\%)/h
:(’)(h_3|x_4)/ e dt + O(1).
Clh2/3
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Setting ¢t = (hs)?/? in the integral, we obtain,
~Jz|% /1|

0 _ 00 704)3
/ Ug(x,t)dt:O(h—§|x|—ih§+é)/ e T 1
1

N Ze——ds+0(1) = 0(1),

Finally, when 2 € [~C1h?/3,0], we have,

0 _ C1h?/3
/ Ug(m,t)dt:/ Oy (2, )dt + O(1)
—0

g 3
_ O(h—i)/ theot? /ha 4 0(1) = O(1).
Clh2/3

Thus, we have proven,

0 ~
(3.12) sup/ Us(z,t)dt = O(1),
<0 J —oc0
and, by (3.11) (and the fact that Uy = O(1)), (3.5) follows.

Now, let us prove the estimate on My, := h2K1’LWK2,LW*. We see on the
definition of K j, and on (3.10) that we have,

L [0 0 ~
|Mpv(x)]| —(’)(hB)/ / Ui (z,t)Ua(t, s)|v(s)|dsdt

—00

4 0
(3.13) +O(h3)/ Ul(‘r’t)UQ(tvO)‘v(Oﬂdt

ol

0 ~
+ O )Ul(x,O)/ 0 (0, 8)|o(t)|dt

+ O(hs)Ui (2, 0)U(0, 0)[o(0)].
Using (3.12) and the fact that U; = O(1) uniformly (j = 1,2), we see that
the last three terms are O(h*?)sup;, |v].

In order to estimate the first term, we use the following properties of Un:
For any § > 0 small enough, there exists a > 0 constant, such that,

O(h~)ealt==l/h (o ¢ < 2 — )
O(e/h) (t <a*—26, x €[z" —6,0]),
O(e/h) (r <a*—20, t € [z* —6,0]),
Oy (1) = { O(h~3[¢]%) (v € [¢* = 45,0], ¢ € [-6,~Cuh3)),
O(h~3%) (v € [* = 46,0], ¢ € [~C1h5,0] U [o* — 45, -3]),
O(h*%yg;ri) (t € [2* —40,0], = € [, _Clhg]),
om3) (t € [2* —45,0], z € [~C1h3,0] U [2* - 4, —5])

In particular U, (z,t) = O(h~%/3) uniformly. Moreover, by the properties of
Us, we also know that any part of the integral corresponding to |t — s| > d
with & > 0 constant is exponentially small.

We first consider the case x € (—oo, z* — 24| for a small positive constant ¢.
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Then, we see that there exists a constant a > 0 such that,

0 _ _ :B—5/
[ Ot saeas =0 / [ et

—00
+ O(e= /My

Wi

= O(h*"3) = O(h3).

Now, when z € [z* — 2§,0], and still denoting by « every new positive
constant that may appear, we have,

(U _ 0 0 B N
/ / Ur(, )Us(t, s)dtds = / dt / U (x, t)Us(t, 5)ds + Oe= /"),
*—30 *—45

—0o0

/ dt/ UliL‘tUQ(tS) / dt/ UQtS
*—30 *—46 *—36 *—40

L [0 —5/2
— o) / dt / e~alt=sl/hgs 4 O (e~
*—36 *—48

3 3
Cun?/s |k —al [t —Js|2|/n

—Cyh2/3 - slie
)/ dt/ T ds
-3 —2§ |t]2

L [fCuh3 0 e—alt|? /h
+OhF) / dt / ¢ s
-5 1

—C1h2/3 ’t|4

5 0 —Cip?3 3
4 O(hz)/ dt/ ls|Fels2/hgs 4 0(1).
-5

ol

+ O~

,Clh2/3

Hence,

(3.14)

/ dt/ (z,t)Us(t, s)ds

*—30 r*—46
» l ’t2 s2‘/h N ) e_at%/h
) / dt/ ste T st o z)/ o
Clh2/3 1hQ/B t2 Clh2/3 ta

+ O™ )/ st /hgg L O(hF).
C1h2/3

For the first term, the change of variables (¢, s) — (t¥/3, s%/3) gives,

3
) l ’ﬁ 52 e—alt—s|/h
/ dt/ ds—(’)l// ————dtds,
Clh2/3 1h2/3 Csh gSg

with Cy = 012/3 and ¢ := (20)%?. Dividing this integral in two parts,
depending whether ¢t < s or s < t, and first integrating with respect to the

l\J\»—A
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larger of the two variables, we obtain,

(3.15)
a‘tQ s%‘/h

sie - & pat/h é
/ dt/ - ds:(’)(l)/ dt — / e~ /Mg
Clh2/3 h2/3 t2 Cah te t
= O(h).

Moreover, a simple change of variable gives,

3

0 —at2 /h g 3

/ ¢ dt=0(h3), / ste=as?/hds — O(h3),
C1h2/3 ta C1h2/3

Inserting into (3.14), we deduce that, for x € [z* — 24, 0], we have,

(3.16) / / D G )T, s)dtds = O(h~S).

—00
Finally, going back to (3.13), we conclude (3.6).
The estimates (3.7), (3.8) for K g are proved similarly (2~ playing the role
of z*). O

Set My, := h2K17LWK27LW* and Mp = h2K27RW*K17RW. Thanks to
Proposition 3.1, we can define the following four vector-valued functions as
Neumann series for small enough h;

(3.17) wip = >0 Miuy g, |
7 —hKp  W* E]>0 L“1L
’ Uy g +hEy tW* 3700 M]{(hKLLWu;L) ’
(3.19) - up g+ hEKLRW Y oo M (K pW*uy )
= 0 Mp(hEa g W uy )
7 Eazo MRuQ,R

It is not difficult to see that they are solutions to the system (2.1) and that
(see [FMW], Proposition 4.1),

wjp € L*(I) @ L*(I1) 3 wjg <€ L*(I%) @ L*(1%).

In order to get the leading term of the imaginary part of resonances, it will
be necessary to compute the asymptotics of these solutions up to errors of
O(h5/3). This means to compute, for example for wy r, two terms uy g, +
Mpuy ; for the first element, and one term —hKs  W*u; ; for the second
element just as in the elliptic interaction case. 7

We will compute the Wronskian Wy(E, h), which is independent of z, at the
origin. Substituting = 0 to these solutions or their derivatives, we obtain
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the following asymptotic formulae just as in [FMW] (only the remainder
estimates are different). For S = L, R, we have, uniformly as h — 0,

_ N 5
wio) = [ 15O T AsulsO ] o
3.21 | st
(3.21) S 5(0) Ouy (0) + B1,s0uy 5(0) Lo
R O‘l,SaUIS(O)
_ as suy ¢(0) ] 5
(3 22) U}2,S(O) - |: Uis(o) + /6273,“;-75(0) + O(h )
‘ Qa2 Sgui_s(()) 5
a5 O(h3).
Prasl0) = [ Ou;, 5(0) + f2,50u3 (0) +O(h3)

Here, d stands for h2/39 and aj s and 3; ¢ are complex numbers defined by
(3.23)

— [0 ug (O (WHug ) (t)dt SO ur () (W L) ()dt
o1, = hW(uIL,u;,L) A= hW(qu, uyr) ;
T . u OWag )Odt [ g (O r20) ()

' hW(qu,uLL) ’ ’ hW(uIL uZL)

—Jo ™ uy g (8)(Wug ) (1)t o up (0 (W ) (D)t
QiR = V(i 3 1) i BLr= Wty it ) ;

— Jo % ug m () (Wuy, ) (t)dt o % g () (W ra r) ()dt
Qg R = W (uy g, uIR)  Par= hW(uQ_,R,u;R) ’

where we have set, for S = L, R,
r1,5 1= hKZSW*“iSa 9,5 1= hKl’SWuis,
and where, in the case S = R, the integrals run over I%.

Then we can write the Wronskian Wy (E, h) up to O(h*?) in terms of o g
and f3; ¢ as in Section 6 of [FMW].

42,

2

[SME

4
Wo(E) = ) — = (Oél,ROéQ,L + a1,LOé2,R)

¥ (o) 1 00
\/§

= (. A ) ) 5
(3.24) —I—?GT (sm h) (4@0417304273—aLLaz,L—i-QZ(ﬁLR-i-BLL))—|—(’)(h3),

where A is the action defined in (2.2). Notice that, in (6.2) of [FMW], we
used the facts a1 g = a5 and 31, = B2 5 at the principal level.

The constants o g and 3 g have the following estimates:
Proposition 3.2. Let E = ph?/3 € D},(Cy). Then one has, as h — 0,
4
3

aj,S:O(h%% Bjs=0(h3), j=1,2, S=L,R.
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More precisely, one has

i /4 5
a1 R = e\/? 7mr1(0)hs (VﬁR(Re p) — il/fR(Re p)) + O(h),
€71'1'/4 2/ 4
2= (O (v3tr(Rep) — ivFg(Rep) ) + O(h),
2 . A A A B
a1, = 2mr1(0)h3 < | sin " vi (Rep) + | cos " vi(Rep) » + O(h),
2 AN 4 AN B
ag,, = 2mr1(0)h3 < | sin " v5 . (Rep) + | cos " vy (Rep) ¢ + O(h),
I By = 7271 (0)2h3 (v p(Re p)vsn(Re p) + vlg(Re p)vfip(Re ) ) + O(h3),
Imﬁl,L = O(hg),
where
t
vinlt) = AV = L) A=+ D,
& t
et = | A= ) Bin )y,
0 1 T
t

0
VB, (1) = / Bi/ (3 — L) Ai (= + L))y,
T2

1

/ ALy = 1) AV (g + D))y,

vE, (1) = / Bi (r3(y — L)) AN (= Py + L))y,

71 T2

Proof: We only prove the formula for oy . Other formulas can be ob-
tained similarly.

Thanks to the exponential decay of u, ; away from 0, we obtain,

w0
5 [ w0 0)d+ o),

where § > 0 is arbitrarily small. We divide the integral into three parts,
introducing a large parameter \ satisfying Ah?/3 — 0;

a1 =

0
/ uy (O (r1(tuy (1) dt = I + Io + I,
—6
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where

11:/
-5

Ah2/3 0

uy 1 (t)r1(t) (uy ) (B)dt, 12:/

R VAQL IO GLE

0
I3 = /_5 uy ()1 (t)uy p (t)dt.

On [—d, —Ah?/3], both uy 5, and (u; ;)" are of the WKB form, one of which
is exponentially small and the other of which is oscillating; for some ¢ > 0,

1
_ he .43 _ 5,1
|u2,L(t)| < ]tTle clel® /A, |(u17L)/(t)| < ch olt|4,
4

and it follows that
5 —AR2/3 3 3
|| = O(h—s)/ e~ /hgt = O(e=A?).
-4

Taking A larger than ((3¢)~|Inh|)?/3, we get I} = O(h'/3).

On the other hand, using Proposition 5.1, A.2 and A.5 of [FMW] about the
asymptotic properties of the solutions u, ; and u; ; near the crossing point,
we have,

_ai [ 51) (oh-3
fo=dh /—)\h2/3 ()<€2 Al (—h38)x
A2 A, 2 1
<(smh)A1 (h 351)+(cos E)Bl (h 351)> dt + O(h3).

Making the change of variable y := h=2/3t and p := h=?/3E as in [FMW],
we obtain,

I, = 4r1(0) /_0A Ai(~y — p) { (sin “2) Ai'(y —p) + (cos “2) Bi'(y — p)} dy
+ O(h3N2) + O(h3).

Then, using the behaviour of Airy functions at oo, this leads to,

Iy = 4r1(0) /_(; Ai(—y — p) { <sin “:) Ai'(y —p) + <cos “:) Bi'(y — p)} dy

, 3
+0(e7“*) + O(h3A2) + O(h3),
with ¢ > 0 constant. Hence, taking X\ := ((3¢”)~!/Inh|)?/? with ¢/ =
min{c, ¢'}, the error is O(h'/3).
The integral I3 contains u] ; instead of its derivative compared with I; and
I5. Then one easily see that I3 = O(h?/3).

Thus the formula for o r, is obtained. O

This proposition 3.2 together with (3.24) imply that there exists a bounded
complex-valued function G(E, h) of E = ph*/® € D,(Cy) and h sufficiently
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small such that E € Dy (Cp) is a resonance of P if and only if,
E E
(3.25) cos 2E) _ 14 <sin Al )> G(E, h).

h h

More precisely, from the fact sin?(A/h) = 1 + O(h¥/3), we obtain the fol-
lowing asymptotic formula for the imaginary part of G(E,h): As h — 0,

1
Im G = 72r1(0)? (ufR(Rep) + VfL(Rep)) (VfR(Rep) + VfL(Rep)) + O(h3).

Finally notice that the functions

1

n(®) + i) = [ AV - DDA D)y
(3.26) °

1 i t
n(®) +vin0) = [ A = DDA+ )

are both proportional to the derivative of the function

| mit - Dpmitri o+ Dy = () hai -

1 +7'2

. _2 2
with 73_1 = 7‘1_1 +7‘2 , and their product is given by (Ai/(—T3 3 )\k)> .
Theorem 2.2 then follows from (3.25).
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