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ABSTRACT: In the first-quantised worldline approach to quantum field theory, a long-
standing problem has been to extend this formalism to amplitudes involving open fermion
lines while maintaining the efficiency of the well-tested closed-loop case. In the present
series of papers, we develop a suitable formalism for the case of quantum electrodynamics
in vacuum (part one and two) and in a constant external electromagnetic field (part three),
based on second-order fermions and the symbol map. We derive this formalism from
standard field theory, but also give an alternative derivation intrinsic to the worldline
theory. In this first part, we use it to obtain a Bern-Kosower type master formula for the
fermion propagator, dressed with /N photons, in terms of the “/N-photon kernel,” where off-
shell this kernel appears also in “subleading” terms involving only N —1 of the N photons.
Although the parameter integrals generated by the master formula are equivalent to the
usual Feynman diagrams, they are quite different since the use of the inverse symbol map
avoids the appearance of long products of Dirac matrices. As a test we use the N = 2
case for a recalculation of the one-loop fermion self energy, in D dimensions and arbitrary
covariant gauge, reproducing the known result. We find that significant simplification
can be achieved in this calculation by choosing an unusual momentum-dependent gauge
parameter.

KEYWORDS: Scattering Amplitudes, Gauge Symmetry, Superspaces

ARrRX1v EPRINT: 2004.01391

OPEN AcCCESS, (© The Authors.

Asticle funded by SCOAP?. https://doi.org/10.1007/JHEP08(2020)018


mailto:n.ahmadiniaz@hzdr.de
mailto:victor.banda@umich.mx
mailto:bastianelli@bo.infn.it
mailto:olindo.corradini@unimore.it
mailto:jedwards@ifm.umich.mx
mailto:schubert@ifm.umich.mx
https://arxiv.org/abs/2004.01391
https://doi.org/10.1007/JHEP08(2020)018

Contents
1 Introduction

2 The dressed propagator in scalar QED
2.1 Derivation of the scalar master formula
2.2 Off-shell IBP
2.3 The QED Ward identity
2.4 Alternative forms of the master formula

3 Path integral representation of the electron propagator in an Abelian
background field

4 Master formula for the N-photon kernel in x-space

5 Master formula for the N-photon kernel in momentum space
5.1 The master formula
5.2 The master formula for D = 4
5.3 Explicit form of the kernel for D =4 and N =0,1,2

6 Spin-orbit decomposition of the IN-photon kernel

7 The dressed electron propagator in momentum space
7.1 From K to S
7.2 The cases N =0,1,2

8 The fermion self-energy

8.1 Construction of the self energy diagram by sewing
8.2 Special gauge choices
9 Conclusions and outlook
A Conventions
B Intrinsic worldline approach to the electron propagator
C Path-ordered path integrals and symbol map
D Proof of the hypergeometric identity (8.15)

10
10
12
13
14

15

16

18
18
19
20

22

26
26
27

27
28
31

33

34

34

40

41




1 Introduction

Simultaneously with the modern diagrammatic approach to perturbative QED), in the early
fifties Feynman developed a representation of the QED S-matrix in terms of first-quantised
relativistic particle path integrals [1, 2]. For the simplest case, the one-loop effective action
in scalar QED, this representation can be written as

*dT o .
] = [ e [ Dol elistsess, (1.1)
0 P

Here m, e and T denote the mass, charge and proper-time of the loop scalar, and | pDx

the path integral over closed loops in (Euclidean) spacetime with periodicity 7" in the

proper-time (the subscript ‘P’ stands for “periodic”). See appendix A for our conventions.
Similarly, the tree-level scalar propagator in a background field is given by

, o0 ) o(T)=2' T o T1:2,:

D™7[A] = / ar e~ / Dy o= dr[F#+iesAw@)] (1.2)
0 z(0)=z

where the propagation is from x to /. The external field in these formulas can be con-

verted into photons by specialising it to a sum of plane waves with definite momenta and

polarisations,

N
At (z) = el e, (1.3)
=1

Each photon then gets effectively represented by a vertex operator (similar to those that
appear in string perturbation theory)

T
Vical |k, €] = / dre-x(7) gtk (7) , (1.4)
0

integrated along the scalar loop or line, with a coupling constant (—ie) attached. Since in
scalar QED any amplitude can be decomposed into scalar loops and/or lines adorned with
any numbers of external and internal photons,! starting from the formulas (1.1) and (1.2)
one straightforwardly constructs a path integral representation for the full scalar QED
S-matrix [1].

To arrive at the analogous representation of the S-matrix in spinor QED, Feynman
then simply adds on spin by the introduction of a “spin factor” Spin[z(7), A] in the path
integral [2]. For the closed loop case, this spin factor is

e T
Spinfz(7), A] = tr,Pexp [—i4[7“,7”]/0 dr FMV(.’E(T))], (1.5)

where F),, denotes the field strength tensor, tr, the Dirac trace, and P the path-ordering
prescription. Inserted into (1.1) it will (up to a global factor) convert the scalar loop
effective action I'sca[A] into the spinor effective action I'spin[A]:

1 [ o
Fspin[A] = _2/0 djzje—mQT/PDx(T) Spin[w(T),A] e~ fonT[%z2+zexl‘Au(CC)} . (16)

'Here we disregard the quartic scalar vertex induced in scalar QED by the requirement of multiplicative
renormalisability.
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This formalism, nowadays usually called the “worldline formalism,” was later on extended
to other field theories (see [3, 4] for a review and extensive bibliography). Nevertheless, it
appears that for several decades it was considered mainly as of conceptual interest, rather
than an alternative to the standard approach based on second quantisation and Feynman
diagrams. In 1982 Affleck, Alvarez and Manton in a remarkable paper [5] applied it to
Schwinger pair creation in a constant field in scalar QED, even at the multiloop level,
however, their “worldline instanton” formalism caught on only much later, after it was
extended to spinor QED and non-constant fields in [6, 7].

This state of affairs changed only in the early nineties, when Strassler [8], inspired by
the seminal work of Bern and Kosower [9, 10] on the field theory limit of string amplitudes,
developed an approach to the calculation of such worldline path integrals that mimics string
perturbation theory. The basic idea is quite simple, and was germinally presented already

n [11]: by suitable series expansions, the path integrals are reduced to Gaussian ones, and
then evaluated by formal Gaussian integration as in a one-dimensional field theory, using
appropriate “worldline Green’s functions.”

For example, in this formalism the calculation of the one-loop IN-photon amplitude
in scalar QED, starting from the path integral representation (1.1), proceeds as follows:
after the above expansion of the interaction exponential, and truncation to Nth order, the
amplitude is represented as

dT .
Pscal(k1s €155 ks en) = (_ie)N/ T emQT/ Dz o Jo 4r3#’ (1.7)
0 P

X Vscal[k1, €1)Vical k2, €2) - - - Viscal kN, en] -

The path integral is then split into an ordinary integral over the center-of-mass position
zh =7 [, Tar z#(7), and the path integral over the fluctuation variable ¢*(7) = z#(7) —zf),

subject to the nonlocal constraint

T
/0 drg¢t(r) =0. (1.8)

The integral over zf yields the global energy-momentum conservation factor
(2m)P 5P (Zi\il k;). The path integral over ¢*(7) is already in Gaussian form, but to arrive
at a closed-form evaluation it is convenient, as in string theory, first to rewrite the photon
vertex operator (1.4) in an exponential fashion as

v

S

T T
cal[k &_] / dr eik-x(‘r)+s~x’(7') _ eik-xo/ dr eik~q(7’)+€~q(~r) 7 (1.9)
0 0

€

€

where |€ denotes the projection onto the terms linear in €. The path integration can then
be computed by simply completing the square, leading to the following master formula:

Lscat(k1,€15. .5 kN, EN)

= (—ie)N (2m) D(SD(Zk)/ 9L a3 —’”2TH/ dri

N
1 . 1.
X exp{ Z [2G3ijk‘i . kj — ’L'GBZ'jEi . k‘j + iGBijEi . €j:| }

=1

(1.10)

€1€2°EN



Here we have introduced the Green function Gp,
N2
Gp(r,7) = |r — 7| - &= (1.11)

which (up to a constant that is irrelevant for our purposes here) is the Green’s function for
the second derivative operator adapted to the periodicity boundary condition ¢(7') = ¢(0)
and the “string-inspired” constraint (1.8), and it is linked to the propagator of ¢(7) by

(¢"(r:)q"(15)) = =G pio"" = =G p(7i, 75) 0" (1.12)

where we are abbreviating Gp(7;,7j) = Gpi; etc. The subscript ‘B’ stands for “bosonic”
(a “fermonic” Green function Gr will be introduced below). Besides G p itself, also its first
and second derivatives appear,

: / : ’ T—1

Gp(r,7) =sign(t — 1) — 2 T (1.13)

.. 2

Gp(r,7') = 25(r —7') — 7 (1.14)
Here a ‘dot’ always means a derivative with respect to the first variable.

D
The factor (477)” 2 comes from the free path integral:

/Dq(r) e~ Jo ¢ = (47T)"F (1.15)

The notation means that the exponential should be expanded, and only the terms

E£1€2EN
linear in each of the polarisation vectors be kept.

Although the master formula (1.10), as it stands, represents the off-shell one-loop
N-photon amplitudes in scalar QED, it was originally derived by Bern and Kosower in
the QCD context as a generating master expression from which to construct, by purely
algebraic means, parameter integral representations for the scalar, spinor and gluon loop
contributions to the on-shell N-gluon amplitudes [3, 9, 10, 12].

In the scalar QED case, it is still straightforward to relate the parameter integrals
resulting from the master formula to the ones obtained by a standard Feynman dia-
gram calculation [3, 8, 13]. For any ordered sector of the N-fold proper-time integral
f(;[ dry--- fOT dty, the integrand can be identified with the Schwinger-parameter represen-
tation of the Feynman diagram with the corresponding ordering of the photon legs, once
the Schwinger parameters are identified with the differences of adjacent proper-time vari-
ables. The quartic seagull vertex in this correspondence is presented by the delta function
contained in G B, equation (1.14). Despite this direct correspondence, the master formula
is extremely useful for its compactness, and for combining into one integral all the Feyn-
man diagrams with different orderings of the N photons. Although the latter property
may not appear significant at the one-loop level, when the N-photon amplitudes are used
as building blocks for multiloop amplitudes it allows one to write down highly nontrivial
integral representations combining Feynman diagrams of different topologies, that would
be hard to find using the standard formalism [3, 14].



Moreover, the representation of the integrand in terms of worldline Green’s functions
that are adapted to the periodic boundary conditions makes it possible to improve it by
integration by parts (‘IBP’), without generating boundary terms. An essential element of
the original string-based approach by Bern and Kosower cited above was the discovery that
IBP could be used to eliminate all second derivatives G Bij- In this way they obtained an in-
tegrand for the N-gluon amplitude where the prefactor of the exponential is written purely
in terms of G Bij, and which offered the possibility, based on worldsheet supersymmetry,
to pass from the scalar to the spinor to gluon loop by applying simple pattern-matching
rules to the integrand. Those involve the ‘r-cycles’ GBW-QGBim e CBinil.

Later, Strassler [15] studied this IBP procedure in more detail for the case of the
off-shell photon amplitudes, and found that it bears also an interesting relation to gauge
invariance: a 7-cycle always appears multiplied by a corresponding ‘Lorentz-cycle’, de-
fined by

. 1
ZQ(Z]) §tl"(fifj) :Ei-kja?j 'ki—gi'gjki'kjS

Zn(iniz. . in) = tr(H fij> (n>3), (1.16)
j=1

where f; is the field strength tensor associated to the ith photon/gluon,

1Y =kl — kY. (1.17)

)

Thus the integrand after the IBP can be written in terms of “bosonic bi-cycles”
GB(ilig .. ’Ln> = GBi1i2GBi2i3 s GBi7Lilzn<i1i2 Ce in) , (1.18)

and certain left-overs called “tails” [3, 15-17].

Generalising the master formula (1.10) to the spinor QED case is a much less obvious
task, and requires some preliminary steps. For starters, we need to remove the path
ordering implied in the definition of the Feynman spin factor Spin[z(7), A], equation (1.5).
This can be done using the following well-known identity, which represents the spin factor
in terms of an auxiliary path integral over Grassmann worldline fields ¢*(7):

T . )
trP exp [—iZ[’V”W"]/ dTFW(J;(T))] :/Dq/) o= Jo dr (3t —iept Fup’) (1.19)
0 A

Here the subscript ‘A’ means anti-periodicity, ¥*(0) + ¥*(T') = 0 which implements the
Dirac trace. Apart from the removal of the path ordering, this replacement also leads to
the appearance of a “worldline supersymmetry” between the x and ¢ fields,

ozt = =20y
ot = (it (1.20)
with a constant Grassmann parameter (. Although this supersymmetry is broken by the

boundary conditions, its existence has far-reaching consequences in the worldline formal-
ism [3, 8, 14].



After this replacement, one can proceed as in the scalar case, and find the following
generalisation of (1.7):

1 dT . .
Cspin(k1, €155 kN, en) = —2(—i€)N/ Ed ™™ T [ Da e_fOTdT‘llx?/D?ﬁ e~ Jo dr vy
0 P A

X Vipin[k1, €1 Vapin[k2, €2] - - Vipin kN, en] - (1.21)

Here the photon vertex operator now takes the form
T
Vspin[k,&‘] = / dr [5 . x(T) + 2i¢ - ¢( )k‘ w( )] ik-x(T)
0

T
_ /0 dr [e - i(7) — i(r) - | - (7)] e*20). (1.22)

Again the path integral (1.21) is Gaussian, so that the only new information required for
its evaluation is the Green function for the Grassmann path integral. This one is simply
Gp(r,7") = sign(r — 7’), and relates to the propagator of the v field by

(W () (7)) = 5 G, 7M. (1.23)

However, to arrive at a closed-form evaluation some rewriting is still necessary. This could
be done in various ways, but we find it convenient to use the N = 1 worldline superspace
formalism [3, 18]: we introduce a Grassmann super-partner 6 for the proper-time 7, and
use it to combine the worldline fields z* and ¥* into a superfield

XH(1) = a(1) + V2004 (7). (1.24)

Introducing also Q* = X* — :ng , and the super derivative

o 0
= o505 (1.25)

we can then rewrite the kinetic term as

/dT (icf + ;w-zb) = —i/dr/d@QDg’Q, (1.26)

(where [dff = 1), and the vertex operator (1.22) in a way analogous to the scalar
case (1.4),

T T
Vipin[k, €] = / dr / dfe- DQ e X = et / dr / df ORI (1.27)
0 0 €

The double path integral in (1.21) is then ready for a formal Gaussian integration, which
leads to the following master formula:

Fspin(kh@l;u-;kN,EN)
= —22 Y (—ie)V(27) DaD(Zk>/ (4nT) "2 —T"QTH/ dn/de

N
1 A 1 ~
X exp{ Z |:2Gljkz . k’j + ZDiGijEi . k’j + §D¢D]’Gij€i . €j:| }

1,7=1

(1.28)

£1...€EN



> (P2 +m?)~!
1
k
p 7(3(2]) + kk)/l
12 v
72627}[”/
p
i
k

€<qu>ax31k1/
Figure 1. Feynman rules for spinor QED in the second-order formalism.

Here we have introduced the super Green’s function @, which combines Gg and Gp:

<QN (7_7 9>QV (T,a 0/)> _@(7_7 9) 7—/7 ‘9/)5MV7
G(r,0;7.0) = Gp(r,7") + 00'Gp(r,7), (1.29)

which satisfies the Green equation in superspace %D3@(T, 0;7,0)=0(r—7")0(0 —0").

In the determination of the absolute sign of the amplitude, besides the 6; and df; also
the g; have to be treated as Grassmann variables, and anticommuted into the standard
ordering €7 ...en at the end (after the determination of the sign, the polarisation vectors
turn into ordinary commuting quantities again, of course). Our convention for the ordering
of the 6 integrals is [df;--- [dOnOn --- 61 = 1. A factor of 9% comes from the free 1) path
integral (which just counts the spin degrees of freedom). Here we assume that D is even.

The parameter integrals resulting from the expansion of this master formula correspond
to the Schwinger parameter integrals obtained by Feynman diagrams in the same way as
described above for scalar QED, however the comparison has to be done not with the usual
first-order Dirac formalism, but with the less familiar second-order formulation of spinor
QED [13, 19-22]. Its Feynman rules (see [21]) are, up to global factors for statistics and
degrees of freedom, the ones for scalar QED with the addition of a third vertex due to the
spin factor, involving o# = %['y“,fy” ]. We display them in figure 1.

Of course the final results for physical amplitudes coincide with those of the better
known first order formalism.

During the last two decades, these “string-inspired” representations have already found
a considerable number of applications in QED, both for the calculation of photon ampli-
tudes [8, 14, 23] and the effective action itself [24-28]. They have been generalised to
include constant external fields [23, 29-33] as well as finite temperature [34-39]. Their



non-Abelian generalisation was used in the first calculation of the one-loop five-gluon am-
plitudes [40], a calculation of the non-Abelian heat-kernel coefficients to fifth order [41], a
calculation of the two-loop effective Lagrangian for a constant SU(2) background field [42],
and very recently for obtaining gauge-invariant decompositions of the off-shell three- and
four-gluon amplitudes [43-46]. In the non-Abelian case, it may be helpful to generate the
particle color factor, and take care of the path ordering, by adding suitable auxiliary fields,
in the same way as Grassmann variables take care of the spin factor and path ordering
in (1.19) — see, for example, [47-50]. Further applications to QCD-related topics can be
found in references [51-53].

Extensions to curved space [54] and quantum gravity [55, 56] have also been considered,
addressing in particular induced effective actions and graviton self-energies [57-59], QED
in curved spaces [60], gravitational corrections to the Euler-Heisenberg Lagrangians [61, 62]
and related amplitudes [63], and studies of one-loop photon-graviton conversion in strong
magnetic fields [64, 65]. The case of higher spin fields has also been approached using
worldlines [66-69], as has quantum field theory on non-commutative spaces [70-73] and
spaces with boundary [74-76].

However, with a few exceptions as in [77-80] and [81-86], these applications have been
restricted to processes involving only closed scalar or spinor loops, not open lines. For the
scalar QED case, Daikouji et al. [87] have obtained the following master formula, analogous
to (1.10), for the scalar propagator dressed with N photons:

N o
DPP(ky,eq;- - skn,en) = (—ie)V (2m)PsP <p +p 4 kl> / dT e ™7 (1.30)
i=1 0

N T
% H/ dTZ’ e*Tb2+Zi'\,]j:1[Aijki'kj*2i.Aij5i'kj7.A.ij5i'5j] )
i=1 0 £1€2--EN
Here we have introduced the vector

N
1
b=p + T > (kimi — isi), (1.31)

=1

and a different worldline Green’s function A(7,7’) has been used for the ¢ propagator:

(@"(T)q" (1)) = —2A(r,7")d"",

— 7 +7
Ay = T=Tl 7 . 1.32

Instead of the string-inspired boundary conditions (1.8), this Green’s function is adapted
to Dirichlet boundary conditions,

¢*(0)=¢"(T)=0. (1.33)

These boundary conditions break the translation invariance in proper-time, so that one now
has to distinguish between derivatives with respect to the first and the second argument.
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Figure 2. Multi-photon Compton scattering diagram in scalar QED (we do not distinguish the
propagator of the matter field between scalar or spinor QED, choosing to indicate both with a
solid line). The seagull vertices in the second row are once again produced by the J-function in the
second derivative of the open-line Green function A.

A convenient notation is [88] to use left and right dots to indicate derivatives with respect
to the first and the second argument, respectively:

!
. n_ T 1 . . _1
A(T,7') = T + 2Slgn(T 7") 5
1
A (1, 7)) = % — isign(T -7 — 3
1
A*(1,7') = T~ S(r—1). (1.34)
We will also need the coincidence limits
2
A(Ta T) - % — T3
A(r,7) = A(r7) = o~ & (1.35)
T, T) = T,T) = T 3 .

Note that, apart from the different boundary conditions, the Green’s functions A and
Gp differ also by a conventional factor of two in their normalisation. Finally, since A
is somewhat less convenient than Gp, it is sometimes useful to observe that the two are
related by

2A(1,7') = Gg(1,7") — Gp(7,0) — Gp(0,7) . (1.36)

The master formula (1.30) represents the un-truncated dressed propagator, that is the
sum of diagrams given in figure 2, where the final scalar propagators at each end are
included. This technical point will play an important role in the following. The momenta
p, P, k1,...,kyx are all ingoing.

In [87] it was obtained by a comparison with the Schwinger-parameter representation
of the corresponding Feynman diagrams. The same formula has recently been rederived
from the path integral representation (1.2) in [89].



The worldline formalism has also been applied to the fermion line case [78, 80], but
a Bern-Kosower type master formula for the dressed propagator has not been derived so
far. The purpose of the present paper is to solve this long-standing problem, obtain such
a formula, and to demonstrate its usefulness as an alternative to the standard Feynman
diagram formalism. We will start from the well-known second-order representation of the
z-space Dirac propagator S%'%[A] in a Maxwell background,

STTA] = [m+ i | K¥®[A], (1.37)
where ) = y*D,,, D,, = 8, + ieA,, and*

/ ) -1
K¥[A] = <x' [m2 — D,D" + %ewwﬂw} ‘x> . (1.38)

For this “kernel” function, we will then derive the following path integral representation:

o0 w_ah2 [a(T)=0 .
o) = [Car e e S [ g e (i)
0 q(0)=0

X 272 symb ™! / Dy o Jo dr [3wdr—ieRu@inr@in ] 59
$(0)+4(T)=0

Here n* is an external Grassmann Lorentz vector, and the “symbol map,” symb, converts
products of n’s into fully antisymmetrised products of Dirac matrices; we will discuss the
details in section 3 below.

Following this we perform the usual projection onto an N-photon background, and
use the path integral representation (1.39) to derive master formulas for the N-photon
kernel K both in configuration and in momentum space. Those master formulas, given
later in (4.6) and (5.3), are the central results of the paper.

Returning from the kernel K to the propagator itself, we will then also Fourier trans-
form our starting identity (1.37) to momentum space. Projected on the N-photon sector,
it turns into

S%p[kl,slg ceey k‘N,EN] = (?l + m)K%p[kl,al; ey kN,EN]
N / ~
—eZ;‘inNJrfﬁp[kl,el; oo ki Ei o kn,en] . (1.40)
=1

Here in the second term the ‘hat’ on ¢; and k; means omission. We will work out this
formula for N = 0,1, 2 to see how the equivalence to the standard formalism comes about
in detail. As expected, the scalar QED calculations are close to the standard field theory
ones, while in the fermion case nontrivial rearrangements have to be done to match the
textbook Feynman diagram calculations.

The organisation of this paper, the first part in a series of three, is as follows: as
a warm-up, in section 2 we shortly retrace the derivation of the scalar open line master
formula (2.23) from the path integral representation (1.2), following [89]. In section 3

2See appendix A for our conventions.



we derive the worldline path integral representation (1.39) of the kernel K starting from
field theory. Sections 4 and 5 contain the derivations of the configuration and momentum
space master formulas, respectively. In section 6 we provide a different derivation of the N-
photon kernel that keeps track of the orbital and spin contributions to the basic interaction
between the electron and the photon in the underlying second-order formalism. We then
move on from the N-photon kernel to the fully dressed electron propagator in section 7.
We work out the cases N = 0,1,2 and study the equivalence to the standard formalism,
still off-shell, which happens in a quite non-obvious way. As a state-of-the-art application,
in section 8 we recalculate the one-loop fermion self energy (in arbitrary dimension and
covariant gauge). Section 9 offers our summary, and an outlook on future applications
and generalisations.

There are four appendices: appendix A lists our conventions. Appendix B offers an
alternative, more “principled,” derivation of the worldline path-integral representation of
the electron propagator that, contrary to the one given in the main text, minimises the use
of field theory concepts. Appendix C is devoted to the representation of the Feynman spin
factor in terms of a Grassmann path integral. Finally, in D we prove a hypergeometric
identity that we use in section 8 to simplify our result for the fermion self energy.

The forthcoming second part of this series will be devoted to the use of the master
formulas derived here for on-shell calculations such as cross-sections, the third part to the
inclusion of a constant electromagnetic background field.

2 The dressed propagator in scalar QED

In this section, we wish to derive the master formula, eventually given in (2.23), for the
dressed propagator, and discuss some of its properties.

2.1 Derivation of the scalar master formula
Starting from (1.2), and proceeding as in the closed-loop case, we get a representation of
this propagator in terms of the photon vertex operator (1.4) analogous to (1.7):

z(T)=a'

o0
D (ky,ers- - sk, en) = (—ie)™ / AT 6T / Dy o S dra?
0 z(0)=z

X Vscallk1, €1]Vscat[k2, €2] - - - Vicarlkv, en] - (2.1)
Shifting the path integration variable as
(1) = wo(7) + q(7), (2.2)

where xq is the straight-line trajectory

T

no(r) =+ (o = o), (2.3)
reduces the boundary conditions to Dirichlet boundary conditions,
a(0) = ¢(T) = 0. (2.4)
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Rewriting the photon vertex operator as in (1.9), (2.1) becomes

D% (k,e1;- -+ kv, en)

o0 q(T)=0 '
= (—ie)" / dT o T omar e / Dget I drd?
0 q(0)=0

N T /
N &) Nk (ol o NTh ik et ik o
> | |/ dr; ezz’:1 (81 T t+eiq(Ti)+iki- (2 —x) 7 +iki-z+ik; Q(Tl)) (2.5)
0
=1

€1€2°EN

The path integral can now be performed by formal Gaussian integration using the worldline
Green function A(7,7’), leading to

_D
2

DY (kise;- -+ shven) = (—ie)V / AT T o= =) (477)
0

N T N (! —z) | . ’ T .
<11 / dr; il (e i 0! =) Gtis) (2.6)
i=170

N .
< eZz‘,j:l [Aijki-kj721‘Ai]~si-kjf'A‘ijsi-5j]

€162 EN

(the free path integral normalisation (1.15) holds for Dirichlet boundary conditions as well).
Finally, we also Fourier transform the scalar legs of the master formula in equation (2.6)
to momentum space:

Dﬁl,p(kzl,el;--- ikn,en) = /de/dD:c'eip'me/'m/ DY (ky,e1;- - sknoen). (2.7)
After a change of variables from z, 2’ to x4, defined by

1
$+ = §($+x/),

r_ =1 —u, (2.8)

the integral over x; produces the delta-function for the total conservation of energy-

momentum:
DEP(ky,e15--- sk, en)
N o0 D 1
2 2
= (—ie)V(2m)PsP (p +p 4+ k> / dT e ™ T (4nT) "2 / dPy_ e~ ar®>
i=1 0

€1€2-EN

(2.9)

N T 1 N N
” / Y P P A A Pl ) i __OA® P
XH/ dnezx_.(p +h SN (kimi—iei) ) oy [Aijhi-kj—20%A5e,-kj—*A% e, |
=1 0

Performing also the xz_ integral, one arrives at the momentum space master formula given
in the introduction, (1.30).
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Let us also introduce some more notation here. The result of expanding out the
exponential factor in (1.30) will be named (—i) Py e(), namely

()N By o) = o~ T+ [kt ek —aeve L (210
E1E2"EN
where now
o) = o T+ Aiskick; (2.11)
and
1
bo = bleymmey—0 = P + T z; kit (2.12)
i

(the ‘bar’ on Py is to distinguish it from the corresponding quantity for the closed loop [3]).

2.2 Off-shell IBP

One of the advantages of this master formula’s encoding of the usual Feynman-parameter
integrals in terms of the worldline Green function A is that IBP can be used to remove the
second derivative ®A°®, and thus the seagull vertex. This homogenises the integrand and
leads to the automatic appearance of field strength tensors, which again can be arranged
into bi-cycles. Those now take the form (compare (1.18))

.A(iliz e Zn) = .Ail’ig.AiQi;g s .Ainil Zn(iﬂg .. ln) (n Z 2) s (2.13)

whilst for n = 1 we use

The same IBP algorithm as in the closed-loop case [3, 16] can be used, and non-vanishing
boundary terms are still not generated due to A(7,7’) obeying Dirichlet boundary condi-
tions. The resulting integrand will be called (—i)NQx (). Qx in general will contain both
A*(1,7') and *A(7,7’), but we will standardise it using the identity A®(r,7") = *A(7/, 7) to
trade the former for the latter throughout.

We will call this IBP algorithm “Off-shell IBP” because it is designed not to gener-
ate any boundary terms. Below we will define an alternative IBP procedure that seems
preferable in the on-shell case.

Let us work out the integrand for N = 1,2. For N = 1, the expansion of the exponential
factor in (1.30) yields

Pl = 2'A11€1 : kl - 281 . b(). (2.14)

Here there are no second derivatives yet, so Q1 = P;.
For N = 2 we find

Py = 4(*A19e1 - ko + *Aq1e1 - k1 — €1 - bo) ("A21e2 - k1 + *Agges - ko — €2 - by)

2 OA®
— (T -2 12) €1-€9. (215)
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Here the last term asks for IBP, which transforms it as

2'A'12€1 €9 —> — (4.A12.A21k1 - ko + 2.A11.A21k‘% + 2.A12.A22]€%

*Z.Algkg . bo — Q.Aglkl . bo) €1-€2, (216)

where we have used the identity %An‘ = 2°A;;. Sorting according to cycles, Q2 can be
written as

QQ = 4'A(12) 4+ 4°Aq9e7 - kg(.A(Q) — &9 - b[)) + 4(.A(1) — &1 bo).Aglé‘g - ky
+4(°A(1) = e1 - bo)("A(2) — €2 - bo) (2.17)

2
- <T + 2°A11*Ag1k? + 2°A15°Agoki — 2°A1oky - by — 2°Agky - bo>€1 €2

2.3 The QED Ward identity

The amplitude D%p (k1,e1;- -+ ;kn,en) should fulfill the QED Ward identity, i.e. replac-
ing any
E; — ki (2.18)

should give something that does not contribute on-shell. This property is not obvious
from the master formulas (2.9) or (1.30), but is easily seen in the path-integral representa-
tion (2.1). The replacement (2.18) turns the vertex operator Vicalki,e;] into

T
Vieallkis ki] = + / i hea(r) = i othen(T) _ giker(0))
0

i dr;
= (e gthiT) (2.19)

Under the Fourier transformation (2.7), the first term in brackets will change the denom-
inator of the right-most scalar propagator (in the conventions of figure 2) from p2 + m?
to (p' + k;)? + m?, while the second term changes the denominator of the left-most scalar
propagator from p? 4+ m? to (p + k;)2 +m?. Thus neither term conserves the double pole
that by the LSZ theorem is necessary for contributing to the on-shell matrix element.

We can take advantage of the Ward identity to achieve manifest gauge invariance at
the integrand level. Namely, let us choose for each k; a “reference vector” r; such that
ki - r; # 0, and define the modified vertex operator

e-r (T d ”
= - ik-x(T)
‘/;Cal[kvgvr] = Vvscal[k’,f':]‘klk'r/o dedTe

T fer . T . rfod
_ / d’]’r f x ezk~x(7’) — / dr e’Lk“:L‘(’T)-i— rj-k ) (220)
0 r-k 0 f

Plugging this back into (2.1) and Fourier transforming to momentum space the on-shell
version of the master formula for the dressed propagator in terms of the field strength
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tensors is given by

MPP(ky, fis--- sk, f)
= (p2 + m®) DR (k1, f1;- - sk, f) (0% + m?)

(—ie)™ (2m)P 6" <P+p/+§:ki) /000 dTemeT(lle)*% /de_ e~ ez
N =1

T . 1 N - firy
X H/ dr; ezx,~(p’+? Zi:l(ki7i+17'i'ki))
0

i=1

N s —io A TR rififiry
Xezi,jzl [Aukz‘kJ*Q"Am ok TNy 'rzuki'rjukj]

, 2.21
fifefn ( )

which will be discussed more in the forthcoming part 2. Retracing the derivation of the
master formula (1.10) with this modified vertex operator, we arrive at the “covariantised
Bern-Kosower master formula” (henceforth we usually omit the global energy-momentum
conservation factor)

Lscatlk1,€15- .- kN, eN]
0 N T
T
= (—ie)V ar 47T -3 em*T dr; 2.22
o T 0
i=1

N
1 I D S
” exp{ 2 {2GB” ki by = iGmy = = QGBM-.”] }

1,j=1 fifefn

In [17] this version of the master formula was obtained by IBP at the parameter inte-
gral level and called the “R-representation.” Note that it reduces to the original master
formula (1.10) if r; - ; = 0 for all 4.

2.4 Alternative forms of the master formula

Finally, let us also give two alternative forms of the master formula (1.30). Writing the
worldline Green function explicitly, and taking advantage of some cancellations in the
exponent, one can rewrite it as

D%”(kha;--- skn,en)

oo TN
_ (—ie)N / dT e—T(mQ-i—p’Q) / H dr; ezg\lzl(—rip’n-i-Qiai'p') (2.23)
0 0 =1

|7—75 14T .
Xezi\’fj:l [( el -5 )klwkj71(51gn(Tiij)71)si-kj+6(nf7—j)€i-€j]

E1€2°EN

And this can be written even more compactly at the expense of introducing some more
notation. Namely, defining

kh=p, knyi1=p, 10=T, ™w41=0, =0, enyy1=0, (2.24)
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we can, using energy-momentum conservation in the exponent, arrive at the following form:

Dﬁ:‘p(klagl;”‘ ;kN,EN)
00
= (—ie)N/ dT e ™7
0

></ HdT'L eZz]'\,]]tlo [%|’7’i—7']‘|k‘i'l€j—Z'Sign(T,'—T]’)Ei-kj+5(7i—Tj)6i~6j}
0

(2.25)

E1€2°EN

It is this form of the momentum space master formula that was previously obtained by
Daikouji et al. [87] by a direct comparison with the corresponding Feynman-Schwinger
parameter integrals and later in [89] using the worldline formalism. It turns out that the
above formula has the advantage of leading to manifest worldline Poincare invariance on
the mass-shell of the scalar particle [50]. This provides a worldline analogue of the well-
known fact that in string theory the worldsheet theory becomes conformally invariant only
if all vertex operator insertions are on-shell.

3 Path integral representation of the electron propagator in an Abelian
background field

Contrary to the scalar case, there are various routes to obtain a worldline path integral
representation of the fermion propagator in a Maxwell background. In this section, we
will present a field-theory based construction that essentially follows [90], delegating some
technical details to appendix C. The same representation is rederived in appendix B from
an intrinsic worldline point of view.

The most specific feature of the method presented here, is the use of “Weyl symbols”,
defined in (3.6) below, to represent fermionic operators [91-93]. See [94-96, 98] for the
alternative “holomorphic representation.”

We look for a path integral representation of

SIII[A] == <x" [m — z]ﬁ]_l‘@ = <:z:’| [m —id + eA]_l}a:> = <m" [m—i—p—i— eA]_l‘@.

(3.1)
We start with using the Gordon identity
P’ = -D,D" + %ev“v”Fuu ) (3:2)
to rewrite
[m— i)™ = [m+ i) [m+ip] " [m—iD] "
— [m + le} [mQ - D, D"+ %e*y“*y”FW B . (3.3)

This brings us to the formulas defining the second-order representation that we already
quoted in the introduction, (1.37) and (1.38). The kernel K**[A] is formally identical with
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the propagator for a scalar particle in the background containing the gauge field A and the
matrix-valued potential V' = % eyiyY Fy. It is thus straightforward to obtain the following
path integral representation for it (see, e.g., [3])

9] I(T):xl . .. i v
K"*[A] = / T =™ / Dapefo ar(G+ieariery mn) (3
0 z(0)=z

which generalises (1.6) to the open-line case. We now wish to remove the path-ordering P.

This requires an identity like the one we used for the closed-loop case, (1.19), but without
taking the trace. As we show in appendix C, this identity is

PeJo 475 eFur"r = 9= 5 gymp ! / Dy oo dr [zwdr—ieFun @] (35
A

Here the symbol map, symb, is defined by
symb(’yala2"'°‘") = (—i\/i)"no‘lno‘2 coonon (3.6)

where 7#P denotes the totally antisymmetrised product of gamma matrices:

1
RO = =Y | sign(m)y T @ e (3.7)
’ TI'ESn

Note that in D dimensions the right-hand of (3.6) side will vanish for more than D factors
by the Grassmann property of the n®.

Putting the pieces together, we arrive at our final path integral representation for the
kernel as given in the introduction, equation (1.39). Together with (1.37) it is a suitable
starting point for calculating the fermionic propagator SJC/“”[A] in the string-inspired for-
malism.

4 Master formula for the IN-photon kernel in x-space

Choosing A(z) as a sum of N plane waves with polarisation vectors £/ and wave vectors
k! as in (1.39), and keeping only the terms containing each polarisation vector linearly, we
get the “N-photon dressed” version of the kernel K**:

(zfz,)2

’ oo q(T):O .2
Ky (ki,e1;.. . kn,en) = (—ie)N2*% / dT e ™ Te i1 / Dq e” Jy dr%
0 q(0)=0

xsyub™! [ Dy e BB ) Vi ).
¥(0)+y(T)=0
(4.1)

Here %w’x[k’ ¢] is the photon vertex operator for the open line, which now reads

g ' — ; / T
‘/nx/w[k,g] :/0 dr |:5 . (1‘ . x +q> + 2e - (%Z)‘H?)k? . (¢+7]) ezk~(w+(w —m)T—&-q(T)) .

(4.2)
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We could now do the double path integral as it stands, using the Green functions Gp and
Gr and standard Gaussian combinatorics. However, if we aim at a closed-form expression
valid for any N, it will be necessary to find a suitable extension of the exponentiation
formula (1.9) to the fermionic case. As we explained already in the introduction for the
closed-loop case, an elegant way to achieve this is though the introduction of N =
worldline superspace, as motivated by the underlying worldline supersymmetry (1.20).
Thus, introducing the worldline superfield

QH(7) = ¢"(1) + V20u" (1), (4.3)

and using the superspace conventions introduced in the introduction, we can rewrite the
vertex operator (4.2) in the form

meke /dT/d9€ [—

Recall that for the time being we must also treat the polarisation vectors ¢; as Grassmann

[x-i— (z'—x) % "1‘\/5077"1‘@(7)] ) (4.4)

variables. After the usual formal exponentiation of the prefactor, we obtain the required
purely exponential form of the vertex operator:

T I _ ¢ . . .
V[, ] = /0 dr / df /T OHTR  an eOR reDATIRG) (4.5)

Thus the path integral is ready for evaluation by completion of the square, which yields
the following Bern-Kosower type master formula for the N-photon kernel in z-space:

K]Ji‘f,m(klagl; cee kN7€N)
— (—ie)Nsymbl/ Deszei(T)/ dT1”'/d9N
0 (4rT)= 0
x erV:l[' i =E (OigitiTiki)—V2n-(ei+i0:k; )]

X ezlj'\,]j:l [A”kzk]+2ZDZA”€ZkJ+DZD]AZJ€»L€J:|

(4.6)

E£1€2°EN

Here A is now the super worldline Green’s function appropriate for the combination of
Dirichlet and antiperiodic boundary conditions at hand:

A(r,0;7,0") = A(r,7') + %HQIGF(T, 7). (4.7)

Let us also write explicitly the derivatives of this Green’s function that appear in the master
formulas:

A 1
Dilij = 50;Grij — 05°Aij ;

A 1
DAy = —0iGri — 038
A 1
DiDinj = —iGFZ‘j + Qiej'A'ij (48)

(no summation convention).
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5 Master formula for the N-photon kernel in momentum space

In the following we give the momentum space version of the master formula derived above.
We eventually specialise to D = 4 and work out the explicit form of the kernel for some
simple cases.

5.1 The master formula

We begin by Fourier transforming the master formula (4.6) to momentum space,
KPP(ky,e;... ky,en) = /dD /dD repeti' e gEe(p e kyyen) . (5.1)
After a change of variables from z, 2’ to x4 as in (2.8), the x4 -integral produces the global
momentum conservation factor (27)P” (p+p’ + Zfi 1 ki), which we omit in the following.
The z_-integral can, using momentum conservation, be written as
= PRI PPN | D I LS (e tirin ]
/de_ e 1T +[1p +T Zi:l(alaz‘i“”'zkz)] T— (47[-T) 3 [lp +T Zi:1(6251+171k1)j| . (52)

This brings us to

00 T
KXP(ki,e1;.. 5kn,en) = (—ie)Nsymbl/ dTesz/ dry - /d9N eBxP
0 0

)
£1€2-EN

(5.3)
where
Exp:T[zp—l— ZGE,—HT,,} Z\fn (e; +1i0;k;)
=1
N A A A~
+ Z [Amkz . k‘j + 2’LD1A1]€Z . kj + DiDinj&‘,; . Ej] . (54)
ij—1

Using (4.8), (1.34) and momentum conservation, this can be written explicitly as (in the
following we often abbreviate sign(r; — 7;) by o0;; and § (1; — 7;) by d;5)

Exp = —p°T — an (ei + i0:k:) Zae%k  k;j
t,j=1
N N
+ 2(29161 — Tiki) . <p/ —p— Z Uijkj> —1 Z 0ij€q * kj@j
i=1 j=1 ij=1
1 N
5 Z o + 2019]6”)61 “Ej . (55)

This appears to be the most useful form of writing the exponent of the momentum-space
master formula. Nevertheless, let us mention in passing that there is also a suggestive form
of the exponent that generalises (2.25). There we found that, in the scalar case, with the
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additional definitions (2.24) the exponent can be rewritten purely in terms of the functions
|7 — 7}, sign(; — 7j) and §(7; — 75), that is, in terms of the Green’s function for the second
derivative on the line

1
2

and its derivatives. Worldline supersymmetry then leads one to suspect that, in spinor

g(r, ™) =7 - 7|, (5.6)

QED, a similar rewriting should be possible in terms of the supersymmetric generalisation
of this Green’s function, and its super-derivatives. This Green function can be given in
terms of the super-distance on the line, |7 — 7’| + 060'sign(7 — 77), as (see, e.g., [11, 99]):

§(r.0:7'.0) = L7 — | + 08'sign(r — 1) (5.7)
so that
Difiy = —3(6: — 6;)0
DiDyGi; = — (03 + 26:63615). (5.8)

And indeed, further defining 6y = 041 = 0 we can rewrite the kernel in the following,
more compact way:

/
K{P (k1,615 5kn,en)
o 9 T
= (—ie)Nsymbl/ dT’'e™™ T/ dTl"-/dHN
0 0
« e—ﬁn'2£\;1(€i+i9ki)+2f\y—:{) [ﬁijki'kj+2iDi§ij€i'kj-l-DiDg@ijEifj] (5.9)
E1'EN

5.2 The master formula for D = 4

So far everything we have done is valid in any even dimension. From now on we specialise
to the four-dimensional case, which will allow us to process the master formula further.
The right-hand side of the symbol identity (3.6) then can have at most four factors. Since
moreover the kernel K %p is even in the n®s (which is clear already from the definition of
the kernel in z-space, (1.38), but is also easy to check from (5.3)), the symbol map will
appear now only with zero, two or four n®s. Thus all we shall ever need is

symb~1(1) = 1;
1
Symb_l(ﬁalna2) — _1[,}/&1’,}/0{2]; (510)
symb L (510204 = % Z Sign (7)Y () ¥ (2) 4 On(3) 4 Om(4) = —25“10‘20‘30‘475-
TESy

Expanding out the master formula (5.3), (5.4) in powers of 1, and using (5.10), we can write
8P

KPP — (_je\N )
V= e P )

ﬁ%p = ANl + BNaﬁaaﬁ —1CN7Ys, (5.11)
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where 07 = 1[y* 7] and

[%S) T T
An = (p* + m?)(P? +m?) / ar esz/ dry - / dry e>P(1=0) :
0 0

0 On---O1e1-eN
[e§) T T
By = 0F + )% ) [Care T [T [y
0 0 0
1 N
= 0.k Y (e 400k )P EXP(??=0)‘ . 5.12
2 ijz:l(sz +10; l) (5] +1 j ]) e bnetieren ; ( )
00 9 T T
CN = (pQ —+ m2)<p/2 + m2) / dT e~ ™ T/ dry - / drn
0 0 0
1 N
X i Z 6(6@ + i0;k;, €5 + iejkj, ek + i0ikr, e + ielkl) eEXP(UZO) .
& ij ke l=1 On--bre1-en

Here we use the notation e(a,b,c,d) = e*®%aybge,ds. The factors (p? + m?)(p + m?)
have been introduced for later convenience. The coefficient matrix Bjo\‘,ﬁ will be taken to be
antisymmetric.

We note that, comparing (1.38) and (5.11), it is clear that the contribution to ﬁ%p
involving Ay has a part that by itself just gives, after dropping the unit matrix, the
(truncated) dressed propagator in scalar QED. Thus we will denote this contribution by
A3 and write Ay = A3+ AY.

5.3 Explicit form of the kernel for D =4 and N =0,1,2

Let us work out here the explicit form of the kernel for N = 0, 1, 2, as illustrative examples
and since these results will be needed for our calculations below in any case. Here we
use (5.3) and (5.4) rather than (5.9). The algebra is simple, starting with the expansion of
the exponent and the truncation to the terms that are linear in all ; and &;, only it should
be kept in mind that all Grassmann variables (including the df;) anticommute with each
other, and that, to determine the absolute sign of the kernel, it is necessary to anticommute
all the polarisation vectors to the left (or the right) of all other Grassmann variables, and
into the standard ordering €1 ---en. Since we are computing the equivalent of tree-level
diagrams in momentum space, it is furthermore clear a priori that nontrivial or divergent
parameter integrals cannot arise. In the following we will also set the electron charge e = 1.
For Kg,p we find simply

/ -1 o0 _ 2T7 /2T Il Il
KPP = symb / dT e ™17 P74 =

0 pPm?  pm?’ (5:13)

which coincides with the scalar propagator of the second order formalism shown in figure 1.
For N =1 we find

00 T
KPP = (—i)symb ™! / dT e (m*+p™)T / dr / do
0 0

xexp{—\@n (e +1i0k) + (p' — p) - (ie — Tk)}

(5.14)

)
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00 T
= (—i)symb ! (i(p/ —p) -+ 2ie - nk - 77) / aTr e_(m2+pl2)T/ dre TR -P)

0 0
@ p) el Ak ) ip— P _Fp-m) = —m)¢
@ Em)P?+m?) PP+ m?) % +m?) (PP m?)(p?+m?)

which we shall later relate to the electron-photon vertex. Finally the calculation for N = 2
leads in the first place to the integral representation

o0 T
KPP = (—i)%symb ™" / AT e~ HP)T / dridr
0 0

X{4€1 s neg - nkl . ?7]62 -1 + 2k1 . /{3261 *MeE2 - MN0O12 + 261 . 82]€1 . ng *N012
—2[81 -nk1 - neg - (p/ —p) + (1 > 2)] — 2[61 . 77(]61 + kz) -meg - k1o1e + (1 > 2)]
—e1-(p) —p+oaka)ea - (p —p+ o12k1) —e1 - koea - k1 + ki - koer - €2

+2€1 . 82512} ekl'kQ|7—1_TQ|_(p/_p)'(T1k1+T2k2) . (5.15)

Note that in (5.15), as well as in the final line of (5.14), the polarisation vectors have turned
back into ordinary vectors, leaving the vector n as the only anticommuting quantity.

For Kglp , due to the presence of the o;; factors in the integrand performing the pa-
rameter integrals now requires a case distinction between 71 > 7™ and 7 < 7». From our
starting point (4.1) it is clear that these two sectors differ only by an interchange of the
two photons, so that it is sufficient to calculate the contribution of the first one. Special
treatment is needed for the last term in braces in (5.15), involving d12; it corresponds to
the contribution of the seagull vertex, and has to be split between the two sectors. Thus

we have to calculate two integrals:

o) T T
/ dT e—(m2+P'2)T/ dTl/ 1d7'2 ekl'kz(7'1—T2)—(p'—p)-(7'1k1+7'2k2)
0 0 0

1
T M2+ p)m2 + () + k)2 (m2 + p?) (5.16)

[e’) T T
/ ar e_(m2+p/2)T/ dﬂ/ dra 8(71 — 73) eFrkeln—mel=(P'=p) (mik1+7oks)
0 0 0

1
= IR (5.17)

: p'p
we can write K5 " as

1

KPP —
2 (m2p?)(m? +p?)

1
e - (0 —p—k (= k
x{ 1+ €9+ {m2—|—(p’—|—k1)2 (61 (0 —p—ha)ea- (0 —p+ k1)

1 1
41 - kogo - k1 — k1 - koey - g0 + 551 ok, Kol + 5’431 : k2[¢1’¢2]
1 1 1
"‘551 : k2[¢27%1] - §[¢17k2]52 : kl - 551 ’ (p/ —D— k2)[¢27%2]

_%[¢17k1]€2 (' —p+ k1) + ivse(er, e2, ka, k2)) + (1« 2)} } . (5.18)
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In the decomposition (5.11) this reads

1
m2+ (p/ + k1)

A%cal = 26169 — |: 251,(p/_p—kQ)EQ.(p’_p+k1)+(1<—>2):|

1 1
AY = — 1 2)|=t
2 [m2+(p'+k1)2+( “ )]2 r(fif2)
af _ L ayp a8 a8 ap
32 = m2+(p/+k1)2<—€1-62]€1k2 —kl'k2€162—€1'/€2€2k1 +€2'k1€1 5

+e1-(p —p— k:g)sgkzg +eo-(p—p+ k:ﬁs?k:f) + (1 2)

1 1
Cy = +
2 <m2 F (@ + k)2 m2 (A k)2

>€?€§k¥k§samg : (5.19)

To compare with the standard formalism, one can complete the antisymmetrised products
of Dirac matrices to full products, to arrive at

P _ 1 1 /
Ky = (m? + p2)(m? + p?) {m2_|_(p/+k.1)2 [*%(P + k- m)gy(p —m)

= = m)¢if(p—m) + (F = m)E (P + Ky = m)dy

+(1 & 2)}. (5.20)

For checking the equivalence of (5.18) and (5.20), note that the first equation decomposes
Kglp in terms of the standard basis of the Dirac representation of the Clifford algebra,
given by the 16 matrices {T4} = {1, v*, o*, v*v5, 75}, of which only the even subalgebra
appears here, however. The coefficients of the decomposition X = z4T4 of an arbitrary
4 x 4 matrix X in this basis can be obtained using the trace:

A = itr (XT.), (5.21)

where I'4 denotes the inverse of I'4. In this way one finds, for arbitrary Lorentz vectors
a,b, c,d, the identity

db¢d = (a-be-d—a-cb-d+a-db-c)l —ig(a,b,c,d)vs (5.22)
5 (e d— [ o d+ (o db- e+ [ fla-d — [B.dla-c+ 4. dla-b).
Using this formula it is straightforward to go from (5.20) to (5.18).

6 Spin-orbit decomposition of the N-photon kernel

The vertex operator (4.2) representing the coupling of the fermion line to a photon separates
this interaction into two parts: the first part in the square brackets on the right-hand side
is the same as for the scalar case, and thus must represent the orbital degree of freedom
of the fermion, the second one implements the fermion spin and we refer to this as the
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spin interaction. This suggests that useful physical information should be contained in a
decomposition of the kernel K in terms of the number of spin interactions:

N

Ky = ZKNSa (6.1)
S5—0

where K g denotes the contribution to the kernel involving S spin and N-S orbital inter-
actions. In particular, Ky coincides (up to the unit matrix in spin-space) with the kernel
for scalar QED.

While this decomposition could be extracted from our various superfield master for-
mulas above, here we find it more convenient to return to the component version of the
fermionic path integral, equation (4.1), and to draw on known results for the closed-loop
case. Let us denote by V, the spin part of the integrand of the vertex operator (4.2),
omitting the exponential factor:

Vplk,el =2ie- (v +n)k- (W +n)=—i(v+n)-f-(¥+n) (6.2)

(note that, in the component formalism, the polarisation vectors remain ordinary commut-
ing vectors throughout).

For n = 0, it is known from the closed-loop case how to Wick-contract a product of any
number of such objects in closed form [3, 9, 10, 15]. Namely, define a “fermionic bi-cycle
of length n” by

GF(iliQ e in) = GFilizGFigig tee GFini1 Zn(ilig e ’Ln) (n Z 2) , (6.3)

where Z,, was defined in (1.16). Then the Wick contraction of S factors of V,—g can be
written as

Wy=o(k1,€15...1ks,e5) = Z'S<Vn:0[k‘1,€1] : "Vnzo[ks,65]>

= Y (-D¥Gr(iria...in, )Grling+1 - inyiny)
titi . .
PR X+ Gping 4o dney 141 -« initodney) -

(6.4)

Here in the last line the sum runs over products of up to S bi-cycles, cy = 1,...,5, cy
denoting the number of cycles and nj the length of the cycle k, and over all inequivalent
possibilities to distribute the indices 1,...,S among the arguments of the bi-cycles. Here
two bi-cycles are considered equivalent if their arguments can be identified by cyclic rotation
and/or inversion; e.g., Gp(1234) is equivalent to G(2341), Gr(4321) and Gr(3214), but
inequivalent to Gr(1243) and G(1324) (inequivalent cycles first appear at the four-point
level). Products of cycles are considered equivalent if all of their factors are equivalent.
For example,

ano(klagl) = 07
Wy=o(k1, €15 k2,€2) = —Gr(12);
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Wy=o(k1,e1; ko, €25 k3,e3) = —Gp(123);
Wi=o(k1,€1; ko, €25 k3, €35 ka,€4) = —Gp(1234) — Gp(1243) — Gp(1324)
+Gr(12)Gr(34) + Gr(13)Gr(24) + Gr(14)Gr(23) .

(6.5)

For arbitrary S, a closed-form expression for W,—o can be given in terms of a Pfaffian
determinant:

Wiy—o(k1,e1;...1ks,e5) = 25\/det (GFijvi . vj> , (6.6)

where i = 1,...,2S and {v;} is the joined set of all momentum and polarisation vectors

(in any ordering).

Since the transition to 7 # 0 amounts only to the shift )(7) — ¢ (7)+n, it can be simply
implemented by adding, to the cycle products of (6.4), all possible terms where cycles get
broken into chains by insertions of ns. Defining a “fermionic bi-chain of length n” by

Grlil = nfin ;
Grlivig. . .in| = 2GPii,GFiyis - Grig,_yinfir fis - fiun (n>2)  (6.7)
we can generalise (6.4) to

Wiy (kr,e1s... ks es) = ¢S<v,7[/.c1,51]---mks,gs]>

= Y (-DYGrliriz. . im)Grlim41 - imytmy)

partitions . .
XGF(Zm1+---+mcy—1+1 s Zm1+---+mcy)

XGF‘Zm1++mcy+1 e /Lm1+~-~+mcy+nl‘ e

XGF‘iml+~~-+mcy+n1+-'~nch71+1 s iS‘ ) (68)

where now cy denotes the number of cycles, ch the number of chains. Again the sum
runs over all inequivalent partitions, where for the chains the only equivalence relation is
inversion, Gpli19z. .. in| = GFlin .. .i291]. Note that the sign of a term still depends only
on the number of cycles it contains. For example,

Wy (ki e1) = Gpll] =nfin;
Wy (ki,e15k2,62) = —Gp(12) + Gp|12| + Gp|1|GF|2|,
= *%GF12GF21U (fif2) + 2Gpanfifan + nfinnfan;
Wy (ki,e1; ko, €25 k3, e3) = —Gp(123) — [GF(IQ)GF|3] +20ycl.perm.]
Y Gp|123] + Gp|231] + Gr[312]

+|[Gr|12|Gp|3| + 2cycl. perm.| + Gp|1|Gp|2|Gr|3],
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= —Gr12Gr23Grsitr (fifaf3)
1
- iGF12GF21tr (f1fo)nfsn + 2 cycl. perm.

+2[Gr12Grasnfifofan + GrasGrsinfafsfin
+Grs1Grianfsfifon | + 2[Grianfifannfsn + 2 cycl. perm. |

+nfinnfannfn. (6.9)

Here we must remember once more that no more than D factors of 1 can appear in a
term. Thus in four dimensions the last term appearing in W, (k1,e1; ko, €2; k3,€3) above
can already be omitted, since it carries six factors of 7.

We now combine these results for the spin part with (4.1) and the results of subsec-
tion 2.1 to arrive at the following explicit representation of the spin-orbit decomposition:

KNS’ — Z K}E;};QZS} ’

{iria...is}
{ivi i) [ee] 9 N T
K]\;lsm'”ls = (—z'e)N(—i)Nsymbl/ dTe ™ TH/ dr;
.. plitia..is} —TO24+N | Ajikik;
XWn(kilaeilv"'akisveis)PNS e 0 4,j=1"74 E (6.10)

In the above the sum runs over all choices of S out of the N variables, and the bosonic
prefactor polynomial ]5]%3;2"'15} is now defined by (compare (1.30), (2.11), (2.12))

efTb2+Z£\;~:1 [Aij ki 'k‘j *27L.Aij5i ~kj 7.A.ij £ -Ej]

82'1:“':52'3:0 €4

Cigy1 " Cin

= (_Z.)N—SPZ%iz...is}e_Tbg+z§Yj:1 Aikiki (6.11)

Here the notation on the left-hand side means that one first sets the polarisation vectors
€1+ -+ Eig €qual to zero, and then selects all the terms linear in the surviving polarisation
vectors. In particular, one has the extremal cases

Py = Px.
~5{12...N
PNy (6.12)

Thus keeping only the S = 0 term we get the N-photon kernel for scalar QED.
As an example, we arrive at the following concise rewriting of the two-photon kernel,
which was previous given in equation (5.15):

o0 T
KY? =symb~! / dr e_(m2+p/2)T/ drydry eFrhelm—T2l=('=p)(kitmoke)
0 0

X {PQ + Wn(k‘l,el)Pgll} + Wn(k2,€2)]52{12} + Wn(klaf':l; I€2,€2)} . (6.13)
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Here P, was given in (2.15), W, (ks,&2) in (6.9) and

]52{11} = 2(*Ag1e2 - k1 + *Agzeg - k2) — 222 - o,
P = 2(°Anier - ki + *Aroer - ko) — 261 - by . (6.14)

Alternatively, in (6.10) we can replace p]{,iém'”is } by the corresponding partially integrated
Q{iu’g...is} (

NS note that the IBP procedure will not generate terms with derivatives acting on
the G p;; factors coming from the spin part).

7 The dressed electron propagator in momentum space

Here we finally complete the transition from the second order formalism back to the familiar
first order formalism by transforming K to the physical N-photon dressed propagator of
the Dirac field.

7.1 From K to S

The main object of interest in this paper is the dressed electron propagator in momen-
tum space. A straightforward Fourier transformation of the a-space formulas (3.1), (3.3)
yields (1.40), which we repeat here for convenience:

SR kn, i skvsen] = (pFf +m) KR (ki 2155 kv, en]
N
—eZ%K?NJFfﬁp[klﬁl; S ];'uéi; sk, en]. (7.1)
i=1

Here in the first term on the right-hand side all the polarisation vectors come from the
kernel K, while in the others one was taken from the photon field contained in the covariant
derivative acting on K in formula (1.37).

Here it must also be remarked that our derivation of this identity contained some
arbitrariness: in the first line of (3.3) we could have placed the factor [m + ZD] to the
right of the others, rather than to the left. If we do this, instead of (1.40) we get the
“reversed” identity

SR [kryess sk en] = Kﬁ;p[/ﬁﬁl;---;k‘N,EN](—?er)
N ) A
—ey KO ks kg skyenld (7.2)
i=1

Whichever of the two representations we use of the untruncated propagator S%p , for most
purposes it will be necessary to eventually introduce also the truncated (or amputated)
one, which we denote by SX”. With our conventions, the two are related by

o~ !

SEP = (= + m)SKP(p +m), (7.3)

which simply removes the propagators associated to the external electron legs with mo-
menta p and p’.
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7.2 The cases N =0,1,2

We will now extend our study of the cases N = 0,1,2 in D = 4 from the kernel to the
propagator. This has the double purpose of studying how the equivalence with the standard
first-order Feynman rules comes about, and preparing our applications below.

We start with N = 0, that is the free propagator. Combining (5.13) with (1.40) gives

SEP = (¢ +m) =@ +m)p +m) (= +m) =p+m)t. (T4

p/2 + m2
For N =1, eq. (1.40) gives, using (5.13) and (5.14), as well as momentum conservation,
we find

PP = (f +m)KY e K] — ¢K5 T
Hp—m) —(f —m)f ¢

= ) )
"+m m
::é£+m%?ﬁ+n;y (7.5)
It is this result that in fact motivates (7.3) from which we get
W (P +m )¢(}’j m)
Sl - ( p + m) (p + mg)(plg + mg) (Z/) m) ¢7 (76)

and we have reproduced the Dirac vertex as expected.
For N = 2, eq. (1.40) yields, now using (5.14) and (5.20),

S = (f + m)KEP[er, kusen, k] — KT TP [eg ko] — ¢, KT TP ey k]
(' +m) { 1

(p? +m2)(p? +m?) L (¢ + k1)? + m?

(= ol )+~ A+ b)) + (o2}

_{¢%@nwmwknmv2
H 0+ k) +m?](p? +m?)
It is then easy to verify that

A + b+ m)a(p—m)

+(1 2)}. (7.7)

Pk + Pk +m
(v + )+ ¢2+¢2(p'+l<:2)2+m2

This is indeed what we get in the standard formalism from the two corresponding Feynman

SEP = (—p +m)SHP(p+m) = ¢,

¢,. (7.8)

diagrams in figure 3.

8 The fermion self-energy

Since the master formulae given in equations (7.1), (7.2) hold off-shell, for the N =
case they can, by sewing together the two photon legs, be used for the construction of the
one-loop fermion self energy, indicated in figure 4. We will carry out this calculation for
an arbitrary dimension D and gauge parameter £, and in close analogy to the worldline
calculation of the self-energy in scalar QED performed in [89].
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ks

Figure 3. Feynman diagrams for the Compton scattering amplitude in the standard formalism.

k

p p

>
>

Y
Y

p+k

Figure 4. Electron self-energy diagram.

8.1 Construction of the self energy diagram by sewing

The dressed electron propagator in momentum space for N = 2 is
SEP = ( +m) KVP(kn,e1; ko, e2) — ¢, K TP (kg e0) — £, K TF2P(ky er). (8.1)

We can immediately apply the decomposition (5.11) of Ko with the explicit results for
the coefficients in (5.19). Sewing consists of replacing k1 = —k = —ky which forces also
p’ = —p and setting

Oy k.k,
81/4621/_)%_(1_5) 24 )

which generates the photon propagator in an arbitrary covariant gauge. Following these

(8.2)

substitutions, we then integrate over the loop momentum k*.

With these identifications it is easy to check that Cs = 0 and that

‘7k1=k=k2

By® o DEKP + k26%0 4 2(1 — kK" . (8.3)

—k1=k=k2

Multiplying this into the anti-symmetric matrix c®? gives a result that vanishes. This leaves
Ao that is split into its scalar and spin parts that take the following form after sewing;:

2 (2p + k) k-(2p+k) 2p+k) -k
5 [P e 0O (G R ) )
2(D — 1)

AP S Sl ? (8.4)

}7k1=k=k‘2 (p+ k:)Z + m2 )

where we have taken advantage of the freedom to change the variable of integration £k — —k
to simplify the results. Note that the spin contribution to A is independent of the gauge
parameter since the spin interaction is already written in terms of the field strength tensor,

whilst the gauge dependent scalar piece is familiar from scalar QED — see [89]. Putting
dPk
(2m)P )

ww [ dPk (2p + k)% + (D — 1)k? (k2 +2p - k)?
= [ - -0 (G ) €9

these together the contribution to the self energy from As becomes (dPk :=
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(we have dropped a factor of 2 that is over-counted due to the permutation symmetry
of external legs before the sewing takes place). Now, the very first and very last terms
correspond to the diagrams with the seagull vertex and these vanish in dimensional regu-
larisation. They can therefore be dropped so that (reinstating the electron charge)

Kp’p

(2,sew)

B 2/de[ (2p+k)* + (D — 1)k?
)= [ R+ o+ R
(k? 4+ 2p - k)?

U 2 s e

(8.6)

We must add to this the subleading terms. Likewise using the N = 1 result, (5.14),
applying the sewing procedure to —¢, K1 and —¢,K; we find that each such term provides

(here j # i)

— F K ey (s €5)

1,sew)

¥ k2 +2p-k
7(1—6)@(p2+m2)((p+k)2+m2) . (8.7

Y L NURL
“) R ) (o R )

After combining these terms with (8.6) and using partial fraction decomposition, only five
different integrals remain to be computed, and those are already known from the scalar
QED case [89]:

[ dPq 1 _(mH)z ! _ Dy,
Il_/(%)D >+ +a?  (4r)7 F(l 2)’
2

L= [ 2 L )RR DY ey DD P,
2 2m)P ¢2[m2 + (p+q)?] (4@% 2 )21 277727 m?2)’
d"q g p*
I“Z/ =—— [h+ @ +m*)D) ;
L e T
J_/ - : _ IR DY (s D, D P
- 2m)P A m2 + (p+q)?] (4@% 2 )1 277727 m?2)’
d"q q" "
J“:/ =——= L+ @*+m*)J] . 8.8
R T s B A 88
In terms of these integrals, we can write the two contributions to Sf’;ps ow) 3
/ o P m 2 2, . 2\2
/ Pp
W + MK, =e m[@ L+4p- I+ DI + (m* + p)2(€ — 1)1 (89)
and
2
ptkjp € (D _ (e _ 2., 2
Ao Kl = s (20— (D= DL — (€D +2)a]. (810)
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Using the integration results above, we may write the contribution to the self energy
in the following way:

vp o (FHm) (m?)3? D
S(Qsew)_e 2 1 2)2 o I(1-+
’ (m?+p°)* (4m)7 2

D D 2
X {(D —2)m? 4+ 2(m? — p?) oy <2 — 1; o _p>

m2
(m? + p?)? D D p?
B ARSI VA AN I S P
+(§ ) m2 2471 3 27 7 27

m2
o ¥ (mHE? D
2p2(m? +p?)  (47)% F<1 2)

X { — [4p* + (D — 2)(m* + p?)] 2 F4 <2 — §,1; 12);—:;> + (D — 2)m?
—(5—1)(m2+p2)[2F1 (z—D 1-D-—pZ>

27727 m2

m? + p? D D p?
——————9F1|3— 22— —— . 8.11
m 2 1< 2 ) &y ) ) m2 ( )
We are not quite done, however, as we should amputate the external fermions according
o (7.3)

ST oy = (9 +m) SEY L (p+m); (8.12)

doing this we can decompose the final result to (our notation follows [100])

SQSeW - Oé(p2, D)ﬁl + 5(2923 D)II-

where
D _
a(p?, D) = ;;%PO - l;)(D —2)
X {2F1<2—12),1,12), :;) (mQ—pZ)[Hf_)lZ] —m?
- 2F1<3 12),2 12) :;) (mQWJ;pQ)Qé__Z},
B(p?, D) = Wro - l;)(D +E—-1)2F (2 — g, 1; % _:;> . (8.13)

Further simplification can be achieved by using the following identity for the hypergeomet-
ric function 9 F} which we prove in appendix D:

oF1(a,1,2 —a;—2)(1 — 2)(1 — 2a) + o F1(a +1,2,2 —a;—2)(1 + 2)> =2(1 —a), (8.14)

sothatwitha:2—%andz:%weget

JF (z _b,D —p2><m2 _ (D -3)

2 27 m?
Fi{3——,2,——— | ————=(D -2 . 8.15
+ 2 1( 975 97 2) 2 ( )m ( )
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Applying this identity to the coefficient function a(p?, D) we obtain the simpler represen-

tation®
2 . L2
R ACE T LTy
2p (4m)z 2
D D 2
xf{(mQ—p2)2F1<2—2,1;2;—:12> —mQ}. (8.16)

In particular, it can now be seen that the coefficient function a(p?, D) is absent for £ = 0
(Landau gauge).

Davydychev et al. have computed the self-energy in an arbitrary gauge and dimension
for a non-Abelian SU(N) theory [100]. We find complete agreement with their results after
putting their group parameter Cr = 1 for the U(1) symmetry of QED and transforming
to Euclidean space (note that their gauge parameter, £p, is related to ours by {p =1 —¢).

8.2 Special gauge choices

Given that our treatment of the propagator naturally splits it up into the two terms that
we have referred to as leading and subleading, we pause here to discuss a natural question
that arises with respect to the gauge parameter, &, that we have so far left arbitrary. We
will show that it is possible to choose & such that either one of these pieces vanishes.

Firstly we consider removing the subleading piece. This cannot be done at the level
of the integrand in (8.7) so we instead consider the final two terms in (8.11). Apply-
ing (8.15), one is led to the following value of £ that makes these two terms cancel, which
we call & (p?, D):

51(p27D) =1+

(8.17)

However, this gauge parameter cannot be used in D = 4, since the denominator becomes

singular. In fact, in four dimensions the %—pole of the subleading term is gauge independent,

and proportional to the expression
o2

P [(p? — m2)p + 2mp?] . (8.18)

3 As an aside, we note that the same identity can be used to simplify the expressions given in [89] for the
self energy and vertex in scalar QED. E.g. the scalar self energy can be rewritten (in our present notation)

2/ 2\L_2 2
%r (1 _ 2) {mQ —2(m? = p?)oFy (2 _ 971; B; _L)
(4m) % 2

— (m* = p*)2 1 (2 - g,l; g; —%) 2+1-&(D - 3)]} .
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The gauge parameter can, however, be used for QED in D = 2 dimensions, where it
becomes

&(p*,D)=—-1-2(D—-2)+... (8.19)

Here we give also the linear term in the e expansion since, due to the pole contained in
the prefactor T'(1 — %) in (8.11), it will have to be included if one wishes to remove the
subleading term completely.

For the leading contribution, the analysis is the same. We find that it vanishes for a

gauge parameter &»(p?, D),

52(]92’D) =1 +

2
(D — 2)m? +2(m? — p?)o F1(2 — %,1;%3—%) (8.20)
._p? ’
2

(D —3)(m? — p?)2 1 (2— 5,1, %

This time the gauge parameter does not become singular in four dimensions, and expanding
around D = 4 we find that the leading contribution to the propagator can be removed using

2 2

2 2 2 2
p“—m p°—m m P
&(p%, D) = G e e [3])210g <1+ mQ) —2} (D—4)+... (8.21)

Note that, in the massless limit, this becomes & (p?, D) — 3 — 2(D — 4), whose constant
term corresponds to Yennie-Fried gauge, £ = 3. On the other hand, expanding around
D =2 we find

3p2 _ m2

2 —

&a(p ,D)——1+W(D—2)+ (8.22)
Thus in D = 2 both gauge parameters start with £ = —1, so that here we can achieve more

than in four dimensions: we can remove the pole of the leading and subleading contribution
simultaneously, and the finite part of one or the other. This does not come unexpected,
since it had been noted already in [101] that the £ = —1 gauge in two dimensions has
the property of removing the divergence of the one-loop fermion propagator (which in two
dimensions is an IR one). More recently, this property has turned out to be extremely
useful for multiloop calculations in the Schwinger model [102]. It will be interesting to see
whether further simplification can be achieved by one of the generalisations (8.19), (8.22).

Another open question is whether there exist similar choices of gauge that can remove
various contributions at higher order, since it would be advantageous to have the option
of removing the leading term, especially when considering amplitudes with a large number
of photons attached to the line. This is because the leading contribution at order N,
(p’ + m)Ky involves the N-photon kernel which is progressively more complicated than
the N subleading contributions of the form ¢, Kxn_1. This is clear even in the results for
N =1 or N = 2 presented above in section 7. At higher order the simplifications gained
by being able to discount Ky could be substantial and may help to streamline various

calculations. We leave this for examination in future work.
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9 Conclusions and outlook

In this article we have presented a new — and long overdue — approach to the worldline
path integral representation of the open Dirac-fermion line dressed with N photons. The
formalism is designed to extend to the open-line case the main calculational advantages of
the well-established worldline formulation of the closed fermion loop, such as:

1. Making possible the derivation of compact master formulas representing whole classes
of Feynman diagrams differing by the ordering of the photon legs along a loop or line.

2. Keeping a close analogy between scalar and spinor QED calculations, in particular
with respect to the simple dependence on the loop mass.

3. Minimising the effort in Dirac algebra manipulations through the use of the symbol
map, which effectively avoids long products of Dirac matrices by an early projection
onto the Clifford basis.

4. Allowing the generation of gauge-invariant structures by integration-by-part algo-
rithms, rather than the usual tedious analysis of the QED Ward identities.

Our formalism is based on the second-order approach to spinor QED, which has been
known for decades as an alternative to the standard Dirac approach [20, 21] but rarely
been considered as an alternative for state-of-the-art calculations (although in recent years
it has been used as a starting point for the construction of non-standard abelian gauge
theories [103—108]). It is also close in spirit to first-quantised string theory, and thus shares
some of the superior organisation of string amplitudes, particularly with respect to gauge
invariance, permutation symmetry and worldline supersymmetry.

In the present first part of this series of papers we have focused on the construction of a
Bern-Kosower type master formula for the fermion propagator dressed with N photons, still
off-shell and geared towards the construction of multiloop amplitudes. We have given this
formula in two versions, once using worldline superfields and once via a spin-orbit decom-
position that should contain additional physical information. Both versions are amenable
to numerical implementation. We have explicitly worked out the cases N = 0,1,2, and
demonstrated in detail how the equivalence to the standard approach works. The N = 2
result has further been used for a recalculation of the one-loop fermion self energy for ar-
bitrary dimension and arbitrary gauge parameter £. Cancellations for special values of &
have been found that look promising for investigation at higher-loop order.

The forthcoming second part will focus on on-shell amplitudes and cross sections in-
volving open fermion lines, and in the third part we will add an external constant field
(partial results of the third part have already been published in [109, 110]).

In an independent publication we will use the formalism for an extension of the gener-
alised 2N-point Landau-Khalatnikov-Fradkin transformation introduced in [89] for scalar
QED, to the spinor QED case. Future additional articles will further be devoted to the
application of the formalism to multi-loop g — 2 calculations, and to the derivation of Ball-
Chiu form factors. Generalisations to the non-abelian case and to the inclusion of axial

couplings are also under consideration.
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A Conventions

On the side of the worldline formalism, we work throughout in Euclidean space with metric
(+ + ++), and use Dirac matrices fulfilling {7#,7"} = —26"”. On the field theory side,
we Wick rotate to Minkowski space with metric 7, = diag(— + ++), and use {v*#,7"} =
—2n*. We further define €% = +1 and 75 = i7%y'y?¢3. The fermion propagator
becomes —i/(p+m) and the first-order Dirac vertex —iey*. The sign of the effective action
corresponds to a tree-level term — iF w P in both Euclidean and Minkowskian spacetimes.
The covariant derivative is D, = 0,, + ieA,. These Minkowski space conventions coincide
with the textbook of Srednicki [111] except for the sign of the electric charge and that we
use ingoing momenta in Feynman diagrams instead of outgoing ones. The Feynman rules
for the second-order formalism have been given in the introduction, figure 1.

B Intrinsic worldline approach to the electron propagator

In this appendix, we rederive the path-integral representation of the electron propagator
in a more “principled” way, using the principles of quantum mechanics, gauge theory and
(worldline) supersymmetry but no field-theory input.

As is well-known, a spin 1/2 particle can be described in a manifestly covariant way by
a gauge model with one local supersymmetry on the worldline. For the massless case, the
phase space action depends on the particle space time coordinates z* joined by the real
Grassmann variables 1*, supersymmetric partners of the former that supply the degrees of
freedom associated to spin. In addition, there are Lagrange multipliers e (the einbein) and
X (the gravitino), with commuting and anti-commuting character, respectively, that gauge
suitable first class constraints (they form the supergravity multiplet in one dimension).
Eventually, their effect is to eliminate negative norm states from the physical spectrum,
and make the particle model consistent with unitarity at the quantum level.

The action for the massless particle takes the form (given here in Minkowski space)

S = / dr <pmc“ S — e — ixQ) , (B.1)
where the first class constraints are given by
1, L
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that generate through Poisson brackets the N = 1 susy algebra in one dimension

{Q,Q}=-2iH . (B.3)

This algebra is computed by using the graded Poisson brackets of the phase space coordi-
nates, {z#,p,} = 0, and {y*, 1, } = —idl,, fixed by the symplectic term of the action.

The gauge transformations are generated on the phase space coordinates (z,p, )
through Poisson brackets with V' = (H +ie@), where ( and € are local parameters with ap-
propriate Grassmann parity whilst on gauge fields the gauge transformations are obtained
by using the structure constants of the constraint algebra and turn out to be

dxt = (p* + ieh; opu = 0; ot = —eph; (B.4)

de = C + 2ixe; ox =€ . (B.5)

Let us now study canonical quantisation to uncover the consequences of the constraints,

and see how the Dirac equation emerges. Promoting the phase space variables to operators
one finds the following (anti) commutation relations

@, pl = ol , {0y =, (B.6)

while other graded commutators vanish. The former relations are realised on the usual
infinite dimensional Hilbert space of functions of the particle coordinates. The latter rela-
tions are seen to give rise to a Clifford algebra that may be identified with the algebra of
the Dirac gamma matrices I'*, satisfying {T'#, TV} = 2n*” and as such they can be realised
on the finite dimensional Hilbert space of spinors as

A 1
v —TH, B.7
W 7 (B.7)
with dimension 2l%], The full Hilbert space is the direct product of the two Hilbert spaces
obtained above and is identified with the space of spinor fields.
The full information of the physical states, |¥), resides in the constraints implemented

a la Dirac. In particular, the constraint due to the susy charge Q= ﬁﬂzﬁ“ gives rise to the
massless Dirac equations

Pt O =0 — TH9,T(z) =0. (B.8)

Likewise the constraint H|¥) = 0 leads to the massless Klein Gordon equation for all
components of the spinor ¥, and is automatically satisfied as a consequence of the algebra
Q2 =H. Thus, we recognise how a first quantised description of a spin 1/2 particle emerges
from canonical quantisation of a constrained system.

To study the corresponding path integral quantisation it is useful to eliminate the
momenta p, to obtain the action in configuration space

Silobend = [ar (Ge @ =+ g ) (B9

whose local symmetries may be recovered from the phase space ones.
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Finally, a Wick rotation to Euclidean proper time produces the Euclidean action
1 . o 1
SE [37, ¢7 €, X] = dr 56 (xﬂ - X/‘/}M) + 51%77/}“ . (BlO)

The massive case is slightly more subtle. To obtain it we use a method of introducing
a mass term starting from the massless theory formulated in one dimension higher. We
denote the extra dimension by 2°, and coordinates by 2™ = (x#,2°), so that indices split
as M = (pu,5). The massless spin 1/2 particle in one dimension higher is described by the
phase space action

. 1 . e )
S = /dT (pM:rM + 5waM - §pMpM - zx;onM> : (B.11)

Now one imposes the constraint* ps = m, where m is a constant to be identified as the
mass of the particle in one dimension lower. The action now takes the form

S = /dT (pui"u + mi® + %wmb“ + %¢5¢5 - e%(pﬂp" + m2) - ix(pmﬂ“ + m¢5)) .

(B.12)
The term with the coordinate z° is a total derivative and can be dropped from the action
but 9% is retained. Let us check that this indeed describes a free, massive spin 1/2 particle,
at least in even dimensions. We focus directly on D = 4 dimensions and note that on top
of the operators in (B.6) one finds the extra fermionic operator ¥ that can be identified
with I'® /v/2, where I's is the usual chirality matrix obeying (I's)? = 1. The susy constraint
pu* + my® = 0 becomes at the quantum level

(—iT"0, + mI®)¥ =0 . (B.13)

One can multiply this by I'® and recognise that the set ¥# = I'>T* satisfies the standard
(with signature — 4+ ++) Clifford algebra {3#,4} = —2n"" which leads to the massive
Dirac equation

(=i +m)¥ = (p+m)¥ =0, (B.14)

as required.
However, our goal here is to get the massive Dirac equation through path-integral
quantisation. Let us start from the action in eq. (B.11), suitably Wick rotated to

S[x7p71/}7¢57€7X]
B /dT [_%55“ + %%W + %WE’J’ + g(pup’” +m?) +ix(pu* +my°)| . (B.15)

It enters the path integral as

DxDpDvyDipsDeDx o= Slzpwus,eX]

Z ~
Vol(Gauge)

(B.16)

4This constraint Poisson-commutes with the Hamiltonian so does not generate any further constraints.
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Integrating out the momentum gives the configuration space action. Before gauge fixing,
and in Euclidean time, it takes the form

1 . .
S[CU, ¢; 1/}57 €, X] = /0 dr % (671('f - Xd})Z + ww + ¢5"¢5 + 6m2 + QZme5> ) (B17)

where we have suppressed obvious indices. There are two local symmetries to take care of,
reparameterisations and local supersymmetry, with gauge fields e and Y, respectively.

We start using the reparameterisation invariance to fix e(7) = 27" in that Lagrangian
which, on the line, reduces the path integral | De(7) to the proper-time integral with trivial
Faddeev-Popov measure fooo dT'. For fixed T', we then rescale 7 — T'r. The gravitino field x
is the gauge field for the local worldline supersymmetry, and on an interval can be gauge-
fixed to a constant Grassmann variable ©, the super-partner of the global proper-time
T. The gravitino path integral [ Dx(7) then gets replaced by the ordinary Grassmann
integral [ dO©.

Next, let us consider the terms in the worldline action that depend on the gravitino
field x (7). Since x?(7) = 0, those terms can be written as

% /OT de(—%:'C P+ Zmiﬁs) . (B.18)

Sx

We can then use the nilpotency of © to replace the exponential by its argument, and
perform the integral:

/DX e = /d@ e~ = ;/T dT(%j; - im1/15> . (B.19)
0

At this stage, we have

o > IS T g (1420 L dt Lo
Z:/ T e—mT/DwaDws/ dr( Zd - 1p — imaps | e Jo dr (3874 gudrgusds)

0 I T Jo 2
(B.20)

We must now think about the boundary conditions to be imposed on the Grassmann fields
(1) and ¢5(7). For the coordinate path integral, passing from the closed loop to the open
line case means replacing the homogeneous boundary conditions z#(T') — z#(0) = 0 by
inhomogeneous ones,

a2 (T) — 2#(0) = 2’V — oM, (B.21)

so that we calculate off-diagonal elements of the kernel. Likewise the propagator will
depend upon the initial and final spin states, so we should expect that the anti-periodicity
condition

YH(T) +4H(0) =0, (B.22)
be replaced by the inhomogeneous (“twisted”) condition

PH(T) + PH(0) =7, (B.23)
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where n* is a constant external Grassmann vector that should generate the spin structure
of the kernel. But here we run into the following subtlety with the variation of the action.
The variation of the free particle action is

T
58y = /0 dr S0t + — (1/1 ov)| ' (B.24)

=0

The first term gives us the local equation of motion 1/}“ = 0. In the closed loop case,
we would have anti-periodic boundary conditions on v and d1 which would lead to the
vanishing of the surface term in (B.24). In the open-line case, instead we have (B.23) but
61 remains anti-periodic, resulting in a non-zero contribution from the surface term,

S (o) ‘T:T = o0 6u(T) (B.25)
2 7=0 o 277 ’ ’

If the choice of twisted boundary conditions is to be consistent, this non-local term should
be cancelled by something. To see what is missing, note that we can switch from anti-
periodic boundary conditions on (1) to twisted ones on £(7) by setting

Ye(r) + g = €(r) (5.26)

and that the result of this transformation can be written as

/ dr () () — / dr 36(r) -€(r) + H6(T) - £(0). (B.27)
0

Under an infinitesimal shift of £(7), the second term on the right-hand side produces an
additional term $6&(T) - £(0) + 1£(T) - 6£(0) which is just right to cancel the surface term
n (B.24) (with ¥ now replaced by &).° This leads us to understand that the precise version
of (B.20) is

oo z(T)=x
= / ar T / Dz / D¢ Dés
z(0)=a' §(T)+£(0)=n &(T)+65(0)=n5

x/ dT< i€ — zm§5> o S dr 3 = [T dr 166~ LE(T)€(0)
X e fo d72£5§o 255(T)55() (B28)

We now turn our attention to the prefactor (%x -& —im&s). In the second term, the
equation of motion &5 = 0 means that Ehrenfest’s theorem gives

el = 0. (B.29)

Thus this term is actually independent of 7, so that we are free to replace it by the average
of its endpoint values, and then apply the boundary conditions:

1

(&(1) — 5 (6(T) +&5(0)) = 55 (.30

5In the coherent state approach to the spinning particle path integral on the line, there appear similar

boundary terms in the action which, unlike in the present case, are local. However, their net effect is the
same as we have here; namely, their variation cancel boundary terms coming from the variation of the
kinetic action [88, 97].
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Similarly, for the first term we can invoke the above-mentioned fact that @ = & - £ is the
conserved charge associated to the worldline supersymmetry transformations (1.20). Thus
we have also

d
p £ = B.31
(i) =0, (B.31)
and we use this again to replace the T-integrand by the average of its endpoint values:
. 1, .
(#(7) - &(r)) — 5 (&(T) - &(T) +2(0) - £(0)) (B.32)

Now we need to figure out the effect of a factor ##(T") or ##(0) inserted into the free
z-path integral. An insertion of #(7') into the free path integral will, after the transforma-
tions (2.2), (2.3), turn into

-z
T

The fluctuation term ¢(7") leads to an insertion under the path integral over ¢ that is odd in

#(T) — +4(T). (B.33)
q, and thus vanishes. Moreover from the explicit result for the free z-space propagator, (2.6)

o)
o
acting on the final point of the trajectory. Similarly, an insertion #(0) can be represented as

with N = 0, we see that this term could as well be represented as a derivative —2

a derivative 28% of the amplitude with respect to the initial point  which by translation
invariance can be replaced by —283%. After this, we are ready to use the Grassmann
boundary conditions to replace further

HT) - €(T) +(0) - £(0) — ~2o - (E(T) +€(0) — 20 n. (B.34)
The prefactor term is now completely expressed in terms of external quantities, and does not
involve the path integral variables any more. Thus the path integrals can now be performed.
The Grassmann path integrals just yield global normalisation factors, independent even of
n and 75 (as can be seen most simply by applying the transformation of variables (B.26) in
reverse). The x path integral together with the global T' integration yields the free scalar
propagator Dgx/. Thus we have now simply (up to normalisation)

.0 /
Z = (—in- I + mns) D§” (B.35)

The remaining task of matching this to (1.37) (for the free case A = 0) parallels our
discussion for the operator formalism above. We require a rule for mapping the Grassmann
variables to gamma matrices. It would be inconsistent to map 75 to 1 and n* to —y*, so
we are instead led to identify ns with 75, and reuse the fact that y5+* are equivalent to ~*
so we finally choose the assignation

N5 — 75, Nt — —57*. (B.36)

In this way Z gets mapped into 75 Sm/, rather than Sm/, but this is equivalent, and the best
we can do. It may appear awkward to introduce 5 in this seemingly non-chiral context,
but the fact is that its appearance is a common feature of first-principle approaches to the
path integral representation of the massive fermion propagator.
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C Path-ordered path integrals and symbol map

In this appendix, we prove the identity (3.5) that allows us to replace the Feynman spin
factor (1.5) with a path integral over Grassmann variables via the symbol map. Our proof
essentially follows [90].

First, by standard functional calculus we can rewrite

P {eféefOT dT'y'U‘F“y’YV} — ei% foT drFpy (z(T ))50;/(7') 59#(7- efO dr 0 (T)y> :| (Cl)
0=0
with Grassmann-valued functions 6#(7) that anticommute with the ~v*.
Next, we remove the path-ordering operator using the identity
’p[efoT dTG(T)-v} — oo 7O o3 Jy dr [y dr'0¥ (T)sign(r—")8,,6" (1) (C.2)
Now on the right-hand side the first exponential can be rewritten as
A
ol A0 — FTa T VIS dr ; (C.3)
n=0

where the n*, u = 1,..., D are Grassmann numbers that again must anticommute with the

~#, while the second exponential can be replaced by a Gaussian Grassmann path integral:
dr[3¢P—iv26-¢]
o3 ST dr [ aron (sign(r—) 07y _ Jp)rucr=o DY € ool e

T Tl
S ruimy=o DY & Jo 4720

Here the denominator is the free path-integral normalisation, which is equal to 9% in D
(even) dimensions. Thus the previous three equations can be combined to

P [efoT dﬂ?(f)-W] — 9 %e ’%ai / Dy e” Jo dr[Svd—iv20. (4t . (C.5)
¥ (0)+4(T) =0
Now we act on this with the functional operator of (C.1). This produces
eig foT dTFuy(I(T))#(T)% o foT dT[%¢.¢_iﬂ9M(¢u+nu)]
— e o dr[ S p—ie(r+nt) Fu (47 +17)] 7 (C.6)

and thus by combining the previous two equations with our starting identity (C.1) we get

P{eféefonT“/“Fuw”} 9-% elfanﬂ /Dib o= Jo dr[3vb—ie(r ) Fu (4" +0")]

=0
(C.7)
The final step is to observe that the operation
Pl L)
eI £(1)| (C8)
n=0

order by order just corresponds to the replacement of products of n*s by antisymmetrised
products of v¢, that is, to the inverse of the symbol map defined in (3.6). This completes
the proof of the identity (3.5).
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D Proof of the hypergeometric identity (8.15)
In this appendix we show how to reduce the hypergeometric identity (8.15)
oF1(a,1;2 —a;—2)(1 — 2)(1 — 2a) + o F1(a+1,2;2 —a; —2)(1 + 2)* =2(1 —a) (D.1)

to known identities. The arguments of the hypergeometric functions appearing in this iden-
tity are of the special kind which makes it possible to rewrite them in terms of Associated
Legendre functions of the first kind P}/(z) using the identity (eq. 15.4.15 of [112])

142
1—=z2

o Fi(a,b;a—b41;2) = r(a—b+1)(1_z)—b(_z)%<b—a>Pbba( ) (—o00 < 2<0). (D.2)

Applying this identity (with @ and b interchanged and z — —z) we find

ae 1 —
oF(a,1;2 —a;—2) = I‘(2—a)(1+z)_“zzlp‘l—1< 2) ’

e \1+42
F 122 a—2) = T(2 — a)(1 4 2)-0- 1,55  pa-t (122 D.3
Filo+ 1,252 6 —2) = T@—o)(1+2) T Pt (12). (09)

For the Legendre functions one has the “varying degree identity” (eq. 8.5.3 of [112])
(v — p+ )P (@) = (20 + D)aPl(x) — (v + p) Py (). (D.4)

Using this identity with y =a —1, v = —a and z = %% yields

1—=z2 11—z 1—=z2 1-—=z
2(1 — a) P} =(1-2 pe-l pel ) D.5
(1-a) 1_“<1+z) (1=2a) —— P2, <1+Z>+ —a-1\ 1+, (D-5)

Multiplying both sides by a factor of I'(2 — a)(1 + z)l_“z%l, and combining the result
with (D.3), leads to (D.1) provided that

. 1—
re- o (1) L1 (D.6)

which can be verified using the identity (eq. 8.6.16 of [112]),

now with v =1—a (and z =
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