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Abstract We assume that a magma pulse enters a magma chamber from the plumbing system,
producing an overpressure triggering an effusive volcanic eruption. The chamber is modeled as a spherical
cavity in an elastic half-space, connected to the Earth's surface by a vertical conduit, and the magma as an
incompressible Newtonian liquid. Overpressure in the chamber is calculated as a function of time during
the eruption and has different behaviors depending on the characteristics of the magma pulse and of the
volcanic system. The time history of effusion rate is controlled by the pulse duration and the geometrical
and rheological parameters of the model. The calculated effusion rates are compared with different classes
of effusion rates extrapolated from historical data of Mount Etna, which are asymmetric functions of time.
For appropriate values of the model parameters, the calculated time histories are found to fit well those
derived from observation.

1. Introduction
Observations show that the effusion rate of magma has a typical dependence on time in basaltic eruptions.
In most cases, the effusion rate starts from a small value, increases to a maximum, and later decreases slowly,
vanishing at the end of the eruption (e.g., Del Negro et al., 2012; Vicari et al., 2011). Short-term oscilla-
tions superposed to the general trend are also observed (Lautze et al., 2004), and a possible explanation was
considered in Dragoni and Tallarico (2019).

Effusion rates are often inferred by measurements of radiance of the outpouring lava (Dragoni & Tallarico,
2009; Harris et al., 1997; Harris & Baloga, 2009). Vicari et al. (2011) employed infrared satellite data to
estimate lava eruption rates at Mount Etna. They considered flow duration and volume data of about 130
episodes and defined six eruptive classes representing the lava volume in relation to the eruption duration.
Volume flow rates ranging from 10 to 140 m3/s and eruption durations up to 90 days were considered.

In modeling magma effusion, it is generally assumed that the opening of the volcanic conduit is produced
by an overpressure in the magma chamber (e.g., Blake, 1981; Gonnermann & Manga, 2012; McLeod & Tait,
1999; Roper & Lister, 2005; Santini et al., 2011). Then pressure decreases as a consequence of magma outflow.
The decrease in effusion rate with time can be explained by a simple model (Wadge, 1981), considering
that pressure in the magma chamber decreases as the chamber empties. Being proportional to the pressure
gradient, the effusion rate decreases until it vanishes.

However, a generally accepted explanation for the initial increase in effusion rate is still lacking. Piombo
et al. (2016) showed that mechanical erosion of the conduit wall by the flowing magma may widen the
conduit and produce an initial increase in flow rate. In that work, it was assumed that magma inflow in
the magma chamber was a slowly increasing function of time, so that any further magma inflow during the
eruption was neglected.

This assumption was also made by other authors (e.g., Anderson & Poland, 2016; Segall, 2010). In these
models, there is a continuous magmatic connection between the chamber and mantle source. Pressure in
the chamber increases gradually with time (in general, a constant rate is assumed) until it reaches a critical
value and the eruption takes place. Due to the very small inflow rate, the feeding system has no effect on
effusion rate during eruption.

In the present paper, we assume instead that the eruption is due to a magma pulse of finite duration entering
the magma chamber from the plumbing system. The aim is to highlight how the finite duration of the magma
inflow in the chamber may affect the time history of effusion rate.
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The occurrence of magma pulses has been inferred for the feeding of magma chambers prior to eruptions as
well as for very long episodes of magma intrusion in the Earth's crust (e.g., Crisp, 1984; Scandone et al., 2007).
Paterson et al. (2011) showed that the size of magma pulses moving through volcanic plumbing systems
may vary from small dike-like to large diapir-like pulses.

A time-varying injection rate and its effects on mass extraction have been considered by other authors.
Karlstrom et al. (2010) modeled stochastic dike flux that provides pulsed input to a magma chamber in a
viscoelastic half-space and mapped out parameter regimes of chamber mechanical response. Degruyter and
Huber (2014) proposed a model focused on the evolution of the thermodynamic state of the chamber as new
magma is injected and showed how the frequency of eruptions depends on the timescale of injection.

2. The Model
We consider a magma chamber placed at some depth in the Earth's crust. The crust is assumed to be a
homogeneous and isotropic, elastic half-space with density 𝜌1 and Lamé constants 𝜆 and 𝜇. The chamber is
represented as a cavity filled with an incompressible liquid having density 𝜌2.

The model is of course a simplification of a real magma chamber. Assuming an elastic rheology for host
rocks is correct only when the timescale of recharge is small compared to processes such as viscous creep of
wall rocks (e.g., Dragoni & Magnanensi, 1989; Segall, 2016) and poroelastic pressure diffusion (Liao et al.,
2018; Mittal & Richards, 2019).

We also neglect the possibility that the chamber boundary is defined by a rheological transition. In this case,
the boundary itself can evolve in time, as yield stress in the mush is overcome. Karlstrom et al. (2012) have
shown that there is nonuniqueness in resolving pressure versus volume in these systems and, without other
observational constraints, one cannot uniquely assign changes in eruptive flux to pressure changes in the
chamber.

The assumption of magma incompressibility may be a limit for shallow chambers, due to volatile exsolution
and the presence of gas bubbles. Some works have shown that bubbles can affect the evolution of cham-
ber pressure and eruption rate (Woods & Huppert, 2003) and chamber elastic storativity (Rivalta & Segall,
2008). Bubbles would buffer pressure changes arising from influx variations. However, influx will gradually
decrease bubble fraction due to increasing pressure and promote pressurization.

As noticed in section 1, a variety of observations from plutonic and active systems suggests the prevalence
of discrete pulses feeding reservoirs. In the absence of data about possible pulse shapes, we choose a simple
bell-shaped function of time. We suppose that a magma pulse enters the chamber through the feeding system
with a mass flow rate

.m1(t) =
M√
𝜋T

e−(t−t1)2∕T2
, (1)

where the dot indicates derivative with respect to time t, M is the total mass entering the chamber, t1 is the
time corresponding to the maximum of the pulse, and T is a measure of the pulse duration (Figure 1). The
cumulative mass entering the chamber is then

m1(t) =
M
2

(
1 + erf

t − t1

T

)
. (2)

As a consequence of magma inflow, the chamber and the surrounding medium are deformed elastically.
We assume that the magma inflow is slow, so that deformation is quasi-static and is solution of the
Cauchy-Navier equation

(𝜆 + 𝜇)∇(∇ · u) + 𝜇∇2u = 0, (3)

where u is the displacement of the elastic medium. Due to the linearity of the equation, the inflow of a mass
m1 of magma in the chamber produces an overpressure

p(t) = k1m1(t), (4)

where k1 is a constant depending on the elastic properties of the medium and on the size of the magma
chamber.
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Figure 1. (a) Flow rate of the magma pulse and (b) cumulative flow entering the magma chamber. The onset of
eruption is set at t = 0, while the magma inflow starts at t < 0. The vertical dashed line indicates time t1, corresponding
to the maximum of the pulse (t1∕T = 1 has been chosen).

We suppose that at t = 0, the overpressure p reaches a critical value p0 and a vertical tensile fracture, con-
necting the top of the magma chamber with the Earth's surface, is produced. Then, from (2) and (4), t1 is
given by

erfc
t1

T
=

2p0

k1M
. (5)

It follows from (5) that, for a given value of p0, the eruption takes place only if the total mass inflow is greater
that a value

M0 =
p0

k1
. (6)

On the other hand, for a given mass M, the eruption takes place only if p0 does not exceed the value k1M.

The magma outflow rate .m2 through the volcanic conduit is proportional to the overpressure p, and we set
.m2(t) = k2p(t), (7)

where k2 is a constant depending on the conduit geometry and on the rheology of magma. Considering k2
a constant implies that the conduit cross section is constant with time. In principle, the section area should
depend on the horizontal stress that caused the initial fracture; hence, it should vary with the overpressure
p, with effects on flow rate. However, assuming a critical pressure p0 means that this pressure induces at
the top of the chamber a horizontal stress that fractures the medium. This stress decreases very rapidly with
distance from the chamber (as the inverse cube of distance), becoming negligible along a volcanic conduit
that is kilometers long. Therefore, its influence on the opening or closing of the fracture can be neglected.

During the eruption (t > 0), the mass of magma in the chamber changes according to the equation

dm
dt

= .m1 −
.m2, (8)

and the pressure change with time can be written as

dp
dt

= k1(
.m1 −

.m2). (9)
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Using (1) and (7) and setting

p̂0 =
k1M

2
(10)

and

𝜏 = 1
k1k2

, (11)

we obtain

dp
dt

+
p
𝜏
=

2p̂0√
𝜋T

e−(t−t1)2∕T2
, (12)

which is a linear, nonhomogeneous differential equation for p with constant coefficients.

3. Overpressure
With the initial condition p(0) = p0, the solution of (12) is

p(t) = p̂0𝑓 (t), (13)

where

𝑓 (t) =
{

erfc
t1

T
+ e

T2

4𝜏2 +
t1
𝜏

[
erf

(
T
2𝜏

+
t1

T

)
− erf

(
T
2𝜏

−
t − t1

T

)]}
e−

t
𝜏 . (14)

It appears that 𝜏 is the characteristic time for the decay of pressure in the magma chamber and for the waning
of magma outflow. For very large values of the pulse duration T, (13) reduces to the Wadge (1981) solution

p(t) = p0e−t∕𝜏 . (15)

Figure 2 shows some nondimensional graphs of overpressure during the eruption, where the ratio p∕p̂0 is
plotted as a function of time, for different values of the ratio t1∕T. The graphs correspond to the same mass
M, but to different critical values p0. Very different behaviors can be observed.

In particular, the maximum p̂ of p(t) is reached at a time t2 that is a discontinuous function of t1. The
discontinuity occurs at t1 = t0, which is solution of the equation

e−
t0
𝜏 erfc

t0

T
+ e

T2

4𝜏2

[
erf

(
T
2𝜏

+
t0

T

)
− erf T

2𝜏

]
= 2𝜏√

𝜋T
. (16)

For t1 < t0, it results t2 = 0; that is, the maximum overpressure is reached at the onset of the eruption, as in
Figure 2a. For t1 > t0 the instant t2 is given by the equation

𝑓 (t2) −
2𝜏√
𝜋T

e−
(t2−t1)2

T2 = 0. (17)

In this case, t2 is greater than t1; that is, the maximum overpressure is reached later than the maximum
of the magma pulse (Figures 2b and 2c). Both (16) and (17) must be solved numerically. The maximum
overpressure p̂ as a function of t1 can be easily calculated from (5) and (12):

p̂(t1) =
⎧⎪⎨⎪⎩

p̂0 erfc t1
T
, t1 < t0

2p̂0𝜏√
𝜋T

e−
(t2−t1)2

T2 , t1 > t0
. (18)

The maximum overpressure is a decreasing function of t1 with a discontinuity at t = t0 and approaches a
constant value when t1 → ∞.
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Figure 2. Overpressure p in the magma chamber as a function of time during the eruption, for 𝜏∕T = 0.5 and different
values of t1, indicated by the vertical dashed line: (a) t1∕T = 0; (b) t1∕T = 0.5; and (c) t1∕T = 1.

4. Effusion Rate
The mass effusion rate .m2(t) from the volcanic vent is given by (7) with p(t) given by (13), the maximum
effusion rate occurring when the overpressure is maximum. The cumulative erupted mass is

m2(t) = k2 ∫
t

0
p(t′) dt′. (19)

Calculation of the integral yields

m2(t) =
M
2

[
erfc

t1 − t
T

− 𝑓 (t)
]
, (20)

where M is the total erupted mass. From (7) the volume effusion rate of magma is

q(t) =
k2

𝜌2
p(t). (21)

If we call q̂0 the effusion rate corresponding to the overpressure p̂0, then

q
q̂0

=
p
p̂0

. (22)
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Hence, nondimensional graphs of effusion rate coincide with those of overpressure shown in Figure 2. The
total erupted volume is

V = M
𝜌2

. (23)

Then, from (21), (13), (10), (11), and (23), the volume effusion rate is

q(t) = V
2𝜏

𝑓 (t). (24)

5. Assumptions on Geometry and Rheology
In order to obtain dimensional numbers, we must give values to the constants k1 and k2. As anticipated,
they depend on the geometry of the magma chamber and of the conduit and on the rheological properties
of magma. For the sake of simplicity, we assume that the magma chamber is a spherical cavity with radius
R. We further assume that the depth of the chamber is at least twice its radius: In this case, the effect of the
free surface of the half-space is negligible (Davis, 1986), and we may assume spherical symmetry, so that (3)
reduces to

∇(∇ · u) = 0 (25)

and the displacement of the cavity wall is (e.g. Landau & Lifshitz, 1970)

u(t) = R
4𝜇

p(t), (26)

whence

k1 = 𝜇

𝜋𝜌1R3 . (27)

According to (6) and (27), the minimum mass necessary for the eruption is

M0 =
𝜋p0𝜌1R3

𝜇
. (28)

We further assume that magma is a homogeneous and isotropic Newtonian liquid with viscosity 𝜂 and that
the conduit connecting the magma chamber to the Earth's surface is a cylinder with length h and an elliptic
cross section with semiaxes a and b. An elliptic cross section can represent a wide range of shapes, according
to the value of eccentricity, from almost circular vents to very long and narrow fissures. Then, from the
expression of flow rate in the conduit (Dragoni & Santini, 2007), we obtain

k2 =
𝜋𝜌2

4𝜂h
a3b3

a2 + b2 . (29)

According to (11), the waning time 𝜏 is then

𝜏 =
4𝜂𝜌1hR3(a2 + b2)

𝜇𝜌2a3b3 . (30)

It depends on all the geometrical and rheological parameters of the model. A large value of 𝜏 means that
magma needs a longer time to outflow, because of a high viscosity and/or a large size and depth of the
magma chamber and/or a narrow conduit. In terms of the area A and eccentricity 𝜖 of the volcanic vent, we
can write

𝜏 =
4𝜋2𝜂𝜌1hR3(2 − 𝜖2)

𝜇𝜌2A2
√

1 − 𝜖2
, (31)

showing that, for a given area A, 𝜏 is almost constant for small values of 𝜖 and may become large only for
volcanic fissures with 𝜖 > 0.9, due to the decrease of flow rate in the conduit.
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Table 1
The Basic Model Parameters

a Semimajor axis of volcanic conduit
b Semiminor axis of volcanic conduit
h Length of volcanic conduit
p0 Critical overpressure
R Radius of magma chamber
T Duration of magma pulse
V Total erupted volume
𝜂 Viscosity of magma
𝜇 Rigidity of the crust
𝜌1 Density of the crust
𝜌2 Density of magma

6. Numerical Results
We wish to investigate whether the inflow of a magma pulse into the magma chamber can reproduce the typ-
ical effusion rates observed in basaltic eruptions, showing an initial increase followed by a slower decrease.
To this aim, we consider the different classes of effusion rates extrapolated from historical data of Mount
Etna by Vicari et al. (2011) and Del Negro et al. (2012).

There are 11 basic parameters in the model, which are listed in Table 1. The other parameters can be cal-
culated from these. In order to reproduce the different classes of effusion rates, we assign a fixed value to
seven parameters. In particular, we assume that the Earth's crust has a rigidity 𝜇 = 30 GPa and a density
𝜌1 = 3,000 kg/m3 and that magma has a density 𝜌2 = 2,600 kg/m3 and a viscosity 𝜂 = 103 Pa s. We consider
a conduit length h = 12 km and a volcanic fissure with semiaxes a = 20 m and b = 1 m, corresponding to
an eccentricity 𝜖 ≃ 0.999 and to an area A ≃ 63 m2.

For the remaining four parameters V ,T,R, and p0, we choose different sets of values as shown in Table 2.
In particular, for a comparison with effusion rates given by Del Negro et al. (2012), we choose values of V
equal to 30, 100, and 200 × 106 m3. For each choice of V , two different values of pulse duration T, magma
chamber radius R, and critical overpressure p0 are considered.

From the assumed values of the 11 parameters, 𝜏 is obtained from (30), and t1 is calculated numerically from
(5), where k1 and M are given by (27) and (23), respectively. Finally, the effusion rate is calculated from (24).

According to (5), t1 can assume any real value. However, negative values would correspond to very high
values of p0, which are not realistic. If p0 is in the order of 1 MPa, only a fraction of the total mass M is
required to attain p0, and the value of t1 is typically in the order of T.

A characteristic feature of the observed effusion rates is that they are asymmetric with respect to time, the
waxing phase being shorter than the waning phase. This might be a consequence of the fact that magma
pulses are themselves asymmetric. However, the present model shows that the curve .m2(t) of outflow rate
is not necessarily similar to the curve .m1(t) of inflow rate. In particular, the effusion rate can be asymmetric
even though the magma pulse is symmetric. It becomes symmetric only in the limit case T ≫ 𝜏. The six
cases considered below are such that T < 𝜏.

Table 2
The Six Cases Considered in Figure 4

Parameter a1 a2 b1 b2 c1 c2 Units
V 30 30 100 100 200 200 106 m3

T 4 12 3 10 3 10 d
R 2 3 2 3 2 3 km
p0 0.8 0.5 0.8 0.5 0.8 0.5 MPa

Note. The other parameters are fixed: a = 20 m, b = 1 m, h = 12 km, 𝜂 = 103 Pa s,
𝜇 = 30 GPa, 𝜌1 = 3,000 kg/m3, 𝜌2 = 2,600 kg/m3.
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Figure 3. Effusion rate q(t) as a function of time, calculated for the six cases shown in Table 2 (solid lines). The dashed
lines are flow rates of the six different classes established for Mount Etna by Vicari et al. (2011) and Del Negro et al.
(2012).

According to (31), the waning time 𝜏 is proportional to the volume of the magma chamber. Since the same
volume is chosen in cases (a1), (b1), and (c1), they share the same value 𝜏 ≃ 9 days. Having similar values
of T, the three cases have also a similar duration of the eruption, approximately 40 days. Analogously, cases
(a2), (b2), and (c2) share the value 𝜏 ≃ 29 days, and the duration of the eruption is approximately 100 days.

The curves plotted in Figure 3 fit reasonably well those shown by Del Negro et al. (2012). It results that
the observed effusion rates are obtained when a shorter pulse duration is associated with a smaller magma
chamber and a higher critical overpressure.

The time history of effusion rate is sensible to relatively small changes in most model parameters. According
to (24), q is a function of the magma input V and of the three times T, t1, and 𝜏. Times T and t1 appear in the
ratio t1∕T, which mainly depends on the magma input, the critical overpressure, and the volume of magma
chamber.

The waning time 𝜏 is mainly controlled by magma viscosity, volume, and depth of the magma chamber,
area, and eccentricity of the eruptive vent. The ratio 𝜏∕T has a strong effect on the time evolution of effusion
rate. Changes in crustal rigidity 𝜇 and in the density ratio 𝜌1∕𝜌2, which also appear in the expressions for t1
and 𝜏, have a minor effect due to their limited variation range.

We also check the model for a specific eruption described by Vicari et al. (2011), with effusion rate data
obtained from satellite-measured heat flux. It was a small eruption, which started on 12 January 2011 and
lasted approximately 36 hr. Considering the variability range of lava parameters, the authors proposed two
limit cases, with maximum effusion rates of about 20 and 60 m3/s, respectively. We model the two cases by

DRAGONI AND PIOMBO 8 of 10



Geophysical Research Letters 10.1029/2019GL086193

Figure 4. Effusion rate q(t) as a function of time (solid lines), calculated for the two cases considered by Vicari et al.
(2011) for the 12 January 2011 eruption on Mount Etna, compared with data (dashed lines).

assuming erupted volumes V1 = 0.6 × 106 and V2 = 1.2 × 106 m3, respectively. The theoretical curves fit
reasonably well the observed ones, if one chooses T = 2 hr, p0 = 0.6 MPa, 𝜂 = 200 Pa s, and R = 1.2 km for
both cases, with different depths h1 = 8 km and h2 = 4 km, the other parameters being the same as before
(Figure 4).

7. Conclusions
We proposed a model simulating the inflow of a magma pulse into a magma chamber, the pressurization of
the chamber produced by the mass inflow, and the subsequent outflow through a volcanic conduit. The pro-
cess is governed by the size and duration of the magma pulse, by the geometrical properties of the chamber
and of the conduit, by the elastic properties of the Earth's crust, and by the rheological properties of magma.

We found that the overpressure in the magma chamber during the eruption may have different behaviors,
depending on the characteristics of the magma pulse and of the volcanic system: In particular, the maximum
overpressure can occur later than the maximum of the pulse. The magma effusion rate has an initial increase
and a subsequent decrease that are controlled by the pulse duration and waning time, depending on the
geometrical and rheological parameters of the model.

The calculated effusion rates are compared with different classes of effusion rates extrapolated from histor-
ical data of Mount Etna, which are asymmetric functions of time with a relatively fast increase and a much
slower decrease. The effusion rate for a specific eruption occurred in 2011 has been also reproduced.

For appropriate values of the model parameters, the calculated time histories of effusion rate are found to
fit well the observed ones. It is remarkable that curves very similar to the observed ones can be obtained by
assigning fixed values to most model parameters and varying only few of them, such as the size and duration
of the magma pulse, the size of the magma chamber, and the critical overpressure for eruption.
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