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A WIENER TEST A LA LANDIS
FOR EVOLUTIVE HORMANDER OPERATORS

GIULIO TRALLI AND FRANCESCO UGUZZONI

ABSTRACT. In this paper we prove a Wiener-type characterization of boundary regularity, in the
spirit of a classical result by Landis, for a class of evolutive Hormander operators. We actually show
the validity of our criterion for a larger class of degenerate-parabolic operators with a fundamental
solution satisfying suitable two-sided Gaussian bounds. Our condition is expressed in terms of a
series of balayages or, (as it turns out to be) equivalently, Riesz-potentials.

1. INTRODUCTION

We are interested in Wiener type criteria of regularity of boundary points for evolutive hypoelliptic
operators. The case of the classical heat equation and of uniformly parabolic operators in divergence
form has been settled respectively by Evans-Gariepy [6] and by Garofalo-Lanconelli [§] (see below
for more detailed historical notes). As far as we know, there is no characterization results of Wiener
type even for the general Hormander model operator

(1.1) > X7 -0

In such sub-Riemannian settings, the only Evans-Gariepy Wiener criterion is in fact due to Garofalo
and Segala in [9] for the heat equation on the Heisenberg group (see also the recent work in [23]
dealing with the case of H-type groups). On the other hand, the papers [24] [I3] deal with Wiener
tests of Landis-type for the special class of Kolmogorov equations. In all these papers, the precise
knowledge of the fundamental solution plays a crucial role. A different approach has been carried out
in [I7, 26] for Hérmander operators, but the necessary and the sufficient condition for the regularity
are different.

In the present paper we prove a characterization result a la Wiener-Landis for a class of evolutive
operators containing (CI)). Actually our class contains in particular the operators in the form

p p
(1.2) > aij(2)XiX;+ Y bj(2)X; =0, for z = (x,t) € DX|Ty, Ty,
i,j=1 j=1

where D C RY is bounded and open, the smooth vector fields {Xi,..., X, } satisfy the Hérmander
rank condition in a bounded open set Dy DD D, a; ;,b; are smooth functions in Dy x]Th, T>[, and
the matrix (a; ;());; is symmetric and uniformly positive definite. Hérmander-type operators arise
in many theoretical and applied settings sharing a sub-Riemannian underlying geometry, for instance
in mathematical models for finance, control theory, geometric measure theory, pseudohermitian and
CR geometry.

Relatively to operators in (I.2]), our main result (Theorem [[3] below) reads as follows:

2010 Mathematics Subject Classification. 35K65, 35H10, 31C15, 31EO05.
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2 G. TRALLI AND F. UGUZZONI
if Q is a bounded open set which is compactly contained in Dx]T7,Ts[, and 2o € 012, then

o0
(1.3) zo is H-regular for 09 — Z Vae (z)(20) = +o00.

k=1
Here, Voe () denotes the balayage of some compact sets Qf(zg) involving suitable level sets of the
fundamental solution of the operator H under consideration (see the following sections for the precise
definitions).

Even for the heat operator, Wiener-type characterizations have a long history. To the best of our
knowledge, the first attempt in this direction is due to Pini in [22] where he proved a sufficient condi-
tion in the 1-dimensional case for particular open sets. Then, in [I9] Landis proved a characterization
for the regularity in terms of a suitable series of caloric potentials. Concerning the proper analogue of
the classical Wiener criterion for the heat equation, Lanconelli proved in [14] the necessary condition
for the regularity and, finally, Evans and Gariepy proved the full characterization in [6].

It is well-known that all the elliptic operators share the same regular points with the Laplacian,
whereas Petrowski showed in [21] explicit counterexamples of this fact even for constant coefficients
parabolic operators. This feature makes more interesting the study of the variable coeflicients case.
Several necessary and sufficient conditions have been investigated for classical parabolic operators
both in divergence and non divergence form, also with different degree of regularity for the coeffi-
cients (see, e.g., [19, 20, I5] and references therein). The Evans-Gariepy Wiener test was extended to
parabolic operators in divergence form with smooth variable coeflicients by Garofalo and Lanconelli
in [8], and with C'*-Dini continuous coefficients by Fabes-Garofalo-Lanconelli in [7]. We also mention
[10] 11 2, 1] (and references therein) for some recent developments in quasilinear parabolic settings.

We now turn back to the sub-Riemannian setting in order to put our result in perspective with
respect to the state of the art already mentioned. In [I7, 26] we found necessary and sufficient con-
ditions (different from each other) which are uniform in the class of operators (I.2). Such conditions
were expressed in terms of a series of capacities of compact sets involving only the underlying metric,
whereas in the true characterization ([L3]) of the present paper we express the condition with bal-
ayages of super-level sets of the fundamental solution T'(-,-) of each operator H in the class. To do
this we follow an approach which is more in the spirit of [I3]. One of the thorny issues of this strategy
ey
contrast with the homogeneous Kolmogorov case in [13], we have to face additional difficulties such as
the lack of an explicit knowledge of the fundamental solution and the lack of good scaling properties
for the operators. Another problem we have faced in pursuing this strategy is the identification of
the balayages with their Riesz representatives. Indeed, while the almost everywhere identification is
quite straightforward, everywhere identification seems to be a delicate point. One can approach such
a Riesz representation theorem by making use of mean value formulas: for operators as in ([2) the
kernel in the mean value formulas may change sign and a careful analysis is in order.

It turns out that in our approach we can use essentially only two-sided Gaussian estimates for I’
with respect to a well-behaved distance. For this reason we decided to present the results for a more
general class of diffusion operators by using an axiomatic approach in the spirit of [I8, [I7]. In the
following subsection, we proceed by fixing precisely the class of operators under consideration.

is to choose appropriately subregions of €27 (z9) where we can estimate uniformly the ratio . In

1.1. Assumption and main results. Let us consider the following linear second order Partial
Differential Operators

N N
(1.4) H=> ¢:;j(2) ., + Y ar(2)0, — 0,
k=1

1,j=1
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in the strip of RN+!
S={z=(z,t) : 2 eRY, ) <t <D}, —c0<T<Ty<o0.

We assume the coefficients ¢; j = ¢;,4, qi of class C*°, and the characteristic form

N
(2,8 =Y 4:;(2)6&, &= (&,....&v) €RY,
i,j=1
nonnegative definite and not totally degenerate, i.e., ¢x(z,-) > 0, gu(z,-) Z 0 for every z € S. We
also assume the hypoellipticity of H and of its adjoint H*, and the existence of a global fundamental
solution
(2,¢) = I'(z,Q)

smooth out of the diagonal of S x § satisfying the following:

(i) T(-,¢) € LL (S) and H(T(-,¢)) = —¢, the Dirac measure at {C}, for every ( € S; I'(z,") €

L (S) and H*(D(z,-)) = —6, for every z € S;

(ii) for every compactly supported continuous function ¢ on RY and for every o € RY, we have

(15) [ Tt €)d = plan)

as x — xo, t \, 7 €]T1,T>[ and also as x — xo, 7 't €]T1, Ta[;
(iii) there exists a distance d in R verifying the properties (DI)—(D3) below, and there exist
constants 0 < ag < bg and A > 1 such that the following Gaussian estimates hold
1
A

Hereafter, we denote by G, the function

(1.6) Gp, (2,0) <T(2,¢) < AGy(2,0), Vz,(€S.

Cul2,) = Cula .6, { oo
al%, = a(E,t, ,T) = dm,£2 .

m exp (—a%) ift> 7.

Remark 1.1. In particular, condition (ii) holds true if [on T(x,t,&,7)dE = 1 (for any fived x and
t > 1) and (iii) is satisfied (see Remark[22 below).

We fix here the notations we have just used. If A C RY (A C RN*1) | A| denotes the N-dimensional
((N + 1)-dimensional) Lebesgue measure of A. Moreover, we denote the d-ball of center « and radius
r >0 as

By(x,r) = B(z,r) = {y e RN : d(z,y) < r}.
Finally, we shall make the following assumptions on the metric space (R, d):
(D1) The d-topology is the Euclidean topology. Moreover (RY, d) is complete and, for every fixed
z € RN d(z,&) — oo if (and only if) & — oo with respect to the usual Euclidean norm.

(D2) (RN, d) is a doubling metric space w.r.t. the Lebesgue measure, i.e. there exists a constant

cq > 1 such that

|B(x,2r)| < ca|B(z,7)|, VYoeRN vr>o.

We will always denote by Q) = log, ¢q the relative homogeneous dimension.
(D3) (RM,d) has the segment property, i.e., for every z,y € RY there exists a continuous path
v :[0,1] = RY such that v(0) = z, (1) = y and

d(x,y) = d(z,7(t)) +d(y(t),y) vt €[0,1].
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Remark 1.2. Global Gaussian estimates as in (LQ) for the hypoelliptic operators of Hormander-
type in ([L2) have been proved in [3,4]. More precisely, such estimates are obtained for an extended
operator (outside Dx]Ty,To[) with respect to a Carnot-Carathéodory metric satisfying (D1)—-(D3).
Properties (i) — (ii) follow as well from the results in [4] (see also [16] and Remark[I1]).

This is the reason why we can apply our results to the class ([[2)), provided that we consider the
relevant bounded open sets  to be compactly contained in Dx|Ty, Ts[ (see (L3)).

Under the above assumptions the operator H endows the strip S with a structure of S-harmonic
space satisfying the Doob convergence property, see [I8, Theorem 3.9]. As a consequence, for any
bounded open set 2 with  C S, the Dirichlet problem

Hu =0 in €,
uloo = ¢

has a generalized solution H, f}, in the Perron-Wiener sense, for every continuous function ¢ : 922 — R.

A point zg € O is called H-regular if lim. ., H}(z) = ¢(z0) for every ¢ € C(99). The main result

of this paper is the following Wiener-Landis test for the H-regularity of the boundary points of .
If zp € 9 and X €]0, 1] are fixed, we define for k € N

1 klogk 1 (k+1)log (k+1)
(1.7) Q5 (z0) = {z eSNQ: (X) <T(z0,2) < <X) } U{zo0}.

Theorem 1.3. Let Q2 be a bounded open set with Q C S, and let zo € Q. Then 2 is H-reqular for
o9 if and only if

(1.8) ZVQE(ZO)(ZO) = +o00.
k=1

Here and in what follows, if F' is a compact subset of RVN*!, Vi will denote the H-balayage of F
(see Section [2 below for details).

Remark 1.4. Thanks to Theorem[21] below, we can write (L8] as
DT # pog (20 (20) = +00,
k=1

Remark 1.5. We would like to comment on the choice of the exponent a(k) = klogk in the definition
@3 of Q% (20). The superlinear growth of a(k) is crucial for our proof. On the other hand, the exact
analogue of the Evans-Gariepy criterion would have required the sequence of level sets with a(k) = k.
This is why Theorem[L3 is a Wiener criterion ‘6 la Landis’, who proved in [19] a similar result for the
heat equation with a suitable choice of a(k) growing fast at infinity. Here, we don’t use the strategy of
Landis. We use instead, as we mentioned, the strategy in [13] which takes ideas from [14][15]. In [13]
it appears the same choice a(k) = klogk as in Theorem[.3 We feel it is interesting to remark that
we can get the same accuracy in the result in the present situation (not without an additional effort)
where we know just two-sided Gaussian bounds on T (and not an explicit expression). In this respect,
we mention that in [8] the authors were able to prove the Evans-Gariepy-Wiener criterion in the case
of smooth uniformly parabolic operators in divergence form for which the fundamental solution is not
explicit: they were able to treat such a case by making crucial use of a refined Gaussian expansion of
the fundamental solution in terms of the underlying geodesic Riemannian distance. A sub-Riemannian
analogue of this noteworthy expansion is currently not available (to the best of our knowledge) for
equations as in (LII).
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Plan of the paper. In Section [2] we introduce suitable mean-value operators and we prove the
everywhere identification of the balayages with the Riesz potentials. As a intermediate step we also
prove a reproduction formula for the fundamental solution I'. In Section Blwe prove first the sufficient
and then the necessary condition for the H-regularity in Theorem [[33l To this aim, the crucial bound

for the ratio IF((ZZD% is performed via Holder-type estimates in Lemma B3] where z, ( move in special

subregions of Q¢ (zp). The construction of such regions, denoted by F}, and the proof of their needed
properties are quite delicate (see [BI3)), see also Lemma Bl and B:2)) and take a big part of Section
In Section [ we provide in Corollary [£]] a necessary and a sufficient condition for H-regularity
(different from each other) involving a suitable capacity of the compact sets Q(zy), and we then
deduce a regularity criterion in terms of the Lebesgue measure of Qf(zo) in Corollary Finally,
we apply such regularity test to the model case of heat operators in Carnot groups by establishing
in Corollary 4] a sharp geometric criterion for the regularity under an exterior (loglog)-paraboloid
condition.

2. BALAYAGES AS POTENTIALS

The hypotheses mentioned in the Introduction allow in particular to exploit the results in [I§]. For
example, to our purposes, it is crucial the notion of balayage which yields various characterizations
of the regularity of boundary points (see, e.g., [I8, Theorem 4.6]). We recall here the definition for
the reader’s convenience, together with other related notions of classical potential theory.

If O C S is an open set, we say that a function u : O —] — 00, 0] is H-superharmonic in O if u is
lower semi-continuous, it is finite in a dense subset of O, and

uZH;/ inV Ve eCV) with ¢ < ulpy

and for every H-regular open set V' compactly contained in O. A bounded open set V is called H-
regular if we can solve in a classical sense the Dirichlet problem related to H in V for any continuous
boundary datum (such H-regular sets form a basis for the Euclidean topology). We use the notations
H(O) for the set of H-superharmonic functions in O. For a given a compact set F' C S, we denote
Wr =inf{v € H(S) : v>0in S, v > 1in F} and we define the (H-)balayage potential of F as

(2.1) Vr(z) = ligninf Wr(C), zes.
—z
Here and in what follows we agree to let liminfe . w({) = supy . (infy w) being U. a basis of
neighborhoods of z. We know from [I8, Proposition 8.3] that
(2.2) Vi(z) =T % up(z) for almost every point z € S (and everywhere in S \ OF),

where pp denotes the Riesz-measure of Vg, i.e. the unique Radon measure in S such that HVey = —pup
in the sense of distributions. We recall that pp is a nonnegative measure with support in F. In this
work we are going to prove that the equality (2.2)) holds at every point of S. The validity of such
representation in OF will be in fact crucial in the proof of Theorem [I.31

Theorem 2.1. We have
Vi(z) =T xup(z) for every z € S (not only almost everywhere).

In the proof of this result we use mean-value representation formulas for C2-functions. To this
aim, let us write the operator in the following form

H =div, (Q(z,t)Vz) +Y — 0.
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For any r > 0 and z € S, we introduce the following mean-value operator

Myu(z) = Mlu(z) + M2u(z) = / E (2, Q)u(€) d¢ + / E2(z, Q)u(¢)d¢ =

P(z,r) P(z,r)

[ TEO@OVE O VR 0 u(Odc 4 [ div(y)(Oog (T (e O)u(O)d¢
P(z,r) P(z,r)

r r

where )
P(z,r) = {C €S :T(z() > ;}

We explicitly remark that E!(z,() > 0 whereas E2(z,() may change sign: this is due to the presence
of Y in the structure of H. For this reason, we also introduce

(23) Nau) = [ B 0) + B Qo) dc

If u is a C?-function in a neighborhood of a fixed point z € S and 7 is small enough, we have
1 /" 1

(2.0 w@ =M =1 [ (10 - 2 ) Huo)acap
T Jo JP(zp) P

The above formula can be proved by arguing essentially as in [I6, Theorem 1.5] and using the Gaussian
estimates ([[L6). We observe here that the hypothesis (L)), together with the Gaussian estimates,
implies that [pr (2, (§,t—¢))d{ — 1 as e — 07 (as shown in Remark Z2): this is enough to
complete the proof of the mean value formulas without knowing that [,y I'(z,¢) d¢ is identically 1
for any 7 < ¢ (as used in [I6], page 311]; see also [12]).

Remark 2.2. If [0) holds, then the assumption (L) is equivalent to

(2.5) Jow D, 1,6, 7) dE — 1

as x — xo, t \ 7 €]T1,T2[ and also as x — xo, T St €]T1, To|.

Proof. We first recall that there exists a constant 5 > 1 such that

(2.6) /gl < Jon D(x,t,6,7)dE < B for every x and for every 7 < L.

This follows from the Gaussian estimates since we know from [I8 Proposition 2.4] that

1
— < / Go(z,t,&,7)dE < B(a) for every x and for every 7 < t.
Ba) RN

To prove that (LH]) implies [2.H), we write
fRN F(‘rv ta 57 T) dg = f]RN F(‘Iv ta 57 T) Pk (f) d€ + fRN\B(wo,k) F(Ia t? 5’ T) (1 — Pk (6)) dé.

where 0 < ¢, < 1 is a suitable sequence of Cy-cut-off functions equal to 1 in B(zg, k). The second
integral at the r.h.s. can be made arbitrarily small by picking a large k using (Z.]), whereas the first
integral tends to ¢ (z9) = 1 by (L) respectively as @ — xo, t \( T or as x — g, 7 .

On the other hand, in order to prove that ([235]) implies (LH), for any ¢ € Cy we can write

f]RN F(.I,t,g,T) @(5) dg - @(IO) = @(IO) (fRN F(I5 t7§5 T) dé. - 1)
+ fRN\B(mo)(;) [(z,t,6,7) (p(§) — p(x0)) A€ + fB(mo,é) L(z,t,&,7) (p(§) — ¢(z0)) dS.

The first integral at the r.h.s. tends to 0 by (Z3]). From the continuity of ¢ and (2.6, the last integral
can be made arbitrarily small by picking a small § > 0. Lastly, for such a fixed §, the second integral
tends to 0 by the Gaussian estimates (as t —7 — 0 and  — o). O

2.7)
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In what follows, we also set

d(,0) = (dlw, &) +(t =TT, 2= (@1), (= () €5
The relative parabolic balls are
B(z,r)={¢eS :d(z,¢()<r}, z€8, r>0.
For the proof of Theorem 2.1l we need the following reproduction formula for the fundamental kernel

I.
Proposition 2.3. We have

M) = [ TEOPC e
for every z = (z,t), = (&, 7),n = (y,8) € S witht > 7 > s.

Proof. Fix 1 and 7 > s. For any z, let us denote v(z) = [on ['(2,{)T(¢,n) d§. Both v and T'(-,7) are
solutions in RY x (7,T%). Then, by the maximum principle [I8, Proposition 3.1], in order to prove the
statement it is enough to prove the following two facts: both v and I'(-, ) tend to 0 as CZ(Z, 0) = 4o0;
v(z) = T'((xo,7);n) as z — (xg,7) with ¢ > 7. It is immediate to see that T'(-,n) tends to 0 at infinity
by the Gaussian estimates (LG]) and the properties (DI)-(D2). On the other hand, by ([L.6)), we have

(28) U(Z) S Az/ Gao('z?C)Gao(Cun) dg +A2/ Gao('zvg)Gao(Cun) dg
RN\B(w,%d(w,y)) B(w,%d(m,y))
The first term in the right-hand side of ([2:8]) can be bounded above exploiting the fact that
(2.9) Gao(¢,m) < ed ?(¢,m)  with ¢ = (1, ao)
which follows from [I8, Proposition 2.2 and Proposition 2.5]: thus we get
/ Gy )Cas (G < — o [

RN B(z,Ld(z,y)) (1 —8)2 JRN\B(z,1d(z,y))

c —a0 d?(z.y)

76 t—T1
(r—s)%

c

Gao(2,¢) dg

~/]RN\B(m,%d(z,y))

ag d?(x,€)

where in the last inequality we used the fact that G,,(z,{) = e 2 -7 G%o(z, ¢) and the relation
d(z,€) > 2d(z,y). The last term in the right-hand side of ([2.8) can be bounded above noting that
B(z, 3d(z,y)) € RN \ B(y, $d(z,y)) by triangle inequality and using again (ZJ): this yields

/ Goo(2.)C (Cm) dE < Gao (2. ¢) Gl (C,17) dE
B(z,%d(z,y))

/RN\B(y,éd(%y))

-Q
() Gy (21C) .
RN\ B(y,%d(z,y))

Inserting the previous two estimates for the terms in the right-hand side in (2.8)), and using (2.7, we
infer

<c

/ G (2, ), dE <
RN\ B(y,3d(z,y))

A2 ap d2(z.y A2c02Q
v(z) € ———e ¥ / G (,) dé + %Q/ Gy (2,) dé
(1—5)% RN\ B(z,d(z.y)) (d(z,y))™ JRNB(y.3d(z.y))
2 ap d2(x, 2 .9Q
< B(a_o) A4c 67?0%“2(*7?1)—#[3(0,0) A?c2

(d(x,9))*
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which goes to 0 as z goes to co. We are left to prove that v(z) — I'((xo,7);n) as z — (zo,7) with
t > 7. We can write

o(z) = / Tz O (G m)en(€) dé + / Tz, OT(C ) (1 — or(€)) de.
RN RN\ B(z0,k)

We can then argue similarly to Remark ([Z2)): the second integral can be made arbitrarily small for
large k using ([2.9) and (2.0), whereas the first integral tends to I'((zo, 7); 7))k (z0) = I'((xo, 7); n) as
O

x = xo, t \, 7 by (LI).
We are finally ready to provide the proof of Theorem 211

Proof of Theorem[2l We first prove that Vi (z) < T'sxup(z) for any fixed z € S. Since Vi and T's pup
are nonnegative functions, we can assume Vp(z) > 0 and I'spup(2) < 400. By the lower semicontinuity
of Vg we know that, for any 0 < ¢ < Vp(z), there exists 7. > 0 such that Vp(¢) > Ve (z) —e > 0 for
all ¢ € B(z,r.). The upper bound in (IB) implies that I'(z, -) is bounded from above in S~ B(z, ;)
by a positive constant M.. Recalling the definition of P(z,-) and choosing 7. = M !, we obtain
P(z,7.) C B(z,r.) € S. Since we know that M, (1) = 1 from @2) and M, (1) < N,(1) by definition,
for all 0 < r < 7. we have
Vr(2) —e = (Vr(2) — &) My (1)(2) < (VF(2) — ) N:(1)(2) = Ni((Vr(2) — €))(2)-

On the other hand, since N, is monotone having a nonnegative kernel, while Vr and I' * pr have the
same average being equal almost everywhere by (2:2)), we then get

No(Vi(2) — €))(2) < N (Vie) (2) = No(T % pu) (2).
We now claim that there exists a nonnegative function §(r) which vanishes as » — 0 such that
(2.10) Ny (T ) (2) < (14 0() T % e (2).
Once this is established, collecting the above inequalities we obtain
Vr(z) —e < (140(r)) T x* pup(2) for all 0 < r < 7.

Letting r — 07 and then € — 07, we deduce Ve (2) < T'* up(z) as desired. We are thus left with the

proof of the claim. Denoting by m = maxzr— |div(Y")], for sufficiently small r > 0 we have

2z * o og (rI'(z
A@Jg«@MFuw@mc; L@#g(ﬂ,@(éﬂ@@@ﬂm)ﬂ

r

_m/</ E&ﬂﬁ@ngm«>wﬂm§m/</ Imgwmm«>@ﬂm
S P(z,r) r S Pz

<o [ ([, rentemnnen.nag) ardurt)

where ¢, := min {t’ 2 (o, ) € P(z, 7“)} From the reproduction property of I" in Proposition 23] we
then infer

(2.11) /P B EOIC ) ©de S max it (e ) (2) < oo

(a,t")eP(2,r)
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Let us now approximate I' x up with an increasing sequence of nonnegative C?-functions us such that
Huy, <0 and up — I'* pp pointwise. This can be done using for example the same argument in [16],
page 307]. By the mean-value formula for C2-functions (2.4]) we immediately get

ur(2) = My (uk) (2) = My (ur) (2) + M (wr) ().
On the other hand, as k — +oo, M} (ux)(z) — M} (T % ur)(z) by Beppo-Levi’s theorem and
M?2 (ug) (2) — M2 (T x ur) (2) by dominated convergence recalling that |E2(z, Jug| < |E?(2,¢)|T *
wup € LY(P(z,7)) by @II). This yields
(T # pp) (2) = My (D pp) (2) + M2 (T 5 pp) (2) = My (U5 pop) (2).
In particular
M (T pp) (2) < (T* pp) (2) = ME (D * pr) (2) < (T % pr) (2) + /7>( : |EZ (2, Q)| (T * pr) (¢) A€
Therefore, recalling the definition of N, in (23] and making use of (Z.I1]), we get

N, (T ) (2) < M (T % ) <z>+/ﬂ B2 Ol 0 ) €)ac

< (T pur) (2) + 2 / B2 (2, 0)] (T # ) (€) dC

P(z,r)

< | 1+2max [div(Y)] max [t —¢|| (T *ur)(2).
P(z,r) (z',t")EP(z,1)

This proves the claim ([210) recalling that P(z,r) shrinks to {z} as r — 07 by the Gaussian estimates
in (L6).

We now turn to the proof of the opposite inequality Ve > T'* up. Consider any v € H(S) with v > 0
in $and v >1in F. Then v — I'* ur € H(S \ F) being T' * ur H-harmonic outside F. Since
Pxpup <1in S (see, e.g., [I8 Proposition 8.3]), we have

Sl\lglgl;lig (v—Txupr)(n) >v()—1>0 V(eIF.

Moreover liminfy(, gy 400 (v = I'* pp)(x,t) > 0 by (LE). This implies v > I' % pp in S\ F by the
minimum principle in [I8, Proposition 3.10]. On the other hand, v > 1 > T up also inside F. Thus
v > T'* pup for all v as above. As a consequence Wr > TI' % up by definition of W, and hence

Vr(z) = lizrii?fWF(C) > lizriigff «pup(Q) > T x pp(z) forall z € S

by the lower semicontinuity of I' x pif. O

3. PROOF OF THE MAIN RESULT
In this section we set for the sake of brevity the notation
(3.1) a(k) = klogk.

We are going to make a repeated use of the following simple properties of the sequence a(k):

- k — «a(k) is monotone increasing and tends to 4o0;
- k'~ a(k+p) — a(k) is monotone increasing and tends to +oo, for any p € N.
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We consider a bounded open set  with closure contained in S. For any fixed zo € 0€2, we recall that
Q% (20) = {z €SN A <T(z,2) < )fo‘(kﬂ)} U{zo0}
where £ € N and A € (0,1). We also denote
Ei(z0) = {z €S : I'(z0,2) > )\_O‘(k)} U {70}

We start noticing that, by the Gaussian estimates (L8] and the property (DIJ), the sets Ex(z) have
non-empty interior for all k& € N. Moreover, we remark that the sets Q(z9) C Eg(z0) shrink to the
point zg as k grows. More precisely, by (L6) and the doubling property (D2), we get

(3.2) ¥r >0 3k =k(\ A, ag,cq, o) such that Qf(z) C (E(zo,r) Nn{t < to}) N Q forall k > k.

We first prove the sufficient condition for the regularity in Theorem Let us assume that, for
some fixed A € (0,1), we have

Z VQ;(ZO)(ZO) = +o0.
k=1

Hence, for any ¢ € N, there has to exist at least one ¢ € {0,...,¢— 1} such that
(3.3) Z Vag | (20)(20) = +o0.
k=1

We want to exploit (B3]) for a suitable choice of a constant ¢ which we are now going to fix once for
all. Let us denote by

(3.4) Qp =2 (% + 1) :

where 8 € (0,1) is the structural Holder exponent appearing in the Holder estimate for the solution
to Hv = 0 (we refer the reader to ([B:2I) below). We then fix ¢ € N such that

(3.5) q>qo:=Qs+ Ll for some constant m.
log (%)
To be precise, we can choose

cotutt) (o) ba(eet) we(omt) v (2)")

log (1 + QEl) , log (1 + QEl) 7 log (1 + QEl) , log (5?_52) 7 log (;g_&)

m =max | (g + 1,

Let us now pick ¢ € {0,...,q — 1} satisfying (33]). Denote

3.6 Thogri = max tog—T.
( ) kq+ CEEpars(0) 0
By (CG) and the definition of € (z9), we have that
(3.7) sup | B(zo,Vto — 7)| < |B(z0, \/Thgri)| < AXNFIFD,
e, .. (=0)

We also denote by
a4
Qp

4

] = 1 + the integer part of .
Qp

pzl—i—[
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So we get, since ¢ > @, that

q
0 .
B+1

4q q
3.8 —<p<l+—-<
(38) Qs Qp
We need the following lemma.
Lemma 3.1. For any k € N there exists Ty, ; € (0, Tjq4:) such that

(3.9) AN (katp+i) < }B (5170, T/:q+i) < 2CdA)\a(kq+p+i).

Proof. We first claim that, for every o € RY and ¢ > 0, there exists p > 0 such that
(3.10) o < |B(zo,p)| < 2cq40.

This follows in fact from the properties (DI))-(D2) of the metric space (RY, d) we are working in. Let
us prove ([BI0) in full details. Fix o € RY and o > 0, and consider

plo) =sup{r >0 : |B(zg,7)| <0} < +00.

Since |B(wo, p(0))] = U, <o) Blwo:7)
the definition of p(o) and the doubling condition we deduce
Q Q
1 plo) + + 1
o< B(wo,pa —l——)'gchxo,po <7" <cqgo|l+
5 (n.0t0) 4 7 )| < calBlao ot (2 -
for all n € N. We can then pick i € N such that o < [B (zg, p)| < 2cqo for p = p(c) + L.
By applying BI0) for o = AN**a+P+9) e derive the existence of a positive Ty p?) satisfying

B3). We need to prove that Ty, ; < Tyg+i- By the monotonicity of r — |B(zg,7)|, it is enough to
show that

(3.11) 1B (20, Tigrs) | < 261240 < |5 (i, /T

To prove (311 we can exploit again (BI0) for o = ﬁ/\o‘(kq”). There exists then p, > 0 such that
ﬁ)\o‘(kq‘”) < |B(wo, pi)| < £Aha+D Thus, by (C6) and the inequality |B(zo, pi)| < +AFIFD,
the point (zg,to — p3) belongs to Exq+i(20). Hence we get

5 o)

The proof of (BI)) is then complete, provided that we have

1 a(kg+p+i)—a(kg+i)
, le. < )

= lim, _, y(o)~ |B(z0,7)|, we have |B(xo,p(0))| < o. From

I+ —

1 )
= sup  |B(zo, Vo —7)| > |B(xo, pr)| = 5 AT,
C€EEkq+i(20) 2cqA

(3.12) L jethat) 5 g A nethatpi)

4¢2A2.
2CdA - Cd

A

The last inequality holds true for every k because of our choices for ¢ and p in (B5) and B.8)): as a
matter of fact, by the monotonicity properties of a(-) defined in B1]), we have
log(4c2A?)

. . P _
alkg+p+i)—alkqg+i) > alg+p) — alqg) > qlog (1—1—5) > qlog (1—}—6251) > 1og(§)
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c
kq+1

(3.13) Qfpu:(20) = (@ ps(20) N E > to = Tryy}) U (U (20) N {E < to— Ty }) = FO U
where the level T, ,; € (0, Tjq+4) is the one given by Lemma B.1] (satisfying (.9)).
By (1), (9), and since kg +p +i < q(k + 1) + i, we have

1B (w0 v/Trgr: )| < ar2o+) < pxetosot) < | (g, \ 17,
This implies that, by construction,

min  (to —7) > T3, ; > Theri > max (tg—t Vh,k e N, h >k,
<£,r>eF,z’(0 ™) 2 Tigri > Thar = e, (fo )

The previous lemma allows us to split the set € (20) in two pieces. For any k € N let us write

Vh,keN, h>k+1.

which says
(3.14) F} lies strictly below F} Vh,k €N, h>k.
Lemma 3.2. Suppose B3) holds. Then the compact sets Fi defined by BI3) satisfy

(3.15) > Vi (20) = +o0.
k=1

Proof. By the subadditivity of the H-balayage potential (recall the definition in (ZI])) we have
Vog . (z0) < Vo + Vi

kq+i

Since we know the validity of (B3], then the desired [BI5]) will be a consequence of the following
+oo
(3.16) ]; Vo (20) < +00.

To prove (BI0), we need to understand how FkO " shrinks to {zo} as k grows.
For any z = (z,t) € F"' C Qfg1i(20) with 2 # 20, by (LG) we have

) to —t AN (kati)
(3.17) d“(zg,x) < o 10g<|B oV =7] )

We recall that z € F,S’i implies by definition that 0 < to —¢ < T}, |;, and we know from B and

Lemma B3] that
|B (0, vto — )| < ‘B (560, leqﬂ) < }B (fco, \/qu-i-i)

On the other hand, by [9) and the choices for ¢ and p in (B8] and B8], we also get (by arguing as
for B.12))

(3.18) 1B (w0, /i)

< A)\a(kq-i-i)'

< 2¢g AN ket o A Nelhat) pip {i, e %, F } .
Cd

Q
These inequalities, together with the doubling condition (D2)) which says that |B(zo,/s)|s? <
cd ‘B (CE(), \ /sl)’ 5% for any 0 < s1 < s, allow to bound the term in (BI7). In particular we claim that

(3.19) (to — )1 < exl ) < 2Ty, .1 e
. o —t)log = 108
B (o =01) = B (a0, [T )
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To prove (B19) we can write

o7 ) A\ (ka+1) (t ) | ( A\e(kg+i) )

oq+i 108 — (to — 1) log

kq+ ’B (ZCO, /T/:q-l-i) ’B (:Eo, Vito — t)’
Ae(ka+i) AN (kg+1)

+ (T,:qﬂ- — (to — t)) log

= Tyyyilog
o) )

2 (o0 )
B (a0 Vo )]

—(to — t) log

By the doubling condition and the concavity of the logarithmic function, we have

’B(xo, Tiyrs) ) (h Q(T,jqﬂ-—(to—t))'

<1 b <1 =<
1B (w0, Vo —1)| | = 0g(ca) + 5 log to—t> < loglea) + 5 to—1

log

Putting together the last two relations we get the proof of (B19) since

A e (kg+i) A)e(ka+i)
275, log — (to —t)log
‘ 1B (w0, \/T,) |B (z0, Vo — 1)
A)\a(kq-ﬁ-i)
> Ty | log —logcy
o)
A)\a(kq-ﬁ-i) Q

—=1>0
2 b )

+ (T,:qﬂ- — (to — t)) log

oo i)

where we used (I8) and 0 <to —t < T}, ;. Therefore, from .I7) and (F.I9), we deduce that

A/\a(kq-l-i)

2T .
d? (zg,2) < kqti log
o\ o)

for every z = (,t) € F"". Moreover, again from (3I8), we also have

A)\a(quri)

2T} .
to—t < Tfpps < — Jog
ao 1B (w0 \/Tips)

The last two inequalities tells us that

Tegri log ANe(ka+D)

o\ B o)

z € B(zo,r,) with 72 =+/8

13
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This holds true for any z € F,S’i, i.e. we have just proved that
(3.20) F>' C Bzo, 7).

The representation formula proved in Theorem 2] (note that we cannot use (Z2)) since the point
20 € OF") allows to deduce

:“F,i” (F]S’l) .

Moreover, from the monotonicity with respect to the inclusion in ([B20)) and the results in [I7, Corol-
lary 2.4 and Proposition 2.1], we know that

MF;C),I' (Fko’z> < ClB(J:OaT‘k)'

1 a(kg+i+1)
Vigelo) = [ Tl O i) < ()

k

for some structural positive constant C. This says that

a(kq+it1)

—+oo —+oo 1
ZVFE,i(ZO) <Cy <X) |B(x0,7%)|.
k=1 k=1

Exploiting the expression we found for 7, the doubling property, and (B3), we get

Q
+o0 VB T EX i etk D) Q Apetkats)
i(20) < Y ot )
ZVFO (20) < Ccq (ao ) ; <)\) ’B (l‘o, \/ﬂ) log = ‘B (3;0 \/F)
— 9 q+i
o . .
log (L) /8 2 £ /1 elhatitt)—alkatp+i) Q
< 2062\ (%) 2 (X) (alkq +p +1i) — alk +14))*.
0 k=1

Hence, (316 is proved if we ensure the convergence of the series at the right-hand side. We thus
notice that the sequences a(kq+p+i) —a(kg+i+1) and a(kqg+p+1i) — a(kqg+1i) (recalling (B1])
are asymptotically equivalent respectively to (p — 1)log(kq + p + i) and plog(kq + p +i). Hence, the
series under investigation behaves like

+o0o 1

log (kq +p +1),
= (kg +p+i) P70

log Toa() by B8) and [B.5). This proves ([BI0), and therefore
the lemma. |

which is convergent since p > QL > 14

In the following lemma we finally determine the required bound for the ratio F((Z C)) for z € F} and
¢ € Fi. We do this by exploiting the Holder continuity of the solutions to Hu = 0 proved in [18]. It
is not surprising to infer estimates for the fundamental solution or for the relevant Green kernel by
using Holder-type estimates (see the related results in [I8, Proposition 7.4] and [I7, Lemma 3.3], see
also [27, 25]). The novelty in the present situation is due to the special regions F}, and it is strictly
related with the careful choices for ¢ and p in (B8] and [B38). We have the following

Lemma 3.3. There exists a positive constant My such that

['(z,0) € MoT'(20,¢) VYz€F.,VCE€F,, YhkeN, h#k.
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Proof. Fix any h,k € N with h # k. If h <k — 1, then by BI4) and (LE) we have I'(z,{) = 0, and
the statement is trivial. Thus, suppose h > k + 1.

Let us notice that, for any ¢ € F}, the function z + v¢(2) = % is a solution to Hv¢ = 0 outside
F{. We know from [I8, Theorem 7.2] that, if u is a solution to Hu = 0 in C, = B(zo,r) x (to —12,t0),
then we have

A B
!/
(3.21) lu(z) — u(z")| < Cpmax |ul <M> Vz,2' €Cy
c r

™

for some constant Cyp > 0 and 8 € (0,1). The constants 3 and Cp depend just on the constants
A, ag, bp in the Gaussian bounds () and on the doubling constant ¢4 of the metric d. We want to
use the estimate ([B.21]) for the function v¢ defined above in the cylinder C,, with the choice

1 *
(3.22) i = £ Digri

Since C,, C RN x (to — Tj,44,to), we have in fact that ve is a solution to Hve = 0 in Cy,. Let us

then estimate max;  |v¢|. To do this, we use the definitions of the sets F}: C Q4 ,+(20) together with
Tk

(T6) which yield

0 () I'(z,¢) A Ao (ka+i) A Ao (ka+i)

<wv-(z) = ’ < <

=Y T T(0.0) T BT T [Blao, V-7 — d(w,a))]
/\a(quri)

for any ¢ € F}, 2 € C,,,

A
|B(z0, 33/ = 7)]
where the last inequality is justified by the fact that ¢t —7 > T} ,, — r? = 4r} by 322). From the
inequality t —7 > Ty, — 7} = %T,jq +i» the doubling condition and B.9), we also get

e (kq+1) o \e(kg+i) , _
(3.23) ve(z) <A <¢gh? ——— for any ¢ € Fy,, z € C,,.
1 P \e(kg+p+i) k
B(.I()7 % qu-‘ri)
We now claim that
(3.24) FpCCr  Yh2k+1.

To prove this claim, we first consider the inclusion
(3.25) [to — Thet1,to — Thyti] € {to — Z,to}

which is valid since Thgti < % = 2—10qu +i- In fact, the doubling condition, (3.7) and ([B3.9) yield

Q

Q
Thati \ B(zo, \/Thg+i alhgti) 1\2
(8.26) <T]j‘qJr ) = Cd| - / = )| = ¢ Ai(kq-i-p-i-i) = (%)
kq+i ‘B(:vo, T,jqﬂ.)‘
where the last inequality holds true because of our choices for ¢ and p in (B1) and (3.8) since
alhg+i) —alkg+p+i) > alkq+q+i)—alkq+p+i)>a2q) —alg+p)

2 2Q5 log(cg20%)
1 — | >ql > .
q°g<1+p>—q°g<@a+2> log (3)

Y

q
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On the other hand, for any fixed z € F}, we have by (@) that

, fo—t Axalha+)
d (x07x) S agp log (|B (,IO’\/tO——t)| °

Using

Tigri B(wo, [T} 1)

Q
<t0—t> L Bl Vi)
_Cd‘—

together with ([3.9) and the fact that maxepo,c 5T log (%) = %C%, we deduce

A\ (hg+i)
B (0, Vo — 1)

d2 (IO ) I) S hate

2
2z ‘3(3307 Vito _t)|Q log (
ao‘B(,To,,/T]:qui)

ch% A& alha+i)

) < SR
(3:27) = 2eap \Bolkatpti) T Rati
Hence, we can affirm that
1
(3.28) x € B | xo, 3Tk

since with our choices for ¢ and p in B3) and B8] we have

2 .
Qef A&ottd 1.
2eap \Golkatp+i) “FITE =g g Rt

because of the validity of the chain of inequalities

[s)

2
204 > _ loglea (22))
Qp+2 log (%)

The claim [B24]) is thus a consequence of (3.28) and (B28).

Therefore, for any ¢ € F} we can apply in the cylinder C,, the estimate B2I]) to the function v, with
2/ =z and z € F}, and we get by 3.23) and [3.24)

. B
o Me(kati) (d4($, ZC()) + (fo - t)2> 4

alhg+1i) —alkqg+p+1i) > q10g<

(3.29) e (2) = ve(z0)| < Cocd5? s ri

Keeping in mind that 2 € F} and [322), we have by (327

2 .
dz(I,Io) - 50&2@ A%a(hq-ﬂ)

2 = 2 )
T 2eag )\go(katp+i)

Q .
to—t\ 2 < 5Thq+i ? < 5%0 Aa‘(thﬂ)
2 “\ T =27 Y Nalkq+pt)

and by ([B3.20)
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Hence, recalling also that v¢(z9) = 1, from (3:29) we deduce that the following holds

B
e okt 2 ga(hg+i) Salhg+i) \ *
o (2) — 1] < Coe, @57 +% A ( Q" A® 2GS )

Ne(kg+p+i) 462(13 )\%a(kq+p+i) + )\%a(querri)
Aaohati)  yalkg+i) Naalkatati)  ya(kgti)
(3.30) < \Gatkatp+i) \akatp+i) = 7y Ba(kqtp+i) \e(katp+i)

for all z € F} and ¢ € F}, and for all h > k + 1 (for some structural positive constant C'). Our aim is
to bound the right-hand side uniformly in k. In this respect, since a(n + s) — a(n) is asymptotically
equivalent (recalling (3])) to slog(n + s) as n goes to oo, we notice that

Nookatati)  ya(kgti) (kq+p+i)Plos(3)

. beh lik
\ G alkg+p+i) \o(katp+i) chaves fxe (kq—i—q—l—i)%(q*p) log(3)

which is convergent to 0 as k — 400 since we have taken

(8,

in 38). In particular, the terms in ([B.30) are uniformly bounded by an absolute constant M.
Therefore, by recalling the definition of v and (B30), we finally get

L'(z,0)
F(207<)
for all z € Fj and ¢ € F}, and for all h # k. O

=1+U<(2)—1§1+M

We are now ready to conclude the proof of the sufficient condition for the regularity in Theorem
L3l Assuming ([3), we have defined in (BI3) a sequence of compact sets { F} } yen which are mutually
disjoint by (3I4) and such that they shrink to the point {20} as k grows by (B2). Moreover, by
Lemma and Lemma [3:3] we have also that

Z Vi (20) = +o0, and
k=1

[(z, i i
sup{F((jOi_)) :zth,CEFk}gMo Vh # k.

Therefore, we can proceed verbatim as in [I3] Lemma 6.1] and we deduce that

1
. ’ > — 1t1
(3.31) Var (z)(20) = I for every positive r,
where
(3.32) O (20) = {z ESQ:t<ty, dzz)< T} _

We remark that in the proof it is needed the expression of the balayage in terms of its Riesz-
representative as showed in Section Once we have ([B31)), the H-regularity of zp follows then
from the characterization in [I8, Theorem 4.6].

Let us turn to the proof of the necessary condition for the regularity in Theorem [[L3l We assume
then by contradiction that

ZWZ;(ZO)(ZO) < +o00.
k=1
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We want to prove that zg is not regular. For every 0 < € < % we have the existence of L € N such
that 7o Vae (z0)(20) < €. For any 7 > 0, recalling the definition of €2.(z) in (8.32)), we can write
O (20) = QL U Q*E where

Llog L Llog L
Qr = (z0) N {F(zo, )2 <§> } U{z} and QF = ()N {F(zo, )< <§> } :

By definition QF C (J;Z; Q¢(20). Then, we get by the sub-additivity of the H-balayage

Vo (z0) (20) < Varr (20) + Var (20) < Vore (20) + Z Vae (20)(20) < Varz (20) + €.
k=L

This holds true for all » > 0. By using the representation in Theorem 2] we thus have
(3.33) Var (z0)(20) < € +/ T(z0,¢) dpo:n(Q) < e+ A" "% ug.n (7F).
QxL

We stress that the representation result of Theorem [2.1]is used here precisely at the point zy which
belongs to 92:E for every L: the almost everywhere representation in (Z2) would not be enough to
deduce the previous estimate.

Since QL C QU (20) C B(zo, ), we can use [I7, Corollary 2.4 and Proposition 2.1] to deduce that
1
)\_LlogLumL (F) < e L8 E| Bz, 7)| < 3

where the last inequality follows from [I8, equation (2.2)] provided that r is sufficiently small. Re-
calling (833)), this yields

1
VQ;(zo)(Zo) <e+ B <1 for small r

which says that 2z is not regular by [I8 Theorem 4.6]. The proof of Theorem [[3] is thus complete.

4. COROLLARIES AND APPLICATIONS

As a first corollary of Theorem [[L3] we want to read the sufficient and the necessary condition
for the H-regularity in terms of a series of capacitary terms. In contrast with the classical Wiener
criteria, the necessary and sufficient conditions are here different. This is due to the presence of
a(k) = klogk in the definition of Q¢ (zo) (see also Remark [LH]).

For any compact set F' C S, let us define the capacity of F as

capy (F) = pr(F),
where pp is the Riesz-measure associated to Vp.

Corollary 4.1. Let Q be a bounded open set with Q C S, and zg € 0Q. The following statements
hold:
() if
Z capy (2(20)) _

Nk log k = +00
k=1

then zo is H-reqular;
(13) if zo is H-reqular then

capH 20))
Z )\(k+1)log(k+1) =100
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Proof. By Theorem 2] we can write, for any k € N,
‘/QE(ZO)(ZQ) =1 % /,LQE(ZO)(ZO) = /Q ( )F(207 ¢) dMQi(zo)(C)'
(2o

On the other hand, by definition of Qf(zy) and of capacity, we trivially have

capy, (€24 (20)) capy, (€25 (20))
T QE(ZO)F(ZO,C) i 20 (©) < T D o 1) -

The proof of the statements is then straightforward from the characterization of Theorem L3l O

Let us mention that other definitions of capacities related to H are possible and they are discussed,
e.g., in [I7, Section 2]. For example, one can deal with capacities with respect to Gaussian kernels
G, ) which, in turn, can be estimated in terms of the Lebesgue measure (see [I7, Proposition 2.5]).
We can then obtain the following sufficient condition for the regularity which is more geometric and
easier to be tested with respect to condition () in Corollary 1] (see also [I3] Corollary 1.3]).

Corollary 4.2. Let Q be a bounded open set with Q C S, and 29 € Q. If, for some X € (0,1), we

have
|Qc ZO -
Z T NFlogk — 00

then the point zo is H-reqular for 0S. In partzcular, zo 18 H-regular for 0 if

" $ el

Q
P ) a7 klogk
Proof. Recalling the notations we fixed in (86, we know that
QE(Z(Q C RY x [to — Tk,to].

Denoting by cap,, the capacity with respect the kernel Gg,, by [17, Corollary 2.4] and the mono-
tonicity of cap,, we get

1 1 to
capy (@) > —capy, (%)) = — / cap,, (2 (0))
to k
1 to
> cap, (i (z0)N{T=1}) dt
> L P @GN (=1

for some positive constant c¢y. Moreover, we know from [I7, Proposition 2.5] that there exists a
positive constant ¢ such that cap, (€2} (z0) N {7 = t}) > ¢|Qf (20) N {7 = t}|. Hence we have

c 1 [l ¢ |92%(20)]
Qs > —= Q. (z0) N{r =t} dt = — =2
ap(Of0) = T [ 101Go) N = ar = DL
which says that
capy, (925 |25 (20)|
Z Mk logk Z Tk)\k logk "

k=1
The first statement then follows from the sufficient condltlon in Corollary [£11
On the other hand, having in mind (B77) and the doubling condition, we have

2 2

T, < (Cd|B(:an\/Tk)|)Q < ( cal\ )Q)\éklogk
|B(I071)| |B(I051)|
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at least for k big enough (so that Ty < 1), which yields
2
Z €2 (20)| |B(0,1)[\ @ Z 1€ (20)|
Tk)\klogk = cal\ - )\%klogk

and complete the proof of the last part of the statement. 0

The regularity criterion in the previous corollary is given in terms of subregions of the complemen-
tary set of ) measured at different scales (keep in mind the definition of Qf(zo) in (I7))). This is a
recurring feature in potential theory. For example, for the class of operators H we are considering,
it was proved in [I8, Theorem 4.11] that an exterior parabolic-cone density condition ensures the
‘H-regularity of the boundary point (see also [I7, Theorem 1.4] for a C“-regularity result under the
same condition). We want to show here that the criterion we have established in Corollary is
able, in some cases, to detect the H-regularity of a boundary point in very sharp/subtle situations.
To see this, we specialize to the model case of heat operators in Carnot groups. Let us then as-
sume that RY is endowed with a Carnot group structure (R, o, D,), where o denotes the group
law operation and D) the family of anisotropic dilations. We denote by 0 the identity element of
the group, and by z~! the inverse element of . Let X1,..., X,, be left-invariant vector fields which
are Dy-homogeneous of degree 1 and form a basis for the first layer of the Lie algebra. We want to
consider the following Hérmander-type operators

(4.2) Ho=> X7 -0
i=1

We denote by @ the homogeneous dimension of the group (RY, o, D)), and by d, the family of dilations
in RV defined by 0y (,t) = (Dx (), \%t). Tt is well-known that H, has a global fundamental solution
['(-,-) which is left-invariant and §y-homogeneous of degree —Q, i.e. I'((x,t),(&,7)) =T((¢ tom,t —
7),0) and T'(6x(2), 0x(C)) = A~¥T(2,¢). Moreover, the Gaussian bounds (6] hold for I' with respect
to a distance d(-, -) which is left-invariant and Dy-homogeneous of degree 1 (we think such a distance
d as fixed in what follows). In particular we have | B(xg,7)| = 7¢|B(0,1)|. We are going to show that
a boundary point zg = (79, %) of a bounded open set  C RN*1 is Hg-regular if the complementary
set of € contains the region

1
{(a:,t) e RV @?(2,20) > C(to — t)loglog <ﬁ) , for t € (to — min{r%,e‘l},to)}
0 —

for some ro > 0 and for some small enough positive constant C' (small enough in dependence of Q
and by).

Remark 4.3. Both the presence of the (loglog)-term and the presence of a restriction for the constant
C are known to be optimal in the following sense: if the set Q) is described around its boundary point
(z0,t0) by {|lz — x0|* < C(to — t)loglog(to — t)~*} for some constant C > 3 > 0, then (wo,to) is
irreqular for the classical heat operator %A — 0. For this fact we refer the reader to the discussions

in [Bl, Section 7], as well as to the classical counterezamples by Petrowski in [21].

With the following corollary we do not claim to determine the optimal range for C', but we do
detect the sharp (log log)-behavior by exploiting the regularity criterion in Corollary 2l As a matter
of fact, we are going to bound from below the series in ([{]) with the divergent series

1
;klogk'
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It will be clear with the proof that the terms klogk appear exactly because of their role in the
definition of Qf(z0) (as the sequence (k) in (B.1])).

Corollary 4.4. Let Ho be as in [E2), and let d be the left-invariant homogeneous distance fized
above. Consider a bounded open set Q in RN*L and zy € 0. There exists a positive constant
C* = C*(by, Q) such that, if we have

1
{(x,t) € RN . (3, 20) > C(to — t) loglog (ﬁ> , fort € (to— min{ré,el},to)} C RVYINQ
-

for some 9 >0 and 0 < C' < C*, then the point zy is Ho-regular for OS).

Proof. We shall prove the statement with C* = %&, where ) is the homogeneous dimension
of (RN 0, Dy) and by is the positive exponent in the Gaussian lower bound for I'. By translation
invariance, we can assume without loss of generality that ¢ = 0, that is zg = (0,¢y). Thus, for any

z € RN and t <ty we have

(4.3) (z0,2) =T(0, (z,t —tg)) =

ulo

(o (p o))

Alto— 1)~ % _opetzn
|B(0,1)] '

(to — 1)

(tO — t)_% b d G 0)
A|B(0,1)]

(4.4) <T(0, (z,to — 1)) <

Fix Q, C,r¢ as in the assumptions. We also pick A € (0, 1), and we recall our notation «(k) = klogk.
We claim the existence of p > 1 and k; € N such that

(45)  Q%(z0) 2 By := {(x,t) e RV+1 . \—a®) < (o, (a:,t— tg)) < Ao+,

= Q+2 p2h

Let us first complete the proof of the desired statement by giving this claim for granted. We stress
that, by (£3) and the homogeneity of d, we can write the set Ej, as

d*(x,0) > _Q@ o loglog ()\ Q (kH))} for all k > k.

{(D«%—ﬁé%ﬂ<5RN+l NGOG (0, (€, 1)) < to — t < ATWITR (0, (¢, -1)), d @tn:>€§}

where R} = (Q+2) log log ()\ Gok+1) . Hence, by performing the change of variables (x,t) — (&,t)

with € = D_1  (x), for every k > ki we deduce from (&3] that

to- AT TV (0,(6,-1)) o
%ol = : (to— )% dedg
{d(£0> B Y J1-2FMrd (0,(6,-1))
k)

_ % (1- 2% a<k+1>—a<k>>)/ 987 (0, (¢, ~1)) d¢

Q+2 {e:a0=5}

QL+2
2 (1A% e)

> \ a2 alk)

/ —bo Q+2dz (£,0) de
(Q +2) (A|B(0,1)] {e:ac0>2}
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where in the last inequality we used that a(k+1) —a(k) > a(2) = log4 and the lower bound in (ZA)).
We now notice, since |B(0, p)| = |B(0,1)[p? and Q > 1, that

/ oIS E0) g _ Z/ R CURY:
{e:ac0>2 1 {Ripi=1<d(€,0)<Rip }

j ; B(0,1)] Rip’™

> 1B0,1)]Y e S pQ (1 ey » 1B Z/ IR g,

7=0 p Rkpﬂ

-Q -2Q e 7b —r rQ —2Q b Q+2T2
=[BO,D|(p™™ = o) ° dr > [B(0,1)|(p~9 — p29) rebo dr
Ry, Ry
_QIBO,)|(p=? = p7*?) _p,952m
200(Q +2)

Therefore, if we put together the last two estimates and we substitute the value of Ry, we establish
the existence of a positive constant ¢y such that

—&ak+1)
Q% (20 222 10g10g<>\ gl ) Co 1
| ( )| >CO€ bO Rk_co = Vkal

W - log ()\_%) alk +1)

Thus, the series in (@) can be estimated from below with the series

oo
Co 1

log ()\_%) k:zkl ak+1)

which is divergent since a(k + 1) = (k + 1) log(k + 1). Corollary [4.2] yields then the Ho-regularity of
the point zg.

We are now left with the proof of the claim ([@H). Recalling the definition (L7 of Q¢ (zo), this is the
same as showing that there exist p > 1 and k1 € N such that Fj C RN+ Q for every k > ki. Then,
by the main assumption on the complementary set of €2, it is enough to show that

(4.6)

E, C {(x,t) e RV* . @?(2,0) > C(to — t)loglog ( ! t)} N (RY x (to —min{rg,e '}, t))
to —

for all k > k;. To see this, we keep in mind that & > bo <52 Qtd _ p 2 2 + b2 9F2 “and we fix p > 1

through the relation

C*_
1 2 Q+2
— = by= + p?b )
ol OQ-H) 0 0

This implies in particular, using that e” > 1 4 ¢ for all o, that

d2 (2,0 p2bo 212 d?(x,0) 2 2 (z,0)

(4.7) eClo—1 >l 7@ Go-0 4 hy— Vt < toand x € RV,
'Q to—t

Let us also fix k1 € N such that

1 |B(0,1)] . _
4.8 At « - d Aek) 120 )1 { Q }
(4.8) < ABO.T] an < A mingrg.e

The first inequality in ([AL8]) ensures that

1 2 A|B(0,1)|
(49) log (W) Z é log (W VEk Z kl.

IO
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Moreover, if z = (z,t) € Ej, we have T'(0, (x,t — t9)) < A~** 1) which implies by @)

2 (@,0)
2 AIB(0, 1)]e w0 1
> log .
to —t

(4.10) 0 log e (D)

If we combine (1), (£9) and @I0O), for all £k > ky and for any z € Ej, we get

e% > lo - +b EL(‘T’O) > 210 7A|B(O’1)| —i—zlo ebo% >lo !
=8\ NGt ) TG0 —t = @ B\ alktD) 0 8 =oel\ 5 =1)

which says

d*(x,0) > C(ty — t) loglog (L)
to— 1t

as desired. On the other hand, if z € Ej we know by ([@4) that A=) < W, and from
B(0,1)|(to—t) 3

Q)

the second inequality in (L&) we then obtain

A)\a(k) Q
to—t < (7> <min{r2,e_l} Vk > k.
1B(0,1)] ’
This completes the proof of ([@G]), and the proof of the corollary. O

To fix the ideas, we can say that (xg,to) is Ho-regular for 9 if Q is given by the set

N+1 . 2 Q to—t 1 _i
{(a:,t)eR .d(a:,a:o)<Q+5 b 10g10g<t0_t ,te(to 2e’t0 .

The geometric condition for the regularity in Corollary 4] appears to be new for the whole class of
homogeneous operators Ho in [Z) (except for the classical heat equation in Euclidean RY). As a
straightforward consequence, we can infer that a boundary point (zg, tp) of a bounded open set (2 is
Ho-regular if there exist M, rg > 0 such that

{(z,t) e RNt ¢ (2, 29) > M(to —t), for t € (tg — 15, t0)} C RV Q.
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