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QUANTITATIVE FLATNESS RESULTS AND BV-ESTIMATES
FOR STABLE NONLOCAL MINIMAL SURFACES

ELEONORA CINTI, JOAQUIM SERRA, AND ENRICO VALDINOCI

Abstract

We establish quantitative properties of minimizers and stable sets for nonlocal in-
teraction functionals, including the s-fractional perimeter as a particular case.

On the one hand, we establish universal BV -estimates in every dimension n > 2 for
stable sets. Namely, we prove that any stable set in By has finite classical perimeter
in Bj/3, with a universal bound. This nonlocal result is new even in the case of s-
perimeters and its local counterpart (for classical stable minimal surfaces) was known
only for simply connected two-dimensional surfaces immersed in R3.

On the other hand, we prove quantitative flatness estimates for minimizers and
stable sets in low dimensions n = 2,3. More precisely, we show that a stable set
in Bg, with R large, is very close in measure to being a half space in B; —with a
quantitative estimate on the measure of the symmetric difference. As a byproduct, we
obtain new classification results for stable sets in the whole plane.

Mathematics Subject Classification: 49Q05, 35R11, 53A10.
keywords: Nonlocal minimal surfaces, existence and regularity results.
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1. Introduction

In this paper we establish quantitative properties of minimizers and stable sets of
nonlocal interaction functionals of perimeter type. We consider very general —possibly
anisotropic and not scaling invariant functionals— including, as particular cases, the frac-
tional s-perimeter and its anisotropic version, introduced respectively in [12] and [31].

The results that we obtain can be grouped, roughly speaking, into the following cate-
gories:

e Local BV-estimates (universal bounds for the classical perimeter) and sharp energy
estimates for minimizers and stable sets,

e Existence results and compactness of minimizers,

e QQuantitative flatness results.

Before giving the most general statements of the results in the paper, we just state them
for the case of fractional s-perimeter. Even in this very particular case, the results are
new and interesting in themselves.

The precise setting of the (most general) nonlocal perimeter functionals that we consider
will be discussed in Subsection 1.1. In particular, in the forthcoming Definitions 1.5 and 1.6
we precise the notions of minimizers and stable sets. Our results are stated in their full
generality later on in Subsection 1.3 —after having given in Subsection 1.2 several concrete
motivations for the problems under consideration.

We next state, in the case of the s-perimeter, our main BV -estimate. This result is a
particular case of our Theorem 1.7. It gives a universal bound on the classical perimeter
in By, of any stable minimal set in Bj. As said above, the precise notion of stable
solution will be given in Definition 1.6, and it is an appropriate weak formulation of the
nonnegativity of the second variation of the functional.

Theorem 1.1. Let s € (0,1), R > 0 and E be a stable set in the ball Bar for the
nonlocal s-perimeter functional. Then, the classical perimeter of E in Bgr is bounded
by CR™ ', where C depends only on n and s.

Moreover, the s-perimeter of E in Bg is bounded by CR™™%.

Moreover, as a consequence of Theorem 1.7, we establish the same result for the
anisotropic fractional perimeter considered in [31].

To better appreciate Theorem 1.1 let us compare it with the best known similar results
for classical minimal surfaces. A universal perimeter estimate for (local) stable minimal
surfaces is only known for the case of two-dimensional stable minimal surfaces that are
simply connected and immersed in R3. Conversely, the perimeter estimate in our Theorem
1.1 holds in every dimension and without topological constraints. The perimeter estimate
for the classical case is a result due to Pogorelov [36], and Colding and Minicozzi [19]
—see also [33, Theorem 2] and [45, Lemma 34], it reads as follows

Theorem 1.2 ([36, 19]). Let D be a simply connected, immersed, stable minimal disk
of geodesic radius ro on a minimal (two-dimensional) surface ¥ C R3, then

4
7rg < Area (D) < gm"g.
As said above, our estimate for nonlocal perimeters is stronger in the sense that we do

not need JF to be simply connected and immersed. In fact, an estimate exactly like ours
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can not hold for classical stable minimal surfaces since a large number of parallel planes
is always a classical stable minimal surface with arbitrarily large perimeter in B;.

The proof of Theorem 1.2 uses crucially the fact that for two-dimensional minimal
surfaces the sum of the squares of the principal curvatures x2 + k3 equals 2k1k2 = —2K,
where K is the Gaufl curvature —since on a minimal surface ki + ko = 0. Then, the
stability inequality reads as [}, |VE|? + 2K¢* > 0. By plugging a suitable radial test
function ¢ in this stability inequality, using the Gaufi-Bonnet formula to relate || p, K and

d%Length (0D,), and integrating by parts in the radial variable, one proves the bound
Area (D) < %777“(2]. This elegant proof is unfortunately quite rigid and only applies to
two-dimensional surfaces.

Having a universal bound for the classical perimeter of embedded minimal surfaces in
every dimension n > 4 would be a decisive step towards proving the following well-known
and long standing conjecture: The only stable embedded minimal (hyper)surfaces in R™
are hyperplanes as long as the dimension of the ambient space is less than or equal to 7.
Indeed, it would open the door to use the monotonicity formula to prove that blow-downs
of stable surfaces are stable minimal cones —which are completely classified. On the
other hand, without a universal perimeter bound, the sequence of blow-downs could have
perimeters converging to co. In the same direction, we believe that our result in Theorem
1.1 can be used to reduce the classification of stable s-minimal surfaces in the whole R™
to the classification of stable cones

We note that our nonlocal estimate gives a control on the classical perimeter (i.e. the
BV-norm of the characteristic function), which is stronger —both from the geometric and
functional space perspective— than a control on the s-perimeter (i.e. on the W#%! norm
of the characteristic function). The sharp s-perimeter estimate stated in Theorem 1.1 is
obtained as a consequence of the estimate for the classical perimeter using a standard
interpolation.

Since it is well-known [6, 20, 15, 2] that the classical perimeter is the limit as s 1 1 of
the nonlocal s-perimeter (suitably renormalized), it is natural to ask whether our results
give some informations in the limit case s = 1. Unfortunately, our proof relies strongly on
the nonlocal character of the s-perimeter and the constant C appearing in Theorem 1.1
blows up as s 1 1.

The more general forms of our BV -estimates have quite remarkable consequences re-
garding the existence and compactness of minimizers —see Theorem 1.13 and Lemma 6.7.
These existence and compactness results are nontrivial since they apply in particular to
some perimeter functionals that are finite on every measurable set. Thus, although all
the perimeter functionals that we consider are lower semicontinuous, sequences of sets of
finite perimeter are in principle not compact in L'. Thanks to our BV -estimates, we can
obtain robust compactness results that serve to prove existence of minimizers in a very
general framework.

We next give our quantitative flatness estimate in dimension n = 2 for the case of the
s-perimeter. This result is a particular case of our Theorem 1.14. It states that stable sets
in a large ball Bg are close to being a halfplane in By, with a quantitative control on the
measure of the symmetric difference that decays to 0 as R — oo.

Theorem 1.3. Let the dimension of the ambient space be equal to 2. Let R > 2 and FE
be a stable set in the ball Br for the s-perimeter.
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Then, there exists a halflplane b such that |(EAR) N By| < CR™%/2.

Moreover, after a rotation, we have that EN By is the graph of a measurable function g :
(=1,1) — (=1,1) with oscg < CR™*/? outside a “bad” set B C (—1,1) with measure
CR™*/2.

The previous result provides a quantitative version of the classification result in [38]
which says that if F is a minimizer of the s-perimeter in any compact set of R?, then it
is necessarily a halfplane. Moreover, Theorem 1.3 extends this classification result to the
class of stable sets.

In Corollary 1.21 we will obtain also results in dimension n = 3 for minimizers of
anisotropic interactions with a finite range of dependence (i.e. for “truncated kernels”).

The proofs of our main results have, as starting point, a nontrivial refinement of the
variational argument introduced by Savin and one of the authors in [38, 39] to prove that
halfplanes are the only cones minimizing the s-fractional perimeter in every compact set
of R%2. Namely, we consider perturbations ER; of a minimizer E which coincide with E
outside Bg and are translations £ +tv of E in Bg/; —with “infinitesimal” ¢ > 0. A first
step in the proof is estimating how much Py p,(Er;:) differs from Pk p,(E) depending
on R —this is done in Lemma 2.1. By exploiting the nonlocality of the perimeter func-
tional, the previous control on Pk g, (Er+) — Pk By (E) is translated into a control on the
minimum between |Er; \ E| and |E \ Eg;| —the crucial estimates for this are given in
Lemmas 2.2 and 2.4. Then, a careful geometric analysis allows us to deduce our main
results —i.e. Theorems 1.7, 1.9, 1.14, 1.19 and their corollaries. We emphasize that we
always use arbitrarily small perturbations of our set . That is why we can establish some
results for stable sets.

In the following subsections, we introduce the mathematical framework of nonlocal
perimeters, we discuss some motivations for this general framework, and we present the
main results obtained.

1.1. The mathematical framework of nonlocal perimeter functionals. The notion
of fractional perimeter was introduced in [12]. Let s € (0,1). Given a bounded domain
Q C R", we define the fractional s-perimeter of a measurable set £ C R” relative to () as

(1.1)  Pug(E) = L(ENQ,CENQ) + Ly(ENQ,CE\ Q) + Ly(E\ Q,CENQ),

where CE denotes the complement of F in R™ and the interaction Lg of two disjoint
measurable sets A, B is defined by

(A B) // dx dT
B |z —z[vts

Roughly speaking, this s-perimeter captures the interactions between a set F and its
complement. These interactions occur in the whole of the space and are weighted by a
(homogeneous and rotationally invariant) kernel with polynomial decay (see Figure 1).
Here, the role of the domain €2 is to “select” the contributions which arise in a given
portion of the space and to “remove” possible infinite contributions to the energy which
come from infinity but which do not change the variational problem.

A set F is said to minimize the s-perimeter in ) if

(1.2) P,o(E) < Poo(F), forall F with E\ Q= F\Q.
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/\/\Q

Figure 1. Kernels for: the s-perimeter, the anisotropic s-perimeter, more
general Lo kernels.

The (boundaries of the) minimizers of the s-perimeter are often called nonlocal minimal
(or s-minimal) surfaces.

In this paper, we study a more general functional, in which the interaction kernel is not
necessarily homogeneous and rotational invariant. We consider a kernel K satisfying

(1.3) K(z) >0,

(1.4) K(2) = K(~2),

(1.5) /n K(z)min{l, |z|} dz < 400
and

(1.6) K>1 in B,.

To prove our main results we will require the following additional assumption on the
first and second derivatives of the kernel K:

(1.7) max{ [ 0K P swp (0K )] < K
ly—z[<|z]/2
for all z € R™\ {0} and for all e € S"~!, for some kernel K*.
Throughout the paper we will have one of the three following cases:

o K*(z) =C1K(2);

o K*(z2) = C1(K(2) + X{|s|<Ro}(2)) for some Ry > 2;

o K*(z) € L'(R").
We emphasize that the kernels of the fractional s-perimeter and its anisotropic version
satisfy (1.7) with K*(z) = C1K(z). Therefore, a reader interested in the results for these
particular cases, can mentally replace K* by C1 K in all the paper. We allow the second
case of K* in order to obtain results for compactly supported kernels, as for example
(9 — [2[*)3|2|7™"*. With the third case, we will be able to obtain strong results for
nonsingular kernels like 91717,
We set

LK(A,B):/A/BK(J:—f)dxd:E.
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We define, for a measurable set £ C R"™, the K-perimeter of E in R" as
Px(FE) = Lg(E,CE).

We define the K-perimeter of E inside 2, Px o(E) similarly as in (1.1) with Lg replacing
L. That is,

(1.8)  Pga(E):=Lg(ENQ,CENQ)+Lg(ENQ,CE\Q)+ Lg(E\Q,CENQ).

Note that our definition of Px o(E) agrees with the one of Pg(E, Q) given in [25, Section
3].

REMARK 1.4. We observe that if K satisfies (1.5), then every Lipschitz bounded domain
U has finite K-perimeter in R™. Indeed,

Py / [ K- :7::/ /Um«:U K ()
:/Rn'U\( - 2K () < C [ min{1, )R (2)dz < .

where we have used the change of variables z = £ — x and Fubini Theorem.
We next formally state the definition of minimizer of the K-perimeter.

Definition 1.5. We say that I is a minimizer for Pk o in an open bounded set €2, if
Pk o(F) < oo and
P o(E) < Pro(F)
for any set F' which coincides with E outside Q, that is F'\ Q = E \ Q.

We also define the notion of stable set for the K-perimeter.

Definition 1.6. We say that E is a stable set for Pk o if Pxo(E) < oo and for any
given vector field X = X (z,t) € C?(2 x (—=1,1); R") and € > 0 there is ¢y > 0 such that
the following holds. Denoting F; = W(FE), where U, is the integral flow of X, we have

0 < Pro(F,UE) — Pkqo(E) +et?
and

0 < Pk o(FiNE) — Pxq(E) + et
for all t € (—tg,to).

For our second theorem we will consider kernels K in the class La(s, A, A) introduced by
Caffarelli and Silvestre in [13] (see Figure 1). Namely, the kernels K (z) satisfying (1.4),
A A

< <

(1.9) [zfrrs S (2) < BB
and
(1.10) max{|z||0.K (2)|, |2]*|0cc K (2)|} <

|n+s

for all z € R™\ {0} and for all e € S"~!. Note that, after multiplying a kernel K € Lo by
a positive constant, we may assume that A > 2""$ and hence K satisfies (1.3)—(1.7) with
=C1K.
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A very relevant particular case to which our results apply is that of s-fractional anisotropic
perimeters, introduced in [31]. This case corresponds to the choice of the kernel

(1.11) K(z) = 2D

I

where a is some positive, even C? function on the (n — 1)-dimensional unit sphere S™~!
(see Figure 1). The notion of anisotropic nonlocal perimeter was considered in [31], where
some asymptotic results for s — 1~ where established.

1.2. Motivations of nonlocal perimeters. To favor a concrete intuition of the nonlocal
perimeter functional, we now recall some practical applications of the nonlocal perimeter
functionals. In these applications, it is also natural to consider interactions that are not
homogeneous or rotationally invariant.

A. The first application that we present is related to image processing and bitmaps.

Let us consider the framework of BMP type images with square pixels of (small) size p >
0 (and suppose that 1/p € N for simplicity). For simplicity, let us consider a picture of a
square of side 1, with sides at 45° with respect to the orientation of the pixels and let us
compare with the “version” of the square which is represented in the image (see Figure 2).

In this configuration, the classical perimeter functional provides a rather inaccurate tool
to analyze this picture, no matter how small the pixels are, i.e. no matter how good is the
image resolution.

Indeed, the perimeter of the ideal square is 4, while the perimeter of the picture displayed
by the monitor is always 4v/2 (independently on the smallness of p), so the classical
perimeter is always producing an error by a factor /2, even in cases of extremely high
resolution.

Instead, the fractional perimeter (for instance with s = 0.95) or other nonlocal perime-
ters would provide a much better approximation of the classical perimeter of the ideal
square in the case of high image resolution. Indeed, the discrepancy D(p) between the
s-perimeter of the ideal square and the s-perimeter of the pixelled square is bounded by
above by the sum of the interactions between the “boundary pixels” with their comple-
ment: these pixels are the ones which intersect the boundary of the original square, and
their number is 4/p.

By scaling, the interaction of one pixel with its complement is of the order of p?~*,
therefore we obtain that Ds(p) < Cp'~*%, which is infinitesimal as p — 0.

Since the fractional perimeter (suitably normalized) is close to the classical one as
s — 17, that the fractional perimeter provides in this case a more precise information
that the classical one.

B. Another main motivation for the study of nonlocal s-minimal surfaces, as explained
in [12], is the understanding of steady states for nonlinear interface evolution processes
with Lévy diffusion. Namely let us think of u(¢, -) : R™ — [0, 1] as representing the state at
time t of some interface phenomenon where two stable states u = 1 and u = 0 diffuse and
“compete” to conquer the whole space. In concrete applications u could be, for instance,
the density of an invasive biological specie.

For a wide class of such situations, the evolution equation that governs w is of the type

ut+£U: f(’U,)7
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Figure 2. Discrepancy of local /nonlocal perimeters in a bitmap.

where £ is a “diffusion operator” —e.g. £ = (=A)%?, s € (0,2]— and f is a bistable
nonlinearity with f(0) = f(1) = 0 and f(z) increasing (resp. decreasing) near z = 0 (resp.
z=1).

An extreme version of this evolution process, heuristically corresponding to a huge
balanced f like f(u) = M ((2u— 1) — (2u — 1)3) with M > 1 is the following.

Given an open set £ C R™ with smooth boundary we define its density function u by

u(z) = lim 1B,(z) N B|
™0 | By ()]
That is u(x) takes the values 1, 1/2 or 0 depending on whether z belongs to E, OF or the
interior of CE
Let £ be a “diffusion operator”, or more rigorously, an infinitesimal generator of a Lévy
process. For ¢t € TN U {0}, where 7 is a tiny time step, we define the discrete in time
evolution ®#(u) of the density function u of F as follows:

1 if v(w,z) >1/2
Of, (u)(z) = 1/2 if v(w,z) =1/2
0 if v(w,z) < 1/2,
where w = w(7) is an appropriate time step depending on 7 and v is the solution to
vy 4+ Ly =0 with initial condition v(0,-) = ®F(u).

In this way ®# defines a discrete in time surface evolution of 9 E —excluding patological
cases in which thickening of the set {v = 1/2} might occur.

Heuristically, a set E with smooth enough boundary will be stationary under the flow
®F (with infinitesimal 7) if and only if its density function u satisfies

(1.12) Lu(z) =0 forallz € dFE ={u=1/2}.

Indeed, in this way the evolution v + Lv = 0 will be v; ~ 0 on OF for 0 < t < w(7) < 1,
and the boundary points will not move. Note that this heuristic argument is independent
of the modulus of continuity w.

In some cases, under an appropriate choice of w = w(7) the discrete flow ®# can be
shown to converge to some continuous flow as 7\ 0.
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When £ = —A is the Laplacian, under the choice w = 7 the ®# converges to the mean
curvature flow. This classical result was conjectured by Merriman, Bence, and Osher
n [34], and proven to be true by Evans [23] and Barles and Georgelin [4]. In [18],
Chambolle and Novaga generalized this result to the case of anisotropic and crystalline
curvature motion. In [30] Ishii, Pires and Souganidis study the convergence of general
threshold dynamics type approximation schemes to hypersurfaces moving with normal
velocity depending on the normal direction and the curvature tensor.

Finally, in [14], the case £ = (—A)*/? was considered: in this case ®£ still converges
to the mean curvature flow for s € (1,2) with w = 7%/2 and for s = 1 with w implicitly
defined w?|logw| = 7 for 7 small.

Instead, for s € (0,1) and w = 7%/(1+9)  the discrete flow ®£ with £ = (—A)*/? converges
to a new geometric flow: the s-nonlocal mean curvature flow (see [14], Theorem 1) —
flow where the normal displacement is proportional to the nonlocal mean curvature; see
also [17, 29, 37]. Fractional s-minimal surfaces are stationary under this s-nonlocal mean
curvature flow.

At the level of discrete flow, we can replace (—A)
of form

(1.13) Lulz) = / (u(z) — (@)K (z - 7) dz

$/2 with a more general elliptic operator

where K satisfies (1.3)-(1.6). Heuristically, minimizers of the K-perimeter should be
natural candidates to being stationary under the flow ®F as 7 — 0.

C. Another motivation for the study of nonlocal s-minimal surfaces comes from models
describing phase-transitions problems with long-range interactions. In the classical theory
of phase transitions, one consider the energy functional

(1.14) £(u) :/952|Vu\2+W(u),

where W is a double well potential representing the dislocation energy, and the first
term, involving Vu, penalizes the formation of unnecessary interfaces. The classical I'-
convergence result by Modica and Mortola [35] states that the energy functional e~1&
I-converges to the (classical) perimeter functional. A nonlocal analogue of (1.14) is the
following

Ex(u) = ¥ Ky (u, Q) + /Q W (u)

where

L[ Jue) - u@)? (@2
S, Q) = = W) = WOV jedz W) = WOV 4dz,
Kolu, ) 2/9 o \w—xrn% */ /csz |x—x|n+20 g

The previous energy functional models long range (or nonlocal) interactions between the
particles —the density of particles at a point is influenced by the density at other points
that may be not infinitesimally close. The minimizers of the functional £,(u) have been
studied in several recent papers [7, 8, 11, 10, 9, 43]. A list of results established in
these works includes: 1-D symmetry in low dimensions, energy estimates, Hamiltonian
identities, existence and decay properties of 1-D solutions, etc.



10 ELEONORA CINTI, JOAQUIM SERRA, AND ENRICO VALDINOCI

In [40], Savin and one of the authors study the I'-convergence of the energy functional
Es. In particular, they prove that when o € [1/2,1), after a suitable rescaling, &, I'-
converges to the classical perimeter functional. On the other hand, when o € (0,1/2)
the functional ¢=29&, I'- converges to the nonlocal s-perimeter with s = 20. Note that

e, = Ky+e~2° fQ u) and thus, in this renormalization, there is no small coefficients
in front of the Dirichlet energy.

Analogously, we could consider more energy functionals of the form

Exc(u) = = / / () — (@)K (¢ — 7)dzdz

//CQ (@) K(m—x)d:cdx—i—M/W

where M > 1 is a large real number.
Heuristically, similarly to the result of [40], minimizers of £k should “converge” to
minimizers of the K-perimeter Px as M — oc.

1.3. Statement of the main results. From now on, we will assume that K satisfies
assumptions (1.3)—(1.7).

We state our main results in the two following subsections. In the first one we give the
uniform BV -estimates for stable sets, and their consequence on existence and compactness
of minimizers of the K-perimeter —see [24, 28, 32]. In the second one we state our
quantitative flatness results and we comment on some corollaries and some applications
for specific choices of the kernels that are of independent interest.

1.3.1. Uniform BV-estimates. We recall the (classical) notion of BV -space and of sets
of finite perimeter. Let € be an open set of R”. Given a function u in L*(Q), the total
variation of u in €2 is defined as follows:

Vu|(Q) = sup{/ udivg with ¢ € CL(Q,R™), |¢| < 1}.
Q

Here, and throughout the paper, we denote C}(U;A) the C' vector fields compactly
supported in U and taking values in A.

The space BV () is defined as the space of functions which belong to L(£2) and have
|Vu|(2) finite. Moreover, we say that a set £ C R" has finite perimeter in €, when the
distributional gradient Vg of its characteristic function is a R™-valued Radon measure
on R™ and |Vxg|(©2) < co. In this case, we define the perimeter of E in  as:

Perq(F) = |[Vxe|(Q).

Finally, we define the reduced boundary 0*E of a set of finite perimeter E as follows: 0*F
is the set of all points x such that |Vxg|(Br(z)) > 0 for any r > 0 and

L Vxp(B()
r—0t |VXE(Br (:C)) |

For any x € 0*E, we denote by —vg(x) the limit in (1.15) and we call the Borel vector
field vy : O*E — S™ ! the measure theoretic outer unit normal to E.
The following are our main results:

(1.15) exists and belongs to S"!.



FLATNESS AND BV-ESTIMATES 11

Theorem 1.7 (BV-estimates for stable sets). Let n > 2. Let E be a stable set of
the K -perimeter in By, with K in La(s, A\, A), that is, with K satisfying (1.4), (1.9), and
(1.10).

Then, the classical perimeter of E in By is finite. Namely xg belongs to BV (By) with
the following universal estimate

Perp, (E) = [Vxg|(B1) < C(n,s, A\, A).

Rescaling Theorem 1.7, and using an interpolation inequality that relates Px and Per,
we obtain

Corollary 1.8. Let n > 2. Let E be stable set of the K-perimeter in Bygr, with K in
La(s, A\, A\), i.e. satisfying condition (1.4), (1.9) and (1.10). Then,

(1.16) Perp,(E) < C(n,s,\, A)R" 1.
As a consequence
(117) PK,BR(E) < C(n, S, A, A)Rnis.

We observe that the exponent n—s in (1.17) is optimal since it is achieved when F is an
halfspace. To prove (1.17) when F is minimizer, it is enough to compare the K-perimeter
of E with the K-perimeter of £ U Br. However, for stable stationary sets this simple
comparison argument can not be done and the proof is much more involved —we need to
prove our (stronger) uniform BV -estimates and deduce (1.17) as a byproduct.

Theorem 1.7 follows from the following result for general kernels combined with an
appropriate scaling and covering argument.

Theorem 1.9. Let n > 2. Let E be a stable set of the K-perimeter in By, with K
satisfying (1.3)— (1.7). If Pk~ p,(E) < oo, then the classical perimeter of E in By is
finite. Namely xg belongs to BV (B1) with the following estimate

Perp, (E) = |Vxg|(B1) < V2n/Pr+ p,(E) +|S" 1.

Here, |S™1| denotes the (n — 1)-dimensional measure of the sphere S™~ 1.

Theorem 1.9 can be applied to several particular cases. We state below the ones which
we consider more relevant.

Corollary 1.10. Let n > 2. Let E be a stable set of the K-perimeter in By, with K
satisfying (1.3)- (1.7) and K* € L*(R"). Then,

Perp, (E) = [Vg|(B1) < V2n|Bil V2| [ K* [}, + 157"
Recall that we denote the K-perimeter of a ball Br (relative to R™) as
(1.18) P (BgR) :/ K(z — x)dzdz.
Br JCBRr

We remark that for kernels as in (1.11) we have that Px(Bgr) = CR"*. Notice also that,
by a simple comparison argument,

sup{PK,BR (E) : E minimizer of the K-perimeter in BR} < Pg(BgR).
Indeed, if ¥ is a minimizer in Bg, then PK,BR(E) < PK,BR(E U BR) < PK(BR)
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When E is a minimizer and K* = C1(K + X|.|<R,), then Pk« p,(FE) can be bounded
by above by C' Pk (Bpg). This is the content of the following proposition (which is proven
later on in Section 5).

Proposition 1.11. Let E be a minimizer of the K -perimeter in Bg with R > 1 and K
satisfying (1.3)- (1.7), and K* = C1(K + X|z|<R,) for some Ry > 2.
Then,

PK*,BR(E) < (JClPK(BR),

where C' is a constant depending only on n and Ry.
As a consequence of Theorem 1.9 and Proposition 1.11, we deduce the following

Corollary 1.12 (BV-estimates for minimizers). Let E be a minimizer of the K-
perimeter in By, with K satisfying (1.3)- (1.7), and K* = C1(K + X|»|<g,) for some
Ry > 2.

Then,

Perp, (E) = |Vxg|(B1) < C\/C1 Pk (By),

where C' is a constant depending only on n and Ry.

Figure 3. A minimizer of the K-perimeter in Bg has finite classical
perimeter in Bj.

As explained in the beginning of the introduction, the “a priori” BV-estimate estab-
lished in Corollary 1.12 allows us to prove a very general existence result for minimizers
of Pk . We state it next.

Theorem 1.13 (Existence of minimizers). Let Q be a bounded Lipschitz domain,
and Ey C CQ a given measurable set. Suppose that K satisfies assumptions (1.3)— (1.7).
Then, there exists a set B, with ENCS) = Ey that is a minimizer for Pk o —in particular
P[QQ(E) < 0.
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Notice that when K belongs to L'(R"™), then Pk o(F) < || Je, K < oo for all mea-
surable sets F'. Thus, in principle, we do not have compactness for sequences of sets with
uniformly bounded K-perimeter.

The idea of the proof of Theorem 1.13 (which will be given in Section 4) consists in
considering the “singularized” kernel

Ko(2) = K(2) + —

19
B

|z

which, for every fixed e, admits a minimizer F. by the standard compactness of H Tin L.
All the new kernels K. satisfy assumptions (1.3)—(1.7) with constants that are uniform in
€. Thus, Theorem 1.12 gives uniform BV-bounds for the characteristic functions of the
minimizers E.. These bounds give the necessary compactness in L' to prove the existence
of a limiting set as ¢ — 0. In order to prove that the limiting set is a minimizer of P g,
we use some other important ingredients (such as a nonlocal coarea formula and a density
result for smooth sets into sets of finite K-perimeter) that will be established later on in
Section 6.

1.3.2. Quantitative flatness results. Our quantitative flatness results in low dimen-
sions n = 2,3 state that (under appropriate assumptions on the kernel K) a stable set E
of the K-perimeter in a very large ball By is close to being a flat graph in By. Namely,
for some ¢ = ¢(R) that decreases to 0 when R increases to oo, and after a rotation of
coordinates, the following three properties hold.
(F1) For some t € [—1,1],
|(EA{z, < t}) N By <,
where A denotes the symmetric difference.

(F2) There is a set B C B%nfl) = {2’ € R"! : |2/| < 1} with |B| < ¢ such that
(BENB)\ (BxR) = {(yx,) € Bi : v <g(y), y € (B "\ B)}.

for some measurable function g : B%n_l) — [—-1,1].

(F3) Denoting F*© = {(a/,z,/¢) : (2/,x,) € F}, we have
PerBi (EE) S C(n),
where C(n) is a constant depending only on the dimension n € {2, 3}.

Point (F1) says that the set E is close in the L!-sense to being a half-plane while point
(F2) says that OEN By is a graph after removing “vertical” cylinders of small measure (see
Figure 4). Moreover, (F3) gives a uniform bound for the classical perimeter of rescalings
of E in the vertical direction by a large factor 1/e.

We give below our quantitative flatness result for stable sets in dimension n = 2.

Theorem 1.14 (Flatness for stable sets in dimension two). Let n = 2. Let K
be a kernel belonging to the class La(s, A\, ), i.e. satisfying conditions (1.4), (1.9), and
(1.10). Let E is a stable set of the K-perimeter in Br with R > 4.

Then, after a rotation, E satisfies (F1), (F2), and (F3) with

e =CR™/?,
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Figure 4. A minimizer or stable set of the K-perimeter in Bp is “almost”
a flat graph in Bj.

where C' is a constant depending only on s, n, A, A.

REMARK 1.15. We recall that Theorem 1.14 applies, in particular, to the fractional
anisotropic perimeter introduced in [31], where

k(o) 2C/ED

- |Z|n+s ’
with a € C?(S™~1) positive.

For the sake of clarity, let us rephrase the first conclusion of Theorem 1.14 in the
following way: Let K € Lo and let I/ be a stable set of Pk p,. Then, there exists a
halfplane b such that

((EAB) N By| < CR™/2,
Sending R — oo in Theorem 1.14, we deduce the following

Corollary 1.16. For K € Lo, half-planes are the only stable sets in every compact set
of R2.

The local analogue of Corollary 1.16 was established in [21, 27], where the following
statement is proved: Any complete stable surfaces in R? is a plane. As said above in the
Introduction, this classification result for classical stable surfaces is still open in dimensions
n > 4.

As explained previously in the Introduction, our quantitative flatness result for stable
sets in Theorem 1.14 generalizes the classification theorem of [38], that we recall next.

Theorem 1.17. (Theorem 1 in [38]) Let E be a cone that is a minimizer of Ps in every
compact set of R%. Then E is a half-plane.

Using a blow-down argument and a monotonicity formula —see Remark 1.18—, The-
orem 1.17 implies that halfplanes are the only minimizers of the s-perimeter in every
compact set of R2.

Moreover, similarly as in the theory of classical minimal surfaces, this classification
result has important consequences in the regularity theory for nonlocal s-minimal surfaces.
In particular, combining Theorem 1.17 and the results contained in [5, 12], one can deduce
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that any minimizer of the s-perimeter is smooth outside of a singular set with Hausdorff
dimension at most n — 3.

Our Theorem 1.14 generalizes Theorem 1.17 in three directions. First, our result applies
to the more general class of stable sets (we recall that any minimizer is a stable set).
Second, we can consider more general kernels in L£o. Third, our result is a quantitative
version of Theorem 1.17 in the following sense: instead of assuming that E is a minimizer
in every compact set of R?, we assume that E is a stable set for Pk g, with some large R
and we obtain a quantitative control on the flatness of F in Bj, depending on R.

We point out that, using the C? estimates for minimizers of the s-perimeter, and scaling
invariance, the distance of OF and some plane in B; is bounded by CR™!, when E is a
minimizer of the s-perimeter in Br. However, since the C? estimates are proved by com-
pactness, we have no explicit estimates for this constant C'. Moreover, such an approach
clearly fails in case the problem is not scaling invariant or does not have a regularity theory.
Note that with the techniques of this paper we can obtain results for general kernels that
are not scaling invariant and for which the existence of some regularity theory is unclear
—see for instance Corollary 1.20.

REMARK 1.18. We emphasize that for the specific case of K(z) = |z|7"*, Caffarelli,
Roquejoffre and Savin proved a monotonicity formula for the local energy functional asso-
ciated to the s-perimeter via the so called Caffarelli-Silvestre extension. This monotonicity
formula allows them to use a blow-up argument to prove regularity results once one knows
that the only nonlocal minimal cones are halfplanes.

On the other hand, as explained above, using the monotonicity formula and Theorem
1.17 one proves that halfplanes are the only minimizers of the s-perimeter in every compact
set of R? —thus extending the classification result from cones to all minimizers.

In our setting, monotonicity formulas are not available but still we can obtain the same
type of classification result as a consequence of our quantitative flatness estimates.

We will deduce Theorem 1.14 from the following more general result.

Theorem 1.19. Assume that E is a stable set for the K-perimeter in B C R™ with
R >4 and K satisfying (1.3)—(1.7).
Then, after some rotation, E satisfies (F1), (F2), and (F3) with

* P .
(1.19) e =¢(R) = Cmin P ’Bg(E) : \/ﬁ
R 1Og}Epe[l R]

where C' is a constant depending only on n.

The result contained in Theorem 1.19 is very general and it can be applied to several
choices of kernels (especially in low dimension, where the hypothesis in (1.19) becomes
less restrictive). Below, we list some particular cases that are of independent interest.

For kernels with K* € L'(R"), we have the following two-dimensional result:

Corollary 1.20. Let E be a stable set of the K -perimeter in Br C R? with R > 4 and
K satisfying (1.3)—(1.7) with K* € L'(R?).
Then, after some rotation, E satisfies (F1), (F2), and (F3) with

sze(R):\/li

B M2 K| ey
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where C' is a constant.

Moreover, if F is a minimizer for the K-perimeter, combining Theorem 1.19 and Propo-
sition 1.11, we deduce

Corollary 1.21 (Flatness for minimizers in low dimensions). Let n = 2,3. Let
E be a minimizer of the K -perimeter in Br with R > 4 and K satisfying (1.3)—(1.7) with
= C1(K + X|z|<R,) for some Ry > 2.
Then after some rotation, E satisfies (F1), (F2), and (F3) with

=¢(R) = C'min Ch P ljR CiPx(By) PK
log R pe[1 R]

where C' is a constant depending only on n and Ry.

Finally, as a particular case of Corollary 1.21, we consider the case of kernels with
compact support.

Corollary 1.22 (Quantitative flatness for truncated kernels). Let K satisfy
(1.3)«(1.7)and suppose that K has compact support. Let E be a minimizer of the K-
perimeter in Br with R > 4.

Then, after some rotation, E satisfies (F1), (F2), and (F3) with

1
CR 2 if n=2,
(1.20) €= { /

Jem ¥ n=3

where C' is a constant depending only on n and K.

This result comes easily applying Corollary 1.21 and by the following energy estimate
which holds for the case of a compactly supported kernel K:

Pr(Bg) < CR" .
As a consequence of Corollaries 1.20 and 1.22 , we obtain the following

Corollary 1.23. For kernels K satisfying (1.3)—(1.7), halfspaces are the only minimiz-
ers in every compact set of R™ in the following cases:

e n=2and K* € L'(R");

e n=2,3 and K with compact support.

The paper is organized as follows:

e In section 2, we establish some preliminary results that we will use in the proof of
our main theorems;

e In section 3, we prove Theorems 1.7 and 1.9 establishing the uniform BV-bounds
for stable sets and for minimizers;

e In section 4, we prove our quantitative rigidity result (Theorems 1.14 and 1.19);

e Section 5 is dedicated to some technical lemmas that we need in the proofs of the
main results;

e In section 6, we give the proof of the existence result (Theorem 1.13).
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2. Preliminary results

Following an idea in [38], we want to consider perturbations of the minimizer E which
are translations of F' in some direction v in Bg/, and coincide with E outside Bg. To build
these perturbations, we consider the two following radial compactly supported functions:

1 |z|/R < 1/2

(2.1) vr(z) = ¢(|z[/R) = ¢ 2=2Jz[/R 1/2<|z|/R <1
0 |z|/R > 1

and
1 lz] < VR

(2.2) Pr() = gn(e)) =2 - 288 VR< || <R
0 || > R

For v € S"! and t € [~1, 1] we define

(2.3) Upi(x) =z +tpp(z)v.

We set

(2.4) Er:=Vp(E).

Throughout the paper, we denote

(2.5) w=xg and upi(r)=Xgg, = u(Vg,(2)).

Note that these definitions depend upon a fixed unit vector v.

Likewise we define Wg;, Er¢, ugys, with ¢r replacing ¢pg.

We prove now the following lemma, which is the appropriate analogue for the nonlocal
functional Pk g, of Lemma 1 in [38].

Lemma 2.1. Let n > 2, R > 4, and K a kernel satisfying (1.3)—(1.7). For every
measurable E C R™ with Pg g, (E) < co we have:
(a) Forallt € (—1,1)

2
(2.6) Pr.pr(ERt) + Pr.pr(Br—t) = 2Pk, (E) < 32055 P+ 5 (B),
where K* is the kernel appearing in (1.7).
(b) For allt e (—1,1)
(327t)? P+ p,(E)

(2.7) Pk Br(ERryt) + Pr Bp(Er—t) — 2Pk, (E) < 5

sup
log R ,c1,R) p
where K* is as above.

Proof. We set Ap := R?*" \ (CBR x CBR).

Let us prove first point (a). We have

Pr p(Brse) = ﬂi (W5l (1) — u( U3y (@) 2K (z — 7) dr .
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Changing variables y = \Ifﬁlit(x), y= \Iiglit(:i) in the integral we obtain

(2.8) Py (Epss) = // DPE (U p 1 (y) — U pose(§)) Tae(y) dy Tua(g) di

where J1; are the Jacobians which, as proven in Lemma 1 in [38], are

Jit(y) = det(DYR 14(y)) = 1 £t0ur(Y)-

We call
R) — ¢(y/R
(.. R) = py/R) — o(y/R)
ly — 7l
Note that, since [|¢[|co.1(gn) = 2, we have
(2.9) le] <2/R and |Ovpr| <2/R.

Let

z2=y—7.
By taking R > 4 we may assume |¢| € (0,1/2]. Then, by the assumption (1.7) on the
second derivatives of the kernel we have

K (z £ te|z|v) = K(z) £ t0, K (2)e|z| + e+ (y,¥,7),

where
(2.10) lex| < %tQK*(z)sQ

Therefore,

K(Uri(y) = Yrt(9))Je(0) (7)) + K (VR —t(y) — YR (7)) J+(y)J-+(y) =

o) = (K(2) + t0, K (2)e|2] + e+ ) (1 + t0upr(v)) (1 + tdupr(7))

. + (K(2) — t0uK (2)e|z] + e~) (1 — tduor(y)) (1 — t0upr(Y))

=2K(z)+e(y,g,7)

where
(2.12)

‘6‘ = ‘2t28'0K< )€‘Z|( vSOR( )‘i‘av@R( )) +€+—|—e —+

+t(ey — e—) (Ouer(y) + Owpr(H))| + t20uer(y)0ver(H) 2K (2) + e4 + e_]
4 4 4
t2 (QK*(Z)LS]R + K*(2)e? + K*(z)azﬁ + ﬁK*(z) (2+ t2£2))
16 4 16 3
2 1%
< t°K*(z) <R2+RQ+R?’+R2)
3212,
S e
Here we have used again the assumption (1.7) to estimate terms involving first order
derivatives of K. In addition, we have used the estimate (2.10) for e+, and that R~3 <

R72/4 since R > 4.
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Thus, using (2.8), (2.11) and (2.12), we have
PKBR(ERt) + PKBR Er_ t) — 2PKBR(E) <

16t2 . 32t2
< [ 1) v @K 9) dydy = TP (B).

This finishes the proof of (a).

The proof of (b) —i.e. of (2.7)— is almost identical with the the difference that we use
the function ¢p instead of ¢pr. More precisely, we consider U R+t, UR +¢, Fry: instead of
VR ¢, UR +t, Er+¢. The only important difference is that now (2.9) does not hold since

2X{(VR<Je|<R)

Vo =

Instead we use
2

log R max{v/R, p}

Note that R**\ A, = {(y,¥) : y > p and § > p}. The factor 7 appears because we need to
apply the mean value theorem connecting y and g by a circular arc contained in R™ \ B,.
Similarly,

e(y,y,R) <™ whenever (y,7) € R*\ A,,1 < p< R.

2
= log R max{VR, p}
Hence, in place of (2.12) we obtain
e( )| < 32m2¢?
e, 4, )| < (log R)2 max{RZ, p?}

Now, we decompose the domain Ag in (2.8) as

for (y,9) € R\ A, p>1

max{|0y9r(Y)|, |Ower(@)|} <

(2.13) K*(z) for (y,5) ER*™\ A,, p>

2k

A=A zU U A;,
i=k+1

where
keN, logyR<2k<logybR+2, 6% =R, and A;=Ay\ Ag-1.

Note that 6 € (1,2]. Using (2.13) and (2.8) with the previous domain decomposition we
obtain

Pr pp(Ert) + Prpp(Er—t) — 2Pk pr(E) <

32722
< 75w (log I2)2 ( // )IPK*(y — ) dy dy
2k
1=k+1

32m2t2 1 2k 1
S (log B2 (RPK*’BJE(E)JF > i P (B) ]
i=k+1
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Thus denoting S := sup,c(; g PK*’%?(E)
- - 327242 kg
¢ —t
Prc.pn(ER) + Pr.pn(B) = 2Pkpn(B) < 0o (5 + Zk;l 2 n”

32m2t2

< Tlog B2 R)262(k +1)S
32m2t2

< W4(log2(4R) +1)8

< (327t)? '
log R

This finishes the proof of (2.7) —and thus of (b). q.e.d.

The following lemma is a key step in the proof of our main results: given a minimizer
FE and any possible competitor F', it allows to “measure” the interaction between points
in £\ F and points in F'\ E in terms of the difference between the K-perimeter of F' and
the K-perimeter of . Here we see that the nonlocality of the functional plays a crucial
role.

Lemma 2.2. Let E, F C R". Assume that E is a minimizer for Pk g, and that F
coincides with E outside of Bgr, that is, E\ B = F'\ Br. Assume moreover that

(2.14) PK,BR(F) < PK,BR(E)+5,

for some 6 > 0.
Then,
2Lg(F\ E,E\ F) < 0.

Proof. Let C = FUF and D = EN F. Note that both C' and D coincides with F and
F outside of Bg. By a direct computation we find that
(2.15) PgBp(C) + Pr.Bp(D) + 2Lk (F\ E,E\ F) = Pk p,(E) + Pr,,(F).
Using (2.14) and the minimality of E, we deduce
Pg.Bp(E) + Pr.Bp(F) < 2Pk r(E) + 6 < Pr,p(C) + Px B (D) 46,
which, together with (2.15), concludes the proof of the Lemma. g.e.d.

It is worth to observe that, in spite of its simplicity, the identity in (2.15) has conse-
quences that seem to be interesting in themselves, such as the fact that minimizers are
included one in the other, as stated in the following result:

Lemma 2.3 (Mutual inclusion of minimizers). Assume that E and F are mini-
mizers for Pi o, with E\ Q = F\ Q. Suppose that K(y) > 0 for |y| < diam(S2). Then,
either E C F or FF C F.

Proof. The minimality of the sets give that
Pro(E) < Pko(EUF) and Pxo(F) < Pxko(ENF).
Then, using (2.15),
2Lg(F\E,E\F) =Pgqa(E)+ Prxo(F)—Pko(EUF)—Pgo(ENF) <0,
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which implies that one between F'\ FE and E \ F has necessarily zero measure. q.e.d.

The following lemma is the analogue of Lemma 2.2 but under the assumption that F
is a stable set (not necessarily a minimizer) for the K-perimeter.

Lemma 2.4. Let E C R". Assume that E is a stable set for Pk g, and that F; = V(E),
where Wy is the integral flow of some vector field X € C?(Bg;R"™). Assume moreover that

(2.16) Pr,pp(Fy) + Pi. g (F-t) < 2Pk pp(B) +t?,  fort e (=1,1)

for some n > 0.
Then, for any € > 0 there exists ty > 0 such that for t € (—tg, to)

min{ Ly (F,\ E,E\ F}), Lg(F_,\ E,E\ F_;)} < (n/4 + e)t*.

Proof. Let Cy = E U F; and D; = E N F;. Note that both C; and D; coincides with E
and F; outside of Br. We have

Py B (Ct) + Px.pp(Dy) + 2L (Fy \ E, E\ Fy) = Pg B, (E) + Pk By (F}).
and
Pg pp(C—t) + Px Bp(D—t) + 2L (F4 \ E, E\ Ft) = Pg B (E) + Pk, (F-t).
Using (2.16) and the stability of F, we deduce
Pk Br(Ct)+Prk pr(Dt) + Pr 5 (C-t) + Pk pr(D—t)
+ 2L (B \E,E\ F) +2Lg(F¢ \ E, E\ F4) <
4P g, (E) + nt?

for t € (—to,to) with ¢p > 0 small enough (depending on F and X). q.e.d.

We remind that the definition of Er; depends on the choice of the vector v € Sn—t
along which we are translating the set £ —see (2.3) and (2.4). In the sequel, we will
use the notion of directional derivative of a BV -function in the distributional sense. Let
u € BV(Q2) and v € S""1; we define:

(2.17) 01| () 1= sup {—/Qu(x)é?vqb(x)dx L g e N[, 1])} ,
and
(2.18) (Opu)+(92) := sup {:F /Q u(2)0p(x)dx : ¢ € CHQ,0, 1])} :

The following lemma will allow us to obtain geometric informations from the conclusion
of Lemma 2.4.

Lemma 2.5. Letn > 2, n > 0, E C R™ measurable. Assume that for all v € S™ 1,
there exists a sequence t, — 0, t, € (—1,1) such that

(2.19) Jim %‘{(E—i—tkv)\E}ﬁBl‘ - HE\ (E+ tyw)} N By| < Z.
Yk

Then,
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(a) The characteristic function uw = xg has finite total variation in By, that is, u €
BV(By).

(b) For allv € S"!, the distributional derivative Opu is a signed measure on By of the
form

Optt = (Oput) 4+ — (Opu)—
with
(Opu) s == (—vpg - v)iH"_1

where O*F is the reduced boundary of F.
(c) For allv € ™!

min{/Bl(&,u)erx, /Bl(&,u)_dm} < g

max{/ (Opu) 1 dx, / (Gvu)_dx} < 2|B§”_1)| + @’
B B 2

where ]B§n_1)| denotes the (n — 1)-dimensional volume of the ball By C R* 1.

(d) Perp, (E) = H™ 1 (9*En By) < || <1 + 2|B}/’7_)|> .
1

0*ENB;

and

We next give the
Proof of Lemma 2.5. We have

1
(2.20) Tl min{\{(E +tv) \ E} N By|, {E\ (E+tkv)} N Bl\} < g
Denoting u = xg, (2.20) becomes
1
(2.21) — min{/ (u(z — tyv) — u(av))Jr dx , / (u(z — tyv) — u()) _ d:c} < @
|tk ] B B 2
Let us now denote the measures
—t —
i+ (dx) = (u(x k? u(x)> dx
—t N
and pp = pg 4+ — pg,—. Note that
— o) — udx — udx
(B = / u(e — tw) —u(@) iy 10— Jp, ude
By —lk th
Hence, since u is a characteristic function,
2 (Bl + tkv) \Bl _1
me(B)] < 2 - L <oy,
where |B§"_1)| denotes the (n — 1)-dimensional volume of the ball B%n_l) c R™ 1,
Now, by (2.21) we have
. n
(2.22) win{ju  (Br) , e (B1)} < 22

5
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But then, since py = pg 4+ — pir,— we must have

(2.23) max{p +(B1)., pi—(B1)} < 2B Y]+

This implies that both the (nonegative) measures iy 4+, p, — are bounded in By indepen-
dently of k. Thus, up to extracting a subsequence, we have p  — pq and pp - — p—
(weak convergence) for some bounded nonnegative measures pi4, .

We have clearly that pp — pu4+ — p—. Moreover it is immediate to check that, for every

ne CCOO(Bl)
T +tv) —n(x
[ wwatar) = [ ML ZID ) g,
By B Uk
if 5, is smaller than dist (sptn, dB1), where sptn denotes the support of 1 and dist (A4, B)
the distance between the sets A and B. It follows that
(2.24) lim n(x)pug(de) = — Ovn(z)u(x)dx

k—o0 Bl Bl

and thus g4 — p— is the distributional derivative of w in the direction v restricted to By,
which we denote Opu.
Moreover from (2.22) and (2.23) it follows that

olS

min{y; (B1), pu(B1)} <
and

n— n
masc{jes (Bu) . ju—(By)} < 2B+ Y0

The above inequalities hold for translations in any direction v € S™~!, and hence we
can choose v to be the coordinate unit vectors. We then obtain that there are n signed
measures p = (1, {42, - - - , fin) in By such that

wal(B1) <2/B" V) + /20, fori=1,....n

Moreover, since by definition p; is the distributional derivative d;u we have
Z/ Tipi(dx) = —/ (divT) udx
i B1 Bl

for every vector field T € Cl(B;;R"), where u = yg. This proves (a). Namely, u €
BV(By).

We next prove (b). Using that O,u is the distributional derivative of u = xp and
applying the divergence theorem for sets of finite perimeter —see [24]— we have, for all

Y e Ccl(Bl)a
/ pOyu dr = —/ Opou dx
B1 Bl

(2.25) = —/B |F]Ediv(cpv)go

= —/ o(vg - v) dH”_l,
O*E

where 0*E denotes the reduced boundary of E (in By).
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The identity (2.25) gives the decompositiondyu = (Opu)+ — (Opu)—. for
(Ovur) = —(vi - v)iHnil‘a*EﬂBl.

Note that the previous decomposition is the Hahn-Jordan decomposition of O,u since

(Opu) 4 and (Oyu)_ are concentrated on disjoint subsets of 9*E. In particular we deduce

that (Opu)+ < p+. Thus (b) and (c) follow. Namely, with the above definitions we have

min{/Bl(avU)erl‘, /Bl(&,u)dx} < g

max{/ (Opu) 1 dx, / (Ovu)_dx} < 2|B§”_1)| + @’
By B 2

where ]B§"71)| denotes the (n — 1)-dimensional volume of the ball By C R"~1!,
To prove (d) we integrate with respect to all directions v € S"~! the inequality

/a ve(z) - v|dH" Y (z) < 2|BY V| + /i,
* B

which follows from the previous steps. Using Fubini we find

H" Y (0*E)2|B" Y| = / dH" () / dH" Y (v)|vEg - v
B sn-1

and

= =Ly L) |vp(z) - v
= [ ) [ ar e -

n— n—1
<1 (2B Y1+ Vi)
concluding the proof of (d). q.e.d.

3. Proof of Theorems 1.7 and 1.9

In this section we give the proof of our uniform BV -estimates.
We start with the proof of our general result Theorem 1.9.

Proof of Theorem 1.9. For the proof we just need to combine Lemma 2.1 (a), Lemma 2.4,
and Lemma 2.5. More precisely, by Lemma 2.1 (a) (applied with R = 4), we have that

(3.1) Pxp,(Esy) + Pi B, (Es,—t) — 2Pk p,(E) < 2t° P+ p, (E).

Hence, E satisfies the assumption in Lemma 2.4 and therefore, for any € > 0 there exists
to such that for any t € (0, %)

(3.2) min{Lg(Fi\ E,E\ F;),Lx(F_+\E,E\ F_;)} < (n/4+ )t?,
with
n= QPK*7B4(E).
Now using the assumption (1.6), namely that K > 1 in By and the definition of Ly we
prove that there is a some sequece t; € (—1,1) with ¢; | 0 such that

fim 2 {(E-+ ) \ B} B - ({2 (B + o) 0B < § e
Yk

for all € > 0.
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After letting e — 0, we apply Lemma 2.5 and, in particular, from point (d) we deduce

that
2P 5, (E
Perp, (E) < |S"!] (1 + 2|gnB;*|()> < V2ny/ P p,(E) + |S"7Y],
1

as wanted. q.e.d.

In the proof of Theorem 1.7 we will need the following abstract Lemma. Although this
useful abstract statement is due of L. Simon [42], the result was previously well-known
in concrete situations, such as in the context of adimensional Holder norms and their
interpolation inequalities. We include its proof here for completeness.

Lemma 3.1. Let f € R and Cy > 0. Let S : B — [0,400], be a nonnegative function
defined on the class B of open balls B C R™ and satisfying the following subadditivity
property

N N
Bc|JB, = S(B) <) S(B)).
j=1 j=1
Assume that
S(Bl) < Q.
There is 6 = §(n, 5) such that if
(3.3) pﬁS(Bp/4(Z)) < (5pﬂS(Bp(z)) + Cy whenever B,(z) C By
Then
S(BI/Q) < 0007
where C' = C(n, ().
Proof. Define
Q:= sup pBS(Bp/Zl(z))

By (2)CBs/y
We prove first that @ < oo since S(Bi) < oo. Take z € Bsyy. By subadditivity
S(B1/4(z)) < S(B1) < oo. We define

S'(B) = <diar;(m>65(3).

Clearly, S'(Bi4(2)) = (1/4)°S(B1/4(2)) < 47°8(By).
On the other hand, by (3.3) we have

S'(By+2(2)) < 85 (By (=) + Ciy
and thus, if § < 1/2, iterating we obtain
S'(By—21—2(2)) < §'(By/a(2)) + Co < o0,
for all k > 0. But for 7 € (272k+1)=2 2-2k=2) we have
S'(B,(2)) < max{1,4_B}S/(BQ_2k-_2 (2))
< max{1,477} (S'(By4(2)) + Co)
< max{1,4-%} (4*55(31) + Co)
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Thus,
Q< max{l,éfﬁ} (4755’(31) + Co> < 00.

Let us now fix a finite covering of By, by a universal number M = M (n) of balls of
radius 1/32 centered at points of z; € §1/4, that is
M

By C U By 32(zi).
i—1

Now, using the subaditivity of S and assumption (3.3) we have

WE

P8 (Bya() <83 (0/8)75 (Byjsale+ o)

.
—_

<8?

'Mi

—

(6(p/8)°S(B,s(z + pzi)) + Co)

1=

=29 Z 5(4p/8)PS (B, s(z + pzi)) + 87 MCo
i=1

< 205MQ + 8°MCy,
where we have used that if B,(2) C Bsjy then also By, 5(2 + pz;) C Bs,a(2) C By and
the definition of Q. Thus, taking supremum for all balls B,(z) C Bj /4 in the left hand
side we obtain

Q < 2°0MQ +8°MCy,

and for § = 2°71/M we obtain Q/2 < 8°MCy, which clearly implies the desired bound
on S(By/2). q.e.d.
We will also use the following standard fact.

Lemma 3.2. Let E C R"™ be measurable and ) C R™ be smooth. Let

(3.4) / / dx dx+
BnBJJB\E |7 — Z|"tS

Then,

(3.5) P, o(E) < CPerq(E).

Proof. By [22], Proposition 2.2 and applying the Poincaré-Wirtinger inequality we have
that

(3.6) lu — o |19y < Cllu—Tallwiag) < C/Q \Vuldz,

where @ denotes the average of u in 2.
By the density of W1(Q) in BV (Q) (see Theorem 1.17 in [28]), (3.6) holds with the
right-hand side replaced by |Vu|(€2). Therefore, for u = xg, we have

2 1 [u(z) —u(@)] ;. -

as desired. q.e.d.



FLATNESS AND BV-ESTIMATES 27

Proof of Theorem 1.7. Multiplying the kernel K € L5 by a positive constant, we may
assume that A > 2""% and hence K satisfies (1.3)—(1.7) with K* = C1 K.
Therefore, by Theorem 1.9, we immediately deduce that

(3.7) Perp,(E) < C <1 + \/PK7B4(E)> < 400,

where Perp, denotes the classical perimeter in By and C' depends only on n, s, A and A
—since C] depends only on these constants.
Now, since K € L9 and by Lemma 3.2, we deduce that

Pk p,(E) < AP, p,(E
/ / dx dT / / dz dT
(3.8) ENBy J B4\E |z — z[nts 1’|"+8 By JR™\ By |z — z[nts

AP87B4( ) +C
C (1+ Perg,(E)),

where P, p,(E) is defined as in (3.4).
Hence, (3.7), (3.8) and Young’s inequality imply that

//\

V/ANV/AN

Perp, (E) < C(1+4 (1+ PerB4(E))1/2)
<C(1+61) +6Perp,(E),
for all 6 > 0, where C' depends only on n, s, A, and A.
Next, we observe that, since E' is a stable minimal set for Pk p,, with K € La(s, A\, A),

given B,.(z) C Bj then the rescaled set E' = (r/4)"}(E — 2) is a stable minimal set for
PK’,B4: where

(3.9)

K'(y) := (r/4)"**K(ry/4) belongs again to La(s, A, A).
Thus, rescaling the estimates (3.9) applied to E’ we obtain, for E,
(3.10) r " Perg () (E) < C(n,s,A A, 8) + 577" Perp, ) (E).
Therefore, considering the subadditive function on the class of balls
S(B) := Perp(FE),
and taking 8 :=1—n , and 6 = §(n, 8) given by Lemma 3.1 we find that
S(Byj2) < C(n,s, A\ A).

since S(Bj) < 400 by (3.7) — note since E is a stable minimal set in By by definition we
have Pk p,(F) < +00.
Thus, we have shown that

Per31/4(E) < C(n, s, A\ A),

where C(n, s, A, A) is a universal constant depending only on n, s, A, A.
By scaling and using a standard covering argument, we obtain

(3.11) Perp, (E) < C(n,s,\,A),
which finishes the proof. q.e.d.
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Proof of Corollary 1.8. We combine the universal perimeter estimate in By of Theorem 1.7
—see (3.11)— with the“interpolation inequality” P p, (F) < C(1+ Perp, (E)), shown in
(3.8), to obtain Pk g, (E) < C. The estimate for the K-perimeter in Bp then follows using
the scaling invariance of the class La(s, A, A). q.e.d.

4. Proof of Theorems 1.14 and 1.19

Before giving the proofs of Theorems 1.14 and 1.19, we give some preliminary lemmas.
We start with the following easy fact, that we state explicitly since we will use it several
times later on.

REMARK 4.1. Let ® be a continuous and odd function defined on the m-dimensional
sphere S, with m > 1.

Then, there exists v* € S™ such that ®(v*) = 0.

The proof of this fact is obvious since S™ is connected when m > 1.

Lemma 4.2. Suppose that ®, and ®_ are two continuous functions defined on S 1,
which satisfy

(4.1) O, (—v)=d_(v) forany ve S"L
Assume moreover that there exists ju > 0 such that for any v € S*1
(4.2) min{®, (v), _(v)} < p.

Then, after a rotation of coordinates, we have that
(4.3) max{®,(e;),P_(e;)} <p forl<i<n—1,
where e; denote the standard basis of R,

Proof. For v € S"~!, we consider the function

O(v) = Py (v) — D_(v).

Using (4.1), it is easy to verify that ® is odd and hence, using Remark 4.1, there exists a
vector v} € S"~! for which

D)) = @4 (v]) — D (v}) = 0.
This clearly implies that
Dy (v}) = & (v}) = minf®, (v}), & (v})} = max{®, (v}), & (v})}.
Hence, by (4.2), we deduce that
(4.4) max{®. (v7), _(v])} < g

Now we define ®5 to be ® restricted to the (n—2)-dimensional sphere given by S"~1n(v})+.
By Remark 4.1 applied now to ®s, there exists a vector v} € S"~1 N (v§)* for which (4.4)
holds (with v} replaced by v3). We can iterate this procedure (n—1) times: at each step we
apply Remark 4.1 to the function ®;, that is the restriction of ® to the (n —i)-dimensional
sphere S~ 1N (v)t N---N(vy ;)*. In this way we get (n — 1) vectors v%,...,v%_; which
are orthonormal and for which (4.4) holds (with v} replaced by v}, 1 <i<n —1). After
some orthogonal transformation, we may assume v; =e;, fori=1,...,n— 1. q.e.d.
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To prove Theorems 1.14 and 1.19 we will use an argument with some flavor of “integral
geometry”. The use of a integral geometry approach for the study of anisotropic nonlocal
perimeter functionals turns out to be useful also in the recent paper of Ludwig [31].

Let us introduce some notation. In the the sequel L C R" denotes a linear subspace
with dimension m with 1 < m < n —1. We let {v;}1<i<m be a orthonormal basis of L
and denote

Lt ={y : v;-y=0forall1<i<m}.
Let Q C R™ be a bounded open set. Given a set £ with finite perimeter in €2, let
u = xg. Note that the distributional gradient Vu is a vector valued measure in B;. We
will denote V u the projected (vector valued) measure

m

Viu= Z(Vu - 0;) ;.

i=1
For each (almost every) y € L+ we denote I o(L,y) the total variation of u = xp
restricted to (y + L) N Q. That is, we define

(4.5) Iga(L,y) = Sup{—/( u(z)div ¢(z) dH™(2) : ¢ € C* ((y+L)ﬂQ;LﬂB1)}.

+L)NQ
Sometimes, when E and () are fixed and there is no misunderstanding, for the sake of
simplicity we will also use the notation

I(La y) = IE,Q(Lv y)

When m = 1 and L = Rwv for some v € S"~! we will also denote I(L,y) as I(v,y). In
the case m = 1 we define also I(v,y)+ and I(v,y)_ respectively as

(46) 102 = sw{= L M) < b€ Cl ) 1950, )}
y+Rv)N

where ¢ = 0,¢ denotes the tangential derivative along the (oriented) line y + Rv. This
auxiliary function I(v,y)+ is useful to detect the monotonicity of xg, as pointed out in
the following result:

Lemma 4.3. Let E be a set of finite perimeter in a convexr open set Q, v € S"~!
and y € vt. Then:

(i) If I(v,y)+ = 0, then x g restricted to (y + Rv) N is nonincreasing;
(ii) If I(v,y)— = 0, then xg restricted to (y + Rv) N Q is nondecreasing;
(iii) If I(v,y) =0, then (y + Rv) N Q is contained either in E or in CE.

Proof. To prove! (i), we denote (a,b) C R the open interval {t € R : y+tv € Q}
—here we use the convexity of 2. Let us define @(t) := xg(y + tv) and we remark that @
is of bounded variation in [a,b] —see e.g. Corollary 6.9 of [1] or Theorem 2 in Section

!The results of Lemma 4.3 and Proposition 4.4 are classical. The first statement is basically an equivalent
definition of distributional derivative and the second is a slicing formula for functions of bounded variations.
A complete presentation of these topics can be found in Section 3.11 of [3]. For the sake of completeness
and for the facility of the reader, we enclose here a self-contained proof of the statements needed for our
purposes.
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5.10.2 of [24]. Then, given any ¢ € C}((y + Rv) N Q; [0,1]), we define o(t) :== oy + tv)
and we use (4.6) to find that

b b
0=1(v,y)+ > —/ u(y + tv) ¢’ (y + tv) dt = —/ a(t) ¢'(t) dt

for all ¢ € Cl((a,b) N [0,1]). As a consequence (see e.g. Corollary 9.91 in [41]), we
have that @ is nonincreasing, which is (i).

The proof of (ii) is analogous. Now we prove (iii). By taking ¢ identically zero in (4.6),
we see that I(v,y)+ > 0. Therefore, if I(v,y) = 0, then I(v,y)+ = I(v,y)- = 0, and thus
we can use (i) and (ii) to deduce that x g restricted to y+Rw is constant, which gives (iii).

q.e.d.

The following proposition gives equivalent formulas to compute the total variation of the
projection of onto some linear subspace L of the measure Vu, u being the characteristic
function of a set of finite perimeter.

Proposition 4.4. Let Q2 C R™ be a bounded open set, E be a set of finite perimeter in
Q, and u = xg. Let L C R™ be linear subspace with dimension m with 1 < m < n — 1.
We let {v;}1<i<m be a orthonormal basis of L.

Then, Igq(L,y) > 0 is measurable in the variable y € L+t and the following identities
hold

|V Lul|(2) : = sup {—/Qu(x)divd)(a:) de : ¢ € CHLLN Bl)}

@ e

_ /L Ipa(Ly) dH" " (y)

Moreover if m =1 and L = Rv then

@8 0@ = [ Joevs@ldr @) = [ Ina(w.par )

(vi - vi(x))® dH" " (2)

iM-

@9 @ = [ (—oevp@) di" @) = [ Inalow)sdi ),

and for a.e. y € v we have

(4.10) Ipga(v,y) = H'(O*ENQN (y + Rv)),

(4.11) Igo,y)s =H'({z € ' ENQN (y+Rov) : Fv-vg(z) > 0}).

The proof of Proposition 4.4 relies on standard results from the theory of sets of finite
perimeter and functions of bounded variation (see [32, 24]), and will be sketched in the
Appendix. Note that if JF has smooth boundary in Bj then the proof of Proposition 4.4
is rather elementary. For related results for m = 1 in the context of integral geometry
formulae for sets of finite perimeter see also [31, Section 1.1] and [46, Theorem 1].
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The well-known Cauchy-Crofton formula (and indeed a generalized version of it) can
be obtained as a corollary of the previous proposition with m = 1, as pointed out by the
next result:

Corollary 4.5. Let E be a set of finite perimeter in By and v € S"~'. Let vt denote
the hyperplane {y : v-y = 0}.
Then

Perq(E) = ¢ /

dH" 1 (v) / dH" Y(y) H(*EN QN (y + Ro))
Snfl 'UL

where H° (6*E NQN(y+ Rv)) counts the number of intersections inside 2 of the line
y + Rov with the reduced boundary of E. The constant ¢ = c¢(n) is given by

c= v wldH" " (v) B
(.. )

where w € S"1 is any fized unit vector —this value does not depend on w.

Proof. Using (4.8) and (4.10), we have

/ v vp(@)| dH () = / HOY(0"E N QN (y + Ro))dH" (1),
0*ENQ

ol
The corollary follows integrating with respect to v € S"~1. q.e.d.
The following observation will be crucial in the proof of our Theorems 1.14 and 1.19.

REMARK 4.6. When m = 1, for a.e. y € v',
I(v,y), I(v,y)+ and I(v,y)_ are nonnegative integers.
Indeed this follows from (4.10) and (4.11) since H? is the counting measure.
In the rest of this section we will consider the functions
(4.12) Oy (v) := (Opu)+(B1) and P_(v) := (Opu)_(B1),

where u = x g is the characteristic function of a set F of finite perimeter in By. By (4.9),
we have

(413) ©o(0) = [ Tom (0.0)sdH" ()

With this observation, we can reformulate Lemma 4.3 in this way:

Lemma 4.7. Let E be a set of finite perimeter in By, v € S*! and > 0. Then:

(1) If @1 (v) < p (resp. ®_(v) < ), then there exists B C vt with H" Y (B) < p
and such that for any y € v\ B we have that xg restricted to (y + Rv) N By is
nonincreasing (resp. nondecreasing);

(i) If max {®;(v), ®_(v)} < p, then there exists B C v with H"'(B) < p and such
that for any y € v\ B we have that (y + Rwv) N By is contained either in E or in
CE.
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Proof. Since (ii) follows from (i), we focus on the proof of (i) and we suppose that ¢ (v) <
i (the case ®_(v) < p is analogous). We set

B:={yecvt : Igp (v,y)s #0}
By Remark 4.6, we have that

B={ycv" : Igp (v,y)s =1}
and therefore, by (4.13),

h> o (v) = /B Ip.5, (v, )+dH™ \(y) > H" (),

which is the desired estimate on B.
Notice that, by construction, if y € v+ \ B, then Ig B, (v,y)+ =0, and so Lemma 4.3
gives that yp restricted to (y + Rv) N2 is nonincreasing, as desired. q.e.d.

With this, we obtain the following flatness result:

Lemma 4.8. Let E be a set of finite perimeter in By, u = xg, v € S" ! and ®4 be as
in (4.12).

Suppose that for all v € 8",
(4.14) min{®(v),®_(v)} < p,
for some p > 0. Then, after some rotation the set E satisfies (F1), (F2) , and (F3) on
page 13, with

e =C(n)u,

where C'(n) is a constant depending only on the dimension.

Proof. We first observe that, since E has finite perimeter in By, for u = xg, Vu is a
vector valued measure and

Oy (v) = (Opu)+(By) = (Vu-v)4(By).
Then,
P4 (—v) = x(v).
In addition, we have
D4 (v) — oy (w)| < v — w||Vu|(B1)
and same holds for ®_. Hence, in particular, ®; and ®_ are continuous functions on

571 satisfying the assumptions of Lemma 4.2.
Therefore, after some rotation we have

(4.15) max{<I>+(ei),<I>_(ei)} <p, for 1<i<n—1
In addition, by (4.14), and possibly changing e,, by —e,, we may assume that
(4.16) B, (en) <

Using (4.15) and Lemma 4.7 we conclude that, for any i € {1,...,n— 1}, there exists B; C
e, with H"1(B;) < 1, and such that for any y € e;- \ B; we have that

(4.17) (y + Re;) N By is contained either in E or in CE .
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Similarly, by (4.16) and Lemma 4.7, we see that there exists B, C e, with H"~1(B,) < p,
and such that for any y € e, \ B,, we have that

(4.18) X restricted to (y + Re,) N By is nonincreasing.
Notice that (4.18) implies (F2). Now we complete the proof of the desired result in three
steps: first, we establish (F1) in the two-dimensional case, then in the three-dimensional
case, and finally we prove (F3).

Step 1. Let us show that (F1) holds for ¢ = 2 first in dimension n = 2. Let us assume

that p < 2 since otherwise 2y > 712 = |By| and there is nothing to prove.
By (4.17), for any t outside the small set By,

(4.19) the segment {zo =t} N Bj is either contained in F or in CE;

here, we are identifying points y € e; and points ¢ € (—1,1) via y = (0,1).
Therefore, we can define Gg (resp., Geg) as the family of ¢t € (—1,1) for which {zy =
t} N By is contained in E (resp., in CE), and then (4.19) says that

(=1,1) =Gg UGcp U By.
The fact that x g is nonincreasing along the vertical direction for a (nonvoid) set of vertical
segments (as warranted by (4.18)), implies that the sets Gg and Gep are ordered with
respect to the vertical direction. More precisely, there exist t,,t* € [—1, 1], such that
esssupGg = t, < t" = essinf Geg.
This implies that, for all ¢ € [t,,t*],

|(E\{IL’2 })ﬂBl|+|({x2 t}\E ﬂBl ‘{LUQEBl}ﬂBl}

2|1By| < 2p

//\ //\

and thus (F1) follows.
In dimension n = 2 we can obtain an even stronger information since

Eﬂ{x1¢l§2}ﬁBlD{$2 t*}ﬂ{l‘1¢82}031

and

CEN {xl §p7_f BQ} NB; D {3?2 = t*} N {acl §é BQ} N Bj.
Therefore, there exits ¢ : B%n_l) — [—1, 1] such that
En{z ¢ B} N B1 = {z2 < g(z1)} N {21 & Ba}

with the oscillation of g bounded by (t* — t.) < HY(B) < i (see Figure 5).
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. [ 4

Figure 5. The two-dimensional picture.

Step 2. Let us show that (F1) holds for ¢ = C(n)u in dimensions n > 3. For this, we
define L = e;- and we use (4.7) and (4.8) in Proposition 4.4 to estimate

|Viul(Br) = /
0*ENB, i=1

n—1
4.20 b e - ()| dH 1 (
(4.20) < _n_l_z/*m&} (v dH 7 (2)

681u| Bl

n—1

(e I/E(m))2dH”_1 (x)

(]

=) Z |
Now we observe that, by (4.12) and (4.15),
De,ul(B1) = (Oe;u) - (B1) + (9eyu)—(B) = @ (e) + B_(er) < 21,
which, together with (4.20), gives that
(4.21) |Vou|(Br) < 2v/n —1p.
Moreover, we note that there exists a small constant i = fi(n) > 0 —depending only on

n— such that for p € (0, ) and r = un%rl we have
n—=1 1
(4.22) < c,unJri < ZH"_I(Bﬁn_l)).

We now use that Ig p,(L,y) is the relative perimeter of (y + L) N E in the (n — 1)-
dimensional ball (y+L)NB; —recall (4.5). Thus, using the relative isoperimetric inequality
at each horizontal slice By N {x,, =t} we find that

min{H”_l(E N By N {z, =t}), Hn_l(CE NBN{x, = t})}
(4.23)
n—1 —
< Cmin{1,Ig p,(L,y) =2} < Clg g, (L,y),

where C' > 0 is a suitable constant (depending only on n) and the last coordinate of ¥
equals to t.
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Let us define the “horizontal bad set” as
B:=BUB",
where
B ={te(-1,1) : [t|>V1-2}
and B":={te(-1,1 ) D < V1 =72 and Clgp, (L,y) > 1}
We also define Gg as the family of t € (—1,1) for which |t| < v1 — 2 and

(4.24) H" '({z, =t} NB1NCE) < p

Similarly, we define Geg as the family of ¢ € (—1,1) for which |¢t| < v/1 — rZ and
(4.25) H" '({z, =t} NBINE) <

By(4.23), it follows that

(4.26) (-1,1)\ B C Gr U Gek.

In addition, by (4.7) and (4.21),

2n =T > Vil B) > [ Tea(Lo)dH' @) > 5 H'(B")
B//
Therefore H(B") < Cy pu and then
(4.27) H"({(2/,t) e By : te B'H)< C1H'(B") < Cap,

for some constants Cy, C7, Cy > 0.
Furthermore, if (2/,¢) € By and t € B/, then

) = |2 P+ -2 <1 — (1 —7%) =712
which implies that 2’ € B! ), and so that
H"({(2/,t)e By : teB})<Cyr" (11— M) <Cyr"t = Cyp,
for some C3, Cy > 0. This and (4.27) give that
H"({(z',t) € By : t€B})<Csp,

for some C5 > 0.
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Now we claim that the sets Gg and Geg are ordered with respect to the vertical direction,

namely there exist t,,t* € [—1, 1], such that

(4.28) esssupGg = t, < t* = essinf Geg.
For this, let t; <ty € (—1,1) \ B. We show that
(4.29) if t1 € Gep then ts € Gep.

We argue by contradiction, assuming that to € Geg. Then, by (4.26), we obtain that to €

Gr. Consequently, by (4.24), we have that t3 < 1 —r? and
H" '({zn =t} N B1NCE) < p
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. . : -1 .
We can write this as xg(2,t2) = 1 for any 2’ in the ball B% outside a set of (n — 1)-
2

dimensional measure less than yu (so, in particular, for any 2’ in the smaller ball Bq(nn_l)

outside a set of (n — 1)-dimensional measure less than pu).
Also, the condition t; € Gep and (4.25) give that t2 < 1 — 72 and

H" '({z, =t} N B1NE) < p.
We can write this as xg(2,t1) = 0 for any 2’ € B% outside a set of (n—1)-dimensional
RS
measure less than p (so, in particular, for any 2/ € B"™Y outside a set of (n —1)-
dimensional measure less than pu).

By (4.18), we also know that xg(2/,t) is nonincreasing in ¢ outside B,,, which is another
set of (n — 1)-dimensional measure less than p.

This means that, for 2/ € Bﬁn_l) outside a set of (n — 1)-dimensional measure less
than 3u, we have that
(4.30) 1=vxe(@ t) <xe(@, t1)=0.

We stress the fact that this set to which 2’ belongs is nonvoid, since H ”_IB,Enfl)) is
strictly bigger than 3u, thanks to (4.22). Therefore, the inequality in (4.30) provides a
contradiction. This proves (4.29). Similarly, one proves that

(4.31) if 5 € Gg then t; € GEg.

By putting together (4.29) and (4.31), one obtains (4.28).

Then it readily follows that (F1) is satisfied with ¢ = C(n)pu.

Step 3 We show that (F3) with ¢ = p in any dimension n > 2.

Recall that we denote F© = {(2/,x,/e) : (2/,2,) € F}. Using Proposition 4.4 we
estimate

Perp: (E°) = sup{—/
B

n—1
<Y supd = | xpedipdz vp € CHBY), [ <1p +
i=1 B

ool

Then, using the change of variables v’ = 2’ and y,, = ex,,, we have

xpe divedr = ¢ € CHBS;RY), |¢|<1}

€
1

XEOpdx 1) € Ccl(Bl), || < 1}

€
1

n—1
_d _ i
Perps (E°) < ZSUP{—/ XE@'i/J; 1 e Ci(B), [¢] < 1} +
i=1 B
—dr - . _
+ sup< — XE€87L¢? e CL(By), [¥| <1
B

n—1
< ?Zmax{@+(ei)7@—(ei)} +
i=1

+ min{®(e,), P_(en)} + 2‘(1)+(6n) - @,(en)’
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Now we use that
B, (en) — D _(e) = / Do 11 — / w(@)vn(z)dH" (z).
Bl 8-81

Hence,

@4 (en) — @ (en)] < /8 (@)l @) = 2B,
Thus, taking € = p and using (4.15) antli (4.16), we obtain
Perp: (E°) < 2(n—1) +¢ + 4|B" V| < ¢(n)
and (F3) follows.

We now give the
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q.e.d.

Proof of Theorem 1.19. For the proof we need to combine Lemmas 2.1, 2.4, 2.5 and 4.8.
More precisely, using Lemma 2.1, point (a), and Lemma 2.4, we find that for any ¢ > 0

there exists to such that for ¢ € (0, %)
min{Lx(Ers \ E,E\ Ery), Lx(Er—t\ E,E\ Ep )} < (n/4+ e)t*,
where Epr; is defined as in (2.4) and

32
T R?
This implies that for all v there is some sequence tx — 0, tx € (—1,1) such that

klig)lo t]ZQLK(ER,tk \ E, E \ ER,tk) < 77/4'

n PK*,BR(E)'

Now, by definition of Er; we have
EpyN By = (E +tv) N By,
and thus using the assumption (1.6) —i.e. K > 1 in By— we obtain
klggot,ﬂ(E + 1)\ E| - |E\ (B + tyv)| < n/4.
Therefore, applying Lemma 2.5 we obtain

min{® (v), ®_(v)} < vn/2,
where @4 (v) = (—0yu)+(By).

Then, applying Lemma 4.8 we obtain that F satisfies (F1), (F2), and (F3) with

Py« pp(E)
e =0C(n)yn=0=C(n) 7}35 :
; : _ Cmn) Py« p,(E) . . . . ~
The same inequality for ¢ = sup ———2—= is proved likewise using Epr
VIog R pE[L,R] o :

instead of Er; and part (b) of Lemma 2.1 instead of part (a).

q.e.d.

Theorem 1.14 and Corollaries 1.20, 1.21, 1.22 all follow by Theorem 1.19 and estimate for

the quantity Px~ g, (E).
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Proof of Theorem 1.14. Multiplying the kernel K € Lo by a positive constant, we may
assume that A > 27" and hence K satisfies (1.3)-(1.7) with K* = C1K. Applying
Corollary 1.8, we deduce that

(4.32) PK*,BR(E) = ClpK,BR(E) < CR™%.
Thus, Theorem 1.14 follows by Theorem 1.19 and estimate (4.32) above. q.e.d.

Proof of Corollary 1.20. The proof follows by Theorem 1.19, after observing that if K* €
L'(R™) and E is a minimizer, then

P 5,(E) < |B,| / K* = 0°|B)| / K*.
R2 R2
q.e.d.

Proof of Corollary 1.21. The proof follows by Theorem 1.19 and by Proposition 1.11.
q.e.d.

Proof of Corollary 1.22. The proof follows by Corollary 1.21 using that for compactly
supported kernels K, we have
Py (Bg) ~ R"1,

q.e.d.

5. Energy estimates with perturbed kernels

Lemma 5.1. Let Ry > 1. Assume that K > 1 in By. Let Q = (—3Ry/2,3Ro/2)" and
E C R"™ is measurable. Then,

Lrg(ENQ,CENQ) = c(n, Ro) min{|[ENQ[,|CENQI}.

Proof. Since the statement is invariant when we swap E and CE we may assume |E N
Ql<|Ql/2<ICENQ).

Split @ into a regular grid composed by k™ open cubes of side r = 3Ry/k with r €
(n=12/8, n_1/2/4] We call these small cubes Q;, i € I. Let I = {i : |Q; N E| > 21Qil}

We have I # I since |EN Q[ <|Q[/2. There are now two cases I nonempty or empty.

On the one hand, if I is nonempty then there are i, € I and ig € T\ I such that Qi,
and Q;, are adjacent cubes. Then, since r < n~'/2/4 we have diam (Q;) < 1/2 for all i
and thus diam (Q;, U Q;,) < 1. Since K > 1 in B; we then have

Lg(ENQ,CENQ) > Lrk(ENQiy,CENQi,) > |[ENQy| - [CENQs,|
1 1
2 5lQul - 51Qu| = cn).

On this case the estimate of the lemma follows since [E'N Q| < (3Ro)".
On the other hand, if I is empty then |Q; N E| < %|Ql\ for all ¢ and

Le(ENQ.CENQ) > Y Li(ENQ:CENQ) > Y IEN Qi - Sl

c(n)|ENQ,
as desired. q.e.d.
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Lemma 5.2. Let Ry > 1. Let K be some kernel satisfying K > 1 in By. Let E C R"
measurable and R € 3RoN and Qr = (—R/2, R/2)". Denote Ko(z) = X{|z|<Ro}(2). Then,
LKO(E NQgr,CEN QR) < C(n, RQ)LK(E NQgr,CEN QR)

Proof. Let us cover the full measure of Qg by cubes belonging to the grid of disjoint open
cubes of size Ry given by {Q;} C Ro(Z"+(—1/2,1/2)"). Let us consider also the covering
of Qg by cubes in the overlapping grid of side 3Ry given by {Q;} C Ro(Z"+3(—1/2,1/2)").
Note that (up to sets of measure zero) each point of Qg belongs to exactly one cube in
{Q;} and 3™ cubes in {Q;}.

Notice that for every pair of points =,z € Qg such that |z —Z| < Ry there is some large
cube Q; containing at the same time both points. Indeed, x will belong to some small
cube Q; but then if Q; is the large cube with the same center it will also be y € @Q;. Hence,

{(z,7) e Qr x QR : |z —Z| < Ro} C UQZ X Q.
i
This implies that

Lg,(ENQRr,CENQR) = // X{|z—z|<Ro} dx dT
(ENQR)X(CENQR)

B // 5  X{|z—a|<Ro} dT dT
Ui (ENQ:) X (CENQ:)

< X{|z—z|<Ry} dv dT
; /‘/(Ein)X(CEin) Hemelstio)

= Li,(ENQi;,CENQ).
Now, using Lemma 5.1 we obtain that, for all 4,
Li,(ENQi;,CENQ;:) <|ENQi| - [CENQ;
< (BRo)"min{|[ENQ;| - |CENQs[}
< C(n,Ro)Lk(ENQi,CEN Q).
But then, using that each point of Br belongs to at most 3" cubes Q; we can estimate

Ly (ENQr,CENQR) <Y Li,(ENQi,CENQ))

< Z C(n,Ro)Lx(ENQi,CENQy)

< C(n) RO)BnLK(E N QR: CEN QR)v
as stated in the Lemma. q.e.d.
We finally give the

Proof of Proposition 1.11. Note first that all R > 1 we have Py (Bg) > c(n)R"! since
K > 1in By by (1.6). On the other hand it is clear that by definition Px (Bp) is monotone
in R.
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Thus, if k is the smallest integer such that 3Rok/2 > R, denoting R = 3Rok/2, Ep =
E N Bg. Denote Ko(2) = x{|z|<Ro}(#). Using Lemma 5.2 we obtain

PKO(E; BR) < LKO(Eﬂ Br,CEN BR) + LKO(BR,CBR)
< Lo (ErRNQR,CERNQR) +/ / X{|5—2|<Ro} AT dx:
Br

n, Ro)Lx(Er N Qp,CERNQp) + C(n Ro)R™™!

n, Ro)(Lx(E N Bg,CEN Bg) + Lk (Br,CBR) + R"1)
n, Ro)(Px.pr(E) + Px(Br) + R" 1),

n, Ro) Pk (BR)

where we have used that E is a minimizer Pk g, and hence Pk p,(E) < Pg(Bgr). Then
the proposition follows. q.e.d.

NN N
Q Q Q

6. Existence and compactness of minimizers

To prove Theorem 1.13 we need some preliminary results. First we prove existence of
minimizers among “nice” sets (more precisely among sets with finite 1/2-perimeter); this
is done in Proposition 6.6, where a crucial ingredient in the proof is given by the uniform
BV-bound established in Theorem 1.12 which provides the necessary compactness in L.
Second, we establish a density result (see Proposition 6.4) which allows to approximate
any set of finite K-perimeter, with sets that has also finite 1/2-perimeter; the proof of this
density result uses a generalized coarea formula that we establish in Lemma 6.2.

We start with a simple remark which will be useful in the sequel.

Proposition 6.1 (Lower semicontinuity of K-perimeter). Let xp, — Xxp n

Li (R™), then

loc

lim inf P (Ey) > Px.o(E).
k—o0

Proof. The result follows, exactly as in Proposition 3.1 in [12], by Fatou Lemma. Indeed,
recall that

x (A, B) / / xA(x)xB (@)K (x — z)dxdz.

If x4, — X4, XB, — X5 in L} (R™), then for each sequence there exists a subsequence
k;, such that for a.e. (z,)

XAkj XBkj — XAXB-
Therefore, by Fatou Lemma, we have

liminf Ly (Ag;, Bx;) > Lk (A, B).

J—00

q.e.d.

In the next lemma we establish a generalized coarea formula for the K-perimeter. The
analogue result for the fractional s-perimeter is contained in [44]. For the sake of com-
pleteness, we reproduce here the simple proof, which does not dependent on the choice of
the kernel. For a measurable function u, we set:

Fr.ou //|u —u(z |K(m—:1:d:1:d:17—|—// Z)|K(z — z)dzdz.
cQ



FLATNESS AND BV-ESTIMATES 41

Lemma 6.2 (Coarea formula). Let u : Q@ — [0,1] be a measurable function. Then,
we have

Frolu / Pk a(Et)d
where By = {u > t}.

Proof. We start by observing that the function ¢ — xg, () — xg,(Z) takes values in
{=1,0,1} and it is different from zero in the interval having u(z) and u(Z) as extreme
points, therefore

1
ju() — u(@)| = /0 I () — X () .

Hence, by Fubini Theorem, we deduce

Fralu) = /0 1 B /Q /Q e (@) — i (2) K (2 — x)da:dx] dt
[ [ ) - xe @l - dads] a
- / I:/;'tﬂﬁ /CEtﬂQ T x dxdx * ENQ /CEtﬁCQ K(x - j;)dxdj:
4 /C o /E CE E)dwdi] dt

1
- / (BN Q,CE N Q) + Lic(E; N Q,CE \ Q) + Lic(Ey \ Q,CE; N Q)]dt
0

1
= / Px o(Ey)dt
0

as desired. q.e.d.

In the following lemma we establish a density result for smooth functions in the space
of functions with finite Fg . For the sake of completeness we reproduce here the simple
proof, which follows the one in [26], Lemma 11, for the case of the all space.

Lemma 6.3. Let Q be a bounded Lipschitz domain and u be a function defined on R™
with uw € LY(Q) and Frqa(u) < co. Then, for any fized sufficiently small § > 0, there
exists a family (uz) of smooth functions such that:

i) [lu—ucllp1sy = 0 ase =0,

ii) Fras(u—u:)—0ase—0.

Proof. For any 0 < € < §, we consider the convolution kernel
x

ne@) =" ().,
where n € C3°(B1), 1 >0, [p.n =1, and we set
ue () == (uxne)(x).

Since v € L'(Q) we immediately have ||u — Uel|f1(gsy — 0 as € — 0. It remains to prove

ii).
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Using the definition of u. and the triangle inequality, we have that

2F g s (ue —u) = //wn\(méxcm) lue(z) — u(z) + u(Z) — ue ()| K (x — T)dxdz

= // K(x —1z)
R27\ (CQ5 xC9)

S /]31 //]R?n\(cmxcga) K(z = Z)u(z — e2) — u(Z — £2) — u(z) + u(@)|n(z)dwdydz.

/B (u(z —ez) —u(z — e2) — u(z) + u(z))n(z)dz| dedy

Now, by the continuity of translations in L'(R?" \ (CQ? x CQ°)) applied to the function
v(a, 7) = (u(z) —u(@))K(z - 2),

(which is in L1(R?"\ (CQ? x CQ0)), since Fr q(u) < o), we deduce that for every fixed
z € By,

// K(z —2)|lu(zx —ez) —u(T — ez) — u(z) + u(z)|dedy — 0, as € — 0.
R2n\ (CQP % CNY)
Moreover, for a.e. z € By, we have

n(z) //R%\(cmxcm) K(z —2)|u(z —ez) —u(Z — ez) — u(z) + u(z)|dzedy

< Zmaxn// K(z — z)|u(z) — u(z)|dzdy < co.
R27\ (CQ0 xCQF)
Hence, the conclusion follows by the dominated convergence Theorem. q.e.d.

The following density result will be useful in the proof of existence of minimizers. The
proof follows the one for the classical approximation result for sets of finite perimeter by
smooth sets, and uses the generalized coarea formula of Lemma 6.2.

Proposition 6.4 (Density of sets with finite 1/2-perimeter). Let Q be a bounded
Lipschitz domain. Let F be a set with finite K-perimeter in ). Then, there exists a
sequence (F;) of open sets satisfying the following properties:

1) Pyjoa(Fy) < oo,

2) F;\Q=F\Q,

3) limj_mo ’FJAF| = 0,

4) limj_wo PK’Q(FJ‘) = PK7Q(F)

To prove Proposition 6.4, we need the following preliminary result.

Let Q be a Lipschitz domain and let d(z, 9§2) denote the distance of the point = from
the boundary 0€2. We define
(6.1) O ={recQ: dx09) >t} and
Note that for a sufficiently small §y > 0, where ¢ € (0, d) all the domains Q' are Lipschitz
with uniform constants depending only on 2. We will need the following lemma.

Lemma 6.5. Let Q@ C R" be a Lipschitz domain and suppose that K > 0 satisfies
assumption (1.5). There exists 69 > 0 depending only on Q such that for any t € (0,dp)
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we have
(6.2) Lr(@\ Q0N < C /R min{t, o]} K (2)d
and

(6.3) Lr(Q\ Q,C0) < C /R min{t, [} K (2)dz,

where the constants C' and § depend only on €.

Proof. Performing the change of variables z =  — x and using Fubini Theorem, we have

Lr(Q\ Q0 = / dx/ dzK(z — x) = / de(z)/ dx
ot o\Qt R™ an((@\00)-2)

<C / min{t, |2} K ()dz,
R’ﬂ
since for a Lipschitz set €2, we have
1N ((Q\ Q) —2)| <min {|Q\ Q| , |Q"\ (' — 2)|} < min{¢, |2|}.
The proof of (6.3) follows likewise. q.e.d.

Proof of Proposition 6.4. As it will become clear in the proof, actually we prove more than
1
property (1): we will show that for any j, on the one hand JFj is smooth in 2 (and up
1 1 1
to the boundary of €27 ), and on the other hand F; N Q\ Q7. Recall that Q7 was defined
n (6.1). Since €2 is Lipschitz, these two properties imply that F}; satisfies (1), for j large
enough.
For a fixed sufficiently small §, we consider Q% —as in (6.1). Let g, € (0,0) be a

sequence such that 5 | 0, and let u; be the mollified functions

Uk ‘= XF * ey, -
By Lemma 6.3 we know that
(6.4) uk — xFllLisy =0, as k— oo,
and

lim ‘FK,Q‘S (Uk) = ]:K,Q5 (XF) = PK7QJ (F)
k—o0

We define now the sets

FF = {u, > t}.
By the coarea formula of Lemma 6.2, we have that

’ k—o00 ’
1
> / lim inf Py o5 (FF)dt.
0 k—o0 ’

Sard’s Theorem implies that for £!-a.e. t € (0,1), all the sets Ftk have smooth boundary,
therefore we can choose ¢t with this property and such that

L :=liminf Py o5 (FF) < Py s (F).
k—00 ’ ’
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Let now (Fy) = (Ftk(h)) be a subsequence with finite K-Perimeter in ° converging to L.
By Chebyshev inequality and (6.4) we deduce that
(6.5) (FLAF)NQ°| =0, as h — .
Moreover by the lower semicontinuity of the K-Perimeter, we deduce that
(6.6) lim Py s (Fp) = Py s (F).
h—oo '
We define now the sequence of sets
(6.7) F) = (F,n Q) U A’ U (F\Q).
We start by observing that, by definition, F) ;f satisfies
(6.8) FP\Q=F\Q, and F} issmoothin Q9.
Moreover, using Lemma 6.3 and that |4%| = C§, we see that
(6.9) lim |FAF| = C6.
h—o0
Here and in the sequel C' denotes possibly different positive constant (uniform in A and

9). We estimate now how much the K-perimeters of F' and Fg differs. By the triangle
inequality, we have that

|Prca(FR) = Pro(F)| < [Pra(F) = Pras (FR)| + [Prgs (F)) = Pr.gs (Fi)| +

(6.10) + [P s (F) — Pr s (F)| + | P s (F) — Pk a(F)|
=L+DL+13+ 1

We readiy show that, for i =1, 2,4,

(6.11) I; < Lg(Q\ Q°,Q% + Lg () Q°,C0%).

Using Lemma 6.5 we deduce that
I; < C’/Rn K(z) min{0, |z|}dz,

where C' depends only on 2. Finally, by point (4) in Proposition 6.4, we have that for any

fixed 4,

(6.12) Is -0 as h — oc.

Let now j be given. We choose 6 = §(j) such that I; < 1/(45), for i = 1,2,4. Moreover,
by (6.12), we can choose h = h(j) such that I3 < 1/(47). Finally we set F}; := F;:((]J)) With
this choices, plugging (6.11),(6.12) in (6.10) we deduce that

1
|Pr.a(F)) — Pxa(F)| < G

In addition, by (6.8) and (6.9), we have that F7 has smooth boundary in Q7 and is such
that

()

F\Q=F\Q |FAF|<-.

<



FLATNESS AND BV-ESTIMATES 45

To conclude the proof, it remains therefore to show (1). This is an easy consequence
1 ~
of the fact that F}; has smooth boundary in €27. Indeed, given any set F' with smooth
1
boundary in 27, and using again Lemma 6.5, we have

3 N (1
Py 2 0(F) :P1/QQ%(F)—I—C - K(z)m1n{j,|z}dz

1 1
/ 1/ +dxda;+2/ / T dadr + C < oo,
FNQJi CFmQJ |z — z|™ a7 Jeai |z —z|™

as desired. q.e.d.

Proposition 6.6 (Existence of minimizers among “nice” sets). Let Q be a
bounded Lipschitz domain, and Ey C CQ) a given set. Then, there exists a set E, with
ENCQ = Ey that is a minimizer for Pk o among all sets F with Py /5 o(F) < +oc.

Proof. Let € > 0. We introduce the following regularized kernel:

e

K (z):=K(z) + |z]”+%'

For any ¢ fixed, the associated perimeter Pk, o admits a minimizer E. with E. NCQ =

Eyp. This follows as in the proof of Theorem 3.2 in [12] by the compact embedding of H T
in L' and the lower semicontinuity of Pk o (that follows by Proposition 6.1 applied to
Py, o in place of Pk ). Indeed given F; j a sequence of sets such that

P inf P F
.. (Fe) kjo Fmé?zon .(F),

then the Hi-norm of the characteristic functions of F. ; N are bounded (by a constant
depending on €), thus, by compactness, there exists a subsequence which converges to a
set B. N in L'(R™), which is a minimizer of Py, o by lower semicontinuity.

Now we observe that the new kernel K. satisfies all assumptions (1.3)—(1.6) and (1.7),
therefore, by Theorem 1.12 and a standard covering argument, we have a uniform BV-
bound (uniform in e!) for the characteristic functions of the minimizers E. in any subdo-
mains €', with Q' C Q. We set, as above, Q° = {z € Q: d(x,09Q) > §}.

Using that BV is compact in L' and the standard diagonal argument, we can extract
a subsequence ¢; such that

XE., = XE in Ll(Q‘S) for all § > 0.

It remains to prove that E is a minimizer for Pg . On one hand, by definition of K.
and by the lower semicontinuity of Pg o, we have

(6.13) liminf Py s(E:) > liminf Py s (E:) = Pk s (E).
e0 & e—0 : :

On the other hand, by minimality of F., we have that
(6.14) Py

=X

Q(Es) < PKE,Q(F)a

for any measurable set F' with ' NCQ = Ey.
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Hence, we deduce that
P s (E) < hl;ll)iglf Py qs(Ex)
< Pr.0(F)
= Pxa(F) +ePi/0(Fs)

When a P, /279(F ) < 00, the conclusion then follows by sending first € to zero and then
d to zero. q.e.d.

We can now give the proof of our existence result.

Proof of Theorem 1.13. The theorem follows combining Propositions 6.6 and 6.4.
q.e.d.

Lemma 6.7 (Compactness). Let 2 be a Lipschitz domain in R"™. Assume that K
satisfies (1.3),(1.4),(1.5) and (1.6). Let {E,} be a minimizing sequence for Pk q and
XE, = XE in L}OC(R").
Then, E is a minimizer for Pg o and
lim PK’Q(Ek) = PK7Q(E)
k—o0
Proof. We follow the proof of Theorem 3.3 in [12].
Assume that F' = E outside 2. We set
Fy = (FQQ) U (Ek\Q),
then, by minimality of Ej, we have
Pxa(Fr) = Pk o(Eg).
Moreover, by definition of Fy,
|Pro(F) = Pra(Fi)| < Lr(Q, (BrAE) \ Q).

We denote:
by := Lr(Q, (ExAE)\ Q),
and we get
Pro(F) + by > Pk a(Ek).
To conclude we just need to prove that b, — 0 as k — oo, indeed, by lower semicontinuity,
we would deduce that

PK7Q<F) 2 lim sup PK,Q(E]C) 2 hgn inf PK7Q<Ek) 2 PK7Q(E)
—00

k—o0

Finally we observe that, by Remark 1.4, we have that the function
o(z) = / K(x —x)dx
Q

belongs to L'(CQ). Then, using that xg, — xg in L
convergence theorem implies

bk:/ /K(x—x)dx—>0, as k — oo,
(ExAENQ JQ

which concludes the proof. q.e.d.

1

ioc a8 k — oo, the dominated
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Appendix: Integral formulas for sets of finite perimeter
We sketch here the

Proof of Proposition 4.4. We follow Section 5.10.2 in the book of Evans and Gariepy [24].
Step 1. We show that the map L+ — R

Y= IE,Q(La y)

is H™" measurable. This follows exactly as in the proof of [24, Lemma 1 §5.10.2] using
that the supremum in the definition of Ig o(L,y) in (4.5) is actually the supremum ¢
belonging to a countable dense subset of C2 ((y + L) N LN By).

Step 2. We prove that

(615) | Tea(La) ai () < V@),

where we recall that u = xg is a function in BV(Q) and

|V Lu|(2) := sup {/Qu(a:) divo(z)der = ¢ € CHQ LN Bl)}

is the total variation of the projection of the (vector valued) measure Vu onto L.
Let ' cC Q. Define given r > 0 define u, = u * 7, where n, = ™" (;) > 0is a
standard smooth mollifier. Note that for r small enough (depending on €' ) we have

/ |V pur| de < |Viul(Q),
Q/

where V1, denotes the projection of the gradient onto L.

Similarly as in the proof of [24, Theorem 2 §5.10.2], for H"™™ a.e. y € L*, we have
ur — u in L' when the two functions are restricted to the cap QN (y + L). Hence, for
H™™ a.e. y we have

IE'7Q/(L,y) < llmll’lf/ ‘VLU»,«’dZ
Q'N(y+L)

r—0

Thus, Fatou’s Lemma implies

/ Ipo/(L,y)dy < liminf dy/ dz |Viu|(2)
Lt Lt 'N(y+L)

r—0

:/ V| de < |V iul(Q).
Q/

Then, (6.15) follows by monotone convergence letting ' 1 Q.
Step 3. We prove that

(6.16) IV ul(@) < /L Tna(Ly) dH"()

Indeed, using the definition of Ip o(L,y) we find that for every given ¢ € C1(Q; LN By)
we have

[ ut@yaivotayin < [ oty am )
Q Lt

Taking the supremum in ¢ we obtain (6.16).
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Step 4. We show that

m

(6.17) IV u|(Q) = /8 RS CRZOR !

=1

To prove (6.17) we use the divergence theorem for the set of finite perimeter F and with
a vector field ¢ € C1(Q; L N By). We obtain

/ w(z)div ¢(z) dz = / 6(2) - vp(z) dH™(2)
Q

0* BN
(6.18) m ,
- vp(z n=1(z).

From this, taking supremums in the left hand side, it easily follows that (6.17) is satisfied
with the equality sign replaced by <. To prove the equality we may use the structure
theorem for sets of finite perimeter to build a sequence ¢ that attain, in the limit, the
equality case in (6.18). More precisely, this follows in a rather straightforward way from
the fact that 0*E is H" ! rectifiable —see statements (i) and (ii) of Theorem 2 in Section
5.7.3 of [24].

Step 4. In the case of m = 1 the formulas for I o(L,y) and Igo(L,y)+ follow by
inspection using the fact that a set of finite perimeter in dimension one is (up to negligible
sets) a finite union of disjoint closed intervals. q.e.d.
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