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On the subRiemannian cut locus in a model
of free two-step Carnot group *

Annamaria Montanari Daniele Morbidelli
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Abstract

We characterize the subRiemannian cut locus of the origin in the free Carnot
group of step two with three generators, giving a new, independent proof of a result
by Myasnichenko [Mya02]. We also calculate explicitly the cut time of any extremal
path and the distance from the origin of all points of the cut locus. Furthermore,
by using the Hamiltonian approach, we show that the cut time of strictly normal
extremal paths is a smooth explicit function of the initial velocity covector. Finally,
using our previous results, we show that at any cut point the distance has a corner-like
singularity.

1. Introduction and statement of the results

One of the most interesting aspects of subRiemannian analysis is the study of the cut locus
of a given distance. It is well known that a correct understanding of the cut locus is crucial
in problems concerning subRiemannian optimal transport (see [AR04], [AT09, [FR10] and
analysis of the subelliptic heat kernel (see [BBNT2).

In this paper, we introduce a very explicit technique which provides the calculation
of the subRiemannian cut locus of the origin in the free Carnot group of step two with

*2010 Mathematics Subject Classification. Primary 53C17; Secondary 49J15. Key words and Phrases.
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three generators. We are also able to explicitly calculate the cut time of any extremal path
and the distance from the origin of all points of the cut locus. Furthermore, we show the
presence of Lipschitz singularities at any point of the cut locus.

To state our results, let us introduce the free Carnot group of step two with three
generators. Let V be a three dimensional vector space equipped with an inner product (-, -).
Consider the six-dimensional linear space F3 := V x A2V with the Lie group law

(e,) - (€)= (2 + &1+ 7+ 2o AE), (1.1)

where (z,t) and (&,7) € V x A%2V. Let d be the left invariant subRiemannian distance
defined on the Lie group (Fs,-) by the data (V, (-,-)) and denote by Cutg the cut locus of
the origin (see Section [2| for detailed explanations).

The first result of this paper can be stated as follows:

Theorem 1.1. Let Fg be the free two step Carnot group with three generators. Then
Cuty = {(z,t) : t #0 € A’V and x L suppt}. (1.2)

Here, if y,y/ € V, given the bivector t = y Ay’ € A%V, we denote by supp(t) =
span{y, y'} its support (see the discussion in Section . The set Cutg is a smooth four
dimensional submanifold of F3 (see Remark [4.3)). The cut locus of any point (z,t) # (0,0)
can be easily obtained from Cutg by group translation.

Remark 1.2. Some comments on this theorem are in order.

1. The cut locus Cuty has been already described by Myasnichenko [Mya02] with a
technique based on the analysis of conjugate points. Our technique is completely
independent from the analysis of the conjugate locus and it allows us to get several
more information on the subRiemannian distance (see the theorems below).

2. In [RT09, Lemma 2.11], Rifford and Trélat prove that Cutg U{0} is closed in absence
of abnormal minimizers. In our model, which contains abnormal minimizers, it turns
out that CutoU{0} is not closed. Indeed, points of the form (z,0) € V x A2V (which
belong to the abnormal set, see [DMOT 16]) are never cut points, but they belong to
the closure of Cutg.

3. If we think of the Heisenberg group as the free two step Carnot group with two
generators Fa o (i.e. dim V' = 2), then formula reduces as expected to the known
fact Cutg = {(0,t) € V x A2V ~ V x R}. Formula is dimension free and one
could conjecture that such structure of the cut locus holds in any dimension. We
plan to come back to these generalizations in a subsequent pro jectH

Fine properties of subRiemannian length-minimizing curves and of the related distance
in Carnot groups of step two are studied by [ABBI2] and [BBG12] in the corank one and
two. The case of h-type groups is discussed in [AMI16]. Analysis in step three examples
has been performed in [ABCK97|, for the Martinet case, and in [AS11l [AS15] for the Engel
group. We also mention the very recent paper [BBN16], where a detailed discussion of the
cut locus in the biHeisenberg group is performed. Outside of the setting of Carnot groups,

L After the submission of this paper, a precise conjecture for the cut locus on the free group in higher
dimension has been formulated by Rizzi and Serres [RS16].
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we mention [Sacll] and [PS16]. Finally, we quote the results in [AF07]| on the cut locus
from surfaces in the Heisenberg group.

Our further results involve a calculation of the cut time of any extremal curve and an
explicit computation of the distance from the origin of points (z,t) € Cutg. To describe
such result, we recall that, up to a reparametrization, length-minimizers for the subRie-
mannian length have the form s — ~(s) = (z(s),t(s)), where @(s) =: u(s) has the form

u(s) = acos(2ps) + bsin(2¢ps) + z (1.3)
and £(s) = 1z(s) A u(s). Here the vectors a,b, 2 € R? must be pairwise perpendicular,
la| = |b| > 0 and ¢ can be assumed to be nonnegative. The vector z can possibly vanish

(this corresponds to a curve which lives in a “Heisenberg subgroup”). See the discussion in
Section for a precise description. We will calculate the cut time of any such extremal

curve in terms of the following explicit functions:
sin 0 6 —sinf cosf sinf — 6 cos @
= = = . 1.4

More precisely, letting

U(9)s(0)

Q) = Ve (1.5)

and denoting by ¢1 € ]m, 3x[ the first positive zero of the function V in (T.4), we will
show that the function @ is a strictly increasing bijection from [, ¢1] to [Q(7), Q(p1—)[ =

[0, 400 (see Lemma and the plot in figure [4.1). Then we will prove the following
theorem.

Theorem 1.3. Let a,b,z € V be orthogonal vectors with |a| = |b] > 0 and let ¢ > 0.
Consider the control
u(s) = acos(2¢ps) + bsin(2¢s) + z
and let s — ~v(s,a,b,z,2¢) be the corresponding curve. Then (-, a,b, z,2¢p) minimizes
length up to the time
Q~'(|=*/]al)

tcut(aa b) 2, SD) = #

Observe that, if we choose z = 0 we get tcyt(a, b,0,p) = %, which is the familiar case
of the Heisenberg group. However, it is interesting to remark that the cut time displays
the following “discontinuous” behavior. If a,b,z, ¢ are fixed with a,b,z # 0 pairwise
orthogonal, |a| = |b] and ¢ > 0, it turns out that

ElS Q7 '(+00) _ ¢
2 2) — =L

e?lal @ @
as € — 0. However, the cut time of the limit curve y(s) = (sz,0) is +00. Note that such
limit curve is abnormal (see Section . Using the Hamiltonian approach, we will express
the cut time as an explicit function of the initial velocity covector (see Section [5)).

Our further result involves the explicit computation of the distance from the origin
and an arbitrary point of the cut locus. To state our result we introduce the real valued
functions

1
Leut (5@, 667 Z, 90) = ;Q_l (

P(9) := —5(((3; 12,/((99)) and R(0):=

1—5(6)?
u@yw(e)’
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where W () := U(#) — S(0)V (). The function R is well defined and positive for § > 0,
because W () > 0 for all # > 0 (see Lemma [3.1)). Furthermore, we will show that if ¢ €
Jm, 37| denotes the first positive zero of the function V in (T:4)), then P : [r, 1] — [0, +00]
is an increasing bijection. We denote by P~! the inverse function of P ‘ ot Then we will
prove the following formula: 7

Theorem 1.4. Let (z,t) € Cutg. Then

J2®

d((0,0), (g;,t))2 = [z|> + R(O)|t|, where O = P_1< n

) e [, 1], (1.6)

We will see that the equation P(#) = % has a countable family of solutions 6 €
|k, ox[, where p € ]km, (k + %)77[ is the k-th positive solution of tanf = 6. See the
discussion after . In Theorem we prove that the minimizing choice is the smallest
one 0.

If we specialize formula to the case x = 0, we must take # = P~1(0) = 7 and

then S(#) =0, U(0) = = and we find
d((0,0), (0,1))* = 4nt|,

which is the familiar formula for the distance between the origin and a point in the center
in the Heisenberg group (for a complete description of geodesics in Heisenberg group see
[Mon00]). The value 8 = ¢; is never achieved.

Our final result concerns the regularity of the subRiemannian distance from the origin
in the cut locus. Observe that weak regularity properties (like semiconcavity) have been
discussed in [CROS8, [FR10, MM16, [LN15]. Concerning smooth regularity properties, it is
well known that the subRiemannian distance from a point 0 cannot be smooth in any
pointed neighborhood of 0. However, it is known that the subRiemannian distance is
smooth outside of the abnormal set and of the cut locus. In our model, it turns out that
the abnormal set has the form Abng =V x 0,2y (see Section and it has been proved
that the distance from the origin d is not differentiable at any abnormal point (see [MM16]
for precise estimates). As a byproduct of our Theorem it is easy to see that d is
not differentiable at any point of Cutg (see Remark . In the present paper we obtain
more precise estimates using the description of the profile for the subRiemannian spheres
(Corollary . Indeed, we are able to exhibit the presence of a kind of two-dimensional
corner-like singularities at cut points. Our estimates also ensure that the distance cannot
be semiconvex at any point of the cut locus.

Theorem 1.5. Let (z,1) € Cutg. Then, there is C > 0 and a C'-smooth two-dimensional
submanifold ¥ containing (Z,t) such that

d(z,t) < d(z,t) — C|(z,t) — (z,1)| for all (x,t) € X. (1.7)
Furthermore, for any open neighborhood Q2 of (Z,t) we have the estimate

nf d(x + h,t+ k) +d(x — h,t — k) — 2d(x,t) e (1.8)
(2,),(z+h,t+k),(x—h,t—k)EQ h2 4 k2
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Estimate gives a positive answer in our model to a question raised by Figalli and
Rifford (see the Open problem at p 145-146 in [FR10]).

The paper is structured as follows. Section [2] contains preliminaries. In Section [3] we
prove the inclusion » C Cutg and Theorem In Subsection we prove Theorem
and we conclude the proof of Theorem (inclusion Cuty C X). In Subsection we
describe the profile of subRiemannian spheres. Section [5| contains some remarks on the
Hamiltonian point of view. Using such approach we show that in the strictly normal
case, the cut time of extremal paths is a smooth explicit function of the initial covector.
In Section [6] we state and prove Theorem [I.5] on the singularity of the subRiemannian
distance at cut points.

2. Preliminaries

2.1. Bivectors

Let V = span{ey, ..., en} be a linear space. Define A2V := span{ejAeg: 1< j <k <m}.
Given two vectors z,y € V, the elementary bivector t = z Ay € A%V can be expanded as

TNy = Z(xjej) A Z(ykek) = Z (xjyr — zryj)e; N e =: Z (x Ay)jre; A ex.
k

j 1<j<k<m 1<j<k<m

If e1,...,€n, is an orthonormal basis with respect to some inner product (-,-) on V, we
define the related product on A2V by requiring that the basis ejANepwith 1 <j<k<m
is orthonormal. It turns out that, on elementary bivectors,

(x Ny, ENn) = (2, )y, n) — (z,n)(y,§) forall z,y,&necR™. (2.1)

The inner product (z, () can be extended linearly to general bivectors.

Concerning the three dimensional case, dimV = 3, it is well known that any bivector
t € A%V can be written in the elementary form ¢t = = A y, for suitable =,y € V. Although
the choice of x and y is not unique, the subspace span{z,y} does not depend on such
choice and it is called support of the bivector. See the discussion in [MMI16], where the
higher dimensional case is treated.

Finally, it is easy to check that if V is a finite dimensional vector space and if xg and
yo are independent in V, then x A y = xo A yp implies that x,y € span{xg, yo}.

2.2. The free group [Fj

Let V be a three-dimensional vector space with an inner product (-,-). Denote by (z,t)
variables in Vx A2V. If ey, es, e3 is an orthonormal basis of V, then = x1e1+zoea+x3€3 ~
(561, X2, .%‘3) and t = t19e1 A eg + t1ze; A eg + tagea Aeg ~ (tlg, t13, tgg) € R3. Introduce the
law

(e,) (&)= (2 + &1+ 7+ 2o AE), (2.2)

Denote by F3 the Lie group (V x A2V, ).
Fix an orthonormal basis ey, €3, e3 of V and corresponding coordinates (x1, ©2, €3, t12, t13, t23)
in V x A%V. Define the family of three vector fields

xT9 I3 il T3 T X9
X1 =0, — =019 — —=0 X9 =09+ —019 — =0 X3 =03+ —=90 —=o3.
1 1 5 J12 = 5 013 2 > + 5 12 = 502, 3 3 + 5 13 + 5 023

5
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Note the commutation relations [X;, Xi] = 0;, for all j,k such that 1 < j <k < 3. The
vector fields X7, Xs, X3 are homogeneous of degree 1 with respect to the family of dilations
(0r)r>0 defined by

6p(z,t) = (rz, %) Vo (x,t) €V x APV (2.3)

Namely, we have X;(f o0 d,)(z,t) = rX;f(0,(x,t)) for all function f.

A pathy € WH2((0,T),Fs3) is said to be horizontal if there is a control u € L?((0,T), R3)
such that we can write ¥(s) = Z? 1 u;(8)X;(y(s)) for a.e. s € (0,T). The length of the
horizontal path ~ is length(y fo |u(t)|dt. If v is arclength, then we have length(v) =

fo lu(t)[2dt)*/?. Given pomts (z,1) and (z,t), define d((Z,1), (z,1)) = = inf{length(v)},
where the infimum is taken among all horizontal curves 7 such that 7(0) = (z,t) and
A(T) = (z,t). It is well known that for any pair of points (z,t), (Z,t) € Fs the infimum
is a minimum, i.e. there is a length-minimizing path. Constant speed length-minimizing
paths in F3 are curves vy associated with controls (which we call extremal) of the form

u(s) = acos(As) + bsin(As) + z, (2.4)

where a, b,z € V is an admissible triple. By admissible triple we mean an ordered triple of
vectors a, b, 2 € R3, where the vectors are pairwise orthogonal and such that |a| = |b| Z 0.
These facts are well known (see [AGL15, IDMOT16|). Here we refer to the self-contained
discussion in [MMI16], Section 3.1.3]. Without loss of generality, we can always assume that
A > 0. The case A < 0 can be recovered by an adjustment of the sign of . In many
computations below, controls will be written in the form acos(2¢s) + bsin(2¢s) + z, and
we will use the variable .

The curve s — 7(s) = (x(s),t(s)) corresponding to the control u in is obtained
integrating the ODE

T =u, f:%x/\u (2.5)

with initial data (z(0),¢(0)) = (0,0). An elementary computation gives the general form
of extremal curves

v(s,a,b,2,\) = (x(s,a,b, 2z, \),t(s,a,b,z,\))

. 1_
_ (smg\)\s) o cis()\s) bt sz,
As — sin(As) 2(1 — cos(As)) — Assin(\s) (2.6)
Ta A b + 2)\2 alz
As(1 + cos(As)) — 2sin(As)
—+ 2 bAZ .

For integration of similar systems in higher dimension, see [MPAMO06|. On sufficiently
small intervals, 7 is a length-minimizer (see |[LS95|, |[Rif14] and [ABBI16]). Under linear
change of parameter and dilation in (2.3), v behaves as follows

Y(ps,a,b, 2, \) = (s, pa, pb, pz, p)  for all >0, (2.7)
v(s,ra,rb,rz, \) = d,v(s,a,b, z, \) for any r > 0. (2.8)
Observe that (s, a, b, z, \) tends smoothly to v(s,a, b, z,0) = (a+2,0), as A — 0. Finally,

observe the following rotation invariance property of the distance: if M € O(3), then
d(z,y A z) =d(Mxz, My A Mz) for all z,y,z € R3.



A. Montanari and D. Morbidelli, On the subRiemannian cut locus ... — [Thursday 4*" March, 2021]

2.3. Abnormal curves in Fg

Let u € L%((0,1),R3). It is easy to see that the solution s +— v,(s) =: (z4(8),tu(s)) of
the ODE ([2.5)) with initial data ~,,(0) = (0,0) is defined globally on [0, 1] for any choice of
u € L?((0,1),R3). Denote by E(u) such solution at time s = 1. The map E : L? — F3 is
called end point map.

Let u(s) be an extremal control of the form (2.4). By definition, the control u is
abnormal if the differential dE(u) : L?((0,1),R3) — F3 is not onto. The corresponding
curve y(-,a,b, z, ) is called abnormal extremal curve. Denote by Abng the set of points
(w,t) = (1), where 7 : [0,1] — R? is an abnormal extremal curve with v(0) = (0, 0). From
the discussion in [DMOT16] (see also [MM16], Section 3.1.3]), we know that

Abng = {(2,0) € V x A2V} =V x 0,2y.

2.4. Cut time

Definition 2.1. Let a,b, z be an admissible triple, fix ¢ > 0 and let s — ~(s,a,b, z,2¢p)
be the curve defined in ([2.6|). Define

teut(a, b, z, ) = inf{? >0: (-, a,b,z,2¢) does not minimize length on [0, ] }
(2.9)
= sup{§ >0: v(-,a,b,2,2¢) is a length minimizer on [0,?]}.

It is well known that t.¢ > 0 for all such curve. Moreover, if f.¢ < oo, then the
supremum is a maximum.
Standard invariance properties give the following general form for the cut time.

Proposition 2.2. There exists a function hey : [0, +00] — ]0, +00] such that

heut(121/lal)

5 (2.10)

tcut(aa b7 Z, 90) =

for all admissible triple a,b, z and ¢ > 0.

Note that we do not need to define hcyt(o0) because the case z # 0 and a = b = 0
corresponds to a constant control u(s) = z. Such kind of control is included in the class of
admissible controls by choosing ¢ = 0. In such case it is easy to see that the corresponding
curve minimizes globally, i.e. .yt = +00. Observe finally that heyt can never vanish, by a
classical result in control theory (see [LS95|, [Rif14] and [ABB16])

One of the main result of our paper is the calculation of the function hcyt. Interestingly,
it turns out that the function Ay is bounded.

Proof. In order to show that the cut time of the curve corresponding to the control u(s) =
acos(2ps) + bsin(2ps) + z depends on |a|, |z| and ¢, it suffices to identify V with R? =
span{ey, ea, ez} where eq, e2, e3 are orthonormal and a = rej, b = reg and z = pes. Then
the control u becomes u(s) = cos(2ps)re; + sin(2ps)res + pes, and it is clear that the cut
time depends on 7, p and ¢.
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Let now ¢ = 1, i.e. consider the path o — (0, a,b, z,2). Let 7(r, p) its cut time, where
r = |a] and p = |z|. Taking an arbitrary ¢ > 0, the riparametrization invariance ([2.7))
shows that the path

b
S = 7(S7a7b7z7290) = 7(9087 ga ) 372>
U2

is length minimizing up to the time s = M. By the dilation invariance (2.8)), we
P

also have
a(r/e,p/e) =a(r,p) =7 (1,p/r) =: heut(p/r) €]0,+00] .
Thus the cut time has the form (2.10]), as required. O

We know that h(0) = m, because in such case we are in Heisenberg subgroups of the
form span{(a,0), (b,0), (0,a A b)}. We will show that heut(pt) — @1, as p — 400, where
¢1 € |m, 3m[ denotes the first positive solution of the equation tan ¢ = ¢.

Define for ¢ = A/2 > 0 and a, b, z admissible triple

F(a,b,z,¢) : = (1, a,b, 2,2¢). (2.11)
Recall the definition of the functions S, U,V introduced in ([1.4)

sin (p — sin p cos @ sin ¢ — @ cos
S(p) = o Ulp) = Vip)i=——F5—

© 4p? ’ 2¢2

After some elementary calculations, it turns out that
F(a,b,z,¢) = (S(go)(acosgo+bsin ©)+z, Ulp)anb+V (p)(asing—bcosp) /\z). (2.12)
Remark 2.3. After the orthogonal change of variable
a' = asingp —bcosy and V' = acosp + bsinp (2.13)

we have
F(a,b,z,0) = G(d,V, z,¢), where
G, 8,¢,0) = (S(9)B+ G an (Ulp) B+ V(p)())

for all admissible «, 3,z and ¢ > 0. Note that a’,V', z are admissible if and only if a,b, z
are admissible. Moreover, |a'| = |a|, |b'| = |b| and a’ AV = a Ab.

3. Extremal paths and the set X
Define the set ¥ C R3? x A2R? as

2;:{(x,t)eR?’x/\zR?’:xJ_suppt andt;éO} (3.1)

= {(z,y Ny) : z,y,9 € R® where y and 3/ are independent and = L {y,'}}.

Here and hereafter, without loss of generality, we may assume that V = R3 and (-, -) is the
FEuclidean inner product. We will show in this section that > C Cutg. The proof of the
opposite inclusion will be achieved at the end of Subsection [4.1
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Define the function
B 62 + 0sinf cosf — 2sin? 6

W(6) = U(6) - S(O)V(9) - ,

(3.2)

where S,U and V are defined in (|1.4]).
Lemma 3.1. W(#) > 0 for all > 0.

Proof. Let q(0) = 62+ 0sinf cos — 2sin? 6, for all @ > 0 we get ¢(#) > 0> — 6 — 2 which is
positive if § > 2. For 0 € (0,2), write 20 = z and ¢(0) = 1(2? + zsin(z) — 4+ 4 cos(z)) =:
1p(). Differentiating we find p(0) = p'(0) = p”(0) = 0 and p”’(z) = sin(z) — z cos z, which
is positive for all x € (0,¢1), where ¢1 > 4 is the first positive solution of tan(x) = z.
Thus the function is increasing in 6 € (0,¢1/2) D (0,2) and the proof is concluded. O

Let P :]0,400[ \ Upen{vr}

(6) = _5((?) vg((g)) (3.3)
where ¢y, € |k, (k + 3)7[ denotes the k-th positive solution of V(6) = 0 (i.e. tan(6) = 6).
Note that P(km) = 0 and P(pr—) = +oo for all & € N. We will show that P is strictly
increasing in |, p1[. Actually the same happens in any interval |k, pi[ for k > 2, but we
do not need such property. A plot of P is exhibited in Figure

3.1. Characterization of extremal controls connecting the origin with X

Next we find all extremal curves (minimizing or not) which connect the origin with a point
(z,t) € ¥. Without loss of generality we always write a vector t € A?R? in the form
t =y Ay* for a suitable pair of orthogonal vectors with equal length. In such case, it turns

out that [t| = |y|? (see (2.1))).

Theorem 3.2 (Characterization of extremal paths passing for a given point of X). Let
(x,y Ayt) € X, where x,y,y" are pairwise orthogonal and |y| = |y*| > 0. Then the
following facts hold.

(i) Let 6 > 0 be any solution of the equation

|z?
PA) = —. 3.4
(0) WE (3.4)
Let 0 € R be an arbitrary parameter and choose the corresponding vectors
( 1
o =al = W(ysina —ytcoso)
UpWy)/4 Vi
B =8 = (HW?(y coso + ytsino) — Wix (3.5)
U S,
C:=( = Wix - WZ(U9W9)1/4(y coso +yTsino)
Then the triple o, B, (s is admissible and the path
s y(s,al sinf + B cosf, B sinh — al cos,(y,20) =: v,(s) (3.6)

satisfies v, (1) = (z,y Ay) (the function ¥(s,a,b, z,2p) is defined in ([2.6)).
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(1) If 6,0/, B, ¢ satisfy (3.4) and (3.5)), for all o € R the length of the path v, in (3.6)

does not depend on o and is

1_5(9)2 ’ ‘2
Towo "

(iit) If 0,0, ', ¢ satisfy (3.4) and (3.5)), for all 0 € R we have

2 2
’|ﬁ</y‘2 _ |yO</yQ __Uu®)se) _ Q(0). (3.7)

length?(vs|j0,1]) = |2|* +

(iv) Let ~y be an extremal path on [0,1] which satisfies ¥(0) = 0 and v(1) = (z,y A y*).
Then there is 6 > 0 satisfying (3.4), there is o € R such that v has the form (3.6)),
where o/, B and (, are the vectors appearing in ([3.5)).

Item and give the characterization of all extremal paths connecting the origin
with points of . The length in is needed to discuss their minimizing properties and
ratio Q(f) appearing in is crucial in the calculation of the cut time.

A

Figure 3.1: A plot of the positive part of the function P for § < @9 with a representation

_ L=

of 01 and 63, the first two (of the infinitely many) solutions of the equation P(0) = i

Remark 3.3. If we take a curve v,(s) = (x4(s),t5(s)) and we rearrange the choice of
Y,y to ensure that o/ and 3’ take the simple form

oY 5= (UgWo)'/* | Vp

_ WeWe) ™ 1 Ve, Uy Sp
(U W)L/ Wo We

¢= ng - We(UBWH)lMZ/La (3~8)

we discover that the corresponding control u(s) takes the simple form

u(s) = (o sin @ + B’ cos ) cos(20s) + (B'sin — o cos 0) sin(26s) + ¢

= o' sin(0(1 — 2s)) + B cos(6(1 — 25)) + ¢ (3.9)

where o/, 3, are the vectors in (3.8) and s € [0, 1].

10
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Proof of Theorem[3.3, We start with the proof of part of the statement. Let (z,y A
y1) € ¥ and assume that z,y,y" are pairwise orthogonal, |y| = |y*| > 0, while 2 may
possibly vanish. Let s — (s, «, 3,(,20) be the extremal path defined in and as-
sume that (1) = (z,y A y*). We must solve the system F(a,3,(,0) = (z,y A yb),
where F' appears in (2.11)) and (2.12]) and the triple a, 8, must be admissible. Write for
brevity Uy, Vp, Sy instead of U(9),V(0),S(0). Observe also that 6 cannot be 0, because
F(a,,¢,0) = (a + 2,0) cannot belong to ¥. Thus assume that 6 is strictly positive (we
can always exclude the case 6 < 0, see the discussion after ) Using the explicit form
of F' we find the system

{S@(ac0s9+ﬁsin9)+§:x

Upar A B+ Vy(asind — BcosO) AC =y Ayt
Making the change of variable
o =asingd — Bcosh and ' = acosh+ [fsind, (3.10)

(see Remark [2.3), we get

{SOB to=e (3.11)

o A (U(;B’ + Vo) =y Ayt

Therefore o’ and Uy’ + Vy¢ belong to span{y, y*}. Furthermore they must be orthogonal,
by admissibility. This means that we can write

U’ + Vol = €y +ny™ (3.12)
o = qny — q€y™, (3.13)

where ¢ # 0 and &, 1 € R satisfy €2 + 172 # 0. The first line of (3.11)) and (3.12) are linear
in 8’ and (. Solving, we get

NS n oV Up Sp& Son |
=yt ——yt - — d =y 20, 20,1
B Wey Wey Wefc an ¢ Wew W, Yy W, y

where Wy := Uy — SyVy cannot vanish, by Lemma On the vectors o/ in (3.11)) and
B, ¢ in (3.14]), we must require that |o/| = |8’|. Moreover it must be (', () = 0 and finally
o A (UgB' 4+ Vy¢) =y Ayt. These three conditions become

(3.14)

WF (€ + )|yl = (€ + )|yl + Vil

So(€2 +1°)|y[* + UgVla|* = 0

g(& + 1) = 1.
We used the fact that x,y,y" are pairwise orthogonal and |y| = |y*|. Observe that ¢ > 0
and that the unknown ¢ and 7 appear in the form (¢2 + ?). Therefore we will find an

infinite family of curves.
Eliminating (£2 + 5?), the first two equations become

2
Y Sp
w2yl = 42 q' SRR and 2 vl o (3.15)

11



A. Montanari and D. Morbidelli, On the subRiemannian cut locus ... — [Thursday 4'" March, 2021]

Note that Uy > 0 for all # > 0. Moreover, it cannot be Vy = 0, because in such case
it should be Sy = 0 too, but this is impossible because V ans S do not have common

S, 2
zeros on |0, +o0o[. Therefore, g = _U$/|y||\2’ and since g > 0, we discover that it must be
AZINY
S(0)V(0) < 0. Eliminating ¢ from the first equation of (3.15]), we obtain
Sply|* UgVplx|? WV
2 00lY AL 2112 ove, 2
_ - _ V. - _

because Wy = Uy — SpVy. Then we have

W(0)S0)?  |af*
u@yve? |yt

Taking the square root, and remembering that Uy, Wy > 0 for all § > 0, while, as we
already observed, the product SpVp must be negative, we conclude that (3.4)) must hold.

To complete the proof of we obtain the explicit form of o/, 3 and (. We start
from

1 UV |z|?
2, .2 oVe 1/2
+ - - T 5 7 19 9
&+n = ¢ S, W (UgWp)

where we used (3.4) in the last equality. Thus ¢ = (UgWy)'/* cos o and

(UpgWp)1/2 -
n = (UgWy)/*sin o for some o € R. Therefore, using (3.13) and (3.14), it turns out that

, 1

- 3 — 1
o = (U0W0)1/4(ysma Yy coso)
,_ (UoWo)'t Lging) — Y2 3.16
B = W, (ycoso +y—sino) Wem (3.16)
¢= %x - %(erwl“(ycoswf sin o).
0 0

Inverting the change of variables (3.10), « = o’sinf + ' cosf and 8 = ['sinf — o/ cos 6,
we conclude the proof of part .

Proof of It suffices to check that, given (z,y Ayt) € X, if 0 satisfies (3.4), then for all
o € R the triple in (3.5|) is admissible and the path ~ in (3.6|) satisfies

v(1) =: F(a/sin® + 3 cos 0, 8’ sinf — o’ cos,(,0) = (z,y Ayb).

But we have F(a/sinf + 8’ cos6, ' sinf — o’ cos0,¢,0) = G(o/, 5',¢,0) by Remark
Thus we must check first that o/, §’, ¢ is admissible and second that G(¢/, 8/, ¢, 0) = (z,y A

L .

Yy, ie.

SeB +(==x and of AUgB + Vo) =y Ayt (3.17)
2
To check admissibility let us start from a triple as in (3.5) and calculate |o/|? = L
(U9W9)1/2
U, W, 1/2 VQ
g = Vo) 24 Y6 o2 — (eliminating [yf? by (B3))

W Wo (3.18)

_ (—UsVy V92 2 _ Vo 2
- (sewg +W92)|x’ = 5w,

12



A. Montanari and D. Morbidelli, On the subRiemannian cut locus ... — [Thursday 4'" March, 2021]

Then ]a’\2 |,6”\2 if (3.4) holds.
From it is obvious that (o/,{) =0 = (f’,a’). To check that §’ L , it suffices to

observe that
50(U9W0)1/2‘ 2 UeVemgz

2 v =2
W9 W9
as soon as (3.4) holds. Next we check that the z-component takes the correct value, i.e. the
first equality in (3.17)).

(8.¢) =—

)

e o [(UeWe)' VY
SeB +( = 5’9[ W, (ycoso + y*sino) ng]
Uy Sy 1/4 _(—SeVe  Usy
+ [We e =L (UyWy)*(ycoso +y+ sma)} = ( W, + W9)$ =z,

as required. To check the t-component (second equality in (3.17)), note that, taking /3’
and ¢’ as in (3.5)), we have

Up — SyV,
UpB' + Vy¢ = %(UQWQ)I/ZL(y coso +ytsing) = (UgWy)/4(ycoso + y* sino).
0
Then
1
"N(UgB' +Vo¢) = W(ysino—yL cos o) A (UgWy) Y4 (y coso+y*sino) = y Ayt,

as desired, and the proof of |(i)|is concluded.

Proof of . From (3.18)) we already know that |3'|? = S‘;V |z|2. Moreover,
2 2y 1/2), 12 2 Up 12
¢17 = ! "+ Q(UaW) |y|* = (eliminating [y|* by [B.4)) = ——|z|*. (3.19)
W Wy
Summing up, we find
2 Ve |z]* |2 Ve
length® :ﬂ(U o) = (Wo+ SoVo — o)
eng (’Y|[0,1]) W, 6 — S, Wy o+ S
V(1 — S2) 1—-52
2 0 0 2 2 0 1,2
= |z|* — ———|z|" = |z|* + ——==]y|*,
of? = g D ol? = [of? + 2Ll
where the last equality follows again from (3.4)).
Proof of [(iit). 1t follows immediately from (3.19) and (3.18). O

3.2. Minimizing curves and distance on X

Here, among the controls described in Theorem we will find the minimizing ones.
Observe that sin(0)V(0) < 0 if and only if § € Ji— k7, pi[, where @) € ]kﬂ', (k+3)m| is

the k-th positive zero of the function v.
Differentiating the functions .S, U,V we find the useful formulas

v, Vg =222

COS

S'(p) ==2V(p), U'lp)= V(p). (3.20)

13
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Lemma 3.4. The function
_ 2
R(o) = =50
U@)w (o)

is strictly increasing on A == Jp— k7, oxl.

The function is actually increasing on the whole half-line § > 0, but the statement of
the lemma is easier to prove and it is enough for our purposes. Observe the limit behaviour
R(0) ~ 40 — +00, as § — +o0.

Proof. 1t suffices to prove that the following function is strictly decreasing on A.

uw U? U (SY) e
f—(1782)2—(1732)2+1752- g = G (3.21)

We are omitting the variable € in U, V, W. On the functions F' and G observe that

U 9—sin0c:089_1 d

1d
F(0) := = = -~ —log(f* —sin?0) = = log(h*(1 — S*
)= 1"5 = 52 —sn2g) ~ sap B~ ) = ggglosl@1=5%)
By formula S = —2V, we have
—SV S8’ 1 d ,
GO =1=g = 2(1—52) “qag st =5
Thus,
1d. . 1

We will show that f' < 0 on any interval |k7, @i and that f(pr) < f((k+ 1)7) for all
ke N.
()

f'=(F>+FG) =FQ2F +G)+FG=— 507

+ F'(0)G(0). (3.22)

A computation gives

sin? 0(#? — sin? §) — (0 — sin @ cos H)?
2(62 — sin? §)2
(62 cos? 0 + sin? § — 20 sin 6 cos ) (6 cos § — sin 0)?

2(62 — sin? §)2 2(62 — sin? 6)2 ’

F'(0) =

on ]0,+00[ \ Up>1{¢x}. Thus F is strictly decreasing on ]0,+o0[. Since G and F are
positive on each interval |km, k[, looking at (3.22)), we conclude that f* < 0 on each

[k, oxl-
To conclude the proof, observe that G(km) = G(¢x) = 0 for all £ € N. Thus we get

Flon) = F2(or) > F*((k+ 1)m) = f((k + 1))
for each k > 1, because F' is strictly decreasing on ]0, +ool. O

Lemma 3.5. The function P defined in (3.4) is strictly increasing on |mw, p1| and P(7) = 0,
P(p1—) = +o0.

14
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Proof of Lemma[3.8 Since P > 0 on ], p1[, we shall prove that P? is increasing on |7, ¢1].

QZWS2:(U—SV)S2:<_S 5'2)_(_5)
uv? Uv? vV U v/
that V"> 0 and S < 0 in |7, p1[. Thus SV < 0.

To show the statement it suffices to prove that both the positive functions —S/V and
S?/U are increasing on |, 1| Keeping (3.20]) into account, we find

P

—S\/ 52 28V
2 ! / 2
_— = — = 2 _— —
V(V) SV SV =2V + T - 5 >0,
because V.S < 0. Furthermore

52\ 0

U2<U) — 955U — S2U' = —4V SU — §2 CO; V>0,

because cos# < 0 in |, ¢1[. The proof is concluded. O

Next we are ready to prove Theorem We will denote by P! : [0, +o0o[ — [, 1]
the inverse function of P }[W ol which is well defined by Lemma

Proof of Theorem[I.J Let (z,t) € ¥. Let 6 € |, 37[ be the smallest solution of P(f) =

||

i Write t = y A y* for some v,y orthogonal and of equal length. By Theorem

item ()} we know that for all o € R the curve v, in (3.6) satisfies 7,(0) = (0,0), 7, (1) =
(x,t). By item|(ii)| of the same theorem, its length is

1—5(0)*
length?(v, = |z|* + ——=—|t|.
gth*(~, |[0,1]) 2] T(0)W () t]
Finally, by Lemma Yo is length minimizing on [0, 1]. The proof is concluded. O

We are now ready to prove the following inclusion.
Proposition 3.6. We have the inclusion 3 C Cutg.
The proof of the opposite inclusion will be achieved at the end of Subsection [£.1]

Proof of Proposition[3.6, Assume by contradiction that a point (z,t) € ¥ does not belong
to Cutg. We will show by a standard nonuniqueness argument that we can find a constant-
speed path I' which minimizes for s € [0, 1+¢], such that I'(0) = 0,T'(1) = (z,t) and I" is not
differentiable at s = 1. This contradicts the known fact that arclength length-minimizers
in two step Carnot groups are normal and then smooth.

To prove the claim, observe first that, since (x,t) € ¥ does not belong to Cutg, we can
find y, y* and a minimizer s — ., (s) of the form (3.6, i.e.

s (s, o, sinf + 3, cosB, B, sinf — . cosh,(,20) =:y(s) =: 7, (s)

such that 74, (1) = (x,t) and 7,, minimizes for s € [0, 1+¢] for some ¢ > 0. The minimizing
choice of 0 € |m, p1[ is uniquely determined, by Lemma and Lemma

15
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Let us consider o9 # o1 and the corresponding path 7y, (s) in (3.6) corresponding to
the same choice of §. We know that this path minimizes on [0, 1] for any choice of o3 € R.
Therefore, the new path I' defined as

)

D(s) = {%2(3) if s € 0,1
You (8) ifse[l,1+¢]

is a constant-speed length minimizer on [0,1 + ¢]. To prove the nondifferentiability of T,
it suffices to show that 41(1) # 42(1). Since 74, (1) = 74,(1), this is equivalent to saying
that ug, (1) # ug, (1) (see ) But, letting v, = (24,t,) and &, =: u,, a computation
shows that for o € R we have

Uy (1) = cos(20)(al sinf + B, cos @) + sin(20) (B sin @ — ol cos ) + ¢,
= —a/ sinf + 3, cos + ¢,

1 - n . (UyWy) /4 L v,
(U9W9)1/4 (ysino —y— coso)sinf + ( W, (ycoso +y—sino) Wa x) cos
U, S
+ <W99$ - WZ(UGWG)1/4(y coso + ysin a)).

The proof will be concluded as soon as we show that o + u,(1) is a nonconstant function.
To prove the claim, write

ug(l) =

sin ¢ | cos# 1/4 S

Z(U9W9)1/4y) cos o

cos 6 sin 6 Sy
U, W, 1/4, L =2V — = oW 1/4, L .
+<W9( oWo) "y (U9W9)1/4y Wg( W)y )sma
Vo Uy
_ 92 ~0
cos Wex—i-Wea:
=: Acoso + Bsino + C.

It is easy to see that a function H(o) = Acoso + Bsino + C where A, B,C are given
vectors is constant if and only if A = B = 0. Therefore, since y L y*, the function
0 — uy(1) is constant if and only if

sin 6

(cos — S(0)) —0
(UgWp)L/4

o (UgWo)'/* =0  and
0

But this is impossible, because these condition would imply that cosf = sinf = 0 (recall
that Up > 0 and Wy > 0 for all 8 > 0). O

Remark 3.7. Observe that in the argument of the proof above we have shown by explicit
computation that for any point (x,t) € X, we can connect the origin with (x,t) with
multiple minimizing paths with different tangent vectors at (x,t). Thus, by a standard
argument, one can conclude that the distance from the origin cannot be differentiable at
any such (z,t). In Section @ we will prove some very precise corner-like estimates at cut
points.

16
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4. Calculation of h.,; and consequences

In the first part of this section (Subsection [4.1) we calculate the cut time for any given
extremal and we describe the cut locus. In Subsection [{.2] we describe the profile of
subRiemannian spheres.

4.1. Cut time and cut locus

Lemma 4.1. The function
U(0)s(0)
V(o)

is positive and strictly increasing on [r, p1]. Furthermore, Q(m+) = 0 and Q(v1—) = +0o0.

Q) = -

Figure 4.1: Plot of the function @ for 6 € ]0, ¢1].

The function @ is actually increasing on the whole interval [0, ¢;[, but we need (and
prove) such property only in the sub-interval |7, ¢1[. See the plot in Figure .

Proof of Lemmal[4.1, Write

1 1
F(0) .
9(0)
The function ¢ is positive and decreasing on |m, ¢1[ C |7, 3/27][, because ¢’ = 0sinf < 0.
The function f is instead positive and increasing. To check this property, observe that

2Q(0) = (—S(0)(0 —sinfcosb)) -

sin@ — 6 cos -

f'(0) = —S"(0)(0 — sinf cos§) — S(H)(1 — cos? § + sin® ) > 0,

because —S’(0) = 2V (0) > 0. This concludes the proof. O

17
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We restate Theorem as follows.

Theorem 4.2 (Calculation of the cut time). Let Q be the function defined in Lemma
and in (1.5)). Let heyt be the function in Proposition . Then we have

hew(p) = Q1 (1?) Vi €10, +o0[. (4.1)

As a consequence, if a, b, z is any admissible triple, ¢ > 0 and we consider the corresponding
path s — (s, a,b, z,2¢) =: v(s), the path v minimizes up to the time

zZl/|a -1 2’2 CL2
et ) = Bl _ Qo) 02

and not further. Finally
Y(teut, a, b, 2,2¢) € X for all admissible a,b, z and ¢ > 0. (4.3)

Remark 4.3. Cutg is a four dimensional smooth submanifold of the six-dimensional [F3.
Indeed it can be parametrized as follows

Cutg = {()\:L’e1 + Ayea + Azes, zep Aeg —yep Aes+xea Aeg) : AER 2?42 > O}

and it is easy to check that the map ®(\,x,y,z) = (Az, Ay, Az, 1,5, 2) € RS has full rank
on the open set {(\,z,y,2) : A€R 2% +y*+22 >0} CRL By Theorem we see that
the restriction of the distance from the origin to the cut locus is smooth.

Proof of Theorem[{.3. We first prove that hew (1) = Q~1(p?). Start with an arbitrary

0 € ]m,¢1]. Choose any (z,y A y') € ¥ such that P(f) = % By Theorem and
Lemma we may choose (infinitely many) admissible triples o, §’,  such that the path
vs in (3.6)) satisfies v,(1) = (z,y A y-), minimizes length up to time tyy = 1 and not

further (we already know from Proposition that ¥ C Cutg). Thus,

hcu !
1 = teut(a’sin® + 3 cos B, B’ sinf — o’ cos 0, ¢, 0) = t(|C9|/’OZ|)’

where last_equality follows from Proposition [2.2] Then heu(|¢]/|e/]) = 6. By item of
Theorem we get heus(v/Q(0)) = 6. Since 6 € |7, o1 is arbitrary, Lemma gives the

conclusion heyt (1) = Q~1(u?) for all u € )0, +0o[. Thus we have proved (4.1) and (4.2)).
Next we prove (4.3). Let a,b,z be any admissible triple and let ¢ > 0. Recall that

the admissibility condition ensures that |a| = |b| > 0. By the first part of the theorem, we

know that , o
b0, b, 2, ) = Pewll2l/laD) @77 (I=/lal")
¥ 2
To prove (4.3]), we claim that, under the choice
0 :=Q '(|z[*/]al*), (4.4)

(i.e. teus(a, b, z, ) =: g) we have 7(%,(1,(),2’,2@) e .

18
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To prove the claim, note that the invariance property (2.7)) gives

0 g 6. 0 0 6. 6
7(770’7[)7272%0) =7 1770“77[)7 72720 =F —a, 7b77270 3
¥ Y P @ Y ¥ ¥

by the definition of F'. Since the set X is dilation invariant, the latter point belongs to X
if and only if its %-dilated F(a,b, 2, 6) belongs to X. Here we need the dilation invariance
property of F. E| But

F(a,b,z,0) = (Sg(acose—{—bsinﬂ) + 2z, Upa Nb+ Vy(asing — bcos0) /\z)
_. (Sgb’—i—z, a A {Ugb'—f—‘/gz}),

where a/, b’ are defined (2.13) and we keep Remark into account. Since a/, b,z is an
admissible triple, we have for free that Spb’ + z L o/, and ultimately the point F(a,b, z, 6)
belongs to ¥ if and only if Spb' + z L Upb' + Vpz, i.e. if

UpSalb* + Vy|z> = 0,
which holds true because our choice of 8 in (|4.4]) O
Theorem shows that, if a, b, z is admissible and ¢ > 0, then

1
d(0,7(s,a,b,2,2¢)) = sy/|a]?+ |22 if 0<s< Lphcm(,Z’) (4.5)

lal

Finally we are in a position to prove Theorem [I.1]

Proof of Theorem[I.1. Theorem [4.2] and in particular formula (4.3) imply easily the inclu-
sion Cutg C ¥. The opposite inclusion has been proved in Proposition [3.6 O

4.2. Profile of the unit sphere
Let for all admissible «, 8, and for any 6 > 0
Gl0,8,¢,0) == (SO)8+C, an (UO)B+V(0)0)).

The profile of the subRiemannian sphere can be described as follows

Corollary 4.4 (Profile of the subRiemannian sphere). Let S(0,7) := {(z,t) € F3 :
d(xz,t) =r} be the subRiemannian sphere of radius r. Then

S(0,r) : = {G(a,ﬁ,@,@) s, B, ¢ admissible triple with |a|® + [¢|* = r?

and 0 <0< hew(C1/la) }-
Proof. By dilation invariance we may assume r = 1. Start from and observe that
S(0,1) = {v(s,a,b,2,2¢) | s*(Ja]* +|2*) =1 and 0<s< o 'heu(|2]/la])}-
= {F(sa,sb,sz,sp) | s*(la* + [2[*) =1 and 0<s <o he(|2]/la])}-
= {F(e.8.¢.0) [lof +[¢ =1 and 0<0 < hew(l]/la])}

and the required thesis follows. In the last chain of equalities, a, b, z and «, 8, ( are always
admissible triples. O

2That is, the property F(ra,r83,r¢, ) = 6-F(a, 8,¢, @) for all r > 0, «, 8, ¢ admissible and ¢ > 0.
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5. Some remarks on the Hamiltonian point of view

In this section we consider the Hamiltonian point of view. In particular we will calculate the
cut time as an explicit function of the initial covector. In order to look at the Hamiltonian
point of view, it is convenient to represent the group F3 in the form R x R} with the group
law

1
(x,t)o(m',t’):(ar—i—ac’,t—i—t’—i—ixxa:’), (5.1)

where x denotes the standard cross product in R3. This law is not scalable to higher
dimensional cases, but it is rather convenient in the rank three case (compare [MM13]).

The standard basis of horizontal vector fields is Y; = (ej, %:1; X ej) € R3 x R3, for
7 =1,2,3. Namely

1 1 1 1
~220;,, Yo =0y, — 5363@1 + 59613:53, Y3 =0y, + 53023“ -

1
YI = 6:171 + §$38t2 - 92

5%’16152.

Commutation relations take the form [Y1,Ys] = 0, [Y1,Y3] = —04,, and [Ya, Y3] = 0y, If
we denote by d the distance generated by Y7, Ys, Y3 and by Cutg the cut locus of the origin
of the distance d, then it turns out that

Cutg = {(z,t) e R* xR3>:t#0 and z = M for some X € R}.

Observe also the invariance property d(Mz, My x Mz) = d(z,y x z) for all z,y,z € R3
and M € O(3).

Denote by ¢ = (z,t) € RS and p = (£,7) € RS coordinates in T*R® and define the
subRiemannian Hamiltonian

3
= Vi) = 5 ey, Zu (wt&).  (52)

Jj=1 J

l\’)\»—t

where (-, -) denotes the Euclidean inner product in RS,
Recall the following definition of subRiemannian exponential (see [ABB16]. Let p €
T(5.0)- Denote by s — (q(s,p0),p(s,po)) the solution of the Hamiltonian system associated
1i

to with initial data ¢(0) = (0,0) and p(0) = po = (&0, 70). Define

E(po) = £(€0,70) = q(1, po). (5.3)

Note that in our case solutions are defined globally in time for all initial datum pg. Fur-

thermore, by the property (q(s, apo),p(s, apo)) = (q(as,po), ap(as, po), we have E(sp) =
q(s,p) for all p,s. The curve s — q(s,p) = q(s,(£,7)) is minimizing on some interval

0, Teut (€, 7)], where
Teut (€, 7) = the cut time of the path s — q(s, (&, 7)). (5.4)

As usual in this setting, instead of (x},t;,&;, 7j) we may use coordinates (z;,t;, uj, 7;),
where

Uj(l',t,g,T) = <Y}‘(l’,t), (éaT» 5] <T T X e] gj + Z U(jak7£)7-kxfa

og€ESs3
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where o (jk¢) denotes the sign of the permutation. Hamilton’s equation, see [BBG12|, take

the form .
= (&), Vi, Yyl(2, t)yur = (7 X w);
k
75 =0
T=1u
t= lx X 1
( 2

with initial condition x(0) = 0, ¢(0) = 0, u(0) = £(0) = u and 7(0) = 7.
By the Rodrigues’ rotation formula we get that if we consider the skew-symmetric map

0 —713 ™ T
Riszm—rxa= T3 0 -—7i| |z = A
—T2 T1 0 I3
then we have
e*Amu = acos(\s) + bsin(\s) + z, (5.5)

where

T T TN\ T

A=, a=—><<><u):u—<u,>
| A7l 71/ 7]

b:lxu, z-<u,T>T.

7| 1/ 7]

(These relations can be obtained easily with a purely analitic argument comparing deriva-
tives of order 0,1,2 at s = 0 of the two sides of ([5.5))).
Thus we have proved the following facts.

(5.6)

Proposition 5.1. Let s — E(s(&,7)) = E(sE, sT) be the (projection of the) solution of
the Hamiltonian associated with (5.2)) with (x(0),¢(0)) = (0,0) and (£(0),7(0)) = (§,7) =
(&1,82,83, 71,72, 73). Then the corresponding control u(s) has the form

1= (e (o) g (oo () o0

In particular

2 1€, )
Tcut(faT) = mhcut<‘7_ X 5,)7 (5'8)

and the function Tey is C° smooth on
Q:={(71):7xE#£0}. (5.9)

Remark 5.2. The function Tey is singular if & is parallel to 7. Namely, Tow(€,7) €
(22 22L[ for all (€,7) € Q, while Tey (7, 7) = 400 for all T # 0 and u € R\ {0}. The

IT[” 17|

corresponding final points E(ut,7) = (ut,0) belong to the abnormal set Abny.
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6. Corner-like estimates at cut points

In this section we show that at any point of the cut locus we can construct a two dimensional
C'-smooth surface such that on such surface the distance has a corner-like singularity. Our
estimates give also an affirmative answer in our model to a question raised by Figalli and
Rifford [FR10] on whether the distance fails to be semiconvex at the cut locus.

To show our construction, we work in the model used in the previous section, with the
group law and we consider a point (T, ¢) € Cutg. Then we may write

(Ta %) = (SQDB + C,Oé X (USD/B + VSDC))’

where the triple «, 3, ¢ is admissible and belonging to the cut locus means that ¢ € [, p1]
2
satisfies —U{}f“" = % In other words, S,3 + ¢ and U,8 + V¢ are perpendicular, which

is equivalent to the fact that Z and  are parallel. We may also write £ = 7 x 7, where
7,7+ € span{T}* are orthogonal and have the same length. Finally, recall the formula
d(z, 1) = [B* + [¢I* = |af” + |

Let 09 > 0 and let x and t : ]—09, 0o[ — R3 be smooth functions of the form

(2(0),40)) = (7 + oy + pay™) + 0*r(0), T+ oy + vay*) + o*p(e))  (6.1)

where 7 and p : |09, 00[ — R? are C* vector-valued functions. We always assume that
(1, u2) # (0,0). The vector (v1,2) can possibly vanish. Let R(6) be the rotation of an
angle 6 which leaves fixed T (we can fix the sign by requiring for example that for any
vector £ L T, the vector R(0)¢ x (R'(0)£) points in the same direction of T). Then define
the parametrization

H(o,0) := (R(0)z(0), R(0)t(0))

= (E—I—UR(H){,uly + poy Y + 02 R(0)r(0), T + o R(O){v1y + oy} + O'ZR(Q)/)(O')>. (6.2)
Since (p1,p2) # (0,0), for small g > 0, the set I' = {H(0,0) : 0 < 0 < 09, and
0 < 6 < 27} is a Cl-smooth two dimensional surface containing (7, ). The expansion
shows that Tz 5 I' = span{ (p1y+poy ™, viy+royt), (—poy+ iy t, —vey+riyt)}. Further-
more the distance from the origin of points on I' enjoys the rotational invariance property
d(H(o,01)) = d(H (0, 02)) for all 61,60, and o.

We will show that

Theorem 6.1 (Corner-like estimate for the distance at cut points). For any point (T,t) =
(SeB + ¢ a x (UyB + V() € Cutg there is o9 > 0, there are smooth functions x,t as
in (6.1) with (p1,p2) # (0,0) and there is C > 0 such that

d(H(o,0)) <d(z,t) — Co, for all o € [0,00] and 6 € [0, 2x]. (6.3)

This gives a generalization of the well known estimates at cut points (0,¢) # (0,0) €
C x R of the Heisenberg group H!, namely d(z,t) < d(0,t) — C|z|, for |z| small. One can
recover a similar estimate as a limiting case of Theorem as p = w. See Remark

As a corollary we get an answer in this setting to the question raised by Figalli and
Rifford (see the Open problem at p 145-146 in [FR10]).
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Corollary 6.2 (Failure of semiconvexity at cut points). At any cut point (z,t) € Cut,
for any neighborhood Q) of (%,t), we have

o U +dlg) —2d(p+9)/2) _ (6.4)

P,q,(p+4q)/2€Q Ip — q|?

Strictly speaking, to get a complete analogous of the Riemannian estimate (2.6) in
Proposition 2.5 of [?], our infimum should be calculated with 254 = (7,%). Corollary
will be proved at the end of the section.

We also remark that in [FRI0] the authors define the cut locus Cuth™ as the closure of
the set of points (x,t) # (0,0) where the distance is not continuously differentiable. This
set is strictly larger than our set Cutg. Namely, we have Cuth® = CutoU Abng, where the
union is disjoint and Abng is the set of final points of length minimizing abnormal curves
and it is known that Abng = {(z,0) € R3 x R3} (see [DMOT16, MMT16]). At points (z,0),
in [MM16] we proved that

d(xz,oz) > d(x,0) + Clo|, for o close to 0.

Roughly speaking, the presence of abnormals gives rise to the existence of directions where
the Hessian of the distance is +oo, i.e. semiconcavity fails. On the contrary, we are not
aware of the existence of directions where the Hessian is —oo at abnormal points (z,0).

Proof of Theorem[6.1 Let (Z,t) = (Spf+ ¢, o x (UpB + V() € Cutg. We first construct
a smooth curve o — (z(0),t(0)) for o in a neighborhood of the origin defined as

(x(0),t(0)) = (Sw_g(l—cla)ﬂ—i—(l—cQa)C, (1—cla)a><{USO_U(1—010)54—‘/@_0(1—020)(}).

Observe that, given ¢ € [, p1[, the triple (o) = (1 — c10)a, B(o) = (1 — c10)5 and
((0) = (1 — c20)( is admissible for all o close to 0. Therefore we have the upper estimate
d(x(0),t(c))? < (1 — c10)?|al? + (1 — c20)?|¢|? (which, by our previous results, becomes

U¢,O—S¢,U < (1—02‘7)2‘C|2)
Voo = (I—c10)%[a?/)"

an equality if and only if —

Step 1. We show that there is a (actually unique) choice of ¢1,cy such that z'(0) and
t'(0) € span{y,y*}. We start with 2/(0). A calculation shows that

d
Z'(0) = o 6205570(1 —c10)B+ (1 = c20){ = =S8 — c15, — ¢
= (2Vp — 15,) 8 — eal,
by formula S}, = —2V,,, where we write S, = %. We must require that (2/(0),7) = 0,

where 7 = 5,8 + ¢. Thus
S
0= (2'(0),7) = Sp(2V, — c1Sp)|B* — cal ¢ = 7“0|5|2(2V<p2 —aVpSp + 2Uy),
©

where we used the identity % = —U{}—f‘” which holds on the cut locus. Thus we have

found a first linear equation in ¢y, ca.
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Next we calculate ¢'.
t'(0) = —c1a X (Upf + V) + a x [—(ULB + erUyB + V¢ + Vipea()]
= —a x [(2c1U, + Uy,)B + ((e1 + c2)Vp + V)(].

Since x = S, + ¢ is orthogonal to U,B + V,,¢ on the cut locus, condition (¢'(0),Z) = 0
is equivalent to ((2¢1U, + U})B + ((e1 + ¢2)V, + V)¢, Uy + V() = 0. A calculation of
the inner product gives

(2c1Up + U;)USO|B|2 + ((e1 + )V + V(,é)V<P|<|2 =0 ie
(QU@ — S¢V@)Cl — S¢V¢CQ = SSDV; - U:D,

which is again a linear equation in c¢1, co. Ultimately we have the linear system

VoSper — Ugpea = 2V3
(2U¢, — S¢V¢)c1 — SQOV@CQ = S¢V¥’, — Uc;

The solution has the form

—25,V3 — U U, +U,S,V), v
d c= = —2(Spc1 —2V,). (6.5
0T U,5,v, visy =l g, 1 = 2Ve) (65)

a = c(p) =

Note that 2U37 —Uy,S,V, — VgSi > 0 for all ¢ € [m, ¢1], because 2Uf, >0, S,V, <0and
U, + 5,V, > 0, as it can be easily seen using the very definition of U, V, S.
Observe that, if we write 2/(0) and ¢'(0) in terms of ¢; only, it turns out that

N 2V<p — Clsw
= 7U‘p

QClU(p + U:D

2'(0) S,

(UpB+Vy,¢) and  t(0)= ax (SpB+¢),

and ultimately, since U,f + V,,¢ and S, + ¢ are orthogonal, 2’(0) and ¢'(0) are parallel.

Step 2. Concerning the curve constructed above, we show that there is C > 0 and o9 > 0
such that
d(z(0),t(0)) <d(z,t) — Co for all o € [0,00][.

To prove such estimate, start from the upper estimate
d(x(0),1(0))* < (1 = c10)?|af* + (1 = 20)[¢* = [af® + [¢[* = 20(e1|a]? + e2[¢[?) + O(0?).

Thus, we must require that
crfal? + el > 0, (6.6)

where c¢1, co have been found in the previous step. This inequality is non trivial, because
we do not know the sign of ¢; and ¢y (until Step 3 below). Inserting again the cut relation

2
% = _U}’;f*" , we obtain Vyc1 — UySyca > 0. Inserting the expression of ca(¢) obtained

in (6.5, we find

(1- Sf,)cl +2S,V, >0  which gives
3
=28,V = U,Ul, + UyS,V, 25V >0, (6.7)
202 —U,S,V, — V252 ore

(1-53)

@
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We check that the latter (strict) inequality holds on the whole interval [m, p1[. By formu-
las (3.20) for the derivatives U’, V', we get

2

UpSy 2U¥,S¥,V¢)
2 @

+ 2V, 8, (2U2 — UV, S, — V2SZ) > 0

(1 52)(-28,V3 - %U@Vw +

(Recall again that —1 < S < 0, cosp < 0, while U and V' are positive on [m,¢1[). We
simplify the term with VSS;Z and we observe that

UpS3  2U,8,V,
2 @
20,8,V

(—%) +2V,8, (202 - UV, 5, )

—28,Vy + (1 - S2) (—%Ud/@ + ) + 2V, Sp <2U3, - UwVwa>
Z(1-52)

1— 52
- —2S¢U¢V@<<¢“@> + VieSp — 2U¢>,

2
where in the first inequality we deleted some positive terms (note that — CO(ZSD UpVo+ U“OTS“” >
0 strictly on the interval [, p1[). Next, using the definition of U, V, S, we show that the
last parenthesis multiplied by ¢ is positive.

1
©? ((1 - Sf,) + oV, S, — 290U¢) = p? —sin®p + B (sin p(sinp — pcos p) — p(p — sin ¢ cos gp))
1

= (@2 — sin? <p) >0,

1
— 2 wn? T ein2 o — 2 —
=@ sin cp—|—2<sm © <p> 5

as required.

Step 3. We show that 2/(0) # 0. From the first line of , which has been already proved
in Step 2 and from the fact that S,V,, < 0, we conclude that ¢i(¢) > 0 (this and tell
us that ca < 0). Then, since 2/(0) = (2V,, — ¢15,)8 — c2(, this vector can never vanish,
because the coefficient (2V,, — ¢1(¢)S,) is strictly positive for all ¢ € |7, ¢1]. O

Remark 6.3. If we choose ¢ = 7 in the proof above, the condition —% — I shows

BREE
that ¢ = 0 and therefore (Z,t) = (0,Ura x ), a point on the “t-axis” of the (Heisenberg)
subgroup span{(«a,0), (3,0), (0, x B)}. Since ¢ = 0, the constant ca plays no role, the
condition on x'(0) = 2V, = %B becomes empty and the condition on t'(0) = —(2¢1U, +

Ul)a x 8 becomes 2¢1Ur + UL =0, ie. ¢; = % Ultimately, the curve has the form

(2(0),t(c)) = (sﬁ_gu —10)8, (1 — ¢10)2Usr_par X 5)
(SIDO'

B, — (7r—o+s1nacosa)a X ﬂ) (§0+O(02),%(1+O(02))a X ﬁ)

™

which gives the corner estimate on the two dimensional surface obtained by rotating the
curve o — (x(0),t(0)) around the vertical axis span{a x B} of the Heisenberg subgroup

span{(a,0), (8,0), (0, x B)}.
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Proof of Corollary[6.2 Let (Z,t) = (Sp8 + ¢, a x (UyB + V() € Cutg and let o
(x(0),t(0)) =: (x4, ts) be the curve constructed in the proof of the theorem above for o > 0.
Let M € O(3) be the rotation of 180 degrees leaving fixed Z. By invariance of the distance,
we have d(Mz,, Mt,)) = d(20,t,). Denote by (&,7,) = 3((Mzo, Mt,) + (%4,t)). Such
point belongs to span{(z,0), (0,Z)} (i.e. to Cutg) and has coordinates

(€ 70) = (1 + O(?)), (1 + O(c?))),

as 0 — 04. This follows from the property (z'(0),z) = (¢'(0),¢) = 0. By formula (1.6] for
the distance on Cutg, we have

2 _ 2 _ p—1 |£cf|2
d(fU,Tg) = |£0| + R(SOU)|TJ|7 where Po = P W .
Since the function P~! and R are smooth, we have ¢, = ¢ + O(0?) and R(p,) = R(p) +
O(0?), which implies d(&,,7,) = d(T, ) + O(c?). Ultimately, we have

(5,ts) + (Mxy, Mt,)
2

d(zg,ty) + d(Mzy, Mt,) — 2d< ) < —Co +0(c?)

and the theorem is proved by letting o — 0+. O
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