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Optimal designs for multi-arm exponential trials
Disegni ottimi per prove cliniche a risposte esponenziali

Rosamarie Frieri and Marco Novelli

Abstract Most of the randomized clinical trials for treatment comparisons have
been designed to obtain a balanced allocation among the treatments. This is mostly
due to the so-called universal optimality of balance. However, with several treat-
ments the balanced allocation may not be efficient and could be strongly ethically
inappropriate, in particular for phase III-trials. In [3], taking into account the ex-
ponential model, the target allocation maximizing the power of Wald test under a
suitable ethical constraint has been derived. In this paper, we further explore the
operating characteristics of such allocation through a comparison with other targets
proposed in the literature, showing that the constrained optimal target exhibits good
performances in terms of inferential precision and ethical demands.
Abstract La maggior parte degli studi clinici randomizzati per il confronto tra
trattamenti sono stati disegnati per ottenere un’allocazione bilanciata tra i gruppi.
Questo è dovuto principalmente alla cosiddetta ottimalità universale del bilancia-
mento. Tuttavia, in presenza di molti trattamenti, l’allocazione bilanciata potrebbe
risultare inefficiente e fortemente non etica, in particolare nelle prove cliniche di
Fase III. In [3], considerando risposte esponenziali, è stata derivata l’allocazione
ottimale che massimizza la potenza del test di Wald basato sui contrasti, sotto un ap-
propriato vincolo etico. In questo articolo, verranno approfondite le caratteristiche
operative di tale allocazione anche attraverso un confronto con le altre allocazioni
proposte in letteratura, allo scopo di valutare la sua efficienza rispetto a criteri di
natura sia etica che inferenziale.
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2 Rosamarie Frieri and Marco Novelli

1 Introduction

In randomized clinical trials two competing goals, i.e. individual vs. collective
ethics, have to be balanced. Indeed, the need to allocate more patients to the best
available treatment (individual ethics) usually conflicts with the rigourous pursuit
of scientific knowledge obtained with high inferential precision (collective ethics).
So far, the vast majority of randomized clinical trials have been designed to achieve a
balanced allocation among treatment groups, thanks to the optimal properties of bal-
ance especially in terms of estimation accuracy (see [6]). However, adopting equal
allocation in the presence of several treatments could be neither efficient - since it
is different from the optimal design for hypothesis testing (see [2, 3]) - nor ethical,
especially in the context of phase-III trials, where the need to care for the well-
being of the subjects involved in the trial is of primary importance. To overcome
this trade-off, target allocations depending on a metric that accounts for treatment
effects and/or their variabilities have been proposed, in order to obtain a valid com-
promise between ethical demand and inferential precision (see [1, 5]). Generally,
these allocations depend on the unknown model parameters and can be targeted by
suitable response adaptive randomization procedures, namely sequential allocation
rules that, making use of the information accrued along the trial, change the as-
signment probabilities at each step in order to skew allocations toward the superior
treatment. Recently, taking into account the problem of testing statistical hypothesis
in normal homoscedastic trials, Baldi Antognini et. al. in [2] proposed an optimal
target which maximizes the power of the Wald test of homogeneity, subject to an
ethical constraint reflecting the effectiveness of the treatments. Moreover, Frieri and
Zagoraiou in [3] derived a constrained target for exponential outcomes that are par-
ticularly relevant for oncological trials with survival endpoints. In this paper, we
explore in depth the operating characteristic of the allocation derived in [3] through
a comparison with other targets proposed in the literature. Our results show that the
constrained optimal target guarantees very good performance in terms of statistical
power, estimation precision, and ethical demands.

2 Framework and notation

In this work, clinical trials in which each subject is sequentially allocated to one
of K ≥ 2 available treatments are considered. Let δk j be the treatment assignment
indicator such that δk j = 1 when patients j is assigned to treatment k (k = 1, . . . ,K)
and 0 otherwise, with ∑

K
k=1 δk j = 1. The experimental outcome of the corresponding

patient, Yj, is assumed to be exponentially distributed with E(Yj|δk j = 1) = µk, the
treatment effect, and V (Yj|δk j = 1) = µ2

k its variance. At each stage n, let πππn =
(π1n, . . . ,πKn)

>, with πkn = n−1
∑

n
j=1 δk j and ∑

K
k=1 πkn = 1, be the vector collecting

the treatment assignment proportions up to that point, and µµµ = (µ1, . . . ,µK)
>the

vectors of treatment effects. In what follows, without loss of generality, we adopt
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Optimal designs for multi-arm exponential trials 3

the-larger-the-better scenario, that is an higher response is more desirable for the
patient’s care, and we will work under the non-restrictive assumption that µ1 ≥
µ2 ≥ ·· · ≥ µK , i.e. the best performing treatment is labelled as the first one and the
worst as the Kth one.

Here, the inferential focus is on the treatment contrasts, so letting A> = [1K−1|−
IK−1], where 1p and Ip represent the p-dim vector of ones and the identity matrix,
we denote by µµµc =A>µµµ = (µ1−µ2, . . . ,µ1−µK)

> and µ̂µµcn = (µ̂1n− µ̂2n, . . . , µ̂1n−
µ̂Kn)

> the vector of contrasts wrt the first treatment and their MLEs, respectively.
Under well-known regularity conditions, µ̂µµcn is strongly consistent and asymptot-

ically normal, i.e. µ̂µµcn
a.s.−→ µµµc and

√
n(µ̂µµcn− µµµc)

d−→ N(0K−1,A>M−1A), where
M = M(µµµ|πππ) = diag

(
µ
−2
i πi

)
i=1,...,K is the Fisher information matrix associated

with µµµ . Finally, let us define by ρρρ = (ρ1, . . . ,ρK)
>, with ρk ≥ 0 and ∑

K
k=1 ρk = 1,

the desired target allocation proportion, that can be obtained through suitable opti-
mization problems.

The experimental strategy adopted to obtain the optimal target depends on the
objective of the trial. When the aim is to maximize the inferential precision in the
estimation of the treatment contrasts, Sverdlov and Rosenberger in [7] derived the
trA optimal target by minimizing tr[A>M−1A], i.e.

ρ
A
1 =

µ1
√

K−1
µ1
√

K−1+∑
K
i=2 µi

and ρ
A
k =

µk

µ1
√

K−1+∑
K
i=2 µi

for k = 2, . . . ,K. (1)

It is easy to show that ρA
i ≥ ρA

i+1⇐⇒ µi ≥ µi+1 for i = 1, . . . ,K− 1 so this target,
for exponential outcomes and under the-larger-the-better scenario, is ethical. On the
side of hypothesis testing instead, a typical problem in multi-arm trials is to test the
null-hypothesis of equality of treatment effects, i.e. µµµc = 0K−1, where 0K−1 is the
(K− 1)-dimensional vector of zeros. The target allocation maximizing the power
of the Wald test of homogeneity is ρρρ∗ = (µ1/(µ1 +µK),0, . . . ,0,µK/(µ1 +µK))

>

(see [3]), which is clearly inappropriate for both statistical and ethical reasons. To
avoid empty treatment arms, Zhu and Hu in [9], adopting the same framework in
[8], set an optimization problem in which the power of the test is maximized subject
to a constraint on the lower bound of the minimum number of subject assigned to
each treatment. More specifically, the ensuing target ρρρZ should satisfy ρZ

i ≥ T for
i = 1, . . . ,K, where T ∈ [0,1/K] is selected by the user. The target ρρρZ is available
in closed form (which is not reported here for brevity, see [9]), however, it is only
defined when µ1 = · · · = µs > µs+1 ≥ . . . ≥ µK−g > µK−g+1 = · · · = µK , for some
positive integers s and g such that s+ g < K. Notice that this framework does not
include the configurations of the parameters in which s+g = K, i.e. µ1 = · · ·= µ j >
µ j+1 = · · ·= µK for j = 2, . . . ,K−1.

Finally, Frieri and Zagoraiou in [3], by adopting a multipurpose design method-
ology, derived the optimal allocation maximizing the power of Wald test sub-
ject to an ethical constraint reflecting the efficacy of the treatments. The ensu-
ing constrained optimal target maximizing the non centrality parameter φ(ρρρ) =
n · µ>c [A>M−1A]−1µc of the multivariate Wald test subject to ρi ≥ ρi+1 for i =
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4 Rosamarie Frieri and Marco Novelli

1, . . . ,K−1 is

ρρρ
C =

{
(1− (K−1)x,x, . . . ,x)> if x < K−1,

ρρρB if x≥ K−1,
(2)

where ρρρB is the balanced allocation and

x =
1

µ1
∑

K
k=1

(
1
µk
− 1

µ1

)2

∑
K
k=1

(
1
µk
− 1

µ1

)
∑

K
k=1

(
1

µ2
k
− 1

µ2
1

) .
Note that in the presence of a cluster of superior treatments µ1 = · · · = µs >

µs+1 ≥ . . . ≥ µK−g > µK−g+1 = · · · = µK all targets ρρρC = (ρC
1 , . . . ,ρ

C
s ,x, . . . ,x)

>

such that ∑
s
i=1 ρC

i = 1−(K−s)x and s+g < K are optimal. Instead, when s+g = K
every allocation such that ∑

s
i=1 ρC

i = 1− (K− s)x = µ1/(µ1 +µK) = 1−∑
K
i=s+1 ρC

i
is optimal.

3 Comparisons of optimal allocations for the exponential model

In this section, we compare the statistical performances of the previously in-
troduced designs, that is ρρρA,ρρρB,ρρρC and ρρρZ , in terms of the normalized power,

EP(ρρρ) = φ(ρρρ)/φ(ρρρ∗) and the trA efficiency, EtrA(ρρρ) =
tr[A>M−1(ρρρA)A]

tr[A>M−1(ρρρ)A]
. As a mea-

sure of ethics, we consider the ratio between the total expected outcome and its
maximum value, that is EE(ρρρ) = µ

−1
1 ∑

K
i=1 µiρi. Figure 1 summarizes the operating

characteristics of the targets for µ2 = 10,µ3 = 9 and µ4 = 8, as µ1 varies from 15
to 35. As far as the statistical power is concerned, for values of µ1 close to µ2, ρρρZ

with T = 0.1 shows the highest power efficiency while, as µ1 increases (greater than
25) the best performance in terms of EP(·) is achieved by ρρρC in (2), whose power
is always increasing wrt µ1. Note that, this property is not shared by all the targets.
The ρρρA target in (1), the balanced one and ρρρZ for T = 0.15 and T = 0.2 always
present lower power than ρρρC. In terms of ethical demand, ρρρC outperforms all the
competitors with a gain wrt the second best (ρρρZ , T = 0.1) up to 7%. The ethical
efficiency of ρρρC - as also confirmed by other studies omitted here for brevity - is
slightly decreasing for values of µ1 close to µ2 and tends to increase as µ1 grows.
A similar behaviour is retrieved only for ρρρA, whereas all the remaining targets have
decreasing ethical efficiency as µ1 increases. In terms of estimation precision, the
second best is ρρρZ with T = 0.15 for µ1 < 26, while the same target with T = 0.1
shows a value of EtrA approaching 1 as µ1 grows. The constrained target ρρρC ex-
hibits an estimation efficiency almost constant wrt µ1 with a value always greater
than 0.93. In general, the balanced design shows the lowest efficiency in all the mea-
sures considered, while the performances of ρρρZ strongly depends on the subjective
choice of T .
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Fig. 1 Efficiency measures for ρρρA, ρρρC , ρρρB = (0.25,0.25,0.25,0.25)>, and ρρρZ for T = 0.1,0.15
and 0.2 where µ1 ∈ [15,35],µ2 = 10,µ3 = 9 and µ4 = 8.

In Table 1, we present some examples in which groups of treatments with the
same efficacy are considered . We can notice that ρρρC, which coincides with the bal-
anced design in scenario (a), skews the allocations to the best performing treatment
as the differences between µ1 and the other treatment effects increases. In all the
configurations considered, ρρρC leads to the highest power while keeping the ethical
and the estimation efficiency always greater than 92.3% and 91.5%, respectively.

Scenario µµµ ρρρ EP(ρρρ) EE(ρρρ) EtrA (ρρρ)

(a) (12,12,12,10)>
ρρρA = (0.379,0.219,0.219,0.183)> 0.670 0.970 1
ρρρC = ρρρB 0.818 0.958 0.915
ρρρZ - - -

(b) (12,12,10,10)>
ρρρA = (0.394,0.227,0.189,0.189)> 0.975 0.936 1
ρρρC = (0.318,0.227,0.227,0.227)> 1 0.923 0.969
ρρρB 0.992 0.917 0.898
ρρρZ - - -

(c) (12,10,10,10)>
ρρρA = (0.409,0.197,0.197,0.197)> 0.928 0.902 1
ρρρC = (0.545,0.152,0.152,0.152)> 1 0.925 0.932
ρρρB 0.682 0.875 0.881
ρρρZ - - -

Table 1 Behaviour of ρρρA, ρρρC and ρρρB = (0.25,0.25,0.25,0.25)> in presence of groups of treat-
ments with the same efficacy.
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6 Rosamarie Frieri and Marco Novelli

As discussed in Section 1, it is worth noticing that the target proposed by Zhu
and Hu [9] cannot be computed for some parameters configurations, e.g. scenarios
(a), (b), (c) of Table 1. This drawback can strongly affect its applicability.

Notice also that in clinical trials comparing K > 2 treatments the definition of
ethics is not unequivocally determined and the requirement of being ethical by
skewing more patients to the superior treatment may sometimes be misleading (see
[3]). The structure of the ethical constraint ρi ≥ ρi+1 for i = 1, . . . ,K−1 in ρρρC en-
sures that the target has its components ordered accordingly to the magnitude of
the treatment effects. In general, this property is not shared by the considered tar-
gets: for example the ρρρA allocation in (1) assigns more patients to the reference
treatment, which in our set-up coincides with the best treatment. However, if for ex-
ample we consider µµµ = (10,12,12,12)>, then ρρρA = (0.325,0.225,0.225,0.225)>.
Moreover, if we adopt ρρρZ with T = 0.1 in a configuration close to scenario (a), e.g.
µµµ = (12.1,12,11.9,10)> then the ensuing target is ρρρZ = (0.357,0.1,0.1,0.443)>.
In both examples the highest proportion of patients is receiving the less effective
drug showing that these targets may be inappropriate from an ethical viewpoint.

The results of Figure 1, Table 1 and the discussion above, show that the con-
strained optimal target ρρρC represents a valid trade-off between statistical power,
inferential precision and ethical demand.
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