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Completion of choice
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ABSTRACT

We systematically study the completion of choice problems in the Weihrauch lattice.
Choice problems play a pivotal réle in Weihrauch complexity. For one, they can be
used as landmarks that characterize important equivalences classes in the Weihrauch
lattice. On the other hand, choice problems also characterize several natural
classes of computable problems, such as finite mind change computable problems,
non-deterministically computable problems, Las Vegas computable problems and
effectively Borel measurable functions. The closure operator of completion generates
the concept of total Weihrauch reducibility, which is a variant of Weihrauch
reducibility with total realizers. Logically speaking, the completion of a problem
is a version of the problem that is independent of its premise. Hence, studying the

Keywords: completion of choice problems allows us to study simultaneously choice problems in
Weihrauch Complex}ty the total Weihrauch lattice, as well as the question which choice problems can be
Computable analysis made independent of their premises in the usual Weihrauch lattice. The outcome

Choice problems
Classes of computable problems

measure are typically not complete.

shows that many important choice problems that are related to compact spaces are
complete, whereas choice problems for unbounded spaces or closed sets of positive
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1. Introduction

Choice problems play a crucial réle in Weihrauch complexity. A recent survey on the field can be found
in [9]. A choice problem is a problem of the logical form

(Vclosed ACX)(AeD = 3z e X)z e A).

Here X is typically a computable metric space, the closed set A C X is typically given by negative in-
formation in order to make the statement non-trivial, and the premise D could be a property such as
non-emptiness, sometimes combined with additional properties, such as positive measure, connectedness,
etc. The multi-valued Skolem function of such a choice problem is a function of the form

Cx CA(X)= X, A A,

where A_(X) denotes the space of closed subsets of X with respect to negative information and dom(Cx) =
{A: A # 0} is aparticular D. If the domain is further restricted to sets of positive measure or connected sets,
then we denote the problem by PCx and CCx, respectively. By Kx we denote compact choice that considers
compact sets with respect to negative information. Many basic systems from reverse mathematics [22] have
certain choice problems as uniform counterparts. Also some classes of problems that are computable in a
certain sense can be characterized as cones below certain choice problems in the Weihrauch lattice. The
Table 1 gives a survey on such correspondences (see [9] for further details).

Table 1
‘Weihrauch complexity and reverse mathematics.
Choice problems Reverse mathematics Classes of problems
Cy RCA] computable
Ky BXY
Cn IE? finite mind change computable
Cyn WKL* non-deterministically computable
PCyon WWKL* Las Vegas computable
Cyw ATRo effectively Borel measurable functions

We assume that the reader is familiar with Weihrauch reducibility <yw. The statement f <y g roughly
speaking expresses that the problem f can be computably reduced to the problem g in the sense that each
realizer of g computes a realizer of f in a uniform way (see [9]). In [6] we have introduced the closure
operator of completion f — f that induces total Weihrauch reducibility <.w by

f<wwg:+= f<wg.

Total Weihrauch reducibility <;w is a variant of the usual concept of Weihrauch reducibility <y and it can
be directly defined using total realizers [6]. Our main motivation for studying this total variant of Weihrauch
reducibility and the completion operator f — f is that one can obtain a Brouwer algebra in this way. More
precisely, if the completion operator is combined with the closure operator f +— f of parallelization, then
the resulting lattice structure is a Brouwer algebra, i.e., a model of some intermediate logic that, like in the
case of the Medvedev lattice, turns out to be Jankov logic [6].



Formally, the completion f: X =Y of a problem f :C X =% Y is defined by

)

—= f(z) if z € dom(f)
f(x) =9 5% :
Y otherwise
i.e., by a totalization of f on the completions X,Y of the corresponding types.® Logically, the completion f
of a problem f can be seen as a way to make f independent of its premise. For choice problems this means
to consider them in the form

(VA€ A_(X))(Fz e X)(Ae D=z c A),

where the existence of z is now independent of the premise A € D. If we use intuitionistic logic, then we
cannot just export the quantifier without changing the meaning of the formula. Likewise, the computational
content of the formula with the exported quantifier is different from the original one.

The main question that we study in this article is: which choice problems Cx and their variants are
complete, i.e., when do we obtain Cx =w Cx?

Some examples of complete and incomplete choice problems are the following:

 Complete choice problems: C,, for n > 1, Ky, Cyn, CCpg 13-
¢ Incomplete choice problems: Cy, Cry, Cr, Cyrv, PConi, PCCpg 4.

From the perspective of a complete problem its lower cones in the Weihrauch lattice and in the to-
tal Weihrauch lattice coincide. Together with the notion of completeness we also study the notion of
co-completeness. For co-complete problems the upper cones in the two lattices coincide. Since many impor-
tant problems are either complete or co-complete or even both, we obtain very similar reducibility relations
between important choice problems in the usual and the total Weihrauch lattice. The incomplete problems
in Fig. 1 are all shown in dashed boxes together with their completions. If we disregard the completions, then
all relations between any two problems shown in Fig. 1 are the same for ordinary Weihrauch reducibility
<w and its total variant <;w, except those that involve the weak Bolzano-Weierstrafl theorem WBWT5 on
the space {0, 1}.

However, a certain amount of expressiveness is lost by the transition from the ordinary Weihrauch lattice
to its total variant:

(1) Finite mind change computable problems and Las Vegas computable problems can be characterized as
lower cones with Weihrauch reducibility <y, but not with total Weihrauch reducibility <;w.

(2) Low problems can be characterized as lower cones with strong Weihrauch reducibility <qw, but not
with strong total Weihrauch reducibility <gtw.

(3) Limit computable problems and non-deterministically computable problems can be characterized as
lower cones for all mentioned reducibilities.

We provide a list of some references for some crucial reductions and separations given in Fig. 1. Several
further references can be found in the survey [9].

(a) In Corollary 5.3 we prove that in general Cx <. Cx <qw TCx =sw TCx holds. In Theorem 11.6 we
provide the necessary separations for X = NN and in Corollary 8.3 the corresponding separations

3 The completion of types has interesting independent applications and was recently introduced and used by Dzhafarov [16] to
show that a strong variant <gw of Weihrauch reducibility actually forms a lattice structure.



Fig. 1. Basic problems and their completions in the Weihrauch lattice.

for X = N. The reduction lim" <y Cyn follows, for instance, from [2, Theorem 7.7]. The reduction
TCn <w Ky * Ky follows from Corollary 8.10 and Proposition 8.13.

(b) Neumann and Pauly introduced SORT and proved Cn <w SORT < lim [21, Proposition 24]. This is
improved by Corollary 8.16, which yields Cy <ywv SORT. The reduction SORT <y K} * K}y follows from
Corollary 8.10 and Proposition 8.13. The reduction CCpg 1; <ww SORT was proved in [12, Proposition 16].

(¢) The reduction Cg <w L was proved in [2, Corollary 4.9, Theorem 8.7]. The separation of L and L and,
in fact, several other separations in the diagram follow, since WBWT; £w L by Proposition 9.5 and
WBWT, <w Cy by Proposition 8.8. The problem WBWT; was introduced in [11]. By [8, Corollary 11.11]
we have BWTy =gw LLPO’ and hence WBWT, <w BWT, <w LPO'.

In the following section 2 we continue the study of precomplete representations that was started in
[6]. We characterize represented spaces that admit total precomplete representations as spaces that allow
computable multi-valued retractions from their completions onto themselves. We call such spaces multi-
retraceable. In section 3 we briefly recall some basic facts about total Weihrauch reducibility that were
provided in [6]. In section 4 we continue the study of completion of problems that was started in [6] and
we introduce the notion of co-completeness and co-totality. In particular, we introduce a criterion that



is sufficient to guarantee co-completeness and co-totality for jumps of non-constant discrete functions. In
section 5 we start to study the main theme of this article, namely the completion of choice problems. We
formulate a number of results that hold for general choice problems and in section 6 we focus on choice on
compact spaces. While choice on Cantor space, on non-empty finite spaces and connected choice on the unit
interval are complete, most other choice principles that we study are incomplete. In section 7 we establish
incompleteness of choice problems for sets of positive measure and in section 8 we establish incompleteness
of choice for natural numbers. In section 9 we briefly discuss lowness and we show that the low problem
L := J7! olim is not complete. Finally, in section 10 we discuss variants of choice on Euclidean space and
in section 11 choice on Baire space.

2. Precompleteness, completeness and retraceability

We recall that a represented space (X, §) is a set X together with a surjective (partial) map 6 :C NN — X
called the representation of X. For the purposes of our topic so-called precomplete representations are
important. They were introduced by Kreitz and Weihrauch [19] following the concept of a precomplete
numbering introduced by Ersov [17]. We recall some results on precomplete representations from [6].

Definition 2.1 (Precompleteness). A representation § :C NN — X is called precomplete, if for any computable
F :C NN — NN there exists a total computable G : NN — NN such that § F(p) = §G(p) for all p € dom(F).

We recall that for two representations d1, d2 of the same set X we say that §; is computably reducible to
d5, in symbols &; < &, if and only if there is a computable F :C NN — NN gsuch that §; = d,F. We denote
the corresponding equivalence by =.

For p € NN we denote by p — 1 € NN UN* the sequence or word that is formed as concatenation of
p(0) — 1, p(1) — 1, p(2) — 1, ... with the understanding that —1 = ¢ is the empty word. If (X,dx) is a
represented space, then the precompletion 6% of dx is defined by 6% (p) :== dx(p— 1) for all p € NN such
that p—1 € dom(dx ). In [6, Proposition 3.4] we proved that 6% is always precomplete and satisfies 0§ = dx.

There are also many natural examples for precomplete representations, for instance it is not hard to see
that the standard representation of a second-countable Ty—space is precomplete, if defined appropriately
(see |23, Lemma 3.4.8 (6)]).

Example 2.2. For every second-countable Tp—space X with a countable subbase (U, ),en we can define a
representation dx :C NN — X by

dx(p)=2:<—= {neN:zelU,} ={neN:n+1¢crange(p)}.
The representation dx is precomplete.

We will also need the fact that other classes of functions can be extended to total ones under precomplete
representations. In [6] we have introduced the following concept.

Definition 2.3 (Respect for precompleteness). We say that a set P of functions F' :C NN — NN respects
precompleteness, if for every precomplete representation d and any function F' € P there exists a total
function G € P such that dF(p) = dG(p) for all p € dom(F).

In [6, Proposition 3.6] we proved that the classes of computable, continuous, limit computable, Borel
measurable and non-uniformly computable partial functions F' :C NN — NN respect precompleteness.
Later in Corollaries 8.4 and 9.3 we are going to prove that functions that are computable with finitely many
mind changes and low functions do not respect precompleteness.



If (X, dx) is a represented space, then its completion (X, d+) is defined by X := X U{ L}, where 1 ¢ X
and d¢(p) := 0% (p) if p € dom (6% ) and dx(p) := L otherwise. The concept of completion was introduced by
Damir Dzhafarov in [16] with a slightly different but equivalent construction. The construction used here was
introduced in [6]. We note that strictly speaking X does not only depend on X, but also on the underlying
representation. That is, the completions with respect to two computably equivalent representations are not
necessarily computably equivalent.

By a problem f :C X = Y we mean a partial multi-valued map f :C X = Y on represented spaces
(X,dx) and (Y, 0y ). We recall that composition of problems f:C X =Y and ¢ :C Y = Z is defined by

gof(z):={2€Z:(Fye f(z)z€g(y}

for all z € dom(g o f) := {x € dom(f) : f(z) C dom(g)}. For two problems f:C X =Y and g:C X = Z
with identical source space X we define the juztaposition (f,g) :C X =Y x Z by (f,9)(x) := f(z) x g(x)
and dom(f,g) := dom(f) Ndom(g). If f,g :C NN = NN are problems on Baire space, then we also call
(f,9) == () o (f,g) the juataposition of f and g.

We say that a function F :C NN — NN is a realizer of f, if 0y F(p) € fox(p) for all p € dom(fdx).
We denote this by F'F f. We say that f is computable if it has a computable realizer. Other notions, such
as continuity, Borel measurability and so forth that are well-defined for functions F :C NN — NN are
transferred in an analogous manner to problems f:C X =Y.

We also need the notion of a (multi-valued) retraction. For Y C X we call » : X = Y a retraction
(onto Y), if r(x) = x for all x € Y. Often retractions are even single-valued. We call a represented space
retraceable if it is a computable retract of its own completion.

Definition 2.4 (Retraceability). A represented space (X, dx) is called multi-retraceable if there is a computable

retraction r : X = X, and (X,dy) is called retraceable if there is a single-valued computable retraction
r: X — X.

In [6, Corollary 3.10] we proved that 6 is always precomplete and the injection ¢ : X — X is a
computable embedding. We recall that a computable embedding is a map f : X — Y that is computable,
injective and has a partial computable inverse. A computable isomorphism is a computable embedding that
is bijective.

Corollary 2.5 (Completion). For every represented space (X,dx) the completion d< is a precomplete total
representation and ¢ : X — X,z — x is a computable embedding.

Sometimes we will have to work with the double completion ?, which is not isomorphic to X, since it
has an extra | —element. However, there is always a computable retraction  : X — X. In fact, we can prove
the following characterizations of multi-retraceable spaces.

Proposition 2.6 (Multi-retraceability). Let (X,0x) be a represented space. Then the following are equivalent:

(1) X admits a precomplete total representation ¢ : NN & X with § = 6x.
(2) All computable f :C NN — X have total computable extensions g : NN — X
(3) For all represented spaces Y and all computable f :CY = X there exists a total computable g : Y = X

with g(y) € f(y) for all y € dom(f).
(4) X is multi-retraceable, i.e., there is a computable retraction r: X = X.

Proof. “(1)==(2)” Let d be a total and precomplete representation of X with § = 6x. Let F :C NN — NN
be a computable realizer of f :C NN — X. Then there exists a total computable G : NN — NN with



0F(p) = 6G(p) for all p € dom(F'), since J is precomplete. Since ¢ is total, G is actually a realizer of a
function g := §G : NN — X that extends f.

“(2)=(3)” Let f:CY = X be computable for some represented space (Y,dy). Then f has a computable
realizer F :C NN — NN, Then f’ := §x o F :C NN — X is computable and by (2) it admits a total
computable extension ¢’ : NN — X. Then g := ¢’ 0 0;,' : Y = X is computable and satisfies g(y) C f(y)
for all y € dom(f).

“(3)==(4)” If we apply (3) to the partial computable inverse ¢~

:C X — X that exists according to
Corollary 2.5, then we obtain the desired computable retraction r : X = X.

“(4)==(1)" Let & be the total completion of dx. Let R : NN — NN be a computable realizer of a
retraction 7 : X = X and let S :C NN — NN be a computable realizer of the embedding + : X — X
that exists according to Corollary 2.5. Then § := dw o S o R is a total representation of X that extends
5<|X. Hence § = d+|¥. On the other hand, é+|* = dx by Corollary 2.5. We still need to prove that § is
precomplete. Let F :C NN — NN be a computable function. Since 0% is precomplete by Corollary 2.5,
it follows that there is a total computable G : NN — NN with §x 0 So Ro F(p) = dx o G(p) for all
p € dom(S o Ro F) = dom(F). We note that S o Ro F(p) € dom(d+|¥) and hence G(p) € dom(d+|¥).
We obtain 6 o F(p) = dx o G(p) = § o G(p) for all p € dom(F), since § is an extension of d<|*. Thus ¢ is
precomplete. O

This result shows that the notion of multi-retraceability only depends on the equivalence class of dx,
unlike the notion of completion X which also depends on the explicit underlying representation. For multi-
retraceable spaces X there is not just a computable embedding ¢ : X — X, but also a computable retraction
r : X = X. Hence, these spaces are closer to being isomorphic to their own completion than arbitrary
represented spaces.

Since by Corollary 2.5 X is always a represented space with a total precomplete representation, it follows
that this space is an example of a retraceable space.

Corollary 2.7 (Retraction). For every represented space X there is a computable retraction r : X - X, ie.,
X s retraceable.

Proof. The representation d+ of X is total. Hence the names of | with respect to the representation o= of

X=XU {L} are exactly those names p € NN that contain at most finitely many digits different from zero.
Hence, a retraction r : X — X can be realized basically by the map F :C NN — NN p s p — 1, where the
output is filled up with zeros if not enough non-zero content in p becomes available. This extends F' to a
total computable map. That is, names of the bottom element 1 € X are mapped to names of the bottom
element |’ € X = X U{L'} and otherwise the identity is realized, i.e., 7|+ = ids. Hence, r is a computable
retraction. 0O

In particular, X is actually a retract of X in the topological sense.

By Proposition 2.6 multi-retraceability is a rather strong condition and we cannot expect that too many
spaces satisfy this condition. For instance, NN is not multi-retraceable, since there are partial computable
F :C NN — NN that do not have total computable extensions. This also shows that there are spaces that
admit total representations, but no representation that is total and precomplete simultaneously. We assume
that every represented space is endowed with the final topology of the representation. The following result
shows that multi-retraceable spaces are necessarily compact (i.e., every open cover has a finite subcover; we
do not require Hausdorfiness).

Proposition 2.8 (Compactness). Let (X,0x) be a multi-retraceable space. Then there is a representation
§:2N 5 X such that 6x = 6. In particular, X is compact.



Proof. Let us assume that dx is precomplete and total. We consider the computable partial map F :C
oN 5 NN defined by

F(0Foqrotlghitlpmtlogka®l y.— poning...

for all n;, k; € N with i € N. Since dx is precomplete, there is a total computable G : NN — NN with
SxF(p) = 6xG(p) for all p € dom(F). We let § := dxG|on. This defines a total representation d : 2N — X
since dx is total, and § < dx holds by definition. For the inverse direction we consider the computable map
H : NN 5 9N 4 s 1pO+101p(W+101P()+1 | which satisfies dx = 6 H and hence § = §x. This implies that
§ is continuous with respect to the final topology of 6x and hence X = §(2V) is compact. O

We note that the space 2N itself is not multi-retraceable by Proposition 2.6, since not every computable
function f :C NN — 2N has a total computable extension. Hence, compactness is far from being sufficient
for multi-retraceability.

Since every space X is retraceable, it is also compact. We can say more in this case. The spaces X are
also connected and hence they can be seen as simultaneous one-point compactification and connectification
of X. However, topologically, this is not all too interesting, as the topology of X is always the indiscrete
topology. By 7 = nnn... € NN we denote the constant sequence with value n € N.

Proposition 2.9 (Indiscrete topology). Let X be a represented space. The topology of X is {0, X }.

Proof. On the one hand, the special point L. € X is a member of every non-empty open set, as any prefix
of a name of a point can be extended to a name of L by extending it with zeros. More precisely, if U C X
is open and non-empty, then there exists a finite prefix w € N* such that wNN C 6%1(U) and hence
1 = 57(106) € U. On the other hand, there are names p of L that start just with zeros and hence any
finite prefix of p can be extended to a name of any point in X. That is, if L € U, then 0 € 5%1(U) and
hence 0"p € 6%1(U) for every p € NN and a suitable n € N. Since for every € X there is some p with
0% (0"p) = z, it follows that = € U. Hence, the only possible non-empty open set is X. 0O

For many represented spaces X we cannot expect computable single-valued retractions r : X — X
to exist, not even multi-valued ones. Sometimes, there are at least retractions with weaker computability
properties and we give two examples.

Proposition 2.10 (Special retractions). Let (X, dx) be a represented space and dx total. There are retractions
with the given properties:

: N — N that is computable with finitely many mind changes,

r
(2) r: NN — NN that is limit computable,
r — X that is limit computable.

>

Proof. (1) Given a name p of a point in N we generate a name of 0 € N until we find the first non-zero
entry n+ 1 = p(4) for some i € N, in which case we change our mind to a name of n € N. This describes a
finite mind change computation of a retraction r : N — N.

(2) Given a name p of a point in NN we generate a name of 0 € NN that we overwrite with all digits of p—1
whenever we find non-zero content in p. This describes a limit computation of a retraction r : NN — NN,

(3) Follows from (2) since dx is total. O



3. Total Weihrauch reducibility

In this section we are going to recall the definition of Weihrauch reducibility and of total Weihrauch
reducibility, which was introduced in [6]. We write F b f, if F is a total realizer of f. We now recall the
definition of ordinary and strong Weihrauch reducibility on problems f, g, which is denoted by f <w ¢ and
f <sw g, respectively, and we recall the two new concepts of total Weihrauch reducibility and strong total
Weihrauch reducibility, which are denoted by f <iw g and f <gw g, respectively.

Definition 3.1 (Weihrauch reducibility). Let f:C X =Y and g :C U = V be problems. We define:

(1) f<wg:<= (3 computable H, K :C NN — NN)(VG I ¢) H(id, GK) - f.
(2) f<swg:<= (3 computable H,K :C NN — NN)(VG F g) HGK F f.

(3) f<iwg:<= (3 computable H, K :C NN — NNY(VG I g) H(id, GK) I f.
(4) f<awg:<= (3 computable H, K :C NN — NN)(VG \, g) HGK F f.

For (3) and (4) we assume that we replace each of the given representations of X,Y,U and V by a computably
equivalent precomplete representation of the corresponding set.

We call the reducibilities <y and <gw partial in order to distinguish them from their total counterparts
<iw and <gw. We note that precompleteness is not required or relevant in the partial case, but it can be
assumed without loss of generality since the concept of partial (strong) Weihrauch reducibility is invariant
under computably equivalent representations [5, Lemma 2.11]. In [6, Corollary 4.3] we have proved that due
to precompleteness in the definition above also <;w and <y w are invariant under equivalent representations.
We have also proved that the definition does not depend on the choice of the precomplete representation in
the equivalence class and that it yields preorders <;w and <gyw.

We have also proved in [6, Corollary 4.7] that the partial Weihrauch reductions imply their total coun-
terparts in the following sense.

Corollary 3.2 (Partial and total Weihrauch reducibility). Let f and g be problems. Then f<wg = f<iwyg
and fﬁswg = fgstwg'

This means that all positive results that hold for a partial version of Weihrauch reducibility can be
transferred to the corresponding total variant.

We note that the reducibilities <;w and <gw share similar properties as <y and <gw when it comes
to the preservation of computability or other properties. We say that a class C of problems is preserved
downwards by a reducibility < for problems if f < g and g € C imply f € C. In [6, Proposition 4.9] we proved
that computability, continuity, limit computability, Borel measurability and non-uniform computability are
preserved downwards by <iw.

A class C of functions F :C NN — NN constitutes a property of problems that is preserved downwards
by total Weihrauch reducibility if the following conditions are satisfied: C contains the identity, is closed
under composition with computable functions, is closed under juxtaposition with the identity and C respects
precompleteness. Later we prove that finite mind change computability and Las Vegas computability are
not preserved downwards by <;w, whereas non-deterministic computability is preserved downwards.

4. Completion, totalization and co-completion
In this section we recall the definition of the closure operation f + f on (strong) Weihrauch reducibility

that was introduced in [6] and we prove some further properties of it. For the definition of the completion
f we use the completion X of a represented space.
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Definition 4.1 (Completion). Let f :C X =Y be a problem. We define the completion of f by

- = = f(z) if z € dom(f)
.4 Y 70
! =T { Y otherwise

We note that the completion f is always pointed, i.e., it has a computable point in its domain. This is
because | € X is always computable (as it has the constant zero sequence as a name).

In [6, Lemma 5.2] we have proved that completion generates total Weihrauch reducibility in the following
sense.

Lemma 4.2 (Completion and total Weihrauch reducibility). For all problems f,g: f <wg <= f<wg <
f<wg and f<swg = [<swi < [<awy.

Thus, we could define total Weihrauch reducibility also using the completion operation and partial
Weihrauch reducibility.

In [6, Proposition 5.4] we also proved that completion is a closure operator with respect to <iw, i.e.,
f<ew [, f<ew f and f <¢w g = f <¢wg. An analogous result holds for < w.

It is clear that every f is strongly totally equivalent to its completion.

Corollary 4.3. f =yw f for every problem f.

In the study of total Weihrauch reducibility the degrees that have identical cones with respect to partial
and total Weihrauch reducibility play an important role. Hence, we introduce a name for such degrees.

Definition 4.4 (Complete problems). A problem f is called complete if f=w f and strongly complete if
fEsW ?

It is straightforward to derive the following characterization of completeness, which shows that from the
perspective of a complete problem the lower cones in the Weihrauch lattice and the total Weihrauch lattice
are indistinguishable (see also [6, Theorem 5.7]).

Proposition 4.5 (Completeness). Let g be a problem. Then the following hold:

(1) g complete < (¥ problems f)(f <wg <= [f<w3).
(2) g strongly complete <= (V problems f)(f <swg <= [<sw 7).

Examples of complete problems are abundant. In [6, Proposition 5.8] completeness was proved, e.g., for
the Turing jump operator J and the binary sorting problem SORT that was introduced and studied by
Neumann and Pauly [21]. It was also proved that problems such as WBWT,, ACCx, PA and MLR (see [10]
for definitions) are complete. We will see many further examples in form of complete choice problems that
we study systematically in section 5.

Proposition 4.6 (Complete problems). The following problems are all strongly complete:
(1) J: NN 5 NN » s pf,

(2) lim :C NN — NN (pg, p1, pa, ...) = limy, 00 Pa,
(3) LPO: NN — {0,1},LPO(p) =0: <= (In € N) p(n) =0,
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(4) SORT : 2N — 2N with

0F1 if p contains exactly k € N zeros

SORT(p) := {

0 if p contains infinitely many zeros
(5) WBWTy : 2N = 2N s {g € 2N i lim,, o q(n) is a cluster point of p}.

These results show that the cones below the given problems are identical in the total and partial
Weihrauch lattices. It is known, for instance, that f is limit computable if and only if f <y lim [9]. Hence,
an analogous statement holds for <;w, since lim is complete.

One should not come to the incorrect conclusion that all functions are complete. Here is a counter
example, which is based on the fact that J™' :C NN — NN has no computable points in its domain.

Example 4.7. I l<w L

The operation of completion is somewhat related to totalization.* Totalization is not a closure operator,
but it is sometimes easier to handle because it does not involve completions of spaces.

Definition 4.8 (Totalization). For every problem f:C X =Y we denote by

f(z) if z € dom(f)

Tf: X Yz —
! =1 {Y otherwise

the total version or totalization of f.

If (X,0x) and (Y,dy) are represented spaces and f :C X = Y is a problem, then we call f* :=
5;1 o fodx :C NN = NN the realizer version of f. It satisfies f*=qw f since f* has exactly the same
realizers as f. So, f' can be seen as the Baire space version of f. It is clear that totalization is closely related
to the completion, as we have the following obvious result.

Lemma 4.9 (Completion and totalization). f =qw Tf* holds for every problem f :C X =Y provided f* is
formed with respect to the precompletions of the original representations of X and Y.

Proof. We consider the represented spaces (X, dx) and (Y,dy). We obtain the realizer version f : NN =

NN given by

. = ) Lo fodf if p € dom(f o 6%
f )= 5?1 o foox(p) = {§N§) X otierwi:e | © '

If f*=(6y) ! o fod%, then we obtain f=wf =Tf. O

In other words, completion can be seen as a totalization of the realizer version with respect to precomplete
representations. More generally, the two operations of completion and totalization coincide under certain
relatively special assumptions.

Lemma 4.10 (Completion and totalization). Let f :C X =Y be a problem. Then:

4 The totalization was studied by Brattka, Le Roux and Pauly (unpublished work 2012).
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(1) f<sw Tf if X is multi-retraceable,
(2) Tf<ew [ if Y is multi-retraceable.

Proof. We note that tx : X — X,z + z and 1ty : Y — Y,y ~— y are computable by Corollary 2.5.
If X is multi-retraceable, then by definition there is a computable retraction rx : X = X. It is clear
that 1y o Tf orx(x) C f(x) for all # € X and hence f <qv Tf. If Y is multi-retraceable, then there is a
computable retraction 7y : Y = Y. In this case we obtain 7y o f o vx(z) = Tf(z) for all z € X and hence

Tf <sw ? o

The second condition can also be converted into a characterization of multi-retraceability. This follows if
one applies it to the partial computable function f := ' :CY — Y, since Tf : Y =Y is a retraction.

Corollary 4.11 (Multi-retraceability). A represented space Y is multi-retraceable if and only if Tf <w f holds
for all problems f :C X =Y.

If a problem g is already total, then Tg = g and hence we obtain the following characterization of
completeness. The given conditions are necessary since g = f satisfies them (because the completion X of
any space X is retraceable by Corollary 2.5).

Corollary 4.12 (Completeness). A problem f is complete if and only if f=wg for some total problem
g: X =Y on multi-retraceable spaces X and Y .

An analogous result holds for strong completeness and =gw. The characterization of completeness given
in Proposition 4.5 suggests a dual notion of co-completeness that we define together with the related notion
of co-totality. From the perspective of a co-complete problem the upper cones in the Weihrauch lattice and
the total Weihrauch lattice are indistinguishable.

Definition 4.13 (Co-completeness and co-totality). Let f be a problem.

(1) f is called co-complete if f <wg <= f <w g holds for all problems g.
(2) fis called co-total if f < Tg <= f <w g holds for all problems g.

Likewise we define strongly co-complete and strongly co-total problems f with the help of <. w instead of
<w-.

Due to Lemma 4.9 we obtain that co-totality implies co-completeness.

Corollary 4.14 (Co-completeness and co-totality). Every (strongly) co-total problem f :C X = Y is
(strongly) co-complete. If Y is multi-retraceable, then the inverse implication holds true as well.

In Corollaries 8.12 and 11.5 we will see examples that witness that the inverse implication does not hold
in general. There is an obvious relation between co-completeness of the completion and completeness.

Lemma 4.15 (Completeness and co-completeness). f co-complete = f complete and f strongly co-complete
= [ strongly complete hold for every problem f.

There is a useful condition that implies strong co-completeness. We call a problem f :C X =Y diverse
if for all z € dom(f) there exists a y € dom(f) such that f(z) N f(y) = 0.
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Proposition 4.16 (Diversity). Every diverse problem f :C X =Y is strongly co-complete, and if the repre-
sentation of Y is total, then f is also strongly co-total.

Proof. Let g :C W = Z be an arbitrary problem. It is clear that f <gw g implies f <sw g since g <¢w 3.
We now consider computable witnesses H, K :C NN — NN for f <.vg. Now, let us suppose that G - g
holds with respect to the precompletions of the underlying representations of W and Z, and let us assume
that dom(G) contains exactly all names of points in dom(g). Every total extension G’ of G satisfies G’ g
and hence HG'K I f. Let G’ be such a total extension. We claim that also HGK F f. Let us assume that
this is not the case. Then there is some name p of a point x € dom(f) such that HGK(p) is not a name
of a point in f(x). If K(p) € dom(G), then G'K (p) = GK (p). Since K (p) is a name of a point in dom(g),
this implies that HGK (p) = HG'K(p) is a name of a point in f(x), which is a contradiction. This implies
that K (p) ¢ dom(G). But then there is a total extension G” of G such that HG" K (p) is a name of some
point in f(y) for some y € dom(f) such that f(z) N f(y) = 0, since f is diverse. This is a contradiction to
HG"K + f. Hence, the assumption was wrong and we actually have HGK F f. This proves f <,w ¢ and
altogether f is strongly co-complete. Almost the same proof shows that f is also strongly co-total, provided
that the representation of Y is total, since this ensures that the extensions G’ and G” select valid names. O

Since single-valued problems that are not constant are diverse, we obtain the following corollary.

Corollary 4.17 (Single-valuedness). Let f :C X — Y be a single-valued problem that is not constant, then f
is strongly co-complete, and if the representation of Y is total, then f is also strongly co-total.

We note that constant computable problems f are not (strongly) co-complete (except for the nowhere
defined problems), because if p is a name of a point in the domain of f, then there is a problem g that has
no point in the domain that can be computed from p and hence f £w g, while f < g. Likewise, id is not
co-complete and hence diversity is not sufficient for co-completeness in the non-strong case.

We close this section with some remarks on the completion of jumps. As a preparation we study compo-
sition. It is easy to see that the completion of a composition is equal to the composition of the completions.

Lemma 4.18 (Composition). Let f :C X =Y and g :CY = Z be problems. Thengo f =go f.

We recall that the jump f/ :C X = Y of a problem f :C X = Y is defined exactly as f, but the
represented space (X,dx) on the input side is replaced by X’ = (X, 0’ ), where % := dx o lim. The jump
was defined in [8] and it is easy to see that for problems of type f :C NN = NN we have f/ =.w folim (see
also [8, Lemma 5.2] for the single-valued case). We can now draw some conclusions on the completion of
a jump. In particular, the jumps of strongly complete problems are strongly complete, which yields many
further examples of complete problems.

Proposition 4.19 (Jumps). 7§SW7/ ESW? holds for all problems f. In particular, the jump f' of every
strongly complete problem f is strongly complete again.

Proof. We first prove f/ <qw 7/ for problems of type f :C NN = NN For such problems we have f’ =g fo
lim and hence f’ =¢w f o lim = folim by Lemma 4.18. By Proposition 4.6 lim =w lim and hence lim is limit

computable, i.e., it has a realizer of the form lim o K’ with a computable /. This means that dgwolim oK (p) €
limodgr(p) for all p € NN. We also consider 7= 5&%0?06@ and we obtain f olim oK (p) = %o?ozgwo
limoK (p) € 5&%070M06N—N(p) = (f o lim)*(p), which implies 7 =g f o lim <qw f olim =gy f v =w .
For a general problem f :C X =3 Y we also obtain ?SSWTI, since we can apply the result above to
fr:C NN = NN, where we use that jumps and completions are monotone with respect to <gw. This
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— =/ —
reduction also implies f ' <swf <swif /, since completion is a closure operator. The inverse reduction holds
—/ — —
for the same reason, i.e., f =gw f’. This shows that the jump f’ of a strongly complete problem f =, f
is strongly complete. O

This result requires strong completeness, since jumps are not monotone with respect to <y in general.
We also note that the jump of a total problem is an upper bound of its completion, provided that the input
space has a total representation. This follows from Proposition 2.10 (3).

Corollary 4.20. f <qw f’ for every total problem f: X =Y such that X has a total representation.

It follows from Theorem 11.6 that this result cannot be generalized to partial problems. With the help of
jumps we can also express a sufficient criterion that guarantees co-completeness and co-totality for certain
single-valued maps. We use Sierpiriski space S = {0,1} that is represented by ds(p) = 0: < p = 0. We
mention that Js is an example of a precomplete total representation.

Proposition 4.21 (Single-valuedness). Let f :C X — N, fs:C X — S be single-valued problems that are not
constant. Then:

(1) f' is co-complete and co-total.
(2) fg is co-complete.

Proof. (1) It suffices to prove that f’ is co-total as this implies co-completeness by Corollary 4.14. Hence,
let f’ <w Tg hold for some problem g :C W = Z via computable H, K :C NN — NN, We consider a name
p of a point = € dom(f’), and we let n := f/(z). Then there is name r of a point in Z such that H(p,r) is
a name of n. Hence by continuity of H, a finite prefix w C p is sufficient to guarantee that any extension of
w is mapped with r by H to n. Since f’ is not constant, there is a y € dom(f’) with k := f’(y) # n and
since we use the jump of a representation for X', we have that there is a name ¢ € wNYN of y. Suppose ¢
is mapped by K to a point outside of dom(g). Then there is a realizer G + Tg with GK(¢q) = r and hence
H{q, GK(q)) = n, which is incorrect. Hence, all names ¢ € wNY of points y € dom(f’) with f’(y) # n are
mapped by K to points inside of dom(g). With a similar argument as before there is also some name s of
a point in Z such that H{q, s) is a name of k and by continuity of H a finite prefix v of ¢ is sufficient to
guarantee that H maps any extension of v with s to a name of k. We can assume w C v. As before there
cannot be any name t € vNY of a point z € dom(f’) with f(z) # k that is mapped by K to a point
outside of dom(g). Altogether, there is no name t € vNN of some point z € dom(f’) whatsoever that is
mapped by K to a point outside of dom(g). Since there is a computable function F :C NN — NN that
maps every name ¢ of a point inside of dom(f’) to a name F(t) € NN of the same point, we obtain that
H(F,GKF)tF ' for every G F g, i.e., f' <w g. This proves that f’ is co-total.

(2) Let fg <w g for some problem g :C W = Z hold via computable functions H, K :C NN - NN, We
consider a name p of a point « € dom(f§) with fg(x) = 1. Such a point must exist since fg is not constant.
Let us assume that K (p) is a name of a point outside of dom(g). Then there is a realizer G - g such that
GK (p) = 0, which is a name of L € Z. Now H(p, GK (p)) is a name of 1 € S and by continuity of H finite
prefixes w C pand v C 0 suffice to ensure that H maps the corresponding extensions to 1 € S. We note that
v C 0 can be extended to a name of any point in Z, given the way Z is represented, and w C p can also be
extended to a name of any point in X’, as we use the jump of a representation. Suppose now that ¢ € wNYN
is a name of a point y € dom(fg) such that fg(y) = 0 € S. Such a point exists since fg is not constant.
Then there is a realizer G1 F g such that v C G1K(q) and hence H{q, G1K(q)) is a name of 1 € S, which is
incorrect. Hence all names p of points « € dom(fg) with fg(z) =1 € S are mapped by K to names K (p)
of points inside of dom(g). In particular there exists a name p of a point x € dom(fg) with f§(z) = 1 and
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a corresponding name 7 of a point in Z such that H(p,r) = 1 and finite prefixes w C p and v C r suffice to
ensure that H maps all extensions to 1 € S. With a similar argument as above one can show that no name
q € wNN of a point y € dom(fg) with f§(y) = 0 can be mapped by K to a name K(q) of a point outside of
dom(g). Otherwise, there would be a realizer Go - § with G2 K (¢q) = r and hence H(q, G2K(q)) is a name
of 1, which is incorrect. Hence altogether, each name ¢ € wNY of a point in dom( fg) is mapped by K to a
name K (q) of a point inside of dom(g). Using a computable function F that maps any name p of a point
in dom(f§) to a name ¢ € wNY of the same point, we obtain that H(F,GKF) I f& for every G I- g, i.e.,
f§ <w g. This proves that fg is co-complete. O

Using this result it is now easy to provide some interesting examples of co-complete and co-total problems.
We note that limy =gw idi\;.

Corollary 4.22 (Co-complete and co-total problems).

(1) limy :C NN — N, p = lim,, 00 p(n) is co-total and co-complete,
(2) LPO": (NNY — {0,1} is co-total and co-complete,
(3) LPOg : (NN) — S, p > LPO(p) is co-complete.

In Corollary 8.12 we will see that LPOg is not co-total. Hence co-totality and co-completeness are actually
not equivalent conditions and Proposition 4.21 (2) cannot be strengthened to co-totality.
There is a useful characterization of LPO" as the infinity problem. By

INF: NN S {0,1},p > 1 if p(n) = 0 for infinitely many n € N
0 otherwise

we denote the infinity problem. By INFs : NN — S we denote the analogous problem with output space
S. These two problems were already studied under the names isInfinite and isInfinites by Neumann and
Pauly [21]. The following is easy to see.

Lemma 4.23 (Infinity problem). LPO' =qw INF and LPOg =.w INFs.

Proof. Given p € NN we let K(p)(n, k) = 0 if the word p(0)...p(n) contains the digit 0 less than k times
and K(p)(n,k) = 1 otherwise. Then

(Vk € N) (lim K (p)) (k) = lim K (p)(n, k) # 0
if and only if 0 appears infinitely often in p. Hence LPO" o K (p) = INF(p). Since K is computable, this proves
INF <qw LPO’ and INFg <qw LPOg. Vice versa, given p := (po, p1, p2, -..) € dom(lim) we can enumerate the
numbers 1,2, 3, ..., into K(p), and for each (n,k) = 0,1,2,... after the other we do the following: whenever
we find an ¢ > k such that p;(n) # 0, then we enumerate 0 into K (p), and only in this case we move to the
next (n, k). Hence K (p) contains infinitely many zeros if and only if (Vn,k € N)(3i > k) p;(n) # 0, which
holds if and only if (Vn € N)(lim; o0 pi)(n) # 0, i.e., LPO’(p) = INF o K(p). This proves LPO’ <. w INF and
LPOL <uw INFs. O

In particular, we can conclude that INF is co-total and INFg is co-complete. INF is clearly not limit
computable, since

INF7'{1} = {p e NN : (Vk € N)(3n > k) p(n) = 0}
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is known to be II3-complete (see, e.g., [18, Exercise 23.1]).
Lemma 4.24. LPO’ £y lim.

It is also easy to see that there is a retraction 7 : NN — NN that is computable with the help of INF.
This is because INF can detect whether a name p of a point in NN is actually a name of a point in NV i.e.,
whether p(n) # 0 for infinitely many n.

Lemma 4.25. There is a retraction r : NN — NN with r <w LPO’.
5. Choice problems

Choice principles form the backbone of the Weihrauch lattice, and many other problems can be classified
by proving their equivalence to a suitable choice problem [9]. Hence, it is important to understand which
choice principles are complete in order to see how the picture for the total Weihrauch lattice changes
compared to the partial version.

In order to recall the definition of choice we need to introduce the set A(X) of closed subsets of a
topological space X. Typically, we will consider computable metric spaces (X, d, &) that are represented by
their Cauchy representation [25,9]. We denote by B(x,r) := {y € X : d(x,y) < r} the open ball with center
x € X and radius 7 > 0. More specifically, we denote by B, ; xyy := B(a(n), kLH) a basic open ball. A
representation d4_(x) of the set A(X) can now be defined by 6.4_(x)(p) := X \ U, — Bp(n)- We denote the
represented space (A(X),04_(x)) for short by A_(X), where the “—" refers to negative information. The
computable points in .A_(X) are known as co-c.e. closed sets and also as TI —classes in the case of X = NN,
Since there are numbers n € N with B,, = (), it is easy to see that the representation ¢ A_(x) is precomplete
and it is also total.

Lemma 5.1. Let X be a computable metric space. Then 6 4_(x) is a precomplete and total representation of
A_(X). In particular, A_(X) is multi-retraceable.

The choice problem Cx of a given space X is the problem of finding a point in a given closed A C X.
By choosing appropriate spaces X one obtains several important Weihrauch degrees. There are ways of
extending the definition of  4_(x) to other represented spaces than computable metric ones [2]. We are not
going to use these extensions here, hence the following definition is typically used for computable metric
spaces X.

Definition 5.2 (Choice). The problem Cx :C A_(X) = X, A — A, defined on dom(Cyx) := {A: A # 0} is
called the choice problem of the represented space X.

Here the description A — A of the map is to be read such that on the input side A € A_(X) is a point
of the input space, whereas on the output side it is a subset A C X of possible results. Many restrictions
of the choice problem have been considered. For instance, CCx denotes connected choice, i.e., Cx restricted
to non-empty connected closed subsets A C X.

One of our goals is to understand the completions Cy of choice problems. Fortunately, the conditions
given in Lemma 4.10 (1) are satisfied by Lemma 5.1 for all choice principles of computable metric spaces.
We even obtain the following.

Corollary 5.3 (Completion of choice). Cx <awCx <sw TCx =sw TCx for all computable metric spaces X.
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Proof. By Corollary 2.5 there is a computable embedding ¢+ : X — X. Hence, we obtain f := ¢ o
TCx =sw TCx. Moreover, f : A_(X) = X has a total precomplete representation on the input side
by Lemma 5.1 and a total precomplete representation on the output side by Corollary 2.5. Hence, TCx is
strongly complete by Corollary 4.12 and Proposition 2.6. The reduction Cx <gw TCx is obvious, the other
reductions follow since completion is a closure operator. 0O

An analogous statement holds true if Cx is replaced by any restriction such as CCx in all occurrences.
The advantage of this result is that TCx is conceptually simpler than Cy, as it does only involve the original
spaces and no completions. We can also characterize the completion of the jump of choice.

Proposition 5.4 (Completion of jumps of choice). @ESWG/ holds for every computable metric space X .

Proof. We have @gswﬁ' by Proposition 4.19. We need to prove the inverse reduction. Given a name
p = (po,P1, P2, -..) such that lim(p) exists, we can compute K (p) that replaces all numbers 0 in p by a fixed
number k + 1 such that By = 0. Then also lim(K(p) — 1) exists and if lim(p) — 1 € dom(d4_(x)), then

da_(x)(lim(p) — 1) =04 (x)(lim(K (p) — 1)).

In the case that lim(p) — 1 is only a finite word, lim(K (p) — 1) is a name of some set. Since a realizer of Cx '

with such an input p can produce any name of a point in X as an output, the reduction also works in this
—; —_—

case. Altogether, this proves Cx <gwCy. O

Again, an analogous statement holds if Cx is replaced by any restriction of it.
6. Choice on compact spaces

Even though the assumptions of Lemma 4.10 (2) are not satisfied in many cases, we can often even prove
TCx <sw Cx using a computable multi-valued retraction r : A_(X) = dom(Cx). We illustrate this with
choice on Cantor space 2NV,

Proposition 6.1 (Choice on Cantor space). Con =gw Con =sw TCon .

Proof. We consider X = 2N. By Corollary 5.3 it suffices to prove TCx <¢w Cx. Firstly, we note that the
set

B = {(k,(no,....,nx)) EN: By U ...UB,, =X}

is computable, as we can easily check whether there is a point € X that is not covered by B, ,U...UDB,,.
Hence, given a list p € NN of balls By with A = X \ U,en Bpi) we can check for every i € N whether
ByoyU...UBy—1) # X and By U...U B);) = X. Since X is compact, this test will eventually be positive
if and only if A = ). As soon as this happens, we modify p to ¢ such that ¢(j) := p(j) for j < i and
q(j) :== p(i — 1) for j > i —1 (where we assume that B,_1) = 0 if i = 0). The map p > ¢ is a computable
realizer for a multi-valued retraction r : A_(X) = dom(Cx) onto the non-empty sets, i.e., 7(4) = A for
A # () and 7(0) # 0. Such a retraction is all what is needed to prove TCx <;wCx. O

The problems f <y Cyn have been characterized in [2] exactly as the non-deterministically computable
problems. Hence we obtain the following by Lemma 4.2.

Corollary 6.2 (Non-deterministic computability). Non-deterministic computability is preserved downwards
by total Weihrauch reducibility.
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This proof of Proposition 6.1 can be seen as a prototype of a completeness proof for a choice principle
and several other choice principles can be proved to be complete in a similar manner. There are three
essential points that one needs to check: whether the space X is compact, whether a suitable set B C N is
computable and whether there is a suitable computable retraction . This is the case, for instance, for all
non-empty finite spaces X =n = {0,...,n — 1} with n € N with essentially the same proof as above.

Proposition 6.3 (Finite choice). C,, =sw C,, =sw TC,, for alln > 1.

We note that the above proof does not work in case of n = 0 = {J, since then there is no possible retraction
r. In this case we have Cy=,w C;, which one can easily check directly. We can conclude from this result
that the principles C,, form a strictly increasing chain with respect to total Weihrauch reducibility (as they
do with respect to partial Weihrauch reducibility by [24, Theorem 5.4]).

Corollary 6.4. C,, <¢w C,, 11 for alln > 1.

In the following we use the parallelization fof a problem f and the finite parallelization f* in a purely
non-technical way. Hence we refer the reader to [9] for the definitions. The choice principle Cy is also known
as LLPO and hence Proposition 6.3 shows that LLPO is strongly complete. We could also use the fact that
the parallelization of a complete problem is complete (by [6, Proposition 6.3]) to derive Proposition 6.1, as
is known that Con =gw E; [5, Theorem 8.5]. Likewise it is known that the compact choice principle Ky can
be characterized by Ky =sw C5 [8, Proposition 10.9], which we take as the definition of Ky for the purposes
of this article, and hence, with the help of the fact that finite parallelization and jumps preserves (strong)
completeness (by [6, Proposition 6.3] and Proposition 4.19), we arrive at the following conclusion.

Corollary 6.5. Ky =.w Ky and Ky =w @,
The proof of Proposition 6.1 can also be transferred to the case of connected choice.
Proposition 6.6 (Connected choice). CCjo 1) =sw CClg1] =sw TCCo 4.

Proof. We proceed as in the proof of Proposition 6.1 with X = [0,1]. By Lemma 4.10 and analogously
to Corollary 5.3 it suffices to prove TCCjg 1) <ew CCjg,1). For m = (k, (ng, ...,nx)) € N we define I(m) :=
sup{z € [0,1] : [0,2] C By, U...UBy, } and r(m) :=inf{y € [0,1] : [y, 1] C By, U...UB,, }. Here we assume
I(m) := 0 and r(m) := 1 if the respective sets are empty. Then the set

B:={m e N:l(m) <r(m)}

is computable, as the values {(m) and r(m) can be computed as rational numbers. Hence, given a list
p € NN of balls By with A = X \ U,y Bpi) we generate a list ¢ of numbers of open rational intervals
[0,1(m)) and (r(m), 1] with m = (i, (p(0),...,p(7))) as long as I(m) < r(m) and we indefinitely continue
with the last rational intervals with this property if eventually {(m) > r(m) (which means that A = ).
Due to compactness of [0, 1] it is guaranteed that ¢ is a name of the set A, if this set A is a non-empty
closed and connected set and it is a name of some other non-empty closed and connected set, otherwise.
That is The map p — ¢ is a computable realizer for a multi-valued retraction r : A_([0,1]) = dom(CCj )
with r(A) = A for non-empty connected A C [0,1], and r(A) is some non-empty connected subset of [0, 1]
otherwise. Such a retraction is all what is needed to prove TCCy 1) <sw CClg 1. O

Some important choice problems are also co-complete. We prove a rather technical but fairly general
result about restrictions of choice first.
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Proposition 6.7. Let D C A_[0,1] be such that [a,b] € D and Cy11|p <w Cia )
a <b. Then Cy1j|p is co-complete and co-total.

p for all [a,b] C [0,1] with

Proof. Without loss of generality, we assume that D contains only non-empty sets. We prove that Cy 11|p
is co-total. By Corollary 4.14 it follows that it is also co-complete. Let g :C (X,0x) = (Y,dy) be some
problem. We assume that Cio 1)|p <w Tg is witnessed by computable H, K :C NN — NN, Let GF Tg and
let p be a name of [0,1]. Then H(p, GK(p)) determines a real number = with precision € < % after reading
only a finite prefix of w C p. We now consider the set

A={JeD:(Fpe wNN)(éA_([OJ])(p) = J and dx K(p) ¢ dom(g))}.

We claim that there is some [a,b] C [0,1] with a < b and such that for all J C [a,b] with J € D we have
J ¢ A. Let us assume the contrary. Then for Iy := [0, 1] and I1 := [2,1] there are J; C I; with J; € D such
that J; € A for i € {0,1}. This implies that there are names p; € wNN of J; for i € {0,1} such that K (p;)
is not a name of a point in dom(g). Hence, there is a realizer Gy of Tg with GK (p) = G1K (p) = G1K (p;)
for i € {0,1}. This is a contradiction since the distance between Iy and I is +. Hence, we have proved
the claim and there is a [a,b] C [0,1] with the desired properties. That means that K, H also witness
Clab)|D Sw g, where we use that 64 (j0,1])lwn~ = 6.4_(j0,17)- This implies Cjo 1j|p <w Cq,5|p <w g, which
means that C 1j|p is co-total. O

This result can be readily applied to several important variants of choice. In particular, we obtain the
following. We note that Con =sw Cjo,1) by [2, Corollary 4.6].

Corollary 6.8. Cyn and CCjg q) are co-complete and co-total.
7. Positive choice

In this section we want to study PCyx, which is Cx restricted to sets of positive measures. This requires
that we have a fixed Borel measure on X and we are mostly interested in the cases X = 2N X = [0,1]
and X = R. In the first case we use the uniform measure p and in the second and third case the Lebesgue
measure \. It is known that PCon =qw PCjg 1) =sw WWKL (see [7, Proposition 8.2] for these results and
the definition of WWKL). By PCCx we denote the restriction of PCx to connected sets. The following
observation is a direct consequence of Proposition 6.7.

Corollary 7.1. PCyn and PCCpg 1) are co-complete and co-total.
The following result allows us to show that neither PCyn nor PCCpg 1) are complete.
Proposition 7.2. PCCig 1] £w PCpo 1]

Proof. We consider the problem

P:A_[0,1]=]0,1],A—

A if A=1a,b] C[0,1] witha<bd
[0,1] otherwise

Clearly, P <w PCCjp1; and hence it suffices to show P £y PCio,1;- In [7, Proposition 15.1] we proved
CCpo,y Lw PCo,1) and literally the same proof can be used to show P Lw PCio,17- This is because the proof
does only exploit the values of CCg 1) on non-singleton intervals and the fact that CCpg ) is also somehow
defined on singletons. In both respects, P behaves like CCjg ;. The fact that the output is considered on

[0, 1] instead of [0, 1] also causes no changes, since we only exploit outputs that are actually in [0,1]. O
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As a consequence of this result we obtain that positive choice is actually not complete.
Corollary 7.3. PCon <w PCon and PCCg 1) <w PCCjg ).

The problems f <y PCyn have been characterized in [7] exactly as the Las Vegas computable problems
f. Hence we obtain the following by Corollary 4.3.

Corollary 7.4 (Las Vegas computability). Las Vegas computability is not preserved downwards by (strong)
total Weihrauch reducibility.

Now we want to prove that mﬁw PCr holds. For this purpose it is useful to use fractality as a
property. We recall that a problem f is called a fractal [8], if there is a problem F :C NN = NN such that
F=w f and F|4=w F holds for every clopen A C NN with A N dom(F) # (). If F' can be chosen to be
total, then f is called a total fractal and if we can replace =w by =gw, then we speak of a strong (total)
fractal. In [7, Lemma 15.5] it was proved that CCpg 1] is a total fractal. We follow the lines of that proof to
obtain the following result.

Lemma 7.5. PCCq ) is a strong total fractal.
Proof. In [4, Proposition 3.6] it was proved that PCCy 1) =sw B}, where
B :CRc xRy — R, (a,b) — [a,b]

with dom(B}) := {(a,b) € R? : a < b}. (PCCpp ) was called C; in [4].) Here R< and R are represented
by representations p. and p- as limits of increasing and decreasing sequences of rational number, respec-
tively [25]. We consider the problem G :C NN = NN that maps every name of a pair (a,b) € R. x Ry
with a < b to any name of any point y € R with ¢ < y < b and that is undefined for other inputs. Then
G = (B} )" =sw B} . There is a computable function K : NN — NN that maps every pair (p, ¢) € NN, where
p,q € NN are interpreted as sequences (a,), and (b,), of rational numbers, to a pair (p/,¢’) that satisfies
the following conditions: p’ and ¢’ encode increasing and decreasing sequences (¢ ), and (d,), of rational
numbers, respectively, with ¢, < d,, and if (a,), and (b,), are also increasing and decreasing, respectively,
with a, < b, and sup, ¢y @n < infyen by, then ¢, = a, and d, = b, for all n € N. Such a computable
K can be realized by going through the sequences (a,), and (b,), and as long as ag < a; < ... < a and
bo > by > ... > by and ax < bx we choose ¢; := a; and d; := b; for : = 0,..., k and as soon as one of the
conditions is violated, we just continue with the last consistent pair (in the case that there is no such pair,
we use ¢; := 0 and d; := 1). Then F := GK :C NN = NN is an extension of G, which is only undefined
if the input is a name of a pair (a,b) € R x R> with a = b. We also have F'=.w G =sw B} =sw PCCjq 1.
Hence, it suffices to show that F : NN = NN js a strong total fractal. In fact, we claim that Ial <sw FT| A
for every clopen A := wNYN C NN, Let u := w — 1. Then u determines a finite prefix v of K (uNN) of the
same length as v and this prefix encodes a rational interval [a,b] with @ < b; if u = v = €, then we assume
[a,b] := [0, 1]. Now we can use a computable bijective map T : R — (a,b) and its computable inverse T~*
to reduce F to Fr\ 4. Hence, F' and F are strong total fractals. O

Using this lemma we can apply a choice elimination result by Le Roux and Pauly [20, Theorem 2.4] to
obtain the following corollary. We use the compositional product of problems defined by f*g := max<,, {foo

g0 : fo<w f, 90 <w g} [8,14].

Corollary 7.6. PCCy ] £w PCg.
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Proof. By [7, Corollary 6.4, Proposition 7.4] we have PCr =w PCyn * Cn. Hence, PCCpy 1] <w PCg would
imply PCCjo 1) <w PCyn by [20, Theorem 2.4], since PCCjg y) is a total fractal by Lemma 7.5. This contradicts
Proposition 7.2. O

This implies in particular mfw PCg. In [4, Proposition 3.8] it was proved that PCCpy 1) <w Cn
holds. This implies that PCCy ) is not a total fractal (since otherwise PCCjy 1) <wid would follow by
[20, Theorem 2.4], which is incorrect as PCCjg1j is not computable). The cited reduction also implies
PCCjp,1] <w Cn. However, by Lemma 7.5 and [20, Theorem 2.4] we obtain the following conclusion.

Corollary 7.7. PCCjg 1) £w Cn .

In order to get some upper bounds on PCyn and in order to separate it from Cyn it is useful to consider
the negligibility problem, i.e., the characteristic function of sets of measure zero:

1 ifu(A)=0
NEG : A_ (2N 0,1}, A )
A7) = {01}, A= {O otherwise

It is easy to see that the negligibility problem is equivalent to LPQO'.
Lemma 7.8 (Negligibility). LPO’ =.w NEG.

Proof. We note that u: A_(2N) — R+ is computable (see also [7, Lemma 2.7]), where R+ denotes the set
of upper reals that are represented as an infimum of a decreasing sequence of rational numbers. Since the
identity ¢ : Ry — R,z — z is limit computable, i.e., ¢ <gw lim, and LPO can be used to decide equality
on the reals, we obtain a computable K : A_(2N) = NN such that NEG = LPO o lim oK. This proves
NEG < w LPO’.

For the other direction we use Lemma 4.23 and we prove INF <y NEG. Given a sequence p € NN,
we want to find out whether there are infinitely many n € N with p(n) = 0. Hence we compute a name
K(p) of the set A with A = 2N \Uf:0 1°0NN | provided that we find k € N U {oo} many zeros in p. Then
#(A) =0 <= k=00 <= INF(p) = 1. Hence INF = NEG 0§ 4_(on) o K, which proves INF <qw NEG. O

The negligibility problem can be used to reduce TPCyn to PC/Q'N and in consequence to separate PCon
from Cyn.

Corollary 7.9 (Positive choice). PCon <w PCyn <w TPCyn <w Con and we have TPCon <y PChy.
Proof. By Corollary 7.3 we have PCon <w PCyn. By the remark after Corollary 5.3 we obtain PCon <w
TPCyn. Clearly TPCyn <w PCiy, as NEG can be used to decide whether the input of TPCyn is in its domain,
and Lemma 7.8 implies that NEG <y LPO’ <y lim’. By [7, Corollary 14.9] it is known that Con £w PChn.
Hence, TPCyn <w TCoyn =w Con by Proposition 6.1. O

In particular, this result shows that TPCyn and PCyn are probabilistic in the sense defined in [7].

8. Choice on the natural numbers

In this section we study choice on natural numbers. Since limy =gw Cy, we get the following conclusion
from Corollary 4.22.

Corollary 8.1. Cy is co-complete and co-total.
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On the other hand, Cy is not complete. Since it is known by [8, Theorem 7.12] that f <w Cy holds if
and only if f is computable with finitely many mind changes, it suffices to show that Cy is not computable
with finitely many mind changes in order to conclude that Cy <w Cy holds.

Proposition 8.2 (Choice on natural numbers). Cy is limit computable and not computable with finitely many
mind changes, and TCy is not even limit computable.

Proof. Cy is computable with finitely many mind changes and hence, in particular, limit computable. By
Corollary 4.3 we have Cy =¢w Cy. Since limit computability is preserved downwards by total Weihrauch
reducibility [6, Proposition 4.9], it follows that Cy is limit computable. We prove that C is not computable
with finitely many mind changes. This implies that TCy is also not computable with finitely many mind
changes by Corollary 5.3. Since the output space of TCy is N, this implies that TCy is not even limit
computable by [8, Proposition 13.10]. Let us assume the contrary and let us consider a Turing machine

that computes Cy with finitely many mind changes. Upon input of a name of N € A_(N), the machine
eventually has to produce a natural number ngy as output after seeing only a finite prefix of the input. After
this finite prefix the input can be modified to a name of the set N \ {ng}, in which case the machine has
to change its mind and produce a new output n; # ng after seeing a longer prefix of the input. Now one
can change the input to an input of N \ {ng,n1}, in which case the machine has to change its mind again
and it has to produce an output ng ¢ {ng, n;}. This process can be continued inductively and it produces a

name of co-infinite (possibly empty) set A € A_(N) upon which the given machine has to change its mind
infinitely often. Since A € dom(Cy), the machine does not operate with finitely many mind changes on a
valid input. O

Proposition 8.2 implies that for the space X = N the choice principle Cy, its completion and its total-
ization lead to three different degrees.

Corollary 8.3 (Choice on natural numbers). Cy <w Cn <w TCx.

This also means that finite mind change computability is not preserved downwards by total Weihrauch
reducibility and by a contrapositive version of the reasoning used for the proof of [6, Proposition 4.9], it
follows that finite mind change computability does not respect precompleteness.

Corollary 8.4. Finite mind change computability is not preserved downwards by (strong) total Weihrauch
reductbility and does not respect precompleteness.

As TCy <w T lim is easy to see, Propositions 8.2 and 4.6 imply the following.
Corollary 8.5. lim =, lim <vw T lim.

Since lim =gw J by [2, Lemma 8.9] and TJ = J, this also proves that f — Tf is not a closure operator
with respect to <.

We mention that the given proof of Proposition 8.2 does not change in presence of any oracle. Hence,
Cy is not finite mind change computable with respect to any oracle and hence not even reducible to Cy
with respect to the continuous version of Weihrauch reducibility. Using a jump inversion property [12,
Theorem 11] and Proposition 5.4 this yields the following corollary.

Corollary 8.6. Cyy <w @ =w G/.

Alternatively, we could also prove Proposition 8.2 by showing that Cy is a total fractal. This fact is useful
by itself and will be used later.
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Lemma 8.7. Cy is a strong total fractal.

Proof. We consider the representation § of A_(N) given by §(p) := N \ range(p — 1). It is easy to see that
we have 6 = d4_(n). We consider F : NN = NN defined by

Flp) = { (5&)-1 ©Cnod%(p) if p € dom(Cy 047)
N otherwise

As explained in the proof of Lemma 4.9 we have F =qw Cx. If w := ag...ar, € N* and hence A := wNV ig
a clopen set, then we can also prove that F <gw F'|4. We define K (p) such that the prefix w is filled up
with a word v that contains all numbers up to m := max{aq, ...,ax} + 1 and then for all numbers i > 2
in range(p) the number i + m — 1 is added, i.e., K(p) = wvq with g¢(n) := p(n) + m — 1 if p(n) > 2 and
g(n) = p(n) if p(n) < 1. Together with a computable function H with H(r)(n) := max(0,r(n) —m+ 1) the
function K witnesses F <qw F|4. O

It is worth noting that there is also a specific interesting problem below Cy that is not below Cy. We
recall that the Bolzano-Weierstraf$ theorem on the two point space {0,1} is defined by BWTs : oN —
{0,1},p — {i : ¢ is a cluster point of p}. This problem was studied in [8]. Above we have already introduced
the weak version WBWT, : 2N = 2N of it that has been studied in [10].

Proposition 8.8 (Weak Bolzano- Weierstrafy theorem). We have WBWTy <w Cy and WBWT, Zw CN-

Proof. Given a binary sequence p € 2N, we generate a list K(p) of all natural numbers n = 0,1,2,... as
long as we see zeros in p. Whenever we see a one in p, then we repeat the previous digit on the output (or
zero, if no output has been written yet). That is we compute a name K(p) of a set A C N which is empty
if and only if p contains infinitely many zeros. Given a point n € Cyn(A) together with p we try to check
whether the set represented by K(p) contains n. As long as n has not been removed from this set, we build
an infinite binary sequence ¢ € 2N that consists of digits 1. In the moment where we find that n is removed
from the set represented by K(p), we change to producing digits 0. That will happen if and only if A is
empty, i.c., if and only if p contains infinitely many zeros. In this case the output is of the form ¢ = 1*0.
In the case that A is not empty, ¢ = 1. In any case, we have that lim;_, q(%) is a cluster point of p, i.e.,
q € BWTy(p). This proves WBWT, < Cy.

It is easy to see that WBWT, ﬁw Cy, as BWT, < limy *WBWT, and BWT, is not limit computable
by [8, Proposition 12.5], whereas limy *Cy =w Cn by [8, Proposition 3.8] and [2, Corollary 7.6] and Cy is
limit computable. O

As a direct corollary we can conclude that WBWT; is not co-complete.
Corollary 8.9. WBWT,, is not co-complete.

There are also specific interesting problems that are below TCy and not below Cy, and problems that
are below Cy * Cy and not below TCy. The problem Cy # Cy belongs to a class that is interesting by itself
and that was already studied by Neumann and Pauly [21].

Corollary 8.10. Cy * Cy =w Cn * TCx =w Cy * SORT =w Cy * LPO’.

Proof. The equivalences Cy * TCy =w Cry * SORT =w Cy * INFg were proved in [21, Corollary 30]. We note
that INFs =w LPOg by Lemma 4.23 and LPO" <y LPO*LPOg <w Cn *INFs. This proves Cy *LPO’ =w Cy *
INFg, as LPOg <qw LPO and Cy * Cyy =w Cy. It is clear that Cyy <w TCpy implies Cx % Cry <w Cn * TCx.
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By Proposition 2.10 there is a retraction N — N that is computable with finitely many mind changes and

by Corollary 2.5 there is a computable injection ¢ : A_(N) — A_(N). This implies TCy <w Cy * Cy and
hence Cny * TCy=w Cn *Cy as Cy * Cy =w Cy. O

As a corollary we obtain the following.

Corollary 8.11. We obtain

(1) LPOI <w CN * @, but LPO/ fw TCN.

Proof. LPO’ <y Cy * Cy holds by Corollary 8.10. Since LPQ’ is co-total by Corollary 4.22, it follows that
LPO’ £w TCy holds, since otherwise LPO’ <w Cy would follow, which is false as LPO’ is not limit com-
putable by Lemma 4.24. LPOg <w TCy was proved in [21, Proposition 24]. Since LPOg is co-complete by
Corollary 4.22, it follows that LPOg £w Cy holds, since otherwise LPOg <w Cn would follow, which is false
as LPO' <w Cy #*LPOg. O

As a direct corollary we obtain that LPOg is not co-total.
Corollary 8.12. LPOg is not co-total.

Completeness can also be used as a separation tool, as we illustrate with the following result. Basically, the
point is that an incomplete problem cannot be factorized into complete problems. We use that Ciy =w Cyy *
Cy holds; this is easy to see and was already stated in the proof of [12, Proposition 21].

Proposition 8.13. Kiy <w Ki * Kiy <w Ciy and Cy * Cny <w Kj * Ki.

Proof. The first reduction is obvious, the second reduction follows as Ky <¢w Cn and Ci * Cy =w Cy. The
reduction Cy *Cy <w Kfy *KJy holds, as Cy <w K}y by [15, Proposition 7.2], completion is a closure operator
and Ky is complete by Corollary 6.5. Let us assume that Ky Ky <w K}y holds, then SORT <y Cn*SORT <
Cn * Cy <w K} follows by Corollary 8.10, in contradiction to [12, Propositions 16 and 20]. Hence, the first
reduction is strict. The second reduction is strict, as Ky is complete by Corollary 6.5, Cyy is not complete
by Corollary 8.6 and the compositional product preserves completeness by [6, Proposition 7.6]. O

Altogether we obtain the following reduction chain for some of the discussed classes.
Corollary 8.14. TCyn <w Cn * Cy <w Cx -

Proof. The reduction TCyn <w Cn *Cy was proved in the proof of Corollary 8.10 as well as Cyy * Cy =w Cn *
LPQO'. Since LPO’ <w Cy and Cy =w Cy * Cl, we obtain Cy * LPO’ <w Cy * Cy =w Cy. The strictness
of the first reduction follows from Corollary 8.11 and the strictness of the second reduction from Proposi-
tion 8.13. O

Since Cy is not complete, the cone below Cy in the Weihrauch lattice differs from the cone below Cy
and hence it is important to check how this impacts on separation results. An important separation is
CClo,1) £w Cn [4, Proposition 4.9]. This was strengthened to CCg 1) £w Ky in [12, Proposition 20]. With
the help of Corollary 6.8 we can strengthen the separation in another direction.

Corollary 8.15. CCg 1j [w TCn.
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Here TCy £w CCp,q) follows since CCjg 17 is limit computable and TCy is not by Proposition 8.2. Since
CCo,1) <w SORT by [12, Proposition 16], we obtain SORT #«w TCx. Since SORT is also limit computable, we
obtain TCx £w SORT and SORT |w TCy. This was also proved by Neumann and Pauly [21, Proposition 24].
In this context it is interesting to note that Cy <w SORT holds.

Corollary 8.16. Cy <.w SORT.

Proof. Neumann and Pauly [21, Proposition 24] proved Cy <w SORT and the proof even shows
Cn <sw SORT (see also [12, Proposition 12]). Since completion is a closure operator and by Proposition 4.6
we obtain Cy <qw SORT =w SORT. O

9. Lowness

Proposition 2.10 can also be used to prove that Cy is not low. We recall that a problem f:C X =3 Y
is called low, if it has a realizer of the form F = L o G with some computable G :C NN — NN and
L := J7! o lim. Lowness was studied, for instance, in [2,1]. By [2, Theorem 8.10] f is low if and only if
f <sw L. Likewise, f is called lows, if f <gw L2, where Ly := J7'oJ ' olimolim.

Corollary 9.1. Cy is lows but not low.

Proof. We first prove that Cy is not low. By Proposition 2.10 there is a retraction r : N — N that is
computable with finitely many mind changes and together with Corollary 2.5 we obtain TCy <ew 7 o Cy.
Since r is computable with finitely many mind changes, it is in particular limit computable, and since TCy
is not limit computable by Proposition 8.2, it follows that Cy cannot be low since the composition of a limit
computable problem with a low problem is limit computable by [2, Corollary 8.16].

Neumann and Pauly [21, Corollary 32] proved lim x lim *SORT =y lim * lim, and since lim * lim =y lim’
is a cylinder, we obtain lim’ *SORT < lim". By [10, Proposition 14.16] this implies that SORT is low,. By
Corollary 8.16 we have Cy <¢w SORT, which implies Cy is also lows. O

By [2, Corollary 8.14] we have Cy <sw L and hence Cy <qw L. Hence Corollary 9.1 implies that L is not
strongly complete.

Corollary 9.2 (Low map). L <qw L.
This in turn implies that lowness is not preserved downwards by total Weihrauch reducibility.

Corollary 9.3. Lowness is not preserved downwards by (strong) total Weihrauch reducibility and does not
respect precompleteness.

Proof. By [2, Theorem 8.10] f is low if and only f <.w L. By Corollary 9.2 it follows that L is not low
and since L= w L, it follows that strong total Weihrauch reducibility does not preserve lowness. Hence
total Weihrauch reducibility also does not preserve lowness. By the reasoning used for the proof of [6,
Proposition 4.9], one can conclude that lowness would preserve strong total Weihrauch reducibility if it did
respect precompleteness (in the strong case one does not need closure under juxtaposition with the identity,
which is not given for low functions by Lemma 9.4). Hence, lowness does not respect precompleteness. 0O

We mention that L is not a cylinder.

Lemma 9.4. L and L are not cylinders.
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Proof. By [2, Theorem 8.8] we have L <qw L x L = (L xid) o (id x L). By [2, Proposition 8.16] low problems
are closed under composition. Hence id x L =gw L x id cannot be low, i.e., id x L fsw L and hence L is not
a cylinder. By [6, Proposition 6.19] this implies that L is also not a cylinder. O

Finally, we prove that L is not complete, i.e., L <w L. We even prove a more general result.
Proposition 9.5. WBWT, £w L.

Proof. By ¢ we denote a Goédel numbering of all computable functions ¢, :C N — N. For every problem
f:C€ NN =V we denote by fo :€ N =Y its Godelization defined by f,(n) := f(py) with dom(f,) =
{n € N : ¢, total and ¢,, € dom(f)}. By the universal Turing machine theorem one obtains f, <w f.
Hence, it suffices to show W := WBWT,, ﬁw L in order to prove our claim. We prove that W <y L implies
B := BWT,, <w lim. But the latter implies (BT/V\—I—Q)LF <w B <w lim, where the first reduction holds by the
smn-theorem. But this is a contradiction, since it is known that BTV\TQ =w WKL’ [8, Corollaries 11.6, 11.7
and 11.12] and hence by the relativized Kleene tree construction WKL" and thus EWV\TQ have computable
inputs with no limit computable solution. We now show that W < L implies B <y lim. To this end, let
H,K :C NN — NN be computable functions such that H(id, GK) is a realizer for W whenever G is a
realizer for L = J™! o lim. Up to extension the only realizer of L is L itself, hence we can assume G = L. By
the smn-theorem there are two computable functions rg, 7 : N — N such that JLK (p,)(r;{n, k)) = 1 if and
only if H{pn, LK (¢n))(m) =i for all m > k. Intuitively speaking, r; inspects the outcome of H (¢, LK (¢,))
with respect to the question whether it is eventually constant with value i, which is possible if the Turing
jump of LK (p,,) is known, since ¢ — H{py, q) is computable uniformly in n. Now JL = lim and hence the
inner reduction function K also witnesses the reduction B < lim. More precisely, given an input (n, ¢) the
corresponding outer reduction function H’ only has to search for some (7, k) with ¢ € {0,1} and k € N such
that g(r;(n,k)) = 1 and output (a name of) ¢ in this case. Such a function H’ is clearly computable and
satisfies H'(n,lim K (y,)) € B(n). O

We obtain the following corollary with Proposition 8.8 and Corollary 8.16.
Corollary 9.6. L is not complete, wa L and SORT £w L.
10. Choice on Euclidean space
By Lemma 8.7 Cy is a total fractal. This fact allows us to give a very simple proof of the following result.
Proposition 10.1 (Choice on Euclidean space). Cg <w Cr and PCgr <w PCg.
Proof. Let us assume that Cg <yw Cg. Then we obtain
Cn <w Cr <w Cr =w Con * Cy,

where the first reduction holds since Cyy <w Cgr and completion is a closure operator and the last mentioned
equivalence is known [8, Example 4.4 (2)]. By the choice elimination principle [20, Theorem 2.4] it follows that

Cn <w Cn <w Cyn, which is known to be false [4, Corollary 4.2]. PCg <w PCg can be proved analogously,
since PCgr =w PCqyn x Cyy by [7, Corollary 6.4, Proposition 7.4]. O

Analogously, one could also prove Cy <w Cn. As a corollary of the proof of Proposition 10.1 we also
obtain the following separation, which is also a consequence of Corollary 9.6.
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Corollary 10.2. Cy £w Cg.
Since f x g <¢w f x g by [6, Proposition 6.3] and using Proposition 6.1 we obtain
@ <sw C2N x Cy <sw CQN X @SSW CQN X G

and one could ask whether the inverse reduction holds too. The following choice and completion elimination
principle is quite useful and can be used to prove that this is not so. It has some similarities to the
displacement principle formulated in [13, Theorem 8.3, Corollary 8.4] and shows that if the completion of a
problem ¢ can compute another problem f together with Cs, then the uncompleted problem by itself can
already compute f.

Proposition 10.3 (Depletion). f x Co <w g = [ <w g holds for all problems f,g. An analogous property
holds for <qw instead of <w in both instances.

Proof. If f is nowhere defined, then the statement holds obviously. Hence, let f be defined somewhere. We
consider g :C X =Y andg: X =3 Y. Let p € NN be a name of some point = € dom(f) and let ¢ € NN
be a computable name of the set {0,1} € A_({0,1}). Let f x Co <w g be witnessed by some computable
functions H, K. Let us assume that K(p,q) is a name of a point outside of dom(g). Then a realizer G of
g can produce any value on this input, for instance, GK (p, q) = 0. Then H((p,q),0) = (s,t) where s is a
name of a point in f(z) and ¢ = ¢(0) € {0,1}. Since H is continuous, there are finite prefixes w C p and
v E ¢ that suffice to produce the value ¢ = ¢(0). Moreover, there is a name ¢’ of {i — 1} with v C ¢/, and
there is a realizer G of g that produces a value r = GK (p, ¢') that starts with sufficiently many zeros (which
is possible with respect to the representation dy) such that H{{(p,q’),r) = (s',¢') with the same i = t'(0) as
above. But in this case the result is incorrect. Hence, the assumption was incorrect and K (p, q) is always a
dx—name of a point in dom(g) for every name p of a point in dom(f) and the fixed computable g. Hence K’
with K'(p) := K(p,q) —1 is a name of the same point with respect to dx and H'(p,r) := my o H{{p,q),r—1)
is a computable function such that K’ and H’ witness f <w g. The proof for <qw is analogous. O

One application of Proposition 10.3 shows that Cy x Con <w Cgr would imply Cy <w Cg, which is false
by Corollary 10.2. An analogous observation holds for PCg.

Corollary 10.4. Cg <w Con x Cy and PCg <w PCyn x Cy.

This corollary provides natural examples of problems such that the product of the respective completions
is stronger than the completion of the products. The existence of such examples was already proved in [6,
Lemma 6.9]. Another conclusion that we can draw from Proposition 10.3 is that every incomplete problem
above Cy has a completion that is not idempotent. We recall that a problem f is called idempotent if

f x f=w f holds.
Corollary 10.5 (Idempotency and completeness). If f is incomplete and Co <w f, then f is not idempotent.

In particular, this means that our incomplete choice problems are not idempotent. By [6, Proposition 6.19]
a problem that is incomplete has a completion which is not a cylinder. We recall that a problem f is called
a cylinder if f=gwid x f.

Corollary 10.6. Cy, Cg, PCCo,11, PCor, PCr and Cyn are not idempotent and not cylinders.

Here the statement for Cyn~ already uses Cyn <w Cyn, which is only proved in Theorem 11.6.
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11. Choice on Baire space

Next we want to study the choice problem on Baire space Cyn. For this purpose we consider the well-
founded tree problem, i.e., the characteristic function of the singleton with the empty set as its member:

1 ifA=0
WFT : A_(NY) = {0,1}, 4 — .
A-(NT) = 0,1} { 0 otherwise
By [3, Theorem 5.2] the set {#} € A_(NN) is equivalent to the set of wellfounded trees that is known to
be I}-complete. By WFTg : .A_(NN) — S we denote the wellfounded tree problem with target space S.
We start with proving that for every closed set A C NN that is given with respect to the jump represen-
tation, we can compute a closed set B C NN such that 7 (B) = A. Here 711 : NN — NN (p ¢) — p.

Proposition 11.1 (Projections). There following problem is computable:
P:A_(NYY =3 A_(NY), A {B:m(B) = A}

Proof. Given A € A_(NN)’ we can compute by [11, Proposition 3.6], [8, Proposition 9.2] a (possibly empty)
sequence (p;);en of points p; € NN such that A is the set of cluster points of A. We now start to generate a
list of all balls nNN with n € N as output while we inspect the sequence (pi)ien in stages i = 0,1,2,.... We
say that a p; is fresh if it has no common non-empty prefix with any other previous p;, j < <. If, in stage ¢,
we encounter some fresh p;, then we select some k € N such that (p;(0),k)NN was not yet enumerated as
output and we skip the corresponding ball on the output side (while we continue to enumerate all other balls
nNN). Additionally we enumerate all balls of the form (p;(0), k)nNN with n € N. If at some later stage j,
we encounter some p; that is not fresh, but that has a prefix in common with p; of length greater or equal
than 2, then we select an | € N such that (p;(0), k)(p;(1),])NN was not yet enumerated, we skip this ball
on the output side and we additionally start enumerating all balls of the form (p;(0), k){p;(1),)nNN with
n € N. We continue like this inductively. Whenever a non-fresh p; has a prefix in common with an already
enumerated p; that is longer than the depth of the corresponding sequence of balls that is enumerated on
the output side, then we propagate the corresponding enumeration to the next deeper layer. As a result of
this, the enumeration of balls on the output side describes the complement of a closed set B C NN such
that 71 (B) is the set of cluster points of (p;);en, i.e., m(B)=A. O

If Be P(A) then B={0 <= A = (. Hence we obtain the following corollary.
Corollary 11.2 (Jump of wellfoundedness). WFT' =qw WFT and WFTg =.w WFTs.

Now we can easily derive the following completeness and co-completeness properties of the wellfounded-
ness problem.

Corollary 11.3 (Welifoundedness).

(1) WFT is strongly complete, co-total and co-complete,
(2) WFTg is strongly complete and co-complete.

Proof. We first prove both statements on strong completeness. The space A_(NY) is multi-retraceable by
Lemma 5.1. Hence there is a computable multi-valued retraction r : A_(NN) = A_(NN). By Corollary 2.5
the identity ¢ : NN — NN is a computable embedding. Altogether this shows that WFT <qw WFT, i.e.,
WEFT is strongly complete. Also the representation dg is easily seen to be precomplete and total and hence S
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is multi-retraceable too by Proposition 2.6. Hence WFTg is strongly complete by Corollary 4.12. Co-totality
and co-completeness of WFT and co-completeness of WFTg follow from Proposition 4.21 with the help of
Corollary 11.2. O

Here we are in particular interested in the co-completeness and co-totality results, since they help us to
establish the following result by an interesting bootstrapping argument.

Proposition 11.4 (Wellfoundedness).

(1) WFTg <w TCyn and WFTg fw CnN,
(2) WFT SW CNN * TCNN and WFT ﬁw TCNN .

Proof. It is easy to see that WFTg <w TCxn: given A € A_(NY) we determine a point p € TCxn (A) and
we check whether p € A. If not, then we will eventually recognize that, in which case A = ). If A # (), then
the search will never terminate, but this is sufficient to compute WFTg(A) € S. The identity ¢ : S — {0,1}
is easily seen to be equivalent to LPO and WFT = ¢ o WFTg. Hence the function f : NN — {0,1} with
J:=WFTod, (nn) satisfies WFT =w f <w LPO*WFTg <y Cyn #TCyn. On the other hand, f is not Borel
measurable by [3, Theorem 5.2] (essentially, since the set of wellfounded trees is IIi—complete and hence not
Borel). Hence WFT =w f £w Cyn by [2, Theorem 7.7] (this theorem says that the single-valued functions
g : X — Y on complete computable metric spaces X,Y with g <y Cyn are exactly the effectively Borel
measurable g). Since WFT is co-total by Corollary 11.3, WFT £w Cywn implies WFT £w TCyn . Now suppose
that WFTg <w Cyn . Since WFTg is co-complete by Corollary 11.3, this would imply WFTg <y Cyw, which,
as above, leads to WFT <y LPO x« WFTg <w Cyn * Cyn =w Cyn, where the last equivalence holds by [2,
Corollary 7.6]. Since WFT £w Cyw, we obtain WFTg £w Cyn. O

We can also conclude that WFTg is not co-total, since otherwise WFTg <y Cyn would follow.
Corollary 11.5. WFTg s not co-total.
Proposition 11.4 leads to the following classification of choice problems related to choice on Baire space.

Theorem 11.6 (Choice on Baire space). We obtain:
CNN <w CNN <w TCNN <w CNN * CNN =w CNN * TCNN .

Proof. By Corollary 5.3 the reductions Cyn <w Cyn <w TCyn are clear and this implies Cyn *

Cnn <w Cyw * TCyw. By Proposition 2.10 there is a limit computable retraction r : NN — NN and
lim <w Cyw~ holds by [2, Example 3.10]. By Corollary 2.5 the identity ¢ : A_(NN) — A_(NN) is a
computable embedding. Altogether, this implies TCyn <w Cyn * Cyn. Since Cyn =w Cyn * Cyn by [2,
Corollary 7.6], this in turn implies Cyn * TCyn <w Cyyn * Cyn * Cyv =w Cyn * Cynv. The separation

statements in Cyn <w TCyw <w Cywn * Cyn follow from Proposition 11.4. If we had Cynv <w Cyw, then
Cyn * Cyn <w Cyn * Cyn =w Cyn would follow, which is not correct. O

By Corollary 4.17 we obtain the following conclusion on single-valued functions. We note that for constant
f one can easily prove the statement directly.

Corollary 11.7 (Single-valuedness). Let X,Y be complete computable metric spaces and f : X — Y a
function. Then f <qw Cyn <= [ <wCyn <= f<qw TCxn.

By [2, Theorem 7.7] the first given condition is exactly satisfied for the effectively Borel measurable
functions f.
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Question 11.8. Can we replace <gw by <w in Corollary 11.77
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