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INTRINSIC LIPSCHITZ GRAPHS WITHIN CARNOT GROUPS

BRUNO FRANCHI AND RAUL PAOLO SERAPIONI

ABSTRACT. A Carnot group is a connected, simply connected, nilpotent Lie group with stratified
Lie algebra. We study the notions of intrinsic graphs and of intrinsic Lipschitz graphs within Carnot
groups. Intrinsic Lipschitz graphs are the natural local analogue inside Carnot groups of Lipschitz
submanifolds in Euclidean spaces, where ‘natural’ emphasizes that the notion depends only on the
structure of the algebra. Intrinsic Lipschitz graphs unify different alternative approaches through
Lipschitz parameterizations or level sets. We provide both geometric and analytic characterizations
and a clarifying relation between these graphs and Rumin’s complex of differential forms.

1. INTRODUCTION

The aim of this paper is to provide a comprehensive presentation of the notion of intrinsic
graph and, more specifically, of intrinsic Lipschitz graph within Carnot groups (connected, simply
connected, nilpotent Lie groups). In particular, we prove that there is a biunivocal correspondence
between intrinsic graphs and covectors of the so-called Rumin’s complex of differential forms in
Carnot groups. The notion of intrinsic Lipschitz graph appeared for the first time in [24], [5], [26]
[20], in connection with the problem of finding a good invariant notion of regular submanifold in
Carnot groups. Since this problem lies at the very roots of the notion of intrinsic graph, we shall
discuss it extensively later on in this Introduction. Finally, in the last section of this paper, we
prove an extension theorem for intrinsic Lipschitz functions, as well as the Ahlfors regularity of
1-codimensional intrinsic graphs.

It is well known that the Lie algebra g of the left-invariant vector fields of a Carnot group G has
finite dimension n, and admits a step k stratification, i.e. there exist linear subspaces (so-called
layers) g1,. .., gx such that

(1) 9=019 B, [01,0]=0i+1, 0x# {0},

where g; = {0} if i > &, and [g1, gi] is the subspace of g generated by the commutators [X, Y] with
X € g1 and Y € g;. The Lie algebra g can be endowed with a scalar product that makes the
decomposition (1) orthogonal. We refer to the first layer g; as to the horizontal layer. It plays a
key role in our theory, since it generates all of g by commutations.

Through exponential coordinates, the group G can be identified with (R™, -), the Euclidean space
R™ endowed with a (generally non-commutative) group law.

Carnot groups are endowed with two families of transformations: the (left) translations 7, : G —
G defined as ¢ — 7,q := p - ¢, and the non-isotropic group dilations 6y : G — G.

Fuclidean spaces are commutative Carnot groups, and, more precisely, the only commutative
Carnot groups. The simplest but, at the same time, non-trivial instance of non-Abelian Carnot
groups is provided by Heisenberg groups H” Carnot groups are endowed with an intrinsic geometry,
the so-called Carnot-Carathéodory geometry (see for instance, choosing in a wide literature, [9],
[28] [23]). From now on, the adjective “intrinsic” is meant to emphasize a privileged role played
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by the horizontal layer and by group translations and dilations. In other words, “intrinsic” notions
or properties in the group G are those depending only on the structure of its Lie algebra g. In
particular, an intrinsic notion must be invariant under group translations and group dilations.

It is also well known that non commutative Carnot groups, endowed with their Carnot-Carathéo-
dory distance (briefly, cc-distance), are not Riemannian manifolds because their Carnot—Carathédo-
ry distance makes them metric spaces not Riemannian at any scale ([40]). In fact, they are particular
instances of the so-called sub-Riemannian metric spaces.

In the last few years, there has been a general attempt aimed to carry on geometric analysis
in non-Euclidean structures, and, in particular, to develop a notion of rectifiable set in metric
spaces, and, specifically, in sub-Riemannian metric structures and in Carnot groups. For different
notions of rectifiability we refer the reader to [2], [3], [21], [25], [37], [33] and to the references
therein. It is worth noticing that, besides their own geometric interest, rectifiable sets in Lie groups
appear in several applications, such as theoretical computer science, geometry of Banach spaces,
mathematical models in neurosciences (see e.g. [12], [11]).

In Euclidean spaces, rectifiable sets are obtained, up to a negligible subset, by “gluing up”
countable families of C' or of Lipschitz submanifolds. Hence, understanding the objects that,
within Carnot groups, naturally take the role of C! or of Lipschitz submanifolds is preliminary
in order to develop a satisfactory theory of intrinsic rectifiable sets. It has been clear for a long
time that considering Euclidean regular submanifolds, even in Heisenberg groups, may be both too
general and too restrictive (see e.g. [31] for a striking example related to the second instance).
More intrinsic definitions are necessary.

In the Euclidean setting C' submanifolds can be locally viewed, equivalently, as (i) C* injective
images of a fixed “parameter space” (usually an open subset of a linear space); (ii) non-critical level
sets of C'-functions; (iii) graphs of C' maps between complementary linear subspaces.

Notion (i) was the first one to be extended to the setting of general metric spaces (see e.g. [17],
[2] where the parameter spaces are open subsets of Euclidean spaces). When working with a Carnot
group G, it is natural to think of using more general spaces of parameters, i.e. open subsets of
homogeneous subgroups of G (see [37] and [33]). A very special instance are horizontal curves,
usually defined as images of Lipschitz maps R — G.

Also notion (ii) has been largely studied in the recent literature, starting from the implicit
function theorem in Carnot groups proved in [21] and [22].

Nevertheless, both approach (i) and (ii) have intrinsic limitations appearing already inside Heisen-
berg groups. Indeed, differently from R™ - where embedded submanifolds are equivalently defined
as non-critical level sets or as images of injective differentiable maps - in H"”, low dimensional
regular surfaces cannot be seen as non critical level sets and low codimensional ones cannot be
seen as (bilipschitz) images of open sets of R™. The reasons are rooted in the algebraic structure
of H"; indeed, low dimensional horizontal subgroups of H" are not normal subgroups, hence they
cannot appear as kernels of homogeneous homomorphisms H” — R™”~%; on the other side, injective
homogeneous homomorphism R? — H" do not exist, if d > n + 1 (see [2] and [32]). One could
object that this difficulty might be overcome using subgroups of G instead of R? as a parameter
space. Indeed this is not the case as examples in [8] and in [4] show.

On the other hand, the notion of graphs within Carnot groups is definitely more delicate, since
Carnot groups in general are not cartesian products of subgroups (unlike Euclidean spaces). A
notion of intrinsic graph fitting the structure of the group G is needed.

Intrinsic graphs appeared naturally in [24], [5], [26] in relation with non critical level sets of
differentiable functions from G to R*. Indeed, implicit function theorems for groups ([21], [25],
[22], [13], [14]) can be rephrased stating precisely that these level sets are always, locally, intrinsic
graphs.

An intrinsic graph inside G is associated with a decomposition of the ambient group G as a
product G = M - H of two homogeneous complementary subgroups M, H (a Lie subgroup of G is
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said to be an homogeneous subgroup if it is invariant under group dilations. See Definition 5) and
the idea of intrinsic graph is the following one: let M, H be complementary homogeneous subgroups
of a group G, then the intrinsic (left) graph of f: A C M — H is the set

graph (f) = {g- f(g) : g € A}.

Describing regular submanifolds as (intrinsic differentiable) graphs is more general and flexible
than using parametrizations or level sets. For instance, already in Heisenberg groups, both non
critical level sets and images of regular maps are locally intrinsic differentiable graphs (see [5]). The
same happens for one codimensional submanifolds in general Carnot groups.

Intrinsic graphs are ‘intrinsic’ since they keep being intrinsic graphs after left translations or
homogeneous automorphisms of the group (dilations in particular): see Proposition 2.2.18. We
stress that, in general, Euclidean graphs may fail to be intrinsic graphs. At the same time, in
general, intrinsic graphs may fail to be Euclidean graphs.

Hence the very existence of intrinsic graphs depends on the possibility of splitting G as a product
of complementary subgroups hence it depends on the structure of the algebra g.

There is an interesting relationship between all possible decompositions of a Carnot group G
as a product of complementary subgroups and the structure of the Rumin’s complex (Ej,d.) of
differential forms in G. Rumin’s theory would need a quite long technical introduction, and hence
we refer to the original Rumin’s papers [38] and [39], as well as to [10] and [27] for an exhaustive
presentation. In this paper we prove the existence of a canonical explicit biunivocal correspondence
between (equivalence classes of parallel) simple h-covectors in Eg and group decompositions, akin
to the correspondence in Euclidean spaces between linear manifolds and equivalence classes of
covectors (see Theorem 2.2.7).

What are the right intrinsic notions of Lipschitz function or differentiable function when dealing
with functions acting between complementary subgroups? In the second part of this paper we
study mainly intrinsic Lipschitz functions.

If the group G admits a decomposition G = M - H, then two canonical projections Py and Py
are naturally defined by the identity Pyg - Pmg = g for ¢ € G. Even if Py and Py are not in
general Lipschitz maps with respect to the cc-distance in G they yield a notion of intrinsic cone:
if g € G and B > 0 the cones Cyu(g, ), with basis M, axis H, vertex g, opening (3 are defined as
follows:

if g =e, then  Cyu(e, ) := {p: [[Pupll < B Pupl},
and, in general,
Cmu(g, B) == g - Cmyu(e, B).
Thus we can say that f: & C M — H is intrinsic L-Lipschitz in & if there is L > 0 such that

Cwmyu(p,1/L) Ngraph (f) ={p},  for all p € graph (f).

By construction, this notion is invariant under group translations. On the other side intrinsic
Lipschitz functions are not metric Lipschitz functions with respect to the cc-distance of G or other
natural metrics in the domain and in the target (see Remark 3.1.6). In particular, our theory of
intrinsic Lipschitz maps within Carnot groups does not fit in Pansu’s theory of Lipschitz maps
between Carnot groups (see [36]). Nevertheless intrinsic Lipschitz functions seem to be the right
objects to consider inside groups. Among the reasons for this, there is its invariance under left
translations (see Theorem 3.1.2) and properties such as the Ahlfors regularity of their graphs (see
Theorem 3.2.1). In addition, we recall that a real-valued Lipschitz function defined on any subset
of a given metric space X can be extended to a real-valued Lipschitz function defined on all of
X. In Section 4 we address and solve the analogous extension problem for a “real-valued intrinsic
Lipschitz function”, i.e. an intrinsic Lipschitz function f acting between subsets of complementary
subgroups M and H, with H being 1-dimensional and horizontal (and hence isomorphic to R).
3



Further intrinsic differentiability properties of intrinsic Lipschitz functions are studied in the
forthcoming paper [19].

It is a pleasure here to thank Pierre Pansu and Francesco Serra Cassano for several stimulat-
ing conversations and precious advices, and the Referee for his careful reading and his helpful
suggestions.

The plan of the work is the following:

Section 2 contains basic notions about Carnot groups and in particular the relation between
the structure of complementary subgroups of G and Rumin’s complex. Then we study projection
operators associated with a group decomposition.

Section 3 is dedicated to a systematic study of intrinsic Lipschitz graphs. Ahlfors regularity of
the graph is proved here.

Section 4 is specialized to intrinsic Lipschitz functions with values in one dimensional subgroups.
The main result here is an extension theorem for one dimensional intrinsic Lipschitz functions.

2. NOTATIONS AND DEFINITIONS

2.1. Carnot groups. For a general account, see e.g. [9, 18, 28]. A graded group of step k is a
connected, simply connected Lie group G whose finite dimensional Lie algebra g is the direct sum
of k subspaces g;, g = g1 @ - - - @ g, such that
[gzagj] C Gitj, for 1 < Za] < K,

where g; = 0 for i > k. We denote as n the dimension of g and as n; the dimension of g;, for
1<j <k

A Carnot group G of step k is a graded group of step k, where g; generates all of g. That is
[gl,gi] = @i+1, for i = 1, o, R

Let Xi,...,X,, be a base for g such that Xi,...,X,,, is a base for g; and, for 1 < j < &,
ij_1+1, . ,ij is a base for g;. Here we have mg =0 and mj —m;_1 = n;j, for 1 < j < k.
Because the exponential map is a one to one diffeomorphism from g to G, any p € G can be
written, in a unique way, as p = exp(p1 X1 + -+ + ppX,,) and we identify p with the n-tuple
(p1,---,pn) € R" and G with (R",-), i.e. R™ endowed with the product -. The identity of G is
denoted as e = (0,...,0).
If G is a graded group, for all A > 0, the (non isotropic) dilations 5y : G — G are automorphisms
of G defined as

(2) oA (p1s ey Pn) = (A" p1, A P2, s A% pn),
where o; = j, if mj_1 <@ <m;.

We denote the product of p and ¢ € G as p - ¢ or more frequently as pq. The explicit expression
of the group operation - is determined by the Campbell-Hausdorff formula. It has the form

(3) p-q=p+q+2»q), for all p,q € R",

where Q@ = (Q1,...,9,) : R” x R — R™ and each Q; is a homogeneous polynomial of degree «;
with respect to the intrinsic dilations of G. That is

Qi(6xp, 0xq) = X" Qi(p,q), forall p,q € G and A > 0.

We collect now further properties of Q following from Campbell-Hausdorff formula. First of all Q
is antisimmetric, that is

Qi(p,q) = —Qi(—q,—p),  forallpqeG.
Each Q;(p,q) depends indeed only on a section of the components of p and ¢. Precisely
Q(pg)=-=9m(Pq=0
(4)

Qj(p7q) = Qj<p17 <oy Pmy_1541,5 - - '7qmi_1>7
4



if m;—1 < j <m; and 2 <i. By Proposition 2.2.22 (4) in [9],

(5) Qi(p.q) = > Rin(p: @) (pran — prar), for my <i<mn,
k,h

where Rf@h are polynomials, homogenous of degree «o; — ar — «aj, with respect to group dilations,
and the sum is extended to all h, k such that ap + ax < a;. From (5) it follows that

Finally, it is useful to think G = G' @ G? @ -+ @ G", where G’ = exp(g;) = R™ is the i*" layer
of G and to write p € G as (p,...,p"), with p’ € G'. According to this

(6) p-a= @ +d'. 0"+ +Qpq), .0+ +Q"(p,q), forallpgeG.
We stress that the Q'’s are vector-valued polynomials for i = 1,..., x, whereas the Q;’s are scalar
polynomials for j =1,...,n.

Remark 2.1.1. Later on it will be useful an extension of (6) to the case of d > 2 factors.

Let p,q,r,... be d elements of G. Observe that (p-q-r-...)p is, by definition, homogeneous
of degree ay and, by iteration of formula (3), is a polynomial in the components of p, q,r, ... that
being of homogeneous degree ay depends only on the components of p, g, r, ... of degree not higher
than ay.

More precisely, formula (7) extends formula (6) to the case of the product of d > 2 factors.

p-q-r-...:(p1+q1—|—r1—|—...,

—_——
7) d factors
( P+ +ri+ .+ Q% dp.g,r,.. ), ..,
p”—|—q”—|—r”+...+Q“(d;p,q,r,...))

where each Qi(d; -), for 2 < i < k, is a vector valued polynomial of homogeneous degree i depending
only on the components of p,q,r,... in the first 4 — 1 strata, i.e. depending only on

p17"'7pmi_17q17"'7qmi_177a17"'77ami_17"'
(observe that Q%(2;-) = Q'(-)). Where in components we can write
Ql(d7p7 q,7,.. ) = (Qmi_1+1(d;p7 q,7,.. ')7 sty le(d7p7 q,7,.. ))

and each Q; = Qu(d;p,q,r,...), for mi_1 +1 < £ < my, is a linear combination of homogeneous
monomials of the form

et B p2 B3
(8) H pj” qjjrj”
j=1
where, for 1 < k < d, each g* = (8, ..., Bﬁli_l) is a multi index of non negative integers such that
mi—1 d
(9) Z(Zﬁf)aj:i:ag.
j=1 k=1

In order to prove the assertion, let us notice first that equation (7) can be written also as
(p-q-r...¢

=pet+q+re+...+ Qé(d§p17~--7pmi_17q1;-~-7Qmi_1;7'1;---7rmi_17---)
for mi—_1+1<¥¢<m;and for 1 <i<k.

(10)



Both (7) and (10) can be proved by induction on the number of factors d. Indeed, suppose the
assertion holds for d factors and let us prove it for d + 1 factors. We can write the product of d 41
factors as

p-q-r-...=p-2.
——

d factors
By (4), if m;—; +1 < ¢ < m;, then
(p q-m- )E =pr+ze+ Q@(plv"' 7pmi717217"'7zmi71)7

where the polynomials Q¢(p1,...,Pm,_1s21,---,2m,_,) are linear combinations of homogeneous
monomials of the form

mGi—1 mi—1
(11) H pj i with Z (B} +nj) e = .
j=1

By the induction assumptlon, each z; is the linear combination of homogeneous monomials of degree
a; and of the form

Jj o d+1
(12) H qh rh with Z nyh ap = Q.
h=1 k=2
Hence also H;nll ! pf 27 is the linear combination of homogeneous monomials of total homogeneous

degree oy, since each zj, that is a variable with homogeneity «;, is replaced by a linear combination
of homogeneous monomials with the same homogeneity «;. More formally

m;—1 1 M5
H p] 773 = H pJ <hnear combination of H qh Th )

h=1
(13)
mi—1 3
= linear combination of H p] H qhh
7j=1 h=1

with, by (11),

j d+1 mi;—1
2 (2 Ao = oy, and 3 Z i = o
h=1 k=2

This concludes the proof of (7) and of (10).

Definition 1. An absolutely continuous curve « : [0,7] — G is a sub-unit curve with respect to
Xi,..., Xy, if there exist measurable real functions c1(s), ..., ¢m, (s), s € [0,T] such that } cjz <1
and

= Z ¢;()X;(~(s)), for ae. s e [0,T].

Definition 2. If p,q € G, we define their Carnot-Carathéodory distance as
dc(p,q) == 1inf {T > 0 : there exists a sub-unit curve vy with v(0) = p, v(T') = q} .

By Chow’s Theorem, the set of sub-unit curves joining p and ¢ is not empty, furthermore d. is a
distance on G that induces the Euclidean topology (see chapter 19 in [9] or Theorem 1.6.2 in [35]).
Definition 3. A nonnegative function p — ||p|| on G is said an homogeneous norm if

i) ||p|| = 0 if and only if p = ¢;
ii) [[dxp|| = Allp|| for all p € G and A > 0;



iii) [[p-qll < llpll + llql-
Given any homogeneous norm [|-||, it is possible to define a distance in G as

(14) d(p,q) =d(qg" " -p,0)=|l¢ " -p| forallpqeG.

The distance d in (14) is comparable with the Carnot-Carathéodory distance of G and

(15) d(g-p,g-q)=d(p,q),  d(6x(p),dr(q)) = Ad(p,q)

for all p,q,g € G and all A > 0.
A convenient homogeneous norm, and the one used here, is described in [23, Theorem 5.1]. It is
defined as

(16) doo(p.0) = [pll == max {e; [p/][g)},  forall p=(p'.....p") € G,

where €1 = 1, and €9, ...g, € (0,1] are suitable positive constants depending on G.
For r > 0 and p € G, we denote by U.(p,r) and B.(p,r), respectively, the open and closed balls

associated with the Carnot-Carathéodory distance d., and with U(p,r), B(p,r) the ones associated
with d as in (14).

Definition 4. The integer @ = >°7_; o = > i, idim V; is the homogeneous dimension of G. @
is also the Hausdorfl dimension of R™ with respect to d. (see [34]).

Proposition 2.1.2. The n-dimensional Lebesgue measure L™ is the Haar measure of the group G
(see [42]). Therefore if E C R™ is measurable, then L™ (g - E) = L"(E) for every g € G. Moreover,
if A > 0 then L"(0x\(E)) = AL (E). We note that

LUelp,r)) = r2L™(Ue(p, 1)) = 1L (U(0,1)).

Using the distances d. or d the family of Hausdorff measures or spherical Hausdorff measures are
obtained following Carathéodory’s construction (see [17, Section 2.10.2.]). Precisely, if m > 0 and
A C G, the (intrinsic spherical) Hausdorff measure SJ* is,

SP(A) = lim ST5(A),

where S75(A) = inf {3, " : A CU; B(pi,7i), ri < 6}. The Hausdorff measures Hjj' are defined
analogously.

Translation invariance and dilation homogeneity of Hausdorff measures follow from (15) and, for
ACG,peGandre|0,00),

SP(p-A) = SP(A) and  SJ(5.A) = 1" SP(A).

A homogeneous subgroup of a Carnot group G (see [41, 5.2.4]) is a Lie subgroup H such that
0yg € H, for all g € H and for all A > 0. Homogeneous subgroups are linear subspaces of G, when
G is identified with R™ with exponential coordinates.

Remark 2.1.3. An homogeneous subgroup H is stratified, that is H = H!'®- - -®H", where H' C G*
and H" is a linear subspace of G*. If we denote by h the Lie algebra of H, this follows once we prove
that

(17) h= @;:1[3137

where b, = h N g,. Indeed, if v € h, we can write v = Zp vp, with v, € gp, p=1,..., k. Thus (17)
follows if we show that

(18) vpeh forallp=1,... k.
7



To this end, we remind that b is a vector space and, in addition, it is homogeneous with respect to
group dilations. Hence, for A > 0,

*5)\11 Z)\pUp—Ul‘i’Z)\p 1U € bh.

p>2

But %5,\11 is bounded, and hence, if we choose A = \,,, with A,, — 0 as n — oo, we can assume
(%5 ,\nv)n has a limit in h. Thus, we can conclude that v; € h. We can repeat now the argument
replacing v by v — v; € h, and we write

1
)\26 Av—v1) =vy+ E NP2y, €,
p>3

obtaining eventually that vy € h. Iterating this argument, we get (18) and therefore (17).

The topological dimension of a (sub)group is the dimension of its Lie algebra. The metric
dimension of a subset is its Hausdorff dimension with respect to the Carnot-Carathéodory distance
d. in G. The metric dimension of a homogeneous subgroup is an integer usually larger than its
topological dimension (see [34]).

2.2. Complementary subgroups and graphs.

2.2.1. Complementary subgroups. From now on G will always be a homogeneous stratified group,
identified with R™ with exponential coordinates.

Definition 5. Let M, H be homogeneous subgroups of G. We say that M, H are complementary
subgroups in G, if MNH = {e} and if
G=M"H,

that is for each g € G, there are m € M and h € H such that g =m - h.

If M, H are complementary subgroups of G and one of them is a normal subgroup then G is said
to be the semi-direct product of M and H. If both M and H are normal subgroups then G is said
to be the direct product of M and H.

By elementary facts in group theory (see e.g. [30, Lemma 2.8]) if M, H are complementary
subgroups in G, so that G = M - H, then it is also true that

G=H-M,

that is, each ¢ € G can be written — in a unique way — as ¢ = hm, with m € M, h € H. Rephrased
differently, if M, H are complementary subgroups in G, also H, M are complementary subgroups in

G.

Remark 2.2.1. If G is stratified and M, H are complementary subgroups in G then they are stratified
and also G' =M'@ H*, fori=1,...,k

Example 2.2.2. Let G be the Heisenberg group H”. In this case g = g1 @ gs, with dim g; = 2n and
dim go = 1. Then all the possible couples of complementary subgroups of H" contain a horizontal
subgroup V of dimension k& < n, isomorphic and isometric to R¥ and a normal subgroup W of
dimension 2n + 1 — k, containing the center T. Moreover W! @ V = G!. Indeed a sub algebra of g
either contains go (and hence is an ideal) or is contained in g; (and hence is Abelian).

Similar splittings exist in a general Carnot group G (but usually are not the only possible
splittings: see Example 2.2.3 below). Indeed, choose any horizontal homogeneous subgroup H =
H! ¢ G' and a subgroup M = M! @ --- @ M” such that: Ho M! = G', and G/ = MV for all
2 < j < k. Then M and H are complementary subgroups in G and the product G = M - H is
semidirect because M is a normal subgroup.



Example 2.2.3. The Engels group is E = (R%, -, §)), were the group law is defined as

r1+ Y1
o | s | = x3 +y3 + (1y2 — x2y1)/2
o " x4+ ys + [(x1y3 — 23y1) + (2y3 — T3Yy2)]/2

(21 — y1 + 22 — y2) (T1y2 — T2y1)/12
and the family of dilation is
o) (71, 2, T3, 14) = (A1, AT2, \23, NP 24).

Inside Engels group there are two families of complementary subgroups. The first one is formed
by 1-dimensional horizontal subgroups and 3-dimensional subgroups containing all the vertical
directions. This family gives a semidirect splitting of E. The second family is formed by 2-
dimensional subgroups that are not normal subgroups. All the computations can be easily done
directly, better using a symbolic computation program.

The homogeneous subgroups

M 5 = {(at, 5t,0,0) : t € R}, Nys = {(7t,0t, x3,24) : t, 23,24 € R},

are complementary subgroups in [E, provided that ad — 3~ # 0. Moreover N, s is a normal subgroup,
hence E is the semidirect product of M, g and N, 5.
The second family, for a4+ 8 # 0, is given by

K:= {(xl, —.%'1,1'3,0) 1 r1,x3 € R} Ha,,@ = {(at,ﬁt,o,m) (t,xy € R}

One can compute directly that K and H, g are complementary subgroups in E and that neither K
nor H, g are normal subgroups. Hence E = K - H, g, but the product is not a semidirect product.

Example 2.2.4. Let us hint here some relations between the Rumin’s complex of intrinsic differ-
ential forms in a Carnot group G and the existence of complementary subgroups in G. Necessarily,
we will be very sketchy here. For further details we refer the reader to [38], [39], [10], [27].

Let G be a Carnot group, and let g be its Lie algebra. The dual space of g is denoted by
/\1 g. The basis of /\1 g, dual of the basis X1, -+, X, is the family of covectors {61,---,0,}. We
indicate by (-,-) also the inner product in /\1 g that makes 61,--- ,6, an orthonormal basis. We
point out that, except for the trivial case of the commutative group R", the forms 64, - - , 6, may
have polynomial (hence variable) coefficients.

Following Federer (see [17] 1.3), the exterior algebras of g and of /\1 g are the graded algebras

1ndlcatedas/\ g—@/\ gand/\ g—@/\ gwhere/\og—/\ g=Rand, for 1 <h <n,

/\hg::span{Xil/\---/\Xih:1§i1<~-<ih§n},
h
/\ g:=span{f;, N---A0;, 11 <i3 <---<ip<n}.

The elements of A, g and /\h g are called h-vectors and h-covectors, respectively. As usual A, g
and A" g define a family of fiber bundle over G that we still denote as A, 9 and A" g. We denote
by Q and Q" the spaces of sections of A, 9 and /\h g. We refer to elements of ) as fields of
h-vectors and to elements of Q" as h-forms and to (Q*,d) as to the De Rham complex.

The dual space A'( A1 8) of A\, g can be naturally identified with N'g. Ifve A, 9 we define
e /\hg by the identity (v¥|w) := (v, w), and analogously we define % € A\, g for ¢ € /\h g.
The inner product (-, -) extends canonically to /\, g and to A" g making the bases {X;, A---A X, }

and {6;, A---A8; } orthonormal.
9



Definition 6. If « € A\'g, a # 0, we say that « has pure weight k, and we write w(a) = k, if its
dual vector o is in gi. More generally, if o € /\h g, we say that o has pure weight & if « is a linear
combination of covectors 6;, A --- A6;, with w(6;,) +--- +w(b;,) = k.
If a,8 € \"g and w(a) # w(B), then (a, B) = 0, and we have (see [10], formula (16))
M}rlnax

Nai= P A"s

p:M}Ilnln

where /\h’p g is the linear span of the h—covectors of weight p and M, ,‘Lnin, M;"®* are respectively the
smallest and the largest weight of h-covectors.

We denote also by Q"P the vector space of all smooth h—forms in G of pure weight p, i.e. the
space of all smooth sections of /\h’p g. We have

max
My

(19) o= P ot

p:M;Lnilx
The filtration (19) induces a decomposition
da =doa+dia+ - - + dga,

of the exterior differential d : Q" — Q"1 where dy does not increase the weight, and d; increases
the weight by i for ¢ = 1,..., k. In particular, dy is an algebraic operator.

Lemma 2.2.5. d2 =0, i.e. (Q*,dg) is a complex. Moreover, if o € Q" is left-invariant, then

(i) da = dyo;
(ii) doav is left-invariant;
(iii) if da = doac # 0, then the weight of dya equals the weight of a.

The following definitions are due to M. Rumin ([38], [39]).

Definition 7. If 0 < h < n we set
El' .= kerdy N (Im do)* = ker dy N ker(dg*),

where * denotes the Hodge duality operator associated with the scalar product in g and the volume
form dV : =01 A---NO,,.

The elements of E{} are denoted as intrinsic h-forms on G. Since the construction of E(’} is left
invariant, this space of forms can be seen as the space of sections of a fiber subbundle of /\h g,
generated by left translation and still denoted by Eg (the bundle of the intrinsic covectors). In

particular ESL inherits from /\h g the scalar product on the fibers.
We denote by Ny and N;"** the minimum and the maximum, respectively, of the weights of

forms in E. If we set Eg’p = El N QM) then

N;;nax
Ey= P E"
p:N}rlnin
Indeed, if o € Eg, by (19), we can write o = ng;;m ap, with oy, € QMP for all p. The assertion
follows by proving that «,, € Eg. Indeed, by definition, 0 = dpax = ZNh doay,. But the weight

p:N;:]in
of dpay, is different from that of doay for p # ¢, and hence the dpoy,’s are linear independent and
therefore they are all 0. The same argument can be repeated for x«, and the assertion follows.
10



The following result shows that a pair of non-parallel intrinsic simple covectors £ € ESL and
w € Egih naturally define a couple of complementary subgroups as in Definition 5. Following the
notations of [29], p.90, if X is a vector field, we denote by #(X) the exterior product.

Proposition 2.2.6. Let G be a Lie group of dimension n, and denote by g the Lie algebra of the
left invariant vector fields on G. Without loss of generality, we may assume that a scalar product
1$ fized in g.
Let now b be a Lie subalgebra of g of dimension h, and let Zi, ..., Zn_p be a basis of h~. If we

set w; = ZE fori=1,....,n—handw:=wi A--- ANwp_p, then

)h={Xecg:i(X)w=0}={X €g: *wAXI=0}.

ii) there exists 5 € /\1 g such that dw = B A w.
Reciprocally, if w == w1 A--- Awp_p € /\nfh g 1s a simple left invariant form such that dw = 8 Aw
for some B € N'g, then

iii) h:={X € g : i(X)w=0} is a Lie subalgebra of b.

Proof. Assertion i) is well known (see e.g. [17], Section 1.6, [16], Section 2.3). On the other hand,
assertions ii) and iii) follow by Frobenius theorem (see, e.g., [1], Theorem 7.4.24). O

Theorem 2.2.7. [f1<h<n, € Eg” and w € Eg’*h are simple covectors such that
EAw#0,
we set
m:={X eg:i(X){ =0}, h:={X eg:i(X)w=0}

Then both m and b are Lie subalgebras of g. Moreover dimm =n — h, dimh =h and g=m @ h.
If, in addition, E =& N NEp, w = W1 A+ Awy_p, where all the &;’s and the w; have pure weights
pi and q;, respectively, then both m and § are homogeneous Lie subalgebras of g. Thus, if we set

M :=exp(m) and H :=exp(h),

then Ml and G are complementary subgroups. In particular, since *E{} = Eg_h, if € € E(]}, we can
choose w := x£. In this case, m and b are orthogonal.

Reciprocally, suppose m and by are homogeneous Lie subalgebras of g such that dimm = n — h,
dimb = h, and g = m @ h. Then there exist a scalar product (-,-) in g, £ € E} and w € Eg_h such
that € ANw # 0 and

m:={X €g:i(X)¢ =0} h:={X eg:i(X)w=0}

Remark 2.2.8. We remind that, as discussed in [38] and [27], Remark 3.13, our definition of Rumin’s
classes depends on the scalar product in g.

Proof of Theorem 2.2.7. By Proposition 2.2.6, both m and h are Lie subalgebras, since d¢ = 0 and
dw = 0. In addition, dimm = n — h, dimh = h and g = m & h and hence g = m @ b, since
mnNh={0}.

Suppose now, for instance, £ = & A -+ A &, where all the &;’s have pure weight p;, i = 1,...,h.
Then £ has weight p :=p; + - - - + py. Take X € m; we can write

K
X = Z,ugw, with vy € gy.
=1
11



By identity 6 (ii) of [29], p.90, if we set éj =6 AN N1 ANEjp1 A A&y, we can write

0=i(X)¢= > (—(IX)E)E = D (171X

1<j<h 1<j<h
(20) = Z > (el luag; = ZZZ ARSI
(=1 1<5<h 1=1 {=1 pj=i
= Z Z 17+ (&) ‘UZ>€]7
=1 pj=i

since (&j]vg) = 0 if £ does not equal the weight of ;. Notice now that, if p; = ¢, then the weight of
fj = p — i, and then the §j s are orthogonal when the p;’s are different. It follows that

(21) D (=1 (g€ =0 fori=1,....k
D=1

If now A > 0, arguing as in (20), we get

i(HX)E= Y (FPTE0X)E)EG = Y (FIITHEIRX)E

1<j<h 1<j<h
:Z > ()T X (g lunés = ZZZ 1Y NG ve)é;
=1 1<j<h 1=1 {=1p;=1i
= Zw D (=1 lvés =0,
pj_l

by (21). Then (6, X )& € m that is therefore homogeneous.

Finally, if w = x&, then g 1 m by [17], Section 1.6.2., p.25. This achieves the proof of the first
part of the theorem.

To prove the second part of the theorem, we notice that, by Remark 2.1.3, we can find two bases

{w1,...,wp_p} of mand {vy,..., vy} of h such that all the w;’s and the v;’s have pure weights, i.e.
such that

wjemy,, forj=1,...,n—h and wv; €by,, for j=1,... A
Since {w1, ..., Wp_p,v1,...,0x} is a basis of g, we can take the dual basis {w1,...,wn_pn, &1, ., &}
such that

(wilwj) = bij,  (Gilvs) = bij,  (wilvg) = (&ilw;) = 0.
Since the vectors wi,...,w,_p,v1,...,v, are linearly independent, we can always assume that
Wi A Awp_p NELA--- N, = dV. Then we put

wi=wi A Awp_p and E:=& A--- A&
We have
(22) m:={X €g:i(X)¢ =0} ={Xeg:i(X)w=0}
Indeed, if X =), \jwy € m, then, again by identity 6 (ii) of [29], p.90,
i(X)E= > (1HgIx)EG =0,
1<j<h

so that m C {X € g : i(X)§ = 0}. On the other hand, dimm =n — h =dim{X € g : i(X){ = 0},
and the first identity in (22) follows. The proof of the second identity is similar.
12



To prove that dp& = 0 we recall that, by Proposition 2.2.6, dp§ = 8 A&, In turn this is possible
only if dp& = 0, otherwise dy§ and & would have the same weight. Analogously we prove that
dow =0.

We define now a new (equivalent) scalar product (-, )¢ in g making the basis {ws, ..., wy_p, v1,
...,up} (and therefore also the dual basis {w1,...,wp—n,&1,...,&r}) orthonormal. If we denote by
o the Hodge duality operator associated with the scalar product (-,-)¢ and with dV the volume
form, we want to show that £ = w, i.e. that

(23) aNE = (a,w)dV forallae \""g.
An orthonormal basis of /\"7}1 g is given by
En_h = {wil AN /\wig /\5]1 AREE /\Sjn,h,ga il < i2 << iévjl < j2 << jn—h—e}a

where the cases £ = 0 and £ = n — h are allowed. Thus, it is enough to test (23) for a € X", If
now 0 < ¢ < n—h (i.e. if there is at least one factor &), clearly both terms in (23) are zero. Thus,
it is enough to take oo = w1 A --- Aw;, , = w, so that
aNE=dV and (a,w)p=1,
yielding (23).
Thus we obtain dg*g& = dow = 0 and do*ow = £dp& = 0, achieving the proof of the theorem. [J
2.2.2. Components along complementary subgroups. Given M, H, complementary subgroups of G,

the elements m € M and h € H such that ¢ = mh are unique because of M NH = {e} and are
denoted as components of g along M and H or as projections of g on M and H.

Proposition 2.2.9. If M H are complementary subgroups in G there is co = co(M,H) > 0 such
that

(24) co ([[ml[ + [[B]l) < llmhl[ < {lm[| +[|b]l,  for all m € M, h € H.

Proof. The right hand side follows by the triangular inequality in Definition 3. To prove the left
hand side inequality, let us set

co := inf{|[mhl| = |[m]| + [[n]] = 1}.

Clearly co > 0: indeed it is a minimum that cannot be zero since mh = e would imply m = h=! = ¢
(since the subgroups are complementary). Then the general statement follows by dilation. ([l

The following Lemma will be useful many times along this paper (see also Lemma 3.9 and Remark
3.10 in [33]).

Lemma 2.2.10. Let G be a step k group. There is C = C(G) > 0 such that

(25) lp~"a " pa|| < CIpI~llgll™> + llgll=lp| %),  for allp,q €G,

and consequently

1 k=1 1 r=1
(26) la~"pall < lIpll + Clpl=llal = +llall* [l =), for allp,g € G.

Proof. First we prove (25). By (6), p~'¢ 'pq is a vector-valued polynomial in the variables
P1,...,pn and qi,...,q,. We denote by (p~'¢ 'pq), the £ component, homogeneous of degree
ag, for £ =1,...,n. By Remark 2.1.1, (p~'q~'pq), is a linear combination of homogeneous mono-
mials of the form p§ g7, with r, s non negative integers, s aj, +r ay = oy . But (p~'q~'pg), vanishes
for p = e and for ¢ = e, and hence the previous homogeneous ay-degree polynomials contain only
mized monomials in the variables p1,...,p, and q1,...,q,. These monomials have the form pj q;,
with 7, s > 0. Therefore, using (16),

ap—1

|(p~'a p)e| < C Y Ipll gl
i=1
13



for a given geometric constant C' > 0. Moreover
Il gl < Ipllllgl* = +llpl*Hlall,  foralli=1,...,ar—1

since |[p||*[lq[|*~" is estimated by [[p[|[lq||**~" when [|p|| < [l¢|| and by [|p]|**~*(lg|| when ||p]| > [lq]]-
Hence there is a constant Cy > 0 such that

1 - 1/a o ap—1)/a ap—1)/« o
[ e e (R P T RS VTR B

Now (25) follows and, in turn, (26) can be derived from the inequality qulqu < Ip|l+ ||p*1q*1qu.
]

Corollary 2.2.11. Let M, H be complementary subgroups of a step r group G. If m,m € M and
h,h € H are such that B

mh = hm,
then,

1, C B S | e
Il < Wil + = (= 3] + Al = m) =)
1= C /ity ==t Tt
< IR+ o (Ul <R 3]~ ) 55 )
Finally, for all 6 > 0 there is ¢(0) = ¢(6, M, H) > 0 such that ||mhl|| < § yields
(27) il < (@) Il =, 1] < e@) |A]]"
Proof. We denote as pyr € M and pyg € H the unique ‘components’ of a generic p € G such that

b = pmPH-
With this notation,

and, by uniqueness of the components,
m = (hm)y = (hinh™ Dy, b= (him)g = (M hin)y.
Hence, by (24) and (26),
—W(hmh~1 Lz mi < Liml + C (1ml A IR R ) 5
R e e e e L B e A R B

The other inequality is proved in the same way. Finally to prove (27) we use that [[mh| < § yields
A, lmll < 6/co. O

From now on, we will keep the convention introduced in the proof of Corollary 2.2.11 and we will
denote as gy and gy the components of g € G. More precisely our convention is as follows, when
M, H are complementary subgroups in G, M will always be the first ‘factor’ and H the second one
and gy € M and gy € H are the unique elements such that

9 = gmgH-
We stress that this notation is ambiguous because each component gy and gy depends on both

the complementary subgroups M and H and also on the order under which they are taken. The
projection maps Py : G = M and Py : G — H are defined as

(28) Pu(g) :=gm,  Pulg) :=yn

We will collect now a few properties of components and projection maps. In particular, in Propo-
sition 2.2.14 we prove that projection maps Py : G — M and Py : G — H are C*° (indeed
polynomial) as maps from G = R" — G = R". Nevertheless, quite differently from Euclidean

spaces, Py and Py, in general, are not even Lipschitz maps, from G to M or to H, when G, M
14



and H are endowed with the restriction of the natural left invariant distance d of G (see Example
2.2.15). This fact has many unpleasant consequences. One of them is related with the difficulty of
controlling in an easy way the measure, or even the Hausdorff dimension, of the projection of sets
(see e.g. [7]).

Observe that in general, (gy) ™! # (¢ )m and (gu) ™' # (¢ )m. We will use the notation

g = (gm) " and g' = (gu) "

The sizes of the projections Py(p) and Py (p) control the distance of p € G from the complementary
subspaces M and H. The control is different when considering the distance of p from the first
component M or from the second component H or if the second component is a normal subgroup.

Corollary 2.2.12. Let M, H be complementary subgroups of a step k group G and let G = MH.
Then

co [Pu(p)|| < dist (p, M) < [[Pu(p)|  forallp€G,
where ¢y is the constant in (24). Moreover, if H is a normal subgroup of G then
co [Pu(p)|| < dist (p, H) < [[Pu(p)|  forallp € G.

If H is not a normal subgroup of G, then there is c; = ¢;(M,H) > 1 such that
1 K . K .
(29) o IPre(p) | < dist (p, H) < c1 | Pua(p)]|”/ if llpll = 1.

Proof. Using the notation in (28),
dist (p, M) = inf{[|p~'ml| - m € M} < ||pyg"pys' oy || = llpall-
On the other side, for € > 0, let m € M be such that HmflpH < dist (p, M) + & then
co [lpezl < co(||m ™ pua | + llpmll) < [|[m~'p|| < dist (p, M) +e.
To estimate the distance of p from H, when H is normal in G, observe
dist (p, H) = inf{||h"'pupm|| : h € H}
= inf{||pmpyy b~ ' pupm|| : b € H}
< |lpmll + inf{||pgs b~ pupm || + b € H}
= llpmll  with h = pupmpy-
On the other side, given € > 0 let h € H be such that dist (p, H) + ¢ > Hfflp

, then

dist (p, H) + & > ||h™ pupm || = ||prapyg 2™ puapm || > co llpml]

by Proposition 2.2.9. This concludes the proof of the second statement. Finally, in the last case,
think of G as G = HM and write p = hm. Then, the estimate of the distance of a point p from the
first component of a splitting gives

co [[m]| < dist (p, H) < [|m][,

where ¢y is the constant in Proposition 2.2.9, but related to the splitting G = HM. Now the
inequalities in (27) give the thesis. O

Observe that (29) cannot be improved without additional assumptions. Indeed
Example 2.2.13. Let G be the Heisenberg group H' = (R?, ) with the group law
x-y = (r1,22,23) - (Y1,%2,¥3) = (T1 + Y1, 02 + y2, 23 + Y3 + (v1y2 — T2y1)/2.
Let

V={x=(21,0,0):z; € R} and W = {z = (0,22,23) : z2,z3 € R}.
15



V and W are complementary subgroups in H!, W is a normal subgroup while V is not a normal
subgroup.
For s € (0,1) let ps := (1,s,—s/2) € H!. Then as s — 0,

dist (ps, V) = inf{|[v"'ps|| : v € V}
=inf{||(1 — z1,s, —s(z1 + 1)/2)|| : 1 € R} =~ /s;
Py (ps)l| = [1(0,,0)[| = s.

On the other side, for s € (0,1) let g5 := (1, s,s/2) € H'. Then, as s — 0,

dist (¢s, V) = inf{Hv_lqu cveV}
=inf{]|(1 —z1,s,s(1 —21)/2)|| : 1 € R} = s
IPw(gs)ll = 10,5, 8)[| = V/s.
See also Example 2.2.15.

Proposition 2.2.14. Let M, H be complementary subgroups of G, then the projection maps Py :
G — M and Py : G — H defined in (28) are polynomial maps. More precisely, if k is the step of
G, there are 2k matrices A',..., A® Bl ... B" depending on M and H, such that

AT and B?are (nj,n;)-matrices
and, with the notations of (3),
Puyg = (A'g!, A2(g2 — QX(Ag!, Blgh)), ... AR(g" — Q%(Alg,... B* 15 1))
Pyg — (3191732(92 —Q%(Alg, Blgl)),. .., BR(g" — Q%(Alg, ... ’Bm—lgn—l))) :
AJ s the identity on MY, and B’ is the identity on HY.
Proof. Recall the notation

g=1(g".--,9%), Pmlg)=9gu= (9p---.91), Puly)=g9u= (91, 9f)-

Let d and n—d be respectively the linear dimensions of M and H. Because Ml and H are complemen-
tary subgroups there are a (n—d, n)-matrix M, a (d,n)-matrix H, such that M = {z € G : Mz = 0}

and H = {z € G: Hz = 0} and such the (n,n)-matrix [M

H] is non singular. In particular,

Mgy =0and Hgyg =0, for all g € G.
Notice that both M and H have the form

M1 0o .. 0 H' 0o ... 0
2 : 2 :
M= O M : 7 - 0 H a
: .0 : o0
0 0 M*F 0 --- 0 H~

where, for 1 < j < k, M7 is an (n; —dj,n;) matrix, H’ is an (d;, n;) matrix and the (n;, n;) matrix
MI
HI
layers of M and H.

is non singular. Here we have denoted as d; and n; —d; the dimensions of the corresponding
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By definition, gy and gy are the solutions of the system of 2n equations in the 2n unknowns
IgM,15 - 9 and gm1, - - -, GHn,

g+ 9 =9,
g + g + Q*(g8p. 911) = 9%

g+ g+ Q% (gt -y O LGy gl ) = 6",
MgM - 07
Hgy = 0.

This system can be solved layer by layer. From what stated before, we know that the linear system
of 2ny equations and unknowns

g+ o=9,

Mgl =0,

H'gh =0
g]l-]l_ )

has a unique solution gl%/ﬂ, gﬁ depending linearly on the components of g'. We denote
gy = Alg' and gy = B'g'.
Then we find the unique solution of the linear system in the 2no unknowns ggﬂ and gHQ_]I
gin + 98 = 9° — Q* (9> 910),
M?giy = 0,
H?g =0,
and we denote as A% and B? the matrices such that
gin = A(9° — Q(gu, gm)) = A°(¢> — Q*(A'¢", B'g")),
g = B*(9° — Q*(gue 9w)) = B*(¢” — Q*(A'g". Blg)).
Then we iterate the procedure up to the layer .
In order to prove (iv), observe that if g € M then Py(g) = ¢ and Pp(g) = 0 hence

g=(Alg!, A%(g* - Q*(Alg", Blgh)),..., A"(¢" — Q"(Alg",..., B 19" 7)),
0= (B'g", B*(g* — Q*(A'g", B'g")),.... B"(g" - Q"(Alg",..., B 1g"1))).
From these we get g' = Alg' and 0 = B'g!, for all g € M. Looking at the second layer, notice that

0 = Blg! yields Q%(A'g', B'g')) = 0, hence we have g?> = A2%(g?) and 0 = B%g?, for all g € M.
The procedure can be repeated up to the layer k. O

As we anticipated, Py and Py are not, in general, Lipschitz maps when G, M and H are endowed
with the restriction of the distance d of G.

Example 2.2.15. Let G be the Heisenberg group H! = (R3,-) and let V and W be the subgroups
defined in Example 2.2.13.
When we consider H' =V - W the projections Py and Py are

Py(z1,22,23) = (21,0,0), Pw(z1,22,23) = (0,22, 23 — 3122/2).
Here Pyw : H' — W is not Lipschitz. Indeed, let ¢ = (1,1,0) and p. = (1 +¢&,1 + &,0), then
Pywq = (0,1,—1/2) and Pwp: = (0,1 + ¢, —(1 +€)?/2). Hence, as ¢ — 0T,

a7 ) = (e, e,0) e, ||(Pwa) ' Pwpe|| = ||(0,6, — —2/2)|| = Ve
17



When we consider H' = W - V, then Py and Pyy are
Py(z1,22,73) = (21,0,0), Pw(z1,22,23) = (0,22, 23 + 1172/2)
Let ¢ = (1,0,0) and p. = (1,¢,¢/2), then Pwq = (0,0,0) and Pwp. = (0,¢,¢). Hence
la™ || = 11(0,6,0)[ = e, [|(Pwa) " Pwpe|| = [/(0,¢,) = ve
as € — 07. In this case too, Py is not a Lipschitz map.

The example shows that both the projections either on the first factor or on the second factor
can be non Lipschitz. Notice that in both cases we were considering projections on the normal
factor. Indeed the projection on the complement of a normal subgroup is always metric Lipschitz
continuous.

Proposition 2.2.16. Let M, H be complementary subgroups of G. Then
(i) if H is a normal subgroup then Py is Lipschitz;
(ii) if Ml is a normal subgroup then Py is Lipschitz.
Proof. (i) For all g = mh and g = mh, we have
Py(g719) = Pu(h tm~tmh) = Py (m ™ tmm tmh ™ tm~lmh) = m~im.
Hence, for all g,g € G, Pyp(97'9) = (Pyg) 'Pumg and, by (24),
|(Preg) ™ Pug|| < (|[Pralo™9)|| + [[Prle™' D)) < ' [lg gl

(ii) As before, Py(g71g) = (Pug) 'Prg and eventually,

H(PHg)_lPHgH < 051 Hg_lgH , forallg,geG.

O

Even if the projections are not Lipschitz we have the following control on the measure of projected
sets.

Lemma 2.2.17. Let M, H be complementary subgroups of G. Denote by d; < d,, respectively, the
topological and the metric dimensions of M. Then there is ¢ = ¢(M, H) > 0 such that,

L% (Pu(B(p, 7)) = crm,
for all balls B(p,r) C G.

Proof. Define
¢ = ¢(M, H) := L% (Py(B(e, 1)) .
Observe that ¢(M, H) > 0.
Indeed the Lebesgue measure £% is non-zero on M being the image under the exponential map
of the Lebesgue measure on the d;-dimensional Lie algebra of M. Moreover

M = | | Pu(B(e, ).
1€EN
Hence there exists i € N such that £%(Py(B(e,4))) > 0. By group dilations Py (B(e,r)) =
Py (6,B(e, 1)) = 6, Py (B(e, 1)), for all » > 0. Therefore £%(Py(B(e,1))) > 0 and

L% (Py(B(e,r))) = crim.
To prove that also L% (Py(B(p,r))) = L% (Py(p - B(e,r))) = cr® we prove that, for any fixed
p € G, the map ®, : M — M defined as ®,(m) := Py (p- m), has unit Jacobian determinant. That
is, we prove that, for any measurable £ C G,
L% (Pr(p- ) = L (Pu(E)) .
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With the notations in Lemma 2.2.14,
(I'p(m) = PM (pl + m17p2 + m2 + QQ(p17ml)7 e 7pN + mn + Qn(p17 e 7mﬁil))
— (Al(pl +m1),A2(p2 +m2 + QQ(pl,ml) . QQ(Al(pl —|—m1),Bl(p1 _’_ml)),. .
.., A% (p" +m" + function of(m', ..., m"™1))).

Hence the Jacobian of ®, has the form

A 0 -0
[acﬁp] A2
om : 0
* ... % AR
and det [%} =1 because each A7 is the identity on M. O

2.2.3. Graphs.

Definition 8. Let H be a homogeneous subgroup of G. We say that a set S C G is a (left) H-graph
(or a left graph in direction H) if S intersects each left coset of H at most in one point.

When H admits a complementary subgroup M, then
S is a H-graph if and only if S = graph (),
ie. if
S={¢ p§): ¢}

for ¢ : £ C M — H. By uniqueness of the components along M and H, if S = graph () then ¢ is
uniquely determined among all functions from M to H.

More generally, H graphs are graphs of functions (in the above sense) even if complementary
subgroups of H fail to exist. Indeed, if A C G intersects each left coset of H exactly in one point,
and S is a H-graph, then there is a unique function ¢ : £ C A — H such that S is the graph of ,
that is

S = graph (¢) :={{ p(£) : £ € &L

Conversely, for any ¢ : D C A — H the set graph (¢) is an H-graph.

From now on we will consider mainly graphs of functions acting between complementary sub-
groups. Nevertheless it is relevant to mention that examples of H-graphs that are not graphs of
functions acting between complementary subgroups have been considered inside the Heisenberg
groups H" = R?"+1. These sets are given as

S={(z1," Yn,p(x1, - ,yn))} C H".

In our notation such an S is a T-graph, where T is the center of H". The left cosets of T are
parametrized over the set A = HH?. We recall that the center T has no complementary subgroup
in H", and in general there is not a couple of complementary subgroups M, H of H” and a ¢ : Ml — H
such that S = graph (¢), even locally.

If a set S C G is an intrinsic graph then it keeps being an intrinsic graph after left translations
or group dilations.

Proposition 2.2.18. Let H be a homogeneous subgroup of G. If S is a H-graph then, for all A > 0
and for all ¢ € G, 0,5 and q-S are H-graphs.
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If M, H are complementary subgroups in G, if S = graph (¢) with ¢ : € C Ml — H, then
For all A > 0, 6,5 = graph (¢, ), with
(30) ©x:0E CM — H and
oa(m) = dxp(d1/3m), for m € 6,\€E.
For any q € G, ¢-S = graph(p,), where
(31) 0g: & CM—H, & ={m:Pun(g'm)e&} and
pq(m) = (Pu(qg 'm)) ™" - o(Pm(g~'m)), for allm € &,.

Proof. If x,2' € S and x # 2’ then, by definition of H-graph, z,z’ belong to different left cosets of
H. Then dyz, dyx’ belong to different cosets of H, because H is a homogeneous subgroup, and also
q -, q- 2’ belong to different cosets of H, by elementary properties of cosets (see e.g. [30, chapter
2, section 4]). By definition, these facts prove that both §)S and ¢ - S are H-graphs and that there
are oy and g, such that 6,5 = graph (¢)) and ¢ - S = graph (¢q).

To prove (30) observe that, by uniqueness of the components, dy(m - p(m)) =m’ - o(m’) implies
that oy = m' and that g\ = dx 0 p 0 dyy.

To prove (31) observe that, because pﬁl =p ! py, for all p € G, then (¢! -1 -1

.m)H = m .q.

(¢! - m)m, hence
graph (pq) = {m - @q(m) : m € &}
={m-(¢""-m)g (g - mu) - me &}
={m-m™-q- (¢t mw-e((@ - m) : (g7 -mm € E}
= q - graph ().

O

Remark 2.2.19. From (31) and the continuity of the projection maps Py and Py it follows that
the continuity of a function is preserved by translations. Precisely, given ¢ = ququ and f: M — H,
then the translated function f, is continuous in m € M if and only if the function f is continuous
in the corresponding point (¢~ 1m)y.

Remark 2.2.20. The algebraic expression of ¢, in Proposition 2.2.18 can be made more explicit
when G is a semi-direct product of M, H. Precisely

If M is normal in G then ¢4(m) = que((g~'m)m), for m € & = q€(qm) ™"

1

If H is normal in G then ¢, (m) = (¢ 'm)g' v(q,'m), for m € & = qué.

If both M and H are normal in G we get the well known formula

pq(m) = quo(q&Ilm), for m € & = qué.
See also [5, Proposition 3.6].

3. INTRINSIC LIPSCHITZ FUNCTIONS

3.1. General definitions. Intrinsic Lipschitz functions in G are functions, acting between com-
plementary subgroups of G, with graphs non intersecting naturally defined cones. Hence, the notion
of intrinsic Lipschitz graph respects the geometry of the ambient group G. Precisely a H-graph S
is said to be an intrinsic Lipschitz H-graph if S intersects intrinsic cones with axis H, fixed opening
and vertex on S only in the vertex. Intrinsic Lipschitz functions appeared for the first time in [21]
and were studied, more diffusely, in [25, 26].

We begin with two definitions of intrinsic (closed) cones. The first one, Definition 9, is more
general because it does not require that H is a complemented subgroup.
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Definition 9. Let H be a homogeneous subgroup of G, ¢ € G. The cones X(q,H, a) with azis H,
vertex q, opening o, 0 < o < 1 are

X(q,H, ) :=q- X(e,H, ), where X(e,H, a) := {p: dist (p,H) < a||p| }.

When working with functions acting between complementary subgroups, we will consider also
the following family of cones.

Definition 10. If M, H are complementary subgroups in G, ¢ € G and 8 > 0, the cones Cyv (g, 3),
with base M, axis Hl, vertex ¢, opening [ are defined as

Cwvu(q, 8) = q- Cuyu(e, B), where Cyim(e, 8) = {p: |lpm|l < B lpmll} -
Observe that
H = X(e, H, 0) = CM,H(€7 O), G= X(C, H, 1) = UB>OCM’H(€, ,8)

Moreover, the cones Cym(g, §) are ‘equivalent’ with the cones X (g, H, o). Indeed

Proposition 3.1.1. If M H are complementary subgroups in G then, for any o € (0,1) there is
B> 1, depending on a, M and H, such that

CM,H(Q> 1/6) C X(Q,H, Oé) C CM,H(qvﬁ)v

Proof. It is enough to prove the claim with ¢ = e. Let us prove the first inequality. By definition
and by dilation invariance of the cones, it is enough to prove that for each o € (0, 1) thereis 8 > 0
such that

1
(32) [lpwall < 5 Ilpu| = dist (p,H) <a  for all p € G with [|p|| = 1.

From [lpu| < 4 [lps] and (24)

1 1 1
14— < - < —.
(33) (1+3) lprall < 5 (llpeall + llperll) < 2=
Then, from (29) and (33), there is ¢; = ¢; (M, H) > 0 such that
dist (p,H) < ¢ U oG o
(p ) >~ (1 ||pM|| — (Co(l "‘B))I/H —

if 8 is large enough, for all p € G with ||p|| = 1. This completes the proof of (32).
Let us prove the second inequality in the claim of the theorem. Once more, by dilation invariance
of the cones, it is enough to prove that for each 5 > 0 there is « € (0,1) such that

dist (p,H) < a = ||pml| < 58 ||pml| for all p € G with ||p|| = 1.

From (29) we have
Il < ci/"dist (p, H)/* < c}/"al/*.
Hence, from |[p|| =1 and (24),

1
1=t/ <1 |lpul| < pul] -

Finally
Il <~
1 ci/ﬁal/“
and we can choose « so small that the fraction is less than j. O

Now we introduce the basic definition of this paragraph.
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Definition 11. Let H be an homogeneous subgroup, not necessarily complemented in G. We say
that an H-graph S is an intrinsic Lipschitz H-graph if there is o € (0, 1) such that,

SNX(p,H,«a)={p}, forall p e S.
If M, H are complementary subgroups in G, we say that f: £ C M — H is intrinsic Lipschitz in €

when graph (f) is an intrinsic Lipschitz H-graph. )
We say that f: £ C M — H is intrinsic L-Lipschitz in £ for L > 0 if for all L > L

(34) Cu(p,1/L) Ngraph (f) = {p} for all p € graph (f).
The Lipschitz constant of f in £ is the infimum of all L > 0 such that f is L-Lipschitz.

It follows from Proposition 3.1.1 that f is intrinsic Lipschitz in & if and only if it is intrinsic
L-Lipschitz for an appropriate constant L, depending on «, f and M.

Because of Proposition 2.2.18 and Definition 10 left translations of intrinsic Lipschitz H-graphs,
or of intrinsic L-Lipschitz functions, will be intrinsic Lipschitz H-graphs, or intrinsic L-Lipschitz
functions. We state this in the following theorem.

Theorem 3.1.2. If G is a Carnot group, then for all ¢ € G,
if S C G is an intrinsic Lipschitz H-graph then q - S is an intrinsic Lipschitz H-graph;
if f:& CM — H s intrinsic L-Lipschitz then f,: &, C M — H is intrinsic L-Lipschitz.

The geometric definition of intrinsic Lipschitz graphs, proposed in Definition 11, has equivalent
algebraic forms (see also [5], [24], [26]).

Proposition 3.1.3. Let M, H be complementary subgroups in G, f : € C M — H and L > 0. Then
(i) to (iil) are equivalent.
i) f is intrinsic L-Lipschitz in &.
(i)  ||Pu(@ ')l < L|Pu(@'q)| forallq,q e graph(f).
(iii) qu_l(m)H < L|lm||  for all ¢ € graph (f) and m € E5-1.

Proof. The equivalence between (i) and (ii) follows from definition (10), observing that if ¢ €
graph (f), then Cyvu(q, 1/L)Ngraph (f) = {q} is equivalent with Cym(e, 1/L)Ngraph (fz-1) = {e}.
The equivalence of (ii) and (iii) follows once more from the definition of cone and left invariance
of the definition. Indeed we recall that fz-1(m) = ((f(m)m)H)_lf(m(f(m)m)M), then (gm)y =
(mf(m)m)u = (f(m)m)x and (gm)y = (mf (m)m)u = m(f (m)m)m. -

Remark 3.1.4. f is intrinsic Lipschitz if and only if the distance of two points ¢,q € graph (f) is
bounded by the norm of the projection of §~'q on the domain M. Precisely, f : £ ¢ M — H is
intrinsic Lipschitz if and only if there is a constant C' > 0 such that

|74 < € IPu@ '] for all 0. € graph (9.

The relations between the constant C' and the Lipschitz constant L of f follow from (24):
if f is intrinsic L-Lipschitz then

chfqu <(1+1L) HPM((jflq)H , for all q,q € graph (f);
conversely, if H(jfqu <c¢o(1+ L) HPM((jflq)H then
IPr(g '9)|| < L||Pu(@ 'q)||, forall ¢,q € graph (f)

and f is intrinsic L-Lipschitz.
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Remark 3.1.5. If G is the semi-direct product of Ml and H, (ii) and (iii) of Proposition 3.1.3 take a
more explicit form. Indeed, recalling Remark 2.2.20, we get
(i) If M is normal in G then f is intrinsic L—Lipschitz if and only if

Hf(m) H<LHf Y~ tmf (m H for all m,m € &.
(ii) If H is normal in G then
((gm) Muf ((gm)m) = m_lf(m)_lmf(mm),
hence (iii) of Proposition 3.1.3 becomes
Hm_lf(m)_lmf(mm)H < L|m|| for all m,m € £.
(iii) If G is a direct product of M and H we get the well known expression for Lipschitz functions
Hf(m)_lf(m)H SLHT?L_LWLH, for all m,m € €.
In this case intrinsic Lipschitz functions are the same as the usual metric Lipschitz functions from
(M, doo) to (H, dwo).

Remark 3.1.6. It is a natural question to ask if intrinsic Lipschitz functions are metric Lipschitz
functions provided that appropriate choices of the metrics in the domain or in the target spaces
are made. The answer is almost always negative. Nevertheless something relevant can be stated.
Given f: & C M — H, we consider the function dy; s = dy : € x £ — RT defined as

dy(mams) = & (67 a2yl + a5 al)  for sll i € £

where g; :=m; - f(m;) € graph (f)-
If f is an intrinsic L-Lipschitz function then dy is a quasi distance in £. By quasi distance we mean
that dj is a distance with the weaker triangular inequality (35). Moreover the parametric function
Dy,

Dy (€,df) = (G,doo), O¢(m) :=m- f(m), for all m € £.
is a metric Lipschitz function. That is, ®; is a metric Lipschitz parametrization of graph (f)
provided we endow £ with the quasi distance dy. We stress that in general it is impossible to find a
unique quasi distance working for all the intrinsic Lipschitz functions. Notice that this is possible
exactly when H is a normal subgroup.
Let us check that dy is a quasi distance. Clearly dy is symmetric and my = mo yields d f(ml, ma) =
0. About triangular inequality, observe that, for all q1, g2, g3 € graph (f),

o [[(ar " a2)u| < llar a2l < [lar"as| + [las ez |
< H(ql_l%)MH + H(ql_1Q3)HH + H(qa_lfh)MH + H(q3_1QQ)HH
using here that f is intrinsic Lipschitz to bound the H components,
< (U4 1) [[(ar as)uall + (1 + L) [[ (a5 a2 )|
Eventually we get the weaker triangular inequality
(35) d¢(mi,ma) < ((1+ L)/co) (df(mi,m3) + dg(msz, ma)) for all my, ma,m3 € £.
Finally, from the preceding computations, we have also that
(36) qu_lng = ||®p(m1) '@ (me)|| < (1+ L)ds(mi,ms) for all my,mg € £.

This completes the proof that ® is a Lipschitz parametrization of graph (f).
As anticipated, we have a remarkable special case when H is a normal subgroup. Indeed, when
H is a normal subgroup,

(67 ' q2)y = (F(ma) " tmi ' maf(ma))y, = my 'ma
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hence, the distance d; is independent from f, precisely
df(mi,meo) = Hml_lmgH = doo(my, ma).

and ®¢ : (M, ds) = (G, ds) is a Lipschitz parametrization of graph (f).
Inversely, if ||®¢(m) ' ®s(m)|| < K ||m~'m|| then

co ) | < K [t = 6 | ) o)

that is f is intrinsic Lipschitz by (ii) of Proposition 3.1.3. It is worth to state this fact as an
independent Proposition.

?

Proposition 3.1.7. Let M, H be complementary subgroups of G. Assume that H is a normal
subgroup in G. Then f : £ C M — H is intrinsic Lipschitz in &, if and only if @y : (£,dx) —
(G,dw) is metric Lipschitz, that is if and only if there is K > 1 such that

(37) H<I>f(m)*1<l>f(m)H <K Hmflm{ , Jorallm,me €.

If H is not a normal subgroup Proposition 3.1.7 can be false: even if f is very regular, the
‘natural’ parametrization of graph (f) given by ®; may be non metric Lipschitz. Consider the
following example in H' = R3.

Let W, V be the complementary subgroups V = {v = (v1,0,0)} and W = {w = (0, w2, w3)} and
f W — V be the constant map defined by f(w) = (1,0,0) € V. Then graph (f) is a vertical plane
in R3, parallel to W. The ‘natural’ parametrization @ : W — graph (f) C H! acts as

<I>f(w) = (1, we, w3 + wa/2).
Then ®¢(e) = (1,0,0) and, if w = (0,¢,0), ®r(w) = (1,¢,¢/2). Hence H<I>f(e)_1-<1>f(u_))H is

comparable with /2 while ||@|| is comparable with ¢ and (37) fails.

When M is a normal subgroup then not only ®; but f itself is a metric Lipschitz function from
M, d¢) to (H, dso). Indeed, in this case,
f
(41 'q2)yg = f(ma) " 'my tma f (ma) and (q; ' q2)g = f(ma) ™" f(ma).

Hence, using (ii) of Proposition 3.1.3, we have

1Fma) = Fma) || = ([ @)l < Ll(ar @)yl = L[ (m1) " my tmaf (ma)]]
for all m1, me € £. Hence, we get the metric Lipschitz continuity of f, that is
Hf(ml)_lf(mQ)H < Ld¢(my,ma), for all my,my € €.

Finally we notice that it is an open problem to understand if and when metric Lipschitz pa-
rameterizations of graph (f), different from the ‘natural’ parametrization ®¢, exist. This problem
was addressed in [15] where the authors proved that, if S is a codimension 1 surface in H" and
if it is somehow more regular than just Lipschitz, then a metric Lipschitz parametrization of S
exists (with a parameter space independent of S). On the contrary, D.Vittone in [8] proves that
bi-Lipschitz parameterizations may not exist.

Intrinsic Lipschitz functions, even if non metric Lipschitz, nevertheless are Holder continuos.

Proposition 3.1.8. Let M, H be complementary subgroups in a step k group G. Let L > 0 and
f:&€ CM — H be an intrinsic L-Lipschitz function. Then
(i) for all R > 0 there is C; = C1(M, H, f, R) > 0 such that

(38) If(m)|| <C1  form € & such that |m| < R.
(ii) For all R > 0, there is Cy = Co(G, M, H, C1, L, R) > 0 such that

| Fom)~pm) | < Co ]|

form,m € €& with ||m|,||m| < R.
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Proof. Fix m € € with ||m|| < R. From (ii) of Proposition 3.1.3 with ¢ = mf(m) and ¢ = mf(m),
we have

(39) | (f ()=t~ m)Hf )|| < L|[(f(m)~ m~m) for all m € €.

ll
Now (38) follows from (39) using (24), triangle mequality and the limitations on ||m|| and on ||m|.

To obtain the Holder estimate observe that, from Corollary 2.2.11 and (38), there is C3 =
Cs3(M, H, Cq, R) > 0 such that

(40) [(Fm) = m = m), || < Cs m="m||"",  for all m,m € &, |m|,|Im| < R.
Then, from (39),
@) [(Fem) " m) y f(m)|| < LCs [~ m", for all m,m € &, |Im]|, [m]| < R.
From Lemma 2.2.10 and (38) we have
(42) £ ()~ m i f (m)|| < Co ||l
from (24), (40) and (41)

[ f(m) " m ™ mf (m) || < || (F(m) " m ™ mf (m) ||+ || (F(m) ™t b f(m) |

= |(f(m) " tm ™ m) ||+ [ (F ()~ hm 1m)m”(m)H

<(1+01L) C’3Hm |

for all m,m € £ with |m||,|m| < R. Finally, from the last one and from (42)
7 em) "2 )| < (£ 0m) " e mf (m)[| 4 [ 6m) ™ m” mf (m) | < G [Jm m|
for all m,m € £ with |m||, ||mH <R. O

1//@

3.2. Surface measure of Lipschitz graphs. Let M, H be complementary subgroups in G, let
&€ C M be an open set. If f : £ — H is intrinsic Lipschitz, then the metric dimension of graph (f) is
the same as the metric dimension of the domain £. In fact, we prove below a stronger statement:
a Lipschitz graph parametrized on a homogeneous subgroup of dimension d,, is (locally) Alhfors
dm-regular.

A non trivial corollary of this estimate is that 1-codimensional intrinsic Lipschitz graphs are
boundaries of sets of locally finite G-perimeter (see [19], Theorem 4.2.9).

We point out that in Euclidean spaces it is always true that the Hausdorff dimension of the
graph of a Lipschitz function equals the Hausdorff dimension of its domain, even if the domain
fails to be open. Notice that in Euclidean spaces intrinsic Lipschitz functions are the same as
Lipschitz functions. In Carnot groups this stronger statement (stronger in the sense that holds
also for lower-dimensional domains &) is false in general as the following easy example shows: in
the Heisenberg group H' := (R3,-) let V and W be the complementary homogeneous subgroups
defined as V := {v = (v1,0,0) : v; € R} and W := {w = (0, w2, w3) : wa, w3 € R}. Let f: W =V
be the intrinsic Lipschitz function (constant) defined as w = (0, w2, w3) — f(w) := (1,0,0). Let
€ = {(0,w2,0) : wy € R}. Since £ is an horizontal curve, its metric dimension equals 1. But
f(€) = {(1,wq, —w2/2) : wa € R} is not anymore an horizontal curve, hence its metric dimension
is larger than 1, indeed it equals 2.

Notice that the proofs of upper and lower bounds for the Hausdorff measure of a Lipschitz graph
work trivially in Euclidean spaces. Indeed if f : R¥ — R™* is Lipschitz then the map ® I RF — R™
defined as ®¢(x) := (z, f(x)) is a Lipschitz parametrization of the Euclidean graph of f; this gives
the upper bound. On the other side, the projection R” = RF x R»* — R* is Lipschitz continuous,
with Lipschitz constant 1, yielding the lower bound. Such a proof cannot work here. From one side
the projection Py or Py are not Lipschitz continuous, on the other side, as observed in Remark

25



3.1.6, the ‘natural’ parametrization ®; : M — G, ®¢(m) := mf(m), is almost never a Lipschitz
continuous map between the two metric spaces Ml and G.

Theorem 3.2.1. Let M, H be complementary subgroups in G. Let d,, denote the metric dimension
of M. If f : M — H is intrinsic L-Lipschitz in M then there is ¢ = ¢(M, H) > 0 such that,

dm
(43) (1 f L) R < 87" (graph (f) N B(p, R)) < e(1 + L) R

for all p € graph(f) and R > 0, where ¢y is the structural constant in Proposition 2.2.9. In
particular, graph (f) has metric dimension d,,.

Proof. The lower bound for Sjm (graph(f)) is a consequence of Lemma 2.2.17. Indeed, assume
ng (graph (f)NB(p, R)) < 00. Fix e > 0, choose r = () > 0 and a covering of graph (f)NB(p, R)
with closed balls B; = B(p;, ;) such that r; < r and

N e < Si (graph (f) N B(p, R)) + <.

Now observe that if f: M — H is intrinsic L-Lipschitz and p € graph (f) then

(44) Py (B (p, 163-RL)> C Py (graph (f) N B(p, R)) for all R > 0.

Indeed, m € Py (B(p, fﬂ_}z)) if and only if there is h € H such that Hp_lth < f?i Hence, if
m € Py (B(p, ff;_—lz)) then

coR
1+ L°

¢o |[Prr (p7'm) || = co [P (p~ mb) || < [ mhl| <

On the other side, using also the last inequality in Remark 3.1.4,

I~ mf ()| < (1L+ L) [[Pea (p~ " f (m) |
= (14 L) [[Pua (p~'m) |
<R.
Hence mf(m) € graph (f) N B(p, R) and m € Py (graph (f) N B(p, R)) and (44) is proved.

Denoting as d; < d,,the topological dimension of M, from (44) and Lemma 2.2.17 we conclude that
for all € > 0,

dTVL
Co dm _ pds C(]R
C(H—L) Rl = £ (P(B(p, ;27 )

< L% (Py(graph (f) N B(p, R)))
< Z L% (P (By))

= chf’"
< ¢S4 (graph (f) N B(p, R)) + e,

and the left hand side of (43) follows by letting € — 0.
To prove the upper bound in (43), we show that there is ¢ = ¢(G,M, H, R, L) > 0 such that for
any p € graph (f), R > 0 and ¢ > 0, it is possible to cover graph (f) N B(p, R) with less than

N =ceg~%m
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metric balls of radius not exceeding 5e. Without loss of generality we assume p = e and we fix ¢,
0 < e < 1. By a Vitali covering argument we choose a family of metric balls B(g;, 5¢), such that

graph (f) N B(e, R) UB (¢i,5¢) @i =mif(m;) € graph (f), i=1,...,N,

and the concentric smaller balls B; := B(g;, &) are pairwise disjoint. We have to estimate the
number N. With this purpose, recall the semi metric d; defined in Remark 3.1.6 and observe that
from (36)

2¢ < |lg; 'qj]| < 1+ L)dy(ms,my)  forall i # j.

Hence
2e
(45) (+1) < dg(m;,m;j) for all m; # m;.
Denote

—— . . COE
&= {mEM.df(m,mz) < (1—|—L)2}'

Because of (37) and (45), if m € & N &;, with ¢ # j, then
2e 1+L 2e
g S dylmimy) < S (dmam) +dy(momy) < g
a contradiction. Hence the sets &; are pairwise disjointed

ENE =10 for i # j.

We want to estimate from below the £ measure of the sets &. To this purpose observe that,
from Remark 3.1.4 and for all g1, g2 € graph (f),

Ce < letall < A+ L) Py (e ta)|;

K

co ||Pwm )
hence
[P (g7 'a2) || < (1 +L)/co) [|Pra (a5 1)

and finally

1+ L
dg(mi, ma) < 2; HPM (quQQ)H for all ¢1, g2 € graph (f).

From the last inequality we have that,

sco

5D{m€M [P (q;" )H_ 3,q=mf(m)}-

Observe that, for any § > 0,
{meM:|[Pu (g )| <6 a=mfm)} =Pu (g {weM: |uw] <d})
:PM(qi (B (676)0M))-

Moreover, the map M — M defined as m +— Pyi(gm) for a fixed ¢ € G has unit Jacobian. Hence,
recalling also Lemma 2.2.17,

L£%(&) > £% (B(e,eci(1 + L)™?)) = ce’m.
Because & C Puyi(B(e, R + 1)) there is ¢ = ¢(G, M, H, L) such that
N < cRm g=dm

and the proof is concluded U
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3.3. Examples of intrinsic Lipschitz functions. Pointwise limits of intrinsic Lipschitz functions
are intrinsic Lipschitz.

Proposition 3.3.1. Let M and H be complementary subgroups of G. Let f, f, : € C M — H, for
n=12... and L > 0.

(i) If the fy’s are intrinsic L-Lipschitz in € and if f is the pointwise limit of f,, then f is intrinsic
L-Lipschitz.

(ii) If the f’s are locally equibounded and intrinsic L-Lipschitz in &, then {f, :n = 1,2,...} is
precompact with respect to uniform convergence in bounded subsets of £.

Proof. The first part follows from the characterization of intrinsic Lipschitz functions given in
Remark 3.1.4, together with the continuity of projection maps stated in Proposition 2.2.14.

Proposition 3.1.8 yields that the f,’s are locally equicontinuous, hence precompactness follows from
Arzela Ascoli Theorem. O

In the following proposition we identify a large class of intrinsic Lipschitz functions. To motivate
the introduction of these functions, we notice that when N is 1-dimensional their graph is the
boundary of the ‘positive part’ of an intrinsic cone. With notations made precise in Section 4, we
have

graph (¢r) = 9Cy (e, 1/L),
where Cyf; (e,1/L) is the part of the cone Cyn(e,1/L) contained in the ‘halfspace’ S¢, i.e.
C&I,N(e, 1/L) = S(;g N CMN(G, 1/L).
Differently rephrased, next Proposition states that the boundary of a ‘positive’ intrinsic cone is an

intrinsic Lipschitz graph. This result has a technical motivation in the proof of Theorem 4.0.5.

Proposition 3.3.2. Let M and N be complementary subgroups of G. Choose L > 0, n € N with
|In|l =1 and define ¢, = ¢ : M — N as

Pr(m) := Opjm|n-
If N is horizontal, there is Ly = L1(L,G) > L such that ¢y, is intrinsic Li-Lipschitz.

The proof relies on the following two statements. The estimates in them are in the spirit of the
ones in Lemma 2.2.10 but they do not follow from them. Indeed here we estimate the Euclidean
norms of the vector components of h~!gh.

Lemma 3.3.3. If g,h € G then
h™'gh =g+ P(h,g),
where P(h,g) = (PY(h,g),...,P*(h,g)), with P (h,g) = 0 and, for 2 < j < k, PI(h,g) are (vector

valued) polynomial functions homogeneous of degree j. Moreover, if B C G is a bounded set, there
exists Cp = Cp(G) > 0 such that, for j =2,...,K,

HPj(h,g)Hnj <Cp (Hngm 4ot ||9j71Hnj,1> for all h,g € B.
Proof. A direct computation gives
h™'gh =g+ Q(g,h) + Q(=h,g + h+ Q(g, h))
and we set
P(h,g) = Qg,h) + Q(=h, g + h + Q(g, h)).
Hence P!(h,g) = 0 because Q'(h,g) = 0, for all h,g. To estimate P’ (h,g) for 2 < j < k we use

(5). The main point is to observe that, as a consequence of (5), P’(h,g) is the sum of monomials
each one containing a positive power of some g;, for 1 <7 < m;_;. Hence the claim follows. O
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Corollary 3.3.4. There is a vector valued polynomial function P : G x G — R™ such that
hiptqh=q—p+P(h,plq) for all h,p,q € G.
Moreover, if B C G is bounded, there is Cg = C(G) > 0 such that, for j =2,...,k,

Hﬁj(h,p_lq)Hnj <Cs (=o', ++la=p"ll,, ) forallhpoes.

Proof. From Lemma 3.3.3
hlplqh=p~'q+P(h,p 'q) =q—p+ Q—p,q) + P(h,p"'q).

Recalling (5), for all 1 < i < m; we have homogeneous polynomials Ré’n such that

mj—1

Qi(—p,a) = > Riu(—p,a) (~pedn + Pnde)
lin=1

mj—1

= > Riu(=p.0) (an(ae — pe) — qe(gn + pn))
In=1

Hence

Q7 (—p, Q)Hnj <c(lgn —pil+ -+ @m;_, — Pm; 1)
<c(l@=p'l,, +-+l@=p"",, )

Also P(h,p~'q) can be estimated in the same way. Indeed, from Lemma 3.3.3 and the preceding
inequalities

[P (h.p~ )], < s (H(p_lq)le ot H(p_lfJ)j_lHnj,l)

< B; (- »
j—1

< 562 <H(q —p)

(=1

I A

)

Proof of Proposition 3.3.2. Because N is horizontal then M is a normal subgroup and, by (i) of
Remark 3.1.5 we have to prove that

|oL(m) " tor(m)|| < Ly || (m) 'm ™ mer(m)||  for all m,m € M.

O

We assume without loss of generality that L = 1 and that ||m|| < ||m||. Finally, by homogeneity, it
is enough to prove that there is L; > 0 such that

[or(m) " or(m)|| < Lu [|or(m) ™ m™ mer(m)||  for all [m|| < [lm] = 1.

(Step I) Because N is horizontal it is abelian and it can be identified with a linear subspace of the
first layer R™. The group operation in N is the usual Euclidean sum. Hence

or(m) 'or(m) = dr(m) — ¢r(mM) = 8jmn — jmyn-
In the notation of (6), n = (n',0,...,0) and §on = (ant,0,...,0), for & > 0. Then

oL (@) oL (m)|| = |llmll — [mll] Inll = [l7] — [ml],
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because ||n|| = 1. Moreover, there is ¢; = ¢1(G) > 1, such that
K .
(46) Il = llmll < e Y (| —m)’|,, . for all m]| < |m|| = 1.
Here ||-|| is the group norm and ||-||,, or H||nj are the Euclidean norms in R™ or R™. Now remember

that [tP — sP| < p|t — s| for 0 < s,t < 1 and p > 1. Hence if ||m|| < ||m| = 1 and if @ is the
homogeneous dimension of G,

. Q . Q
Il = flmll < ] = flm|© = max{el? ]} } - mas{=7 [|m]| }
K
<>
Z \H”Hnj [m]],,
<Z JHmﬂ m’ |,
SqZH(m—mVHW
Jj=1

Q L Q
e B
5 5

and this proves (46).
(Step II) From Corollary 3.3.4, with h = ¢ (m) we have

¢r(m)"tm T mgr(m) =
((m = m)" (7= m)? £ P2 (m).m~ ). (0= )+ P (G (m). ' m) ).
Hence, there is ¢y = CQ(G) > 0 such that

lorGm) ™ m™ m g (m))|

(47) 2 € (H(m—m)l . H m)? + P*(¢r(m), m " 'm)

> =1

Nk

because all the terms on the right hand side are bounded.

We want to prove that » 7, H(m —m)’ Hn is bounded from above by a constant times the right
J

hand side I of (47). Once more from Corollary 3.3.4, there is ¢3 = ¢3(G) > 1 such that
(48) P/ (@ m),m~m)

n2

o+ || m = m)E P (@ m), )

_ )t _m)i1
LS es(flom=m), 4 fon = m ), )
for j = 2,..., k. Here c3 is the constant Cp of Corollary 3.3.4 where B is the unit ball so containing
¢r(m), m and m. Then we prove
(49> H<m_m)1”m <1
| (m — m)JHn < 2¢3(1 + 2¢3)7 21 for 2 <j <k.
J

The first line is clear. To obtain also the second one we argument by induction on j. Fix ¢ with
2 < ¢ < k and assume that (49) is true for 1 < j < £. Observe that if

|7 = m)* P (o1 (m), )
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then (49) follows with j = ¢. On the contrary, if

H(m —m) 4P (b (m), m "t m) < % H(m —m)* .
then
[P @imymtm)| >3 flom—my|

hence, by (48) and by the induction assumption,

fon -

< 2, <H(m =), e o=y

ne

< 9¢s (1 25+ ... 2e3(1 + 203)6—3> I
= 2¢3(1 4 2¢3) 21

Eventually from (49) we get
K
Sl =, <t
j=1

cic
where ¢4 = (1 + 2¢3)". Now the Proposition is proved with L; = o
C2

4. 1-CODIMENSIONAL INTRINSIC GRAPHS AND EXTENSION OF LIPSCHITZ FUNCTIONS

Through all this section G = M - N, where as usual Ml and N are complementary homogeneous
subgroups, but here we assume also that N is one dimensional and (consequently) horizontal.
Precisely we assume the existence of V' € g; such that N = {exp(tV),t € R}. Under these
assumptions, M is always a normal subgroup since, as observed in Remark 2.2.1, it contains the
whole strata G2,...,G" . As pointed out in the Introduction, graphs corresponding to such a
decomposition, can be viewed as graphs of “real valued functions”. The core of this Section is
therefore the proof of an extension theorem for “real valued intrinsic Lipschitz functions”, that is
the counterpart of the classical McShane extension theorem in metric spaces.

A couple of remarks are now in order: first of all, while any extension theorem for real valued
metric Lipschitz functions trivially yields an analogous theorem for (finite dimensional) vector-
valued Lipschitz functions, when dealing with intrinsic Lipschitz functions the situation is utterly
different. Indeed, the property of being intrinsic Lipschitz cannot be read in terms of “having
intrinsic Lipschitz components”. The second remark is that the extension property fails to hold for
intrinsic Lipschitz functions acting between subgroups associated with arbitrary decompositions.
Indeed, the extension property fails already for metric Lipschitz functions acting from R" to H™,
with n > m ([6]). Therefore, if we take G = R"™ x H™, we obtain easily a counter-example.

Since N = {exptV}, N can be identified with R so that it carries an order and we can define
the supremum and the infimum of families of N-valued functions. If fg : M — N for § € B with
fa(m) = exp(pg(m)V) and g : M — R, we define infgep fg: M — N as

Inf fg(m) := exp ( inf ps(m)V)

for all m € M s.t. infgep pg(m) is finite. Analogously are defined supgep fg, max{fs,, fs,},
min{fs,, fg, }, etc.

Theorem 4.0.5. Let M and N be complementary subgroups with N one dimensional. Let B C M be
a Borel subset of Ml and f : B — N be an intrinsic L-Lipschitz function. Then there are f : M — N
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and L = L(L,G,M,N) > L such that
f is intrinsic L-Lipschitz in M,
f(m) = f(m) for all m € B.
We need a few lemmas and notations in order to prove Theorem 4.0.5. Denote by S¢ (M, N) the

‘halfspace’
SEM,N) = {g: gy = exp(tV), with ¢ > 0}.

S (M, N) is the analogous one with ¢t < 0. If Cyn(p, @) is an intrinsic cone with one dimensional
axis N, we denote
Cit (e, @) == Cunle, a) N SE(M,N)

and C$’N(p, a):=p- CﬁN(e,a). Notice also that

(50) 9Cyy (e, 1/L) = graph (¢1),

where the functions ¢ : M — N, defined as ¢r(m) = dpj,(expV) = exp(L|m|| V), are the
functions considered in Proposition 3.3.2.

Lemma 4.0.6. For each a > 0 there is a1 = a1(e, G,M,N), 0 < a1 < «v, such that
C&}N(gn, ay) C CN—Z’N(Q, a), for all g € G and n = exp(tV) € N, with t > 0,
CM}N(gn, ay) C OM,N(97 a), for all g € G and n = exp(tV) € N, with t < 0.

Proof. By left translation invariance, it is enough to prove that

C&I’N(n, ap) C C’&N(e, a), for all n = exp(tV) € N, with ¢ > 0.

Let p = pmpy € CN'Z[N(e, a1), we have to prove that np € C&N(e,a). Because M is a normal
subgroup, (np)y = npyn " and (np)n = npn.
Because dim N = 1 and N is horizontal,

[(np)nl| = llpwll + [l -

Indeed, if n = expfV and 7 = expdV, then nit = exp ((§ + 0)V) and ||nn| = |6 + 6] = [0] + |0
when 6 and @ are positive.
By Lemma 2.2.10 there is C' = C(G) > 0 such that

|l = [[pwn || < pnall + € ("™ onall 7% 4 ) 0 gl
For k > 2 there is ¢ = ¢(k) > 1 such that si/rg(e=1/k 4 1)k g(k=1)/k < ot 4 cel=Fg for all s,¢ > 0
and for all € > 0. Hence we have
I(np)uall < (1 + Cee'™") [lpmll + Ce [Inll < aa (1 + Cee'=") [lpnll + Ce |||,
because p € Cy; (e, a1). Now choose ¢ = a/C and a1 = a/(1 + Cee' ™) to get

[(np)mll < allpnll + a[nl] = a [ (np)x]]

that shows that np € CIQZI y(€e @) and completes the proof for the "positive” cones. The case of the
"negative” cones is completely analogous. O

We can characterize N valued intrinsic Lipschitz functions using the fact that subgraphs and
supergraphs contain half cones. Precisely, for f : Y € M — N, with f(m) = exp(¢(m)V) and
p:U — R, we define the supergraph E;{ and the subgraph EJT of f as

E; = {mexp(tV): melU,t <p(m)}, EJT = {mexp(tV): meU,t>¢p(m)}.
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Notice that, if f: M — N is continuous,

By ={mexp(tV): meM, t < p(m)}, EJT ={mexp(tV): me M, t > ¢(m)}.
Lemma 4.0.7. f:U CM — N is intrinsic L-Lipschitz in U if and only if for all m € M
(51) Cyin(mf(m),1/L) C Ef and  Cyy(mf(m),1/L) C E; .

Proof. Let f(m) := exp (go(m)V), where ¢ : M — R. If f is intrinsic L-Lipschitz then for all
a < 1/L and for all m € M

(52) Crn(mf(m), ) Ngraph (f) = {mf(m)}.
Assume by contradiction that there is m € M and ¢ > ¢(m) € R such that
m - exp(tV) € Cy y(mf(m), ) N Ey;
but then m - exp(tV) € Cﬁ“mf(m), ), for all ¢ > ¢, in particular
- exp(p(n)V) € G (), o)

contraddicting (52).
On the contrary, if (51) is true, then for all 0 < a < L,

Crun(mf(m), a) = Gy (M f(m), @) U Cyy y(mf (), @)
CE;U EJ}F U{mf(m)}
proving that f is intrinsic L-Lipschitz. O

Proposition 4.0.8. Assume that fg : M — N for 8 € B is a family of intrinsic L-Lipschitz
functions. For all L > 0 there is L = L(L,G,M,N) > L such that, if

= inf
f 523 I8

then either f = —oo or f is defined on all of M and it is intrinsic L-Lipschitz.

Proof. Clearly,
- _ - + -
Ef =(E;,, Ef =E}.
B B

Assume there is m € M such that f(m) € N (i.e. the infimum is not —oo in at least one point).
Then, from Lemmas 4.0.6 and 4.0.7, for all & < 1/L

Cyn(mf(m),on) C Cyy(mfa(m), o) C Ep

Hence
Cyn(mf(m), n CﬂEi =E;.

It follows, in particular, that f(m) € N for all m € M and consequently we can repeat the preceding
argument for all m € M obtaining

Cyn(mf(m),on) C Ef for all m € M.
On the other side
Cg/rﬂN(mf(m),a) C E]TB for all m € M and 8 € B,

so that
C’&I’N(mf(m), a) C E]T for all m € M.

The claim then follows from Lemma 4.0.7. O
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Proof of Theorem 4.0.5. For each m € B let ¢r, 5 : Ml — N be the translated function
¢rm(m) = f(m)or (f(m)~"'m~ mf(m)),
where ¢, was introduced in Proposition 3.3.2. By Proposition 2.2.18 and Remark 2.2.20,
graph (¢1,m) = mf(m)graph (¢r).
Hence, from (50),
(53) graph (¢1,m) = OCy (M f(m),1/L).

Moreover, from Proposition 3.3.2 we know that ¢y, is intrinsic Li-Lipschitz, hence all the translated
functions ¢r, 7 are intrinsic Li-Lipschitz.
Define 07 : Ml — R and ¢ : B — R such that

b1 (m) = exp(@n(m)V) and f(m) = exp(p(m)V).
Since ¢, m(m) = f(m), we have
(54) O (m) = p(m), for all m € B.
Wedeﬁnef:M%Nas

f(m) = n_llréfé ér.m(m), for all m € M.

We want to show now that f(m) = f(m) for all m € B. Given (54), it is enough to show
(55) Om(m) > p(m), for all m,m € B.
Now, because f is intrinsic L-Lipschitz, keeping in mind (54),
(56)  lplm) — O im)| = lp(m) — 9(m)| = [|F(m)~ F)]| < L ) g ()
On the other hand, from (53), 07 (m) > 6,5 (m) and
Om(m) — Om(m) = H¢L,m(m)_1¢L,m(m)H =L H¢L,m(m)_lm_lm ¢L,m(m)H

=L [[f(m)"'m'm f(m)]|.

Combining (56) and (57) we get (55).

Finally we apply Proposition 4.0.8 with L = L; to get that f is intrinsic I:—Lipschitz for L :=
L(L1,G,M,N). O

(57)
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