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REGULAR FUNCTIONS ON SPHERICAL NILPOTENT

ORBITS IN COMPLEX SYMMETRIC PAIRS:

EXCEPTIONAL CASES

PAOLO BRAVI, JACOPO GANDINI

Abstract. Given an exceptional simple complex algebraic group G and a

symmetric pair (G,K), we study the spherical nilpotent K-orbit closures in
the isotropy representation of K. We show that they are all normal except

in one case in type G2, and compute the K-module structure of the ring of

regular functions on their normalizations.

Introduction

In the present paper we complete the study of the spherical nilpotent orbits in
complex symmetric spaces by considering the symmetric pairs (g, k) with g of ex-
ceptional type, the cases with g of classical type being considered in [3] and [4]. We
refer to those papers for some background and motivation of this work.

We keep here the notation introduced therein. In particular, here G is a connected
simple complex algebraic group of exceptional type, K the fixed point subgroup of
an involution θ of G, and g = k⊕ p the corresponding eigenspace decomposition.

The spherical nilpotent K-orbits in p have been classified by King in [16]. In the
exceptional cases such classification is based on Doković’s tables of nilpotent orbits
in simple exceptional real Lie algebras [13, 14].

We give the list of the spherical nilpotent orbits Ke ⊂ p, together with a normal
triple {e, h, f} and a description of the centralizer of e in k.

The normalizer of the centralizer of e, NK(Ke), is a wonderful subgroup of K. We
compute its Luna spherical system and study the surjectivity of the multiplication of
sections of globally generated line bundles on the corresponding wonderful variety.

In particular, we obtain that for the wonderful varieties arising from the spheri-
cal nilpotent orbits in exceptional symmetric pairs such multiplication is always
surjective (Theorem 2.1).

We use this to study the normality of the closure of the spherical nilpotent orbit
Ke in p and compute the weight semigroup of its normalization, and we obtain
that in the exceptional cases all the spherical nilpotent orbit closures are normal
except in one case in type G2, see Theorem 3.1.

2010 Mathematics Subject Classification. Primary 14M27; Secondary 20G05.
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2 PAOLO BRAVI, JACOPO GANDINI

In Section 1 we compute the Luna spherical systems. In Section 2 we prove the
surjectivity of the multiplication. In Section 3 we deduce our results on normality
of orbit closures and compute the weight semigroups.

In Appendix A we report the list of the orbits under consideration, together with
normal triples and centralizers. In Appendix B we put the tables with the results
of our computations.

1. Spherical systems

In this first section, for every spherical nipotent orbit Ke in p, we compute the
spherical system of NK(Ke), the normalizer of the centralizer, which is a wonderful
subgroup of K (see [3, Section 1] for background on wonderful subgroups and
wonderful varieties). We take the spherical system given in the tables of Appendix B
and explain case-by-case (in most cases we just provide references) that it actually
corresponds to the normalizer of Ke which is described in the list in Appendix A.

Let (Sp,Σ,A) be one of the spherical systems appearing in the tables of Appendix B.
In particular Σ is the set of spherical roots given in column 7, and its cardinality is
by definition the rank of the spherical system. The rest of the data can be deduced
from the Luna diagram given in column 6 as explained in [3], we keep the notation
introduced there.

The rank zero cases correspond to parabolic subgroups: this happens precisely in
the cases 1.1; 2.1; 3.1, 3.2, 3.5; 4.1; 5.1; 6.1; 7.1, 7.2, 7.5; 8.1; 9.1; 10.1; 11.1; 12.1.
Notice that if we take the parabolic subgroups containing the opposite of the fixed
Borel subgroup, we get that the root subsystem of their Levi factor (containing the
fixed maximal torus) is generated by Sp. This means that, if we take the standard
parabolic subgroups (i.e. containing the fixed Borel subgroup), we get that the
root subsystem of their Levi factor is generated by (Sp)∗. In the list all the given
parabolic subgroups are standard, by construction.

When Σ 6= ∅, we take the localization of the spherical system on suppS Σ, the
support of the spherical roots of the spherical system, which corresponds to a
wonderful subgroup of a Levi subgroup M of K that we describe. The investigated
wonderful subgroup ofK can be obtained by parabolic induction from the wonderful
subgroup of M .

The localization on suppS Σ is a well-known symmetric case (see [7]) in: 1.2; 2.2,
2.3; 3.3, 3.4, 3.6; 5.2–5.4; 6.2, 6.3; 7.3, 7.4, 7.6–7.10; 8.2; 9.2, 9.3; 10.2, 10.3; 12.2.
It corresponds to a wonderful reductive (but not symmetric) subgroup of M (see
[7]) in the cases 3.9 and 11.2. It corresponds to a comodel case (see [5, Section 5])
in the cases 5.8, 5.9 and 8.6.

The remaining cases are somewhat all very similar: indeed, they all possess a
positive color, giving a morphism onto another spherical system of smaller rank
which is very easy to describe (see [8, §2.3]). Moreover, in all these cases the target
of the morphism is always a parabolic induction of a symmetric case. A positive
color is by definition an element D ∈ ∆ which takes nonnegative values on all the
spherical roots (through the Cartan pairing c : ∆ × Σ → Z). Every positive color
provides a distinguished subset of colors by itself, and the corresponding quotient
has ∆ \ {D} as set of colors and {σ ∈ Σ : c(D,σ) = 0} as set of spherical roots.
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To describe the subgroups of M , we fix a maximal torus and a Borel subgroup, and
a corresponding set of simple roots α1, . . . , αn;α′1, . . . , α

′
n′ ; . . . for all almost-simple

factors of M . The parabolic subgroups of M are all chosen to be standard. They
are in correspondence with subsets of simple roots, the simple roots that generate
the root subsystem of the corresponding Levi factor. To be as explicit as possible,
we work in the semisimple part M ′ of M , and when M is of classical type, we take
M ′ to be a classical matrix group.

Let us fix some further notation. Since it is always a nontrivial parabolic induction,
the wonderful subgroup of M ′ corresponding to the target is given as L̃P u, where
P = LP u is a parabolic subgroup of M ′ and L̃ ⊂ L. The wonderful subgroup
corresponding to the source H = LHH

u can be included in L̃P u, with LH ⊂ L̃ and
Hu ⊂ P u.

Cases 1.3 and 10.4. q q qppppppppppppppppppppqe qe qee −→ q q qppppppppppppppppppppqe qe e
Take M ′ = Sp(6), P the parabolic subgroup of M ′ corresponding to α1, α2, and

take L̃ to be the normalizer of SO(3) in L ∼= GL(3).

The wonderful subgroup H corresponding to the source is given by the same Levi
factor LH = L̃, and unipotent radical Hu of codimension 1 in P u. The unipotent
radical P u of P is a simple L-module of highest weight 2ωα1

which splits into two

simple L̃-submodules of dimension 5 and 1, respectively, so that Hu is uniquely
determined.

Cases 2.4 and 5.5.q qq qq qq qe e e eqee −→ q qq qq qq qe e e ee
Take M ′ = SL(6), P the parabolic subgroup of M ′ corresponding to α1, α2, α4, α5,

and take L̃ to be the normalizer of SL(3) embedded diagonally into L ∼= S(GL(3)×
GL(3)).

The wonderful subgroup H is given by the same Levi factor LH = L̃, and unipotent
radical Hu of codimension 1 in P u. The unipotent radical P u of P is a simple L-
module of highest weight ωα1

+ ωα5
which splits into two simple L̃-submodules of

dimension 8 and 1, respectively, so that Hu is uniquely determined.

Case 2.5. q qq qe eqee qee −→ q qq qe ee eq
Take M ′ = SL(4)×SL(2), P the parabolic subgroup of M ′ corresponding to α1, α3,

and take L̃ to be the normalizer of SL(2) embedded diagonally into L ∼= S(GL(2)×
GL(2)).

The semisimple parts of the Levi subgroups LH and L̃ are equal, while the center of
LH has codimension 1 in the center of L̃. The unipotent radical Hu has codimension
1 in P u. The unipotent radical P u of P is the direct sum of two simple L-modules
of highest weight ωα1

+ ωα3
and 0, respectively. The former splits into two simple

L̃-submodules of dimension 3 and 1, respectively, so that Hu is the LH -complement
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of a 1 dimensional submodule of the two 1 dimensional L̃-submodules of P u, that
projects nontrivially on both summands. The subgroup H is uniquely determined
up to conjugation.

Cases 3.7 and 3.8.

q q q
q

��
@@

q q q
q

��
@@

e epppppppppppppppppppp ppppppp ppppppp ppppppp pppppppppppppp ppppppp ppppppp pppppppq q q
q

��
@@

e epppppppppppppppppppp ppppppp ppppppp ppppppp pppppppppppppp ppppppp ppppppp ppppppp −→ q q q
q

��
@@

e
e

Take M ′ = SO(8), P the parabolic subgroup of M ′ corresponding to α1, α2, and

take L̃ = L ∼= GL(3)×GL(1).

The semisimple parts of the Levi subgroups LH and L are equal, while the center of
LH has codimension 1 in the center of L. The unipotent radical Hu has codimension
3 in P u. The unipotent radical P u of P is the direct sum of three simple L-modules,
all of them of dimension 3. With respect to the semisimple part of L, two of them
have highest weight ωα1

and the other one has highest weight ωα2
. Therefore Hu is

the LH -complement of a 3 dimensional submodule of the two L-submodules of P u

of highest weight ωα1
that projects nontrivially on both summands. The subgroup

H is uniquely determined up to conjugation.

Cases 6.4 and 8.3.

q qq qq q q
q

��
@@

eppp p pp p p pp p pp p p pp p pp p ep pp p pp p p pp p pp p p pp p pp p qee −→ q qq qq q q
q

��
@@

eppp p pp p p pp p pp p p pp p pp p ep pp p pp p p pp p pp p p pp p pp p e
Take M ′ = SO(12), P the parabolic subgroup of M ′ corresponding to α1, . . . , α5,

and take L̃ to be the normalizer of Sp(6) in L ∼= GL(6).

The wonderful subgroup H is given by the same Levi factor LH = L̃, and unipo-
tent radical Hu of codimension 1 in P u. The unipotent radical P u of P is a simple
L-module of highest weight ωα2 which splits into two simple L̃-submodules of di-
mension 14 and 1, respectively, so that Hu is uniquely determined.

Cases 6.5 and 9.5.

qee qeeq qep pp p pp p p pp p pp p p pp p pp pq q q qq q q
q

��
@@

−→ q qe eq qep pp p pp p p pp p pp p p pp p pp pq q q qq q q
q

��
@@

Set n = 4 in Case 6.5, and n = 6 in Case 9.5. Take M ′ = SL(2) × SO(2n), P

the parabolic subgroup of M ′ corresponding to α′2, . . . , α
′
n, and take L̃ to be the

normalizer of SO(2n− 3) in L ∼= GL(1)×GL(1)× SO(2n− 2).

The semisimple parts of the Levi subgroups LH and L̃ are equal, while the center
of LH has codimension 1 in the center of L̃. The unipotent radical Hu has codi-
mension 1 in P u. The unipotent radical P u of P is the direct sum of two simple
L-modules of highest weight 0 and ωα′

2
, respectively. The latter splits into two

simple L̃-submodules of dimension 2n−3 and 1, respectively, so that Hu is the LH -
complement of a 1-dimensional submodule of the two 1-dimensional L̃-submodules
of P u, that projects nontrivially on both summands.
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Cases 7.11 and 7.12.q qq qq qq qqq qq qq qe epppppppppppppppppppp ppppppp ppppppp ppppppp ppppppp ppppppp ppppppp ppppppp ppppppp ppppppp ppppppp ppppppp ppppppp ppppppp ppppppp pppppppppppppp ppppppp ppppppp ppppppp ppppppp ppppppp ppppppp ppppppp ppppppp ppppppp ppppppp ppppppp ppppppp ppppppp ppppppp ppppppp ppppppppppppp ee ppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppp pppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppp ppppppp ppppppp pppppppppppppppppppppppppppppppppppqee −→ q qq qq qq qqe eqee
↓ ↓q qq qq qq qqq qq qq qe epppppppppppppppppppp ppppppp ppppppp ppppppp ppppppp ppppppp ppppppp ppppppp ppppppp ppppppp ppppppp ppppppp ppppppp ppppppp ppppppp pppppppppppppp ppppppp ppppppp ppppppp ppppppp ppppppp ppppppp ppppppp ppppppp ppppppp ppppppp ppppppp ppppppp ppppppp ppppppp ppppppp ppppppppppppp ee ppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppp pppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppp ppppppp ppppppp pppppppppppppppppppppppppppppppppppe −→ q qq qq qq qqe ee

Let us look at the morphism given by the first line of the diagram. Here M ′ is
semisimple of type E6, P is the parabolic subgroup of M ′ corresponding to α1, α3,
α4, α6, and take L̃ ⊂ L to be the whole factor of type A3, times a torus in the
factor of type A1, times the center of L.

The semisimple parts of the Levi subgroups LH and L̃ are equal, while the cen-
ter of LH has codimension 1 in the center of L̃. The unipotent radical Hu has
codimension 4 in P u. Looking at the entire commutative diagram of morphisms
given by positive colors, one can see that Hu must be the LH -complement of a 4
dimensional submodule of the two L̃-submodules of P u of lowest weight α2 and α5,
respectively, that projects nontrivially on both summands.

Case 9.4. q qq qq qq qq qqep pp p pp p p pp p pp p p pp p pp p ep pp p pp p p pp p pp p p pp p pp p qee −→ q qq qq qq qq qqep pp p pp p p pp p pp p p pp p pp p ep pp p pp p p pp p pp p p pp p pp p e
Here M ′ is semisimple of type E7, P is the parabolic subgroup of M ′ corresponding
to α1, . . . , α6, and take L̃ to be the normalizer of F4 in L.

The wonderful subgroup H is given by the same Levi factor LH = L̃, and unipo-
tent radical Hu of codimension 1 in P u. The unipotent radical P u of P is a simple
L-module of highest weight ωα1

which splits into two simple L̃-submodules of di-
mension 26 and 1, respectively, so that Hu is uniquely determined.

Case 10.5. qee qeeqppppppppppppppppppppqe −→ e eq qqppppppppppppppppppppqe
Take M ′ = Sp(4) × SL(2), P the parabolic subgroup of M ′ corresponding to α1,

and take L̃ to be the normalizer of SO(2) in L ∼= GL(2)×GL(1).

The semisimple parts of the Levi subgroups LH and L̃ are equal, while the center of
LH has codimension 1 in the center of L̃. The unipotent radical Hu has codimension
1 in P u. The unipotent radical P u of P is the direct sum of two simple L-modules
of highest weight 2ωα1

and 0, respectively. The former splits into two simple L̃-
submodules of dimension 2 and 1, respectively, so that Hu is the LH -complement
of a 1 dimensional submodule of the two 1 dimensional L̃-submodules of P u, that
projects nontrivially on both summands.

2. Projective normality

Let p =
⊕N

i=1 pi be the decomposition of p into irreducible K-modules: recall that
N can only be equal to 1 or 2. If (G,K) is of Hermitian type, then N = 2 and
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p1 ' p∗2 are dual non-isomorphic K-modules. Otherwise, N = 1 and p is irreducible.
As in [3] and [4], to any spherical nilpotent orbit Ke ⊂ p we associate a wonderful
K-variety X as follows.

Let e ∈ p be a nonzero nilpotent element, and write e =
∑N
i=1 ei with ei ∈ pi. Up

to reordering the K-modules pi, we can assume that ei 6= 0 if and only if i 6 M ,

for some M 6 N . If v =
∑M
i=1 vi with vi ∈ pi r {0}, let [vi] ∈ P(pi) be the line

defined by vi and set π(v) = ([v1], . . . , [vM ]): then we get a morphism

π : Ke→ P(p1)× . . .× P(pM ).

Moreover, Ke is the multicone over Kπ(e) (see [4, Proposition 4.2]), and if Ke is
spherical then the stabilizer of π(e) coincides with the normalizer NK(Ke) (see [4,
Proposition 1.1]). Therefore the spherical orbit Kπ(e) admits a wonderful com-
pactification X (see [4, Section 1] and the references therein).

If L,L′ ∈ Pic(X) are globally generated line bundles, we denote by

mL,L′ : Γ(X,L)⊗ Γ(X,L′) −→ Γ(X,L ⊗ L′)
the multiplication of sections. In this section we prove the following.

Theorem 2.1. Let (g, k) be an exceptional symmetric pair, let O ⊂ p be a spherical
nilpotent K-orbit and let X be the wonderful K-variety associated to O. Then mL,L′

is surjective for all globally generated line bundles L,L′ ∈ Pic(X).

2.1. General reductions. As already explained in our previous papers (see [3,
Section 2] and [4, Section 3]), to prove that the multiplication of sections of globally
generated line bundles on a wonderful variety X is surjective is enough to show that
X can be obtained by operations of localization, quotient and parabolic induction
from another wonderful variety Y for which the surjectivity of the multiplication
holds.

Here we show that in order to prove Theorem 2.1 it is enough to check the sur-
jectivity of the multiplication in the following four cases. Indeed, we check that
all the wonderful varieties associated with spherical nilpotent orbits in exceptional
symmeric pairs can be obtained via operations of localization, quotient and para-
bolic induction from one of these four basic cases, or from other cases for which the
surjectivity of the multiplication is already known.

(A) q q qppppppppppppppppppppqe qe qee

(B) q q q
q

��
@@

q q q
q

��
@@

e epppppppppppppppppppp ppppppp ppppppp ppppppp pppppppppppppp ppppppp ppppppp pppppppq q q
q

��
@@

e epppppppppppppppppppp ppppppp ppppppp ppppppp pppppppppppppp ppppppp ppppppp ppppppp q
q

��
@@e

e

(C) q qq qq qq qqq qq qq qe epppppppppppppppppppp ppppppp ppppppp ppppppp ppppppp ppppppp ppppppp ppppppp ppppppp ppppppp ppppppp ppppppp ppppppp ppppppp ppppppp pppppppppppppp ppppppp ppppppp ppppppp ppppppp ppppppp ppppppp ppppppp ppppppp ppppppp ppppppp ppppppp ppppppp ppppppp ppppppp ppppppp pppppppppppppe epppppppppppppppppppp ppppppp ppppppp ppppppp ppppppp ppppppp ppppppp ppppppp ppppppp pppppppppppppp ppppppp ppppppp ppppppp ppppppp ppppppp ppppppp ppppppp ppppppp ppppppp pppppppppppppppppppppppppppppppppppppppppppppppp ppppppp ppppppp ppppppp qee

(D) q qq qq qq qq qqep pp p pp p p pp p pp p p pp p pp p ep pp p pp p p pp p pp p p pp p pp p qee
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Let O ⊂ p be a spherical nilpotent K-orbit in an exceptional symmetric pair and
let X be the corresponding wonderful variety, with set of spherical roots Σ. When
X is a flag variety, or equivalently Σ = ∅, the surjectivity of the multiplication is
trivial.

The surjectivity of the multiplication on X is reduced to the surjectivity of the mul-
tiplication on the localization of X, that we denote by Z, at the subset suppS Σ ⊂ S.
These localizations are described in Section 1.

2.1.1. Symmetric cases. In the cases 1.2, 2.2, 2.3, 3.3, 3.4, 3.6, 5.2–5.4, 6.2, 6.3,
7.3, 7.4, 7.6–7.10, 8.2, 9.2, 9.3, 10.2, 10.3 the wonderful variety Z is the wonder-
ful compactification of an adjoint symmetric variety, and the surjectivity of the
multiplication holds thanks to [11].

2.1.2. Rank one cases. In the cases 11.2 and 12.2 the wonderful variety Z is a rank
one wonderful variety which is homogeneous under its automorphism group (see
[1]). Therefore in these cases Z is a flag variety for its automorphism group, and
the surjectivity of the multiplication is trivial.

2.1.3. Comodel cases. In the cases 2.4, 2.5, 5.5, 5.8, 5.9, 6.4, 6.5, 8.3, 8.6, 9.5, 10.5,
the wonderful variety Z is a localization of a quotient of a wonderful subvariety of
a wonderful variety Y for which the surjectivity of the multiplication holds.

In particular, in all these cases but the last one, we show that we can take Y
to be a comodel wonderful variety, for which the surjectivity holds thanks to [5,
Theorem 5.2].

In the cases 5.8, 5.9 and 8.6 the wonderful variety Z itself is a comodel wonderful
variety, of cotype D7 in the cases 5.8 and 5.9, and of cotype E8 in the case 8.6.

Let Y be the comodel wonderful variety of cotype E8, which is the wonderful variety
with the following spherical system for a group of semisimple type D7.

q qq qq qq q q
q

��
@@

qee qee qee qee qee qee
qee

If we consider the wonderful subvariety of Y associated to Σ r {α6, α7}, then the
set of colors {D−α1

, D−α2
, D−α4

} is distinguished, and the corresponding quotient is a
parabolic induction of the wonderful variety Z of the cases 2.4 and 5.5.

If we consider the wonderful subvariety of Y associated to Σ r {α2, α3, α6}, then
the set of colors {D−α4

, D−α7
} is distinguished, and we get the case 2.5.

If we consider the wonderful subvariety of Y associated to Σ r {α1}, then the set
of colors {D+

α2
, D−α2

, D−α4
, D−α7

} is distinguished, and we get the cases 6.4 and 8.3.
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Let now Y be the comodel wonderful variety of cotype D2n, which is the wonderful
variety with the following spherical system for a group of semisimple type An−1×Dn

q qq qq q q qq q q
q

��
@@

qee qee qee qee qee qee qee qee
qee

and consider the wonderful subvariety of Y associated to Σr{α2, . . . , αn−1}. Then
the set of colors {D−α′

i
: 2 6 i 6 n} ∪ {D+

α′
i

: 3 6 i 6 n − 1} is distinguished, and

the corresponding quotient is a parabolic induction of the wonderful variety Z of
the cases 6.5 and 9.5 (respectively obtained for n = 4 and n = 6).

We are left with the case 10.5. Here the variety Z is equal to the case ay(1, 1)+b′(1)
for which the surjectivity holds thanks to [3, Proposition 2.12].

2.1.4. Basic cases. In the cases 1.3 and 10.4 the wonderful variety Z has the spher-
ical system (A).

In the cases 3.7 and 3.8 the wonderful variety Z is a wonderful subvariety of the
wonderful variety with spherical system (B). In the case 3.9 the wonderful variety
Z has the spherical system (B).

In the cases 7.11 and 7.12 the wonderful variety Z has the spherical system (C).

In the case 9.4 the wonderful variety Z has the spherical system (D).

In the following subsections we study the surjectivity of the multiplication in the
four basic cases (A), (B), (C), (D). In all these cases, we will denote by Σ =
{σ1, σ2, . . .} the corresponding set of spherical roots, and and by ∆ = {D1, D2, . . .}
the corresponding set of colors.

We keep the notation of [3, Section 2] concerning the combinatorics of colors, and
we refer to the same paper for some general background on the multiplication as
well, see especially (Section 2.1 therein). In particular, we will freely make use of
the partial order 6Σ on N∆, of the notions of covering difference and height, and
of the notions of fundamental triple and of low triple.

2.2. Case A. q q qppppppppppppppppppppqe qe qee
Enumerate the spherical roots as σ1 = 2α1, σ2 = 2α2, σ3 = α3, and enumerate the
colors as D1 = Dα1

, D2 = Dα2
, D3 = D+

α3
, D4 = D−α3

. Then the spherical roots
are expressed in terms of colors as follows:

σ1 = 2D1 −D2,
σ2 = −D1 + 2D2 − 2D4,
σ3 = −D2 +D3 +D4

Lemma 2.2. Let γ ∈ NΣ be a covering difference, then either γ ∈ Σ or γ is one
of the following:

- γ4 = σ1 + σ2 = D1 +D2 − 2D4;
- γ5 = σ2 + σ3 = −D1 +D2 +D3 −D4;
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- γ6 = σ2 + 2σ3 = −D1 + 2D3;
- γ7 = σ1 + σ2 + σ3 = D1 +D3 −D4.

In particular, ht(γ+) = 2.

Proof. Denote γi = σi for all i 6 3. Notice that γi is a covering difference for all
i 6 7: namely, γ−i <Σ γ+

i and γ−i is maximal with this property. Suppose now
that γ ∈ NΣ is a covering difference and assume that γ 6= γi for all i. Notice
that γ cannot be a nontrivial multiple of any other covering difference. Write
γ = a1σ1 + a2σ2 + a3σ3 = c1D1 + c2D2 + c3D3 + c4D4, then

c1 = 2a1 − a2,
c2 = −a1 + 2a2 − a3,
c3 = a3,
c4 = −2a2 + a3.

Suppose that a3 = 0. Since γ cannot be a multiple of a covering difference, it
follows a1 > 0 and a2 > 0. Since γ+ − γi 6∈ N∆ for i = 1, 2, 4, we have c1 + c2 6 1.
On the other hand c1 + c2 = a1 + a2 > 2, absurd.

Suppose that a3 > 0. Then c3 > 0. If both a1 > 0 and a2 > 0, then γ+ − γi 6∈ N∆
and γ− + γi 6∈ N∆ for all i = 1, 2, 3, 4, 5, 7, and it easily follows c2 = c4 = 0, hence
a1 = −c2 − c4 = 0, absurd. We must have a1 = 0: indeed otherwise a2 = 0 implies
c1 = 2a1, hence γ+ − σ1 ∈ N∆. Therefore c1 < 0 and c3 > 0. Since γ+ − σ3 6∈ N∆
and γ− + γ5 6∈ N∆, it follows c4 = 0, hence γ is a multiple of γ6, absurd. �

Since every covering difference γ ∈ NΣ satisfies ht(γ+) = 2, it follows that every
fundamental triple is low. In particular we get the following classification of the
low fundamental triples.

Lemma 2.3. Let (D,E, F ) be a low fundamental triple, denote γ = D + E − F
and suppose that γ 6= 0. Then, up to switching D and E, the triple (D,E, F ) is
one of the following:

- (D1, D1, D2), γ = σ1;
- (D1, D2, 2D4), γ = σ1 + σ2;
- (D1, D3, D4), γ = σ1 + σ2 + σ3;
- (D2, D2, D1 + 2D4), γ = σ2;
- (D2, D3, D1 +D4), γ = σ2 + σ3;
- (D3, D3, D1), γ = σ2 + 2σ3;
- (D3, D4, D2), γ = σ3.

Proposition 2.4. The multiplication mD,E is surjective for all D,E ∈ N∆.

Proof. It is enough to show that sD+E−FVF ⊂ VD · VE for all low fundamental
triples. Moreover, notice that in this case the surjectivity of the multiplication
is already known for all proper wonderful subvarieties. Indeed, if we remove the
spherical root σ3 we have a parabolic induction of a wonderful symmetric variety,
if we remove the spherical root σ1 we have a parabolic induction of a wonderful
subvariety of ay(1, 1) + b′(1), if we remove σ2 we have a parabolic induction of
the direct product of two rank one wonderful varieties. Therefore, we are left to
the only low fundamental triple with suppΣ(D + E − F ) = {σ1, σ2, σ3}, namely
(D1, D3, D4).
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Let us consider the symmetric pair (g = f4, k = c3 + a1), number 10 in our list in
Appendix A, we have p = V (ω3+ω′), and the k-action on p gives a map ϕ : k⊗p→ p.
Restricting the map to the tensor product of c3 ⊂ k with the simple c3-submodule
containing the highest weight vector V (ω3) ⊂ p, we get a map ϕ : c3 ⊗ V (ω3) →
V (ω3), hence a map ϕ : VD1

⊗ VD3
→ VD4

.

Let us fix hD3 = e as in the case 10.4 of the list in Appendix A, and take NK(Ke).
Recall its description given in Section 1, cases 1.3 and 10.4. It follows that hD1

belongs to the 1-dimensional L[e]-submodule of P u (u in the notation of Appendix A,
case 10.4). By construction, we have [u, e] 6= 0, that is, ϕ(hD1 ⊗ hD3) 6= 0. �

2.3. Case B. q q q
q

��
@@

q q q
q

��
@@

e epppppppppppppppppppp ppppppp ppppppp ppppppp pppppppppppppp ppppppp ppppppp pppppppq q q
q

��
@@

e epppppppppppppppppppp ppppppp ppppppp ppppppp pppppppppppppp ppppppp ppppppp ppppppp q
q

��
@@e

e
Enumerate the spherical roots as σ1 = α1 + α2 + α3, σ2 = α1 + α2 + α4, σ3 =
α2 +α3 +α4, and enumerate the colors as D1 = Dα4

, D2 = Dα3
, D3 = Dα1

. Then
the spherical roots are expressed in terms of colors as follows:

σ1 = −D1 +D2 +D3,
σ2 = D1 −D2 +D3,
σ3 = D1 +D2 −D3.

It is immediate to see that every covering difference γ ∈ NΣ is either a spherical
root or the sum of two spherical roots, and it satisfies ht(γ+) = 2. As well, one can
easily get the following description of the low fundamental triples.

Lemma 2.5. Let (D,E, F ) be a low fundamental triple, denote γ = D + E − F
and suppose that γ 6= 0. Then, up to switching D and E, the triple (D,E, F ) is
one of the following:

- (D1, D2, D3), γ = σ3;
- (D2, D3, D1), γ = σ1;
- (D3, D1, D2), γ = σ2;
- (D1, D1, 0), γ = σ2 + σ3;
- (D2, D2, 0), γ = σ1 + σ3;
- (D3, D3, 0), γ = σ1 + σ2.

Proposition 2.6. The multiplication mD,E is surjective for all D,E ∈ N∆.

Proof. It is enough to show that sD+E−FVF ⊂ VD · VE for all low fundamental
triples. For the wonderful subvarieties of rank 1 the surjectivity of the multiplication
is known. Thus we are left with the low fundamental triples (D,E, F ) where D +
E − F is the sum of two spherical roots. By symmetry, it is enough to consider
(D3, D3, 0). The subset {D1, D2} ⊂ ∆ is distinguished, and the quotient is a
wonderful symmetric variety (of rank 1), whose multiplication is surjective. �

2.4. Case C. q qq qq qq qqq qq qq qe epppppppppppppppppppp ppppppp ppppppp ppppppp ppppppp ppppppp ppppppp ppppppp ppppppp ppppppp ppppppp ppppppp ppppppp ppppppp ppppppp pppppppppppppp ppppppp ppppppp ppppppp ppppppp ppppppp ppppppp ppppppp ppppppp ppppppp ppppppp ppppppp ppppppp ppppppp ppppppp ppppppp pppppppppppppe epppppppppppppppppppp ppppppp ppppppp ppppppp ppppppp ppppppp ppppppp ppppppp ppppppp pppppppppppppp ppppppp ppppppp ppppppp ppppppp ppppppp ppppppp ppppppp ppppppp ppppppp pppppppppppppppppppppppppppppppppppppppppppppppp ppppppp ppppppp ppppppp qee
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Enumerate the spherical roots as σ1 = α1 + α3 + α4 + α5, σ2 = α1 + α2 + α3 + α4,
σ3 = α6, and enumerate the colors as D1 = Dα1 , D2 = Dα2 , D3 = Dα5 , D4 = D+

α6
,

D5 = D−α6
. Then the spherical roots are expressed in terms of colors as follows:

σ1 = D1 −D2 +D3 −D5,
σ2 = D1 +D2 −D3,
σ3 = −D3 +D4 +D5.

Lemma 2.7. Let γ ∈ NΣ be a covering difference, then either γ ∈ Σ or γ is one
of the following:

- γ4 = σ1 + σ2 = 2D1 −D5;
- γ5 = σ1 + σ3 = D1 −D2 +D4.

In particular, ht(γ+) = 2.

Proof. Denote γi = σi for all i 6 3. Notice that γi is a covering difference for
all i 6 5: namely, γ−i <Σ γ+

i and γ−i is maximal with this property. Suppose
now that γ ∈ NΣ is a covering difference and assume that γ 6= γi for all i. Write
γ = a1σ1 + a2σ2 + a3σ3 = c1D1 + c2D2 + c3D3 + c4D4 + c5D5, then

c1 = a1 + a2,
c2 = −a1 + a2,
c3 = a1 − a2 − a3,
c4 = a3,
c5 = −a1 + a3.

Notice that γ cannot be a nontrivial multiple of any other covering difference, thus
c1 > 0.

Suppose that a1 > 0, a2 > 0 and a3 > 0. Then none of γ+ − γi and γ− + γi is
in N∆, for every i 6 5. It easily follows that c1 = 1 and c2 = 0, which is absurd
because c1 + c2 = 2a2.

To conclude the proof it is enough to show that, if ai = 0 for some i, then γ is a
multiple of some γi. Suppose that a1 = 0: then γ+ − σ2 6∈ N∆, hence c2 6 0 and
it follows a2 = 0. Suppose that a2 = 0: then γ+ − γ5 6∈ N∆, hence c4 6 0, and
it follows a3 = 0. Suppose that a3 = 0: then γ− + γ4 6∈ N∆, hence c5 > 0 and it
follows a1 = 0. �

Since every covering difference γ ∈ NΣ satisfies ht(γ+) = 2, it follows that every
fundamental triple is low. In particular we get the following classification of the
low fundamental triples.

Lemma 2.8. Let (D,E, F ) be a low fundamental triple, denote γ = D + E − F
and suppose that γ 6= 0. Then, up to switching D and E, the triple (D,E, F ) is
one of the following:

- (D1, D1, D5), γ = σ1 + σ2;
- (D1, D2, D3), γ = σ2;
- (D1, D3, D2 +D5), γ = σ1;
- (D1, D4, D2), γ = σ1 + σ3;
- (D4, D5, D3), γ = σ3.

Proposition 2.9. The multiplication mD,E is surjective for all D,E ∈ N∆.
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Proof. It is enough to show that sD+E−FVF ⊂ VD · VE for all low fundamental
triples. For the wonderful subvarieties of rank 1 the surjectivity of the multiplication
is known. We are left with the low fundamental triples (D,E, F ) where D+E−F
is the sum of two spherical roots, that is, (D1, D1, D5) and (D1, D4, D2).

To treat (D1, D1, D5) we can consider the wonderful subvariety with spherical roots
σ1 and σ2. Here {D2, D3} is a distinguished subset of colors, giving a wonderful
symmetric variety (of rank 1) as quotient, whose multiplication is surjective.

To treat (D1, D4, D2) we consider the wonderful subvariety with spherical roots σ1

and σ3. Now {D3, D5} is a distinguished subset of colors, giving again a wonderful
symmetric variety (of rank 1) as quotient, with surjective multiplication. �

2.5. Case D. q qq qq qq qq qqep pp p pp p p pp p pp p p pp p pp p ep pp p pp p p pp p pp p p pp p pp p qee
Enumerate the spherical roots as σ1 = 2α1 + α2 + 2α3 + 2α4 + α5, σ2 = α2 + α3 +
2α4 + 2α5 + 2α6, σ3 = α7, and enumerate the colors as D1 = Dα1 , D2 = Dα6 ,
D3 = D+

α7
, D4 = D−α7

. Then the spherical roots are expressed in terms of colors as
follows:

σ1 = 2D1 −D2,
σ2 = −D1 + 2D2 − 2D4,
σ3 = −D2 +D3 +D4.

Notice that same Cartan matrix is the same of case (A). In particular, the descrip-
tion of the covering differences and of the low fundamental triples is the same.

Proposition 2.10. The multiplication mD,E is surjective for all D,E ∈ N∆.

Proof. The proof is similar to that in case (A). We have to show that sD+E−FVF ⊂
VD · VE for all low fundamental triples. In this case as well, the surjectivity of the
multiplication is known for all proper wonderful subvarieties. Indeed, if we remove
the spherical root σ3 we have a parabolic induction of a wonderful symmetric variety,
if we remove the spherical root σ1 we have a parabolic induction of a wonderful
subvariety of ay(1, 1) + d(5) (see [3, §2.2]), and if we remove σ2 we have a parabolic
induction of a direct product of two rank 1 wonderful varieties. Therefore, we are
left with the only low fundamental triple with suppΣ(D + E − F ) = {σ1, σ2, σ3},
namely (D1, D3, D4).

Let us consider the symmetric pair (g = e8, k = e7 + a1), number 9 in our list
in Appendix A. We have p = V (ω7 + ω′), and the k-action on p gives a map
ϕ : k ⊗ p → p. Restricting the map to the tensor product of e7 ⊂ k with the
simple e7-submodule containing the highest weight vector V (ω7) ⊂ p, we get a map
ϕ : e7 ⊗ V (ω7)→ V (ω7), hence a map ϕ : VD1 ⊗ VD3 → VD4 .

Let us fix hD3
= e as in the case 9.4 of the list in Appendix A, and take NK(Ke).

Recall its description given in Section 1, case 9.4. It follows that hD1 lies in the
1-dimensional L[e]-submodule of P u (u in the notation of Appendix A, case 9.4).
By construction, we have [u, e] 6= 0, that is, ϕ(hD1

⊗ hD3
) 6= 0. �
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3. Normality and semigroups

Let e ∈ p be a nilpotent element and suppose that Ke is spherical, we study in
this section the normality of the closure Ke, as well as the K-module structure of

the coordinate ring C[K̃e] of its normalization. This reduces to a combinatorial
problem on the wonderful K-variety X that we associated to Ke. We denote by Σ
the set of spherical roots of X, and by ∆ its set of colors.

We keep the notation introduced in the previous section. By its very definition,
X is the wonderful compactification of K/Kπ(e). Thus, by the theory of spherical
embeddings, X is endowed with a K-equivariant morphism φi : X → P(pi), for all
i = 1, . . . ,M . For all such i, let Dpi

∈ N∆ be the unique B-stable divisor such
that LDpi

= φ∗iO(1)P(pi). It follows that p∗i ' VDpi
is naturally identified with

the submodule of Γ(X,LDpi
) generated by the canonical section of Dpi , which is a

highest weight section in

Γ(X,LDpi
) =

⊕

D6ΣDpi

sDpi
−D VD

Since Ke is the multicone over Kπ(e), by [4, Theorem 1.2] it follows that Ke is
normal if and only if Dpi is a minuscule element in N∆ for all i = 1, . . . ,M . By
making use of such criterion, we prove the following theorem.

Theorem 3.1. Let (g, k) be a symmetric pair with g of exceptional type and let
O ⊂ p be a spherical nilpotent orbit. Then O is not normal if and only if (g, k) =
(G2,A1 × A1), and the Kostant-Dynkin diagram of O is (1; 3).

Remark 3.2. When G is exceptional and ht(e) 6 3, then Ge is not normal if and
only if G is of type G2 and the Kostant-Dynkin diagram of Ge is (10) (see [17, Table
2] for an account on these results). The remaining cases with G exceptional and
Ke spherical only occur for G of type E6, E7, F4, and specifically for the nilpotent
orbits of Cases 3.6, 3.7, 3.8, 3.9, 7.10, 7.11, 7.12, 11.2. When G is of type E6 or
F4, the normal nilpotent varieties have been classified respectively by Sommers [18]
and by Broer [9]. In particular, we have that Ge is normal in Case 3.6, and not
normal in Cases 3.7, 3.8, 3.9, 11.2. When G is of type E7 (and E8) the classification
of the normal nilpotent varieties is still not complete in the literature, but it seems
that the G-orbit closures of Cases 7.10, 7.11, 7.12 are expected to be normal (see
[15, §1.9.3] and [10, Section 7.8]).

For the coordinate ring of the normalization K̃e, by [4, Theorem 1.3] we have the
following description:

C[K̃e] =
⊕

n1,...,nM>0

Γ(X,Ln1

Dp1
⊗ . . .⊗ LnM

DpM
).

Denote ∆p(e) = {Dp1
, . . . , DpM

}. It follows by the previous description that, to

compute Γ(K̃e), the weight semigroup of K̃e, is enough to compute the semigroup

Γ∆p(e) = {(n1, . . . , nM , D) ∈ NM × N∆ : D 6Σ n1Dp1
+ . . .+ nMDpM

}.

Indeed, by definition Γ(K̃e) consists of the weights

n1λ
∗
1 + . . .+ nMλ

∗
M − (n1Dp1

+ . . .+ nMDpM
−D)
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for n1, . . . , nM > 0 and D 6Σ n1Dp1
+ . . . + nMDpM

, where λ∗1, . . . , λ
∗
M are the

highest weights of the K-modules p∗1, . . . , p
∗
M .

Suppose that (G,K) is not of Hermitian type. As already recalled, in this case p is
an irreducible K-module, thus ∆p(e) consists of a unique element, that we denote
by Dp. Moreover, since K is semisimple and Ke is spherical, in this case is enough
to compute the semigroup

ΓDp
= {D ∈ N∆ : D 6Σ nDp for some n ∈ N}.

Indeed, Γ(K̃e) is the image of ΓDp
via the canonical homomorphism ω : Z∆ →

X (B) induced by the restriction of line bundles to the closed orbit of X (see [3,
Section 2] for the combinatorial description of ω).

Suppose now that (G,K) is of Hermitian type. Then K is the Levi subgroup of a
parabolic subgroup of G with Abelian unipotent radical, thus K is a maximal Levi
subgroup of G and the identity component ZK of its center is one dimensional.
By [4, Proposition 4.1], ZK acts on p1 and p2 via nontrivial opposite characters in
X (ZK) ' Z, which can be described as follows.

Let us fix T ⊂ B ⊂ G a maximal torus and a Borel subgroup of G, and Q a
standard parabolic subgroup of G with Abelian unipotent radical, such that K
is the standard Levi subgroup of Q. Let us fix K ∩ B as Borel subgroup of K.
We denote by p+ the nilpotent radical of LieQ and by p− the nilpotent radical of
LieQ−, so that p = p+ ⊕ p−. Let S = {α1, . . . , αn} be the set of simple roots of
G and denote by θG the highest root of G. Then θG is the highest weight of the
simple K-module p+.

Let χ ∈ X (ZK) be the character given by the action on p+. To describe χ, recall
that a standard parabolic subgroup of G has Abelian unipotent radical if and only
if it is maximal, and the corresponding simple root αp has coefficient 1 in θG. In
particular, when G is a simple group of exceptional type, we have the following
possibilities:

(1) If G is of type E6: α1, α6.
(2) If G is of type E7: α7.

Let tG ⊂ g be the Cartan subalgebra generated by the fundamental coweights
ω∨1 , . . . , ω

∨
n , and let tssK ⊂ tG be the subalgebra generated by the simple coroots of

K. Take K to be the maximal standard Levi subgroup of G corresponding to αp,
then the Lie algebra zK = LieZK is generated by the fundamental coweight ω∨p .

Assuming G to be simply connected, we have that X (T )∨ = ZS∨, therefore

X (ZK)∨ = zK ∩ ZS∨

is generated by mω∨p , where m ∈ N is the minimum such that mω∨p ∈ ZS∨. If z(ξ)
is the 1-parameter-subgroup of ZK corresponding to mω∨p , we have

χ(z(ξ)) = ξmθG(ω∨
p ) = ξm.

In our cases, we have the following possibilities for the value of m, depending on
the pair (G,αp).

- (E6, α1), (E6, α6): m = 3.
- (E7, α7): m = 2.
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In the following we compute the weight semigroup of K̃e. We omit the cases whenX
has rank smaller than three, or is obtained by parabolic induction from a symmetric
variety: in all these cases the computations are fairly easy. At last, despite it is of
rank one, we give some details for the unique nonnormal case, which is in type G2.

3.1. Cases 1.3, 2.4, 5.5, 6.4, 8.3, 9.4, 10.4. We consider the case 1.3, the
others are treated essentially in the same way: indeed, apart from colors which take
nonpositive values against every spherical root, they all have the Cartan pairing
described in §2.2.

Keeping a similar notation, we have Σ = {σ1, σ2, σ3} and ∆ = {D1, . . . , D5}, where
we denote σ1 = 2α2, σ2 = 2α3, σ3 = α4, and D1 = Dα2

, D2 = Dα3
, D3 = D+

α4
,

D4 = D−α4
, D5 = Dα1

. In particular, the equations relating spherical roots and
colors are all the same as in §2.2, but the first one which reads

σ1 = 2D1 −D2 − 2D5.

Notice that Dp = D3 is minuscule in N∆, in particular Ke is normal. On the other
hand we have

D1 = 2D3 − (σ2 + 2σ3)

D4 + 2D5 = 3D3 − (σ1 + 2σ2 + 3σ3)

D2 + 2D5 = 4D3 − (σ1 + 2σ2 + 4σ3)

On the other hand if D ∈ ΓD3
and D =

∑5
i=1 ciDi, then c5 = 2(c2 + c4). Therefore

ΓD3
is freely generated by D3, D1, D4 + 2D5, D2 + 2D5.

3.2. Cases 2.5, 6.5, 9.5, 10.5. We consider the case 2.5, the others are treated
essentially in the same way since they have the same Cartan pairing, apart from
possible colors taking nonpositive values against every spherical root. We have
in this case Σ = {σ1, σ2, σ3} and ∆ = {D1, . . . , D6}, where we denote σ1 = α′,
σ2 = α3, σ3 = α2 + α4, and D1 = D+

α3
, D2 = D−α3

, D3 = Dα2
, D4 = D−α′ ,

D5 = Dα5
, D6 = Dα1

. Then colors and spherical roots are related by the following
equations:

σ1 = D1 +D2 −D3

σ2 = D1 −D2 +D3 −D4

σ3 = −2D3 + 2D4 −D5 −D6

Notice that Dp = D1 is minuscule in N∆, in particular Ke is normal. Moreover

D4 = 2D1 − (σ1 + σ2)

2D2 +D5 +D6 = 2D1 − (2σ2 + σ3)

D2 +D3 +D5 +D6 = 3D1 − (σ1 + 2σ2 + σ3)

2D3 +D5 +D6 = 4D1 − (2σ1 + 2σ2 + σ3)

On the other hand, if D ∈ ΓD1 and D =
∑6
i=1 ciDi, then c5 = c6 and c2 + c3 =

2c5, therefore ΓD1
is generated by D1, D4, 2D2 + D5 + D6, D2 + D3 + D5 + D6,

2D3 +D5 +D6.
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3.3. Case 3.9. Notice that this case is obtained by parabolic induction from the
wonderful variety considered in §2.3. We have in this case Σ = {σ1, σ2, σ3} and
∆ = {D1, . . . , D4}, where we denote σ1 = α2 + α3 + α4, σ2 = α2 + α3 + α5,
σ3 = α3 +α4 +α5, and D1 = Dα5

, D2 = Dα4
, D3 = Dα2

, D4 = Dα1
. In particular,

the equations relating spherical roots and colors of §2.3 become

σ1 = −D1 +D2 +D3 −D4,

σ2 = D1 −D2 +D3 −D4,

σ3 = D1 +D2 −D3.

Notice that ∆p(e) = {D1, D2}, and that both D1 and D2 are minuscule in N∆.

In particular Ke is normal. Following [4, Remark 4.7], to compute the semigroup
Γ∆p(e) it is enough to compute the semigroup

ΓΣ
∆p(e) = {γ ∈ NΣ : supp(γ+) ⊂ {D1, D2}}.

Let γ ∈ NΣ and write γ = a1σ1 + a2σ2 + a3σ3, then γ ∈ ΓΣ
∆p(e) if and only if

a1 + a2 6 a3. Therefore ΓΣ
∆p(e) is generated by the elements

D1 +D2 −D3 = σ3, 2D1 −D4 = σ2 + σ3, 2D2 −D4 = σ1 + σ3.

3.4. Cases 5.8, 5.9. We treat the case 5.8, the other one is identical. Notice that
this case is obtained by parabolic induction from the comodel wonderful variety of
cotype E7: in particular the combinatorics of colors and spherical roots is essentially
the same as that of a model wonderful variety. We have in this case Σ = {σ1, . . . , σ6}
and ∆ = {D1, . . . , D8}, where we enumerate the spherical roots as σ1 = α4, σ2 =
α3, σ3 = α1, σ4 = α5, σ5 = α2, σ6 = α6, and the colors as D1 = D+

α4
, D2 = D−α3

,
D3 = D−α4

, D4 = D+
α1

, D5 = D−α5
, D6 = D+

α6
, D7 = D−α6

, D8 = Dα7 . Then we have
the following relations between colors and spherical roots:

σ1 = D1 +D3 −D4

σ2 = D2 −D3 +D4 −D5

σ3 = −D1 −D2 +D3 +D4 −D5

σ4 = −D2 −D3 +D4 +D5 −D6

σ5 = −D4 +D5 +D6 −D7

σ6 = −D5 +D6 +D7 −D8

Notice that Dp = D1, which is a minuscule element in N∆. Therefore Ke is normal.

Let D ∈ ΓD1 , and write D = nD1 − (
∑6
i=1 aiσi) =

∑8
i=1 ciDi. Then we have the

following relations: c8 = c2 + c3 + c4 + c5 and c2 + c5 + c7 = 2a3. On the other
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hand, notice that

D6 = 2D1 − (2σ1 + σ2 + σ4)

2D7 = 3D1 − (4σ1 + 3σ2 + σ3 + 2σ4 + 2σ5)

D3 +D8 = 3D1 − (3σ1 + 2σ2 + 2σ4 + σ5 + σ6)

D4 +D8 = 4D1 − (4σ1 + 2σ2 + 2σ4 + σ5 + σ6)

D2 +D7 +D8 = 4D1 − (5σ1 + 3σ2 + σ3 + 3σ4 + 2σ5 + σ6)

D5 +D7 +D8 = 5D1 − (6σ1 + 4σ2 + σ3 + 3σ4 + 2σ5 + σ6)

2D2 + 2D8 = 5D1 − (6σ1 + 3σ2 + σ3 + 4σ4 + 2σ5 + 2σ6)

D2 +D5 + 2D8 = 6D1 − (7σ1 + 4σ2 + σ3 + 4σ4 + 2σ5 + 2σ6)

2D5 + 2D8 = 7D1 − (8σ1 + 5σ2 + σ3 + 4σ4 + 2σ5 + 2σ6)

Therefore ΓD1
is generated by the elements in the previous list, together with D1.

3.5. Cases 7.11, 7.12. We treat the case 7.12, the other one is identical. This case
was already considered in §2.4, we keep the notation introduced therein. Notice that
∆p(e) = {D1, D4}, and that both D1 and D4 are minuscule in N∆. In particular

Ke is normal. Following [4, Remark 4.7], to compute the semigroup Γ∆p(e), we
only have to compute the semigroup

ΓΣ
∆p(e) = {γ ∈ NΣ : supp(γ+) ⊂ {D1, D2}}.

Let γ ∈ NΣ and write γ = a1σ1 + a2σ2 + a3σ3, then γ ∈ ΓΣ
∆p(e) if and only if

max{a2, a3} 6 a1 6 a2 + a3.

Therefore ΓΣ
∆p(e) is generated by the elements

2D1 −D5 = σ1 + σ2, D1 −D2 +D4 = σ1 + σ3, 2D1 −D3 +D4 = σ1 + σ2 + σ3.

3.6. Case 8.6. Notice that this case is a parabolic induction of the comodel won-
derful variety of cotype E8, which was treated in [5, Section 8]. We have in this
case Σ = {σ1, . . . , σ7} and ∆ = {D1, . . . , D9}, where we label the spherical roots
as σ1 = α4, σ2 = α5, σ3 = α8, σ4 = α3, σ5 = α6, σ6 = α2, σ7 = α7, and the colors
as D1 = D+

α4
, D2 = D−α5

, D3 = D−α4
, D4 = D+

α3
, D5 = D−α3

, D6 = D+
α6

, D7 = D−α7
,

D8 = D+
α7

, D9 = Dα1 . Then we have the following relations between colors and
spherical roots:

σ1 = D1 +D3 −D4

σ2 = D2 −D3 +D4 −D5

σ3 = −D1 −D2 +D3 +D4 −D5

σ4 = −D2 −D3 +D4 +D5 −D6

σ5 = −D4 +D5 +D6 −D7

σ6 = −D5 +D6 +D7 −D8 −D9

σ7 = −D6 +D7 +D8

Notice that Dp = D8, which is a minuscule element in N∆. Therefore Ke is

normal. Let D ∈ ΓD8
, and write D =

∑9
i=1 ciDi. Then we have the equality
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c9 = c2 + c3 + c4 + c5. On the other hand, notice that

D1 = 2D8 − (σ2 + σ3 + 2σ5 + 2σ7)

D7 = 3D8 − (2σ1 + 3σ2 + 2σ3 + σ4 + 4σ5 + 3σ7)

D6 = 4D8 − (2σ1 + 3σ2 + 2σ3 + σ4 + 4σ5 + 4σ7)

D2 +D9 = 4D8 − (3σ1 + 4σ2 + 3σ3 + 2σ4 + 6σ5 + σ6 + 5σ7)

D3 +D9 = 5D8 − (3σ1 + 5σ2 + 3σ3 + 2σ4 + 7σ5 + σ6 + 6σ7)

D5 +D9 = 6D8 − (4σ1 + 6σ2 + 4σ3 + 2σ4 + 8σ5 + σ6 + 7σ7)

D4 +D9 = 7D8 − (4σ1 + 6σ2 + 4σ3 + 2σ4 + 9σ5 + σ6 + 8σ7)

Therefore ΓD1
is generated by the elements in the previous list, together with D8.

3.7. Case 12.2. In this case, we have Σ = {α} and ∆ = {D1, D2, D3}, where we
enumerate the colors as D1 = D+

α , D2 = D−α , D3 = Dα′ . There is a unique relation
relating colors and spherical roots, namely

α = D1 +D2.

Recall that p = V (3ω + ω′), thus we must have ω(Dp) = 3ω + ω′. It follows that,
up to an equivariant automorphism of X, we have either Dp = 2D1 + D2 + D3,
or Dp = 3D1 + D3. On the other hand by construction the equivariant morphism
φ : X −→ P(p) defined at the beginning of the section is birational, thus by [6,
§2.4.3] it follows that Dp = 2D1 + D2 + D3: indeed, {D2} is a distinguished
subset, therefore 3D1 +D3 is not a faithful divisor and the corresponding morphism
X −→ P(V3D1+D3

) is not birational.

Notice that Dp is not minuscule, since Dp − α = D1 + D3. Therefore, Ke is not
normal. The semigroup ΓDp

is generated by 2D1 +D2 +D3 and D1 +D3.

Appendix A. List of spherical nilpotent K-orbits in p
in the exceptional cases

Here we enumerate the exceptional symmetric pairs (g, k) from 1 to 12, the Cartan
notations for the corresponding real forms of g (type of g followed by dim p−dim k)
and the corresponding symmetric spaces (type of g followed by a Roman numeral)
are recalled in the tables of Appendix B.

We label the nilpotent K-orbits in p by two numbers n.m, where n denotes the
symmetric pair and m the number of the orbit in Doković’s tables [13, 14]. We also
recall here the Kostant-Dynkin diagram of the orbit.

For every simple exceptional Lie algebra g we fix a Chevalley basis

{hα : α ∈ S} ∪ {xα : α ∈ R+} ∪ {yα : α ∈ R+},
where S ⊂ R+ ⊂ R are respectively the set of the simple roots, the set of the
positive roots and the set of the roots of g. In particular, {xα, hα, yα} is an sl(2)
triple for all α ∈ R+, and hα = [xα, yα]. We denote the elements of the irreducible
exceptional root systems as in the tables of [2].

For every exceptional symmetric pair (g, k) we fix a Cartan subalgebra of k included
in the Cartan subalgebra of g, we fix a set of simple root vectors for k, and we give
the highest weight vector(s) of p. When k is of classical type, we also fix a basis of
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the standard representation to describe more explicitly k and its representation on
p.

For every K-orbit, we will provide a normal triple {e, h, f}. We computed these
data with the help of SLA, a GAP package (see [12]), however in some cases we
give here triples which are different from those obtained with SLA, since they are
slightly more convenient for our computations. When k is of classical type, the
representative e of the orbit is also described in classical terms.

One can then compute the centralizer Ke. Since it is enough for our purposes, to
simplify the list we only give here its Lie algebra ke.

Let q = l + n be the parabolic subalgebra of k given by

l = k(0), n =
⊕

i>0

k(i),

where k(i) is the ad(h)-eigenspace of eigenvalue i. It can easily be read off from the
Kostant-Dynkin diagram of the orbit. We give ke as le+m, where le is the centralizer
of e in l, a Levi subalgebra, and m is the nilpotent radical that we describe as a
subalgebra of n. We omit to describe how the abelian radical of le is included in
the various direct summands of l, when its dimension d is nonzero we just write
(gl(1)⊕d) as the rightmost summand of le.

1. E6/C4. We have k = sp(8), p = V (ω4). Take θ such that α∨2 , α
∨
4 , α

∨
3 +α∨5 , α

∨
1 +α∨6

form a basis of tθ and take the following root vectors for the simple roots of k:

y1
1
1210 − y0

1
1211, −x1

0
1100 + x0

0
0111, y1

0
1110 + y0

0
1111, x1

1
2221.

Then x1
1
1111 is a highest weight vector in p.

Fix a basis e1, e2, e3, e4, e−4, e−3, e−2, e−1 of C8, a skew-symmetric bilinear form ω
such that ω(ei, ej) = δi,−j and k = sp(C8, ω). We can identify x1

1
1111 = e1 ∧ e2 ∧

e3 ∧ e4 in p ⊂ Λ4C8.

1.1. (0001).
{
x1

1
1111, h1

1
1111, y1

1
1111

}

We can take e = e1 ∧ e2 ∧ e3 ∧ e4. We have l = kh ∼= gl(4) and ke = le + n, where
le ∼= sl(4).

1.2. (0100).
{
x1

0
0000 + x0

0
0001, α

∨
1 + α∨6 , y1

0
0000 + y0

0
0001

}

We can take e = e1∧e2∧e3∧e−3−e1∧e2∧e4∧e−4, and we have l = kh ∼= gl(2)⊕sp(4)
and ke = le+n. We have le ∼= sl(2)⊕ sl(2)⊕ sl(2), one summand contained in gl(2),
the other ones in sp(4).
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1.3. (1001).
{
x1

0
1111 − y0

0
1100 + y0

0
0110, α

∨
1 − α∨4 + α∨6 , y1

0
1111 − x0

0
1100 + x0

0
0110

}

We can take e = e1 ∧ e2 ∧ e3 ∧ e−2 − e1 ∧ e2 ∧ e4 ∧ e−3 + e1 ∧ e3 ∧ e4 ∧ e−4. We
have l = kh ∼= gl(1) ⊕ gl(3) and ke = le + m, where le ∼= so(3) ⊕ (gl(1)), the so(3)
summand being contained in gl(3), and m is the le-complement in n of the unique
1-dimensional le-submodule of k(1).

2. E6/A5 × A1. We have k = sl(6)⊕ sl(2), p = V (ω3 + ω′). Take θ such that tθ = t
and take the following root vectors for the simple roots of k:

x1
0
0000, x0

0
1000, x0

0
0100, x0

0
0010, x0

0
0001, x1

2
2321.

Then x1
1
2321 is a highest weight vector in p.

Fix a basis e1, . . . , e6 of V , a basis e′1, e
′
2 of W , and k = sl(V ) ⊕ sl(W ). We can

identify x1
1
2321 = e1 ∧ e2 ∧ e3 ⊗ e′1 in p =

(
Λ3V

)
⊗W .

2.1. (00100; 1). {
x1

1
2321, h1

1
2321, y1

1
2321

}

We can take e = e1 ∧ e2 ∧ e3 ⊗ e′1. We have l = kh ∼= s(gl(3) ⊕ gl(3)) ⊕ gl(1) and
ke = le + n, where le ∼= sl(3)⊕ sl(3)⊕ (gl(1)).

2.2. (10001; 2).
{
x1

1
2211 + x1

1
1221, h1

1
2211 + h1

1
1221, y1

1
2211 + y1

1
1221

}

We can take e = (e1∧ e2∧ e5 + e1∧ e3∧ e4)⊗ e′1. We have l = kh ∼= s(gl(1)⊕gl(4)⊕
gl(1))⊕ gl(1) and ke = le + n, where le ∼= sp(4)⊕ (gl(1)⊕2).

2.3. (01010; 0).
{
x1

1
2221 + y0

1
0000, h1

1
2221 − h0

1
0000, y1

1
2221 + x0

1
0000

}

We can take e = e1 ∧ e2 ∧ e3 ⊗ e′2 − e1 ∧ e2 ∧ e4 ⊗ e′1. We have l = kh ∼= s(gl(2) ⊕
gl(2)⊕ gl(2))⊕ sl(2) and ke = le + n, where le ∼= sl(2)⊕ sl(2)⊕ sl(2)⊕ (gl(1)), with
sl(2)⊕3 embedded diagonally into sl(2)⊕4 via (A,B,C) 7−→ (A,B,C,B).

2.4. (00100; 3).
{

x1
1
2210 + x1

1
1211 + x0

1
1221, h1

1
2210 + h1

1
1211 + h0

1
1221,

y1
1
2210 + y1

1
1211 + y0

1
1221

}

We can take e = (e1 ∧ e2 ∧ e6 − e1 ∧ e3 ∧ e5 + e2 ∧ e3 ∧ e4) ⊗ e′1. We have l =
kh ∼= s(gl(3) ⊕ gl(3)) ⊕ gl(1) and ke = le + m, where le ∼= sl(3) ⊕ (gl(1)), the sl(3)
summand embedded diagonally in sl(3)⊕2, and m is the le-complement in n of the
unique 1-dimensional le-submodule in k(1) ∩ sl(V ).
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2.5. (10101; 1).
{

x1
1
2211 + x1

1
1221 + y0

1
0000, h1

1
2211 + h1

1
1221 − h0

1
0000,

y1
1
2211 + y1

1
1221 + x0

1
0000

}

We can take e = e1∧e2∧e3⊗e′2− (e1∧e2∧e5−e1∧e3∧e4)⊗e′1. We have l = kh ∼=
s(gl(1)⊕ gl(2)⊕ gl(2)⊕ gl(1))⊕ gl(1) and ke = le +m, where le ∼= sl(2)⊕ (gl(1)⊕2),
the sl(2) summand embedded diagonally in sl(2)⊕2. The le-submodule m ⊂ n can
be described as follows. In k(1) there are precisely two 1-dimensional le-submodules
lying into different isotypic l-components, call them u1 and u2: then m is the sum
of the le-complement of u1 ⊕ u2 in n, plus a one dimensional subspace u ⊂ u1 ⊕ u2

that projects nontrivially on both summands (which are isomorphic as le-modules).

3. E6/D5 × C×. We have k = so(10) ⊕ gl(1), p = V (ω4) ⊕ V (ω5) as kss-module.
Take θ such that tθ = t and take the following root vectors for the simple roots of
k:

x0
0
0001, x0

0
0010, x0

0
0100, x0

0
1000, x0

1
0000.

Then y1
0
0000 and x1

2
2321 are highest weight vectors in p.

Fix a basis e1, . . . , e5 of W and a dual basis ϕ1, . . . , ϕ5 of W ∗, so that we have a
nondegenerate symmetric bilinear form on V = W ⊕W ∗, and k = so(V ). The spin
representations can be realized in ΛW ∗ (as the odd and even degree parts) via the
anti-symmetric square

σ2 : Λ2V ⊗ ΛW ∗ → ΛW ∗

of the contraction-extension map

σ : V ⊗ ΛW ∗ → ΛW ∗

and the natural isomorphism between so(V ) and Λ2V . We can identify y1
0
0000 = ϕ5

and x1
2
2321 = 1 in p = ΛW ∗.

3.1. (00001; 0).
{
x1

2
2321, h1

2
2321, y1

2
2321

}

We can take e = 1. We have l = kh ∼= gl(1) ⊕ gl(5) and ke = le + n, where
le ∼= sl(5)⊕ (gl(1)).

3.2. (00010; −2).
{
y1

0
0000, −h1

0
0000, x1

0
0000

}

We can take e = ϕ5. This case is equal to the previous one up to an external
automorphism of k.
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3.3. (10000; 1).
{
x1

1
2211 + x1

1
1221, h1

1
2211 + h1

1
1221, y1

1
2211 + y1

1
1221

}

We can take e = ϕ4 ∧ ϕ3 + ϕ5 ∧ ϕ2, and we have l = kh ∼= gl(1)⊕2 ⊕ so(8) and
ke = le + n, where le ∼= so(7)⊕ (gl(1)).

3.4. (10000; −2).
{
y1

1
1100 + y1

0
1110, −h1

1
1100 − h1

0
1110, x1

1
1100 + x1

0
1110

}

We can take e = ϕ5 ∧ϕ4 ∧ϕ3−ϕ2. This case is equal to the previous one up to an
external automorphism of k.

3.5. (00011; −2).
{
x1

2
2321 + y1

0
0000, h1

2
2321 − h1

0
0000, y1

2
2321 + x1

0
0000

}

We can take e = ϕ5 + 1. We have l = kh ∼= gl(1) ⊕ gl(4) ⊕ gl(1) and ke = le + n,
where le ∼= sl(4)⊕ (gl(1)).

3.6. (02000; −2).
{
x1

2
2321 + y1

1
1100, 2h1

2
2321 − 2h1

1
1100, 2y1

2
2321 + 2x1

1
1100

}

We can take e = ϕ5 ∧ ϕ4 ∧ ϕ3 + 1. We have l = kh ∼= gl(1) ⊕ gl(2) ⊕ so(6) and
ke = le + n, where le ∼= sl(2)⊕ sl(3)⊕ (gl(1)).

3.7. (11010; −2).
{

x1
1
2211 + x1

1
1221 + y1

0
0000, h1

1
2211 + 2h1

1
1221 − 2h1

0
0000,

y1
1
2211 + 2y1

1
1221 + 2x1

0
0000

}

We can take e = ϕ4 ∧ ϕ3 + ϕ5 ∧ ϕ2 + ϕ5. We have l = kh ∼= gl(1)⊕3 ⊕ gl(3) and
ke = le + m, where le ∼= sl(3) ⊕ (gl(1)). The le-submodule m ⊂ n can be described
as follows. In k(1) there are precisely two 3-dimensional simple l-submodules, call
them u1 and u2, and they are isomorphic as le-modules: then m is the sum of the
le-complement of u1⊕u2 in n, plus a simple le-submodule u ⊂ u1⊕u2 which projects
nontrivially on both summands.

3.8. (11001; −3).
{

x1
2
2321 + y1

1
1100 + y1

0
1110, 2h1

2
2321 − 2h1

1
1100 − h1

0
1110,

2y1
2
2321 + 2x1

1
1100 + x1

0
1110

}

We can take e = ϕ5 ∧ ϕ4 ∧ ϕ3 − ϕ2 + 1. This case is equal to the previous one up
to an external automorphism of k.
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3.9. (40000; −2).
{

x1
1
2211 + x1

1
1221 + y1

1
1100 + y1

0
1110,

2h1
1
2211 + 2h1

1
1221 − 2h1

1
1100 − 2h1

0
1110,

2y1
1
2211 + 2y1

1
1221 + 2x1

1
1100 + 2x1

0
1110

}

We can take e = ϕ5∧ϕ4∧ϕ3+ϕ4∧ϕ3+ϕ5∧ϕ2−ϕ2. We have l = kh ∼= gl(1)⊕2⊕so(8)
and ke = le + n, where le ∼= g2.

4. E6/F4. We have k = f4, p = V (ω4). Take θ such that α∨2 , α
∨
4 , α

∨
3 + α∨5 , α

∨
1 + α∨6

form a basis of tθ and take the following root vectors for the simple roots of k:

y0
0
0100, y1

1
2221, x1

1
2211 − x1

1
1221, y1

0
0000 + y0

0
0001.

Then x0
1
1100 + x0

1
0110 is a highest weight vector in p.

4.1. (0001).
{
x0

1
1100 + x0

1
0110, h0

1
1100 + h0

1
0110, y0

1
1100 + y0

1
0110

}

We have l = kh ∼= gl(1)⊕ so(7) and ke = le + n, where le ∼= so(7).

5. E7/A7. We have k = sl(8), p = V (ω4). Take θ such that tθ = t and take the
following root vectors for the simple roots of k:

x1
0
00000, x0

0
10000, x0

0
01000, x0

0
00100, x0

0
00010, x0

0
00001, x1

2
23210.

Then x1
1
23321 is a highest weight vector in p.

Fix a basis e1, . . . , e8 of C8, and k = sl(C8). We can identify x1
1
23321 = e1∧e2∧e3∧e4

in p = Λ4C8.

5.1. (0001000). {
x1

1
23321, h1

1
23321, y1

1
23321

}

Can take e = e1 ∧ e2 ∧ e3 ∧ e4, we have l = kh ∼= s(gl(4) ⊕ gl(4)) and ke = le + n
where le ∼= sl(4)⊕ sl(4).

5.2. (0100010).
{
x1

1
23211 + x1

1
22221, h1

1
23211 + h1

1
22221, y1

1
23211 + y1

1
22221

}

We can take e = e1 ∧ e2 ∧ e3 ∧ e6 + e1 ∧ e2 ∧ e4 ∧ e5. We have l = kh ∼= s(gl(2) ⊕
gl(4)⊕ gl(2)) and ke = le + n, where le ∼= sl(2)⊕ sp(4)⊕ sl(2)⊕ (gl(1)).
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5.3. (0200000).

{
x1

1
22210 + x1

1
22111 + y0

1
00000, h1

1
22210 + h1

1
22111 − h0

1
00000,

y1
1
22210 + y1

1
22111 + x0

1
00000

}

We can take e = e1 ∧ e2 ∧ e3 ∧ e8 + e1 ∧ e2 ∧ e4 ∧ e7 + e1 ∧ e2 ∧ e5 ∧ e6. We have
l = kh ∼= s(gl(2)⊕ gl(6)) and ke = le + n, where le ∼= sl(2)⊕ sp(6).

5.4. (0000020).

{
x1

1
22111 + x1

1
12211 + x0

1
12221, h1

1
22111 + h1

1
12211 + h0

1
12221,

y1
1
22111 + y1

1
12211 + y0

1
12221

}

We can take e = e1 ∧ e2 ∧ e5 ∧ e6 + e1 ∧ e3 ∧ e4 ∧ e6 + e2 ∧ e3 ∧ e4 ∧ e5. This case is
equal to the previous one up to an external automorphism of k.

5.5. (1001001).

{
x1

1
23210 + x1

1
22211 + x1

1
12221, h1

1
23210 + h1

1
22211 + h1

1
12221,

y1
1
23210 + y1

1
22211 + y1

1
12221

}

We can take e = e1 ∧ e2 ∧ e3 ∧ e7 − e1 ∧ e2 ∧ e4 ∧ e6 + e1 ∧ e3 ∧ e4 ∧ e5. We have
l = kh ∼= s(gl(1)⊕gl(3)⊕gl(3)⊕gl(1)) and ke = le+m, where le ∼= sl(3)⊕ (gl(1)⊕2),
the sl(3) summand embedded diagonally in sl(3)⊕2, and m is the le-complement in
n of the unique 1-dimensional le-submodule of k(1).

5.8. (1100100).

{
x1

1
22210 + x1

1
22111 + x1

1
12221 + y0

1
00000,

h1
1
22210 + h1

1
22111 + h1

1
12221 − h0

1
00000,

y1
1
22210 + y1

1
22111 + y1

1
12221 + x0

1
00000

}

We can take e = e1∧e2∧e3∧e8+e1∧e2∧e4∧e7+e1∧e2∧e5∧e6+e1∧e3∧e4∧e5. We
have l = kh ∼= s(gl(1)⊕gl(1)⊕gl(3)⊕gl(3)) and ke = le+m, where le ∼= sl(3)⊕(gl(1)),
the sl(3) summand embedded skew-diagonally in sl(3)⊕2 via A 7→ (A,−As), where
(As)i,j = A4−j, 4−i for 1 6 i, j 6 3. The le-submodule m ⊂ n can be described
as follows. In k(1) there are precisely two le-submodules of dimension 3 lying
into different isotypic l-components, call them u1 and u2, and they are simple and
isomorphic as le-modules: then m is the sum of the le-complement of u1 ⊕ u2 in n,
plus a simple le-submodule u ⊂ u1⊕u2 that projects nontrivially on both summands.
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5.9. (0010011).
{

x1
1
23210 + x1

1
22111 + x1

1
12211 + x0

1
12221,

h1
1
23210 + h1

1
22111 + h1

1
12211 + h0

1
12221,

y1
1
23210 + y1

1
22111 + y1

1
12211 + y0

1
12221

}

We can take e = e1∧e2∧e3∧e7 +e1∧e2∧e5∧e6 +e1∧e3∧e4∧e6 +e2∧e3∧e4∧e5.
This case is equal to the previous one up to an external automorphism of k.

6. E7/D6×A1. We have k = so(12)+sl(2), p = V (ω5 +ω′). Take θ such that tθ = t
and take the following root vectors for the simple roots of k:

x0
0
00001, x0

0
00010, x0

0
00100, x0

0
01000, x0

0
10000, x0

1
00000, x2

2
34321.

Then x1
2
34321 is a highest weight vector in p.

Fix a basis e1, . . . , e6 of U and a dual basis ϕ1, . . . , ϕ6 of U∗, so that we have a
nondegenerate symmetric bilinear form on V = U ⊕ U∗. Fix also a basis e′1, e

′
2 of

W . We have k = so(V ) ⊕ sl(W ). The spin representations can be realized in ΛU∗

(as the odd and even degree parts) via the anti-symmetric square

σ2 : Λ2V ⊗ ΛU∗ → ΛU∗

of the contraction-extension map

σ : V ⊗ ΛU∗ → ΛU∗

and the natural isomorphism between so(V ) and Λ2V . We can identify x1
2
34321 =

ϕ6 ⊗ e′1 in p =
(
ΛoddU∗

)
⊗W .

6.1. (000010; 1). {
x1

2
34321, h1

2
34321, y1

2
34321

}

We can take e = ϕ6 ⊗ e′1. We have l = kh ∼= gl(6) ⊕ gl(1) and ke = le + n, where
le ∼= sl(6)⊕ (gl(1)).

6.2. (010000; 2).
{
x1

2
23221 + x1

1
23321, h1

2
23221 + h1

1
23321, y1

2
23221 + y1

1
23321

}

We can take e = (ϕ6 ∧ ϕ5 ∧ ϕ4 − ϕ3)⊗ e′1. We have l = kh ∼= gl(2)⊕ so(8)⊕ gl(1)
and ke = le + n, where le ∼= sl(2)⊕ so(7)⊕ (gl(1)).

6.3. (000100; 0).
{
x1

2
24321 + y1

0
00000, h1

2
24321 − h1

0
00000, y1

2
24321 + x1

0
00000

}

We can take e = ϕ5 ⊗ e′1 + ϕ6 ⊗ e′2. We have l = kh ∼= gl(4) ⊕ so(4) ⊕ sl(2) and
ke = le + n, where le ∼= sl(4) ⊕ sl(2)⊕2, sl(2)⊕2 embedded diagonally in sl(2)⊕3 ∼=
so(4)⊕ sl(2) via (A,B) 7→ (A,B,A).
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6.4. (000010; 3).
{

x1
2
23210 + x1

1
23211 + x1

1
22221, h1

2
23210 + h1

1
23211 + h1

1
22221,

y1
2
23210 + y1

1
23211 + y1

1
22221

}

We can take e = (ϕ6∧ϕ4∧ϕ3+ϕ6∧ϕ5∧ϕ2−ϕ1)⊗e′1. We have l = kh ∼= gl(6)⊕gl(1)
and ke = le + m, where le ∼= sp(6)⊕ (gl(1)) and m is the le-complement in n of the
unique 1-dimensional le-submodule of k(1) ∩ so(V ).

6.5. (010010; 1).
{

x1
2
23221 + x1

1
23321 + y1

0
00000, h1

2
23221 + h1

1
23321 − h1

0
00000,

y1
2
23221 + y1

1
23321 + x1

0
00000

}

We can take e = (ϕ6∧ϕ5∧ϕ4−ϕ3)⊗e′1+ϕ6⊗e′2. We have l = kh ∼= gl(2)⊕gl(4)⊕gl(1)
and ke = le +m, where le ∼= sl(2)⊕ sp(4)⊕ (gl(1)). The le submodule m ⊂ n can be
described as follows. In k(1) there are precisely two 1-dimensional le-submodules
lying into different isotypic l-components, call them u1 and u2: then m is the sum
of the le-complement of u1⊕u2 in n, plus a one dimensional submodule u ⊂ u1⊕u2

that projects nontrivially on both summands (which are isomorphic as le-modules).

7. E7/E6 × C×. We have k = e6 ⊕ gl(1), p = V (ω1)⊕ V (ω6) as kss-module. Take θ
such that tθ = t and take the following root vectors for the simple roots of k:

x1
0
00000, x0

1
00000, x0

0
10000, x0

0
01000, x0

0
00100, x0

0
00010.

Then x2
2
34321 and y0

0
00001 are highest weight vectors in p.

7.1. (100000; 0). {
x2

2
34321, h2

2
34321, y2

2
34321

}

We have l = kh ∼= so(10)⊕ gl(1)⊕2 and ke = le + n, where le ∼= so(10)⊕ (gl(1)).

7.2. (000001; −2). {
y0

0
00001, −h0

0
00001, x0

0
00001

}

This case is equal to the previous one up to an external automorphism of k.

7.3. (000001; 0).
{
x1

2
23221 + x1

1
23321, h1

2
23221 + h1

1
23321, y1

2
23221 + y1

1
23321

}

We have l = kh ∼= so(10)⊕ gl(1)⊕2 and ke = le + n, where le ∼= so(9)⊕ (gl(1)).
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7.4. (100000; −2).
{
y0

1
01111 + y0

0
11111, −h0

1
01111 − h0

0
11111, x0

1
01111 + x0

0
11111

}

This case is equal to the previous one up to an external automorphism of k.

7.5. (100001; −2).
{
x2

2
34321 + y0

0
00001, h2

2
34321 − h0

0
00001, y2

2
34321 + x0

0
00001

}

We have l = kh ∼= so(8)⊕ gl(1)⊕3 and ke = le + n, where le ∼= so(8)⊕ (gl(1)).

7.6. (000000; 2).
{

x1
1
22111 + x1

1
12211 + x0

1
12221, h1

1
22111 + h1

1
12211 + h0

1
12221,

y1
1
22111 + y1

1
12211 + y0

1
12221

}

We have l = kh = k and ke ∼= f4.

7.7. (000000; −2).
{

y1
1
22111 + y1

1
12211 + y0

1
12221, −h1

1
22111 − h1

1
12211 − h0

1
12221,

x1
1
22111 + x1

1
12211 + x0

1
12221

}

This case is equal to the previous one: the orbit can be obtained from the previous
one by applying an external automorphism of k, but the centralizer is the same.

7.8. (000002; −2).
{

x1
2
23221 + x1

1
23321 + y0

0
00001, h1

2
23221 + h1

1
23321 − h0

0
00001,

y1
2
23221 + y1

1
23321 + x0

0
00001

}

We have l = kh ∼= so(10)⊕ gl(1)⊕2 and ke = le + n, where le ∼= so(9).

7.9. (200000; −2).
{

x2
2
34321 + y0

1
01111 + y0

0
11111, h2

2
34321 − h0

1
01111 − h0

0
11111,

y2
2
34321 + x0

1
01111 + x0

0
11111

}

This case is equal to the previous one up to an external automorphism of k.

7.10. (020000; −2).
{
x2

2
34321 + y1

0
11111, 2h2

2
34321 − 2h1

0
11111, 2y2

2
34321 + 2x1

0
11111

}

We have l = kh ∼= sl(6)⊕ gl(1)⊕2 and ke = le + n, where le ∼= sl(5)⊕ (gl(1)).
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7.11. (010010; −2).
{

x1
2
23221 + x1

1
23321 + y0

0
00011, 2h1

2
23221 + h1

1
23321 − 2h0

0
00011,

2y1
2
23221 + y1

1
23321 + 2x0

0
00011

}

We have l = kh ∼= sl(4)⊕ sl(2)⊕ gl(1)⊕3 and ke = le +m, where le ∼= sl(4)⊕ (gl(1)).
The le-submodule m ⊂ n can be described as follows.

Let u1 and u2 be the sl(4)-submodules of k(1) with lowest weight vectors xα2 and
xα5

, respectively. They are isomorphic as le-modules, but they lie into distinct
isotypic l-components. Then m is the sum of the le-complement of u1⊕u2 in n, plus
a simple le-submodule u ⊂ u1 ⊕ u2 that projects nontrivially on both summands.

7.12. (011000; −3).
{

x1
2
34321 + y0

1
01111 + y0

0
11111, 2h1

2
34321 − h0

1
01111 − 2h0

0
11111,

2y1
2
34321 + x0

1
01111 + 2x0

0
11111

}

This case is equal to the previous one up to an external automorphism of k.

8. E8/D8. We have k = so(16), p = V (ω7). Take θ such that tθ = t and take the
following root vectors for the simple roots of k:

x2
2
343210, x0

0
000001, x0

0
000010, x0

0
000100, x0

0
001000, x0

0
010000, x0

1
000000, x0

0
010000.

Then x1
3
354321 is a highest weight vector in p.

Fix a basis e1, . . . , e8 of U and a dual basis ϕ1, . . . , ϕ8 of U∗, so that we have a
nondegenerate symmetric bilinear form on V = U ⊕ U∗, and k = so(V ). The spin
representations can be realized in ΛU∗ (as the odd and even degree parts) via the
anti-symmetric square

σ2 : Λ2V ⊗ ΛU∗ → ΛU∗

of the contraction-extension map

σ : V ⊗ ΛU∗ → ΛU∗

and the natural isomorphism between so(V ) and Λ2V . We can identify x1
3
354321 =

ϕ8 in p = ΛoddU∗.

8.1. (00000010). {
x1

3
354321, h1

3
354321, y1

3
354321

}

We can take e = ϕ8. We have l = kh ∼= gl(8) and ke = le + n, where le ∼= sl(8).

8.2. (00010000).
{
x1

2
343321 + x1

2
244321, h1

2
343321 + h1

2
244321, y1

3
243321 + y1

2
244321

}

We can take e = ϕ8 ∧ϕ7 ∧ϕ6−ϕ5. We have l = kh ∼= gl(4)⊕ so(8) and ke = le + n,
where le ∼= sl(4)⊕ so(7).
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8.3. (01000010).
{

x1
2
343211 + x1

2
243221 + x1

2
233321, h1

2
343211 + h1

2
243221 + h1

2
233321,

y1
2
343211 + y1

2
243221 + y1

2
233321

}

We can take e = ϕ8 ∧ ϕ6 ∧ ϕ5 + ϕ8 ∧ ϕ7 ∧ ϕ4 − ϕ3. We have l = kh ∼= gl(2)⊕ gl(6)
and ke = le + m, where le ∼= sl(2)⊕ sp(6)⊕ (gl(1)) and m is the le-complement in n
of the unique 1-dimensional le-submodule of k(1).

8.6. (10001000).
{

x1
2
343210 + x1

2
243211 + x1

2
233221 + x1

1
233321,

h1
2
343210 + h1

2
243211 + h1

2
233221 + h1

1
233321,

y1
2
343210 + y1

2
243211 + y1

2
233221 + y1

1
233321

}

We can take e = ϕ7 ∧ ϕ6 ∧ ϕ5 + ϕ8 ∧ ϕ6 ∧ ϕ4 + ϕ8 ∧ ϕ7 ∧ ϕ3 − ϕ2. We have
l = kh ∼= gl(1) ⊕ gl(4) ⊕ so(6) and ke = le + m, where le ∼= sl(4) ⊕ (gl(1)). Here
sl(4) is included in sl(4) ⊕ so(6) and contains xα8

− xα3
, xα7

− xα4
, xα6

− xα2
as

root vectors for its simple roots, whereas m is the le-complement in n of the unique
4-dimensional le-submodule in the simple l-submodule of lowest weight vector xα5 .

9. E8/E7 × A1. We have k = e7 + sl(2), p = V (ω7 + ω′). Take θ such that tθ = t
and take the following root vectors for the simple roots of k:

x1
0
000000, x0

1
000000, x0

0
100000, x0

0
010000, x0

0
001000, x0

0
000100, x0

0
000010, x2

3
465432.

Then x2
3
465431 is a highest weight vector in p.

9.1. (0000001; 1). {
x2

3
465431, h2

3
465431, y2

3
465431

}

We have l = kh ∼= e6 ⊕ gl(1)⊕2 and ke = le + n, where le ∼= e6 ⊕ (gl(1)).

9.2. (1000000; 2).
{
x2

3
354321 + x2

2
454321, h2

3
354321 + h2

2
454321, y2

3
354321 + y2

2
454321

}

We have l = kh ∼= so(12)⊕ gl(1)⊕2 and ke = le + n, where le ∼= so(11)⊕ (gl(1)).

9.3. (0000010; 0).
{
x2

3
465421 + y0

0
000001, h2

3
465421 − h0

0
000001, y2

3
465421 + x0

0
000001

}

We have l = kh ∼= so(10)⊕ sl(2)⊕2⊕ gl(1) and ke = le + n, where le ∼= so(10)⊕ sl(2)
and sl(2) is embedded diagonally in sl(2)⊕2.
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9.4. (0000001; 3).
{

x2
2
343221 + x1

2
343321 + x1

2
244321, h2

2
343221 + h1

2
343321 + h1

2
244321,

y2
2
343221 + y1

2
343321 + y1

2
244321

}

We have l = kh ∼= e6 ⊕ gl(1)⊕2 and ke = le + m, where le ∼= f4 ⊕ (gl(1)) and m is
the le-complement of u in n: u being the unique 1-dimensional f4-submodule in the
simple e6-submodule of k(1) of lowest weight vector xα7

.

9.5. (1000001; 1).
{

x2
3
354321 + x2

2
454321 + y0

0
000001, h2

3
354321 + h2

2
454321 − h0

0
000001,

y2
3
354321 + y2

2
454321 + x0

0
000001

}

We have l = kh ∼= so(10)⊕ gl(1)⊕3 and ke = le +m, where le ∼= so(9)⊕ (gl(1)). The
le-submodule m ⊂ n can be described as follows.

Let u1 be the unique 1-dimensional le-submodule of the simple l-submodule of k(1)
of lowest weight vector xα7

, and let u2 be the 1-dimensional l-submodule of k(1)
spanned by x2

3
465432. Then m is the sum of the le-complement of u1 ⊕ u2 in n,

plus a one dimensional submodule u ⊂ u1 ⊕ u2 that projects nontrivially on both
summands (which are isomorphic as le-modules).

10. F4/C3×A1. We have k = sp(6)+ sl(2), p = V (ω3 +ω′). Take θ such that tθ = t
and take the following root vectors for the simple roots of k:

x0001, x0010, x0100, x2342.

Then x1342 is a highest weight vector in p.

Fix a basis e1, e2, e3, e−3, e−2, e−1 of V and a skew-symmetric bilinear form ω on
V such that ω(ei, ej) = δi,−j . Fix also a basis e′1, e

′
2 of W . We have k = sp(V, ω)⊕

sl(W ). We can identify x1342 = e1 ∧ e2 ∧ e3 ⊗ e′1 in p ⊂
(
Λ3V

)
⊗W .

10.1. (001; 1).
{x1342, h1342, y1342}

We can take e = e1 ∧ e2 ∧ e3 ⊗ e′1. We have l = kh ∼= gl(3)⊕ gl(1) and ke = le + n,
where le ∼= sl(3)⊕ (gl(1)).

10.2. (100; 2).
{x1232, h1232, y1232}

We can take e = (e1 ∧ e2 ∧ e−2 − e1 ∧ e3 ∧ e−3) ⊗ e′1. We have l = kh ∼= gl(1) ⊕
sp(4)⊕ gl(1) and ke = le + n, where le ∼= sl(2)⊕ sl(2)⊕ (gl(1)).

10.3. (010; 0).

{x1242 + y1000, h1242 − h1000, y1242 + x1000}
We can take e = e1 ∧ e2 ∧ e3 ⊗ e′2 − e1 ∧ e2 ∧ e−3 ⊗ e′1. We have l = kh ∼=
gl(2) ⊕ sl(2) ⊕ sl(2) and ke = le + n, where le ∼= sl(2) ⊕ sl(2) embedded diagonally
in sl(2)⊕3 via (A,B) 7→ (A,B,B).
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10.4. (001; 3).

{x1231 + x1222, h1231 + h1222, y1231 + y1222}
We can take e = (e1 ∧ e2 ∧ e−1 − e1 ∧ e3 ∧ e−2 + e2 ∧ e3 ∧ e−3) ⊗ e′1. We have
l = kh ∼= gl(3) ⊕ gl(1) and ke = le + m, where le ∼= so(3) ⊕ (gl(1)) and m is
the le-complement of u in n: u being the unique 1-dimensional le-submodule of
k(1) ∩ sp(V, ω).

10.5. (101; 1).

{x1232 + y1000, h1232 − h1000, y1232 + x1000}
We can take e = e1 ∧ e2 ∧ e3 ⊗ e′2 + (e1 ∧ e2 ∧ e−2 − e1 ∧ e3 ∧ e−3) ⊗ e′1. We
have l = kh ∼= gl(1) ⊕ gl(2) ⊕ gl(1) and ke = le + m, where le ∼= (gl(1)⊕2). The
le-submodule m ⊂ n can be described as follows.

Let u1 be the 1-dimensional le-submodule spanned by xα2+α3
, which is contained

in the simple l-submodule of k(1) of lowest weight vector xα2
. Let u2 be the 1-

dimensional l-submodule spanned by x2342, it is equal k(1) ∩ sl(W ). Then m is
the sum of the le-complement of u1 ⊕ u2 in n, plus a one dimensional submodule
u ⊂ u1 ⊕ u2 that projects nontrivially on both summands (which are isomorphic as
le-modules).

11. F4/B4. We have k = so(9), p = V (ω4). Take θ such that tθ = t and take the
following root vectors for the simple roots of k:

x0122, x1000, x0100, x0010.

Then x1231 is a highest weight vector in p.

Fix a basis e1, e2, e3, e4 of U and a dual basis ϕ1, ϕ2, ϕ3, ϕ4 of U∗, so that we have a
nondegenerate symmetric bilinear form on U ⊕U∗, extend it to V = U ⊕Ce0⊕U∗
by setting e0 orthogonal to U ⊕ U∗ and (e0, e0) = 1. We have k = so(V ). The spin
representation can be realized in ΛU∗ via the anti-symmetric square

σ2 : Λ2V ⊗ ΛU∗ → ΛU∗

of the contraction-extension map

σ : (U ⊕ U∗)⊗ ΛU∗ → ΛU∗

extended with the signed identity on Ce0

e0 ⊗ ϕ 7→ (−1)degϕϕ

and the natural isomorphism between so(V ) and Λ2V . We can identify x1231 = 1
in p = ΛU∗.

11.1. (0001).
{x1231, h1231, y1231}

We can take e = 1. We have l = kh ∼= gl(4) and ke = le + n, where le ∼= sl(4).

11.2. (4000).

{x1111 + x0121, 2h1111 + 2h0121, 2y1111 + 2y0121}
We can take e = ϕ4 ∧ ϕ3 + ϕ2. We have l = kh ∼= gl(1) ⊕ so(7) and ke = le + n,
where le ∼= g2.
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12. G2/A1×A1. We have k = sl(2)+ sl(2), p = V (3ω+ω′). Take θ such that tθ = t
and take xα1 and x3α1+2α2 as root vectors for the simple roots of k. Then x3α1+α2

is a highest weight vector in p.

Fix a basis e1, e2 of V and a basis e′1, e
′
2 of W . We have k = sl(V )⊕ sl(W ). We can

identify x3α1+α2 = (e1)3 ⊗ e′1 in p =
(
S3V

)
⊗W .

12.1. (1; 1).
{x3α1+α2

, h3α1+α2
, y3α1+α2

}
We can take e = (e1)3 ⊗ e′1. We have l = kh ∼= gl(1)⊕ gl(1) and ke = le + n, where
le ∼= (gl(1)).

12.2. (1; 3).
{x2α1+α2

, h2α1+α2
, y2α1+α2

}
We can take e = (e1)2e2 ⊗ e′1. We have l = kh ∼= gl(1) ⊕ gl(1) and ke = le + m,
where le ∼= (gl(1)) and m is the le-complement in n of the 1-dimensional l-module
k(1) ∩ sl(V ).

Appendix B. Tables of spherical nilpotent K-orbits in p in the
exceptional cases

Here we denote by α1, . . . , αn, α
′
1, . . . , α

′
n′ , . . . the simple roots of K, enumerated

as in Bourbaki, and by ω1, . . . , ωn, ω
′
1, . . . , ω

′
n′ , . . . the corresponding fundamental

weights. Recall that, when the symmetric pair (G,K) is of Hermitian type, we
denote by χ the central character of K on p+ (see Section 3).

For every spherical nilpotent orbit Ke in p, we report the Kostant-Dynkin diagram
and the height of Ge (columns 2 and 3), the Kostant-Dynkin diagram and the p-
height of Ke (columns 4 and 5), the Luna diagram and the set of spherical roots of
the spherical system of Kπ(e) (columns 6 and 7), the normality of Ke (column 8),
the codimension of Ke r Ke in Ke (column 9) and the generators of the weight

semigroup of K̃e (column 10).



Diagram of Ge ht(e) Diagram of Ke htp(e) Diagram of K[e] Spherical roots Ke codim(KerKe) Generators of Γ(K̃e)

1.1 0
1

0000 2 0001 2 q qq q qpppppppppppppppppppp e None + 11 ω4

1.2 1
0

0001 2 0100 2 q qq q qppppppppppppppppppppe eppp p pp p p pp p pp p p pp p pp p2 2α3 + 2α4 + 5 2ω2, ω4

1.3 0
0

0100 3 1001 3 q qq q qppppppppppppppppppppe qe qe qee 2α2, 2α3, α4 + 4 2ω1 + 2ω3, 2ω1 + ω4, 2ω2, ω4

Table 1: G = E6, K = C4 (Real form: E6(6), Cartan notation: E I)

Diagram of Ge ht(e) Diagram of Ke htp(e) Diagram of K[e] Spherical roots Ke codim(KerKe) Generators of Γ(K̃e)

2.1 0
1

0000 2 00100; 1 2 q qq qq qq q qe e None + 11 ω3 + ω′

2.2 1
0

0001 2 10001; 2 2 q qq qq qq q qe eeppp p pp p p pp p pp p p pp p pp p e α2 + 2α3 + α4 + 5 ω3 + ω′, ω1 + ω5 + ω′

2.3 1
0

0001 2 01010; 0 2 q qq qq qq q qe e e e α3 + α′ + 5 ω3 + ω′, ω2 + ω4

2.4 0
0

0100 3 00100; 3 3 q qq qq qq q qe e e eqee e α1 + α5, α2 + α4, α3 + 4 ω3 + ω′, ω1 + ω5 + 2ω′, ω3 + 3ω′, ω2 + ω4 + 4ω′

2.5 0
0

0100 3 10101; 1 3 q qq qq qq q qe e e eqee qee α2 + α4, α3, α
′ + 4 ω3 + ω′, ω2 + ω4, ω1 + ω5 + 2ω′, ω1 + ω3 + ω5 + ω′, ω1 + 2ω3 + ω5

Table 2: G = E6, K = A5 × A1 (Real form: E6(2), Cartan notation: E II)



Diagram of Ge ht(e) Diagram of Ke htp(e) Diagram of Kπ(e) Spherical roots Ke codim(KerKe) Generators of Γ(K̃e)

3.1 0
1

0000 2 0000
1; 0 2 q qq q q

q
��
@@

e
None + 11 ω4 − χ

3.2 0
1

0000 2 0001
0; −2 2 q qq q q

q
��
@@e None + 11 ω5 + χ

3.3 1
0

0001 2 1000
0; 1 2 q qq q q

q
��
@@

e eppp p pp p p pp p pp p p pp p pp p
α2 + 2α3 + 2α4 + α5 + 5 ω4 − χ, ω1 − 2χ

3.4 1
0

0001 2 1000
0; −2 2 q qq q q

q
��
@@

e eppp p pp p p pp p pp p p pp p pp p α2 + 2α3 + α4 + 2α5 + 5 ω5 + χ, ω1 + 2χ

3.5 1
0

0001 2 0001
1; −2 2 q qq q q

q
��
@@

e
e None + 5 ω4 − χ, ω5 + χ

3.6 0
2

0000 4 0200
0; −2 2 q qq q q

q
��
@@

e q
q

��
@@e

e
α3 + α4 + α5 + 5 ω4 − χ, ω5 + χ, ω2

3.7 1
1

0001 4 1101
0; −2 3 q qq q q

q
��
@@

e q q q
q

��
@@

e epppppppppppppppppppp ppppppp ppppppp ppppppp pppppppppppppp ppppppp ppppppp ppppppp q
q

��
@@e

e
α2 + α3 + α4, α3 + α4 + α5 + 2 ω4 − χ, ω5 + χ, ω2, ω1 − 2χ

3.8 1
1

0001 4 1100
1; −3 3 q qq q q

q
��
@@

e q q q
q

��
@@

e epppppppppppppppppppp ppppppp ppppppp ppppppp pppppppppppppp ppppppp ppppppp ppppppp q
q

��
@@e

e
α2 + α3 + α5, α3 + α4 + α5 + 2 ω4 − χ, ω5 + χ, ω2, ω1 + 2χ

3.9 2
0

0002 4 4000
0; −2 2 q qq q q

q
��
@@

e q q q
q

��
@@

e epppppppppppppppppppp ppppppp ppppppp ppppppp pppppppppppppp ppppppp ppppppp pppppppq q q
q

��
@@

e epppppppppppppppppppp ppppppp ppppppp ppppppp pppppppppppppp ppppppp ppppppp ppppppp q
q

��
@@e

e
α2 + α3 + α4, α2 + α3 + α5, α3 + α4 + α5 + 1 ω4 − χ, ω5 + χ, ω2, ω1 − 2χ, ω1 + 2χ

Table 3: G = E6, K = D5 × C∗ (Real form: E6(−14), Cartan notation: E III)

Diagram of Ge ht(e) Diagram of Ke htp(e) Diagram of K[e] Spherical roots Ke codim(KerKe) Generators of Γ(K̃e)

4.1 1
0

0001 2 0001 2 q q q qq qpppppppppp pppppppppp e None + 16 ω4

Table 4: G = E6, K = F4 (Real form: E6(−26), Cartan notation: E IV )



Diagram of Ge ht(e) Diagram of Ke htp(e) Diagram of K[e] Spherical roots Ke codim(KerKe) Generators of Γ(K̃e)

5.1 1
0

00000 2 0001000 2 q qq qq qq qq qq qe None + 17 ω4

5.2 0
0

00010 2 0100010 2 q qq qq qq qq qq qe eeppp p pp p p pp p pp p p pp p pp p α3 + 2α4 + α5 + 9 ω4, ω2 + ω7

5.3 0
0

00002 2 0200000 2 q qq qq qq qq qq qep pp p pp p p pp p pp p p pp p pp p ep pp p pp p p pp p pp p p pp p pp p e α1 + 2α2 + α3, α3 + 2α4 + α5 + 1 ω4, ω2 + ω6, 2ω6

5.4 0
0

00002 2 0000020 2 q qq qq qq qq qq qep pp p pp p p pp p pp p p pp p pp p ep pp p pp p p pp p pp p p pp p pp pe α3 + 2α4 + α5, α5 + 2α6 + α7 + 1 ω4, ω2 + ω6, 2ω2

5.5 0
0

10000 3 1001001 3 q qq qq qq qq qq qe e e e e eqee α2 + α6, α3 + α5, α4 + 6 ω4, ω2 + ω6, ω1 + ω4 + ω7, ω1 + ω3 + ω5 + ω7

5.8 0
1

00001 3 1100100 3 q qq qq qq qq qq qqee qee qee qee qee qee e α1, α2, α3, α4, α5, α6 + 3
ω4, ω2 + ω6, 2ω6, ω1 + ω4 + ω7, ω1 + ω3 + ω5 + ω7, ω3 + ω6 + ω7,
ω2 + ω5 + ω6 + ω7, 2ω3 + 2ω7, ω2 + ω3 + ω5 + 2ω7, 2ω2 + 2ω5 + 2ω7

5.9 0
1

00001 3 0010011 3 q qq qq qq qq qq qqee qee qee qee qee qeee α2, α3, α4, α5, α6, α7 + 3
ω4, ω2 + ω6, 2ω2, ω1 + ω4 + ω7, ω1 + ω3 + ω5 + ω7, ω1 + ω2 + ω5,
ω1 + ω2 + ω3 + ω6, 2ω1 + 2ω5, 2ω1 + ω3 + ω5 + ω6, 2ω1 + 2ω3 + 2ω6

Table 5: G = E7, K = A7 (Real form: E7(7), Cartan notation: E V )

Diagram of Ge ht(e) Diagram of Ke htp(e) Diagram of K[e] Spherical roots Ke codim(KerKe) Generators of Γ(K̃e)

6.1 1
0

00000 2 00001
0; 1 2 q qq qq q q

q
��
@@

qe e None + 17 ω5 + ω′

6.2 0
0

00010 2 01000
0; 2 2 q qq qq q q

q
��
@@

qe eppp p pp p p pp p pp p p pp p pp p e α3 + 2α4 + 2α5 + α6 + 9 ω5 + ω′, ω2 + 2ω′

6.3 0
0

00010 2 00010
0; 0 2 q qq qq q q

q
��
@@

qe e e α5 + α′ + 9 ω5 + ω′, ω4

6.4 0
0

10000 3 00001
0; 3 3 q qq qq q q

q
��
@@

qep pp p pp p p pp p pp p p pp p pp p ep pp p pp p p pp p pp p p pp p pp p qee e α1 + 2α2 + α3, α3 + 2α4 + α6, α5 + 6 ω5 + ω′, ω2 + 2ω′, ω5 + 3ω′, ω4 + 4ω′

6.5 0
0

10000 3 01001
0; 1 3 q qq qq q q

q
��
@@

qe eppp p pp p p pp p pp p p pp p pp p qee qee α3 + 2α4 + α6, α5, α
′ + 6 ω5 + ω′, ω4, ω2 + 2ω′, ω2 + ω5 + ω′, ω2 + 2ω5

Table 6: G = E7, K = D6 × A1 (Real form: E7(−5), Cartan notation: E VI)



Diagram of Ge ht(e) Diagram of Ke htp(e) Diagram of Kπ(e) Spherical roots Ke codim(KerKe) Generators of Γ(K̃e)

7.1 1
0

00000 2 1
0

0000; 0 2 q qq qq qq qq e None + 17 ω6 − χ

7.2 1
0

00000 2 0
0

0001; −2 2 q qq qq qq qqe None + 17 ω1 + χ

7.3 0
0

00010 2 0
0

0001; 0 2 q qq qq qq qqe eppp p pp p p pp p pp p p pp p pp p α2 + α3 + 2α4 + 2α5 + 2α6 + 9 ω6 − χ, ω1 − 2χ

7.4 0
0

00010 2 1
0

0000; −2 2 q qq qq qq qqep pp p pp p p pp p pp p p pp p pp p e 2α1 + α2 + 2α3 + 2α4 + α5 + 9 ω1 + χ, ω6 + 2χ

7.5 0
0

00010 2 1
0

0001; −2 2 q qq qq qq qqe e None + 9 ω1 + χ, ω6 − χ

7.6 0
0

00002 2 0
0

0000; 2 2 q qq qq qq qqep pp p pp p p pp p pp p p pp p pp p ep pp p pp p p pp p pp p p pp p pp p 2α1 + α2 + 2α3 + 2α4 + α5,
α2 + α3 + 2α4 + 2α5 + 2α6

+ 1 ω6 − χ, ω1 − 2χ, −3χ

7.7 0
0

00002 2 0
0

0000; −2 2 q qq qq qq qqep pp p pp p p pp p pp p p pp p pp p ep pp p pp p p pp p pp p p pp p pp p 2α1 + α2 + 2α3 + 2α4 + α5,
α2 + α3 + 2α4 + 2α5 + 2α6

+ 1 ω1 + χ, ω6 + 2χ, 3χ

7.8 0
0

00002 2 0
0

0002; −2 2 q qq qq qq qqe eppp p pp p p pp p pp p p pp p pp p α2 + α3 + 2α4 + 2α5 + 2α6 + 1 ω1 + χ, ω6 − χ, ω1 − 2χ

7.9 0
0

00002 2 2
0

0000; −2 2 q qq qq qq qqep pp p pp p p pp p pp p p pp p pp p e 2α1 + α2 + 2α3 + 2α4 + α5 + 1 ω1 + χ, ω6 − χ, ω6 + 2χ

7.10 2
0

00000 4 0
2

0000; −2 2 q qq qq qq qqq qq qq qq qe epppppppppppppppppppp ppppppp ppppppp ppppppp ppppppp ppppppp ppppppp ppppppp ppppppp ppppppp ppppppp ppppppp ppppppp ppppppp ppppppp ppppppp ppppppp ppppppp ppppppp ppppppp ppppppp pppppppppppppp ppppppp ppppppp ppppppp ppppppp ppppppp ppppppp ppppppp ppppppp ppppppp ppppppp ppppppp ppppppp ppppppp ppppppp ppppppp ppppppp ppppppp ppppppp ppppppp ppppppp ppppppp pppppppppppppe α1 + α3 + α4 + α5 + α6 + 7 ω1 + χ, ω6 − χ, ω2

7.11 1
0

00010 4 0
1

0010; −2 3 q qq qq qq qqq qq qq qe epppppppppppppppppppp ppppppp ppppppp ppppppp ppppppp ppppppp ppppppp ppppppp ppppppp ppppppp ppppppp ppppppp ppppppp ppppppp ppppppp pppppppppppppp ppppppp ppppppp ppppppp ppppppp ppppppp ppppppp ppppppp ppppppp ppppppp ppppppp ppppppp ppppppp ppppppp ppppppp ppppppp ppppppppppppp ee ppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppp pppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppp ppppppp ppppppp pppppppppppppppppppppppppppppppppppqee α1, α2 + α4 + α5 + α6, α3 + α4 + α5 + α6 + 5 ω6 − χ, ω1 + χ, ω2, ω1 − 2χ, ω2 − χ

7.12 1
0

00010 4 0
1

1000; −3 3 q qq qq qq qqq qq qq qe epppppppppppppppppppp ppppppp ppppppp ppppppp ppppppp ppppppp ppppppp ppppppp ppppppp ppppppp ppppppp ppppppp ppppppp ppppppp ppppppp pppppppppppppp ppppppp ppppppp ppppppp ppppppp ppppppp ppppppp ppppppp ppppppp ppppppp ppppppp ppppppp ppppppp ppppppp ppppppp ppppppp pppppppppppppe epppppppppppppppppppp ppppppp ppppppp ppppppp ppppppp ppppppp ppppppp ppppppp ppppppp pppppppppppppp ppppppp ppppppp ppppppp ppppppp ppppppp ppppppp ppppppp ppppppp ppppppp pppppppppppppppppppppppppppppppppppppppppppppppp ppppppp ppppppp ppppppp qee α1 + α2 + α3 + α4, α1 + α3 + α4 + α5, α6 + 5 ω1 + χ, ω6 − χ, ω2, ω6 + 2χ, ω5 + χ

Table 7: G = E7, K = E6 × C× (Real form: E7(−25), Cartan notation: E VII)



Diagram of Ge ht(e) Diagram of Ke htp(e) Diagram of K[e] Spherical roots Ke codim(KerKe) Generators of Γ(K̃e)

8.1 0
0

000001 2 0000001
0 2 q qq qq qq qq q q

q
��
@@

e
None + 29 ω7

8.2 1
0

000000 2 0001000
0 2 q qq qq qq qq q q

q
��
@@

e eppp p pp p p pp p pp p p pp p pp p
α5 + 2α6 + 2α7 + α8 + 17 ω7, ω4

8.3 0
0

000010 3 0100001
0 3 q qq qq qq qq q q

q
��
@@

e eppp p pp p p pp p pp p p pp p pp p ep pp p pp p p pp p pp p p pp p pp p qee
α3 + 2α4 + α5, α5 + 2α6 + α8, α7 + 10 ω7, ω4, ω2 + ω7, ω2 + ω6

8.6 0
1

000000 3 1000100
0 3 q qq qq qq qq q q

q
��
@@

e qee qee qee qee qee qee
qee

α2, α3, α4, α5, α6, α7, α8 + 8
ω7, ω4, ω2 + ω7, ω1 + ω5, ω2 + ω6,

ω1 + ω4 + ω8, ω1 + ω3 + ω6, ω1 + ω3 + ω5 + ω8

Table 8: G = E8, K = D8 (Real form: E8(8), Cartan notation: E VIII)

Diagram of Ge ht(e) Diagram of Ke htp(e) Diagram of K[e] Spherical roots Ke codim(KerKe) Generators of Γ(K̃e)

9.1 0
0

000001 2 0
0

00001; 1 2 q qq qq qq qq qq qe e None + 29 ω7 + ω′

9.2 1
0

000000 2 1
0

00000; 2 2 q qq qq qq qq qq qe eppp p pp p p pp p pp p p pp p pp p e α2 + α3 + 2α4 + 2α5 + 2α6 + 2α7 + 17 ω7 + ω′, ω1 + 2ω′

9.3 1
0

000000 2 0
0

00010; 0 2 q qq qq qq qq qq qe e e α7 + α′ + 17 ω7 + ω′, ω6

9.4 0
0

000010 3 0
0

00001; 3 3 q qq qq qq qq qq qep pp p pp p p pp p pp p p pp p pp p ep pp p pp p p pp p pp p p pp p pp p qee e 2α1 + α2 + 2α3 + 2α4 + α5,
α2 + α3 + 2α4 + 2α5 + 2α6, α7

+ 10 ω7 + ω′, ω1 + 2ω′, ω7 + 3ω′, ω6 + 4ω′

9.5 0
0

000010 3 1
0

00001; 1 3 q qq qq qq qq qq qe eppp p pp p p pp p pp p p pp p pp p qee qee α2 + α3 + 2α4 + 2α5 + 2α6, α7, α
′ + 10 ω7 + ω′, ω6, ω1 + 2ω′, ω1 + ω7 + ω′, ω1 + 2ω7

Table 9: G = E8, K = E7 × A1 (Real form: E8(−24), Cartan notation: E IX)



Diagram of Ge ht(e) Diagram of Ke htp(e) Diagram of K[e] Spherical roots Ke codim(KerKe) Generators of Γ(K̃e)

10.1 1000 2 001; 1 2 q q qpppppppppppppppppppp qe e None + 8 ω3 + ω′

10.2 0001 2 100; 2 2 q q qpppppppppppppppppppp qe eppp p pp p p pp p pp p p pp p pp p2 e 2α2 + 2α3 + 3 ω3 + ω′, 2ω1 + 2ω′

10.3 0001 2 010; 0 2 q q qpppppppppppppppppppp qe e e α3 + α′ + 3 ω3 + ω′, 2ω2

10.4 0100 3 001; 3 3 q q qpppppppppppppppppppp qqe qe qee e 2α1, 2α2, α3 + 3 ω3 + ω′, 2ω1 + 2ω′, ω3 + 3ω′, 2ω2 + 4ω′

10.5 0100 3 101; 1 3 q q qpppppppppppppppppppp qe qe qee qee 2α2, α3, α4 + 3 ω3 + ω′, 2ω2, 2ω1 + 2ω′, 2ω1 + ω3 + ω′, 2ω1 + 2ω3

Table 10: G = F4, K = C3 × A1 (Real form: F4(4), Cartan notation: F I)

Diagram of Ge ht(e) Diagram of Ke htp(e) Diagram of K[e] Spherical roots Ke codim(KerKe) Generators of Γ(K̃e)

11.1 0001 2 0001 2 q qq qq qpppppppppp pppppppppp e None + 11 ω4

11.2 0002 4 4000 2 q qq qq qpppppppppp ppppppppppe eppp p pp p p pp p pp p p pp p pp p α2 + 2α3 + 3α4 + 4 ω4, ω1

Table 11: G = F4, K = B4 (Real form: F4(−20), Cartan notation: F II)

Diagram of Ge ht(e) Diagram of Ke htp(e) Diagram of K[e] Spherical roots Ke codim(KerKe) Generators of Γ(K̃e)

12.1 01 2 1; 1 2 q qe e None + 3 3ω + ω′

12.2 10 3 1; 3 3 qee qe α – 1 3ω + ω′, ω + ω′

Table 12: G = G2, K = A1 × A1 (Real form: G2(2), Cartan notation: GI)
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