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RESEARCH ARTICLE

Uniqueness and decay in local thermal non-equilibrium double
porosity thermoelasticity

Franca Franchi! | Barbara Lazzari*! | Roberta Nibbi! | Brian Straughan?
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>Department of Mathematical Sciences, This paper studies a model for thermoelasticity where the body has a double poros-

Durham University, UK, DH1 3LE ity structure. There are the usual pores associated to a porous body, herein called
macro pores. In addition, the solid skeleton contains cracks or fissures which give
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#B. Lazzari,Dipartimento di Matematica, rise to a micro porosity. The fully anisotropic situation is analyzed. We firstly estab-
Piazza di porta San Donato 5, 40126 Bologna lish uniqueness of a solution to the boundary-initial value problem when the elastic
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coefficients are sign-indefinite and are required to satisfy only major symmetry. Fur-

thermore, in the quasi-equilibrium case, where the solid acceleration is neglected, we
demonstrate that a solution to the boundary-initial value problem with zero bound-
ary conditions will decay to zero in a certain sense, under the assumption that there

are no sources and external body force involved.
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1 | INTRODUCTION

Driven by the many real life applications, elastic materials with a double porosity structure have become the subject of intensive
current research.

A double porosity elastic material is a solid which contains pores on a macro scale and pores on a much smaller scale.
These are referred to as macro pores and micro pores, respectively. There are many application areas and these are detailed in
Straughan'!, but to give an idea of the vastness we mention oil recovery, Olusola et al.?; hydraulic fracturing for gas, Kim and
Moridis?; bone recovery and bone replacement, Svanadze and Scalia®,

In this article we focus on an anisotropic theory for a double porosity elastic material under the effect of local thermal non-
equilibrium, cf. Svanadze®. Local thermal non-equilibrium is where the solid and the fluid in a porous body may have different
temperatures. In studies of fluid motion in a fixed porous body this concept was introduced by Nield® and striking differences
have been observed by comparison with the single temperature theory, see e.g. Rees et al.”, see also Straughan®.

The basic double porosity theory we use is based on a single temperature model developed extensively by Svanadze” 1%,
Ciarletta et al.'ll Svanadze and Scalia, Scarpetta and Svanadze''#, and within the local thermal non-equilibrium isotropic
theory developed and used in Svanadze®. Thermal effects in porous elastic material are very important since cracking may
occur due to thermally induced stress, see e.g. Siratovich et al.. Thermally induced cracking in a porous elastic body is thus
intimately connected to a double porosity theory.

In the first part of the paper we establish uniqueness of a solution without requiring any sign-definiteness of the elastic
coefficients. We require only symmetry of elasticities. This is important since, for example, Xinchun and Lakes'# and Ha et al.'>
have demonstrated that many materials have negative Poisson ratio. In fact, recent studies have abandoned positive-definiteness
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of the elastic coefficients in favour of the weaker condition of strong ellipticity, see e.g. Xinchun and Lakes"¥, Chiritd and
Ciarletta'®, Chiritd et al.'”, Chiritd and Danescu'®, Chiritd and Ghiba'®. Thus, for an anisotropic body use of only the major
symmetry is important.

In the quasi-equilibrium case where the solid acceleration is absent, see e.g. Scarpetta and Svanadze', the decay in time in a
certain sense is established for a solution of the double porosity local thermal non-equilibrium problem, under the assumption
that there are no sources and external body force involved.

2 | THE GOVERNING EQUATIONS

The porous elastic body consists of a solid elastic skeleton, macro pores, and micro pores in the skeleton. The temperature is
allowed to be different in the skeleton, in the fluid in the macro pores and in the fluid in the micro pores. The relevant variables
are the elastic displacement, u;, the pressure in the macro pores, p, the pressure in the micro pores, g, the temperature in the
solid skeleton, 6,, the temperature of the fluid in the macro pores, 6,, and the temperature of the fluid in the micro pores, 6;.
Each variable is a function of x and 7 and the elastic body occupies a bounded domain Q C R?, which has boundary sufficiently
smooth to allow application of the divergence theorem.

The basic equations for a double porosity thermoelastic body in local thermal non-equilibrium are derived in the isotropic
case by Svanadze®. We here generalize this and present the fully anisotropic system of equations, namely

pii; = (aijhkuh,k>,j - (ﬁijp),j - (J/qu),j
- (“5,1-)91> o~ (aﬁf-)(’z) o~ (“5?3%) ot
J J J
ap = (kijp,j)yi =By —v(p—q +ps;,
(

Bq = mijq,j)’l-_yijuj,j+y(p_q)+pS27 )
a0, = <Kij91'j> - a,(})ui,,- —d, (0, = 0)) —dy(0, = 03) + pry,
arly = (,0y,) =iy, +dy (0, = 0y) = dy(6, = 6:) + pry,

asy = (my03,) = ait, +dy(0; = 05) + da(6) = 0) + prs

where a superposed dot denotes 0/0t, standard indicial notation is employed with ; denoting 0/0x;, and f;, s, 5,, 1y, r, 3 are
the body force, sources for the pressure and externally supplied heat sources, respectively. The coefficients may all depend on
x, with p > 0 being the density of the solid elastic skeleton and also a, f, v, d,. d,, d5, a;, a, and a; are positive. The tensors
b i Vijs agjl.), agjz.), ag) are all symmetric. Likewise the coefficients k; s My Kijs @ and 7, ; are all symmetric tensors.
Equations (1) hold on Q X (0, T'] for some T' < co. The boundary of  is denoted by I" and on I" the conditions are
w=hx0, p=p’xn, q=4"x1, °
0, =0(x,1), 6,=a,x,1), 60;=mx,1),
holding on I" X [0, T'], where A, pE, 4%, @, a,, ay are prescribed functions. In addition, the following initial conditions hold
u;(x,0) = v,(x), u;(x,0) = w;(x),
p(x,0) = P(x), q(x,0) = 0(x), 3)
0,(x,0) =0,(x), 6,(x,0)=0,(x), 65x,0)=05x),
with x € Q and for given functions v;,, w;, P, Q and ®,, ¢ = 1,2,3.
The boundary-initial value problem given by (I)—(3) is denoted by P.

3 | UNIQUENESS

In this section we require the elastic coefficients to satisfy the symmetries

Aijnk = Qjink = Cpkij > “)
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although we stress that no definiteness is required, and we require that k;;, m;;, k;;, w;; and z;; are semi-positive-definite.

To establish uniqueness we let (u , p q°,07,05,0%), k = 1,2 be two solut10ns to P Wthh satisfy @ and @ for the same
boundary and initial functions h;, B, q® ,ap, 0y, a3, U;, W;, P, 0, 0, 0,, 05, and which satisfy ( . for the same body force f;
and for the same source terms s, s,, r;, I, 3. Define the difference solution A = (u;, p, q,0,, 0,, 65) by

w=u—u, p=p' -p, q=q"-¢*,
0,=0/-07, 0,=0,—-65, 0;=0,-0;.
By subtraction one verifies that A satisfies the equations

pi; = (“ijhk”h,k) (ﬂup) (?’u‘q),,-

1 2 3
- <a§j)‘91),, - (a§j>92> - (“Ej)‘%),j ;

ap = (kijp,j)’[ 11 11 y(p Q)

ﬂq:(mijq,j)’i_yijuij+7/(p_q), 5)
a0, = <K,.j91v/) = ai = dy(0, - 0,) ~ dx(6, - 03).
0,6, = <a),.j02./> =i +dy(0) — 0,) — dy(0, = 0y).

a3 = <7r,.j93‘l) =iy + d(0, = 03) + da(0; = 03).
in Q X (0, T], together with the homogeneous boun(’lary conditions
u,=0, p=0, ¢g=0,
6,=0, 6,=0, 0;=0,
onI" X [0, T], and the homogeneous initial conditions
u(x,00=0, #;,(x,00=0
px,0)=0, q(x,0) =0, (N
0,x,00=0, 6,(x,00=0, 6;x,00=0

(6)

forx € Q.
The uniqueness proof proceeds by a logarithmic convexity argument.
We firstly define the variables 5(x, 1), {(X, 1), (X, 1), w(X, 1), £(X, t) by

t

n—/p(x s)ds, (= /q(x s)ds,

t t

¢ = /9 (x,8)ds, wz/ez(x,s)ds, §=/93(x,s)ds.

0 0
In terms of the variables 7, ¢, ¢, y and & we may integrate (5),_¢ to derive the equations

ap=(k,»jf1,,»),i i — v =0),

( y,,u,,+y(n ),

a191=(f<,«,»¢,j L —di(@—w) - dy(p -9, )
(@), —a% (b —w)—dy(w - &),

( - E?u,»,,-+d3<w—5>+d2<¢—:>.

We denote by < - > integration over Q, e.g.

<f>=/fdx.
Q
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Then define the functional F by

t t

F(t) =< puu; > +/ < k,-jﬂ,j’?,,— >ds +/ < m,-jé’,jéjj >ds

0 0
t t

+/<7(’7_€)2>ds+/<Kij¢,j¢,i>ds

0 0
t t
+/ <o yyp,;>ds +/ <m;€;6; > ds 9)
0 0

t t

-ﬁ/<d¢¢—wf>dyﬁ/<dg¢—@2>m

0 0
t

+/<d3(y/—§)2>ds.
0

Differentiate F to obtain
t t

F'(t) =2 < pu,u; > +2/ <k;n;p; >ds +2/ <m€;q; > ds

0 0
t t

+2/<y(n—C)(p—q)>dS+2/ <k ;0 >ds

0 0
. . (10)
+2/ <a)ijw,j92’,» >ds+2/ <”ijé,193,,» >ds
0 0

t t t

+2/ <d(}p—w)O, -0, > ds+2/ <d,(¢p—&)6, —6;) > ds+2/ <d;(y — &), —03) > ds.
0 0 0
After a further differentiation one finds

F"(t) =2 < pui; > 42 < pugii; > +2 < kinp; > +2 <m;¢ q,; >
+2<ym—-Op—q) > +2< K0, > +2 < w0, >
+2< 7603 > +2<d(p—-w)O, -6, >
+2<dy(p—E)0, —03) > +2 < ds(w — )0, —03) > .

The next step is to multiply equation (3); by u; and integrate over Q. Then multiply each of equations (8), to (8)s by p, ¢, 6,
0, and 65, in turn, and integrate each over € with integration by parts and use of the homogeneous boundary conditions. The
resulting six equations are added to yield the following equation

an

< pull; >+ <kjnp; >+ <mygiq; >+ <k 0 >
<wuy ) >+ <780, >+ <yn-0p-q >
+<di(@—yw)O, =0, >+ < d;(w =)0, —05) >

12)
+ <dy(¢p— 50, —03) >
== < plppl;; > — < ap2 >—< ﬁq2 >
- <07 > —<ay0; > —<ab; > .
We now use equation to substitute for the last ten terms in to find
F'"(1) =2 < piit; > =2 < @ttt ; > =2 < ap” > =2 < pq® > 13)

2 2 2
—2<a0]>-2<ay0; > -2<a30;> .
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The next stage involves the energy equation for (3)—(7). Define the energy as
1 . 1 1 1
E®) :z < pu;u; > +§ < @il U g > +§ < ap2 > +§ < ﬁq2 > "

+%<a1912>+%<a29§>+%<a39§>.

To obtain the energy equation, one multiplies @)1 by i;, @)2_6 by p, q. 8, 8, and 605, respectively, and integrates each over Q.
Integration by parts, taking into account the homogeneous boundary conditions, and then integrating in time, readily yields
t t t

E(t)+/ <k,-jp’jp,i>ds+/<m,jq’jq,i>ds+/ <y(p—q)° >ds

0 0 0
t t t

+/ <K;;0,,0,, > ds +/ <w;0, 0, >ds +/ <m0 05 >ds (15)

0 0 0
t t t

+/ <d(0, -0, >ds +/ <d,(0, — 0;)* > ds +/ < dy(0, — 65)* > ds = E(0).
0 0 0
From (7) it follows that E(0) = 0.
Substitute in (T3] for the last six terms using (T4) and (I3) to see that
F(1) =4 < pgit, > —4E(f)
t t
=4 < puu; > +4/ < k,-jp’jp,i >ds +4/ <my;q;q; > ds

0 0
t

+4/ < K,.jelyjely,_ >ds

0
t t

+4/ <a)ij92j021 >ds+4/ <7[ij93,-03,- >ds (10
0 o 0 o
t t
+4/ <y(p—q)?*> ds+4/ <d (0, —0,)*>ds
0 0
1 t
+4/ < dy(6, — 65 > ds+4/ < dy(0, — 605" > ds.
0 0
We now utilize (16}, (9) and to form the combination FF" — (F")? to see that
FF" —(F')» =48>0, (17)

where 2, which is non-negative due to the Cauchy-Schwarz inequality, is given by

S?=AB-C?,
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where the terms A, B and C have form
t t

A =< puu; > +/ < kijnvjn!,- > ds+/ <m,-jéjvj§’,i > ds

0 0
t t t

+/<Kij¢’j¢,i>ds+/ <a),<jq/,jq/’i>ds+/<7rij§j§’i>ds
0 0 0
t t t t

+/<y(n—§)2>ds+/<d1(¢—u/)2>ds+/<d2(u/—§)2>ds+/<d3(¢—§)2>ds,
0 0 0 0

t t

B = < puu; > +/ < k,-jp’jp’l- > ds+/ <m;;q;q;> ds

0 0
t t t

+/<K,-j491/_91, >ds+/<w,-j02]02i >ds+/<7r,-j93j03i >ds
0 0 0
t t

+/<y(p—q)2>ds+/<d1(01—92)2>ds

0 0
t t

+/<d2(91—93)2>ds+/<d3(02—93)2>ds,

0 0
t t

C=<puiui>+/ <k,.j;1,jpy,‘>ds+/ <m,-j§jq’,->ds

0 0
t t t

+/<K,-jq§,jt91 >ds+/<a),»j1//,j02i >ds+/<7r[j§’j63’ >ds
0 0 0
t t

+/<7(n—C)(p—q)>ds+/<d1(¢—w)(01—02)>ds

0 0
t t

+/ < d,(¢p—&)0, —6;) > ds +/ <d;(y —&)(0, —6;) > ds.
0 0
From (17)) one now deduces F = O on [0, T], see e.g. Straughan'L, chapter 1. Roughly, one divides by F? to find (log F)" > 0,
but care has to be taken since F(0) = 0. One has to use a contradiction argument involving F(€), and then let ¢ — 0. Since
F = 0 it follows from @) that u; = 0. Next, we appeal to the energy equation using , to conclude also that

p=0, ¢=0, 6,=0, 0,=0, 0;=0,

on Q X [0, T'] and uniqueness follows, with only the symmetry conditions (4)) on the elastic coefficients.

4 | DECAY

In double porosity elasticity theory several writers argue that for many applications one may dispense with the acceleration
term in equation 1, see e.g. Scarpetta and Svanadze® and the references therein. In this case the system is referred to as a
quasi-equilibrium system, cf. Scarpetta and Svanadze'l?, Svanadze®.

In this section we analyze the quasi-equilibrium version of equations () with zero source terms, and so omit the pii; term.
The boundary conditions adopted are those of (6]), while the initial conditions are (3)). The boundary-initial value problem thus
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defined is denoted by M. We retain the symmetries of qZI_?I) but now we require a;;, to be positive definite, i.e.

ljhkghkglj 2 aofu ijo (18)

for all ¢, o where a, > 0 is a constant. In addition we impose the (realistic) bounds on the coefficients,

OO D) e B G
Bybiy> vivy. . @y ayeys apay <M, (19)

for some constant M, where (19) hold Vx € Q.
Furthermore, for positive constants «y, fy, 4,, 4,, 43, &y, By, d,, a5, ds, k;, m, k;, o, 7, we require

Q’QSGS&(), ﬂoSﬂSﬂo, ﬁlsalsﬁl, ézsazﬁdz, 63SG3S&37 (20)
and
kljgjg > kl'gz i 1] j > m&;€;, lj J > K€€, (21)
a)lj j >w]£I£l’ 1] j >7[1£l i

Vx € Q and for all ;.
We shall establish that a solution to M decays to zero in an appropriate manner. To do this we commence by multiplying the
quasi-equilibrium version of (5), by u; and then integrate over Q and use the homogeneous boundary conditions to derive

< aljhkuh ku >=< ﬁljpul/ >+ < Yt/qu

(22)
+ < aﬁj.)el >+ < a(2)0 ;> +< a(3)0

We next employ the Cauchy-Schwarz and arithmetic-geometric mean mequahtles on the terms on the right of (22)). After, using
the bounds (T9) and (20) one may readily deduce the inequality

1 x

3 < Guntintty; >S C [<ap? >+ < pg*>+<a,0> >+ <a,02 >+ <a02 >| , (23)
where SME

cr =22
2d;a,
with . 5
a3
K=-— + LyB 4B,

bo 4 &
The next step is to multiply the quasi-equilibrium version of (3, by #; and integrate over €, and then multiply (3),—(5)s by p,
q, 0,, 6, and 65, respectively, and integrate each over 2. Denote by E, and E, the expressions

1
E, == <a;plp s >

2
E=l<a2>+l<ﬂ2>+l<a92>+1<a02>+1<a02>
4T SO TSP 2Ty S G 2 Ty S @ 2Ty S B0 2

corresponding to the elastic energy and to the (thermo-bidispersive) dissipative term. By adopting the procedure above one may

show
d

T (E.+E;) =—-f@®), (24)

where
fF@O) =<kyp;p;>+<myq;q;,>+< K--01 6’1 >
+ < @0, 0, >+<m;6; 05 >+<y(p-q’> (25)
+<d(0, = 0,)* >+ < dy(6), — 05)* > + < ds(0, — 05)* >
Upon integration, we see from (24) with E = E, + E,

0<E@®)=EQ) - / f(s)ds. (26)
0
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Next, using Poincaré’s inequality together with (ZI)) and the definition of E, from (26) we may deduce

E,;®) SE(t)=E(0)—/f(S)dS
0

. (27)
<E(0) - 4, / (ky < P*(s) > +my < ¢*(s) > +K; < 03(s) > + < @) < 05(s) > + < 7 < 03(s) >) ds,
0
A, being the first eigenvalue in the membrane problem for Q.
Therefore, using the upper bounds of (20), we may obtain
t
k, ) my ) K ’ o} 5 | »
E, (1) < EQ) — 4 — <ap™(s) > +— < fq°(s) > +— < a,0{(s) > +— < a,0;5(s) > +— < az05(s) > ) ds
oy Bo a; ap as
' (28)
< EQ) - k/ E,(s)ds,
0
where
. ky my k o m
k=2/11 mmns —,—,—,—, — .
@ Py a ay a5
We integrate with the aid of an integrating factor to find
t
EO
/Ed(s)ds < %) (1—e™), Vvi>0,
0
$O -
EQ©
/ E,(s)ds < % (29)
0
However, from inequality (23)) we see that
E
~ <E,.
2C*
Hence, from (29) we may show
/ E(s)ds < & +kZC E(0). (30)
0
Therefore, E(t) € L'(0, o) and from E'(f) <0, Vt > 0. Thus,
lim E(¢) =0. (31
=0

Relation (31)) shows that the solution to M decays to zero in time in the measure E(f).

S | CONCLUSIONS

In this paper we have introduced a set of partial differential equations to model the evolutionary behaviour of an anisotropic
elastic body which contains a double porosity structure under conditions of local thermal non-equilibrium. We have proved that
a solution to the displacement boundary initial value problem is unique under the weak requirement of symmetry of the elastic
coefficients. In addition, we have demonstrated that the solution to the equivalent problem for a quasi-equilibrium theory decays
to zero in time in a precise sense, when there are no sources and external body force involved.

It is still an open problem to know the rate of decay, even in the quasi-equilibrium theory. It would also be very interesting
to know properties of decay for the full theory along the lines of analogous results for classical linear thermoelasticity by
Dafermos? and Lebeau and Zuazua?!. Given that the decay rate even for thermoelasticity may be polynomial or exponential

depending on the geometry, it is natural to expect something similar in the present more complicated model. In fact, in equation
(s)

there are two potential sources of damping. One is the analogous one from thermoelasticity involving the f;;, 7;;. a;;
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s = 1,2,3, terms. However, a second source of damping could arise from the interaction terms between the macro and micro
pressures, the terms involving y, and between the temperatures, the d,, « = 1, 2, 3, terms. Since the y terms involve the difference

p_

g, and d,, terms involve 6, — 6, this has some resemblance to the situation for a mixture of two elastic solids where the
22

dissipation involves the difference of velocities, a problem resolved by Dafermos'“<.
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