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Abstract
We consider the Cauchy problem for a linear stochastic partial differential equation. By extend-
ing the parametrix method for PDEs whose coefficients are only measurable with respect to the
time variable, we prove existence, regularity in Holder classes and estimates from above and below
of the fundamental solution. This result is applied to SPDEs by means of the It6-Wentzell for-
mula, through a random change of variables which transforms the SPDE into a PDE with random

coefficients.

Keywords: stochastic partial differential equations, fundamental solution, parametrix method, Kol-

mogorov equation

1 Introduction

Stochastic partial differential equations (SPDEs) arise in many applications in probability theory
and in particular in the study of filtering problems (see e.g. [§], [15]). Assume that (X;,Y;) is a
diffusion where X represents a signal that is not directly observable and we want to extract information
about X from FY = o(Ys, s < t) that is the filtration of the observations on Y. Then, under natural

assumptions, for any bounded and measurable function f we have
B0 | 7] = [ rem(o)is

where p;(z) denotes the conditional density of X; given F}: it turns out that p; satisfies a SPDE of
the form
dpi(z) = Lype(2)dt + Gypy(z)dWe, (1.1)

where L; is a second-order elliptic operator and Gy is a first-order operator. The coefficients of L; and
G; may depend on t,z,Y; and are therefore random and typically not smooth. A very particular case
is when Y = 0: then G; = 0 and reduces to the classical forward Kolmogorov equation for the
transition density p; of X;. In the general case, p; can be referred to as the stochastic fundamental
solution of . The aim of this paper is to prove existence, regularity and estimates from above and
below of p; by using a classical tool from PDEs’ theory, the parametrix method.

Let (2, F,P) be a complete probability space with an increasing filtration (F;),~, of complete
with respect to (F, P) o-fields 7y C F. Let d; € N and let W*, k = 1,--- ,dy, be ozle—dimensional
independent Wiener processes with respect to (]-'t)tzo. We consider the parabolic SPDE

dui(z) = (Lyw(z) + £i(2)) dt + Gx ug (x)dWF, (1.2)
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where L; is the second-order operator
Liui(x) = %aij(:c)aijut(x) + bi(m)ajut(x) + ci(x)ur(z)
and G is the first-order operator
Goru(z) = otk (2)Ou ().

Throughout the paper, the summation convention over repeated indices is enforced regardless of whether
they stand at the same level or at different ones. The point of R? is denoted by x = (z1,...,24) and
we set 0; = Oy,, V. = (01,...,0q) and 0;; = 0;0;. A function u = u;(x,w) on [0, 00) x R? x 2 is denoted
by u:(z) and we shall systematically omit the explicit dependence on w € €. The coefficients a;, by,
ct, f; and of in are intended to be random and not smooth.

The Cauchy problem for evolution SPDEs has been studied by several authors. Under coercivity
conditions analogous to uniform ellipticity for PDEs, there exists a complete theory in Sobolev spaces
(see [20], [16], [25], [6] and references therein) and in the spaces of Bessel potentials (see [I1] and [12]).
Classical solutions in Hélder classes were first considered in [24], [26] and more recent results were
proved in [I] and [I8], though the authors only considered equations with non-random coefficients and
with no derivatives of the unknown function in the stochastic term.

In the last decades, the use of analytical or PDE techniques in the study of SPDEs has become
widespread. For instance, the results in [I], [18], [30] are based on classical methods of deterministic
PDEs, such as Duhamel principle and a priori Schauder estimates; the LP estimates in [3] are proved by
adapting the classical Moser’s iterative argument; [28] provides short-time asymptotics of random heat
kernels. A further remarkable example is given by the recent series of papers by Krylov [13], 14}, [15] where
the Hormander’s theorem for SPDEs is proved; see also the very recent results in [23] for backward
SPDEs.

In this paper we extend another classical tool that, to the best of our knowledge, has not yet
been considered in the study of SPDEs, the well-known parametriz method for the construction of the
fundamental solution of PDEs with Hélder continuous coefficients. There are two main problems that
one faces when trying to apply the parametrix method to SPDEs: the lack of a Duhamel principle for
SPDEs and the roughness of the coefficients, that are assumed to be only measurable in time. In the
first part of the paper, we use the It6-Wentzell formula [29] to make a random change of variables which
transforms the SPDE in a PDE with random coefficients; the latter admits a Duhamel principle and,
in the second part of the paper, we use it to extend the parametrix method to parabolic PDEs with
coefficients measurable in the time variable.

This paper does not pretend to encompass the most general assumptions but rather investigate the
possible use of the parametrix method in the stochastic framework; as such, it has to be intended as
a first step of a research programme aiming at considering more general classes of possibly degenerate
SPDEs. More precisely, it is very likely that the techniques used in this paper can be applied to SPDEs
satisfying the strong Hérmander condition, such as those considered in [I3]. A more challenging problem

is to consider the Langevin SPDE
_ ag ($, y) 2
dut ((II, y) - Tax$ut(xa y) + xayut($7 y) dt + [oF7 ($, y)axut (.CL', y)th7 (JJ, y) € R=.

This equation has unbounded drift coefficient and satisfies the weak Hormander condition. The para-

metrix method has been generalized to deterministic (i.e. with oy = 0) Langevin PDEs in [22], [4] and



[10]; however, contrary to the uniformly parabolic case considered in the present paper, the intrinsic
Hoélder regularity in the spatial variables cannot be studied independently from the time variable as
it was recently shown in [I9]. This is an additional issue that needs careful investigation and is the
subject of the forthcoming paper [21].

The paper is organized as follows. In Section [2] we introduce the basic notations and state our main
result, Theorem for illustrative purposes, the particular case of the stochastic heat equation is
discussed in Subsection In Section [3| we recall the It6-Wentzell formula and provide some estimate
for the related flow of diffeomorphisms. In Section [4] we present the parametrix method. Since the
complete proofs are rather technical and to a large extent similar to the classical case, we only provide
the details on those aspects that require significant modifications: in particular, in Section [4.3] we
present a proof of the Gaussian lower bound for the fundamental solution which requires some non

trivial adaptation of an original argument by Aronson (cf. [5]).

2 Assumptions and main results

Before stating our main theorems, we need to introduce some basic definitions and notations to be
used throughout the paper. Let k € N, o € (0,1) and 0 < ¢t < T. Denote:

o P = CPr(R?) the space of all measurable functions f = f.(z) on [t, T] x R? that are continuous
in x;

o Cfp = Cfp(R?) the space of functions f € C7p that are a-Hélder continuous in z uniformly with

respect to s, that is
sup | fs(z) — fs(y)‘

< Q05
s€ft,T) ‘CU — y|°‘
Ay

e C}'roc the space of functions f € CP p such that

sup |fs(x) — fs(y)l < 00
selt,T) |a: — y|°‘
z,yeEK, z#y

for every compact subset K of R¢;

e Cf the space of all measurable functions f = f(x) on [t,T] x R? that are k-times differentiable
w.r.t. x with 0°f € C’gT for any multi-index S of height |3| = k;

. CZfJTFO‘ (resp. Cf;cfoc) the space of functions f € C’t’fT with 0% f € Cf'p (resp. IPf e Ci'r o) for
any multi-index 8 of height |§]| < k.

We use boldface to denote the stochastic versions of the previous functional spaces. More precisely,
let now k € NU{0}, a € [0,1) and P, be the predictable o-algebra on [¢,T] x 2. We denote by Cf}”‘
the family of functions f = f,(z,w) on [t, T] x R? x Q such that:

1) (5793) — fS(Iyw) € Cﬁ;a P—a.s.;
ii) (s,w) > fs(z,w) is P; p-measurable for any = € R%.
Moreover, bCf}“ is the space of functions f € Cf‘}o’ such that

sup |07 fo(x)] < oo P-as.
BI<k s’



We say that f = f.(z) is non-rapidly increasing uniformly on (t,T] x RY if, for any § > 0, e=dlel® |fs(x)]
is a bounded function on (t,7] x R%, P-a.s.; in case f does not depend on s, we simply say that f is

non-rapidly increasing on R¢.

Definition 2.1. A stochastic fundamental solution T' = T'(t,x;7,&) for the SPDE (1.2)) is a function
defined for 0 <17 <t <T and x,& € R, such that for any (7,€) € [0,T) x R? we have:

i) (-, 7,€) € CfO’T(Rd) and with probability one satisfies

t t
F(t,x;r,f)ZF(to,x;T,é)ﬂL/ LsF(S,x;T,E)d8+/ G+ T(s,2;7,§)dW} (2.1)
to

to

forT<to§t§TandxeRd;

i) for any continuous and non-rapidly increasing function ¢ on R?

lim / T(t,z; 1, y)e(y)dy = ©(€), P-a.s.
Rd

(t,@)—(7,€)
t>7

Next we state the standing assumptions on the coefficients of the SPDE ([1.2)).

Assumption 2.2 (Coercivity). Let

Aue) = (@) — o @)of" @)

,,,,,

There exists a positive random variable \ such that
(A()€,8) > A¢], te[0,7T], z,§ €R?, P-as.

Assumption 2.3 (Regularity). For some « € (0,1) and for everyi,j =1,...,d and k = 1,...,dy,
we have

a”’, b/, c€bC{, and o € bCHH".

We now introduce a random change of coordinates that will play a central role in the following

analysis. We fix (7,2) € [0,7) x R? and consider the stochastic ordinary differential equation
t
Ty =1 —/ of (zg)dWk, telnT). (2.2)

It is well-known (see, for instance, Theor. 4.6.5 in [I7])) that, under Assumption equation (2.2
admits a solution X = X, ;(z,w) that is a stochastic flow of diffecomorphisms: precisely, X ; € Ci}o‘/,

for any o/ < «, the matrix VX, ;(x) satisfies
¢
VX, (x)=15— / Vol (X, o(2) VX, o(x)dWF, (2.3)

and, for any i,j = 1,...,d, 9}, X, () satisfies

t
X" (x) = / ((Vob (X (@) Xr s (2D + (VX () V2 (X o (2))V X (), ) AWE
’ (2.4)
with probability one.
Since we are going to use X as a global change of variables, we need some control over the stochastic
integrals in and for z varying in R?: this issue is addressed in Section [3| (see, in particular,
Proposition under the following additional condition.



Assumption 2.4. There exist € > 0 and a random variable M € LP(Q), with p > max {2, d, %}, such
that
sup (1 + |z|*)¢|0%c% (x)| < M P-a.s.

s€(0,T]
z€Rd

for every k =1,--- /dy and multi-indez 8 with 1 < |f| < 3.

Assumption is a rather weak condition on the first, second and third order derivatives of o:
clearly, it is satisfied under the very particular cases of o constant or ¢ with compact support.

Our main result is the following

Theorem 2.5. Let Assumptions[2.3, [2.3 and[2-]] be in force. Then there exists a fundamental solution
T for the SPDE (1.2)). Moreover, there exist two positive random variables py1 and ps such that

T (= X (@)~ ) S Tlhasn ) < il (0= 7. X (@) = 6), (25)
02T (1,257, )] < =T (1= 7 X () =€), (2.6)
[Or,0, Dt 237, 8)| < 2T (¢ =7, X} (@) = ©), (2.7)

for every 0 < 7 <t < T and x,& € R, where T* denotes the fundamental solution of the heat equation
Orug(x) = §Au(x).

The proof of Theorem [2.5 is postponed to Section (.4}

Corollary 2.6. Let ug be a Fo ® B-measurable function on Q x R% such that ug(w, ) s continuous
and non-rapidly increasing on R? for a.e. w € Q. Let f € Cg,T,locf for some & € (0,1), be non-rapidly

increasing uniformly on [0,T] x R, Then
t
wi@) = [ Pea0.gu@de+ [ Do e

is a classical solution of (1.2) with initial value ug, in the sense that u € C(Q)yT and with probability one

satisfies
¢ ¢
ut(x) = uo(x) +/ (Lyus(z) + f5(x))ds +/ Gagus(x)dWSk, te[0,T), = € R
0 0

Such a solution is unique in the class of functions with quadratic exponential growth: precisely, u is the
‘2

unique solution such that there exists a positive random variable C such that |us(z)| e~ C1*I" is bounded

on [r,T] x RZ.

2.1 Stochastic heat equation and Duhamel principle

To further illustrate and motivate our results, in this section we consider the prototype case of
the stochastic heat equation. We focus our attention on the Duhamel principle that is the crucial
ingredient in the parametrix method for the construction of the fundamental solution. More generally,
the Duhamel principle is a powerful tool for studying the existence and regularity properties of parabolic
PDEs. In the framework of SPDEs of the form , it is still possible to have a Duhamel representation
when the coefficients a*/ are deterministic and G,» = 0: this case has been considered in [26] and [18]
where the Cauchy problem for parabolic SPDEs is studied. For the general SPDE however, as



also noticed by other authors (see, for instance, Sowers [27], Sect.3), measurability issues arise that do
not appear in the deterministic case.
To be more specific, let us consider the stochastic heat equation
2

duy(z) = %amut(x)dt + (00w (2) + g () AW (2.8)

2

Under the coercivity condition a? := a% — 02 > 0, the Gaussian kernel

(x+o(Wy — W) —¢&)?
2ra?(t — 1) P (_ 2a2(t —7)

p(t,z;1,8) = ), t>7>0, z,£€R, (2.9)

is well defined, and if 0 = 0 or g = 0 then the function

w(z) = /R p (b 27, €) uo(€)dE + /0 /R Dt 73 5. €) g (€)dE AW, (2.10)

is a classical solution to ([2.8]), for any suitable initial value ug. This follows directly from the It6 formula
and the fact that the change of variable

Xe(z) =2 —c(W, — W)

transforms into a deterministic heat equation.

The difficulty in considering the case when o and g are both not null, comes from the fact that the
integrand p (¢, z;s,&) gs(£) in becomes measurable with respect to the future o-algebra F; in the
filtered space: thus in general the last integral in (2.10)) is not well-defined in the framework of classical
Ito-based stochastic calculus. For this reason, in the context of SPDEs, the Duhamel principle has been
used only under rather specific assumptions.

We observe that a naive application of the parametrix method for SPDE would consist precisely
of a successive application of the Duhamel formula with g and ¢ = o,(x) that are not null and
not even constant. Hence, the lack of a general Duhamel formula seems to preclude a direct use of the
whole parametrix approach.

Incidentally formula shows that, even for SPDEs with constant coeflicients, the stochastic
fundamental solution p has distinctive properties compared to the Gaussian deterministic heat kernel.
In particular, the asymptotic behaviour near the pole of p is affected by the presence of the Brownian
motion: this fact was studied also in [27] in the more general framework of Riemannian manifolds and
is coherent with the Gaussian lower and upper bounds .

3 Ito-Wentzell change of coordinates

In this section we consider the random change of coordinates and use the It6-Wentzell formula
to transform the SPDE (|1.2]) into a PDE with random coefficients. For simplicity, we only consider
the case 7 = 0 and set X;(x) = Xo(x). We define the operation “hat” which transforms any function
ug(z) into

() = up(Xi(2)) (3.1)
and recall the classical It6-Wentzell formula (see, for instance, Theor. 3.3.1 in [I7] or Theor. 6.4 in
[14]).

Theorem 3.1 (It6-Wentzell). Let u € Cj 1, h € Cf - and g~ e C.r be such that

dus(z) = he(z)dt + gF (z)dWE. (3.2)



Then we have

— o

dity () = (w + oitol () D) - aing(wzk(x)) dt+ (9 (2) = Gopule)) dWf.  (3.3)

In order to apply It6-Wentzell formula to our SPDE, we prove the following crucial estimate for the
gradient of X;(x).

Proposition 3.2. Let
Y, = (VX)L

We have VX, Y; € bC(le and there exists a positive random variable X such that
Y (@)E? = Mel?,  t€0,T), 2, €R?, P-as. (3.4)
The proof of Proposition [3.2) is based on the following preliminary lemma:

Lemma 3.3. Let Z be a continuous random field defined on [r,T] x R%. Assume that for some & > 0
and p > (d \Y %) there exists a constant C' > 0 such that

E | sup |Z(2)]"| <O+ |z[*)~, (3.5)
s€[7,T]

E| swp [VZ.@)P| <00+ eP), (36)
se[r,T]

_d
for every x € R%. Then Z has a modification in bCin”.
Proof. By the classical Sobolev embedding theorem, for every f € W1P(R?), with p > d, we have

o) 4 @)= W)

1—4d < NHf||W1vP(Rd)7 a.e. T,y € Rd7
|z -yl

where N is a constant dependent only on p and d. Hence the statement directly follows from the
following estimate

sup || Z¢|lw1pray <00 P-ae.
te[r,T]

and the continuity of Z. To this end, we check that

E | sup ||Zt||W1,p(Rd)] < 0.
telr,T]
By (3.5) and since p > 2%, we have
E | sup ||Zt||1£p(Rd) <FE / sup |Zi(z)Pdz| < / C(1+ |z[?)~Pdz < oo,
te[r,T) Rd te[r,T] Rd

and analogously by (3.6) we have

E

s ||vzt|ip<w>] < [ ot orar <o
te[r,T) R4



Proof of Proposition[3.2 Let
t
Zi(x) == VXi(z) - I = / Vol (X, (2))VX,(z)dWE. (3.7)
0

We show that the matrix-valued random field Z;(z) satisfies estimates (3.5)) and (3.6) of Lemma [3.3] for
every p such that (2 VdvVv 2%) < p < p, with € and p as in Assumptlon 4] Indeed, by the well-known
LP-estimates for X; r(z) (see [17], Chapter 4), for any 0 < 7 <t < T and € R? we have

E (14 |Xre(2)*)P] < Ni(1+|2[*)P, p € R, (3.8)
El|0°Xey@)'] <N, p22,1<18]<3, (3.9)

where the constants Ny and N, depend only on p and d. We have

P
E | sup ’Ztij(m)‘p <C’Z sup /8ha”€ 2))0; X (z)dWk
te[0,T] P— te[0,T]
(by Burkolder inequality)
dy d T %
<Y M E </ (Ono (X (2))0; X () ds)
k=1h=1 0

(by Holder inequality with conjugate exponents § and o L)

<ar” ZZ/ |aha“€ S(z))ajxg(z)r’]ds

k=1h=1
(by Hoélder inequality with conjugate exponents r and ¢ < %)
1 1

di d
ZZ/ E [|ono™ (X, @[] B [|o;X2@)["] " ds
k=1 h=1

(by Assumption and estimate (3.9)))
T 1
< C’"T N2 / E [MPY(1 + |X,(2)[*) "] * ds
0

(by Holder inequality with conjugate exponents 7 and §q := % >1)

T P 1
<C)T 7 Ny / E[MP]? E [(1+ | X (z)[?)~P"] " ds
0
(by estimate (3.8]))
p L 1 _
< CyT2 N Ny [ M5+ [a]*) ==

This proves (3.5)). Estimate (3.6) is obtained in a similar way from the identity 8, Z} () = 0?2 jX§7 with

8,21ng satisfying SDE (2.4), and employing estimate (3.9) with || = 2. Hence, by Lemma Z(x)
_d

has a bCé}Tp -modification and therefore VX, (x) is bounded as a function of (¢,) € [0,7] x R%, P-a.e.

by .

Next we prove that det VX, (z) is bounded from above and below by a positive random variable for

all (¢t,z), P-a.s. By Ito formula (see [I4], Lemma 3.1 for more details), with probability one we have

det VX (z) = exp (/0 trDo® (X, (2))dW?F + %/0 tr (Dot)?) (Xs(x))ds> . (3.10)



Since both parts of the equality are continuous w.r.t (¢, z), the equality holds for all (¢,2) at once with
probability one. Thus the assertion follows from the boundedness of the integrals appearing in ,
which again can be proved as an application of Lemma estimate and Assumption

Then the matrix Y;(z) is well defined and det Y;(z) is bounded from below by a positive random
variable for all (¢, x), P-a.s. This fact, together with the uniform boundedness of the entries of VX, (x),
implies (3.4]).

It remains to prove that VX, and Y; have uniformly bounded spatial derivatives P-a.s. Again, this is
a consequence of formula (2.4), Lemma [3.3] and the simple equality 9;Y;(z) = —Y;(2)0;(VXy(2))Yy ().

O
Theorem 3.4. The function u is a classical solution of SPDE if and only if 4 in solves
diy(x) = (Lt (x) + fe(x)) dt (3.11)
where fy = f't and
L = %a?aij +0i0; + ¢ (3.12)

is the parabolic operator with coefficients a, b, c € bCO‘ﬁT given explicitly by

—

a = (mAth*) . bi=Y" <6;‘ —0jo7kal" —al" (Y;*(VQX[)Y;)M> . =¢. (3.13)

ij

Moreover, for some positive random variable 1, the following coercivity condition is satisfied
(ar(z)€,€) > plé?,  te€[0,T), 2,6 €RY, P-as. (3.14)

Proof. By assumption, u; satisfies (3.2)) with hy = Liu; + f; € C&T and gf = Gafut S Cé}o‘. Thus, by
the Tt6-Wentzell formula ([3.3]) we get

—

1 onss . — \ _— R
d’llt = <2A?8ijut + (bg — 6i0§k0§k> ajut + état + f) dt. (315)
Now, we have

0yin(x) = Bouy(2)9,X{(2) = (Vur (1) VX))

J

Bijin(@) = (VX7 (@) V(@) VX, (@) + (@) VX[ (@)

ij ij

or equivalently
V() = Vi (2)Yi (@),
V2us(x) = V' (@) V20 (2)Vi(2) — (V7 (@) VX[ (0)Yi(x) T ().

Plugging these formulas into (3.15]) and rearranging the indexes, we get (3.11))-(3.12)-(3.13). Moreover,
from expressions (3.13)) combined with Assumption and Proposition it is straightforward to see
that a¥,b7, c € bCS‘,T. Eventually, by Assumption and estimate (3.4]) of Proposition we have

(Ay(2) Y€, YE) > MY (2)€]* > ANE[?

for any t € [0,T], z,& € R?, P-a.s. and this proves (3.14)). O



4 Time-dependent parametrix

In this section we consider the (deterministic) parabolic PDE
Huy(z) := Lyug(z) — Qpug(z) =0 (4.1)
where
Ly () = %aijaijut(l’) + 0LDuy () 4 cuy () (4.2)

appears in the reduced equation (3.11)) when w € € is fixed. Since the coefficients will be assumed only
measurable in the time variable, equation (4.1)) has to be understood in the integral sense: a solution
to the Cauchy problem

Huy(x) + fi(z) =0, xR ae. te(r,T), (43)
ur () = (), zERY, '

is a function u € C2 ;-(R?) that satisfies
t
ui(z) = p(z) —|—/ (Lsus(x) + fs(x))ds, (t,z) € [1,T] x R

The main idea of the parametrix method is to construct the fundamental solution I' = T'(¢, z; 7, )
of H using as a first approximation the so-called parametriz, that is the Gaussian kernel of the heat
operator obtained by freezing the coefficients of H at the pole (7,¢). If Z = Z(t,z;7,£) denotes the

parametrix, one looks for the fundamental solution of H in the form

Mtain) = Ztair €+ [ [ 2(taisn)®omr dds (1.4

The unknown function ® is determined by imposing HI'(¢, z; 7,&) = 0: this implies that ® should satisfy

the integral equation
t
Blt,zir€) =2t )+ [ [ HZ(twis )@, im ) dyds (15)
T JR2

for any z,¢ € R? and a.e. t € (,T]. By recursive approximation we have

+oo

Ot a;7,8) = _(HZ)k(t, 437,€) (4.6)

k=1

where
(HZ)l(tvm;va) = HZ(t,CL’;’T, 5)7
t
(HZ)k+1(t,IL’;T,f) = / HZ(tﬂI;$7y)(HZ)k(57y;Ta€)dde7 keN.
T JRA

To prove convergence of the series (4.6) and show that the candidate I' in (4.4])-(4.5) is indeed a

fundamental solution for H, we need to impose some conditions.

Assumption 4.1 (Coercivity). There ezists a positive constant A such that
ATHER < au(@)€, €) < AEP?, te0,T], z,¢ € R

Assumption 4.2 (Regularity). The coefficients a', b7, c are bounded functions and a* € C&T(Rd),
V,ce C&TJOC(Rd) for some o € (0,1).
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Since it is clearly not restrictive, for the subsequent analysis it is convenient to increase a bit the
value of the constant A of Assumption so that A > 1 and the L*-norms of the coefficients a*, b7, c
are bounded by .

Remark 4.3. As opposed to the classical parametriz method, in Assumption[].3 we do not require any
regularity of the coefficients in the time variable. Instead, here we only require Holder continuity in the
spatial variables. The reason lies in the fact that we are going to adopt a time-dependent definition of
parametriz: namely, we do not freeze the time variable in the definition of Z (see below) and take

as parametriz the fundamental solution of a parabolic equation with coefficients depending on t.

Remark 4.4. Using the enhanced version of the parametriz method proposed in [2], we can weaken the
conditions on the first- and zero-order coefficients that can be supposed to be unbounded with sub-linear

growth at infinity.

Definition 4.5. A fundamental solution T' = T'(t,z;7,£) for equation (4.1) is a function defined for
0<7<t<T andx,& € RY, such that for any (1,€) € [0,T) x R? we have:

i) (-, 57,8 € C’fwT(Rd) for any to €7, T| and satisfies HL(t,z;7,€) = 0 for any x € R4 and a.e.
te(r,T);

i) for any continuous and non-rapidly increasing function ¢ on R?

tim [ Ty = o).

(t,z)=(7,€)
t>7

Next we state the main result of this section.

Theorem 4.6 (Existence of the fundamental solution). Under Assumptions and [4.3, there
ezists a fundamental solution I' for equation . Moreover, assume that ¢ = p(x) is continuous and
non-rapidly increasing on R, and f = fi(x) is non-rapidly increasing uniformly on [7,T] x R% and
such that f € C’;’"/T,loc for some o € (0,1). Then

wie) = [ Pan e+ [ [ 10, ads (@)

is a solution to the Cauchy problem (4.3). Such a solution is unique in the class of functions with
quadratic exponential growth (cf. Corollary .

Theorem 4.7 (Properties of the fundamental solution). Under the same assumptions of Theorem

[£.6, the fundamental solution T' enjoys the following properties:

i) T wverifies the Chapman-Kolmogorov identity
F(t7a:;t071"0) = / F(t71‘;T7£)F(T’§;tvaO)dEa tO <7< t7 T,To € Rda
Rd
and, if ¢ = ¢; is independent of x, we have

/ T(t,2;7,6)dé = elresds. 7 <t<T, zeR% (4.8)
]Rd

In particular, if ¢ =0 then T'(¢t,z;7,-) is a density;

11



i) there exist two positive constants C; = Ciy(\, a,d,T), i = 1,2, such that

STt w &) S T(t:7,) < PNt — 7,0 — ), (49)
1

Dt ) < ZETN = r =) (4.10)

0uie Tt 57,6 < 2T = =), (a.11)

for every 0 < 7 <t < T and x,& € R, where T denotes the fundamental solution of the heat

equation dyuy(z) = 3 Auy(z).

4.1 Preliminary Gaussian and potential estimates

Let A= (Aij )1 <ij<d be a constant, symmetric and positive definite matrix. We denote by
icat(A,J}) _ 1 efﬁ(A’lm,m’ re Rd,
(2m)d det A

Fheat

the d-dimensional Gaussian kernel with covariance matrix A. Clearly is a smooth function and

satisfies

d
1 g
8t1—\heat(tA’ x) _ 3 E /ll]aij]_—\heatt(t‘/él7 l’), t>0, x ¢ RY.

ij=1
Now, we freeze the coefficients of L; in (4.2) at a fixed point y € R? and consider the operator with

time-dependent coeflicients
1 ..
Lt,y = §all£] (y)a:m:vJ

acting in the z-variable. We denote by

t
Tyt €) = T"(A, ()2 — &), Aru(y) = / as(y)ds, (4.12)

the fundamental solution of L;, — 0;. Notice that I'y is well defined for 0 < 7 < t < T in virtue of
Assumption [4.1] and solves
atry(ta €T, T, 5) = Lt,yry(tv €T, 5)

for any z,¢ € R? and almost every t € (7, 7). Finally, we define the parametrix for H as
Z(t,z;7,€) = De(t, 237, €), 0<7<t<T, z¢eR (4.13)

Hereafter C = C' (-, ...,-) denotes a constant depending only on quantities appearing in parentheses.
In a given context the same letter will be used to denote different constants depending on the same set
of arguments. The following Gaussian estimates are standard consequences of Assumption
Lemma 4.8. We have

$F§<t — T, T = g) < Fy(t,.lj, T, 5) < )‘dr)\(t —T, X — f)a (414)

for any 0 < 7 < t < T and x,&,y € R Moreover, Iy(t,x;7,§) verifies the Gaussian estimates

(4.10)-(4.11) for some positive constant C' = C(A,d).
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Proposition 4.9. There exists kg € N such that, for every 7 € [0,T| and & € RY, the series

o0

Z (HZ)k(a ';7_75)

k=ko

converges in L=((7,T] x R%). The function ® defined by [4.6)) solves the integral equation ([A.5) and
there exists a positive constant C' = C(\, «,d, T) such that

B(t.2:m.6)| € g T = m =) (4.15)
[®(t,237,€) = B(t,y; 7. 6)| < CH (Ot -re-O+TNt—my—¢),  (416)

for every z,y,¢& € RY and almost every t € (,T).

Proof. We prove the preliminary estimate

M,

mr)\<t - T, — 5) "I}',g S Rd7 a.e. t € (T,T], ke N, (417)

|(HZ)x(t, 257, )] <
R~ o T5(3)

where C' = C(X\, a,d, T) is a positive constant, My, = C o (2)
B(%

For k =1, we have

and I'g is the Euler Gamma function.

(HZ(t 2 7,8) = (Lt — L) Z(t a7, ) < I + Iz + I3
where
L g i i
I = §|atj($) —a (105 Z(t, ;7. 6)|, I = [bi(x)|[0:Z(t, 257,6), I3 = |e(2) Z(t, 257, €)|

By Assumption [£.2] and Lemma[4.8] we have

C — * C
I < (t—T)l_% <5£> F)‘(t—T7£L'—€) < m]ﬁ)\-&-l(t—ﬂx—f).

Since the coefficients are bounded, by Lemma [4.8| we also have

¢ TNt — 7,2 — ) gcmt’”’g)

I, < ———=&
Y (t—7)=%

I3 < CTMt — 1,2 — £),

and this proves (4.17) for k = 1. Now we assume that (4.17) holds for k£ and prove it for k 4+ 1: we have

|(HZ)k+1(tax;7—7§)| = <

t
| [tz i avds

(by inductive hypothesis)

t
M, M, A A
S/T ([ 5)i=072 (5 = 7)1—ak/2 /}Rdl" (t—s,x—y)T(s— 1,y —&)dyds <

(by the Chapman-Kolmogorov property for I'*)

t
M, Mj,
<TMt — -
<I(t-72 5)/7 (t —s)l=a/2 (5 — T)kak/zds
that yields (4.17) thanks to the well-known properties of the Gamma function. From (4.17)) we directly
deduce the uniform convergence of the series and estimate (4.15]). The proof of (4.16) follows the same

lines as in the classical case (see [7], Ch.1, Theor.7) and is omitted. O
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We close this section by stating a generalization of a classical result about the so-called volume

potential defined as

¢
Vi(t, x) :/ / Z(t,x;7,6) f(r,£)dEdr, (t,z) € [to, T] x RY, (4.18)
to R4
where Z denotes the parametrix. The proof is based on classical arguments (see [7], Ch.1, Sec.3 and
[9]) that can be applied to the time-dependent parametrix Z in (4.13)) without any significant change.

Lemma 4.10. Let Vy be the volume potential in {4.18) with f € %’T’loc(Rd), non-rapidly increasing
uniformly w.r.t. t. Then V; € Ctzo,T (Rd) satisfies

t

Oz, Vi (t, ) :/t /]Rd 02, Z(t,x; 1, &) f (1, €)dEdT,

t
amilﬂj Vf(t,l') = /t /]Rd aIinZ(t7x;Ta§)f(Ta g)dngv
t
ovita) =ty + [ [ aiztain s gaar,
to JRY

for any x € R? and a.e. t € (to, T].

4.2 Proof of Theorem [4.6]

Let T' = I'(t,2;7,€) be the function defined by ([#.4)-({@.6) for 0 < 7 < ¢t < T and z,¢ € R%. By
Proposition it is clear that T'(-,-;7,&) € C’27T(Rd) for any (7,¢) € [0,T) x RY. Next, we fix tq € (7,t)
and notice that by (4.15)-(4.16) the function f := ®(-,-;7,&), defined on [ty,T] x RY, satisfies the
conditions of Lemma hence the volume potential

t
V<I><tax) ::/t /]Rd Z(t7l‘§5ay)‘1’(5ay§77 f)dyds
0

is twice continuously differentiable in z and satisfies
t
HVy(t,z) = / HZ(t,x;8,y)@(s,y; 7, &)dyds — D(t, z; 7, &), a.e. t € (to, 7).
to JRd

On the other hand, we also have

to tO
’H/ / Z(t,z;5,y)P(s,y; 7,&)dyds = / HZ(t, x5 8,y)®(s,y; 7, §)dyds
T R4 T R4

by the dominated convergence theorem. Consequently, we have
t
HE(t, 5 7,8) = HZ(t, 25 7,§) + / HZ(t, x;5,y)P(s,y: 7, §)dyds — D(t, 25 7,8) =0
T JR4

for a.e. t € (1,T], because ® solves equation (4.5). This proves property i) of Definition of

fundamental solution. To prove property ii), it suffices to notice that
[ Pt ety = Bt ) + Lot 7)
Rd

where

Li(t,z,7) = lim Z(t,z; 7, y)e(y)dy = o(§),

1
(t,@)—(7,€) (t2)=(7.8) Jpd
t>T t>T1
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lim |L(t,z,7)] < lim / / / (t,z;8,m) |P(s,m; 7, y)e(y)| dndsdy <
(1) () €00 Jga R

(by (4.14)-(4.15)) and since ¢ is non-rapidly increasing, taking § > 0 suitably small, with C' = C(},J))

< lim / / —_— / Mt — s,z —n)I(s — 1,1 — y)e5|y|2dndsdy
)=o) Jpa J; (s —7)172 Jpa
t>T1
- S G VAU T R
< lim — Tt — 71,2 — y)e’¥ dsdy = 0. (4.19)
)=o) Jga J; (s —T)17%

Finally, the standard proof of existence for the Cauchy problem (see for instance [7], Ch.1, Theor.12,

or [9]) applies without modification. Uniqueness follows from the maximum principle.

4.3 Proof of Theorem

The Chapman-Kolmogorov identity follows from uniqueness of the Cauchy problem (4.3) and rep-
resentation (4.7) with f =0 and ¢ = I'(7, -; 70, &), for fixed (79,&o) € [0,7) x R Analogously, formula
(4.8)) follows from uniqueness of the Cauchy problem (4.3)) with f =0 and ¢ = 1.

Next we prove the Gaussian estimates for I'. First, we set

t
T(t @57, €) = / / Z(t, 23 5,9)®(s, y; 7, €)dyds
T JRA

and notice that
t
| J(t,z;7,6) S/ / Z(t,z;8,y) |®(s,y;7,8)| dyds <
T Rd

(by (4.14)), ([4.15) and the Chapman-Kolmogorov property for I'*)

C

pp— ds < C(t —7)2T Mt — 1,2 — &) (4.20)

SFA(t—Tw—ﬁ)/:(

177
for some positive C' = C(A,d, T). Since I' = Z + J, the previous estimate combined with (4.14]) proves
It 2;7,6)] < CiTA (¢ = 7,2 = €)

and in particular, the upper bound for I in . The proof of m— is similar. Notice that by
the maximum principle (in the form of Lemma 5 p.43 in [7]) applied to u(t,z) = [o. T(t, 27, y)0(y)dy,
where ¢ is any bounded, non-negative and continuous function, one easily infers that I' is non-negative.

To prove the Gaussian lower bound we adapt a procedure due to Aronson that is essentially based
on a crucial Nash’s lower bound (see [5], Sect. 2). The main difference is that in our setting we replace
Nash’s estimate with a bound that we directly derive from the parametrix method. Let us first notice
that, for A > 1, we have ['*(¢; z) < I'%(t;a:) if |z| < oxV/t where gy = ,/% log A\. Thus, by and
we have

D(t,z;7,8) > Z(t, 25 7,8) — [J(t, 257, €)| >

(if [z — & < oavt —7)

> ()fd—C'(t—T)%)I%(t—T;x—{)
> T;F%(t -7z —¢§) (4.21)
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f0<t—7<Ty\:= (200" "o AT.
For any (t,z), (1,€) € [0,T] x R%, we set m to be the smallest natural number greater than

max {492 |z” - 5'; 7 }

Then we set

-7 x—& )
—_— =0,... 1.
T+z T =&+ T ) , ,m+

Denoting by D(z;r) = {y € R? | |x — y| < r} the Euclidean ball centered at z with radius r > 0, by

the Chapman-Kolmogorov equation we have

m—1
I(t, @;7,8) :/ Ltz tm, ym) H L(tiv1, yirrs to, ya) D,y 7€) dyr - - - dym,
Rmd i=1

(since T is non-negative)

m—1
2/ dF(t 23t Ym) LD (i) W) [ [ T(tiss vi1i ti, ) LDy () T (1, w15 7, )y - dy.
R"L Z:l

(4.22)
Now we have T
t—T
i1 —ti = <, i =0,...,
+ m+1"m+1" A ! mn
by definition of m. Moreover, if y; € D(z;;r) for i = 1,...,m, by the triangular inequality we have
[z =€ _
) — Y < 2 i — Ly = 2 <
[Yit1 — yil < 2r + [z — 2 = 2r + +1
(again, by definition of m)
ox [t—T t—T
<2 == < 4.23
_7’+2 m+1_g)\ m+17 ( )
if we set
ox [t—T
= —= > 0.
4 Vm+1

For such a choice of r, we can use (4.21)) repeatedly in (4.22) and get

m—1
t—7 1 t—1T1
Ft, Ty Z 2)\(1 _(m+1)/ Fi v = Ym | Lp(a,,r)(Ym ' » Ji —Yi | X
(t,2;7,6) > (2A%) LT g e ) o };[1 Vi Y

L t—T
Ty . (y; ) TX , dyy -+ dy,m,
X Lp () (Yi) *( Y 5) y1 - dy

(by (4:23) and denoting by wy the volume of the unit ball in R%)

> (20) 7m0 gy (“m”)g(mﬂ)exp (-2 m+).

27(t — 1)
It follows that there exists a positive constant C' = C(\, a, d, T') such that
D76 > — (~Cm)
, T, &) > ———— exp (—Cm),
C(t— T)% P

and this implies the required estimate.
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4.4 Proof of Theorem [2.5]

For any fixed 7 € [0,7"), we consider the stochastic flow X, ; defined as in for t € [r,T].
Let Ly) be the operator defined as in — through the random change of variable X, ;. By
T heoremM LgT) is a parabolic operator on the strip [1,7] x R? with random coefficients, that satisfies
Assumptions and for almost every w € 2. Then, by Theorem m, LgT) admits a fundamental
solution T'(") (¢, z; 7, €) defined for t € (7,T] and z, ¢ € R?. We put

C(t,z;7,&) =T (¢, X} (2);7,€), te(r,T)], z,6 € RL (4.24)

Combining Theoremsand we infer that T'(+, -; 7,€) € Cg,T(Rd) and satisfies (2.1)) with probability
one. Moreover, let us consider a continuous and non-rapidly increasing function ¢ on R%; proceeding

as in the proof of Theorem we have
/ L(t, 27, 9)e(y)dy — 9(&) = Lit, 2, 7) + Lr(t, 2, 7)
Rd
where I5(t,z,7) is defined and can be estimated as in (4.19); whereas, recalling the definition of
parametrix in (4.12)(4.13)), we have

fn h(ter) = lm T (AG0), X ) < 0) (60) - 9(©) dy
e 200 S

= dm [ T (A (X (@) = 9) ) (0 (X (@) —y) = 9(6) dy =0

(t,2) = (7,€)
t>T

by the dominated convergence theorem. This proves that I' is a fundamental solution for the SPDE

).
The Gaussian bounds (2.5)) follow directly from the definition (4.24) and the analogous estimates
(4.9) for '™ in Theorem Moreover, since

00 D(t,257,€) = (VIO) (. X2} (2);7.€) 0:X 7} (),
the gradient estimate (2.6) follows from the analogous estimate ({.10) for I'(™) and from Proposition
The proof of (2.7) is analogous.

Remark 4.11. Assumption is crucial in that it allows us to prove that VX (x) in (3.7) is finite
P-almost surely. In turn, this guarantees that the PDE obtained through the It6-Wentzell change of
coordinates is uniformly parabolic. It would be interesting to investigate to what extent it can be relaxed

and if it is possible to have some explicit estimate.
Remark 4.12. More general SPDEs of the form
dvi(w) = (Lyve(w) + fi(2)) dt + (Gopun(a) + BE(@)(e) + g (@) ) AW,

can be included in our analysis. Following the argument in [13], proof of Theor.2.7, the idea would be

to consider the transformation

ve(x) = & ( /5 dW""‘)
&(x) = exp (/Ot h* (z)dWF — ;/Ot \h’;(a:)fds) .

In fact, if u solves then by the Ito formula we have
dvi(z) = (E(2)Ly (&7 (2)ve(2)) + Exl2)fi(2)) dt
+ (E@)G oy (£ @)e() + b (@)ve(a) + g (@) ) AW

where
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