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REGULAR FUNCTIONS ON SPHERICAL NILPOTENT

ORBITS IN COMPLEX SYMMETRIC PAIRS:

CLASSICAL HERMITIAN CASES

PAOLO BRAVI, JACOPO GANDINI

Abstract. Given a classical semisimple complex algebraic group G and a

symmetric pair (G,K) of Hermitian type, we study the closures of the spherical
nilpotent K-orbits in the isotropy representation of K. We show that all such

orbit closures are normal and describe the K-module structure of their ring of

regular functions.

Introduction

Let G be a connected semisimple complex algebraic group, and let K be the fixed
point subgroup of an algebraic involution θ of G.

The Lie algebra g of G splits into the sum of eigenspaces of θ,

g = k⊕ p,

where the Lie algebra k of K is the eigenspace of eigenvalue 1, and p is the eigenspace
of eigenvalue −1. The latter is called the isotropy representation of K.

In the present paper, we continue the systematic study initiated in [4] of the spher-
ical nilpotent K-orbits in p, classified by King [13].

Here we treat the classical symmetric pairs (G,K) of Hermitian type: in particular,
K is a maximal Levi subgroup of G, and p = p1 ⊕ p2 splits into the sum of two
simple K-modules dual to each other. Under this assumption, we prove that all
spherical nilpotent orbit closures are normal (Theorem 4.3), and we compute the
K-module structure of their coordinate rings.

In Appendix A we report the list of the spherical nilpotent K-orbits in p for all
classical symmetric pairs (g, k) of Hermitian type. In the list, every orbit is labelled
with the corresponding signed partition, [11].

For every orbit we provide an explicit description of a representative e ∈ p, as an
element of a normal triple {h, e, f}, and the centralizer of e, which we denote by
Ke. All these data can be deduced from [13].

Then we provide the Luna spherical system associated with NK(Ke), the normalizer
of Ke in K, which is a wonderful subgroup of K.

Let us write e = e1 + e2 with e1 ∈ p1 and e2 ∈ p2. If e1 and e2 are both non-zero,
then the orbit Ke is a bicone, the normalizer of Ke is the common stabilizer of the
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2 PAOLO BRAVI, JACOPO GANDINI

lines [e1] ∈ P(p1) and [e2] ∈ P(p2), and NK(Ke)/Ke is a 2-dimensional complex
torus.

The Luna spherical systems are used to deduce the normality of the K-orbit clo-
sures, and to compute the K-module structure of the corresponding coordinate
rings.

In the tables of Appendix B we summarize the results of our computations. In
Tables 1–6 we describe the K-module structure of C[Ke] by giving a set of gener-
ators of its weight semigroup Γ(Ke) (that is, the semigroup of the highest weights
occurring in C[Ke]). Tables 7–11 contain the Luna spherical system of NK(Ke).

In Section 1 we adapt the criterion of normality for spherical cones used in our
previous papers [6] and [4] to the case of a spherical multicone. In Section 2 we
compute the Luna spherical systems of the normalizers NK(Ke). In Section 3 we
show that the multiplication of sections of globally generated line bundles on the
corresponding wonderful varieties is surjective. In Section 4 we deduce our results
on normality and semigroups.

Acknowledgments. We would like to thank Andrea Maffei for his help in this
project and, in particular, for sharing with us his ideas which led to Section 1. We
would like to thank also the anonymous referee for some useful remarks.

Notation. As in our previous paper, simple roots of irreducible root systems are
denoted by α1, α2, . . . and enumerated as in Bourbaki, when belonging to different
irreducible components they are denoted by α1, α2, . . ., α

′
1, α
′
2, . . ., α

′′
1 , α

′′
2 , . . ., and

so on. When G (resp. K, T , ...) is an algebraic group, we will denote the associated
Lie algebra by the corresponding fraktur character g (resp. k, t, ...). If moreover X
is a G-variety (resp. a K-variety) and x ∈ X, we will denote the stabilizer of x by
Gx (resp. Kx).

1. A criterion for the normality of a spherical multicone

In this section, G will denote a connected reductive complex algebraic group (pos-
sibly not semisimple). By generalizing an argument due to C. De Concini in [12], in
this section we will give a criterion (Theorem 1.2) to test the normality of a spher-
ical multicone. We will apply it in Section 4 to study the normality of closures of
spherical K-orbits in p, where K is a symmetric subgroup of a semisimple group
and p is the isotropy representation of K.

Fix a Borel subgroup B ⊂ G and a maximal torus T ⊂ B. Let Π = {λ1, . . . , λm} ⊂
X (T ) be a finite set of dominant weights and denote VΠ =

⊕m
1=1 V (λi). For all

i = 1, . . . ,m we denote by π̂i : V −→ V (λi) the corresponding projection.

Let e ∈ VΠ and suppose that Ge is spherical. We will assume that π̂i(e) 6= 0 for
all i = 1, . . . ,m. Under this assumption, we have a well-defined equivariant map
πi : Ge −→ P(V (λi)) for all i, hence diagonally we get an equivariant map

π : Ge −→ P(V (λ1))× . . .× P(V (λm)).
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We say that a closed subvariety Z ⊂ VΠ is a multicone (w.r.t. the given decompo-
sition of VΠ) if, for all z ∈ Z and (ξ1, . . . , ξm) ∈ Cm, it holds

ξ1π̂1(z) + . . .+ ξmπ̂m(z) ∈ Z.
Given a spherical orbit Ge ⊂ VΠ, we will define a wonderful G-variety X endowed
with a map

φ : X −→ P(V (λ1))× . . .× P(V (λm))

which is birational on its image and which identifies Π with a set of globally gen-
erated line bundles on X. If moreover Ge ⊂ VΠ is a multicone, we will establish a
combinatorial criterion for Ge to be normal in terms of Π, regarded as a subset of
Pic(X).

Proposition 1.1. Let Ge ⊂ VΠ be a spherical orbit, then Gπ(e) = NG(Ge).

Proof. Write e =
∑m
i=1 ei with ei ∈ V (λi) ⊂ VΠ, and notice that Ge = Ge1 ∩ . . . ∩

Gem . Being spherical, for all i = 1, . . . ,m the subgroup Ge fixes pointwise a unique
line in V (λi), namely [ei]. If g ∈ NG(Ge), it follows that gei ∈ V (λi)

Ge for all
i = 1, . . . ,m, hence g ∈ G[e1] ∩ . . . ∩ G[em] = Gπ(e). Therefore NG(Ge) ⊂ Gπ(e).

Similarly, if g ∈ Gπ(e), then gei ∈ V (λi)
Ge for all i = 1, . . . ,m, hence ge ∈ V Ge

Π

and g−1hge = e for all h ∈ Ge, that is g ∈ NG(Ge). This shows the equality
Gπ(e) = NG(Ge). �

Given a spherical subgroup H ⊂ G, it follows by a theorem of F. Knop that
the homogeneous space G/NG(H) admits a wonderful compactification (see [16,
Corollary 6.5] or [7, Proposition 2.4]). Notice that in general the normalizer of a
spherical subgroup is not self-normalizing (see e.g. [2, Example 4]). The spherical
homogeneous spaces occurring in our cases 2.4 and 4.4 give other examples of this
kind.

Let us now fix some notation and recall some general facts on line bundles and
their sections on a wonderful variety X, see e.g. [6, Section 1] and the references
therein. Let ∆ be the set of colors of X (that is, the B-stable prime divisors of X
which are not G-stable) and if D ∈ Z∆ denote by LD ∈ Pic(X) the corresponding
line bundle. Recall that Pic(X) is a free Abelian group with basis the line bundles
LD with D ∈ ∆, and that, under the indentification Pic(X) = Z∆, the semigroup
of globally generated line bundles is identified with N∆. Given L,L′ ∈ Pic(X) we
denote by

mL,L′ : Γ(X,L)⊗ Γ(X,L′) −→ Γ(X,L ⊗ L′)
the multiplication of sections. If L = LD and L′ = LE with D,E ∈ Z∆, we will
also denote mL,L′ by mD,E .

Let Y ⊂ X be the unique closed G-orbit and let y0 ∈ Y be the unique B−-fixed
point, where B− denotes the opposite Borel subgroup of B. Recall the set of the
spherical roots of X, defined by

Σ = {T -weights in Ty0
X/Ty0

Y }.
Then there is a bijective correspondence between spherical roots and G-stable divi-
sors in X, which allows to regard ZΣ as a sublattice of Pic(X) = Z∆. This defines
a partial order 6Σ on N∆ as follows: if D,E ∈ N∆, then D 6Σ E if and only
if E − D ∈ NΣ. We say that E ∈ N∆ is minuscule w.r.t. 6Σ if there exists no
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F ∈ N∆ such that F 6Σ E and F 6= E. Notice that Γ(X,LE) is an irreducible
G-module if and only if E is minuscule in N∆ w.r.t. 6Σ. Given F ∈ N∆, let in-
deed VF ⊂ Γ(X,LF ) be the G-module generated by a canonical section, and given
γ ∈ ZΣ (regarded as a sublattice of Z∆) let sγ ∈ Γ(X,Lγ)G. Then for E ∈ N∆ we
have the following decomposition into simple G-modules

(1.1) Γ(X,LE) =
⊕

F6ΣE

sE−FVF .

Going back to our setting, suppose that Ge ⊂ VΠ is a spherical orbit. Then G/Gπ(e)

admits a wonderful compactification X. Notice that the center Z(G) of G acts
trivially on G/Gπ(e), hence it acts trivially on X as well.

For all i = 1, . . . ,m, let φi : G/Gπ(e) −→ P(V (λi)) be the restriction of the projec-
tion defined on P(V (λ1))× . . .×P(V (λm)). By the theory of spherical embeddings
(see in particular [15, Theorem 5.1]), any dominant morphism G/Gπ(e) −→ Y
to a complete spherical G-variety Y with a unique closed orbit can be extended
to an equivariant morphism X −→ Y . This in particular applies to the clo-
sure of φi(G/Gπ(e)), since P(V (λi)) contains a unique B-fixed point that is con-
tained in every closed G-orbit. Thus φi extends to an equivariant morphism
φi : X −→ P(V (λi)), that we still denote by the same symbol by abuse of nota-
tion. Mapping X diagonally to P(V (λ1)) × . . . × P(V (λm)) via φ = (φ1, . . . , φm),
we get then an equivariant morphism

φ : X −→ P(V (λ1))× . . .× P(V (λm)).

which extends the inclusion G/Gπ(e) −→ π(Ge) ⊂ P(V (λ1))× . . .× P(V (λm)).

For all i = 1, . . . ,m, let Li ∈ Pic(X) be the globally generated line bundle defined
by setting Li = φ∗iO(1), and let Di ∈ N∆ be the unique B-stable divisor such that
LDi

= Li. We denote

∆Π(e) = {D1, . . . , Dm}.

For every (d1, . . . , dm) ∈ Nm, according with equation (1.1) theG-module Γ(X,Ld1
1 ⊗

. . . ⊗ Ldmm ) decomposes into the direct sum of the simple modules with highest
weights of the form

(1.2) d1λ
∗
1 + . . .+ dmλ

∗
m − (d1D1 + . . .+ dmDm − F )

where F ∈ N∆ and F 6Σ d1D1 + . . . + dmDm. Notice that we denote by λ∗ the
highest weight of V (λ)∗, the dual of the simple module of highest weight λ.

We will prove the following.

Theorem 1.2. Suppose that the orbit Ge is spherical and its closure Ge ⊂ VΠ is
a multicone, and assume that the multiplication of sections mL,L′ is surjective for

all globally generated L,L′ ∈ Pic(X). Then Ge ⊂ V is normal if and only if every
D ∈ ∆Π(e) is minuscule in N∆.

Denote by A(Ge) the coordinate ring of Ge and by Ad(Ge) its component of degree
d, then A(Ge) is generated by A1(Ge) =

⊕
λ∈Π V (λ)∗. Consider the multigraded

ring

Ã(Ge) =
⊕

(d1,...,dm)∈Nm

Γ(X,Ld1
1 ⊗ . . .⊗ Ldmm ).
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and denote G̃e = Spec Ã(Ge). Setting

Ãd(Ge) =
⊕

d1+...+dm=d

Γ(X,Ld1
1 ⊗ . . .⊗ Ldmm )

we get a canonical inclusion Ad(Ge) ⊂ Ãd(Ge): indeed for all i = 1, . . . ,m the

G-module V (λi)
∗ is canonically identified with a submodule in Γ(X,Li) ⊂ Ã1(Ge).

This makes canonically A(Ge) a subring of Ã(Ge), and we get a projection

p : G̃e −→ Ge

Theorem 1.2 is a consequence of the following description of the normalization of
Ge.

Theorem 1.3. Let Ge be spherical and Ge ⊂ VΠ be a multicone, and suppose
that the multiplication of sections mL,L′ is surjective for all L,L′ ∈ Pic(X). Then

p : G̃e −→ Ge is the normalization map.

Remark 1.4. In [5] a standard monomial theory for the Cox ring of a wonderful
variety was constructed. By making use of such a tool, reasoning as in [5, Propo-

sition 5.2] one can actually show that G̃e has rational singularities, hence it is in

particular normal. We will give anyway a direct proof of the normality of G̃e by
using an easy geometric argument (see also [6, Section 7]).

Proof of Theorem 1.2. By Theorem 1.3 it follows that Ge is normal if and only if

A(Ge) = Ã(Ge). Since the multiplication of sections mL,L′ is surjective for all

globally generated L,L′ ∈ Pic(X), it follows that Ã(Ge) is generated by its degree

one component Ã1(Ge). Therefore A(Ge) = Ã(Ge) if and only if A1(Ge) = Ã1(Ge),
if and only if Γ(X,Li) = V (λi)

∗ for all i = 1, . . . ,m. Being Li = LDi , by the
description of the irreducible components of Γ(X,LDi) (see e.g. [6, Proposition 1.1]),
this is equivalent to the fact that every Di is minuscule in N∆. �

1.1. Proof of Theorem 1.3. We will split the proof of Theorem 1.3 in several

propositions. The following shows that Ã(Ge) is a normal ring.

Suppose that Y is a normal variety and let M1, . . . ,Mk ∈ Pic(Y ), we denote

A(M1, . . . ,Mk) =
⊕

(d1,...,dk)∈Nk

Γ(Y,Md1
1 ⊗ . . .⊗Mdk

k )

and define correspondingly a sheaf of OY -algebras on Y by setting

A(M1, . . . ,Mk) =
⊕

(d1,...,dk)∈Nk

Md1
1 ⊗ . . .⊗Mdk

k .

Proposition 1.5. Suppose that Y is a normal variety and let M1, . . . ,Mk ∈
Pic(Y ). Then A(M1, . . . ,Mk) is a normal ring.

Proof. Notice that A(M1, . . . ,Mk) is a domain since Y is irreducible. Suppose first
that Y is affine and that Mi ' OY for all i = 1, . . . , k. Then A(M1, . . . ,Mk) =
C[Y ][s1, . . . , sk] is a polynomial ring with coefficients in C[Y ], hence it is normal
since Y is so.



6 PAOLO BRAVI, JACOPO GANDINI

Consider now the general case. Let s1, s2 ∈ A(M1, . . . ,Mk) and suppose that
s1/s2 is integral over A(M1, . . . ,Mk). Let U ⊂ Y be an affine open subset such
that Mi|U is trivial for all i. Then (s1/s2)|U is integral over A(M1|U , . . . ,Mk|U ),
thus it belongs to A(M1|U , . . . ,Mk|U ). The claim follows since we can cover Y
with affine open subsets U ⊂ Y such that Mi|U is trivial for all i = 1, . . . , k. �

In particular we have

Ã(Ge) = A(L1, . . . ,Lm) = Γ(X,A(L1, . . . ,Lm)).

Notice that, for all i = 1, . . . ,m, the map φi : X −→ P(V (λi)) factors through
P(Γ(X,Li)∗). Therefore the map φ = (φ1, . . . , φm) factors as follows

X
φ̃−→ P(Γ(X,L1)∗)× . . .× P(Γ(X,Lm)∗)

ψ99K P(V (λ1))× . . .× P(V (λm)),

where ψ = (ψ1, . . . , ψm) is the canonical projection.

Consider the multiplication map

⊕

n>0

Sn
(
Ã1(Ge)

)
−→ A(L1, . . . ,Lm) :

it is surjective by the assumption of Theorem 1.3, and its kernel coincides with the

homogeneous ideal of φ̃(X). It follows that G̃e is the multicone over φ̃(X), whereas
Ge is by assumption the multicone over φ(X).

By Proposition 1.1 the map φ : X −→ φ(X) is birational. Therefore the restriction

of π induces a birational map φ̃(X) −→ φ(X), and taking the affine multicones it

follows that p : G̃e −→ Ge is birational as well. Therefore to conclude the proof of

Theorem 1.3 we are left to show that Ã(Ge) is integral over A(Ge). The argument
of the following proof is due to M. Brion (see [9, Proposition 2.1]).

Proposition 1.6. Ã(Ge) is an integral extension of A(Ge).

Proof. Denote Z = P(V (λ1)) × . . . × P(V (λm)), for i = 1, . . . ,m let pi : Z −→
P(V (λi)) be the projection. Denote AZ = A(p∗1O(1), . . . , p∗mO(1)), a sheaf of OZ-
algebras, and set LZ = Spec Γ(Z,AZ). Similarly denote AX = A(L1, . . . ,Lm),
a sheaf of OX -algebras, and set LX = Spec Γ(X,AX). Then we have a pullback
diagram

LX
φ //

��

LZ

��
X

φ // Z

Notice that Ã(Ge) = Γ(LX ,OLX
) = Γ(LZ , φ∗OLX

), whereas A(Ge) is the image
of the natural morphism Γ(LZ ,OLZ

) −→ Γ(LZ , φ∗OLX
). Notice that φ is projec-

tive, so that φ∗OLX
is a coherent sheaf on LZ . Hence Γ(LZ , φ∗OLX

) is a finitely

generated Γ(LZ ,OLZ
)-module, or equivalently Ã(Ge) is a finitely generated A(Ge)-

module. �



SPHERICAL NILPOTENT ORBITS IN COMPLEX SYMMETRIC PAIRS 7

2. The spherical systems

For the notation and the generalities about wonderful subgroups and Luna spherical
systems we refer to our previous paper [4, Section 1].

In this section we compute the wonderful subgroups of K associated with the spher-
ical systems given in the tables of Appendix B. Since, as one can check case-by-case,
they correspond up to conjugation to the normalizers of the centralizers NK(Ke)
of the representatives e given in Appendix A, we obtain the following.

Proposition 2.1. The Luna spherical systems of the wonderful K-varieties asso-
ciated to the spherical nilpotent K-orbits in p, for the classical symmetric pairs of
Hermitian type, are those given in Tables 7–11.

We start with the spherical systems whose set Σ is empty:

• Table 7: 1.1 (r = 1), 1.2 (r = 1), 1.3 (r = s = 1), 1.6 (r = s = 0 and q = 1),
1.7 (r = s = 0 and p = 1);
• Table 8: 2.1, 2.2;
• Table 9: 3.1 (r = 1), 3.2 (r = 1), 3.3 (r = s = 1);
• Table 10: 4.1, 4.2;
• Table 11: 5.1 (r = 1), 5.2 (r = 1), 5.3 (r = s = 1).

Here it is immediate to see that the parabolic subgroup Q of K given in Appendix A
is the wonderful subgroup associated with the corresponding spherical K-system.

For the remaining spherical systems, letM be the Levi subgroup ofK corresponding
with supp Σ. We will just compute the wonderful subgroup H of M associated with
the M -spherical system obtained from the given K-spherical system by localization
in supp Σ. It is then immediate to deduce from H which is the wonderful subgroup
K associated to the given K-spherical system and check that it is equal, up to
conjugation, to the normalizer of Ke given in the corresponding case of Appendix A.

2.1. Symmetric cases. From the following K-spherical systems, by localizing in
supp Σ, we get the M -spherical systems of symmetric subgroups of M . Since these
are well-known, we just provide a reference:

• in the cases 1.1 (r > 1), 1.2 (r > 1), 1.3 (r > 1 or s > 1) of Table 7 we get
the case 2 of [7], or the direct product of two of them;

• in the cases 1.6 (r = s = 0 and q > 1), 1.7 (r = s = 0 and p > 1) of Table 7,
2.4 of Table 8, 4.4 of Table 10, 5.4 of Table 11 we get the case 3 of [7];

• in the case 2.3 of Table 8 we get the case 9 of [7];
• in the cases 3.1 (r > 1), 3.2 (r > 1), 3.3 (r > 1 or s > 1) of Table 9 we get

the case 5 of [7], or the direct product of two of them;
• in the case 4.3 of Table 10 we get the case 15 of [7];
• in the cases 5.1 (r > 1), 5.2 (r > 1), 5.3 (r > 1 or s > 1) of Table 11 we get

the case 6 of [7], or the direct product of two of them.

2.2. Other reductive cases. From the K-spherical systems 1.4 and 1.5 of Table 7,
by localizing in supp Σ, we get the M -spherical system of a wonderful reductive (but
not symmetric) subgroup of M : the case 43 of [7].
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2.3. Morphisms of type L. In the remaining cases, 1.6 (r + s > 0) and 1.7
(r + s > 0) of Table 7, the spherical K-system (Sp,Σ,A) admits a distinguished
set of colors ∆′ such that the corresponding quotient

(Sp/∆′,Σ/∆′,A/∆′)

is the spherical system of a wonderful K-variety which is obtained by parabolic
induction from a wonderful Kh-variety. Such distinguished set of colors ∆′ may be
not minimal, let us describe it in the case 1.6, the other one is similar. We assume
r and s both to be non-zero and r+ s < q− 1, in the other cases the description is
similar but simpler.

Under this assumption, localizing the K-spherical system of the case 1.6 in supp Σ,
we obtain the following spherical system, which we label as ay(r, r) + a(t) + ay(s, s)
(here t = q − r − s− 1) for a group M of semisimple type Ar × Ar+s+t × As:

Sp = {α′r+2, . . . , α
′
r+t−1},

Σ = {α1, . . . , αr, α
′
1, . . . , α

′
r, α

′
r+1+. . .+α′r+t, α

′
r+t+1, . . . , α

′
r+t+s, α

′′
1 , . . . , α

′′
s )},

∆ = {D1, . . . , D2r+1, D2r+2, D2r+3, D2r+4, . . . , D2r+2s+4},
and full Cartan pairing

α1 = D1 +D2 −D3,
αi = −D2i−2 +D2i−1 +D2i −D2i+1 for 2 6 i 6 r,
α′i = −D2i−1 +D2i +D2i+1 −D2i+2 for 1 6 i 6 r,
α′r+1 + . . .+ α′r+t = −D2r+1 +D2r+2 +D2r+3 −D2r+4,
α′r+t+i = −D2r+2i+1 +D2r+2i+2 +D2r+2i+3−D2r+2i+4 for 1 6 i 6 s,
α′′i = −D2r+2i+2 +D2r+2i+3 +D2r+2i+4 −D2r+2i+5 for 1 6 i 6 s− 1,
α′′s = −D2r+2s+2 +D2r+2s+3 +D2r+2s+4.

Notice that we have re-enumerated the simple roots of M to simplify the notation.

If t > 1 the Luna diagram is as follows.

q q q qq q q qqee qee qee qee qee qee q q q qq q q qqee qee qee qee qee qeeq q q qq qe epppppppppppppppppppp ppppppp ppppppp pppppppppppppp ppppppp ppppppp ppppppp ppppppppppppp
Let us consider the following subsets of colors:

∆1 = {D2i : 1 6 i 6 r},
∆2 = {D2r+2i+3 : 1 6 i 6 s}.

Notice that ∆1 (resp. ∆2) consists of the colors represented by circles above vertices
on the left (resp. right) hand side of the diagram. Both are minimal distinguished
with quotient of higher defect, see [4, Section 1.5.5]. The quotient by ∆′ = ∆1∪∆2

is as follows.

Σ/∆′ = {α2 +α′1, . . . , αr+α′r−1, α
′
r+1 +. . .+α′r+t, α

′
r+t+2 +α′′1 , . . . , α

′
r+t+s+α′′s−1}

q q q qq q q qe e e e e e q q q qq q q qe e e e e eq q q qq qe epppppppppppppppppppp ppppppp ppppppp pppppppppppppp ppppppp ppppppp ppppppp ppppppppppppp
This spherical system corresponds to a subgroup of M which is a parabolic in-
duction of a symmetric subgroup, that is, it can be decomposed as LP u (a Levi
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decomposition) where P = LPP
u is the parabolic subgroup of M corresponding to

supp(Σ/∆′) and L is a symmetric subgroup of LP corresponding toq q q qe e e e q q q qe e e eq qe epppppppppppppppppppp ppppppp ppppppp pppppppppppppp ppppppp ppppppp ppppppp ppppppppppppp
More explicitely, L is the normalizer of SL(r)×GL(t)× SL(s) in LP of semisimple
type Ar × Ar × At × As × As, where SL(r) is skew-diagonal in SL(r) × SL(r) and
SL(s) is skew-diagonal in SL(s)× SL(s).

The wonderful subgroup H associated with the above spherical M -system ay(r, r)+
a(t) + ay(s, s) can therefore be taken as LHH

u, with LH ⊂ L and Hu ⊂ P u, where
LieP u/LieHu is the direct sum of two simple LH -modules while LH and L differ
only by their connected center.

The codimension of LH in L is equal to the increase in defect, which in this case is
equal to 2.

The unipotent radical LieHu is as follows. There existW0,1 andW1,1 LH -submodules
of LieP u of dimension r, isomorphic as LH -modules but not as L-modules. Analo-
gously there exist W0,2 and W1,2 LH -submodules of LieP u of dimension s, isomor-
phic as LH -modules but not as L-modules. Denoting by V the LH -complement of
W0,1 ⊕W1,1 ⊕W0,2 ⊕W1,2 in LieP u, as LH -module we have

LieHu
1 = W1 ⊕W2 ⊕ V

where W1 is a simple LH -submodule of W0,1 ⊕W1,1 which projects non-trivially
on both summands, and analogously W2 is a simple LH -submodule of W0,2 ⊕W1,2

which projects non-trivially on both summands.

Remark 2.2. Notice that the given subsets of colors ∆1 and ∆2 decompose the
above spherical system in the sense of [8, Definition 2.2.2], hence the corresponding
wonderful variety is a non-trivial wonderful fiber product.

3. Projective normality

In this section we prove the following result, that will be used to study the normality
of the spherical nilpotent K-orbit closures in p. Reasoning as in Section 1, recall
that every spherical nilpotent K-orbit in p determines naturally a wonderful K-
variety.

Theorem 3.1. Let (g, k) be a classical symmetric pair of Hermitian type, let O ⊂ p
be a spherical nilpotent K-orbit and let X be the wonderful K-variety associated to
O. Then the multiplication of sections mL,L′ is surjective for all globally generated
line bundles L,L′ ∈ Pic(X).

Some generalities on line bundles on wonderful varieties and their sections have
already been recalled in Section 1, we keep on using the notation introduced in [6,
Section 1].

3.1. General reductions. The surjectivity of the multiplication of sections of
globally generated line bundles on a wonderful variety is known for some important
families, namely for the wonderful symmetric varieties (see [10]), for the wonderful
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model varieties (of simply-connected type) and for the wonderful comodel varieties
(see [6]).

We will essentially reduce the proof of Theorem 3.1 to the known cases recalled
above, by making use of the operations of localization, quotient and parabolic
induction on spherical systems, which provide us with some reduction steps in the
study of the multiplication maps. We recall such reductions, which are proved in
[4] and [6], and then we will apply them to the cases under consideration.

Lemma 3.2 ([4, Lemma 2.4]). Let X be a wonderful variety and let X ′ ⊂ X be
a wonderful subvariety. If mL,L′ is surjective for all globally generated L,L′ ∈
Pic(X), then mL,L′ is surjective for all globally generated L,L′ ∈ Pic(X ′).

Lemma 3.3 ([6, Corollary 1.4]). Let X be a wonderful variety with set of colors ∆,
let X ′ be a quotient of X by a distinguished subset ∆0 ⊂ ∆ with set of colors ∆′ and
identify ∆′ with ∆ r ∆0. If D ∈ N∆ and supp(D) ∩∆0 = ∅ and if LD ∈ Pic(X)
and L′D ∈ Pic(X ′) are the line bundles corresponding to D regarded as an element
in N∆ and in N∆′, then Γ(X,LD) = Γ(X ′,L′D).

In particular, if mD,E is surjective for all D,E ∈ N∆, then mD′,E′ is surjective for
all D′, E′ ∈ N∆′.

Lemma 3.4 ([6, Proposition 1.6]). Let X be a wonderful variety and suppose that
X is the parabolic induction of a wonderful variety X ′. Then for all L,L′ in Pic(X)
the multiplication mL,L′ is surjective if and only if the multiplication mL|X′ ,L′|X′ is
surjective.

We now apply previous reductions to our cases. In particular, we will show that
to prove Theorem 3.1 it is enough to prove the surjectivity of the multiplication
just for the following basic case, labelled ax(1, 1, 1), since the other basic cases have
already been treated in [10] and [6]:

qee qee qee
Let O ⊂ p be a spherical nilpotent K-orbit as in Theorem 3.1 and let X be the
corresponding wonderful variety. When X is a flag variety, or equivalently Σ = ∅,
the surjectivity of the multiplication is trivial.

By Lemma 3.4, the surjectivity of the multiplication on X is reduced to the surjec-
tivity of the multiplication on Z, the localization of X at the subset supp Σ ⊂ S.
These localizations are described in Section 2.

In the cases

1.6 (r = s = 0 and q > 1), 1.7 (r = s = 0 and p > 1),
2.3, 2.4,
4.3, 4.4,
5.4,

treated in Section 2.1, the wonderful variety Z is a rank one wonderful variety
which is homogeneous under its automorphism group (see [1] for a description of
these varieties). Therefore in these cases Z is a flag variety, and the surjectivity of
the multiplication is trivial.
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In the remaining cases of Section 2.1 the wonderful variety Z is the wonderful
compactification of an adjoint symmetric variety, and the surjectivity of the multi-
plication holds thanks to [10].

In the cases 1.4 and 1.5, treated in Section 2.2, we get the wonderful variety Z with
spherical system ax(1, 1, 1).

In the cases of Section 2.3, Z is the wonderful variety with spherical system ay(r, r)+
a(t) + ay(s, s). The surjectivity of the multiplication in this case can be reduced
to the surjectivity of the multiplication for a comodel wonderful variety, which is
known by [6, Theorem 5.2].

Let indeed Z ′ be the comodel wonderful variety of cotype A2(r+t+s), which is the
wonderful variety with the following spherical system for a group G of semisimple
type Ar+t+s+1 × Ar+t+s, where the set Σ of spherical roots is equal to the set of
simpe roots of G.

q qq q q qq q q qq q q qq qqee qee qee qee qee qee qee qee qee qee qee qee

Consider the wonderful subvariety of Z ′ associated to Σ r {αr+1, . . . , αr+t+1},

q q q q q q q qq q q qq q q q q q q qq qq q q qq qqee qee qee qee qee qeee e qee qee qee qee qee qee qee qee

then the set of colors {D+
α′s+1

, D±α′s+2
, . . . , D±α′s+t−1

, D−α′s+t
} is distinguished, and the

corresponding quotient is a parabolic induction of Z.

q q q q q q q qq q q qq q q q q q q qq qq q q qq qqee qee qee qee qee qeee e qee qee qee qee qee qeee epppppppppppppppppppp ppppppp ppppppp pppppppppppppp ppppppp ppppppp ppppppp ppppppppppppp
Therefore the surjectivity of the multiplication of Z follows from that of Z ′ thanks
to Lemmas 3.2, 3.3 and 3.4.

3.2. Projective normality of ax(1, 1, 1). Consider X for the semisimple group
G = SL(2)× SL(2)× SL(2) with spherical system ax(1, 1, 1).

The spherical roots of X coincide with the simple roots, and we enumerate them
as follows: σ1 = α, σ2 = α′, σ3 = α′′. Moreover we enumerate the colors of X in
the following way: D1 = D+

α′′ , D2 = D−α , D3 = D+
α . Then the spherical roots are

expressed in terms of colors as follows:

σ1 = −D1 +D2 +D3,
σ2 = D1 −D2 +D3,
σ3 = D1 +D2 −D3.
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Notice that the restriction ω : Pic(X) → Λ is injective in this case (see e.g. [20,
Lemma 30.24]). Indeed, by identifying Λ+ with N3 we have

ω(LD1
) = (0, 1, 1), ω(LD2

) = (1, 0, 1), ω(LD3
) = (1, 1, 0),

ω(Lσ1
) = (2, 0, 0), ω(Lσ2

) = (0, 2, 0), ω(Lσ3
) = (0, 0, 2).

Thus every L ∈ Pic(X) is uniquely determined by the corresponding triple ω(L) ∈
Z3.

The surjectivity of the multiplication of sections of globally generated line bundles
can be proved fairly easily in this case by making use of the machinery of low
triples developed in [6], namely by classifying the covering differences of the partial
ordered set (N∆,6Σ) and then studying the fundamental low triples. However, in
order to increase the accessibility to the non-experts, we will write down a proof by
more elementary language, only involving representation theoretic considerations.
In any case, even though we do not mention low triples and covering differences,
they are intrinsically hidden inside the arguments that appear in the present proof.

Let H ⊂ G be the generic stabilizer of X. Identifying sections of line bundles on
X with functions on G which are semiinvariant with respect to the right action of
H, for every globally generated line bundle L ∈ Pic(X) we can regard the space of
sections Γ(X,L) as a G-stable submodule of C[G](H).

If m ∈ N, denote by V (m) the simple SL(2)-module of highest weight m, and if
m = (m,m′,m′′) ∈ N3 we denote V (m) = V (m) ⊗ V (m′) ⊗ V (m′′), regarded as a
G-module.

Let

T = {(m,m′,m′′) ∈ N3 : V (m′′) ⊂ V (m)⊗ V (m′)}
be the tensor semigroup of SL(2). Then by the Clebsch-Gordan rule we have

T = {(m,m′,m′′) ∈ N3 : m+m′ +m′′ ∈ 2N and |m−m′| 6 m′′ 6 m+m′}.
Notice that T is stable under permutations: indeed

V (m′′) ⊂ V (m)⊗ V (m′) ⇐⇒
(
V (m)∗ ⊗ V (m′)∗ ⊗ V (m′′)

)diag SL(2) 6= 0,

the latter conditon is independent on the order of the triple (m,m′,m′′) since
V (m) ' V (m)∗ and V (m′) ' V (m′)∗ are self-dual modules.

In our case, we can apply the previous discussion as follows. Indeed, by [7, Case
43] we can assume that

H =
(
ZSL(2) × ZSL(2) × ZSL(2)

)
diag SL(2).

Since V (m) ' V (m)∗ is self dual, we have then

C[G](H) = C[G]diag SL(2) '
⊕

m∈N3

V (m)⊗ V (m)diag SL(2) =
⊕

m∈T

V (m).

By the G-equivariant isomorphism C[G](H) '⊕D∈N∆ VD, as a consequence of the
previous description we see that the map ω identifies the semigroup of globally
generated line bundles on X with the tensor semigroup T.

The G-equivariant embedding V (m) −→ C[G]diag SL(2) can be more explicitly ex-
pressed in terms of matrix coefficients as follows. Fix for all k ∈ N an equivariant
isomorphism v 7−→ ψv between V (k) and V (k)∗.
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If m = (m,m′,m′′) ∈ T, by the Clebsch-Gordan rule V (m′′) always occurs with
multiplicity one in V (m)⊗ V (m′), thus we have an equivariant projection

πm
′′

m,m′ : V (m)⊗ V (m′) −→ V (m′′)

which is uniquely determined up to a scalar factor.

For any simple tensor v⊗ v′⊗ v′′ ∈ V (m)⊗V (m′)⊗V (m′′) we can define a matrix
coefficient fv⊗v′⊗v′′ ∈ C[G] by setting, for all (g, g′, g′′) ∈ G,

fv⊗v′⊗v′′(g, g
′, g′′) = 〈πm′′m,m′(gv ⊗ g′v′), g′′ψv′′〉,

Notice that fv⊗v′⊗v′′ ∈ C[G]diag SL(2). Thus extending linearly we get an embedding
of V (m) in C[G]diag SL(2).

Define a partial order on T, by setting (m,m′,m′′) > (n, n′, n′′) if the differences
m−n, m′−n′, m′′−n′′ are all nonnegative even numbers. This is the partial order
on T induced by the partial order 6Σ on N∆ via the isomorphism T ' N∆.

For all m ∈ T, define a submodule of C[G]diag SL(2) by setting

Γ(m) =
⊕

n6m

V (n).

If m ∈ T and Lm ∈ Pic(X) is the corresponding globally generated line bundle on
X, then by (1.1) we have a G-equivariant isomorphism

Γ(X,Lm) ' Γ(m).

If moreover n ∈ T, then we have a commutative diagram

Γ(X,Lm)⊗ Γ(X,Ln) //

'
��

Γ(X,Lm+n)

'
��

Γ(m)⊗ Γ(n) // Γ(m+ n)

where the upper arrow is the multiplication of sections and the lower arrow is the
multiplication in the invariant ring C[G]diag SL(2).

Lemma 3.5. Let k = (k, k′, k′′), m = (m,m′,m′′), n = (n, n′, n′′) ∈ T. Suppose
that (m,n, k), (m′, n′, k′), (m′′, n′′, k′′) ∈ T. If V (k′′) occurs with multiplicity one
inside V (m)⊗ V (m′)⊗ V (n)⊗ V (n′), then V (k) ⊂ V (m) · V (n).

Proof. Consider the diagram

V (m)⊗ V (n)⊗ V (m′)⊗ V (n′)
πk
m,n⊗πk′

m′,n′ //

πm′′
m,m′⊗π

n′′
n,n′

��

V (k)⊗ V (k′)

πk′′
k,k′

��
V (m′′)⊗ V (n′′)

πk′′
m′′,n′′ // V (k′′)

Then πk
′′

k,k′ ◦ (πkm,n ⊗ πk
′

m′,n′) and πk
′′

m′′,n′′ ◦ (πm
′′

m,m′ ⊗ πn
′′

n,n′) are both non-zero and

equivariant for the action of SL(2). Since V (k′′) occurs with multiplicity one inside
V (m) ⊗ V (m′) ⊗ V (n) ⊗ V (n′) these two projections must be proportional, hence
up to a renormalization we may assume that

πk
′′

k,k′ ◦ (πkm,n ⊗ πk
′

m′,n′) = πk
′′

m′′,n′′ ◦ (πm
′′

m,m′ ⊗ πn
′′

n,n′).
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Let now v⊗v′⊗v′′ ∈ V (m) and w⊗w′⊗w′′ ∈ V (n) be simple tensors and consider
the product of the corresponding matrix coefficients.

Then we have
(
fv⊗v′⊗v′′fw⊗w′⊗w′′

)
(g, g′, g′′) =

= 〈(πm′′m,m′ ⊗ πn
′′

n,n′)
(
g.(v ⊗ w)⊗ g′.(v′ ⊗ w′)

)
, g′′.(ψv′′ ⊗ ψw′′)〉.

Since V (k′′) ⊂ V (m′′)⊗ V (n′′), we can find a nonzero element u′′ =
∑
h v
′′
h ⊗w′′h ∈

V (k′′), for suitable elements v′′h ∈ V (m′′) and w′′h ∈ V (n′′). Then, up to a nonzero
scalar factor, we have
∑

h

(
fv⊗v′⊗v′′hfw⊗w′⊗w′′h

)
(g, g′, g′′) =

= 〈(πm′′m,m′ ⊗ πn
′′

n,n′)
(
g(v ⊗ w)⊗ g′.(v′ ⊗ w′)

)
, g′′.(

∑

h

ψv′′h ⊗ ψw′′h)〉 =

= 〈πk′′m′′,n′′ ◦ (πm
′′

m,m′ ⊗ πn
′′

n,n′)
(
g.(v ⊗ w)⊗ g′.(v′ ⊗ w′)

)
, g′′.ψu′′〉 =

= 〈πk′′k,k′ ◦ (πkm,n ⊗ πk
′

m′,n′)
(
g.(v ⊗ w)⊗ g′.(v′ ⊗ w′)

)
, g′′.ψu′′〉 =

= 〈πk′′k,k′
(
gπkm,n(v ⊗ w)⊗ g′πk′m′,n′(v′ ⊗ w′)

)
, g′′ψu′′〉,

which is the matrix coefficient of

πkm,n(v ⊗ w)⊗ πk′m′,n′(v′ ⊗ w′)⊗ u′′ ∈ V (k)⊗ V (k′)⊗ V (k′′).

Since V (k) ⊂ V (m) ⊗ V (n) and V (k′) ⊂ V (m′) ⊗ V (n′), we can find nonzero
elements u =

∑
i vi ⊗ wi ∈ V (m) ⊗ V (n) and u′ =

∑
j v
′
j ⊗ w′j ∈ V (m′) ⊗ V (n′)

with u ∈ V (k) and u′ ∈ V (k′), thus
∑

i,j,h

(
fvi⊗v′j⊗v′′hfwi⊗w′j⊗w′′h

)
(g, g′, g′′) = 〈πk′′k,k′(gu⊗ g′u′), g′′ψu′′〉

is the matrix coefficient of a nonzero element in V (k), and the claim follows. �

Remark 3.6. Notice that the multiplication in C[G]diag SL(2) is degenerate in the
sense of [6, Proposition 9.1], that is, the inclusion

V (m) · V (n) ⊂
⊕

k∈T : V (k)⊂V (m)⊗V (n)

V (k)

is not necessarily an equality for all m and n in T. For example, for k = (2, 2, 2) and
m = (1, 1, 2), V (k) occurs in the tensor product V (m)⊗2. However V (k) does not
occur in the symmetric product S2V (m), thus V (k) 6⊂ V (m)2 inside C[G]diag SL(2).

In terms of matrix coefficients, for k = (k, k′, k′′), m = (m,m′,m′′), n = (n, n′, n′′)
in T with V (k) ⊂ V (m)⊗ V (n), it can be easily shown that

V (k) ⊂ V (m) · V (n) ⇐⇒ πk
′′

m′′,n′′ ◦
(
πm
′′

m,m′ ⊗ πn
′′

n,n′
)
◦
(
ιm,nk ⊗ ιm

′,n′

k′

)
6= 0

where ιm,nk and ιm
′,n′

k′ denote the equivariant injections V (k) −→ V (m)⊗V (n) and
V (k′) −→ V (m′)⊗ V (n′), respectively.

Proposition 3.7. Let m and n ∈ T, then Γ(m) · Γ(n) = Γ(m+ n).
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Proof. We have to show that, for all k 6 m + n, it holds V (k) ⊂ Γ(m) · Γ(n). We
proceed by induction on the sum m + n + m′ + n′ + m′′ + n′′. Let k ∈ T with
k 6 m+ n.

Suppose first that k = m + n. If vm ∈ V (m) and vn ∈ V (n) are highest weight
vectors, then their product vmvn is a highest weight vector of weight m + n, thus
V (m+ n) ⊂ V (m) · V (n) ⊂ Γ(m) ·Γ(n). Therefore we will assume that k < m+ n.

Case 1. Suppose that both m and n have zero entries. Then m and n have a
unique zero entry, and up to a permutation of the coordinates we may assume that
m = (m, 0,m) and n′′ > 0. Thus we have either n = (n, 0, n) or n = (0, n′, n′).

Suppose that n = (n, 0, n). Then it must be k = (k, 0, k) with k < m + n, thus
k 6 m+n−(2, 0, 2). If m = n = (1, 0, 1), then k = (0, 0, 0) and V (k) ⊂ V (m) ·V (n)
by Lemma 3.5. Therefore we can assume that either m > 2 or n > 2. Suppose that
m > 2, the other case is similar: then (m− 2, 0,m− 2) ∈ T, and by induction

V (k) ⊂ Γ(m− 2, 0,m− 2) · Γ(n) ⊂ Γ(m) · Γ(n).

Suppose now that n = (0, n′, n′). Then k < (m,n′,m+n′), and since k′′ 6 k+k′ 6
m + n′ it must be k′′ < m + n′. If k + k′ = m + n′ or if m = n′ = 1, then
k = (m,n′, k′′) and by Lemma 3.5 we get V (k) ⊂ V (m) · V (n). Thus we can
assume that k + k′ < m + n′, and that either m > 2 or n′ > 2. Suppose we
are in the first case, the other one is similar. Then (m − 2, 0,m − 2) ∈ T and
k 6 (m− 2,m− 2, 0) + n, and the claim follows again by the induction.

Case 2. Suppose that k′′ < m′′+n′′ and that either m′′ > |m−m′| or n′′ > |n−n′|.
We can assume that we are in the first case. Then (m,m′,m′′ − 2) ∈ T and
k 6 (m,m′,m′′ − 2) + n, thus by induction

V (k) ⊂ Γ(m,m′,m′′ − 2) · Γ(n) ⊂ Γ(m) · Γ(n).

Notice that this covers the case k = (0, 0, 0). Indeed by Case 1 we can assume that
either m or n has no zero entry. Therefore, up to a permutation of the coordinates,
we always have either m′′ > |m−m′| or n′′ > |n− n′|.
Case 3. Suppose that k 6= (0, 0, 0). Up to a permutation of the coordinates we can
assume that k′′ < k + k′.

Assume that m′′ = m + m′, and n′′ = n + n′. By Case 1 and by symmetry we
can also assume that all the entries of m are nonzero. Then (m,m′,m′′ − 2) ∈ T.
Moreover by assumption we have k′′ < k + k′ 6 m + n + m′ + n′ = m′′ + n′′.
Therefore k 6 (m,m′,m′′ − 2) + n, and by induction

V (k) ⊂ Γ(m,m′,m′′ − 2) · Γ(n) ⊂ Γ(m) · Γ(n).

Assume now that either m′′ < m+m′ or n′′ < n+ n′. We can assume that we are
in the first case. Then (m− 1,m′ − 1,m′′) and (k− 1, k′ − 1, k′′) both belong to T
and (k − 1, k′ − 1, k′′) < (m− 1,m′ − 1,m′′) + n, thus by induction

V (k − 1, k − 1, k′′) ⊂ Γ(m− 1,m′ − 1,m′′) · Γ(n).

Therefore

V (k) ⊂ V (1, 1, 0) · V (k − 1, k′ − 1, k′′) ⊂ V (1, 1, 0) · Γ(m− 1,m′ − 1,m′′) · Γ(n),

and the claim follows because V (1, 1, 0) · Γ(m− 1,m′ − 1,m′′) ⊂ Γ(m). �
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Corollary 3.8. The multiplication mD,E is surjective for all D,E ∈ N∆.

4. Normality and weight semigroups

Let K ⊂ G be a Hermitian symmetric subgroup. As it is well known (see e.g. [19,
Section 5.5]), this is equivalent to require that K is the Levi factor of a parabolic
subgroup Q of G with Abelian unipotent radical. This implies that Q ⊂ G is a
maximal parabolic subgroup (we assume G to be almost simple).

Recall that we have fixed a maximal torus T in K and a Borel subgroup B of K
containing T . We denote by X (T ) the weight lattice of T . Recall the decomposition
g = k⊕ p.

The torus T is also a maximal torus in G. We can choose a Borel subgroup of G
containing B, the Borel subgroup of K, and contained in Q.

If Q− denotes the opposite parabolic subgroup, then we get the K-module decom-
position

p = p1 ⊕ p2,

where p1 (resp. p2) is the Lie algebra of the unipotent radical of Q (resp. Q−).
Notice that p1 and p2 are irreducible K-modules, dual to each other. More precisely,
if θG ∈ X (T ) denotes the highest root of G (w.r.t. the above choice of a Borel
subgroup in G), then p1 = V (θG) is the irreducible K-module of highest weight θG,
and p2 = V (θG)∗ is the irreducible K-module of lowest weight −θG.

We denote by ZK the identity component of the center of K, and by zK its Lie
algebra. Since G/K is a Hermitian symmetric space, dimZK = 1.

Proposition 4.1. ZK acts non-trivially on p1 and p2.

Proof. Let z(ξ) (ξ ∈ C∗) be a parametrization of ZK ' C∗. Since p2 ' p∗1, it
follows that z(ξ).e = ξme1 + ξ−me2 with m ∈ Z. Suppose that m = 0: then ZK
acts trivially on p = p1 ⊕ p2, hence it acts trivially on g since it acts trivially on k.
Therefore ZK is in the center of G, which is absurd since G is semisimple. �

It follows that p1 and p2 are not isomorphic as representations of K. Let χ be the
character of ZK acting on p1. By making use of the classification of the standard
parabolic subgroups of G with Abelian unipotent radical, we can describe this
character explicitly.

Indeed, let SG = {α1, . . . , αn} be the set of simple roots of G, and denote by
[θG : αi] the coefficient of αi in θG. Then a standard parabolic subgroup Q ⊂ G
has an Abelian unipotent radical if and only if it is maximal, corresponding to a
root αp ∈ SG such that [θG : αp] = 1. In the following list we give all the simple
roots (of irreducible root systems of classical type) with this property:

(1) If G is of type An: α1, . . . , αn;
(2) If G is of type Bn: α1;
(3) If G is of type Cn: αn;
(4) If G is of type Dn: α1, αn−1, αn.

Let tG ⊂ g be the Cartan subalgebra generated by the fundamental coweights
ω∨1 , . . . , ω

∨
n , and let tssK ⊂ tG be the subalgebra generated by the simple coroots of
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K. Since K is the Levi subgroup of G defined by the set of simple roots SGr{αp},
it follows that zK , which is by definition the annihilator of (tssK)∗ in tG, is generated
by the fundamental coweight ω∨p .

On the other hand, assuming G simply connected, we have that the cocharacter
lattice X (T )∨ is equal to the coroot lattice ZS∨, therefore

X (ZK)∨ = zK ∩ ZS∨

is generated by mω∨p where m ∈ N is the minimum such that mω∨p ∈ ZS∨. We list
the value of m here below for all the possible cases of G and αp:

- (An, αp): m = (n+ 1)/ gcd(p, n+ 1);
- (Bn, α1), (Cn, αn), (Dn, α1) : m = 2;
- (Dn, αn−1), (Dn, αn): m = 2 if n is even, m = 4 if n is odd.

If z(ξ) is the 1-parameter-subgroup in ZK given by mω∨p , it follows then

χ(z(ξ)) = ξmθG(ω∨p ) = ξm.

In the following proposition we will show that if Ke ⊂ p is a nilpotent orbit, then
Ke ⊂ p is a bicone with respect to the decomposition p = p1 ⊕ p2. This will allow
us to study the normality of Ke by making use of Theorem 1.2.

Proposition 4.2. Write e = e1 + e2 with e1 ∈ p1 and e2 ∈ p2. Then ξ1e1 + ξ2e2 ∈
Ke for all ξ1, ξ2 ∈ C∗.

Proof. Let {e, f, h} be a normal sl2-triple containing e, then h ∈ K and [h, e] =
2e. If t(ξ) = exp(ξh) (ξ ∈ C∗) is the one parameter subgroup of K obtained
exponentiating the line generated by h, it follows that t(ξ).e = ξe, namely t(ξ).e1 =
ξe1 and t(ξ).e2 = ξe2.

On the other hand, by the previous proposition, the connected component ZK of
the center of K acts non-trivially on p1, therefore we can take a parametrization
z(ξ) of Z (ξ ∈ C∗) such that z(ξ).e = ξme1 + ξ−me2 with m 6= 0. It follows that
every combination of e1 and e2 with non-zero coefficients can be written in the form
t(ξ)z(ξ′).e for some ξ, ξ′ ∈ C∗. �

Let X be the wonderful compactification of K/NK(Ke), and denote by Σ and by
∆ its set of spherical roots and its set of colors. For i = 1, 2, let πi : p −→ pi be
the projections corresponding to the decomposition p = p1 ⊕ p2. If πi(e) 6= 0, we
denote by Dpi

∈ N∆ the element such that pi = V ∗Dpi
, and the image of Ke in

P(pi) coincides with the image of the corresponding map φDpi
: X −→ P(pi). In

particular, if e projects non-trivially both on p1 and p2, then the image of Ke in
P(p1)×P(p2) coincides with the image of X mapped diagonally via φDp1

and φDp2
.

For convenience we also set Dpi = 0 if πi(e) = 0, and we denote

∆p(e) = {Dp1 , Dp2}.

By Theorem 3.1 the multiplication of sections of globally generated line bundles on
the wonderful compactification of K/NK(Ke) is surjective, hence by Theorem 1.3
it follows that Ke ⊂ p is normal if and only if every D ∈ ∆p(e) is minuscule in N∆
with respect to the partial order 6Σ, or zero. Below we will see that this condition
is always fulfilled, hence we get the following.
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Theorem 4.3. Let (g, k) be a classical symmetric pair of Hermitian type and let
Ke ⊂ p be a spherical nilpotent orbit. Then Ke is normal.

Remark 4.4. The normality of Ge is well known and may be deduced from [17].
In particular, if (g, k) is a classical symmetric pair of Hermitian type and Ke is a
spherical nilpotent orbit in p, then Ge is always normal.

Let us denote by Γ(X) the weight semigroup of a K-spherical variety X,

Γ(X) = {λ ∈ X (T ) : Hom(C[X], V (λ)) 6= 0}.
Denoting for i = 1, 2 the highest weight of p∗i as a G-module by λ∗i , the previous
theorem together with Theorem 1.3 imply that Γ(Ke) consists of the weights

n1λ
∗
1 + n2λ

∗
2 − (n1Dp1

+ n2Dp2
− E)

for (n1, n2) ∈ N2, E ∈ N∆ with E 6Σ n1Dp1
+ n2Dp2

, see equation (1.2).

Beyond showing the normality of Ke, we obtain the weight semigroups Γ(Ke) by
computing the corresponding semigroups

Γ∆p(e) = {(n1, n2, E) ∈ N2 × N∆ : E 6Σ n1Dp1
+ n2Dp2

}.

The generators of the weight semigroup Γ(Ke) = Γ(K̃e) are given in Tables 1–6,
in Appendix B. In the same tables we also provide the codimension of KerKe in
Ke. Notice that, if Ke is normal and the codimension of KerKe in Ke is greater
than 1, then C[Ke] = C[Ke], so that the weight semigroup of Ke actually coincides
with Γ(Ke).

We now report the details of the computation of the semigroup Γ∆p(e). We omit the
cases where X is a flag variety or a parabolic induction of a wonderful symmetric
variety (see Section 2): in these cases the combinatorics of the spherical systems
is easier. By [14], the normality of Ke was already known in all these cases, since
they all satisfy htp(e) = 2 (see Appendix B). Some of the corresponding weight

semigroups Γ(Ke) were obtained in [3] by using different techniques.

Remark 4.5. In [18], for the complex symmetric pair (SL(p+q),S(GL(p)×GL(q))),
K. Nishiyama gave a description of the coordinate rings of the closures of some
special spherical orbits, those which can be obtained as theta lift in the stable range.
Actually, in that symmetric pair, the only spherical orbits which are not theta lifts
in the stable range correspond to the following cases: 1.4, 1.5, 1.6 (r + s = q − 1)
and 1.7 (r + s = p− 1).

Notation. For all E =
∑
D∈∆ kDD ∈ Z∆, define its positive part E+ =

∑
kD>0 kDD

and its height ht(E) =
∑
D∈∆ kD.

4.1. Cases 1.4 and 1.5. We consider the case 1.4, the other one is analogous. Let
Σ = {σ1, σ2, σ3} be the set of spherical roots and ∆ = {D1, D2, D3, D4, D5} the set
of colors of X, where we denote

σ1 = α′, σ2 = α1, σ3 = αp−1

D1 = D+
α′ , D2 = D−α′ , D3 = D+

α1
, D4 = Dαp−2 , D5 = Dα2

(if p = 4, D4 = D5).
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We have in this case p1 = V (ω1 + ω′ + χ) and p2 = V (ωp−1 + ω′ − χ), Dp1
= D1

and Dp2 = D2. One can easily see that every covering difference γ ∈ NΣ is a simple
root or the sum of two simple roots, thus satisfies ht(γ+) = 2. In particular every
D ∈ N∆ is minuscule, therefore Theorem 1.2 implies that Ke is normal.

Proposition 4.6. The semigroup Γ∆p(e) is generated by

(1, 0, D1), (0, 1, D2), (1, 1, D3), (2, 0, D4), (0, 2, D5).

Remark 4.7. Notice that if Dp1
and Dp2

are two distinct elements of ∆ in order to
compute generators for Γ∆p(e) it is actually enough to compute generators for the
semigroup

ΓΣ
∆p(e) =

{
γ ∈ NΣ : supp(γ+) ⊂ {Dp1

, Dp2
}
}
,

which is the image of the homomorphism Γ∆p(e) −→ NΣ defined by (n1, n2, E) 7−→
n1Dp1

+ n2Dp2
−E. For every generator γ ∈ ΓΣ

∆p(e) there exists a unique minimal

triple mapping to γ, and Γ∆p(e) is generated by such triples together with (1, 0, Dp1)
and (0, 1, Dp2

).

Proof of Proposition 4.6. Let us show that ΓΣ
∆p(e) is generated by

D1 +D2 −D3 = σ1, 2D1 −D4 = σ1 + σ3, 2D2 −D5 = σ1 + σ2.

Indeed, these are generators of the semigroup

{a1σ1 + a2σ2 + a3σ3 ∈ NΣ : a1 > a2 + a3}
and the condition a1 > a2 + a3 is just equivalent to requiring the non-positivity of
the coefficient of D3 in a1σ1 + a2σ2 + a3σ3 (written as an element of Z∆), which is
equal to −a1 + a2 + a3. �

4.2. Cases 1.6 and 1.7. We consider the case 1.6, the other one is analogous.

4.2.1. We assume first r+ s < q − 1, the case r+ s = q − 1 will be treated below,
separately.

For i = 1, . . . , r, we denote σ1
2i−1 = αp−i and σ1

2i = α′i. Similarly, for i = 1, . . . , s,

we denote σ2
2i−1 = αi and σ2

2i = α′q−i. Finally, we denote τ = α′r+1 + . . .+ α′q−s−1.
Then

Σ = {σ1
1 , . . . , σ

1
2r, σ

2
1 , . . . , σ

2
2s, τ}.

For the set of colors we introduce the following notation. For all h 6 2r + 2, set

D1
h =





D−αp−i
if h = 2i− 1, for i 6 r

D+
αp−i

if h = 2i, for i 6 r
D−α′r if h = 2r + 1

Dαp−r−1
if h = 2r + 2

.

For all h 6 2s+ 2, set

D2
h =





D−αi
if h = 2i− 1, for i 6 s

D+
αi

if h = 2i, for i 6 s
D−α′q−s

if h = 2s+ 1

Dαs+1
if h = 2s+ 2

Notice that if p = r + s+ 1 then D1
2r+2 = D2

2s+2.
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We also set

D1
2r+3 =

{
Dα′s+1

if r + s < q − 2

D+
τ if r + s = q − 2

, D2
2s+3 =

{
Dα′q−s−1

if r + s < q − 2

D−τ if r + s = q − 2

(if r+ s = q− 2, the spherical root τ is equal to a simple root, τ = α′r+1 = α′q−s−1,

we assume c(D+
τ , α

′
r) = c(D−τ , α

′
q−s) = −1).

Therefore

∆ = {D1
1, . . . , D

1
2r+3, D

2
1, . . . , D

2
2s+3}.

Let us suppose r, s > 0. We have Dp1 = D1
2 and Dp2 = D2

2. As explained at
the end of Section 3.1, X is a parabolic induction of a quotient of a localization
of a comodel wonderful variety of cotype A, therefore by [6, Proposition 3.2] every
covering difference γ ∈ NΣ satisfies ht(γ+) = 2. In particular every element D ∈ ∆
is minuscule, therefore Theorem 1.2 implies that Ke is normal.

For notational purposes, set r1 = r and r2 = s. For k = 1, 2 and h 6 2rk + 2, we
denote

D̃k
h =

{
Dk
h if h < 2rk + 1

Dk
h +Dk

h+1 if h = 2rk + 1, 2rk + 2

Proposition 4.8. The semigroup Γ∆p(e) is generated by the elements (i, 0, D̃1
2i)

for i 6 r1 + 1, (0, j, D̃2
2j) for j 6 r2 + 1 and (i, j, D̃1

2i−1 + D̃2
2j−1) for i 6 r1 + 1,

j 6 r2 + 1.

Proof. As noticed in Remark 4.7, it is enough to compute generators for the semi-
group

ΓΣ
∆p(e) =

{
γ ∈ NΣ : supp(γ+) ⊂ {D1

2, D
2
2}
}
.

Notice that, for k = 1, 2 and i = 2, . . . , rk + 1, it holds

σk1 + . . .+ σk2i−2 = Dk
2 + D̃k

2i−2 − D̃k
2i.

Therefore,

γki :=

i−1∑

u=1

(i− u)(σk2u−1 + σk2u)

is equal to iDk
2 − D̃k

2i.

Notice also that, for i 6 r1 + 1 and j 6 r2 + 1,

r1∑

u=i

σ1
2u +

r2∑

v=j

σ2
2v + τ = D̃1

2i + D̃2
2j − D̃1

2i−1 − D̃2
2j−1.

Therefore,

γi,j :=

i−1∑

u=1

(i− u)(σ1
2u−1 + σ1

2u) +

r1∑

u=i

σ1
2u +

j−1∑

v=1

(j − v)(σ2
2v−1 + σ2

2v) +

r2∑

v=j

σ2
2v + τ

is equal to iD1
2 + jD2

2 − D̃1
2i−1 − D̃2

2j−1.

We claim that the semigroup ΓΣ
∆p(e) is generated by the elements of the form γki ,

for k = 1, 2 and 2 6 i 6 rk + 1, and γi,j , for 1 6 i 6 r1 + 1 and 1 6 j 6 r2 + 1.
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Let us write γ =
∑2r1
h=1 a

1
hσ

1
h+

∑2r2
h=1 a

2
hσ

2
h+ bτ as an element of NΣ. Let us denote

by dkh the coefficient of Dk
h in γ (written as element of Z∆), for h 6= 2rk + 2 there

is no ambiguity. We have

dk1 = ak1 − ak2 , dkh = −akh−2 + akh−1 + akh − akh+1 (3 6 h 6 2rk − 1),

dk2rk = −ak2rk−2+ak2rk−1+ak2rk , dk2rk+1 = −ak2rk−1+ak2rk−b, dk2rk+3 = −ak2rk +b.

Furthermore, every spherical root lies in the lattice generated by D̃k
1 , . . . , D̃

k
2rk+2,

with k ∈ {1, 2}. Denoting by d̃kh the coefficient of D̃k
h in γ, we have d̃k2rk+1 = dk2rk+1

and d̃k2rk+2 = dk2rk+3, with k ∈ {1, 2}.
Assume supp(γ+) ⊂ {D1

2, D
2
2}, then the coefficients d̃kh are non-positive for h 6= 2.

Let us write γ as a combination with non-negative integer coefficients of the γki
(k = 1, 2 and 2 6 i 6 rk + 1) and the γi,j (1 6 i 6 r1 + 1 and 1 6 j 6 r2 + 1).

We have
r1+1∑

i=1

d̃1
2i−1 = −b =

r2+1∑

j=1

d̃2
2j−1.

Therefore, there exist integers ci,j 6 0 (for i 6 r1 + 1 and j 6 r2 + 1) such that∑
j ci,j = d̃1

2i−1 and
∑
i ci,j = d̃2

2j−1. Indeed, for k = 1, 2 and i 6 rk, we can set

nki = −∑i
u=1 d̃

k
2u−1 and take

−ci,j = card{n ∈ N | n1
i−1 < n 6 n1

i and n2
j−1 < n 6 n2

j}.

We claim that γ is equal to

r1+1∑

i=2

−d̃1
2iγ

1
i +

r2+1∑

j=2

−d̃2
2jγ

2
j +

r1+1∑

i=1

r2+1∑

j=1

−ci,jγi,j .

Indeed, the coefficient of σ1
2i−1 in the above expression is equal to

r1+1∑

u=i+1

−d̃1
2u(u− i) +

r1+1∑

u=i+1

r2+1∑

v=1

−cu,v(u− i)

=

r1+1∑

u=i+1

−(d̃1
2u + d̃1

2u−1)(u− i)

= a1
2i−1.

The coefficient of σ1
2i is equal to

r1+1∑

u=i+1

−d̃1
2u(u− i) +

i∑

u=1

r2+1∑

v=1

−cu,v +

r1+1∑

u=i+1

r2+1∑

v=1

−cu,v(u− i)

=

i∑

u=1

−d̃1
2u−1 +

r1+1∑

u=i+1

−(d̃1
2u + d̃1

2u−1)(u− i)

= a1
2i.
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Analogously, the same holds for σ2
h, for any h. It remains the coefficient of τ , which

is equal to
r1+1∑

i=1

r2+1∑

j=1

−ci,j = b. �

The case r = s = 0 is a parabolic induction of a wonderful symmetric variety. We
are left with the case r > 0 and s = 0 (the other one, r = 0 and s > 0, is analogous).
Let us keep the same notation as above, notice that there exists no D2

1 and we have

∆ = {D1
1, . . . , D

1
2r+3} ∪ {D2

2, D
2
3}.

In this case, Dp1
= D1

2 and Dp2
= D̃2

2 = D2
2 +D2

3. Both are minuscule, and Ke is
normal.

The description of the Γ∆p(e) given in the above proposition remains valid. The
proof is slightly simpler: every spherical root lies in the lattice generated by
D̃1

1, . . . , D̃
1
2r+2 and D̃2

1, D̃
2
2 which are still linearly independent, denoting by d̃kh

the coefficient of D̃k
h in γ, the semigroup

{
γ ∈ NΣ : d̃1

h 6 0 ∀ h 6= 2
}

is generated by the elements of the form γ1
i , for 2 6 i 6 r + 1, and γi,1, for

1 6 i 6 r + 1.

4.2.2. We now consider the case r + s = q − 1.

Let us keep the same notation as above, as far as possible. Indeed, there exists no
τ , so we have

Σ = {σ1
1 , . . . , σ

1
2r, σ

2
1 , . . . , σ

2
2s}

and
∆ = {D1

1, . . . , D
1
2r+2, D

2
1, . . . , D

2
2s+2}.

Let us suppose r, s > 0. We have Dp1
= D1

2 and Dp2
= D2

2, which as in previous

case are minuscule. Therefore, Ke is normal.

For convenience we also define D1
2r+3 = D2

2s+1 and D2
2s+3 = D1

2r+1. As in previous
case, set r1 = r and r2 = s. If k = 1, 2 and h 6 2rk + 2, denote

D̃k
h =

{
Dk
h if h < 2rk + 1

Dk
h +Dk

h+1 if h = 2rk + 1, 2rk + 2

Notice that if p = q+1 then D1
2r1+2 = D2

2r2+2, thus D̃1
2r1+2 = D̃2

2r2+1 and D̃2
2r2+2 =

D̃1
2r1+1.

Proposition 4.9. The semigroup Γ∆p(e) is generated by the elements (i, 0, D̃1
2i)

for i 6 r1 + 1, (0, j, D̃2
2j) for j 6 r2 + 1 and (i, j, D̃1

2i−1 + D̃2
2j−1) for i 6 r1 + 1,

j 6 r2 + 1 with i+ j < r1 + r2 + 2.

Proof. We follow the line of the proof of the previous proposition. As in that case,
it is enough to compute generators for ΓΣ

∆p(e).

For k = 1, 2 and i = 2, . . . , rk + 1, we have

γki :=

i−1∑

u=1

(i− u)(σk2u−1 + σk2u) = iDk
2 − D̃k

2i.
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For i 6 r1 + 1 and j 6 r2 + 1 with i+ j < r1 + r2 + 2, we have

γi,j :=

i−1∑

u=1

(i− u)(σ1
2u−1 + σ1

2u) +

r1∑

u=i

σ1
2u +

j−1∑

v=1

(j − v)(σ2
2v−1 + σ2

2v) +

r2∑

v=j

σ2
2v

= iD1
2 + jD2

2 − D̃1
2i−1 − D̃2

2j−1.

Let us prove that ΓΣ
∆p(e) is generated by the elements of the form γki , for k = 1, 2

and 2 6 i 6 rk + 1, and γi,j , for 1 6 i 6 r1 + 1 and 1 6 j 6 r2 + 1 with
i+ j < r1 + r2 + 2.

Let us write γ =
∑2r1
h=1 a

1
hσ

1
h +

∑2r2
h=1 a

2
hσ

2
h ∈ NΣ and denote by dkh the coefficient

of Dk
h in γ, for h < 2rk + 2. We have

dk1 = ak1 − ak2 , dkh = −akh−2 + akh−1 + akh − akh+1 (3 6 h 6 2rk − 1),

dk2rk = −ak2rk−2 + ak2rk−1 + ak2rk ,

d1
2r1+1 = −a1

2r1−1 + a1
2r1 − a2

2r2 , d2
2r2+1 = −a2

2r2−1 + a2
2r2 − a1

2r1 .

Assume supp(γ+) ⊂ {D1
2, D

2
2}, then the coefficients dkh are non-positive for h 6= 2.

We have

rk∑

i=1

dk2i−1 = ak2rk−1 − ak2rk ,
r1+1∑

i=1

d1
2i−1 = −a2

2r2 ,

r2+1∑

j=1

d2
2j−1 = −a1

2r1 ,

and moreover

d1
2r1+1 + d2

2r2+1 = −a1
2r1−1 − a2

2r2−1.

Therefore, there exist non-positive integers c1, c2 and ci,j , for i 6 r1 + 1 and
j 6 r2 + 1 with i+ j < r1 + r2 + 2, such that

r2+1∑

j=1

ci,j = d1
2i−1 ∀ i 6 r1,

r1+1∑

i=1

ci,j = d2
2j−1 ∀ j 6 r2,

c1 +

r1∑

i=1

ci,r2+1 = d2
2r2+1, c2 +

r2∑

j=1

cr1+1,j = d1
2r1+1,

c1 +

r2∑

j=1

cr1+1,j = −a1
2r1−1, and c2 +

r1∑

i=1

ci,r2+1 = −a2
2r2−1.

Indeed, if we assume (without loss of generality) a1
2r1 6 a2

2r2 , we can take c1 =

a1
2r1 − a2

2r2 − b and c2 = −b where b = min(a1
2r1−1, a

2
2r2−1 − a2

2r2 + a1
2r1). For the

ci,j ’s one can do as in the proof of the previous proposition.

We claim that γ is equal to

( r1∑

i=2

−d1
2iγ

1
i

)
− c1γ1

r1+1 +
( r2∑

j=2

−d2
2jγ

2
j

)
− c2γ2

r2+1 +
∑

16i6r1+1
16j6r2+1

i+j<r1+r2+2

−ci,jγi,j .
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Indeed, the coefficient of σ1
2i−1 in the above expression is equal to

( r1∑

u=i+1

−d1
2u(u− i)

)
− c1(r1 + 1− i) +

∑

i+16u6r1+1
16v6r2+1

u+v<r1+r2+2

−cu,v(u− i)

=
( r1∑

u=i+1

−(d1
2u + d1

2u−1)(u− i)
)

+ a1
2r1−1(r1 + 1− i)

= a1
2i−1.

The coefficient of σ1
2i is equal to

( r1∑

u=i+1

−d1
2u(u− i)

)
− c1(r1 + 1− i) +

( i∑

u=1

r2+1∑

v=1

−cu,v
)

+
∑

i+16u6r1+1
16v6r2+1

u+v<r1+r2+2

−cu,v(u− i)

=
( i∑

u=1

−d1
2u−1

)
+
( r1∑

u=i+1

−(d1
2u + d1

2u−1)(u− i)
)

+ a1
2r1−1(r1 + 1− i)

= a1
2i.

The same holds for σ2
h, for any h. �

The case r = s = 0 corresponds to a flag variety. We are left with the case r > 0
and s = 0 (the other one, r = 0 and s > 0, is analogous). Keeping the same
notation as above, there exists no D2

1 and we have

∆ = {D1
1, . . . , D

1
2r+2} ∪ {D2

2}.
In this case, Dp1

= D1
2 and Dp2

= D̃2
2 = D2

2 +D1
2r+1. Both are minuscule, and Ke

is normal.

The description of the semigroup Γ∆p(e) remains the same: denoting by dkh the

coefficient of Dk
h in γ, for h 6 2r, the semigroup

{
γ ∈ NΣ : d1

h 6 0 ∀ h 6= 2
}

is generated by the elements of the form γ1
i , for 2 6 i 6 r+1, and γi,1, for 1 6 i 6 r.

Appendix A. List of spherical nilpotent K-orbits in p
in the classical Hermitian cases

Here we report the list of the spherical nilpotent K-orbits in p for all symmetric
pairs (g, k) of classical Hermitian type.

Every (complex) K-orbit in p is labelled with the signed partition of the corre-
sponding real nilpotent orbit. In each case we provide a normal triple {h, e, f},
with e a representative of the orbit.

We denote by Q the parabolic subgroup of K whose Lie algebra is equal to

LieQ =
⊕

i>0

k(i),

where k(i) is the adh-eigenspace in k of eigenvalue i.
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We describe the centralizer of h, denoted by Kh or by L, which is a Levi subgroup
of Q. Let Qu be the unipotent radical of Q. Then we describe the centralizer of e,
denoted by Ke. A Levi subgroup of Ke is always given by Le, the centralizer of e
in L. The unipotent radical of Ke is explicitly described as Le-submodule of Qu.

1. SL(p+ q)/S(GL(p)×GL(q)).

K = S(GL(p)×GL(q)), p, q > 2, p = V (ω1 +ω′q−1)⊕V (ωp−1 +ω′1) as Kss-module.
If p = 1 and q > 2, p = V (ω′q−1)⊕V (ω′1). If p > 2 and q = 1, p = V (ω1)⊕V (ωp−1).
If p = q = 1, p = V (0)⊕ V (0).

Let us fix a basis e1, . . . , ep of Cp and denote by ϕ1, . . . , ϕp the dual basis of (Cp)∗.
Similarly, let us fix a basis e′1, . . . , e

′
q of Cq and denote by ϕ′1, . . . , ϕ

′
q the dual basis

of (Cq)∗. Then K = S(GL(Cp)×GL(Cq)) and

p =
(
Cp ⊗ (Cq)∗

)
⊕
(
(Cp)∗ ⊗ Cq

)
.

1.1. (+2r,+1p−r,−1q−r), r > 1.

e =

r∑

i=1

ei ⊗ ϕ′q−r+i, f =

r∑

i=1

ϕi ⊗ e′q−r+i,

h(ei) =

{
ei if 1 6 i 6 r
0 otherwise

, h(e′i) =

{
−e′i if q − r + 1 6 i 6 q
0 otherwise

.

Let Q = LQu be the corresponding parabolic subgroup of K, so that L = Kh
∼=

S(GL(r)×GL(p− r)×GL(q − r)×GL(r)).

The centralizer of e is Ke = LeQ
u where Le ∼= S(GL(r)×GL(p− r)×GL(q − r)),

the GL(r) factor of Le is embedded diagonally, A 7→ (A,A), into the GL(r)×GL(r)
factor of L. For r = p = q, the connected component of Le is isomorphic to SL(r).

1.2. (−2r,+1p−r,−1q−r), r > 1.

e =

r∑

i=1

ϕp−r+i ⊗ e′i, f =

r∑

i=1

ep−r+i ⊗ ϕ′i,

h(ei) =

{
−ei if p− r + 1 6 i 6 p
0 otherwise

, h(e′i) =

{
e′i if 1 6 i 6 r
0 otherwise

.

The centralizers of h and e are the same as in the previous case up to switching the
two factors of K as well as the role of p and q.

1.3. (+2r,−2s,+1p−r−s,−1q−r−s), r, s > 1.

e =

r∑

i=1

ei ⊗ ϕ′q−r+i +

s∑

i=1

ϕp−s+i ⊗ e′i,

h(ei) =





ei if 1 6 i 6 r
−ei if p− s+ 1 6 i 6 p
0 otherwise

, h(e′i) =





e′i if 1 6 i 6 s
−e′i if q − r + 1 6 i 6 q
0 otherwise

,

f =

r∑

i=1

ϕi ⊗ e′q−r+i +

s∑

i=1

ep−s+i ⊗ ϕ′i.
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Let Q = LQu be the corresponding parabolic subgroup of K, so that L = Kh
∼=

S(GL(r)×GL(p− r − s)×GL(s)×GL(s)×GL(q − r − s)×GL(r)).

The centralizer of e is Ke = LeQ
u where Le ∼= S(GL(r)×GL(p− r− s)×GL(s)×

GL(q − r − s)), the GL(r) and GL(s) factors of Le are embedded diagonally, re-
spectively, into the GL(r)×GL(r) and GL(s)×GL(s) factors of L.

1.4. (+32,+1p−4), q = 2.

e = e1 ⊗ ϕ′1 + e2 ⊗ ϕ′2 + ϕp−1 ⊗ e′1 + ϕp ⊗ e′2,

h(ei) =





2ei if 1 6 i 6 2
−2ei if p− 1 6 i 6 p

0 otherwise
, h(e′i) = 0 ∀ i,

f = 2(ϕ1 ⊗ e′1 + ϕ2 ⊗ e′2 + ep−1 ⊗ ϕ′1 + ep ⊗ ϕ′2).

Let Q = LQu be the corresponding parabolic subgroup of K, so that L = Kh
∼=

S(GL(2)×GL(p− 4)×GL(2)×GL(2)).

The centralizer of e is Ke = LeQ
u where Le ∼= S(GL(2) × GL(p − 4)), the GL(2)

factor of Le is embedded diagonally, A 7→ (A,A,A), into the GL(2)×GL(2)×GL(2)
factor of L. For p = 4, the connected component of Le is isomorphic to SL(2).

1.5. (−32,−1q−4), p = 2.

e = e1 ⊗ ϕ′q−1 + e2 ⊗ ϕ′q + ϕ1 ⊗ e′1 + ϕ2 ⊗ e′2,

h(ei) = 0 ∀ i, h(e′i) =





2e′i if 1 6 i 6 2
−2e′i if q − 1 6 i 6 q

0 otherwise
,

f = 2(ϕ1 ⊗ e′q−1 + ϕ2 ⊗ e′q + e1 ⊗ ϕ′1 + e2 ⊗ ϕ′2).

The centralizers of h and e are the same as in the previous case up to switching the
two factors of K as well as the role of p and q.

1.6. (+3,+2r,−2s,+1p−r−s−2,−1q−r−s−1).

e = e1 ⊗ ϕ′q−r +

r∑

i=1

ei+1 ⊗ ϕ′q−r+i +

s∑

i=1

ϕp−s+i−1 ⊗ e′i + ϕp ⊗ e′q−r,

h(ei) =





2ei if i = 1
ei if 2 6 i 6 r + 1
−ei if p− s 6 i 6 p− 1
−2ei if i = p

0 otherwise

, h(e′i) =





e′i if 1 6 i 6 s
−e′i if q − r + 1 6 i 6 q
0 otherwise

,

f = 2ϕ1 ⊗ e′q−r +

r∑

i=1

ϕi+1 ⊗ e′q−r+i +

s∑

i=1

ep−s+i−1 ⊗ ϕ′i + 2ep ⊗ ϕ′q−r.

Let Q = LQu be the corresponding parabolic subgroup of K, so that L = Kh
∼=

S(GL(1)×GL(r)×GL(p−r−s−2)×GL(s)×GL(1)×GL(s)×GL(q−r−s)×GL(r)).
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The centralizer of e is Ke = LeK
u
e where Le ∼= S(GL(1)×GL(r)×GL(p− r − s−

2) × GL(s) × GL(q − r − s − 1)), the GL(1) × GL(q − r − s − 1) factor of Le is
embedded as

(z,A) 7→ (z, z, (A, z))

into GL(1)×GL(1)× (GL(q − r − s− 1)×GL(1)) and GL(q − r − s− 1)×GL(1)
is included in the GL(q − r − s) factor of L, the GL(r) and GL(s) factors of Le
are embedded diagonally, respectively, into the GL(r)×GL(r) and GL(s)×GL(s)
factors of L. The quotient LieQu/LieKu

e is the sum of two simple Le-modules
of dimension r and s, respectively, as follows. In k(1) there are exactly two sim-
ple Le-submodules, W0,1,W1,1, of highest weight ωr−1 w.r.t. the semisimple part
of the GL(r) factor, isomorphic as Le-modules but lying in two distinct isotypi-
cal L-components. Similarly, in k(1) there are exactly two simple Le-submodules,
W0,2,W1,2, of highest weight ω1 w.r.t. the semisimple part of the GL(s) factor, iso-
morphic as Le-modules but lying in two distinct isotypical L-components. Let V be
the Le-complement of W0,1 ⊕W1,1 ⊕W0,2 ⊕W1,2 in LieQu. As Le-module, LieKu

e

is the direct sum of V , of a simple Le-submodule of W0,1 ⊕W1,1 which projects
non-trivially on both summands W0,1 and W1,1, and of a simple Le-submodule of
W0,2 ⊕W1,2 which projects non-trivially on both summands W0,2 and W1,2.

1.7. (−3,+2r,−2s,+1p−r−s−1,−1q−r−s−2).

e =

r∑

i=1

ei ⊗ ϕ′q−r+i−1 + ep−s ⊗ ϕ′q + ϕp−s ⊗ e′1 +

s∑

i=1

ϕp−s+i ⊗ e′i+1,

h(ei) =





ei if 1 6 i 6 r
−ei if p− s+ 1 6 i 6 p
0 otherwise

, h(e′i) =





2e′i if i = 1
e′i if 2 6 i 6 s+ 1
−e′i if q − r 6 i 6 q − 1
−2e′i if i = q

0 otherwise

,

f =

r∑

i=1

ϕi ⊗ e′q−r+i−1 + 2ϕp−s ⊗ e′q + 2ep−s ⊗ ϕ′1 +

s∑

i=1

ep−s+i ⊗ ϕ′i+1.

The centralizers of h and e are the same as in the previous case up to switching the
two factors of K as well as the role of p and q, and the role of r and s, respectively.

2. SO(2n+ 1)/SO(2n− 1)× SO(2).

K = SO(2n− 1)× SO(2), n > 2, p = V (ω1)⊕ V (ω1) as Kss-module.

Let us fix a basis e1, . . . , en−1, e0, e−n+1, . . . , e−1 of C2n−1, a symmetric bilinear
form β such that β(ei, ej) = δi,−j for all i, j. Similarly, let us fix a basis e′1, e

′
−1

of C2 and a symmetric bilinear form β′ such that β′(e′i, e
′
j) = δi,−j for all i, j.

For convenience, let us denote by ϕ′1, ϕ
′
−1 the dual basis of (C2)∗. Then K =

SO(C2n−1, β)× SO(C2, β′) and

p = C2n−1 ⊗ (C2)∗.
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2.1. (+22,+12n−3), I and II.

Case (I)
e = e1 ⊗ ϕ′−1, f = −e−1 ⊗ ϕ′1,

h(ei) =





ei if i = 1
−ei if i = −1
0 otherwise

, h(e′i) =

{
e′i if i = 1
−e′i if i = −1

.

Let Q = LQu be the corresponding parabolic subgroup of K, so that L = Kh
∼=

GL(1)× SO(2n− 3)×GL(1).

The centralizer of e is Ke = LeQ
u where Le ∼= GL(1) × SO(2n − 3), the GL(1)

factor of Le is embedded skew-diagonally, z 7→ (z, z−1), into the GL(1) × GL(1)
factor of L.

Case (II)
e = e1 ⊗ ϕ′1, f = −e−1 ⊗ ϕ′−1,

h(ei) =





ei if i = 1
−ei if i = −1
0 otherwise

, h(e′i) =

{
−e′i if i = 1
e′i if i = −1

.

The centralizer of h is the same as in case (I).

The centralizer of e is also the same, except that the GL(1) factor of Le is embedded
diagonally, z 7→ (z, z), into the GL(1)×GL(1) factor of L.

2.2. (+3,+12n−3,−1).

e = e1 ⊗ (ϕ′1 − ϕ′−1), f = e−1 ⊗ (ϕ′1 − ϕ′−1),

h(ei) =





2ei if i = 1
−2ei if i = −1

0 otherwise
, h(e′i) = 0 ∀ i.

Let Q = LQu be the corresponding parabolic subgroup of K, so that L = Kh
∼=

GL(1)× SO(2n− 3)×GL(1).

The centralizer of e is Ke = LeQ
u where Le ∼= O(1)× SO(2n− 3), the O(1) factor

of Le is embedded diagonally into the GL(1)×GL(1) factor of L.

2.3. (−3,+12n−2), I and II.

Case (I)
e = e0 ⊗ ϕ′−1, f = −2e0 ⊗ ϕ′1,

h(ei) = 0 ∀ i, h(e′i) =

{
2e′i if i = 1
−2e′i if i = −1

.

Here the centralizer of h is Kh = K ∼= SO(2n− 1)×GL(1).

The centralizer of e is Ke
∼= S(O(2n− 2)×O(1)) embedded as

(A, z) 7→ ((A, z), z−1)

into S(O(2n − 2) × O(1)) × GL(1), where S(O(2n − 2) × O(1)) is included in the
SO(2n− 1) factor of K.

Case (II)
e = e0 ⊗ ϕ′1, f = −2e0 ⊗ ϕ′−1,
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h(ei) = 0 ∀ i, h(e′i) =

{
−2e′i if i = 1
2e′i if i = −1

.

The centralizers of h and e are the same as in case (I).

2.4. (+32,+12n−5).

e = e1 ⊗ ϕ′−1 − e2 ⊗ ϕ′1, f = 2(e−2 ⊗ ϕ′−1 − e−1 ⊗ ϕ′1),

h(ei) =





2ei if 1 6 i 6 2
−2ei if −2 6 i 6 −1

0 otherwise
, h(e′i) = 0 ∀ i.

Let Q = LQu be the corresponding parabolic subgroup of K, so that L = Kh
∼=

GL(2)× SO(2n− 5)×GL(1).

The centralizer of e is Ke = LeQ
u where Le ∼= SO(2n − 5) × GL(1), the GL(1)

factor of Le is embedded as

z 7→ ((z, z−1), z−1)

into (GL(1)×GL(1))×GL(1) included into the GL(2)×GL(1) factor of L.

3. Sp(2n)/GL(n).

K = GL(n), n > 2, p = V (2ω1)⊕ V (2ωn−1) as Kss-module.

Let us fix a basis e1, . . . , en of Cn and denote by ϕ1, . . . , ϕn the dual basis of (Cn)∗.
Then K = GL(Cn) and

p = S2(Cn)⊕ S2(Cn)∗.

3.1. (+2r,+12n−2r).

e =

r∑

i=1

eier−i+1, h(ei) =

{
ei if 1 6 i 6 r
0 otherwise

, f =

r∑

i=1

ϕiϕr−i+1.

Let Q = LQu be the corresponding parabolic subgroup of K, so that L = Kh
∼=

GL(r)×GL(n− r).
The centralizer of e is Ke = LeQ

u where Le ∼= O(r)×GL(n− r).

3.2. (−2r,+12n−2r).

e =

r∑

i=1

ϕn−r+iϕn−i+1, f =

r∑

i=1

en−r+ien−i+1,

h(ei) =

{
−ei if n− r + 1 6 i 6 n
0 otherwise

.

The centralizers of h and e are the same as in the previous case up to an external
automorphism of K.
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3.3. (+2r,−2s,+12n−2r−2s).

e =

r∑

i=1

eier−i+1 +

s∑

i=1

ϕn−s+iϕn−i+1, f =

r∑

i=1

ϕiϕr−i+1 +

s∑

i=1

en−s+ien−i+1,

h(ei) =





ei if 1 6 i 6 r
−ei if n− s+ 1 6 i 6 n
0 otherwise

.

Let Q = LQu be the corresponding parabolic subgroup of K, so that L = Kh
∼=

GL(r)×GL(n− r − s)×GL(s).

The centralizer of e is Ke = LeQ
u where Le ∼= O(r)×GL(n− r − s)×O(s).

4. SO(2n)/SO(2n− 2)× SO(2).

K = SO(2n− 2)× SO(2), n > 4, p = V (ω1)⊕ V (ω1) as Kss-module.

Let us fix a basis e1, . . . , en−1, e−n+1, . . . , e−1 of C2n−2, a symmetric bilinear form β
such that β(ei, ej) = δi,−j for all i, j. Similarly, let us fix a basis e′1, e

′
−1 of C2 and a

symmetric bilinear form β′ such that β′(e′i, e
′
j) = δi,−j for all i, j. For convenience,

let us denote by ϕ′1, ϕ
′
−1 the dual basis of (C2)∗. Then K = SO(C2n−2, β) ×

SO(C2, β′) and

p = C2n−2 ⊗ (C2)∗.

4.1. (+22,+12n−4), I and II.

Case (I)

e = e1 ⊗ ϕ′−1, f = −e−1 ⊗ ϕ′1,

h(ei) =





ei if i = 1
−ei if i = −1
0 otherwise

, h(e′i) =

{
e′i if i = 1
−e′i if i = −1

.

Let Q = LQu be the corresponding parabolic subgroup of K, so that L = Kh
∼=

GL(1)× SO(2n− 4)×GL(1).

The centralizer of e is Ke = LeQ
u where Le ∼= GL(1) × SO(2n − 4), the GL(1)

factor of Le is embedded skew-diagonally, z 7→ (z, z−1), into the GL(1) × GL(1)
factor of L.

Case (II)

e = e1 ⊗ ϕ′1, f = −e−1 ⊗ ϕ′−1,

h(ei) =





ei if i = 1
−ei if i = −1
0 otherwise

, h(e′i) =

{
−e′i if i = 1
e′i if i = −1

.

The centralizer of h is the same as in case (I).

The centralizer of e is also the same, except that the GL(1) factor of Le is embedded
diagonally, z 7→ (z, z), into the GL(1)×GL(1) factor of L.
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4.2. (+3,+12n−4,−1).

e = e1 ⊗ (ϕ′1 − ϕ′−1), f = e−1 ⊗ (ϕ′1 − ϕ′−1),

h(ei) =





2ei if i = 1
−2ei if i = −1

0 otherwise
, h(e′i) = 0 ∀ i.

Let Q = LQu be the corresponding parabolic subgroup of K, so that L = Kh
∼=

GL(1)× SO(2n− 4)×GL(1).

The centralizer of e is Ke = LeQ
u where Le ∼= O(1)× SO(2n− 4), the O(1) factor

of Le is embedded diagonally into the GL(1)×GL(1) factor of L.

4.3. (−3,+12n−3), I and II.

Case (I)

e = (en−1 − e−n+1)⊗ ϕ′−1, f = (en−1 − e−n+1)⊗ ϕ′1,

h(ei) = 0 ∀ i, h(e′i) =

{
2e′i if i = 1
−2e′i if i = −1

.

Here the centralizer of h is Kh = K ∼= SO(2n− 2)×GL(1).

The centralizer of e is Ke
∼= SO(2n− 3)×O(1), embedded as

(A, z) 7→ ((A, z), z−1)

into (SO(2n − 3) × O(1)) × GL(1), where SO(2n − 3) × O(1) is included in the
SO(2n− 2) factor of K.

Case (II)

e = (en−1 − e−n+1)⊗ ϕ′1, f = (en−1 − e−n+1)⊗ ϕ′−1,

h(ei) = 0 ∀ i, h(e′i) =

{
−2e′i if i = 1
2e′i if i = −1

.

The centralizers of h and e are the same as in case (I).

4.4. (+32,+12n−6).

e = e1 ⊗ ϕ′−1 − e2 ⊗ ϕ′1, f = 2(e−2 ⊗ ϕ′−1 − e−1 ⊗ ϕ′1),

h(ei) =





2ei if 1 6 i 6 2
−2ei if −2 6 i 6 −1

0 otherwise
, h(e′i) = 0 ∀ i.

Let Q = LQu be the corresponding parabolic subgroup of K, so that L = Kh
∼=

GL(2)× SO(2n− 6)×GL(1).

The centralizer of e is Ke = LeQ
u where Le ∼= SO(2n − 6) × GL(1), the GL(1)

factor of Le is embedded as

z 7→ ((z, z−1), z−1)

into (GL(1)×GL(1))×GL(1) included into the GL(2)×GL(1) factor of L.
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5. SO(2n)/GL(n).

K = GL(n), n > 4, p = V (ω2)⊕ V (ωn−2) as Kss-module.

Let us fix a basis e1, . . . , en of Cn and denote by ϕ1, . . . , ϕn the dual basis of (Cn)∗.
Then K = GL(Cn) and

p = Λ2(Cn)⊕ Λ2(Cn)∗.

5.1. (+2r,+1n−2r).

e =

r∑

i=1

ei ∧ e2r−i+1, h(ei) =

{
ei if 1 6 i 6 2r
0 otherwise

, f =

r∑

i=1

ϕi ∧ ϕ2r−i+1.

Let Q = LQu be the corresponding parabolic subgroup of K, so that L = Kh
∼=

GL(2r)×GL(n− 2r).

The centralizer of e is Ke = LeQ
u where Le ∼= Sp(2r)×GL(n− 2r).

5.2. (−2r,+1n−2r).

e =

r∑

i=1

ϕn−2r+i−1 ∧ ϕn−i+1, f =

r∑

i=1

en−2r+i−1 ∧ en−i+1,

h(ei) =

{
−ei if n− 2r + 1 6 i 6 n
0 otherwise

.

The centralizers of h and e are the same as in the previous case up to an external
automorphism of K.

5.3. (+2r,−2s,+1n−2r−2s).

e =

r∑

i=1

ei ∧ e2r−i+1 +

s∑

i=1

ϕn−2s+i−1 ∧ ϕn−i+1,

h(ei) =





ei if 1 6 i 6 2r
−ei if n− 2s+ 1 6 i 6 n
0 otherwise

,

f =

r∑

i=1

ϕi ∧ ϕ2r−i+1 +

s∑

i=1

en−2s+i−1 ∧ en−i+1.

Let Q = LQu be the corresponding parabolic subgroup of K, so that L = Kh
∼=

GL(2r)×GL(n− 2r − 2s)×GL(2s).

The centralizer of e is Ke = LeQ
u where Le ∼= Sp(2r)×GL(n− 2r − 2s)× Sp(2s).
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5.4. (+3,+1n−3).

e = e1 ∧ e2 + ϕ2 ∧ ϕn, f = 2(ϕ1 ∧ ϕ2 + e2 ⊗ en),

h(ei) =





2ei if i = 1
−2ei if i = n

0 otherwise
.

Let Q = LQu be the corresponding parabolic subgroup of K, so that L = Kh
∼=

GL(1)×GL(n− 2)×GL(1).

The centralizer of e is Ke = LeQ
u where Le ∼= GL(1)×GL(n− 3), Le is embedded

as
(z,A) 7→ (z, (z−1, A), z)

into GL(1)× (GL(1)×GL(n− 3))×GL(1), and (GL(1)×GL(n− 3)) is included
into the GL(n− 2) factor of L.

Appendix B. Tables of spherical nilpotent K-orbits in p in the
classical Hermitian cases

In Tables 1–6, for every spherical nilpotent orbit Ke ⊂ p, we report its signed
partition (column 2), the Kostant-Dynkin diagram and the height of Ge (columns 3
and 4), the Kostant-Dynkin diagram and the p-height of Ke (columns 5 and 6),
the codimension of Ke r Ke in Ke (column 7) and the weight semigroup of Ke
(column 8).

The generators of the weight semigroups given in the tables are expressed in terms
of the fundamental weights of Kss, the semisimple part of K, plus a multiple of χ,
where χ denotes the character of the 1-dimensional center of K on p1, as defined
in Section 4.

Recall that the fundamental weights of an irreducible root system of rank n are de-
noted by ω1, . . . , ωn (and enumerated as in Bourbaki). For notational convenience,
we set ωi = 0 if i 6 0 or i > n.

In Tables 7–11, for every spherical nilpotent orbit Ke in p, we report the Luna
diagram and the set of spherical roots of the spherical system of Kπ(e), where the
definition of π(e) is as follows. Recall that in the Hermitian case p = p1 ⊕ p2, so
that e = e1 + e2 with e1 ∈ p1 and e2 ∈ p2. Therefore, we set π(e) = [e1] ∈ P(p1)
if e2 = 0, π(e) = [e2] ∈ P(p2) if e1 = 0, and π(e) = ([e1], [e2]) ∈ P(p1) × P(p2)
otherwise.



Signed partition Diagram of Ge ht(e) Diagram of Ke htp(e) codim(KerKe) Generators of Γ(Ke)

1.1
(+2r,+1p−r,−1q−r)

r > 1

(0 . . . 0︸ ︷︷ ︸
r−1

10 . . . 01 0 . . . 0︸ ︷︷ ︸
r−1

) if 2r < p+ q

(0 . . . 0︸ ︷︷ ︸
p−1

20 . . . 0) if r = p = q
2

(0 . . . 0︸ ︷︷ ︸
r−1

10 . . . 0, 0 . . . 01 0 . . . 0︸ ︷︷ ︸
r−1

; 0) if r < p, q

(0 . . . 0, 0 . . . 01 0 . . . 0︸ ︷︷ ︸
p−1

; 1) if r = p < q

(0 . . . 0︸ ︷︷ ︸
q−1

10 . . . 0, 0 . . . 0; 1) if r = q < p

(0 . . . 0, 0 . . . 0; 2) if r = p = q

2 p+ q − 2r + 1 ωp−i + ω′i − iχ (i = 1, . . . , r)

1.2
(−2r,+1p−r,−1q−r)

r > 1

(0 . . . 0︸ ︷︷ ︸
r−1

10 . . . 01 0 . . . 0︸ ︷︷ ︸
r−1

) if 2r < p+ q

(0 . . . 0︸ ︷︷ ︸
p−1

20 . . . 0) if r = p = q
2

(0 . . . 01 0 . . . 0︸ ︷︷ ︸
r−1

, 0 . . . 0︸ ︷︷ ︸
r−1

10 . . . 0; −2) if r < p, q

(0 . . . 0, 0 . . . 0︸ ︷︷ ︸
p−1

10 . . . 0; −2) if r = p < q

(0 . . . 01 0 . . . 0︸ ︷︷ ︸
q−1

, 0 . . . 0; −2) if r = q < p

(0 . . . 0, 0 . . . 0; −2) if r = p = q

2 p+ q − 2r + 1 ωi + ω′q−i + iχ (i = 1, . . . , r)

1.3
(+2r,−2s,+1p−r−s,−1q−r−s)

r, s > 1

(0 . . . 0︸ ︷︷ ︸
r+s−1

10 . . . 01 0 . . . 0︸ ︷︷ ︸
r+s−1

) if 2(r + s) < p+ q

(0 . . . 0︸ ︷︷ ︸
p−1

20 . . . 0) if r + s = p = q
2

(0 . . . 0︸ ︷︷ ︸
r−1

10 . . . 01 0 . . . 0︸ ︷︷ ︸
s−1

, 0 . . . 0︸ ︷︷ ︸
s−1

10 . . . 01 0 . . . 0︸ ︷︷ ︸
r−1

; −2) if r + s < p, q

(0 . . . 0︸ ︷︷ ︸
r−1

20 . . . 0, 0 . . . 0︸ ︷︷ ︸
s−1

10 . . . 01 0 . . . 0︸ ︷︷ ︸
r−1

; −2) if r + s = p < q

(0 . . . 0︸ ︷︷ ︸
r−1

10 . . . 01 0 . . . 0︸ ︷︷ ︸
s−1

, 0 . . . 0︸ ︷︷ ︸
s−1

20 . . . 0; −2) if r + s = q < p

(0 . . . 0︸ ︷︷ ︸
r−1

20 . . . 0, 0 . . . 0︸ ︷︷ ︸
s−1

20 . . . 0; −2) if r + s = p = q

2 p+ q − 2r − 2s+ 1
ωj + ω′q−j + jχ (j = 1, . . . , s)
ωp−i + ω′i − iχ (i = 1, . . . , r)

1.4 (+32,+1p−4), q = 2 (020 . . . 020) 4
(020 . . . 020, 0; −2) if p > 4

(040, 0; −2) if p = 4
2 p− 3

ω1 + ω′ + χ, ωp−1 + ω′ − χ,
ω1 + ωp−1, ω2 + 2χ, ωp−2 − 2χ

1.5 (−32,−1q−4), p = 2 (020 . . . 020) 4
(0, 020 . . . 020; −2) if q > 4

(0, 040; −2) if q = 4
2 q − 3

ω + ω′1 − χ, ω + ω′q−1 + χ,
ω′1 + ω′q−1, ω

′
2 − 2χ, ω′q−2 + 2χ

Table 1: G = Ap+q−1, Kss = Ap−1 × Aq−1 (p, q > 1)



Signed partition Diagram of Ge ht(e) Diagram of Ke htp(e) codim(KerKe) Generators of Γ(Ke)

1.6
(r = s = 0, q = 1)

(+3,+1p−2) (20 . . . 02) 4
(4; −2) if p = 2

(20 . . . 02; −2) if p > 2
2 p− 1 ω1 + χ, ωp−1 − χ

1.6
(r = s = 0, q > 1)

(+3,+1p−2,−1q−1) (20 . . . 02) 4
(4, 0 . . . 0; −2) if p = 2

(20 . . . 02, 0 . . . 0; −2) if p > 2
2 1 ω1 + ω′q−1 + χ, ωp−1 + ω′1 − χ, ω1 + ωp−1

1.6
(0 < r + s 6 q − 1)

(+3,+2r,−2s,+1p−r−s−2,−1q−r−s−1) (1 0 . . . 0︸ ︷︷ ︸
r+s−1

10 . . . 01 0 . . . 0︸ ︷︷ ︸
r+s−1

1) 4

(20 . . . 01 0 . . . 0︸ ︷︷ ︸
s−1

1, 0 . . . 0︸ ︷︷ ︸
s−1

10 . . . 0; −3)
if r = 0,
s < p− 2

(30 . . . 01, 0 . . . 0︸ ︷︷ ︸
p−3

10 . . . 0; −3)
if r = 0,
s = p− 2

(1 0 . . . 0︸ ︷︷ ︸
r−1

10 . . . 02, 0 . . . 01 0 . . . 0︸ ︷︷ ︸
r−1

; −2)
if s = 0,
r < p− 2

(10 . . . 03, 0 . . . 01 0 . . . 0︸ ︷︷ ︸
p−3

; −2)
if s = 0,
r = p− 2

(1 0 . . . 0︸ ︷︷ ︸
r−1

10 . . . 01 0 . . . 0︸ ︷︷ ︸
s−1

1, 0 . . . 0︸ ︷︷ ︸
s−1

10 . . . 01 0 . . . 0︸ ︷︷ ︸
r−1

; −3)
if 0 < r, s,
r + s < p− 2

(1 0 . . . 0︸ ︷︷ ︸
r−1

20 . . . 01, 0 . . . 0︸ ︷︷ ︸
s−1

10 . . . 01 0 . . . 0︸ ︷︷ ︸
r−1

; −3)
if 0 < r, s,
r + s = p− 2

3
p+ q−

2(r + s+ 1)

ωj + ω′q−j + jχ (j = 1, . . . , s+ 1)
ωp−i + ω′i − iχ (i = 1, . . . , r + 1)

ωj + ωp−i + ω′i−1+
ω′q−j+1 + (j − i)χ




1 6 i 6 r + 1
1 6 j 6 s+ 1
i+ j < q + 1




1.7
(r = s = 0, p = 1)

(−3,−1q−2) (20 . . . 02) 4
(4; −2) if q = 2

(20 . . . 02; −2) if q > 2
2 q − 1 ω′1 − χ, ω′q−1 + χ

1.7
(r = s = 0, p > 1)

(−3,+1p−1,−1q−2) (20 . . . 02) 4
(0 . . . 0, 4; −2) if q = 2

(0 . . . 0, 20 . . . 02; −2) if q > 2
2 1 ω1 + ω′q−1 + χ, ωp−1 + ω′1 − χ, ω′1 + ω′q−1

1.7
(0 < r + s 6 p− 1)

(−3,+2r,−2s,+1p−r−s−1,−1q−r−s−2) (1 0 . . . 0︸ ︷︷ ︸
r+s−1

10 . . . 01 0 . . . 0︸ ︷︷ ︸
r+s−1

1) 4

(0 . . . 01 0 . . . 0︸ ︷︷ ︸
s−1

, 1 0 . . . 0︸ ︷︷ ︸
s−1

10 . . . 02; −3)
if r = 0,
s < q − 2

(0 . . . 01 0 . . . 0︸ ︷︷ ︸
q−3

, 10 . . . 03; −3)
if r = 0,
s = q − 2

(0 . . . 0︸ ︷︷ ︸
r−1

10 . . . 0, 20 . . . 01 0 . . . 0︸ ︷︷ ︸
r−1

1; −2)
if s = 0,
r < q − 2

(0 . . . 0︸ ︷︷ ︸
q−3

10 . . . 0, 30 . . . 01; −2)
if s = 0,
r = q − 2

(0 . . . 0︸ ︷︷ ︸
r−1

10 . . . 01 0 . . . 0︸ ︷︷ ︸
s−1

, 1 0 . . . 0︸ ︷︷ ︸
s−1

10 . . . 01 0 . . . 0︸ ︷︷ ︸
r−1

1; −3)
if 0 < r, s,
r + s < q − 2

(0 . . . 0︸ ︷︷ ︸
r−1

10 . . . 01 0 . . . 0︸ ︷︷ ︸
s−1

, 1 0 . . . 0︸ ︷︷ ︸
s−1

20 . . . 01; −3)
if 0 < r, s,
r + s = q − 2

3
p+ q−

2(r + s+ 1)

ωj + ω′q−j + jχ (j = 1, . . . , s+ 1)
ωp−i + ω′i − iχ (i = 1, . . . , r + 1)

ωj−1 + ωp−i+1+
ω′i + ω′q−j + (j − i)χ




1 6 i 6 r + 1
1 6 j 6 s+ 1
i+ j < p+ 1




Table 2: G = Ap+q−1, Kss = Ap−1 × Aq−1 (p, q > 1) (continued)

Signed partition Diagram of Ge ht(e) Diagram of Ke htp(e) codim(KerKe) Generators of Γ(Ke)

2.1
(+22,+12n−3)

(I) or (II)
(010 . . . 0) 2

(I) (10 . . . 0; 0)
(II) (10 . . . 0; −2)

2 2(n− 1)
(I) ω1 − χ
(II) ω1 + χ

2.2 (+3,+12n−3,−1), (20 . . . 0) 2 (20 . . . 0; −2) 2 1 ω1 + χ, ω1 − χ

2.3
(−3,+12n−2)

(I) or (II)
(20 . . . 0) 2

(I) (0 . . . 0; 2)
(II) (0 . . . 0; −2)

2 1
(I) ω1 − χ, −2χ
(II) ω1 + χ, 2χ

2.4 (+32,+12n−5) (020 . . . 0) 4 (020 . . . 0; −2) 2 2(n− 2) ω1 + χ, ω1 − χ, ω2

Table 3: G = Bn, Kss = Bn−1 (n > 2)



Signed partition Diagram of Ge ht(e) Diagram of Ke htp(e) codim(KerKe) Generators of Γ(Ke)

3.1 (+2r,+12n−2r), r > 1
(0 . . . 0︸ ︷︷ ︸
r−1

10 . . . 0) if r < n

(0 . . . 02) if r = n
2

(0 . . . 0︸ ︷︷ ︸
r−1

10 . . . 0; 0) if r < n

(0 . . . 0; 2) if r = n
2 n− r + 1 2ωn−i − iχ (i = 1, . . . , r)

3.2 (−2r,+12n−2r), r > 1
(0 . . . 0︸ ︷︷ ︸
r−1

10 . . . 0) if r < n

(0 . . . 02) if r = n
2

(0 . . . 01 0 . . . 0︸ ︷︷ ︸
r−1

; −2) if r < n

(0 . . . 0; −2) if r = n
2 n− r + 1 2ωi + iχ (i = 1, . . . , r)

3.3 (+2r,−2s,+12n−2r−2s), r, s > 1
(0 . . . 0︸ ︷︷ ︸
r+s−1

10 . . . 0) if r + s < n

(0 . . . 02) if r + s = n
2

(0 . . . 0︸ ︷︷ ︸
r−1

10 . . . 01 0 . . . 0︸ ︷︷ ︸
s−1

; −2) if r + s < n

(0 . . . 0︸ ︷︷ ︸
r−1

20 . . . 0; −2) if r + s = n
2 n− r − s+ 1

2ωj + jχ (j = 1, . . . , s)
2ωn−i − iχ (i = 1, . . . , r)

Table 4: G = Cn, Kss = An−1 (n > 2)

Signed partition Diagram of Ge ht(e) Diagram of Ke htp(e) codim(KerKe) Generators of Γ(Ke)

4.1
(+22,+12n−4)

(I) or (II)
(010 . . . 0) 2

(I) (10 . . . 0; 0)
(II) (10 . . . 0; −2)

2 2n− 3
(I) ω1 − χ
(II) ω1 + χ

4.2 (+3,+12n−4,−1), (20 . . . 0) 2 (20 . . . 0; −2) 2 1 ω1 + χ, ω1 − χ

4.3
(−3,+12n−3)

(I) or (II)
(20 . . . 0) 2

(I) (0 . . . 0; 2)
(II) (0 . . . 0; −2)

2 1
(I) ω1 − χ, −2χ
(II) ω1 + χ, 2χ

4.4 (+32,+12n−6) (020 . . . 0) 4 (020 . . . 0; −2) 2 2n− 5 ω1 + χ, ω1 − χ, ω2

Table 5: G = Dn, Kss = Dn−1 (n > 4)

Signed partition Diagram of Ge ht(e) Diagram of Ke htp(e) codim(KerKe) Generators of Γ(Ke)

5.1 (+2r,+1n−2r), r > 1

(0 . . . 0︸ ︷︷ ︸
2r−1

10 . . . 0) if 2r < n− 1

(0 . . . 011) if 2r = n− 1
(0 . . . 02) if 2r = n

2

(0 . . . 0︸ ︷︷ ︸
2r−1

10 . . . 0; 0) if 2r < n− 1

(0 . . . 01; 1) if 2r = n− 1
(0 . . . 0; 2) if 2r = n

2 2n− 4r + 3 ωn−2i − iχ (i = 1, . . . , r)

5.2 (−2r,+1n−2r), r > 1

(0 . . . 0︸ ︷︷ ︸
2r−1

10 . . . 0) if 2r < n− 1

(0 . . . 011) if 2r = n− 1
(0 . . . 02) if 2r = n

2
(0 . . . 01 0 . . . 0︸ ︷︷ ︸

2r−1
; −2) if 2r < n

(0 . . . 0; −2) if 2r = n
2 2n− 4r + 3 ω2i + iχ (i = 1, . . . , r)

5.3 (+2r,−2s,+1n−2r−2s), r, s > 1

( 0 . . . 0︸ ︷︷ ︸
2r+2s−1

10 . . . 0) if 2(r + s) < n− 1

(0 . . . 011) if 2(r + s) = n− 1
(0 . . . 02) if 2(r + s) = n

2

(0 . . . 0︸ ︷︷ ︸
2r−1

10 . . . 01 0 . . . 0︸ ︷︷ ︸
2s−1

; −2) if 2(r + s) < n

(0 . . . 0︸ ︷︷ ︸
2r−1

20 . . . 0; −2) if 2(r + s) = n
2 2n− 4r − 4s+ 3

ω2j + jχ (j = 1, . . . , s)
ωn−2i − iχ (i = 1, . . . , r)

5.4 (+3,+1n−3) (020 . . . 0) 4 (20 . . . 02; −2) 2 3 ω1 + ωn−1, ω2 + χ, ωn−2 − χ

Table 6: G = Dn, Kss = An−1 (n > 4)



Signed partition Diagram of Kπ(e) Spherical roots

1.1 (+2r,+1p−r,−1q−r), r > 1 q q q qq qq q q qq q q qq qq q q qe e e e e e e e αp−r+1 + α′r−1, . . . , αp−1 + α′1

1.2 (−2r,+1p−r,−1q−r), r > 1 q q q qq qq q q q q q q qq qq q q qe e e e e e e e α1 + α′q−1, . . . , αr−1 + α′q−r+1

1.3 (+2r,−2s,+1p−r−s,−1q−r−s), r, s > 1 q q q q q qq qq q q qq qe e e e e e q q q q q qq qq q q qq qe e e e e e α1 + α′q−1, . . . , αs−1 + α′q−s+1, αp−r+1 + α′r−1, . . . , αp−1 + α′1

1.4 (+32,+1p−4), q = 2 q qq q q qq qq qqee qee qeee e α1, αp−1, α′

1.5 (−32,−1q−4), p = 2 q qq q q qq qq qqee qeee eqee α, α′1, α
′
q−1

1.6
(r + s < q − 1)

(+3,+2r,−2s,+1p−r−s−2,−1q−r−s−1) q q q qq q q q q qq q q q q qq q q q q q q qq qq q q qq qqee qee qee qee qee qeee e qee qee qee qee qee qeee epppppppppppppppppppp ppppppp ppppppp pppppppppppppp ppppppp ppppppp ppppppp ppppppppppppp α1, . . . , αs, αp−r, . . . , αp−1, α′1, . . . , α
′
r, α

′
r+1 + . . .+ α′q−s−1, α

′
q−s, . . . , α

′
q−1

1.6
(r + s = q − 1)

(+3,+2r,−2s,+1p−q−1) q q q qq q q q q qq q q q q qq q q q q qq qq qq qqee qee qee qee qee qeee e qee qee qee qee qee qee α1, . . . , αs, αp−r, . . . , αp−1, α′1, . . . , α
′
q−1

1.7
(r + s < p− 1)

(−3,+2r,−2s,+1p−r−s−1,−1q−r−s−2) q q q q q qq qq q q qq q q q q qq q q q q qq q q q q qq qqee qee qee qee qee qee e eqee qee qee qee qee qeee epppppppppppppppppppp ppppppp ppppppp pppppppppppppp ppppppp ppppppp ppppppp ppppppppppppp α1, . . . , αs, αs+1 + . . .+ αp−r−1, αp−r, . . . , αp−1, α′1, . . . , α
′
r, α

′
q−s, . . . , α

′
q−1

1.7
(r + s = p− 1)

(−3,+2r,−2s,−1q−p−1) q q q qq qq qq q q q q qq q q q q qq q q q q qq qqee qee qee qee qee qee e eqee qee qee qee qee qee α1, . . . , αp−1, α′1, . . . , α
′
r, α

′
q−s, . . . , α

′
q−1

Table 7: G = Ap+q−1, Kss = Ap−1 × Aq−1 (p, q > 1)



Signed partition Diagram of Kπ(e) Spherical roots

2.1
(+22,+12n−3)

(I) or (II)

q qq qq qpppppppppp ppppppppppe none

2.2 (+3,+12n−3,−1) q qq qq qpppppppppp ppppppppppe none

2.3
(−3,+12n−2)

(I) or (II)

q qq qq qpppppppppp ppppppppppeppp p pp p p pp p pp p p pp p pp p2 2(α1 + . . .+ αn−1)

2.4 (+32,+12n−5) q qq qq qq qpppppppppp ppppppppppqee e α1

Table 8: G = Bn, K
ss = Bn−1 (n > 2)

Signed partition Diagram of Kπ(e) Spherical roots

3.1 (+2r,+12n−2r) q qq q q qq qq qq qqe qe qe qee 2αn−r+1, . . . , 2αn−1

3.2 (−2r,+12n−2r) q qq q q qq qq qq qqe qe qe qe e 2α1, . . . , 2αr−1

3.3 (+2r,−2s,+12n−2r−2s) q q q qq q q q q qq qq qq q q qq qq qqe qe qe qe qe qe qe qee e 2α1, . . . , 2αs−1, 2αn−r+1, . . . , 2αn−1

Table 9: G = Cn, K
ss = An−1 (n > 2)

Signed partition Diagram of Kπ(e) Spherical roots

4.1
(+22,+12n−4)

(I) or (II)

q qq q q
q

��
@@

e none

4.2 (+3,+12n−4,−1) q qq q q
q

��
@@

e none

4.3
(−3,+12n−3)

(I) or (II)

q qq q q
q

��
@@

eppp p pp p p pp p pp p p pp p pp p 2(α1 + . . .+ αn−3) + αn−2 + αn−1

4.4 (+32,+12n−6) q qq qq q q
q

��
@@

qee e α1

Table 10: G = Dn, K
ss = Dn−1 (n > 4)

Signed partition Diagram of Kπ(e) Spherical roots

5.1 (+2r,+1n−2r) q qq qq qq qq qq q q qq qq q q qep pp p pp p p pp p pp p p pp p pp p ep pp p pp p p pp p pp p p pp p pp p ep pp p pp p p pp p pp p p pp p pp pe αn−2i−1 + αn−2i + αn−2i+1 (i = 1, . . . , r − 1)

5.2 (−2r,+1n−2r), q qq qq qq q q qq qq qq qq q q qep pp p pp p p pp p pp p p pp p pp p ep pp p pp p p pp p pp p p pp p pp p ep pp p pp p p pp p pp p p pp p pp p e α2i−1 + α2i + α2i+1 (i = 1, . . . , r − 1)

5.3 (+2r,−2s,+1n−2r−2s) q qq qq qq q q qq qq qq qq q q qq qq qq qq qq qq qq qq qq qep pp p pp p p pp p pp p p pp p pp p ep pp p pp p p pp p pp p p pp p pp p ep pp p pp p p pp p pp p p pp p pp p ep pp p pp p p pp p pp p p pp p pp p ep pp p pp p p pp p pp p p pp p pp p ep pp p pp p p pp p pp p p pp p pp pe e α2j−1 + α2j + α2j+1 (j = 1, . . . , s− 1)
αn−2i−1 + αn−2i + αn−2i+1 (i = 1, . . . , r − 1)

5.4 (+3,+1n−3) q q q qq q q qq qq q q qe epppppppppppppppppppp ppppppp ppppppp ppppppp ppppppp ppppppp ppppppp ppppppp ppppppp ppppppp ppppppp ppppppp ppppppp ppppppp ppppppp pppppppppppppp ppppppp ppppppp ppppppp ppppppp ppppppp ppppppp ppppppp ppppppp ppppppp ppppppp ppppppp ppppppp ppppppp ppppppp ppppppp pppppppppppppe e α2 + . . .+ αn−2

Table 11: G = Dn, K
ss = An−1 (n > 4)
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