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1 Introduction

The Effective Field Theory of Inflation (EFTol) [1] provides an alternative picture to
understand perturbations in single field driven inflationary models. In this picture, one first
fixes the gauge by taking constant time hypersurfaces to coincide with inflaton constant
surfaces. In other words, the perturbations of the inflaton field are absorbed into the
fluctuations of the metric. The inflaton fluctuations transform non-linearly under the time
diffeomorphism but the non-linear sigma model describing it can always be UV completed
into the theory of inflation with a linear representation of time diffeomorphism. The
Goldstone mode, 7, corresponding to breaking time diffeomorphism symmetry, describes
the scalar perturbations around the FRW background. Therefore, the most generic action
for inflation can be constructed out of the quantities that respect the remaining symmetries,
i.e. the spatial diffeomorphisms. The coefficients of these terms can be time-dependent in
principle.

This means including terms such as the metric component g% and the extrinsic curva-
ture of constant time hypersurfaces, K, which are only spatially diffeomorphism invariant,
in addition to standard 4-diffeomorphism invariant terms. It was shown in [1] that, around
a FRW background, this reduces to including functions of time, ¢°° and perturbations of
the extrinsic curvature, 6K,

One can then make the Goldstone mode explicit by applying the Stiickelberg technique
and study the physics of the Goldstone mode at energies where the mixing with gravitons
can be neglected. In this framework, the standard slow-roll inflationary model corresponds



to adding only operators with time dependence and at most linear in terms of g% (mass
dimension zero), before performing the Stiickelberg trick,. Higher dimensional operators
quantify deviations from the slow-roll inflation. On the other hand, in terms of 7m and in
the decoupling limit, the slow-roll Lagrangian will include dimension 4 operators from the
kinetic terms of the canonically normalised w. With higher order or mass dimensional oper-
ators in the unitary gauge, dimension 6 operators from cubic interactions of the Goldstone
modes are generated. Due to the non-linear nature of the time diffeomorphism, once it is
restored, the spatially diffeomorphism invariant operators will lead to a non-linear depen-
dence on the Goldstone mode. This in turn leads to non-vanishing higher point correlation
functions. Therefore, the coefficients of these operators can be constrained by measuring
the corresponding correlation functions.

The above approach is borrowed from particle physics since also the Standard Model is
described through the lowest dimension operators that are compatible with the symmetries
of the system. Then higher dimensional operators describe deviations from the vanilla case
and quantify the emergence of new physics. Similarly, in the EFTol, higher dimensional
operators can reproduce various interesting inflationary models, such as DBI inflation [2—4],
with speed of sound different from one, or Ghost Inflation [5], with leading spatial gradient
term proportional to (V2r)? [1]. In particular, as shown in [1], reducing the speed of sound
naturally strengthens the cubic interaction, which in turn enhances the non-gaussianity.

In the EFTol, these higher dimensional operators can also change the dispersion re-
lation. For example, the inclusion of 5wa operators modifies the dispersion relation to
w? ~ k* (similar to Ghost Inflation). Including additional higher dimensional operators of
the form (V"2 K uw)? with n > 3, when they are dominant, would modify the dispersion
relation even further to w? ~ k2",

However, the authors of [1] did not include operators beyond mass dimension 2, since
they claimed that these new terms would not be compatible with a sensible EFT descrip-
tion. The reason is the fact that in such theories, when E — sFE, the energy scaling
dimension for 7 would be 7 — s~1/2+3/27 7 and so the scaling behaviour of cubic operators
like 7(V)? would be (7 — 3n)/(2n). This would imply that for n > 3 this operator would
become relevant, whereas for n < 3 it is irrelevant at low energies. Hence a theory with a
dispersion relation of the form w? ~ k% would have an IR strong coupling cut-off At which
would in general make this theory not a controllable EFT.

However, we argue here that this may not always be the case. Our reason is that a
dispersion relation of the form w? ~ k% would not hold up all the way to low energy scales.
It is true that the scaling power of 7(V)? is —1/3, but the scaling power of (V?7)? and
(Vr)? are respectively —2/3 and —4/3. This implies that the dispersion relation would
also change from w? ~ k% to w? ~ k* at some energy scale A%l Hence, if the coefficients
of the higher dimensional operators are tuned such that A§* < AL.°, the w? ~ EY theory
remains weakly coupled throughout its evolution down to low energies. On top of this,
one has to require that the scale A4, where the w? ~ k* theory becomes strongly coupled,
is not below AJ.°. This is guaranteed if Ag' < AJ® < A4. Similarly, one has to require
that the standard w? ~ k2 theory does not become strongly coupled at a scale Ay which
is below the scale A3 where the dispersion relation becomes dominated by the quartic
term: A" < Ao [6].



Under these conditions, the EFT for the perturbations remains weakly coupled all the
way from low energy to the w? ~ kO regime. Note that in addition, this framework is only
valid on energy scales below A, where time diffeomorphisms get spontaneously broken by
the inflaton background. Thus, we also need to require Afh*s(6 < Ay. This is because at Ay
the scalar perturbations become of the same order of magnitude of the background which,
therefore, cannot be integrated out to leave an EFT for the fluctuations only. The cut-off
of the EFT for the fluctuations A, .g is therefore the minimum between A, and the UV
strong coupling scale of the w? ~ k% theory, AgV, associated with some higher derivative
operators which remain irrelevant.

Strictly speaking, the cosmological experiment is done at energies of order the Hubble
scale H where horizon exit takes place. Hence, in order for the EFT approach to be under
control, one would need just to require H < A ox and a horizon crossing that occurs in the
region where the dispersion relation takes the standard quadratic form. However, the goal
of this paper is to provide a consistent theoretical framework to motivate the emergence of
modified dispersion relations which, as previously shown, can lead to (super-excited) non-
Bunch-Davis initial conditions with interesting implications for CMB observables [7]. Thus
we need to control the EFT also in the high energy w? ~ k% regime which describes the
behavior of the perturbations deep inside the horizon. These perturbations are born in the
vacuum of k% theory but then become excited states due to the transitions to the quartic
and finally to the standard quadratic regime for the dispersion relation which happen before
horizon crossing. Therefore, in order to be able to describe consistently the whole evolution
of these modes from deep inside the horizon to super-horizon scales, we need to be able to
trust the EFT for the fluctuations up to the w? ~ kS regime.

In this paper we shall therefore include higher order corrections which in the unitary
gauge correspond to operators with mass dimension 3 and 4 that were so far neglected
in the literature. Hence we shall call our framework Extended Effective Field Theory
of Inflation (EEFTol). As explained above, these higher dimensional terms modify the
dispersion relation and, depending on the sign and magnitude of their coefficients, can
have important implications for scalar perturbations. We shall focus only on modifications
of the equation of motion for the Goldstone boson 7 by higher order terms, and so we
shall consider operators which include at least one factor of 6K, in their expression. One
can write down other operators with the same mass dimensions as the one we focus on
below, which would not affect the two point function for scalar perturbations. We also
drop operators of the form (1 + ¢°°)" with n > 3 since, contrary to (14 ¢°°)2, they do not
change the speed of sound for .

The outline of this paper is as follows. In section 2, we first briefly review the formalism
of the EFTol and then we present the EEFTol by writing down all operators with mass
dimension three and four that can add a correction proportional to k% in the dispersion
relation. In section 3, we discuss the implications of these higher dimensional operators
for tensor and scalar perturbations. In particular, after identifying the allowed operators,
we focus on the healthy region of parameter space for m and explore various scenarios that
can arise. We study the scalar power spectrum in these scenarios, depending on the sign
of the coefficients of the quartic and sextic corrections to the dispersion relation. We also



analyse the implications for the tensor-to-scalar ratio. In section 4, we comment on the
cut-off of the EEFTol and the size of non-gaussianity, while in section 5, we conclude and
give directions for future research.

2 Extended EFT of inflation

2.1 Overview of the EFT of inflation

We start by reviewing the EFTol framework which allows one to write down the most
generic action for single scalar field models on a quasi de Sitter background. The idea is
that even though the action is invariant under all diffeomorphisms (4-diffs), the background
solution provides a preferred time foliation. By restricting time hypersurfaces to constant
inflaton surfaces (the unitary gauge), the action has to satisfy only 3-dimensional spatial
diffeomorphism (3-diff) invariance. Therefore, one can start by writing the most general 3-
diff invariant action around the FRW metric and the effect of different terms. This implies,
in addition to standard 4-diff invariant metric terms, including ¢° and pure functions of
time f(t) that are also scalars under 3-diffs. We can also include terms depending on the
extrinsic curvature of the constant time hypersurfaces, K,,,, as this is a tensor under spatial
diffs. It turns out that any additional 3-diff invariant object, such as the 3-dimensional
covariant derivative, can be rewritten in terms of the quantities already included. It can
be shown that the resulting Lagrangian around flat FRW reduces to [1]

1 . .
L= M [2 R+ Hg" — (3 H? + H)] + ) Lg% +1,0K, 6 Ryuvpo, Vi t), (2.1)

m>2

where £,, represent functions of order m in g% + 1, 6K w and 6R,, ;. Furthermore, the
pure time dependent term and coefficient of ¢ have become functions of H and H by
satisfying the Friedmann equations in the FRW limit.!

Once the generic action in unitary gauge has been written, the gauge condition can be
relaxed by allowing the time transformation ¢ — t + £%(2#). Since the action is no more
restricted to a particular time slicing, time diffeomorphism invariance has to be restored
again. This can be achieved by substituting £y (z#) with a field —7(2*) and requiring that it
shifts as w(z#) — m(a*) — &o(x*) under time diffeomorphisms. Note that when we perform
t — t + £%(a*), we no longer expect the perturbations in inflaton field, ¢, to be zero. In
fact, by introducing the Goldstone boson we are representing these perturbations, since
8¢ = —do&® and therefore m = 6(]5/(]50.

This action is very complicated in general. However, the advantage of using this ap-
proach is that, when the generalised slow roll approximation is valid, one can ignore all the
metric perturbations in the action. Basically, if the typical scale of the time dependence of
the coefficients in the unitary gauge is much longer than the Hubble time, the theory effec-
tively decouples from gravity and it is possible to compute the power spectrum neglecting
metric perturbations in the action.

Tn the original EFTol formalism [1], only the quadratic operators built out of §K,, = K, — KEE‘W
were studied. As we will see, dropping higher order operators is not always necessary and one can extend
the EFTol correspondingly.



For instance, if we implement this procedure for the action (2.1), assuming £, = 0
¥V m, we obtain

e or)?
Eslow—roll = _MF%]H <7T2 - ( a2) > . (22)

One can show, using proper gauge transformations, that 7 is related to the conserved
quantity ¢ by ( = —Hw. Substituting ¢ in the above action reduces it to the standard
slow-roll inflationary action for .2 Since we are interested in deviations from the standard
slow-roll model, we will turn on the coefficients of the operators in £,,. In the EFTol,
focusing only on the terms that contribute to the quadratic action of m and can change the
dispersion relation up to quartic order, the unitary gauge action is

LEFTor = Lslow—roll + L2, (2.3)

with:

4 73 72 72
Ly = % (9% + 1)+ %(900 +1)0KH, — % (6K*,)* — % SK!, 0K, . (24)
The first term, (g% + 1)2, is the operator that modifies the speed of sound for scalar
perturbations from the speed of light. Noting that (¢°° + 1) has zero mass dimension,
powers of (g% 4 1) with n > 3 could also be included which result to more general K-
inflationary models. In this work, without loss of generality, we only include the quadratic
term in (g% + 1) as it explicitly modifies the speed of sound for scalar perturbations. The
mass dimension 1 term, (g°° + 1) 0K ki, is not symmetric under time reversal, and was
already analysed in [1, 8]. Finally M722 (6K*,)? and MT:? SK", 0K ¥, are the operators that
lead to generalized Ghost Inflation with a quartic correction to the dispersion relation [1, 5].

2.2 Lagrangian of the Extended EFT of inflation

We know proceed to introduce the Lagrangian of the EEFTol. We supplement the unitary
gauge action of the EFTol with operators of mass dimension 3 and 4 constructed out of
0K",, V,, and g% so that the Lagrangian of the EEFTol (again keeping only terms which
contribute to quadratic action for 7 ) becomes

LeEFTol = LEFTOl + L2,43 + L2,44 (2.5)
with:
M 5 5
Loas+ Loy = fv#goovml{w - 51 (V6K (V0K ) — 52 (V,.6K",)?
5 b}
—53 (V,0K")(V,0K™) — 54 VMK, VY OKC, (2.6)

where M;, M; and §;’s are free (time dependent) coefficients and the sign of each term is
also a priori free. We remark that the mass dimension 3 operator V#¢"'V”§K,, is not
symmetric under time reversal and §;’s are the coefficients of dimension 4 operators.

2The correspondence is up to a mass correction in higher orders of slow roll parameters. In quasi de
Sitter space, m gets a small mass due to time-dependent background, which has to be taken into account
to get the exact correspondence.



Our motivation for adding such operators is that they lead to sixth order corrections to
the dispersion relation. The reason advocated in [1] for discarding these operators is that
sixth order corrections to the dispersion relation would make higher derivative operators
relevant, signaling the presence of an IR strong coupling regime. However, as explained in
section 1 and as we will discuss in more depth in section 4, one can still have a sensible
EFT description if the IR strong coupling scale of the w? ~ k5 theory is below the scale
A4di;6 where the dispersion relation becomes dominated by the quartic term.

We emphasise here that in this EFT approach to inflation, the Lorentz symmetry
is not preserved. In particular, the mass dimension and energy scaling dimension of the
operators depending on dK do not match. We should also add that we have only kept
terms that can modify the action for scalar perturbations at second order. There are other
operators, e.g. proportional to M §K3, that do not contribute to the linear equation of
motion of the Goldstone boson 7. For reasons that will become clear momentarily, we first
focus on the implications of the mass dimension 3 and 4 operators on the action for tensor
perturbations. Then we will get back to the action for the Goldstone mode 7 derived from
the unitary gauge action in the EEFTol.

3 Perturbations in the extended EFT of inflation

3.1 Tensor perturbations

To study the tensor perturbations, we perturb the spatial part of the metric as follows
gi = a*(0ij +is) (3.1)
where ;5 is transverse and traceless (summation over the repeated index i is assumed),
vii =0, 0ivi; =0, (3.2)

and we will expand the action (2.5) up to second order in +;;. As pointed out in the
original EFTol paper [1], from the mass dimension zero up to mass squared operators, only
\ 12
—% SK", 0K ", affects the equation of motion for v;;, and adds the following contribution
to the action for tensor perturbations
M2 Mzﬂ? 3 74 73
S = —8/a dtd’z ao’ﬁjao’yij . (3.3)

The action (3.3), together with the terms describing the usual massless scalar field contri-
bution for tensor perturbations,

2

M,
SeH = % /dt d*z a® (007ij007vij — @~ 20vi01vij) (3.4)

produces the following modified equation of motion for tensor perturbations,

1

a
i+ (c?rkz >pk =0, (3.5)

a



where pr. = a g, the subscript k refers to the Fourier transform of the two helicities of the

M2\
= < — M;;;) ) (3.6)

In order to avoid superluminal propagation for tensor perturbations, one must then have

gravitons, and

M2 < 0.2 Larger values of | M| correspond to smaller speed of sound and, for |Ms| — Mpy,
the speed of gravitational waves ¢ — 1/v/2.

For Mg > 0, the speed of gravitation waves is superluminal. Lorentz invariant EFTs
with this property have been argued to be non-local and not embeddable in a local quantum
field theory or string theory [10]. However, [11] argues that such models, despite having
superluminal propagation, do not lead to any violation of causality. If ]\7[§ > 0 is taken as
a legitimate choice, larger values of M2 increase the value of speed of sound and in fact
this value diverges for M3 — MZ,.

Now let us focus on the new operators with mass dimension 3 and 4. The term
%1 (VuOKY7)(VH6K,,), up to second order in v;;, yields

o [ H? 2

1 2 1
5 |~ o (G0vi)* + 122 (06mis)” — 1 (987i)"| (3.7)

where ¢, 7 and m are spatial indices and summation over m is assumed. Other operators
do not contribute to the Lagrangian of tensor perturbations once the transverse traceless
condition on +;; is imposed. The appearance of (‘33%]' in the Lagrangian density (3.7) leads
to ghost instability for the tensor perturbations. Thus the requirement of having no ghosts
in the tensor sector of the theory translates into

5 =0. (3.8)

Therefore, dispersion relation of the primordial tensor fluctuations remains resilient to
changes in the scalar and gravitational sector in the EEFTol, like it was shown origi-
nally in [12].

3.2 Scalar perturbations

The Goldstone boson can explicitly appear in the action via the Stiickelberg trick. In this
procedure, the variation of the metric with broken time diffeomorphism, t — ¢ = t +£%(z),
& — & = 7, is obtained and £°(z(%)) is everywhere replaced by —7(Z) in the transformed
action. Then 7(z) is assumed to transform non-linearly to (%) = m(z) — £°(x), which
guarantees that the action remains invariant under diffs to all orders [1]. Evaluating the
action explicitly for 7 in Fourier space, ref. [8] found out that, in the decoupling limit
corresponding to H — 0 while MI?H is fixed, the EFTol Lagrangian (2.3) in the unitary
gauge leads to the following second order Lagrangian in the m-gauge:

™ g . — . (81‘71')2 MQ . (31'71')2
ﬁl(ahzToI = MgH(auﬂ)Q +2Myw* — MPH (37T2 o 2a2 ) 72 OH*#* — 3H a2

+ WZT)Q) My <3H27'T2 _ 0 @%)2) , (3.9)

a 2 a? at

3Gee [9] for scenarios where M3 and consequently cr are time dependent.



whereas, following the same procedure, the mass dimension 3 parity-violating operator
in (2.6) in the same limit H — 0 yields

v 4 2 21732
(x) My (K*Hr®>  kK*H’n 5.0
Ly, = 5 ( R R (3.10)

This operator only yields a quartic correction to the dispersion relation. On the other
hand, the mass dimension 4 operators in the EEFTol action (2.5) give*

6,2 2742 4.-2 47,22
(ﬂ-) _ 1 ]C T 3H k ]C T 4H k ™ 4.9 2..9
Ly, = 251< o - + " —6H 7° —3H 7w

1 k‘6 2 H2k4 2 k4'2 6H4l€2 2

N 4 T _on*#?

2 at a?

1 k:6772 3H2k4 2 H2K*i? 4.9

553 < 4 + a2 - 9H T >

1 kKS72  H2k*m?  9H*K*n?  3HZ?k*#? 27

—15 n + LI T SH) . @
2 ab 2a4 2a? a?

The terms ——(V SKY7)(VHK,,) and —% 2 (V,0KY,)? produce 2. According to Ostro-
gradski’s theorem [13], higher time derlvatlves usually lead to ghost instabilities. In princi-
ple such a ghost term could be avoided if 61 = —3 2. However, as noticed in the previous
section, one has to set §; = 0 in order to avoid ghosts in the tensor sector, which enforces

51 =08,=0. (3.12)
Therefore, only the terms %‘V#(SK“VVﬁKW and %4 VHOK,, VYO KT are allowed.

We shall now derive the equation of motion for 7 using the total EEFTol Lagrangian
in the 7 language and in the decoupling limit, which is the sum of (3.9), (3.10) and (3.11),

E*EEFTOI = ‘C](ET;)‘TOI + Lg,?zg + 5524 (3.13)

Before that, we briefly discuss the equation of motion corresponding to the EFTol La-
(m)

grangian. Variation of Lypr ;. yields the same equation of motion previously derived in [8],

,IC4 k‘2
Aoﬂk+(Bo+3HCO)7Tk+<EO 4+D0 2>7Tk0 (3,14)

“In [7], in the definition for §K,, = K, — KL?,), we had mistakenly subtracted the FRW result K,S?) =
—a2H5ij6255 from the extrinsic curvature of constant ¢ spatial surfaces. However, this would not produce
a tensorial structure for 6K ,,. Following [1], one has to instead subtract ng) = —Hh,,, which reduces to
the FRW result when the perturbations vanish and guarantees that 6K, is covariant. The difference in the
obtained results for the action of Goldstone boson is due to this. We thank P. Creminelli for clarification
of this issue to us. We take the opportunity to correct the mistake/typo in [1] in defining KW as athW.

There seems to be an extra factor of —a? in their expression.



with

Ag = —2MA H + 4My — 6MH — 9H>MZ — 3H? M3

—6M}H — 18HHMZ — 6H H M3

= —2MEH + 4My — 6MPH — 9H? M3 — 3H?M?

Dy = —2M3H — M3H — 3H>M3Z — M2 H?

Eo = M3 + M3, (3.15)

25
I

where the mixing with gravity has been neglected. Noting that the canonical 7w, ~ /Ay
and 6g2° ~ Mp;5g”, the mixing energy between gravity and the Goldstone mode 7 can
be neglected at energies

VA
E > Epix ~ +22 (3.16)
Mp,

which is known as the equivalence theorem. Namely, the perturbations of the longitudinal
mode decouple from the perturbations of the metric at energies higher than FE,;. Being
able to compute the correlation functions at horizon crossing corresponds to assuming
H > FEhix. In the regime where MPZ)IH is bigger than the other contributions to Ag,
Erix ~ €Y/2H, and so the decoupling limit is guaranteed by the slow-roll condition € < 1.
On the other hand if M is bigger than the other parameters in Ag, Epyix ~ M2/Mpi, and
decoupling happens if M22 < Mp) H. These conditions were obtained in [1] too. Other
limiting cases suggest ]\Zl'f/2 < MP1H1/2, My < Mp; and Ms < Mp.

In terms of the conformal time, dT = dt/a and through a change of variable u, = any,
the equation of motion (3.14) takes the following form

B HCy—3A0H "
up + 0+3 Zz 340 auy, + <A0k2+k42—c;>uk:0.

I (3.17)

Noting that By + 3HCy — 3AgH = —6H (M} + 3H?M, + HM3), in the limit H — 0, this
equation is reduced to

DO 2 E() 4 2 a//
- =0. 1
<A0k Aok a ) 0 (3.18)

which has the same form derived in [8].

If we now include the higher dimensional corrections E( Zl and ,C( ) to the total

Lagrangian (3.13), the equation of motion for 7 becomes®

kS k* k2
Alﬂ'k—i-BlTrk-i-(Cl 6+D1 4-|-F1 2>7rk:(). (3.19)
Defining
9 27 k2 9
Fo(k,7) = 5(53 — Zé Y2 H? (03 4 304) — 72HM4 , (3.20)

®See [14] for a different way of deriving sixth order dispersion relations.



the coefficients of the equation of motion (3.19) read

Ay = Ag + 2H*Fy(k,7),
2

2k
B1 :B0+3HCO+H5 |:6F[)(k',7')+a2ﬂ_2(63+354) 5

Cy =03+ 04,
) _
Dy :E0+H2§4 +3H255 — MyH ,

3 _
Fy = Dy + 3H* (53 + 254> — MyH?, (3.21)

where we have assumed that the time-dependence of the coefficients is slow compared to
the Hubble time. This means that the terms coming from the Taylor expansion of the
coefficients are small.

Expressing the equation of motion for ug = am, in conformal time and again in the
limit H — 0, we obtain

y 2K2H3(03 4 364) C kS Dik* B, d
—— +——+—k"—— ] =0. .22
Uk+ aAl Uk+ k A1a4+A1a2+Al 0 0 (3 )
In a de Sitter space, where a = —1/(HT), the above equation reads
G3Tk2 FQ D2k2
" ! 2 2.2
Ut Gyt GarokE e T <G1 T G2k T Gy Gk
kT —= | =0 3.23
+G1+G272k2 4 72 ( )
where
G = Ag+ 9H* (53 — 254) — 9M4H3
Go = —H* (63 + 304)
Gs = —2H* (53 + 364) = 2G>
F2 = F1
Dy = Dy H?
Cy = C1H* (3.24)
and
Ay(k,7) = Gy + Gok*72 . (3.25)

The speed of propagation of the perturbations in the intermediate IR, i.e. for 1 < kT <
\/m, can now be read out from eq. (3.23) to be

2_F2

=—. 3.26
a= (320)
In terms of a dimension less variable, x = k7, the equation of motion (3.23) takes the form
d2uk Ggl' duk FQ D2x2 02x4 2
— - — =0. (3.27
dx? + G+ GQCUQ dzx + G+ G2x2 + G1+ G2$2 + G+ G2x2 22 Uk ( )

~10 -



In general, due to non-polynomial scale dependence of the dispersion relation, the sound
wave analogy does not necessarily apply. A variety of scenarios can in principle arise,
depending on the size and sign of various coefficients. For example, if G; and G2 are
positive, the modes start with ¢2 ~ 0 in infinite past and gradually, achieve a constant
c? given by Fy/G1 as they finally exit the horizon for |k7| < 1. If one of G1 or G (but
not both) is negative, there could be a singular time in the evolution of each mode from
inside the horizon when the speed of sound becomes infinite. It is also possible that both
the speed of sound and the coefficient of the quartic correction to the dispersion relation
are negative. These instabilities can in principle be avoided in the UV by a positive sextic
correction to the dispersion relation. Even though such scenarios are all interesting, we
will not focus on them in this paper.

In the following, we set d3 = —3dy, so that the equation of motion (3.27) simplifies to®

dPuy, Fy, Dy o Cy 4, 2

-2, 2 et 2 =0. 3.28
d:UQ <G1 + Glx + Glx .TQ Uk ( )
If /Gy > 0, as assumed here, our definition of the speed of sound for scalar perturba-
tions (3.26) is real and well-defined:

2_F2

Co — — .
s
G

(3.29)
If F5/G1 < 0, one deals with the sort of dispersion relation that comes up in Ghost Inflation-
like scenarios [5, 15]. This will not be something that we focus on in this investigation.
Moreover, in order to avoid potential issues related to superluminal propagation in the IR
and a unitary UV completion, we assume that [10]

0<ct<1. (3.30)

The first inequality could be satisfied if F» and G have the same sign. Note that it is also
possible to have ¢2 = 1 if

4MY —5MPH — 6H* M3 — 2H* M3 — 9H*64 — SM4H> = 0 (3.31)

eventhough, higher-point interactions will not be zero. This shows that, although in the
EFTol one tries to quantify the deviations from the standard slow-roll model with the
operators L,, in (2.1), there is still the possibility that one flows back close to the regime
of slow-roll inflation with ¢ = 1 via appropriate tuning of the coefficients of the various
higher dimensional operators. This result was also true in the EFTol with 6K? terms
in the unitary gauge Lagrangian. Although one expects to see an enhancement in the
non-gaussianity amplitudes due to the modified dispersion relation.

SWith 63 # —3 64, the mixing between gravity and the Goldstone boson becomes time-dependent for
each mode. Even though at horizon crossing, one can tune the parameters to make H > Fnix, when the
physical momentum of the mode k/a > Mpi(d3 + 364)~'/2, the mixing with gravity cannot be neglected.
At such momenta the theory of General Relativity also breaks down and in absence of a quantum theory
of gravity the predictions of the theory becomes unreliable.
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Defining 2/ = ¢, x, the equation of motion (3.28) reduces further to

dPuy, 2
-+ <1 + g’ + foa't — m,Q) up =0, (3.32)
6 o ad
Do DG 2 2 G
a0 Glcél F22 50 Glcg FQP’ ( )

In order to have a stable vacuum in the deep UV, where the dispersion relation is dominated
by the k%, we consider By > 0.7 If Hubble crossing takes place when w? ~ k2, transitions
between regions with a different dispersion relation can lead to excited initial states [7].
In this case, if g < 0, one can have relatively large corrections, much bigger than one,
compared to the standard inflationary predictions for the two point function. This can
happen even if the dispersion relation has a single turning point, i.e. a single horizon
crossing is assumed to occur.® The latter scenario is possible if Dy /Gy < 0 and Cy/Gy > 0.7

One should note that the coefficients M;’s, with i = 1,2,3, in (2.4) can appear with
either sign. In fact, as noticed in the previous section about tensor perturbations, one has
to assume M3 < 0 in order to avoid superluminal tensor perturbations. Noting that

_ _ 0. _
Dy = (M3 + M3 + H2§4 — MyH)H?, (3.34)
using the definition (3.33), the condition d3 = —3d4 and the expressions (3.24) for Cy and

(1, it is not difficult to show that

20&0

Bocs

As stated before, to achieve the stability in the UV, one has to assume that Sy > 0, and
hence, Dy and agd, must have opposite signs. If 4 > 0, noting that Co = —26,H* will be

Dy = ———0,H* . (3.35)

negative, one has to assume G < 0 to obtain a positive 8y. Assuming H < 0, that puts an
upper bound on how large the first slow-roll parameter € can be in this scenario. Then in
order to achieve ag < 0, one has to assume that Dy > 0. This combined with that M?)Q <0
for tensor perturbations to be subluminal, means

_ _ 5 _
|Ms|? < M2 + 541{2 — M,H . (3.36)

On the other hand, if 4 < 0, one has to assume Dy < 0 and the reverse of the above equality
should hold and, conversely, a lower bound on e is found under the assumption that H < 0.
One should emphasize that the value of ay and Sy are not solely determined by c;. There

"Dispersion relations dominated by the k® term can also be motivated from studies in the context of
condensed matter physics applied to black holes [16].
8We are referring to 1 + aox’ + Boz'* ~ 932 as horizon crossing.

%In solid state physics, the perturbations that appear close to the minimum of the dispersion relations

at large k’s are known as rotons, the ones that are close to the maximum of the dispersion relation are
called mazons and the ones that are in the linear regime of the dispersion relation are phonons. In the
cosmological setup, starting from deep inside the horizon, each mode in principle can undergo all three
phases until it exits the horizon.
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are other variables involved in these parameters and even for the choice ¢; =~ 1, ag and [y
can be substantial. Of course, with ¢s; < 1, the values of these parameters will get larger,
but a reduced sound speed is not necessary to have large corrections to the dispersion
relation. For ¢, =~ 1, since non-gaussianities are usually determined by factors 1/c2, one
expects at least not to get an enhancement from speed of sound. Nonetheless the non-linear
evolution of the mode inside the horizon due to the non-linear dispersion relations, may
enhance the value of the non-gaussianity and bring it potentially to a value that can be
observed. In fact, if, as in [7], the evolution of the modes inside the horizon can be mapped
into excited states with large occupation numbers at horizon crossing, it is expected that,
even for ¢; = 1, equilateral [17, 18] and flattened non-gaussianity configurations [19, 20] will
get enhanced. Whether such an equivalence holds and how higher dimensional operators
in the EEFTol contribute to the bispectrum shapes and amplitude is something that we
plan to investigate in near future.

3.3 Scalar power spectrum

In this section we investigate the effect of the modified mode equation (3.32) on the scalar
power spectrum for different scenarios, corresponding to different signs and magnitudes of
the coefficients of the quartic and sextic corrections to the dispersion relation. In general,
overall correction to standard the Bunch-Davies power spectrum can be expressed as a
multiplicative factor

_ B.D. _ H2
Po=ns Py =% g5 — (3.37)
S

If both ag > 0 and By > 0, the mode evolution inside the Hubble patch remains oscillatory
throughout, and unless the parameters ag and Sy are of order one, one does not expect
to see a significant modification to the Bunch-Davies power spectrum. We solve the mode
equation (3.32) numerically, from the positive frequency WKB mode in the infinite past,

Fe oy L _Ell/z (1) _\/ﬂ 3
ug (" — oo)fQ( 31‘) H% 3 ) (3.38)

and then read off the power spectrum when the mode exits the horizon, 2’ — 0. We have
computed the factor ~; for several values of g and fBy. For example, for ag = Fy = 0.2,
one has v, ~ 0.717, for ag = By = 0.5, 75 ~ 0.53 and for ag = By = 1, 7, = 0.4. It seems
that in this case, 75 < 1 in most of the parameter space. In fact, solving and plotting
the power spectrum for different values of ag and 0.01 < Sy < 2 confirms this conjecture.
The larger the values of oy and (y, the more suppressed the power spectrum. However,
this suppression is at most of order a few tenths. For ag = Sy ~ 2, the modulation factor
~vs ~ 0.3 (see figures 1 and 2). Noting that, in the case of positive quartic correction to
the dispersion relation, enhancement of the coefficient of the quartic term suppresses the
power spectrum too [21], one is tempted to deduce that positive higher order corrections
to the dispersion relation will in general reduce the amplitude of the power spectrum.

On the other hand, if ag < 0, there could be large modulation factors on the power
spectrum. In [7], we focused on the range of parameters for ag and Sy such that

Bo

1
> 3.39
0 (3:39)

on

z
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Figure 1. Plot of v as a function of 8y when o and By are both positive and 0.01 < a9 < 1 with
0<pfo<2
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Figure 2. Plot of ~; as a function of Sy when oy and §y are both positive and 1 < ag < 2 with
0< By <2

This requirement was coming from the fact that the dispersion relation should not become
tachyonic for any physical momentum in flat spacetime. If we allow for z < 1/4, the
quantum modes will get amplified while they are still inside the horizon, which will increase
the resulting power spectrum exponentially. However, such a large enhancement for the
scalar power spectrum will probably come about at the price of enhancing the size of
non-gaussianity, and may thus clash with experimental bounds on them. The issue of non-
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Figure 3. Log plot of 7, as a function of By/a2 when «q is big and negative (0.1 < |ag| < 2) and
2 2
L <o <P

gaussianity with such modified dispersion relations is something that we plan to return to
in the next work. As for the power spectrum itself, we examined this regime numerically.
We have plotted in figures 3 and 4 the factor 5, with By in the range %8 < Py < %, for
several values of ay. As can be readily seen, when [y goes below oz% /4, the power spectrum
grows substantially. With the decrease of the parameter «g, the interval of time the mode
spends under the influence of negative quartic contribution and possibly becomes tachyonic
while still inside the horizon, increases and one sees a larger amount of enhancement for ;.
In fact, for ag = 0.01, and By = /5, vs can reach values as large as 1000 (see figure 4).
One other point that may be worth highlighting is that for large values of 5y for each ag,
the maximum enhancement in this case seem to occur at oy ~ 0.2. As we will see, in the
interval 1/4 < z < 1/3, the same pattern repeats itself.

In [7], we had also assumed that the mode never becomes lighter than the Hubble
parameter up until the last horizon crossing. That would mean that the equation w? = 2H?
has only one solution. For

1
> -, 3.40
= (3.40)
this equation automatically has only one solution. For values of ag and Sy such that
1 1
<< D 3.41
1se<s, (3.41)
having only one solution imposes one of the following conditions
9z — 2 — 2(1 — 32)%/2
oo <
5422
9z — 24 2(1 — 32)%/2
: 3.42
or a0 = 5422 ( )
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Figure 4. Log plot of v, as a function of 8y/a3 when «q is small and negative (|cg| = 0.01) and
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< po <3

The requirement of having one solution was to show that the gluing technique becomes
ineffective in capturing the modification to the power spectrum from the sextic dispersion

2 = 2H? had only one solution, calculating the power

relation. In that case, since w
spectrum analytically required the gluing procedure only once. In this paper, we do not
distinguish between multiple and single horizon crossings. What matters to us is the
amplitude of the power spectrum when the wavelength of the mode is much larger than
the Hubble length or, more quantitatively, when ' < 1. Therefore, when investigating the
z > 1/4 region, we allow for z > 1/3 as well. Plots of 7, for different values of ag and Sy
for z > 1/4 are presented in figures 5, 6 and 7. In all cases, the factor ~, is bigger than
one. As one moves away from «ag = 0.2 in both directions, the amount of enhancement in
the power spectrum decreases.

Finally, in the case z = 1/4, as noted in [7], for ap ~ 0.2 and By = a3/4, one can
achieve s ~ 14.774.

3.4 Tensor-to-scalar ratio and consistency relation

Having modified spectra for both tensor and scalar fluctuations, it is expected that the
tensor-to-scalar ratio be modified as well. For general modified equations of motion for
scalar and tensor perturbations, the tensor-to-scalar ratio is given by

r=16e =— . (3.43)

Therefore, a departure of any of the parameters, cs, ¢t and 5 from one, will bring about
changes in the tensor-to-scalar ratio in comparison with the slow-roll counterpart. It is
well known that the majority of kinetic term dominated inflationary models, known as
K-inflation [22], would lower r. However, the possibility of enhancing r by allowing for
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Figure 6. v, for big values of g (0.5, 1, 2) as a function of Sy when ap < 0 and By > 0 and
%2 <Bo <2

¢s to be bigger than one has also been entertained in [23]. As mentioned before, whether
superluminal propagation in EFTs is necessarily an indication of any pathology is still a
topic of debate in the community [24].

Depending on the sign of the operator —MT‘% SK', 0K “,» which contributes to the speed
of sound for gravity waves, one encounters two branches. In the superluminal branch, with
]\7[3? > 0, gravitons propagate faster than light during inflation, ¢y > 1. In the subluminal
branch, with ]\_43? < 0, the speed of gravity waves is less than the speed of light. Were one
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to drop the superluminal branch because of superluminality and causality considerations,
the effect of departure from the speed of light is always to enhance 7. As Mz cannot
be pushed beyond Mp; in an EFT treatment, the gravity wave speed during inflation, is
bounded from below by 1/4/2, and thus one at most would get an enhancement of v/2 in
r in the subluminal branch. Otherwise, in the superluminal branch, r can be significantly
suppressed as ]\7[32 gets larger.

To summarize, in this section we showed that the effect of the EEFTol on scalar
perturbations is to change their dispersion relation, not only by modifying the speed of
sound but also by including higher order corrections. If the coefficients of the dispersion
relation are all positive, the amplitude of the scalar power spectrum gets suppressed by a
factor s < 1. This would enhance r by a factor of order one. However, if the quartic term
of the dispersion relation is negative, the evolution of the modes involves an intermediate
phase with negative group velocity, or tachyonic phase, which can in fact enhance the
amplitude of scalar perturbations considerably with respect to the Bunch-Davies result,
picking up a factor of v5 > 1. If one allows for the tachyonic evolution of the mode inside
the horizon, r can get suppressed by a large factor. On the other hand, if one only allows
for having a negative group velocity without a tachyonic phase, the maximum one can
achieve is vs & 14.7, which suppresses r by a factor of ~ 0.06. This can be achieved by
setting g ~ 0.2 and By = a3/4. Latter was studied in [7] as a dispersion relation that
realises super-excited states with large occupation numbers. The mode equation has one
turning point for such values of parameters, corresponding to a single horizon crossing.

One can also easily verify that the consistency relation [25, 26]

Ny = — (3.44)

r
8
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is modified to
s T
cs 8

This implies that for a given 7, we will have a much redder tensor spectrum for 5 > 1.

nr =

(3.45)

4 Cut-off and non-gaussianity

As explained in the introduction, the EEFTol can provide a controlled description of the
perturbations around a quasi de Sitter background from low energy up to the UV regime
where the dispersion relation becomes w? ~ kb, provided the coefficients of the higher
dimensional operators are tuned such that the theory remains always weakly coupled in
this energy range. This means that the scattering of Goldstone bosons does not violate
perturbative unitarity at any scale below the point where the dispersion relation becomes
dominated by the sextic term.

The strong coupling scale can be easily estimated in the m language from the size of
the coupling of the interactions described by higher dimensional operators [1]. In order to
perform this estimate, let us first note that the canonically normalised Goldstone boson

1
/dt 3z 3 72,

and so the dimension of 7., denoted as [r.], is

has a time kinetic term of the form

[me] = k32012, (4.1)

The energy dimension of the coefficient ¢ of a generic operator O,

/dtdgmc(’),

clo] _
wk3
where [O] = k*w™[m]P is the dimension of O. Combining (4.1) and (4.2), we end up with

can be inferred by imposing

(4.2)

3
[c] = wk® where azl—m%—% and b:3—s—?p.
If we now use the dispersion relation w? ~ k?" we find
1 3
[c] = w! with qzl—m—l—n(?)—s)—l—g(l—n). (4.3)

Let us now consider, as illustrative examples, three different operators: O; = 7. (amc)z,
Oy = (9;me)* and O3 = 72 (9;m.)* whose coefficients ¢; have energy dimensions [¢;] = w
with ¢ = 1,2, 3. Different forms of the dispersion relation then give different energy scalings
of these coefficients:
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Interestingly, for n < 3 we get ¢; < 0 Vi = 1,2,3, while ¢; and g2 become positive for
n = 3. This implies that all three operators are irrelevant when the dispersion relation
is at most dominated by the quartic term. This behaviour can be shown to hold for all
higher derivative operators. Hence the w? ~ k? and w? ~ k? theories have only UV strong
coupling scales which we will denote respectively Ao and Ay. On the other hand, for
w? ~ k8, O and Oy become relevant, while O3 remains irrelevant. This implies that the
w? ~ kS theory features both a UV and an IR strong coupling scale which we will indicate
respectively with Ag" and Agt. The scale AgY is associated with operators like O3 whose
coupling grows when the energy increases, whereas Af®* is related to operators like O; and
09 whose strength grows when the energy decreases. In general, this behaviour is a signal
of an inconsistent EFT description.

However, one can still have a sensible EFT for the fluctuations if Af* is below the
transition from the w? ~ k* to the w? ~ k5 regime that happens at the scale A%l provided
the w? ~ k* theory is always weakly coupled in its regime of validity. Thus we need to tune
the coefficients of the higher dimensional operators such that At < Ay® < A4. On top of
this, the theory should not become strongly coupled at lower energies when the dispersion
relation still takes the standard quadratic form. Hence we need also to require that Ao is
above the scale AZ;* which denotes the transition from the w? ~ k? to the w? ~ k? regime:
Ail;: < As.

The strong coupling scale Ay can be estimated from the coefficient of the four-leg
interaction term Os. Given that ¢o = —4 in the deep IR where the dispersion relation is

w? = c2k?, the coefficient cy scales as ca ~ 1/A3, where it can be shown that [1]

2M?2H
A% = CZA4 with A4 = ﬁ .
Cs (1 - Cs)

(4.4)
This strong coupling scale goes to infinity for ¢s — 1 but for ¢s < 1, which is for example a
regime interesting for large non-gaussianities, it can become very small. However, as noted
in [6], similarly to particle physics, new physics is expected to appear before reaching the
strong coupling regime. In turn, this new physics pushes the strong coupling region to
higher energies. As explained above, in our case, new physics corresponds to a change in

2 = 2k2, to non-linear, w? = k*/p?, at the energy

the dispersion relation from linear, w
scale AL = c2p. This happens before the w? = ¢2k? theory becomes strongly coupled if
cs p* < A*. Moreover, in the region where the dispersion relation is quartic, the new strong
coupling scale becomes A = A*(A/p)® [6]. Hence the condition cs p? < A* guarantees
also that this strong coupling scale is indeed larger than the one in the case with a linear

dispersion relation.
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As noted in [1], the strong coupling scale can also be quantified in terms of the size of
non-gaussianities, since

Ls
E—Q = fuC. (4.5)

Thus perturbation theory breaks down when this ratio becomes of order one. Given that ob-
served value of ¢ ~ 1074, this happens if fx;, ~ 10*. However, notice that CMB observations
set a stronger upper bound on equilateral non-gaussianities, of the order fy;, = —42+75 [27].
The relation between non-gaussianities and strong couplings becomes even more manifest
by noting that (4.5) can also be rewritten as [6]

2
Ls (H) , (4.6)
Lo Ao
which automatically results to fx, ~ 10%, if horizon exit takes place in the strong coupling
region, i.e. H ~ Ay. Given that fy ~ c;2, large non-gaussianities emerge when c, < 1.
From (4.4) it is clear that small values of the speed of sound also imply a low strong
coupling scale Ay. However if horizon exit occurs in a region where the dispersion relation

is dominated by the quartic term, i.e. when A3 ' < H ~ Ay < Ay, the theory should
be weakly coupled. In fact, the ratio (4.5) takes an expression different from (4.6) when

c H\/
== . (4.7)
Lo Ay

Given that H ~ Ay < Ay, the theory is still weakly coupled even if ¢y, <« 1. This implies

also that fy;, should be smaller. In fact, the expression for fy; in the quartic regime gets
modified to fyr ~ (Aég‘/H) co

S
quadratic regime since A3, ' < H. Hence we conclude that even a theory with small speed

evaluated in the w? = k*/p? region

2 which is suppressed with respect to its expression in the

of sound and large non-gaussianities close to the edge of detectability can remain weakly
coupled if the dispersion relation changes before hitting its strong coupling regime.

Notice also that, as explained in section 3.3, large non-gaussianities might arise also
in the case where the coefficients of the higher dimensional operators are chosen such that
cs ~ 1. In fact, in this case the transitions inside the horizon between regions with modified
dispersion relations would give fxi, ~ 7, /c? with v, which could potentially be large. This
case might also be interesting to keep the EEFTol weakly coupled, since both Ay and Ay
tend to infinity for ¢, — 1. However, one would still need to ensure that Ag* < Ay’

One can insist on pushing the strong coupling scale to even higher energies via the
appearance of new physics again before reaching A4. In this case, the new physics would
correspond to a change in the dispersion relation from quartic to sextic at the scale A4di;6
but we argued above that the w? ~ k% regime features both an UV and IR strong coupling
scale. Hence a sensible EFT description all the way up to the the sextic region requires to
have also Ag* below Ay °.

In addition to the scale where perturbative unitarity is lost, another fundamental scale
for the EFT of the perturbations around a quasi de Sitter background is the scale A,
where time diffeomorphisms are spontaneously broken by the background. Ref. [6] showed
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that, for the standard slow-roll case with ¢ = 1, Ay = <z'51/2 < Ao, while for ¢ < 1,
Ao ~ csAp <€ Ap. Moreover Ay controls the size of the perturbations with respect to the

1 H2 H\*
k3P k) == ~ | — 4.8
¢(k) 4Mglecs <Ab) ’ (4.8)

background since

and so at energies around the symmetry breaking scale the background cannot be integrated
out anymore to leave a theory for the fluctuations only. Hence we conclude that the cut-off
of the EEFTol should be identified as the minimum between Af" and A,. As an illustrative
example, a possible hierarchy of scales which would make the EEFTol valid for the entire
energy range up to the w? ~ kb region would be

A< Ay < A < AP < Ay < ATV < Ay (4.9)

We finally stress that cosmological observations are performed only at horizon crossing
which occurs at energies of order H where the dispersion relation might take the standard
linear expression. Hence, strictly speaking, the only requirement to have a sensible EFT
is H < A.on. However, we are demanding more since we want to provide a consistent
theoretical framework for the picture described in [7]. In fact, we want to be able to trust
our EEFTol also in the high energy region which determines the behaviour of modes deep
inside the horizon. We want these modes to be originally in the adiabatic vacuum of the
w? ~ kb theory, so that the standard w? ~ k2 theory features non-Bunch-Davis initial
conditions due to the transitions between regions characterised by a different dispersion
relation. In turn, these excited initial states can have very interesting implications for
cosmological observables.

5 Conclusions

In this work we extended the formalism of the Effective Field Theory of Inflation, proposed
earlier in [1], by including in the unitary gauge Lagrangian operators with mass dimensions
three and four. There is a healthy combination of operators in this extended theory that
allows one to avoid ghosts and imparts a sixth order correction to the dispersion relation
for scalar perturbations. Modified dispersion relations are known to give rise to interesting
effects on CMB observables due to non-Bunch-Davies initial conditions [7, 28, 29].

In this paper we provided a theoretical framework to motivate the emergence of mod-
ified dispersion relations. In particular, we discussed the conditions under which the Ex-
tended Effective Field Theory of Inflation is weakly coupled all the way from low energy
to the UV region where the dispersion relation becomes dominated by the sextic term. In
this situation, the evolution of the modes can be consistently followed from deep inside the
horizon to super-horizon scales.

We also analysed the phenomenological implications of our EEFTol for the fluctua-
tions around a quasi de Sitter background. We found that the tensor perturbations are
untouched. On the other hand, various scenarios for the scalar perturbations can occur,
depending on the parameters of the dispersion relation. If the coefficients of the quartic
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and the sextic dispersion relation are positive, the scalar power spectrum is suppressed.
However, if the quartic coefficient is negative, even if for the case where the mode does not
become tachyonic before crossing the only turning point, the scalar power spectrum can be
enhanced. This in turn leads to a suppression of r with respect to models with Lorentzian
dispersion relation.

In this paper we focused on the implications of these models for two point function but
in the future it would be interesting to also study the behaviour of the three point function,
in particular, because the size of non-gaussianities control the strong coupling regime of our
EFT. Hence, a careful analysis of non-gaussianities should provide a clear understanding
on the possibility to tune the coefficients of the higher dimensional operators in order to
have a sensible EFT description. This would correspond to non-gaussianities which are not
larger than present observational constraints [27]. Another issue we plan to return to in
the future, is the investigation of the possibility to obtain further extensions of the EFTol
with terms higher than k% in the dispersion relation.
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