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A Randomized Block Subgradient Approach
to Distributed Big Data Optimization

Francesco Farina, Giuseppe Notarstefano

Abstract— This paper introduces a novel distributed algo-
rithm over static directed graphs for solving big data convex
optimization problems in which the dimension of the decision
variable can be extremely high and the objective function can
be nonsmooth. In the proposed algorithm nodes in the network
update and communicate only blocks of their current solution
estimate rather than the entire vector. The algorithm consists
of two main steps: a consensus step and a subgradient update
on a single block of the optimization variable (which is then
broadcast to neighbors). Agents are shown to asymptotically
achieve consensus by studying a block-wise consensus protocol
over random graphs. Then convergence to the optimal cost
is proven in expected value by exploiting the consensus of
agents estimates and randomness of the algorithm. Finally, as a
numerical example, a distributed linear classification problem
is solved by means of the proposed algorithm.

I. INTRODUCTION

Distributed coordination and control over networks have
gained increasing attention in recent years. In fact, many
problems arising in this scenario can be formulated as
optimization problems which need to be solved in a co-
operative way. In this distributed set-up agents in the network
typically do not know the entire optimization problem, but
rather perform local computations based on local objective
functions (and constraints) and communicate with neighboring
agents only. Many distributed optimization algorithms have
been proposed in recent years, some of which involving
nonsmooth objective functions. In such cases subgradient-
based algorithms have been designed. The first algorithms of
this type appeared in [1, 2], while recent advances involve
more sophisticated protocols, such as push-sum, to deal
with directed communication [3]. Recently, extensions to
the stochastic setting have also appeared, e.g., a stochastic
distributed mirror descent was proposed in [4]. Finally,
distributed algorithms over random networks are relevant
for this paper. In [5], consensus protocols were studied using
random row-stochastic matrices, while in [6] a distributed
subgradient method over random networks with underlying
doubly stochastic matrices has been proposed.

Applying the above algorithms to big data problems may
be hard to implement since many problems related to the high
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dimension of the decision variable may arise. For example,
a limited communication bandwidth may not allow nodes to
communicate the entire solution estimate. Thus, there is the
need to develop tailored distributed algorithms for big data
optimization problems in which only few blocks of the entire
(local) solution estimate are exchanged among the agents.

Block coordinate methods have a long history in the
centralized optimization literature (see, e.g., [7] for a survey).
They have been originally designed for solving smooth
problems. However, an increasing number of results for
dealing with nonsmooth objective functions have started to
appear in the last years. Blocks to be updated can be chosen
in various ways: cyclically, almost cyclically [8] or randomly.
In the last case, a randomized block coordinate descent
algorithm has been proposed in [9], while in [10] a stochastic
block mirror descent method with random block update is
proposed. Also parallel block coordinate methods have been
widely studied in the optimization literature (see, e.g., [11]).
Problems involving smooth convex functions are addressed
in [12], while composite optimization problems are studied
in [13, 14]. Moreover, [15] proposed a unified framework for
nonsmooth optimization using block algorithms, treating both
the centralized and the parallel case. Distributed algorithms
which are capable to deal with block communication started
to be studied only recently. In [16], nonconvex problems with
nonsmooth regularizers are addressed by means of a block
gradient tracking scheme, while in [17] an asynchronous
algorithm for nonconvex optimization based on the method
of multipliers, which is implementable block-wise have been
proposed. Smooth problems with common cost function
and linear constraints has been addressed in [18] through a
randomized block algorithm.

In this paper, we propose a distributed algorithm for solving
(over networks) big data convex optimization problems with
nonsmooth objective function, in which, at each iteration, each
node exchanges with its neighbors only a single block of the
optimization variable. The communication network is modeled
as a directed graph admitting a doubly stochastic weight
matrix. At each iteration each agent performs a consensus step,
computes a subgradient at the computed point, and performs
a subgradient update on a randomly chosen block only. Then
it broadcasts to its neighbors only the updated block. The
local block-wise subgradient updates and the communication
of a single block of the decision variable at each iteration
require nontrivial analysis to show the convergence of the
algorithm. In fact, it is worth noting that, despite the double
stochasticity of the weight matrix, the consensus step on each
block turns out to be performed using a sequence of random



row-stochastic matrices. The analysis of the algorithm is
carried out in two parts. At first, it is shown that the agents
in the network asymptotically reach consensus in expected
value by studying block-wise, perturbed consensus dynamics
with random matrices. Then, convergence to the optimal cost
in expected value is proven by properly bounding errors due
to the block-wise update and exploiting the property that
blocks are uniformly drawn. The results presented in this
paper can be extended to deal with a more general problem

set-up involving stochastic objective functions and constraints.

This extension is the subject of an extended work in which
the complete convergence proofs will be provided for a more
general class of algorithms and for the extended set-up.
The paper is organized as follows. The considered problem
is introduced in Section II along with some preliminary results.
In Section III, the algorithm is presented and, then, analyzed
in Section IV. A numerical example is provided in Section V
and, finally, some conclusions are drawn in Section VI.

II. SET-UP AND PRELIMINARIES

A. Distributed optimization set-up

Consider the following unconstrained optimization problem

Zfi (1)

where the functions f; : R® — R, n > 1, are convex and
possibly non smooth. We denote by z* € R™ a solution of
problem (1). The optimization variable z € R™ has a block
structure, i.e.,

mlnlmlze flx
z€R

where we have defined by z[¢] the ¢-th block of x. Namely,
given a partition of the identity matrix U = [U!,... U5,
with U* € R™*"¢ for all i and Ze 1 M¢ = N, We can retrieve
=372 Ulz[l] and z[f] = (U*) 2. Let us define g;(z) €
Of;(x) as a subgradient of f; computed at . Similarly, g(z) €
Of(z) denotes a subgradient of f computed at x. Then, we
make the following assumption on the functions f;.

Assumption 1 (Bounded subgradients). Given problem (1),
there exist constants G; € [0,00) such that ||g;(z)|| < G,
Vx and forall i =1,..., N.

Notice that, Assumption 1 implies that ||g;(z)[{]|| < G;
for all ¢. Moreover ||g(z)|| < G = Zf\ilGi and hence
lgi(x)]| < G for all i.

Problem (1) is to be solved in a distributed way by a
network of N agents. The network is modeled through a
weighted strongly connected directed graph G = (V,E, W)
with V = {1,....N}, £ CV x Vand W € RV*N being
a weight matrix. Each agent knows only a portion of the
entire problem, namely agent 7 is assigned the function f;.
We denote by N?“ the set of out-neighbors of node i, i.e.,
Nevt = {5 (i,7) € £}. Similarly, the set of in-neighbors
of node i, is defined as N = {j | (j,i) € £}. We say that
a directed graph G = (V, &) contains a spanning tree if for
some v € V there exists a directed path from the vertex v to

all other vertices v € V. The following assumption holds on
the weight matrix W.

Assumption 2 (Doubly stochastic matrix). For all 4,5 €
{1,..., N}, the weights w;; of the weight matrix W satisfy
(1) wi; > 0;
(ii) if ¢ # j, w;; > 0 if and only if j € NJ™;
(iii) there exists a constant 17 > 0 such that w;; > 7 and if
Wij > 0, then Wi j >
(iv) Y wij =1land 30 wij = 1. O

B. Preliminary results

Consider a stochastic, discrete-time dynamical system
evolving according to

= Alxt e, )

where {A'};>( is a sequence of random n x n row-stochastic
matrices. Let (2, 7, P) be a probability space, we assume the
sequence { A, S*};>¢ form an adapted process, i.e., { A'}i>0
is a stochastic process defined on (2, F, P), {S'}:>0 is a
filtration (i.e., St C S**! and St € F for all ¢) and A? is
measurable with respect to St. Given a sequence of matrices
{A"};>0, let us define the transition matrix from iteration s
to iteration ¢ as

ALAYAS) s s,
(t.s) = {At, if 1= s.

Given a nonnegative matrix A and some ¢ € (0, 1), we denote
by As the matrix whose entries are defined as

A5l = {g

We say that A contains a §-spanning tree if the graph induced
by As contains a spanning tree. Moreover, given a vector
z € R”, we define d(z) = maxi<i<p 2[f] — mini<;<, x[t].
Then, the following result holds true for system (2).

Lemma 1 ([5, Theorem 3.1]). Consider system (2). If there
exist h >0, § > 0 such that E| ]Em:;}ll)fl At | 8™h contains
a O-spanning tree for each m and At > 01 for each t, then,
for any z° such that E| P] < oo (which is independent

of {A'}>0), and any p > 0, it holds

if Aij > 6,

otherwise.

where M € (0,00) and p € (0,1). O

The following corollary specializes the above result to the
case of i.i.d. random matrices whose expected value is a
doubly stochastic matrix.

Corollary 1. Consider the discrete system (2). Let {A'};>
be a sequence of independent and identically distributed
random row-stochastic matrices, such that A® > 61 for all t
for some § > 0, and E[A"] is a doubly stochastic matrix. Then,



for any z° such that E[||z°||P] < co (which is independent
of {A'}>0), and any p > 0, it holds
E[d(2")"] = E[d(®(t,0)z°)"]
< W'Eld(2°)"] < Mp'E[[«°]7],

where M € (0,00) and p € (0,1). 0

Finally, the following two results will be useful in the rest
of the paper.

Lemma 2 ([19, Lemma 3.1]). Let {v;}i1>0 be a scalar
sequence.
DI gy = € and B €
limy 00 Zizo ﬂt78’73 = ﬁ
2) If v >0 forallt, Y 72 v < oo and 8 € (0,1), then

Yo (Zi:o 5t_s%) < oo.

(0,1) then

]

Lemma 3 (Tower property of conditional expectation). Let
X be a random variable defined on a probability space
(QF,P). Let Z CY C F. Then, E[E[X |Y,Z] | Z] =
E[X | Z]. O

III. DISTRIBUTED BLOCK SUBGRADIENT ALGORITHM

The Distributed Block Subgradient method for solving
problem (1) in a distributed way is now presented. The
algorithm works as follow. Each agent ¢ maintains a local
solution estimate z!, which is initialized at 2. We assume that
the initial estimates are entirely shared among neighboring
agents. Then, at each iteration ¢, agent ¢ performs two updates:

@) it computes a weighted average of its in-neighbors’
estimates xj j € N and stores it in ytJrl

(ii) it picks a random block ¢! € {1,..., B} (with uniform
probability) and computes z! " by updating the /i-th
block of z! by using the ¢:-th block of a subgradient
of f; computed at y’“ and leaving the other blocks
unchanged.

Finally, it broadcasts zf“[ét] to its out-neighbors. A pseu-

docode of the method is reported in Algorithm 1.

Algorithm 1 Distributed Block Subgradient

Initialization: z?

Evolution: for t =0,1,...

UPDATE
t 1
=N wyal 3)
]eN'Ln

PicK ¢ € {1,...,B} with P(¢! =) = 5, W/
UPDATE
e Wyt it =0t
xf-‘rl[a — Y; [ ] Qg (yz )[ ] 1 7 (4)
xt[/] else

BROADCAST ! T[] to j € Nt

It is worth noting that, although node ¢ receives from each
Jj € Nj™ only block z! [¢:~1], the consensus step (3) can be

performed using the entire le since the other blocks have
not changed since the last time they have been received.

As for the block-wise subgradient update (4), notice that
the ¢:-th block of the whole subgradient computed at '™
is used This is due to the fact that computing a subgradient
with respect to the ¢-th component only is, in general, not
equivalent to picking the ¢:-th block of the whole subgradient.
This will turn out to be a fundamental property in the
algorithm analysis. There are two cases in which the ¢f-th
block of the subgradient can be directly computed. If functions
/i are separable on the blocks, then the ¢i-th block of the
(sub)gradient can be directly computed as the (sub)gradient
with respect to that block. Also, if functions f; are smooth,
the same happens. In these cases, the algorithm can be further
simplified.

The last important feature of the Distributed Block Subgra-
dient algorithm that we want to highlight involves consensus
step (3). Deﬁne 2} as the vector stacking the ¢-th component
of all the z, i.e., 2L = [(2[())7,..., (2% [(]) 7] . Define the
matrix U} as a diagonal matrix in which the i-th element of
the diagonal is set to 1 if E;? = ¢ and it is set to 0 otherwise,

ie.
1, ifi=jand {="¢
Uiy = :
0, otherwise.

Finally, let ¢ =1 fZ/lg. Now, consider a consensus protocol
associated to the update (3) in Algorithm 1, i.e., a system
evolving according to

et = " wat (5)

] Elen

for all ¢ and ¢. Then, (5) can be rewritten in terms of z, as
t 1
* Wz 24,

where Wzt =U", +U[W. It can be easily seen that, for all
¢ and t, the matrix W} is row-stochastic but, in general, no
more doubly-stochastic.

Remark 1. In [16] a block-wise dynamic push-sum consensus
algorithm has been used, which guarantees average tracking.
In this paper, we are not designing a block-wise average
tracking scheme, but just to a protocol guaranteeing conver-
gence of the optimization scheme. Thus, we are able to deal
with row-stochastic matrices without resorting to push-sum
protocols, by building on properties of sequences of random
row-stochastic matrices [5]. O

IV. ALGORITHM CONVERGENCE

In this section, the convergence of the Distributed Block
Subgradient algorithm is proven. The proof is split in two
parts: the first showing consensus of the agents’ solution
estimates, and the second proving convergence to the optimal
cost. In both cases, convergence is to be intended in expected
value.

The following two assumptions are required for the stepsize
sequence and the random variables /¢.



Assumption 3 (Diminishing stepsize). The sequence {c}

satisfies
o0 o0
Z oy = 00, Z af < 0.
t=0 t=0
Moreover, a;4+1 < ay for all ¢, with a_; = ag. |

Assumption 4 (i.i.d. draws). The random variables ¢! are
independent and identically distributed for all ¢ = 1,..., N.

A. Consensus

In this section it is shown that the sequences {z!};>o and
{y!}+>0 computed by each agent in the network asymptoti-
cally achieve consensus in expected value.

Let us start by defining ! = [(z})T,..., (%) "] and
N

1
t_ t
T = 2_1 x;. (6)

Moreover, we define S; as the state of the network at iteration
t and S[t] = [St,Stfl, e ,S()].

Then, the following result provides a bound on the expected
distance between x! and z' at iteration ¢, conditioned to Sp.

Lemma 4. Let Assumptions 1, 2 and 4 hold. Then, there
exist constants M € (0,00) and ppr € (0,1) such that

E[[lz; — 2" | So]
<MB ( 20| + GZM 720, +G0ét_1> (7)

forallie{l,...,N} and all t.

Proof. For the sake of space we provide only a sketch of
the proof with the main steps and leave all the derivations
to a forthcoming document in which the convergence of
a more general class of algorithms is proved for a more
general optimization set-up. Assume for simplicity that
the number of blocks is equal to the dimension of the
optimization variable, i.e., B = n. Moreover, define g; =
(g1 (4™ ))[4]), - .. ,gN(y}f\}H)[é]}T. Now, Algorithm 1 can be
rewritten with respect to 2z, as

t+1 Wg ZZ + €t, (8)

where W} = Ut , + UIW and e; = —a,§!, with G = UL gl.
By building on the structure of the matrices U} and U* ,, the
expected value of W} can shown to be, for all ¢,

B-1 1
—U+W
B + B
which is doubly stochastic and such that E[W/] > £nl
(see Assumption 2). Thanks to this, it can be shown that by

combining (8) with Corollary 1 and Assumption 1, one has

E[d(2) | So] < <u1§|lz ||+G2ut . 1ae+Gat>-

E[W] =

The derivation is omitted for the sake of s[])vace The proof
can be completed by defining z; = 4 >°;" | 2{[i] and by
noticing that |z}[j] — z{| < max; 2}[i] — min; z[i], for all

j€{1,...,N}, and, by definition, z}[¢] = z}[i] and z'[(] =
zZ. |
The following lemma is a direct consequence of Lemma 4

under Assumption 3 and it shows that asymptotic consensus
is achieved.

Lemma 5. Let Assumptions 1, 2, 3 and 4 hold. Then,
: t At _
Jim B[z} — 2] | 8] =0

forallie{l,...,N}. O

We conclude this section by providing three results that
will be used to prove the convergence of the algorithm.

By using Lemma 4, the expected value of the distance
between y! and z! can be bounded, by exploiting the

convexity of the norm.

Lemma 6. Let Assumptions 1, 2 and 4 hold. Then,

Ef|ly; " — il | So] < 2B} — 2| | So] ()

forallie{l,...,N} and all t. O

Moreover, the following two results show that the series
SgarEfl|z] — a7|] and 377 o Eflly7 T — a7]|] are
summable for all 4 € {1,...,N}.

Lemma 7. Let Assumptions 1, 2, 3 and 4 hold. Then,
¢
lim > " o, E[|2] — 27| | So] < oo

t—o0
7=0

forallie{l,...,N}.

Proof. The proof is based on using Lemma 4 and the fact
that, by Assumption 3, one has a;41 < ;. By doing so it
can be shown that

t t
> a-Ef|a] — z7|| | o] <MB<ISE0 > whtar
7=0 7=0

t 12

+G§a31>.

which leads to (9), by using Assumption 3 and Lemma 2. W

Corollary 2. Let Assumptions 1, 2, 3 and 4 hold. Then,

t

: T+1 T
Tim > a By — a7 &) < o0
7=0
forallie{l,...,N}. O

B. Optimality

The main result of this paper is provided in this section.
A bound on the expected distance from the optimal cost at
iteration ¢ is given. Moreover, it is shown that such a distance
goes to 0 as ¢ — oo.



Theorem 1. Let Assumptions 1, 2, 3 and 4 hold. Then,

I;lgiltl(E[f(fT) | Sol = f(z))
t —1 N t
B . a?NBG?
+Z%ZFEM”1§Mﬂ

(10)

+ Z o Z G,E[|z] — 77| | sO]) .
7=0 Jj=1
Moreover,

lim min (E[f(Z

t—oo 7<t

18] = f")=0. (A
Proof. For the sake of space we provide only a sketch of
the proof with the main steps and leave all the derivations
to a forthcoming document in which the convergence of a
more general class of algorithms is proved for a more general
optimization set-up. From the convexity of f we have that,

at a given iteration t,

(Z a7> min(E[f(z7) | So] — f (7))
=0 -

t

<N o (Bl (@) | So] — f(a¥)). (12)
(J? N
<Y (B | Sol - fi(2))
=0  j=1
t N
+3 ar Y GE[ly T - 2| | Sol
=0  j=1
t JN
+3 ar Y GiE[|la] -7 | So].  (13)
=0 j=1

where (a) can be shown by using the convexity of f and the
subgradient boundedness Assumption 1. We do not report
the steps to show (a) for the sake of space.

The rest of the proof is mainly base on bounding the term
St Oasz L (Ef(y TH) | So] — fj(2*)) in the above
inequality. In order to 51mp11fy the notation, let us denote by
g7 = gi(y7 ™) and by g;er = gi(y7)[¢]]. From (4), one
has

27167 — a* [P = Nyl T ] — orgier — 2*[67]))°
= lly] 7] — a* )1
— 20, (U% g7,y — 2¥)
+ aZlgier |1 (14)
Hence, by definition,
14 if 0= (7
o7 -2 = { , =i
=7 [¢] — z*[€]]|?, otherwise.

Now, by taking the expected value conditioned to S}, and
using the fact that 3, UlgT = g7 and [|gi¢| < G; for all
£, it can be shown that

E[[lz]7* —2*|* | S
B—
<=5 llef =27+ HyT+1 |
— 25T g7y >+a4¥. (16)
B
By summing over 7, one has
N N
D Ellaft =2 | Sl <) llaf - 2*|* + aiNG?
i=1 i=1
0 N
T T+1
~ 2 S (0T = ).

a7

where we do not report the derivation of the above condition
for the sake of space. It requires to use the definition of yT+1
and the double stochasticity of W. Now, by using Lemma 3,
one gets

NO[
2> 5 (Bl

N N
<D Ellla] —«*|* [ So] = Y Ellaft — o | So]
=1 i=1

+a2NG?.

(47 ") | Sol = filz™))

(18)

which, by summing over 7, and noting that the previous
relation is a telescopic series, leads to

t

S0, 3 (BLAGE) |0 - £6)

7=0 i=1
N to 2 2
i=1 7=0

By combining (13) and (19) one obtains (10). The proof
can be completed by taking the limit for ¢ — oo and using
Lemma 7 and Corollary 2 in (10). ]

The following corollary follows immediatelly from
Lemma 5.

Corollary 3. Let Assumptions 1, 2, 3 and 4 hold. Then,

lim win (E[/(a7) | S)] = /@) =0 @0)

t—

forallie{l,...,N}.

V. NUMERICAL EXAMPLE

Consider a network of N agents. Each agent ¢ €
{1,...,N} has m; training samples a;1,...,a;m, € R?
each of which is associated a binary label b; ; € {—1,1}
for all j € {1,...,m;}. The goal of the network is to build
a linear classifier from the training samples, i.e., to find a
hyperplane of the form {z € R? | (0,2) + 6y = 0} where
6 € R% and 6 € R. Let us define z = [0,y € RIH!



10" 4
. 1
sl -
[
o 100 A
@ 1
=
107t E
T T T T T T
0 0.2 0.4 0.6 0.8 1
Iteration ¢ -10°
Fig. 1: Evolution of the cost error.
10" 4
PR
o100 4
£ 1
T
1o-1 4
1072
E T T T T T
0 0.2 0.4 0.6 0.8

T
1 5
Tteration ¢ -10°

Fig. 2: Evolution of the consensus error.

and @; ; = [a; ;,1]". Then, the solution of such problem can

be determined by solving the following convex optimization
problem in which a regularized logistic loss is used as cost
function

N m;
minimize Z; Z; log (1 + exp(—by,;(z, ai;))) + Al
i=1 j=

(2D
where A > 0 is the regularization weight. The behavior of
the Distributed Block Subgradient method is tested in this
scenario with N = 20 agents, x € R!! and B = 11 (i.e.,
one block per coordinate). A synthetic dataset of 200 points
belonging to two different (non separable) clusters has been
created and 10 points has been assigned to each agent, i.e.
m; = --- = my = 10. Agents communicate according
to an undirected, connected graph generated according to
an Erd6s-Reényi random model with connectivity parameter
p = 0.2. The corresponding weight matrix is built by using
the Metropolis-Hastings rule. Finally, we set A = 1 and
the stepsize a; = ;3—511 The evolution of the cost and
the consensus errors is reported in Figure 1 and Figure 2
respectively.

VI. CONCLUSIONS

In this paper, we presented the Distributed Block Subgra-
dient algorithm for solving, in a distributed fashion, big data
convex optimization problems in which the dimension of
the decision variable is very high and the cost function may
be nonsmooth. The algorithm is particularly well suited for

big data optimization problems since agents in the network
can communicate a single block of the optimization variable
per iteration. It is shown that the agents in the network
asymptotically agree on a common solution which is shown
to be cost-optimal in expected value. As a numerical example,
the Distributed Block Subgradient algorithm is tested on a
linear classification problem with regularized logistic loss.
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