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RESEARCH ARTICLE

Output Regulation by Post-Processing Internal Models for a Class
of Multivariable Nonlinear Systems'

Michelangelo Bin* | Lorenzo Marconi

ICASY - DEI, University of Bologna,

Bologna, Italy Summary
Correspondence In this paper we propose a new design paradigm, which employing a post-processing
*Michelangelo Bin, CASY-DEI, University internal model unit, to approach the problem of output regulation for a class of

of Bologna, Bologna, Italy. Email:

michelangelo.bin @unibo.it multivariable minimum-phase nonlinear systems possessing a partial normal form.

Contrary to previous approaches, the proposed regulator handles control inputs of

Present Address . . . .
CASY - DEL University of Bologna, Viale dimension larger than the number of regulated variables, provided that a controlla-
Pepoli 3/2, 40123 Bologna bility assumption holds, and can employ additional measurements that need not to

vanish at the ideal error-zeroing steady state, but that can be useful for stabilization
purposes or to fulfill the minimum-phase requirement. Conditions for practical and
asymptotic output regulation are given, underlying how in post-processing schemes

the design of internal models is necessarily intertwined to that of the stabilizer.
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1 | INTRODUCTION

Output regulation is the branch of control theory studying the design of control systems making the plant follow some desired
reference trajectories while rejecting at the same time unknown disturbances. The output regulation problem for linear systems
was elegantly solved in the mid 70s in the seminal works of Francis, Wonham and Davison'? under the assumption that the
all the exogenous signals, i.e. references and disturbances, are generated by a known autonomous linear process, called the
exosystem. The key result presented in that works was that a necessary'l' and sufficient condition for a regulator to solve the
linear output regulation problem robustly (i.e. despite model uncertainties), is that the regulator must suitably embed, in the
control loop, an internal model of the exosystem. While the concept of internal model led to a definite answer to the linear
regulation problem, the situation is quite different when nonlinear systems are concerned”, and nonlinear output regulation is
still a quite open problem™. Without restrictive immersion assumptions>*782 indeed, the knowledge of the exosystem alone is
neither sufficient nor necessary for the solvability of the problem>#1%, and its role in conditioning the asymptotic behavior of
the regulator mixes up with the plant’s residual dynamics, thus making the celebrated robustness property of the linear regulator
hard to imagine in a general nonlinear context'!,

Under a control design perspective, nonlinear output regulation has reached a mature state, and many regulators have been
proposed in the last decades®@8IUI2ISIE Nevertheless, the existing approaches that can guarantee an asymptotically exact regu-
lation mostly remain limited to minimum-phase single-input-single-output (partial) normal forms, and their immediate square
multivariable extensions>101718 G e having the same number of inputs and regulation errors), where the only plant’s measure-
ments exploitable by the regulator are the regulation errors themselves. The source of such limitation was recently sought in
the common structure shared by the largest part of the nonlinear designs, which is somewhat complementary to those possessed

fResearch supported by the European project AirBorne (ICT 780960).
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FIGURE 1 Post-processing (a) and Pre-Processing (b) Internal Models.

by the original linear regulator of Davison, and which induces some conceptual problems when extensions are sought. The
linear regulator is obtained by first augmenting the plant with a properly defined internal model unit, which is driven by the
regulation errors, and then by closing the loop by means of a stabilizer, which employs all the available measurements to stabi-
lize the resulting closed-loop system. Due to the fact that the internal model directly processes the regulation errors, this design
paradigm is called post-processing. Most of the nonlinear approaches, instead, show a complementary design paradigm, where
the internal model unit is driven by the control input produced by the stabilizer. A block-diagram representation of the two con-
trol structures is depicted in Figure[I] A part from their structural differences, pre and post-processing schemes also differ in
terms of “design philosophy’: in the post-processing paradigm the plant is augmented with the internal model unit, the stabi-
lizer is designed to stabilize the resulting cascade, so as to guarantee that the closed-loop system has a well-defined steady state
(not fixed in advance) and, finally, the properties of the steady-state regulation error are inferred by the structure of the inter-
nal model. In pre-processing regulators, instead, the internal model unit is designed in advance to be able to generate the ideal
steady-state control action needed to keep the regulation errors to zero (previously computed by exploiting the known structure
of the plant), and the stabilizer is then designed to ensure the asymptotic stability of such ideal steady state. Thus, while in pre-
processing schemes the ideal steady states of the internal model unit and of the stabilizer are fixed a priori on the basis of the
plant’s data, in post-processing regulators the ideal steady state for the internal model unit and for the stabilizer cannot be fixed
a priori. As a matter of fact, since the state of the internal model unit is used for stabilization purposes, and it is thus processed
by the stabilizer, its ideal steady state is strongly dependent on the choice of the stabilizer itself.

The pre-processing schemes have the interesting property that the roles of the internal model unit and the stabilizer are
neatly separated, and the ideal steady state of the closed-loop system is given by the problem statement. This larger conceptual
simplicity is, perhaps, the reason why most of the existing designs are of this kind. Nevertheless, pre-processing regulators have
some structural limitations that prevent their extension to larger classes of systems of those mentioned before. In particular, it
is not clear, at a conceptual level, how a pre-processing regulator could handle in a systematic way additional measured outputs
that are necessary to obtain closed-loop stability (or even minimum-phase), but that need not to vanish at the ideal error-zeroing
steady state, unless filtering them out at the steady state employing redundant internal models, as recently proposed by Wang
and Marconi'®. On the other hand, there is not even a clear road map on how to handle systems having more inputs than errors.
If more inputs than errors are present, indeed, a pre-processing solution would lead to the employment of a number of internal
models equal to the input dimension, thus yielding a redundant design, not stabilizable by error feedback (as a simple linear
example would show).

These conceptual problems, in principle not present in regulators of the post-processing type, recently motivated the com-
munity to look for post-processing alternatives to the existing regulators. In particular, the fundamental designs of Byrnes and
Isidori'? and Marconi, Praly and Isidori'¥ were “shifted” to an equivalent post-processing design“%2l. Nevertheless, no concep-
tual progress has been made in terms of extensions to larger classes of systems compared to their pre-processing counterparts.
A different approach to the design of post-processing regulators was recently pursued by Astolfi, Praly and Marconi?223, where
the linear regulator is attached to a class of nonlinear systems. In particular, the authors have shown that the output regulation
problem can be solved robustly** by a post-processing integral action whenever the steady state is made of equilibria®?, and
then Astolfi, Praly and Marconi“® have extended the results to the case in which the steady-state signals are periodic, obtaining,
however, only an approximate result stating that the Fourier coefficients in the regulation errors corresponding to the frequencies
embedded in the internal model vanish at the steady state.

In this paper, for a class of nonlinear systems possessing a partial normal form, we investigate the existence of a post-
processing regulator handling additional non-vanishing measurements and input dimensions larger than the number of
regulation errors. We give conditions for asymptotic, practical and approximate regulation results of the same kind of those
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proved? for the “regression-like” pre-processing regulator originally proposed by Byrnes and Isidori'2. The proposed design
shows a feature that is characteristic of post-processing schemes (even if hidden by linearity in the linear case): the design of
the stabilizer and those of the internal model unit are intertwined, and the two modules need to be co-designed (this property
is known as the “chicken-egg dilemma” of output regulation®). Compared to previous multivariable approaches/18 other
than handling non-vanishing outputs and additional inputs, we develop the result without the quite restrictive assumption of
the existence of a single-valued steady-state map defining the attractor of the zero dynamics, and we thus collocate in a broader
“non-equilibrium” setting". The proposed design thus enlarge the class of multivariable systems for which the output regulation
problem can be solved. Nevertheless, as main drawbacks, the proposed approach still limits to a design procedure strongly based
on a high-gain perspective and on a minimum-phase assumption with respect to the full set of measured outputs, although the
latter requirement is mitigated by the availability of additional measurements. Furthermore, due to the chicken-egg dilemma
mentioned before, the proposed conditions for asymptotic regulation become easily not constructive when the complexity of the
problem increases. Nevertheless, the “structure” of the regulator remain fixed, and approximate, possibly practical, regulation
is guaranteed.

Notation: R denotes the set of real numbers, N the set of naturals and R, := [0, 00). With r > 0, B,(R") denotes the open
ball of radius  on R". If n is clear, we omit R” and we write B,. If S c R” (n € N) is a set, we denote by .S° its interior, by .S is

closure, and we let |.S| :=sup,. |s]. With x = (x;,...,x,) ER"and 1 <i < j < n, we let X = (x;, ... ,xj). IfA,... A,
are matrices, we let col(4,, ..., A,) and diag(A,, ..., A,) be their column and block-diagonal concatenations, whenever they
make sense. If .S is a closed set, [x|g := inf g [x — s| denotes the distance of x € R" to S. If f is a function defined on

R", f|s denotes the restriction of f on S. C! denotes the set of continuously differentiable functions. A continuous function
[ 1 Ryy = Ry is of class-K if it is strictly increasing and f(0) = 0. It is of class-K  if f is of class-K and f(s) — oo as
s — oo. A continuous function f§ : Rio — R, is of class-K L if f(-,7) is of class-K for each t € R, and f(s, -) is strictly
decreasing to zero for each s € R,o. Withh : R" - RaC ! function in the arguments X, ....x, and f : R" = R, for each
ie{l,...,n} we denote by L;x')h the map

x s L% h(x) .= h(x)

e 5 S

If x : R — R"is a locally bounded function, we let |x|;, 1= sup,e, |x(s)|. In this paper we consider differential equations
of the form

T:ox=f(x), x € R,
With X C R" and 7 € R, we define the 7-reachable set from X as

RL(X) :={gew L= x(), x(O)EX,tZT}. (1)
Clearly, 7, > 7, implies R;z (X) C R;‘ (X), so that the (possibly empty) Q-limit set
Qx(X) = lim RY(X) = ﬂ RL(X)

>0

is well-defined. The following theorem®, which follows directly by the definition of Qy and the group property of the solutions
of (I), summarizes the main properties of Qy(X).

Theorem 1. Qg (X) exists and is closed. If there exists 7 > 0 such that R3(X) is bounded, then Qf(X) is compact, non empty,
invariant and uniformly attractive from X. If in addition Q5 (X) C X°, then Qy(X) is stable, and hence it is asymptotically stable.

2 | THE FRAMEWORK

We consider nonlinear systems of the form

w = s(w)
x = f(w,x)+ b(w,x)u
" @
y - <e> B < E(W,x)>
Ya h,(w, x)
where x € R"~ is the state of the plant, y € R" the measured output, u € R" is the control input, with n, > ny, and w is
an exogenous signal modeling disturbances acting on the plant and references to be tracked (as customary in the literature of
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output regulation we refer to the subsystem w as the exosystem). The output y is subdivided into two components, e € R" and
Y, € R% (n, = n, +n,). The outputs e are called the regulation errors, and they represent the quantities that we aim to drive to
zero asymptotically. The outputs y, represent instead additional measurable outputs that need not to vanish at the steady state,
but that are available for stabilization purposes. More precisely, we consider the problem of approximate output regulation for
system (2), which consists in finding an output-feedback regulator ensuring boundedness of the closed-loop trajectories and that

limsup |e(?)| < e,

t—o0

with € > 0 possibly a small number. In particular, we say that the problem is solved asymptotically if € = 0, or practically if
€ > 0 can be made arbitrarily small by opportunely tuning the regulator.

In the following we construct a regulator dealing with the problem of output regulation for (2) under a number of assumption
detailed hereafter. We first assume that there exists a compact set W C R"» which is forward invariant for the exosystem, and
we limit our analysis to the set of w originating (and thus staying) in W. We also assume that the functions s, f and b are locally
Lipschitz, and sufficiently smooth so that there exist r > 0, a set of integers p,, ..., p, > 0 satisfying p; + -+ + p, = n,, aset of
integers Ny, ..., N, > O satisfying py N, + --- + p,N, =: N < n,and, fori = 1,...,r, a set of R-valued smooth functionﬂ
{&w,x), ..., &, _ (w,x),{ (w,x)} with linearly independent differentials, such that, by letting & := col(¢', ..., &") € RN-m,
E = col(&, ... ,lfjvi_l) € RPN=D ‘and ¢ :=col(¢', ..., ") € R™, we have that

Ly, &, x) =0

for all (w, x) € R" x R™ and that, along the solutions to (2), & and ¢ satisfy

E=F&+ HC (3a)

¢ = q(w, x) + B(w, x)u (3b)

y=TC¢, (3¢)
for some locally Lipschitz functions g : R™ X R"™ — R"™ and B : R" X R™ — R"*% with ¢(0,0) = 0, and in which
C :=diag(C,,...,C,) with C; := (Ipf OpiXPi(N,-—2>)’ T € R is a known permutation matrix, and F € RN ="X(N=n) apd
H € RN=)%% are block lower-triangular matrices whose diagonal blocks are given respectively by

F. = (OPI(N1_2)XP[ IP/'(N[_2) > H. = <OPI(N1_2)XPI'> .
Op, Opixp, (N;=2) I p;

According to the partition y = col(e, y,), we let C, € R"*™N=") and C, € R"*N=") be such that

C
TC=|(_").
<Ca>

For simplicity, we develop here the case in which T = I, , i.e. we assume that
y

e=Ce=col@ :i=1,..,r)
Yo=Cl=col i=r,+1,....r)

where r, is such that p; + --- +p, =n,andr, :=r—r,(wealsolet N, = pN; + - +p, N, and N, = N — N,). We note
though, that the result can be easily extended to arbitrary transformations T by means of more involved technical treatise. In the
following we also let ‘ .

Ei=col¢ :i=1,...,r,), & :=col¢ :i=r,+1,...,1),

! ! @)
¢¢i=col(¢" 1 i=1,...,r,), (?:i=col({' ii=r,+1,...,1).

Remark 1. The class of systems considered includes multivariable normal forms and partial normal forms??, with the latter
that always exist locally whenever (possibly after a preliminary feedback) the system (2) is a) strongly invertible in the sense of
Hirschorn and Singh?®Z, and b) input-output linearizableﬂ The dimension n, of the input is not constrained to be equal to the
dimension n, of the regulation errors nor the dimension n,, of the overall measured outputs, i.e. we consider possibly non-square
systems in which n, > n,.

'With slight abuse of notation, in the following we will call with the same symbols £ and ¢ both the functions &(w, x) and ¢(w, x) and the functions t +— &(w(t), x(1))
and t — S(w(), x(1)).

2That is2%, there exists a state-feedback control of the form u = a(w, x) + G(w, x)v, with v € R™ an auxiliary input and G full rank, such that the resulting system
has linear input-output behavior from v to y.
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On system (22)) we then make the following strong minimum-phase and controllability assumptions.

Assumption 1. There exist a class-K L function f, and class-K functions p, and p,, with p, locally Lipschitz, such that all the
solution pairs (w, x, u) to @]), with u locally bounded, satisfy

[x(@)] < B(Ix(0)], 1) + Po(|w|[o,1)) + P (|(§, C)|[o,t)),
for all € R for which they are defined.

Assumption 2. There exists a C! map P : R xR"™ — R™*" constants A, A > 0, and a full-rank matrix £ € R™*" such that:

a. for all (w,x) € W x R"~
Al < P(w,x) < Al

b. For all (w,x) € W X R" and all u € R",
LY Pw,x)=0.

b(w,x)u

c. forall (w,z) e W X R"~
LT Bw, x)"P(w, x) + P(w, x)B(w, x)L > T.

Remark 2. As in the context of normal forms and partial normal forms, £ and { are combinations of derivatives of the output
y. Hence, Assumption [1{can be seen as an uniform (in u) “output-input stability” (OIS) property?% of x, that here plays the
role of a minimum-phase assumption. Similar minimum-phase assumptions appeared in many state-of-art frameworks=11718,
in which, however, the OIS property is asked with respect to a compact attractor for (w, x), typically coincident with the graph
of a single-valued steady-state map = : R"™ — R" whose existence must be assumed. We stress, moreover, that here the
minimum phase is asked with respect to the whole set of outputs (included those that do not need to vanish at the steady state)
and, thus, Assumption [I]is milder than usual minimum-phase assumptions, and it can be possibly obtained by adding further
measurements.

Remark 3. Assumption [2]is a controllability condition needed here to employ the proposed high-gain stabilization technique.
We underline that, while £ will be used in the definition of the regulator, P needs only to exist, and it needs not to be known by
the designer. As shown in Section [6|below, this assumption is implicated by many customary assumptions made in the context
of regulation and stabilization of partial normal forms>"OI71813233]

3 | A POST-PROCESSING REGULATOR

3.1 | The Regulator Structure

With d € N an arbitrary index, the proposed regulator is a system with state 7 € R?" whose dynamics is described by the
following equations

n = ®@n) + Ge 5)
u=L(KL+KL+Km),
with ® and G having the form
07, 0 -0 G
00 1, -0 Gl
(D(n) =1 - . . eee s G = ‘2
00 0 -1, G,
o)
in which ¢ : R"“¢ — R’ is a Lipschitz function satisfying
|p(m) = dn)l < Lyl —ml. Vny. n, € R™™ ©)

for some L, > 0, and in which G; € RN K. € RXN=m) K, € R"*" and K, € R"*" are control gains to be designed,

with IC,7 that has the form
KI
K = o, 7
" (Onaxne> ( )
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for some IC:7 € R">". All these degrees of freedom have to be fixed according to the forthcoming Propositionand Theorem

Remark 4. We give here a partial state feedback result employing the auxiliary variables £ and ¢ (i.e. combinations of derivatives
of the measured output y). We note, however, that a purely output-feedback regulator can be easily obtained by augmenting (3]
with a partial-state observer=13433,

As mentioned in the introduction, the chicken-egg dilemma® prevents a sequential design of the different parts of regulator,
leading us to a more complicated construction. Since the ideal choice of ¢ in (3) depends on the actual choice of the matrices
LK e ]Cg and lCn, before discussing the choice of ¢, we state a preliminary uniform boundedness result, which allows us to
individuate a class of possible steady-state trajectories on which ¢ can be tuned.

3.2 | Existence of a Steady State

The closed-loop system reads as follows
w = s(w)

X = f(w,x)+ bw, x)L(Ke£(w, x) + KL (w, x) + K,y ) ®)

n = o)+ Gh,(w, x).

cl:

The following proposition, proved in Section[5.1] shows that the parameters of the regulator (3) can be chosen to ensure (semi-
global) uniform boundedness of the closed-loop trajectories, and hence the existence of a steady state.

Proposition 1. Suppose that Assumptions[I]and[2hold and consider the regulator (3)), with d > 1 and ¢ satisfying (€) for some
Ly > 0and L given by Assumption Then there exists a class-K functions p_; and, for each pair of compact sets X C R~ and
H c R a class-K L function p,; and matrices K e IC§, IC,7 and G, with IC,, of the form (]ZD with IC; invertible, such that all
the solutions to X, originating in W X X X H are complete and satisfy

|(x(8), ()] < By (1(x(0), (O], 1) + p.;(|wljo.) ()]
forall t > 0.

The claim of Proposition [I] shows that, despite the particular ¢ implemented in (3)), if it satisfies (6], then for each compact
set of initial conditions the other degrees of freedom of the regulator can be chosen to ensure that the closed-loop system X, is
uniformly bounde(ﬂ from W X X X H and hence, by Theorem there exists a compact invariant attractor

A:=Qp W xXxH) (10)

which is invariant and uniformly attractive from W X X X H. Moreover, since p,, does not depend on X and H, the latter
sets can be thought, without loss of generality, to be large enough so that A C (W X X X H)°, which implies that A is also
asymptotically stable.

3.3 | Tuning the Internal Model

If @ holds, Proposition |I|ensures the existence of G, K e K o lCn, such that there exists a compact attractor A for the trajectories
closed-loop system X, originating in W X X X H. In this section, we consider the restriction of Z; on A, i.e. the systenﬂ

w = s(w)
A9 X = f(w,x)+ b(w, x)L(KEw, x) + KL (w, x) + K,ny) (w,x,n) € A, (11)
n = @)+ Gh,(w,x)

and we investigate the conditions that ¢ must satisfy on .A to guarantee a given asymptotic performance, expressed in terms of
the bound (ideally zero) on the regulation error e = h,(w, x) along the solutions to (]E) This conditions are then used in the
forthcoming Theorem [2]to complement the claim of Proposition[T] with an asymptotic bound on the regulation error depending
on “how well” the function ¢ is chosen.

3That s, there exists M > 0 such that every trajectory (w, x, 1) of the closed-loop system (@), () originating in W x X x H satisfies |(w(t), x(t), n(1))| < M for each
1 € Ry,.
4We remark that, being A invariant, all the solutions to Zﬁ are complete.
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Substituting the expression of u into (3b) yields

¢ =q(w,x)+ B(w,x)L(LL + KL+ Kymy). (12)
Let us define the projected set © as
o= {(w,x) EW XR™ : (w,x,n) € A},

let g¢ and ¢“ be functions with values in R"” and R"« respectively such that g(w, x) = col(¢®(w, x), ¢*(w, x)), and let denote for
brevity
D(w, x) := B(w,x)L € R"»".

Let partition D(w, x), K, c and ICC as:

De¢ De4 Keve ]Cesa IC?,E ]Ce,a
D := <Da,e Da,a) ’ IC§ L= <]Cg,e KS,a) P ]C§ = (]Cé,e ]Cg,a> (13)
¢ 4 ¢ ¢
for some D™/ (w, x), IC;’j , ICi:j € R"* i, j € {e,a}. Then, in view of {7), equation gives

£ = (1, %)+ D* (10, x) (JCL & + KLU 4 I+ KLE+ Ky )+ DU, ) (KESE° + REE 4 I+ KEE ). (14)
In view of @I), the regulation error e, along with its derivatives, vanish on the attractor .4 of and only if £ = 0, {¢ = 0 (both
implying & = 0), and
0= g, x) + D, x)(KEE" + KL + Iy ) + De(uw, ) KE“E + K¢ (15)
for all (w, x) € O. By solving (I3) for #,, we thus obtain an ideal steady-state value for #,, given by the function r]f 0> R
satisfying
D, X (10, %) = =g (1, )= D a0, €10, x) + K¢ (1w, %) ) = D (a0, x) (K8, %)+ KL, ) ) (16)

for all (w, x) € O. Since #, is the first component of the internal model unit # of (3)), and since in the ideal condition in which
e = 0 the system # coincides with the autonomous equation

= (1), a7
then for each solution to Z;‘}, (T6) individuates an ideal steady-state value for # given by
n* (1) 1= col (n} @), AF (@), =, n} 9= V@)) (18)

in which we denoted for brevity nf(t) = nf(w(l), x(1)). In view of the structure of the map @ in (3)), such an ideal steady state
trajectory #* may be a solution of only if 7 (1) satisfies

0 = $(n1 0. O, ) (19)

almost everywhere. Condition expresses indeed the internal model property, that is, the property of the regulator to generate
all the ideal steady-state control actions nf(t) needed to keep the regulation error e to zero. We also observe that the chicken-egg
dilemma is strongly present in (T9), since nf and its derivatives, and thus the correct value of ¢ to be implemented, depend on
the closed-loop trajectories and thus, in particular, on stabilization gains K, K, and K, , the latter dependent from the Lipschitz
constant L, of ¢.

Remark 5. We observe that in the linear case the chicken-egg dilemma is broken by the fact that, no matter how the stabilization
gains are chosen, if a compact attractor A exists then all the closed-loop trajectories have the same modes of the exosystem (the
closed-loop system (8)), indeed, is a linear stable system driven by the exosystem). Therefore, a function ¢ satisfying (6) and (T9)
can be fixed a priori according to the knowledge of the exosystem dynamics. A similar situation also takes place in a nonlinear
setting if v = 0. If d and ¢ are taken as d = 1 and ¢(n) = 0, and if the closed-loop system X, can be made “contractive”
via stabilization, then the steady-state trajectories (i.e. the solutions to ZZ}) are constant, and thus @]) holds. This is in fact the
well-known integral action#?.

The existence of a functions n;‘(w, x) solving (16)) in © and such that nl*(t) is d-times differentiable, and thus the existence
of the ideal steady-state n* for 5, follows by the assumptions below as stated in the forthcoming Remark

Assumption 3. The functions s, f and b are C?.
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Assumption 4. There exists a map M : R" x R" — R"*"_C! on an open set including ©, such that:
a. M(w,x)>0in 0.

b. For all (w,x) € O and all u € R",
LY M(w,x)=0.

b(w,x)u

c. forall (w,x) € O
D% (w, x)" M(w, x) + M(w, x)D**(w, x) > 1.

Remark 6. Assumptionfd]is a controllability condition resembling those of Assumption[2] but limited to the submatrix D**(w, x)
inside the attractor . In addition to Assumption [2} this condition ensures that the regulation error contracts to zero when the
internal model reaches its ideal steady-state. While in the case in which y = e this condition is directly implicated by Assumption
[2] in general it is not and it has to be assumed. We stress that, as it is the case for P in Assumption 2] the matrix M is not used
in the construction of the control law, and it is thus not required to be known by the designer. In the forthcoming Section[6} we
complement this assumption by showing that it holds, together with Assumption[2] in many state-of-art relevant frameworks of
high-gain regulation and stabilization of multivariable systems.

Remark 7. Assumption EI implies that D*¢(w, x) is non-singular in O. This, together with Assumption [3| and the fact that IC;
can be taken invertible, implies that (I6) admits a unique solution in © such that nf(t) is C? for each solution (w, x, ) of Z;‘}.

3.4 | Asymptotic Performances

Apart from the chicken-egg dilemma, fulfilling condition (I9) in general requires a very precise knowledge of the function 11;
and its derivatives, which strongly depend on the plant and exosystem dynamics. Therefore, uncertainties in the model of the
plant and exosystem strongly reflect into uncertainties in the right internal model function to implement, potentially ruining the
asymptotic performance of the regulator?®, This motivates introducing, for each solution (w, x, 1) to Z;“, the following quantity

8(1) :=(n*®) —n D),

representing the internal model mismatch along (w, x, 1), i.e. the error that the system # of () attains in modeling the process
that generates the ideal control action nf(t). We also define the worst-case mismatch as the quantity

§ :=sup{|8l,, : (w,x,n)solutionto ]}, (20)

which, we stress, in general depends also on the control gains K, K and K, .

The following theorem, which represents the main result of the paper, characterizes the asymptotic properties of the proposed
regulator () and, in particular, relates the worst-case internal model mismatch (Z0) to the asymptotic bound on the regulation
error.

Theorem 2. Suppose that Assumptions[I}[2] [3|and[4]hold, and consider the regulator (3) with d > 1 and ¢ satisfying (€)) for some
Ly > 0, and with £ given by Assumption Then, for each pair of compact sets X € R" and H C R of initial conditions
and each € > 0, there exist matrices K e K D IC,7 and G, and a compact set A of the form (I0), such that every solution to the
closed-loop system X, originating in W X X X H is uniformly attracted by .A and satisfies
limsup |e(t)| < €6 21
t—00

uniformly in the initial conditions.

Theorem 2] proved in Section [5.2} claims that the stabilization parameters in (3)) can be chosen to ensure the existence of
a compact attractor for the closed-loop system (8], and that the asymptotic bound on the regulation error is proportional to
the worst-case internal model mismatch on the attractor. The claim of Theorem [2]is thus an approximate regulation result.
Furthermore, if the worst-case internal model mismatch @ does not depend on the control parameters L, K = ICg, IC” and G,
then the asymptotic bound on the error can be reduced arbitrarily by opportunely choosing the control parameters to lower the
proportionality constant & in (ZI)). This, in turn, makes the claim of the theorem a practical output regulation result. Since X
and H are arbitrary, moreover, the result is semiglobal in the plant’s and internal model’s initial conditions. We remark that,
as evident in , in the canonical “square” setting in which b(w,x) = 0, n, = 0 (i.e. y = e) and n, = n,, the map nf(w, x),
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its derivatives, and hence §, can be always bounded uniformly in the control parameters, thus making the result of Theorem
always practical.

Finally, we observe that if the worst-case internal model mismatch (20) is zero, i.e. the internal model includes a copy of the
process generating the ideal steady-state n* for (3)), then asymptotic regulation is achieved, that is

lim e(t) = 0.

t—00
holds uniformly. The intertwining between internal model and the stabilizer and the possible presence of model’s uncertainties
make § = 0 very difficult to satisfy, thus making the conditions of asymptotic regulation de facto not constructive. Nevertheless,
Theorem [2] individuates a clear sufficient condition for asymptotic regulation, given by equation (I9), which expresses in this
setting the nonlinear version of the internal model principle: the regulator must embed a copy of the process that generates the
ideal steady state control action (i.e. 11;* above) that makes the set in which the error vanishes invariant.

Finally, we observe that this chicken-egg dilemma is way more evident when non-vanishing outputs are used for stabilization,
as they need to be compensated at the steady state by the output of the internal model (see (I6)). In this respect we also note
that, as it is the case of the linear regulator, the feedback of auxiliary outputs might also have a simplifying effect on the internal
model.

4 | EXAMPLE

In this section we present an example showing how the post-processing paradigm presented in the previous sections can be used
to approach a problem for which no solution of the pre-processing type is known. We consider the system

w = s(w)

x; = f1(x)) +y(w, x3) + x5

Xy = yo(w,x) +u; +u,

73(w, x) = b(w)u; + (1 — b(w))u,

(22)

X3
with regulation error
e =Xy,
in which all the functions f, y; and b are smooth, and where w ranges in a compact invariant set W C R"«. We observe that if
the function y, satisfies dy,(0)/dx; = 0 for i = 1, 3, the linear approximation of (22} at 0 is not detectable from e. Thus, e is not
enough to stabilize (22), and additional outputs are needed. We specifically assume to have available for feedback the other two
variables, i.e. the additional output
v, ‘= col(x;, x3).

We observe that y, does not necessarily vanish at the ideal steady state in which e = 0. We also observe that a control strategy
based on a preliminary “pre-stabilizing” inner-loop employing y, to reduce to a canonical case in which the pre-stabilized plant
is stabilizable from e is hard to imagine. In fact the inputs u; and u, affect both the equations of x, and %5, and x5 has no relative
degree with respect to any of the two inputs, since both b(w) and 1 — b(w) may vanish. Therefore, both u; and u, must be used
in case x5 is pre-stabilized, thus leaving no further degree of freedom to deal with e. As a consequence, this case does not fit
into any of the previous pre-processing frameworks in which only e can be used for feedback.

In the rest of the section we build a regulator of the form (3)) dealing with this case. For, we suppose to know a function «
such thaf’]

s(f1(s) = k(s)) <0, Vs eR 23)
and we define the variable { := col({}, {,) as
& i=x,, & =x3 4+ x + k(xy),
which satisfy
¢ = q(w, x) + B(w, x)u (24)

with

L 7,(w, x) . 1 1
atex) = <V3(w,x)+ (1 +K'(X1))(f1(x1) + 1w, x2)+x3)> » Bl <—b(w) - b(w)) .

SWe observe that if f; is locally Lipschitz, then x can be taken linear over compact sets.
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Hence, (22)-[24) has the form (@), (3b). We further notice that |(x,, x3)| < |{| + |x; + k(x;)|, with x; that fulfills
Xy = =x + f1(x) — k(xy) + 7, (w, &) + .
In view of 23), simple computations show that the x, subsystem is input-to-state stable relative to the origin and with respect
to the input y, (w, {;) + &,, and hence Assumptionis fulfilled.
With @ > 0 satisfying 4a > 1 + sup,,cy, (1 + b(w))?, let

2 1 2
Ly := (0({) 2) P(w,x) = < -;(bbfj)v) b(lw)>.

Then the high-frequency matrix B(w, x) fulfills

2a? a(l + b(w))

EgB(w, x)TP(w, x) + P(w, x) B(w, X)Ly = <a(1 + b(w)) 2a

) =: M(w).

As 20 > 0 and
det M(w) = 4o’ — a*(1 + b(w))* = o*(4a — (1 + bw))*) > 4a” + * (4 sup (1 + b(w))* — (1 + b(w))*) > 4a?,
wew

M (w) is positive definite and there exists m > 0 such that, for all x € R2,
x"M(w)x > m|x|*. 25)

Therefore the pair (£, P), with £ := L /m, satisfy Assumption 2] for each compact subset X C R"x.
Moreover, Assumptionholds by construction, and AssumptionE]holds with M = 1, since the quantity D(w, x) = B(w, x)L
defined as in (T3) satisfies
D (w, x) = a°.

According to Section [3] and by following the proof of Proposition [[]and Theorem [2] the regulator has the form (3)), with the
stabilizing action given by
ho g ae=n)
m \ X3 + x| + k(x;)

in which £ > 0 is a design parameter to be taken sufficiently large and #, is the first component of the internal model unit

i =N +8he i=1,...,d-1

g = o) + gdhde
in which the parameters A; are the coefficients of a Hurwitz polynomial, g > 0 is a high-gain parameter, and the dimension d
and the ¢ are degrees of freedom to be fixed according to the available knowledge of s(w) and of the ideal steady-state of the
internal model given by (T8). According to Proposition|[T} for all sufficiently large # and g the closed-loop system has a compact
attractor, on which d and ¢ must be tuned. In particular, " is obtained as in (T6) and by imposing in (22)) e = 0 and # = n*,
thus obtaining

1
= —%n(w, (x1.0. )+ — (53 +x; +K(x)

X, = f1(x)) +7,(w,0) + x5
X3 = y3(w, (x1,0, x3)) — b(w)y,(w, (x4, 0, x3)).

(26)

In the following simulations we set

01
n, =2, s(w) = <_] 0> w, W =B, fi(x) =0, K(x;) =0,
yl(wv x2) = O’ 7/2(1’09 X) = qexp(zw%)’ 73(Wa .X) = I/Uf, b(LU) = w17 a = 5
with g > 0. Then (23] holds with m = 1, and equations (26) reduce to
1 1 . .
n;‘ = —mq exp(w%) + E(x3 +x), X =x3 X3= w% —quw, exp(2w%).

We first consider the case in which g = 0. It can be shown that, in this case, nf can be generated by a linear system of dimension
d =5 and of the form in which
() = —4n,.
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e(t) X, (0).x5(1)
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FIGURE 2 The left plot shows the time evolution of the regulation error e(f) = x,(¢) which is asymptotically vanishing. The
right plot shows the time evolution of the other two measurements y,(f) = (x, (), x5(t)) that have a non-zero steady state.

L x1073 eSt)
0.5
0
-0.5
1 | | | | | | | | |
0 2 4 6 8 10 12 14 16 18 20

FIGURE 3 Time evolution of the regulation error e(f) = x,(¢) for g = 5, 8, 10.

Figure 2] shows a simulation in this first case in which ¢ = 0, d = 5 and ¢ is chosen as above. The system originates at
w(0) = (1,0), x(0) = (3,5, —2) and #(0) = 0, and the control gains are chosenas g =5and £ = 5.

In the second case in which ¢ is set to 1, n;‘ cannot be generated by a linear system of dimension 5 and thus asymptotic
regulation is not achieved. In this setting, however, the internal model mismatch can be bounded uniformly in the control
parameters, and practical regulation is achieve. Figure [3| thus shows a simulation obtained with the same regulator in the case
in which ¢ = 1 and g = 5, 8, 10, by showing that the asymptotic error can be reduced by increasing g.
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5 | PROOFS

5.1 | Proof of Proposition|]]
Let partition # as n = col(,, ... ,#,) and, for each n; € R", let partition #; as #; = col(nil, ooy 111.’2) with 17{ € R%. Consider the
&l =8,
Vizlo.r, { A
§jr—>)(j.—§j, j=2,...,N; -1
Vi=r,..,r: E yi=El

e

change of coordinates:

@7

e—>e =e+n,.
By letting y :=col(y',..., "), with y' := col(;({, ey )(ziv _,)» the change of variables (27) can be compactly rewritten as

X =E+Cn

e = C,y.
From @, and since by construction F CeT = 0, we obtain
¥ =F+CJGCox+HE+C/(ny~ Gymy). (28)

We state now the following lemma, proved in the Appendix.
Lemma 1. For any e > 0, there exists K € R~ class-K L functions f8,, ; and a; > 0, such that the system (28) with
output € and with input { = { + K y, being { € R"» an auxiliary input, satisfies

1201 < 8,1 2011/6) + ) (Knalion + G 1Ly + 2o ) (29)

20 < Al O 1/€) + €l + e(1G 1 Ly + 12l ) (30)
foralli =1,...,r and with £¢ := C_[L,g].

Pick (hy, ..., h;) € R? such that the polynomial A9 4+ h; A%~ + --- + h,_, A + h, has d roots with negative real part and, with

g > 0 a control parameter, let
G, =g'nl,. (€29)
Let A(g) :=diag(l,g,...,g%") and change variables as
neui= AR .
In the new variables we obtain
=A@ (AA@H + EG(A@) +GE—Tuy)

with A € R4nxdn, | e R4%X1 and T € R™4" defined as

0”2 In(‘ On(‘ o One One
0”(’ One I”L’ o 0”(’ 0”(’
A=|: RN E E:=|:| r:=(1,0, ~0,)
Ong Ine O”e
Onf One Int’
Noting that:
A(g) ' AA(g) = gA, A(g) 'E = ¢g'E, A(@)7'G=gR, withR :=col (b1, :i=1,..,d),
then, by letting M := A — RI", we obtain
fr=gMu+g' ' EG(Ag)m) + gRC, . (32)
Let Ly > 0 such that (6) holds. Then
lg' ! Ep(A(@)m)] < Lyl ul (33)

holds for all y € R%". By definition of (A, ..., h;), M is Hurwitz. Then, in view of @) standard high-gain arguments 36l can
be used to show that there exists g* > 0, a class-K L function B, and a, > 0, such that, for all g > g*, the system y fulfills

[u®] < B,(1u(0), g1) + ay el ).
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for all # > 0. Thus, by letting §, = g~' B, using the fact that |5;| < g~'|,]|, we also obtain that the system # fulfills
;)] < ﬁ,,(|’7(0)|’1) + azgi_l |é|[0,x) (34)

foralli =1,...,d. With € be any small number so that

1
e<er(g) i = ——m,
] a) (|G| +8)
being a, the same as in (34), let K = K(g) be the corresponding matrix produced by Lemma and change variables as
(—Cl:=C-Ky. (35)

Then, the bounds (29)-(30) hold with |n,|,, < glul,, and, since ea,(g + |G,|) < 1, standard small-gain arguments=" imply
the existence of a class-K L function g, , and a5 > 0 such that the following bound holds

|Ce (@), n@)] < B, (1Cr(0), n(0))], g1) + a51€ | o,,)- (36)
Moreover, since for any class-K function p, p(a + b) < p(2a) + p(2b), Assumptionyields
lx()] < A(UxO)], 1) + po(lwion D) + £11(E, Do)
< PAxO).0) + po(lwio ) + 21 (A + IKDI X N0y + 1110 + 1€ ]10.) 37)
< BUxO)], 1) + po(lwio ) + P,1 (|(){’ ’7)|[0,t)) + /’/1/(|5|[0,r)>

with o (s) 1= p;(2(2 + |K|)s) and p}/(s) := p;(2s). Thus, we conclude by (36) and (37) that there exist f, ,, of class-K L and
ps of class-K such that every solution of X, satisfies

|Gx(®), 2(), )] < By (1(x(0), 2(0), 1O, 1) + po(|wl i) + 231 |10, (38)
foralt > 0.
In view of (3B) and (28), ¢ fulfills .
¢ =o(n, 1,8 + q(w,x) + B(w, x)u 39)
where
o0, 1.8) = =K((F +C[G,Coz + HL +Cl 1, = Gy ). (40)
With # > 0 a design parameter to be fixed, let in (3]
K :=7K, K, :=-¢1,, K, :=¢KC]. (41)

The fact that K, can be taken of the form (7), with IC"7 invertible follows by the presence of C in (#T]), and by the construction
of K in Lemmal[ll In the new coordinates we then have

u=¢L(KE+Cln)-¢)=-¢Ls

and thus (39) yields '
¢ =on, x.0) + q(w,x) — £ B(w, x)LE. 42)

We fix £ on the basis of the following Lemma, whose proof is in the appendix.

Lemma 2. Consider an equation of the form (@2), with ¢ and g locally Lipschitz. Under Assumptionthere exist fi of class-K L
and, for each compact set X C R”x, constants a,>0,7 (’; (g, K) > O such that, forall Z > 7 (’)* (g, K) the following holds

B < AUZO 20+ 2 (16, x 2.1, 43)

for all 1 € R, such that (w(s), x(s)) € W x X for all s € [0, 1].
Pick a compact set of initial conditions for (x, #) of the form X X H and let z,, 7, > 0 be such that (w, x,n) € W X X X H
implies
x| =&, x)+C/n| <
IC] = 16w, x) = K(Ew, x) + C/n)| < 7.

Pick @, > 0 so that

w; > 1 +max{ max |(x,m)| + 7, sup B, (1| + 7, 0)+ sup po(|lw]) + p3(Bz(7,. 0) + 1)}, (44)
(x,EXXH (x.)EXXH wew
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which can be fixed at this stage since, according to Lemma Pz does not depend on X. With w, > w, define
X :=B,,. (45)
let £ (g, K) and a, be given by Lemmafor X chosen as in (@3), and pick

£ > (g, K) := max {f(;‘(g,K),a4 (glea% |w| + w2> } .
Then, for any solution to X, originating in W X X X H it holds that
IEO] < fe(my.0) + 1. (46)

for all 7 > 0 such that |(x, ¥, n)||p,) < @,, as the latter condition implies x(s) € X for all s € [0, 1].

Now, suppose that a solution to X, exists that originates in W X X X H and for some 7 > 0 satisfies |(x(?), y(©), n(f))| > w,.
By definition of @, |x(0), y(0),7(0)| < @, < @,, so that by continuity there exists 5§ € (0, f) such that |x(5), ¥(3), n(5))| = @,
and |(x, x, M5 < @;. However, by (38), (@4) and (@0), this implies that

|§|[0,§) < ﬂg(ﬂz,O) +1
and hence
@, = |(x(5), ¥(5), n(3))|
< By (1x(0), 1 (0), n(0)1, 0) + po(lwlj5) + p3(I 1105

< sup B, (G| +7,0)+ sup po(|w]) + ps(Bz(.0) + 1)
(x.mMEXXH wew

S wl - 1
which is a contradiction. Thus, we claim that every solution to X, originating in W X X X H is complete and satisfies

(x(@®), x(®),n(1)| < @, and |{(?)] < Pz(my,0)+ 1 forallz > 0. As p; is locally Lipschitz, then this implies that there exists as > 0
such that every trajectory originating in W X X X H satisfies

[(x(®), x(®),n(®))| < ﬂXM(KX(O), x(0),n(0)], 1) + Po(|w|[o,t)) + as |§|[0,t)
for all 7 > 0. In view of (@3), which holds for every ¢ > 0, standard small-gain arguments show that there exists f,; of class-K L
such that, with p ,(-) = py(-) + 1 and for all
¢ >¢*(g,K) = max{ff(g, K), a,as},

the claim (9) of the proposition holds. O

5.2 | Proof of Theorem 2

By Proposition|[1] there exist g* > 0, K = K(g) € RP?N~?) and £*(g, K) > 0 such that, for all g > g* and # > £*(K, g),
the choices (3I)) and (@I)) guarantee that the claim (@) of the proposition holds, and in particular that there exists a compact
invariant attractor .A defined in @ Pick now a solution (w, x, ) to E:} and, define the signal #* according to @, which under
Assumption [3|and [ is well defined in view of Remark [7] With reference to the coordinates and (33)), consider the change
of variables

e éi=e—n
neii=n—-n*

X k= =Clnf

w8 :=C+KC/nf=¢-Ky .

Then
é=Cyy—n=C, .
and, in view of (28) and noting that F CeT =0and CeCeT = I, , we also have
7=F+C]GC,+ HK)y + H + C] (i1, — G7j)). 47
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With A(g) := diag(I, g1, ...,g% 1), let
fii= A7,
the same argument used in the proof of Proposition|[I]in dealing with x show that /i satisfies
fi=gMiji+g E($A@f+n")—n'")+gRC, 7

with M, E and R defined as in (32).
Then, as ¢ satisfies (6], for some L¢, > 0, it holds that

|BA@F +1*) =1 V1 < |$(A) +1*) = dlr™)| + |pr*) = i
< Lyg' il +8.

where 6 is defined in (20).
Standard high-gain arguments can be thus used to prove that for large enough g the following estimate holds

1A < BUEO), 1) + ;’—;5 +aileln- (48)

for some class-K L function f§; and some g, > 0. We can thus assume without loss of generality that g is taken large enough to
guarantee this.

Since in view of 31)), |G, |17, | + |7,| < g,gl/il, for some g, > 0 independent from g, then in view of Lemma T|and @7), we
obtain that K can be chosen without loss of generality so that there exist #; and f; of class-K L, g; > 0 and € < (2q,8)7! for
which the following bounds hold

1701 < 8,07010 + 51800,y + gl

. _ (49)
121 < .70+ (18110, + 8111, )-
in which 7¢ and ¢ are defined as in (@). Therefore, by small-gain arguments®’ [@8)) and (@) imply the following bound
lim sup [(7(t), 7)) < gy limsup €10, + q48778, (50)
t—o0 t—00

for some g, = q,(g) > 0.
In view of (@#I) and since
E=y-Clm=7-Clii, (=C+Ky=C+K7,
we obtain

"= C(lcgé + KL+ IC,,m) = £<1c§(;z — CTiiy) + K € + K 7) + K, iy + 7 (w, x))> = —¢LE + LK (w, ).

In view of the definition of #* in (T6)), and of the block-diagonal structure of K in Lemma by letting

1
0:= e ,
O(ny—ne)xne

§ = 07,8, + ¢°(w, ) + O B(w, 1) = ££8 + LIt (w,3)) = 0° (7,8, 7) - £07 B(w, )L OZ*

= 0" (%, £, 1) = ¢ D**(w, x){¢
with ¢° a linear map that, in view of the lower-triangular structure of F and of the diagonal structure of H, only depends
on (7¢,&¢, ) and satisfies 0°(7¢, ¢, 7) = QTo(#}, 7,{), with ¢ defined in (@0). We now observe that, since p,, in the claim
of Proposition [T] does not depend on #, then in view of Assumption (@) and on the fact that (w(t), x(r)) € © implies the

existence of i’, A > 0 such that 4’1 < M@w,x) < N, arguments similar to those of Lemma [2| applied with ¢ = 0 and
X = {x e R™ : (w,x) € O} to the Lyapunov candidate

V,(w,x) 1=/ {TMw, x)¢e,

can be used to show that for large enough #, £° satisfies

we thus obtain

. e 4sg .. e
lim sup |£°(1)] < == lim sup |(7°, A0,

t—o0 t—oo
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for some g5 > 0 independent from £ and g. Hence, in view of (50), and since ¢ can be taken without loss of generality larger
enough so that

£ > 245448, (1)
then we obtain
. e 44958 . e e
lim sup [(f(1), 7°(1)] < 2 lim sup [(f(1), 7)) + g8 0
t—>o0 =00
timsup |2(1)] < H858 fim sup |8o(r)| + HD8 445,
=00 f =00 f
As (5T) implies both
1 441958 44958 1
= < 1 - _9 - < _7
2 4 4 2

then we obtain

. o 0458\ . o i
lim sup | (1), 7)) < 2 (1= 222 ) lim sup [ (). )] < 24,873
limsup |£(1)| < 2 (1 _ 7) lim sup |£4(1)| < g~.
t—o0 =00

Now, pick a point (i, X,#) in A. Define arbitrarily a sequence {f,},cn Of positive scalars ¢, satisfying f, — oo0. As A is
invariant, it is backwards invariant. Hence, for each n € N, we can find a solution (", x", ") to E;‘} which satisfies

(Ww"(t,), x"(,),n"(t,)) = (W, X, 7).

In view of @]) which holds for any solution of Zﬁ and thus in particular for each (w", x", "), it follows that for each £ > 0,
there exists N(g) € N such that the quantities " := A(g)~'(#" — n*(w", x")) and " 1= y(w",x") — CeTnf(w", x") satisfy

17" @ )+ 1" @)] < 4,875 + e
foralln > N(¢g). Let é := h,(w, x) denote the regulation error computed at (i, X, 77). Then for each n € N it satisfies
lel = 1C.7"(t,) = C.Cla )| < 17" @) + 1a"(t,),
so that, for all € > 0, by taking n > N (g), we obtain
le] < 4q4g_d5 + €.
For the arbitrariness of € and (i, X, 77) € A we thus conclude that
le] = | (w, x)| < 4q,87%5

holds for all (w, x) € O. Then the claim (2I)) of the theorem follows from the continuity of 4, and uniform attractiveness of .4
from W x X x H by assuming, without loss of generality, g > {/4q,/«. O

6 | ON THE CONTROLLABILITY ASSUMPTIONS

In this section we complement Assumptions[2Jand[d] by showing how they are implied by many state-of-art assumptions routinely
used in the context of high-gain stabilization and regulation of multivariable systems, and thus also showing how the matrix £
can be constructed in the respective frameworks using only quantities that are known. In the following we assume that B(w, x)
is C! and, for ease of notation, we let x : = (w, x).

6.1 | Strong Invertibility in the Sense of Wang and Isidori 2015 Implies Assumption 2]

Here we prove that the assumption of invertibility used, for instance, in recent papers by Wang, Isidori and Su®! and by Wang,
Isidori, Su and Marconi'? implies Assumption 2]

Lemma 3. Suppose that n, = n, (i.e. B(x) is square), B(x) is bounded, L;’&)MB(X) = 0 for all x € W x R"~, and there exists
€ > 0 such that all its principal minors A;(x), i = 1, ..., r satisfy

14,0 > e, (53)
for all x € W x R":. Then Assumption 2] holds.
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Proof. 1t can be shown! that if (33)) holds and B(x) is bounded then B(x) can be written as
Bx) = EMX) + U(x)),

with M(x) = M(x)" positive definite for all x € W x R”s and satisfying a;I < M(x) < a,I for all x € W x R"s and for
some a;, a, > 0, U(x) a strictly upper triangular matrix and with E a diagonal matrix satisfying EE = I. Moreover, simple
computatiorls31 show that, if B(x) is bounded, then there exists ¢ > 1 such that, with C := diag(c”y‘l, 72, ..., e, 1), we have

T+UX)C+CT+UX) > 1.
Let
L = EC, P(x) := EM(x)"'E.

Since a;I < M(x) < a,1 holds at each x € W x R"x, then the eigenvalues of M (x)~! are lower and upper-bounded by ay and
al‘1 respectively, and hence point a of Assumption [2{holds. Furthermore, we observe that £ = LT = EC = CE. Hence, noting
that

BX)'EMX) '=(I+UX)" MX)"ETEMX) '=(I+U®X)’,

we then have
LTBx)"Px) + P(x)BX)L = ECBX)' EM(x)"'E + EM(x)"'EB(x)CE = E[C(I +UX) +U + U(x))C] E>1,

for all x € W x R"x. Thus, since EE = I, point c of Assumption@]holds.

Finally, we observe that-! L;’gou B(x) = 0 implies LE&)MM (x) = 0. Since

LY Mx)™'=-Mx)"'LY MxMx)™ =0,

g(x)u g(xX)u
then also point b holds, hence the result. O

6.2 | Strong invertibility in the sense of Wang and Isidori 2015 and 2017°%1% implies Assumption

Here we prove that the assumption of invertibility used, for instance, in the works of Wang, Isidori and Su418

Assumption 2]

implies

Lemma 4. Suppose that n, = n, (i.e. B(x) is square) and that there exist a non singular matrix M € R">*" and a constant
op € (0, 1) such that
max

AERMXMy
[AI<1

holds for all x € W x R"x. Then Assumption 2|holds.

(B(x) - M)AM—l

<6 (54)

Proof. As (34) holds for all A € R"*" satisfying |A| < 1, it holds in particular for A = I, thus yielding
IBOM ™! — 1| <6,
Thus, for all p € R™ and x € W X R"~, it holds that
27 (1 - BooM ™" )p < 12" (B)M ™ = Dpl < 2pf - |1 = BM ™| <25,|pI> = pT (25, 1)p.
Therefore, we obtain
pT (21 - M7 BT - BooM " )p=2p"p - 2p7 BM 'p = 2p(1 = BOOM ™' )p < p'(25,D)p.
As it holds for all p € R" and x € W x R"~ then, necessarily
21 —= M TB(x)" — Bx)M™' <261,

and thus, letting £ := M~ and P(x) := I /(2(1 — §,)) yields the item ¢ of Assumption Point a instead follows by noting that
6y € (0, 1), while point b is straightforward as P is constant in X. O
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6.3 | Positivity and negativity in the sense of McGregor, Byrnes and Isidori 2006">, Back 20094°
and Astolfi, Isidori, Marconi and Praly 2013¢ imply Assumption

Finally, here we show that the “negativity” and “positivity” assumptions on B, made in some recent papers.2=316 all imply

Assumption [2| The following lemma refers to the positivity assumption (Assumption 1) of Astolfi, Isidori, Marconi and Praly
201349,

Lemma 5. Suppose thatn, = n, (i.e. B(X) is square) and that there exists K € R"»*"y such that the following positivity condition
holds
BX)K +K"B(x)" > 1 (55)

for all x € W x R"=. Then Assumption 2] holds.
Proof. We first observe that equation (53] implies that K is invertible. In fact, if we suppose that K is singular, then there exists

p # 0 satisfying Kp = 0. But this yields p"(B(x)K + K B(x))p = 0, which contradicts (53)). Then, Assumptionis satisfied
by simply letting £ = K and P(x) = I. O

The following lemma, instead, refers to a slightly relaxed version of Assumption 4.4 of McGregor, Byrnes and Isidori 200612,

which is however implied by that assumption in each compact subset of W x R"x.

Lemma 6. Suppose that n, = n, (i.e. B(x) is square) and that there exists M € R™*" and ¥ > 0 such that the following
negativity condition holds
BX)M + M"B(x)" < —xI (56)

for all x € W x R"x. Then Assumption 2| holds.
Proof. The proof follows by Lemma 5] by noticing that (56) implies (33) with K = —M /. O

Finally, the following lemma concerns a slightly relaxed version of Assumption 3 of Back 2009°%, which is equivalent to that
assumption in each compact set.
Lemma 7. Suppose that n, = n, (i.e. B(x) is square), and assume that there exist k¥ > 0, a non singular matrix K, G~ :=
diag(g, ..., g,), and Gt = diag(g;r, e g;“l) such that 0 < G~ < G* and that

T
(BKp-Gp) IP(BxKP-G*p) < —xp'p, 57
for all p € R™ and all x € W X R"™ and where IT := 2(G* + G™)~!. Then Assumptionholds.
Proof. Equation (57) implies (G~ = (G™)T)
—K"Bx)'II’G* - G I’BXx)K + K" B(x)"II’BX)K + G II’G* < —«1,
that in turn implies
M(x) 1= K"BX)'IPG* + G TI’B(X)K > k1
for all x € W x R"~. Noting that
Gt =N-2G"+G)'GT=M-2(G"+G ) NGt + G~ —G) =201 -11°G™
GIP=2-G(G*+G) 'l =201 - G*II?
then
M(x) = 2<KTB(X)TH + HB(x)K) —M)T
Thus, M(x) > kI implies
KTBx) I + Bx)K = %(M(x) + M(x)T> > il
and by letting M = —KII~! we obtain
MTBx)" + Bx)M < —«II?,

and the claim follows from Lemma@by noting that I1? is positive definite. O
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6.4 | About Assumption 4]

In this section we show that Assumptionf]holds in all the frameworks reported in the previous sections. Regarding the framework
of Section we observe that if B(x) is bounded, Lé’zl)uB(x) =0,and [A,(x)| > e >O0forallx € W XxR" andalli =1, ... Ny
then the same properties apply for the upper-left submatrix B(x) € R"*" defined by eliminating the last n, — n, rows and
columns of B(x). Thus, according to Lemma [3] there exist £¢ and P¢(x) satisfying the same properties of Assumption [2] for
the reduced matrix B¢(x). Since by Lemma [3| the result for the full-size B(x) can be obtained with a matrix £ of the form
L = diag(c™™"L°, £%), for some ¢ > 1 and some £¢ € R""X",=1) "then in view of (13), D*(x) = "<~ L° B*¢(x), and it is
readily seen that £ can be chosen so that Assumptions [Z] and[z_f] hold simultaneously with M(x) = P*(x).

Regarding all the other frameworks presented above, the fact that also Assumption[d]holds is a consequence of the following
Lemma.

Lemma 8. Suppose that n, = n, and Assumption 2/holds P of the form
P(x) = diag(P*(x), P*(x))
for some P¢(x) € R"*" and P(x) € R"~"*"~") Then Assumption 4] holds.

Proof. The proof directly by noticing that point a and b of Assumption [2|imply the same properties on P°(x), while point c,
which by definition of D(x) is equivalent to
DX)"P(x) + P®)D(X) > 1,

implies
e.e T e e e,e
<D RTPEX) + PAOOD) Ml(x)> o1 58)
M, (x) M,(x)
for some properly defined M, and M,. Pick p € R" arbitrary. Then (38) implies
T
D (x)TP(x) + P(x)D**(x) M (X)) (P
2 < |Y 1 — T De,e Tpe pe De,e )
pI < <O> ( M GoT o) (o) =PI (D00 + PaD* e Jo
and thus Assumption | holds with M(x) := P*(x). O

7 | CONCLUSION

In this paper we have proposed a post-processing regulator for multivariable nonlinear systems possessing a partial normal form.
Contrary to previous approaches, the proposed regulator can handle additional measurements that need not to vanish at the steady
state but that can be useful for stabilization purposes or, for instance, to fit into the minimum-phase requirement. The proposed
approach can also handle a control input dimension of arbitrarily large size, provided that a controllability assumption is fulfilled.
About the controllability requirement, we have shown that is is implied by many state-of-art assumption in the literature of
high-gain stabilization and regulation of normal forms. Among the drawbacks of the proposed approach, we underline how the
stabilization phase is still strongly based on a “high-gain” perspective, thus allowing us to restrict to linear stabilizers, and how
the proposed conditions to obtain asymptotic regulation may be not constructive in general.

Future research directions spread in many ways. In the first place, we aim to introduce adaptation in the control loop, so as
to cope with model uncertainties and to weaken the chicken-egg dilemma that link the choice of the stabilizer gains and the
internal model dynamics, as envisioned in*. A second research direction concerns the extension of the framework to include
more general stabilizing laws, going beyond he linear high-gain technique and trying to relax the minimum-phase requirement.

How to cite this article: M. Bin, and L. Marconi (0000), Output Regulation by Post-Processing Internal Models for a Class of
Multivariable Nonlinear Systems, Int. J. Robust Nonlinear Control, 0000;00:0-0.
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APPENDIX

A PROOF OF LEMMA 1

Pick i € {1,...,r} and, with k, > 0, define the matrix A.(k,) := diag(k" I kN1 ... k.1, , 1, )€ RAN=Dxp(N=D andq
i /AN g i P i Di 1=p;?p
change coordinates as
ez =Nk
With reference to the matrices defined in (3a)-(3c), noting that
A FA (k)™ = ki Fyy  A(kpH, = Hy,  NK)CTGICA (k)™ =CTGC,,  Ak)CT = k2T

then z' fulfills
i—1
2=k, F,z' + H,¢ + A(k;) Z (FA(kp)~'2/ + H,;¢,) +C/ G, Cz' + kiN"‘2c,T(n2 -Giny)
Jj=1

Let (al, ..., % ) be such that the polynomial AN~ + &}, ANi=2 + .- + a! has roots with negative real part and, with

Di = (_allIPi T a;V,.—lIPi>
and ' € R”, let
g=0+kDz.
Since F,; + H;; D' is Hurwitz, then there exists k* > 1 such that, for any k; > k*, the following holds

i-1 !
|2/(0)] < bye™M"|2/(0)] + b3k,{\/i_3(|é;[1,i]|[o,r) + |D|[0,z)> + b4kaI_3 2 k; / e M0 2 (1) |d T (AD)
Jj=1 0

for some by, by, b3, by > 0, and in which we let for convenience v := |G ||| + |n,l, &,y 1= (..., ). We can partition &
asé = col(é, ..., &%), with & := kiz_N"Ciz". Pick € > 0 and pick i € {2,...,r}. Let for convenience I_c,- 1= max; ;g kj and
suppose that, foreach j = 1, ...,i — 1, z/(¢) fulfills
) o n - _
|2/ ()| < hi(k;)e™> “112(0)] + hz(ki)<|g[l,j]|[0,t) + |U|[(),t))’ (A2)
for some A! (k;), hi(k;) > 0. Then, if k; > k; > k, for each = <t we have

b
—byk;(1— —byk, (1— kyt ,byk
e hki=1) < pbaki(=0) < g Ml phokiT

and equations (AT)-(A2) give
i —b, N-=3( 2
1Z/(t)| < bye™"k1!|z(0)] + b3k, <|C[1,i]|[o,¢) + |U|[o,r))
t t

— by - R _
+b4k;\’f‘3(,‘_1)ki<e—bzk1’/e?""h'l(ki)|z(0)|dr+/e‘bzk"('_f)hlz(k,-)(|C[1,f]|[0,t)+|U|[o,r))d7>
0 0

- .- N.—3 - .-

2b,rkh kDKM TN bk (kD) s -

< <b1 + blk )e 2Nz + ( by + # k' (1Galion + 10los)-
2™ 20

1

) byrk,hi (k)
k. >max <4 k*, k, D b+ —270 ) L (A4)
i i € 3 b2

then, in view of (A3), the fact that (AZ) holds for j = 1, ...,i — 1 implies that the same bounds also hold for j = 1,...,i, with
k., = max{k; k;} = k; and

1

(A3)

Hence, if

i(T 7 Ni—2
2b,rh (ki
b2k1

7 N;=2
kidy ™

I’li1+1(l_€i+l) = hi(ki) + 0y + ) h;rl(l_‘iﬂ) r= (ki) +

o~
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Moreover, noting that |&'(f)| < k?_N’ |Z(1)], in view of (A3), we have
Si i (7 ~2p € (| 7e
le' ()] < ql(ki,k,-)e 250 z(0)] + ;(|C |[o,1) + |0|[0,t)) (AS)

with ¢! (k;, k) 1= hi*'(k)k; ™ and £ := &, . Fix k; so that

b,r
k, Zmax{k*,i} .
€

Since e~?k1! < e=22k1"/2 for all ky,¢ > 0 and k, = k, then (AT) implies (A2) for j < 2 with h2(k,) = b, and hi(k,) = b3l_<;\]‘_3
and (A3) for i = 1, with ] := b;k*™™1, g} := byk,. Hence the sequence (A4) is well-defined and by induction we conclude
that, foreach i = 1, ..., r, it holds that

b

12'(0)] < by (ke 21 2(0)] + 712(7‘1'+1)(|5l1,i1|m,z) + |U|[0,z]>

with by 1= A" b, := hJ*', and for each i = 1, ..., r,, (A3) holds true. Noting that | y()] < |z'(¢)|, |2(0)] < k™~!| ¥(0)| and
le)| < X, 1€'(1)], then we obtain (29)-(30), with

- - bybyrt - - o b,bsrt
B,(s,7) := kN hy(k,,,) exp (— 223 >s, a; := kN (ko) Bositfe) i=s Z q. (k;, k;) exp <_ 223 >

i=1,...,r,

and the claim of the lemma follows with

K := diag <k1D1A1(k1), k,D’A,(k,)).

B PROOF OF LEMMA 2

With P given by Assumption 2] define the function

V(w,x)=1/TP(w,x)¢ (B6)
VA8 < Vw0 < VIIE

for all (w, x) € W x R"~. Taking the Dini derivative of V" along the solutions of the closed-loop system yields
DV (w,x) = ;< vl (ﬁTB(w, TP, %) + P(w, )B(w, )L )
2V (w, x)
+28TP(w, x) (0, 2.0) + q(w, x))
+E(LOOPw, x) + LYPw, x) + LS | P(w,x))E )

By point a of Assumption[2] V' satisfies

b(w,x)u

Point ¢ of Assumption [2]implies
E (L7 BGw,0) P, %) + P(w, x)Bw, )L )E > 2

SO as
_f§T<£TB(w, X)"P(w, x) + P(w, x) B(w, x)‘:)f < —Cur

As P is continuous, ¢ is Lipschitz and q is Lipschitz on W x X, then there exists M, > 0 such that
28TP(w, x)(o(n, x,8) + q(w, x)) < M1I§I(|5I + I(w,x,x,n)l),

as long as (w,x) € W x X. Point b of Assumption [2|implies that L;’(C‘)ﬂ X)MP(W, x) = 0, so as by continuity of P, as long as

(w,x) € W x X, we can write

L(LYP@w,x) + LYP@w,x) + L, | Pw.x))E < My|Z1°

b(w,x)u
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for some M, > 0. Since

14 1

L <———X< )
ﬁ V(w, x) \/Z

then there exists a, > 0 such that, as long as (w, x) € W X X, we have
D+V(w7 x) S (az - fal)V(w7 x) + a2|(w7 X, N, x)la

with o) = 1/(2ﬁ). The result thus follows with (s, 7) = (s\/j/\/Z) exp(—a,7/2) and a, = 2a,/(a, \/Z) by taking
z,”(;‘ := 2a,/a; and noticing that fi; does not depend on X. O
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