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CLASSIFICATION OF SIMPLE LINEARLY COMPACT KANTOR TRIPLE SYSTEMS

OVER THE COMPLEX NUMBERS

NICOLETTA CANTARINI, ANTONIO RICCIARDO, AND ANDREA SANTI

AssTRACT. Simple finite-dimensional Kantor triple systems over the complex numbers are
classified in terms of Satake diagrams. We prove that every simple and linearly compact Kan-
tor triple system has finite dimension and give an explicit presentation of all the classical and
exceptional systems.
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1. INTRODUCTION

Let (A, -) be an associative algebra. Then the commutative product

1
aobzi(a~b+b~a)
1
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and the skew-commutative product
1
[a,b] = i(a-b—b-a)

define on A a Jordan algebra and a Lie algebra structure, respectively. A deep relationship
between these two kinds of algebras is given by the so-called Tits-Kantor-Koecher construc-
tion (TKK) [25]130}47], which establishes a bijection between isomorphism classes of Jordan
algebras and isomorphism classes of Lie algebras endowed with a short grading induced by
an sl(2)-triple.

Motivated by the work of Koecher on bounded symmetric domains [31], Meyberg ex-
tended the TKK correspondence to Jordan triple systems [37]. These are in fact particular
examples of the so-called Kantor triple systems:

Definition 1.1. [26] A Kantor triple system (shortly, KTS) is a complex vector space V endowed
with a trilinear map (-, -,-) : ®¥V — V satisfying the following axioms:

(i) (wixyz)) = ((wx)yz) — (x(vuy)z) + (xy(uvz)),

(i) K,y = Kiyxwy = Kyxvyus
where u,v,x,y,z € Vand K.y : V — Vis defined by K (z) = (xzy) — (yzx).

Kantor triple systems are also known as generalized Jordan triple systems of the second
kind or (—1, 1)-Freudenthal-Kantor triple systems. In this paper we will deal with linearly
compact systems which may have infinite dimension. In this case we also assume that the
triple product is continuous. We will refer to K, as the “Kantor tensor” associated to x,y €
V. Note that a Jordan triple system is precisely a KTS all of whose associated Kantor tensors
vanish.

Definition 1.2. A subspace I C V of a Kantor triple system V is called:
(i) anideal if (VVI) + (VIV) 4 (IVV) C I,
(if) a K-ideal if (VVI) + (IVV) C I,
(iil) a left-ideal if (VVI) C L.
If V is linearly compact, we also assume that I is closed in V.

We say that V is simple (resp. K-simple, resp. irreducible) if it has no non-trivial ideals (resp.
K-ideals, resp. left-ideals).

Simple finite-dimensional Jordan triple systems over an algebraically closed field were
classified by Loos [34]. The main aim of this paper is to systematically address the case
where not all Kantor tensors are trivial. We remark that such a KTS is either K-simple or it is
polarized, i.e., it has a direct sum decomposition V = V* @ V= satisfying (VEVTV*E) c V£
and (VEVEV) = 0 (see, e.g., [3]). The classification problem is thus reduced to the study of
K-simple linearly compact KTS, that is the primary object of study in this paper.

Definition 1.3. Let V and W be two KTS. A bijective linear map ¢ : V — W is called:
(i) an isomorphism if ¢(xyz) = (exeyez) forall x,y,z €V,
(ii) a weak-isomorphism if there exists another bijective linear map ¢’ : V. — W such that
©(xyz) = (ex@'yez) forall x,y,z € V.
If V and W are linearly compact, we also assume that ¢ and ¢’ are continuous.

Starting from a (finite-dimensional) Kantor triple system V, Kantor constructed a Z-graded
Lie algebrag =g_2@®--- @ g2 with g_; ~ V and endowed with a C-linear grade-reversing in-
volution ¢ : g — g (see 2.2 for the definition). The Lie algebra g is defined as an appropriate
quotient of a subalgebra of the (infinite-dimensional) universal graded Lie algebra gener-
ated by V (see also e.g. [24} §3]) and if V is a Jordan triple system then g_» = go = 0. Kantor
then used this correspondence to classify the K-simple finite-dimensional KTS, up to weak-
isomorphisms [26]. Dealing with weak-isomorphisms instead of isomorphisms amounts
to the fact that triple systems associated to the same grading but with different involutions
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are actually regarded as equivalent. The structure theory of Kantor triple systems (up to
weak-isomorphisms) has been the subject of recent investigations, see [3,[16} 141} 14} 27].

The classification problem of K-simple KTS up to isomorphisms has been completely
solved only in the real classical case by H. Asano and S. Kaneyuki [6], 24]. The exceptional
case is more intricate and an interesting class of models has been constructed in the com-
pact real case by D. Mondoc in [39}138], making use of the structure theory of tensor products
of composition algebras pioneered in [2]. Upon complexification, the finite-dimensional K-
simple KTS obtained in [38] correspond exactly to the class of KTS of extended Poincaré type
that we introduce in this paper in terms of spinors and Clifford algebras.

Although various examples of K-simple KTS are available in literature, a complete list
is still missing. Our work aims to fill this gap and it provides the classification of linearly
compact complex K-simple KTS up to isomorphisms.

We depart in §2lwith a simplified version of Kantor’s original correspondence V < (g, 0),
which makes use of Tanaka’s approach to transitive Lie algebras of vector fields [45} 46] and
can easily be adapted to linearly compact KTS — reducing the problem of classifying KTS to
the problem of classifying such pairs. Furthermore, in §3|we develop a structure theory of
grade-reversing involutions which holds for all finite-dimensional simple Z-graded complex
Lie algebras and establish in this way an intimate relation with real forms (see Theorem[3.§).

The isomorphism classes of finite-dimensional K-simple KTS can be deduced by an ana-
lysis of the Satake diagrams, which is carried out in §3 and summarized in Corollary 3.10l
In Theorem B.11] we show that also the Lie algebra of derivations of any finite-dimensional
K-simple KTS can be easily read off from the associated Satake diagram.

It is worth pointing out that the results contained in section §3/hold for gradings of finite-
dimensional simple Lie algebras of any depth and therefore provide an abstract classification
of all the so-called generalized Jordan triple systems of any kind v > 1 (v = 1 are the Jordan
triple systems, v = 2 the Kantor triple systems).

A complete list of simple, linearly compact, infinite-dimensional Lie algebras consists, up
to isomorphisms, of the four simple Cartan algebras, namely, W(m), S(m), H(m) and K(m),
which are respectively the Lie algebra of all formal vector fields in m indeterminates and
its subalgebras of divergence free vector fields, of vector fields annihilating a symplectic
form (for m even), and of vector fields multiplying a contact form by a function (for m odd)
[11, [17]. It can be easily shown using [22] 23] that none of these algebras admits a non-
trivial Z-grading of finite length and hence, by the TKK construction for linearly compact
KTS (Theorem[2.8/and Theorem[2.9), we immediately arrive at the following result.

Theorem 1.4. Any K-simple linearly compact Kantor triple system has finite dimension.

Note that, consistently, a similar statement holds for simple linearly compact Jordan al-
gebras, see [43].

In the finite-dimensional case a complete list, up to isomorphisms, of K-simple KTS con-
sists of eight infinite series, corresponding to classical Lie algebras, and 23 exceptional cases,
corresponding to exceptional Lie algebras.

The classical KTS are described in §4 and they are the complexifications of the compact
simple KTS classified in [24] (see Theorem [4.6)).

The KTS of exceptional type can be divided into three main classes, depending on the
graded component g_o of the associated Tits-Kantor-Koecher algebra g = g2 @ --- @ go.
(Some authors refer to this Lie algebra simply as the Kantor algebra.) We say that V is:

(i) of contact type if dimg_o = 1;
(ii) of extended Poincaré type if g_o = U and g is the Lie algebra direct sum of so(U), of

the grading element CE and of a reductive subalgebra acting trivially on g_»;
(iii) of special type otherwise.

We determine these KTS in §5] §6land §7respectively; we start with those of extended Poin-
caré type as this requires some preliminaries on Clifford algebras, which turn out to be useful
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for some KTS of contact type too. Our description of the products of extended Poincaré type
in terms of spinors gives an alternative realization of the KTS studied by D. Mondoc and it is
inspired by the appearance of triple systems in connection with different kinds of symmet-
ries in supergravity theories (see e.g. [18}28]). In particular, we use some results from [4} 5]
and rely on Fierz-like identities which are deduced from the Lie bracket in the exceptional
Lie algebras. The KTS of contact type are all associated to the unique contact grading of a
simple complex Lie algebra and they are supported over $3C?, A3CS, A3CS, the semispinor
module ST in dimension 12 and the 56-dimensional representation § of E7. We shall stress
again that a contact grading has usually more than one associated KTS; for instance § ad-
mits two different products, with algebras of derivations Eg ¢ C and s((8, C), respectively.
Finally, there are two KTS of special type, which are supported over V = A?(C°)* ® C? and
V = A3(C7)*, and associated to the Lie algebras Eg and E7, respectively.

All details on products, including their explicit expressions, are contained in the main
results ranging from Theorem[5.5in §5.1lto Theorem[Z.3]in §7.21

Before concluding, we would like to briefly discuss the role of KTS in Physics. Nonlin-
ear realizations of 3-graded Lie algebras associated via the TKK correspondence to Jordan
triple systems have been usually referred to as “conformal realizations”, in analogy with the
natural decomposition of the d-dimensional conformal algebra so(2, d). “Quasi-conformal”
geometric realizations of 5-graded Lie algebras g = g_2> @ - - - @ go arise naturally within the
framework of N = 2 Maxwell-Einstein supergravity in four dimensions [19] and they have
been considered in e.g. [18}141]. An explicit characterization of the triple products appears
to be crucial to construct exceptional hidden symmetries, such as the so-called Freudenthal
duality [8]; we hope that the classification obtained in this paper will be useful for further
applications in this area. Recently, special examples of irreducible N = 5 3-algebras relev-
ant to the dynamics of multiple M2-branes have been constructed by Kim and Palmkvist
[28], using a generalized TKK correspondence with 5-graded Lie superalgebras. A system-
atic study of the N = 5 3-algebras that parallels the classification of the KTS obtained in
this paper will be the content of a future work. In sharp contrast to Theorem [1.4} several
infinite-dimensional examples are to be expected.

Acknowledgements. We would like to thank the referee for carefully reading the paper and
for useful comments and suggestions.

2. TRIPLE sYSTEMS AND THE T1Ts-KANTOR-KOECHER CONSTRUCTION

2.1. Basic definitions and results.

2.1.1. Kantor triple systems. Let us first recall some basic facts about Kantor triple systems.
Lemma 2.1. Ifa KTS V is irreducible, then it is K-simple. If it is K-simple, then it is simple.
The center Z of a KTS V is
Z={veV](xvy) =0 forall x,yeV}. (2.1)

We remark that if V is linearly compact then Z is closed in V. If Z = 0, we say that V is
centerless (some authors refer to this condition as “condition (A)”, cf. [24]).

Lemma 2.2. The center Z is an ideal of V. In particular, any simple KTS is centerless.

Proof. If v € Z then (x(vuy)z) = 0 by Definition [L.T[(1), i.e., (vuy) € Z for all u,y € V; one
similarly shows that (uyv) € Z for all u,y € V. Since (VZV) = 0 by the definition of center,
the first claim follows. The second claim is clear. O

In order to formulate the main Theorem [2.8] of this section, we first need to recall some
basic notions, in the form suitable for our purposes.
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2.1.2. The Tanaka prolongation. A (possibly infinite-dimensional) Lie algebra g with direct
product decomposition g = TT,czg, satisfying [gp,9q] C gpiq for all p,q € Z is called a
Z-graded Lie algebra.

Definition 2.3. A Z-graded Lie algebra g = TTg, with negatively graded part g_ = T, -0gp
is called:

(i) fundamental if g_ is generated by g_1,

(ii) transitive if for any D € g, with p > 0 the condition [D, g_] = 0 implies D = 0.
It has finite depth d if g, = 0 for all p < —d and g_4 # 0, where d is some positive integer.

We recall that the maximal transitive prolongation (in the sense of N. Tanaka) of a negatively
graded fundamental Lie algebra m = IT, _qm,, of finite depth is a Z-graded Lie algebra

9% =Tpezoy (2.2)
such that:
(i) g° =m as Z-graded Lie algebras;
(ii) g* is transitive;
(iii) g*° is maximal with these properties, i.e., if g is another Z-graded Lie algebra which
satisfies (i) and (ii), then g C g™ as a Z-graded subalgebra.

The existence and uniqueness of g* is proved in [45] (the proof is for finite-dimensional Lie
algebras but it extends verbatim to the infinite-dimensional case).

The maximal transitive prolongation (2.2) is easily described as follows. First g&° = derg(m)
is the Lie algebra of all 0-degree derivations of m and [D,x] := Dx for all D € g§° and x € m.
The spaces gy for all p > 0 are defined inductively: the component

gy = {(Dim— (magPae- - ® gp-1) s:t. (1) DIx,yl = [Dx,yl + [y, Dx] for all x,y € m
(i1) D(mgq) C g4, forall q < 0} (2.3)

is the space of p-degree derivations of m with values in the m-module m & g° & -~ & g2° ;.
Again [D,x] := Dx, forall D € 9y, p >0, and x € m. The brackets between non-negative
elements of (2.2) are determined uniquely by transitivity; for more details and their explicit
expression, we refer to the original source [45, §5].

In the infinite-dimensional linearly compact case the prolongation can be constructed in
complete analogy, provided we take continuous derivations.

2.2. The Tits-Kantor-Koecher construction revisited.

Definition 2.4. Let g = TTg,, be a Z-graded Lie algebra. An automorphism o : g — g of Lie
algebras is a (grade-reversing) involution if

(i) o?(x) =xforallx € g,

(ii) o(gp) =g—p forallp € Z.
If g is linearly compact, we also assume that g = T, czg,, is the topological direct product of
(closed, hence linearly compact) subspaces g, and that o is continuous.

From now on we will be interested in 5-graded Lie algebras, i.e., withg =g 2 & --- & go.
We say that two linearly compact Z-graded Lie algebras with involutions (g, o) and (g’, o’)
are isomorphic if there exists a continuous grade-preserving isomorphism of Lie algebras
¢:g—g'suchthat poo=0'0¢.

Proposition 2.5. Let (g, o) be a pair consisting of a 5-graded Lie algebra g =g_o® ---  goand a
(grade-reversing) involution o : g — g. Then:

(1) g—1 with the triple product
(xyz) == [Ix, o(y)l, 2l , XY,z € g1, (24
is a KTS, which we denote by X = K(g, o),



6 NICOLETTA CANTARINI, ANTONIO RICCIARDO, AND ANDREA SANTI

(2) if g is transitive, then K is centerless,
(3) if g is linearly compact, then so is K.

Furthermore, if (g, ') is isomorphic to (g, o) then K(g’, o’) and K(g, o) are isomorphic.

Proof. We first compute

(w(xyz)) = [, o(v)], [[x, o(y)], zl]
= [[[lu, o(V)], x|, o(y)], 2] + [[x, [[w, o(V)], o(y)ll, z] + [[x, o(y)], [[u, o(v)], ]
= ((uwx)yz) + [[x, ollo(u), v, yll, z] + (xy(uvz))
(

(
(

uvx)yz) — (x(vuy)z) + (xy(uvz))

for all u,v,x,y,z € g_i. This proves axiom (i) in Definition[I.Tl We now turn to describe the
Kantor tensor associated to x,y € g_1, i.e.,

Kxy(z) = (xzy) — (yzx) = [[x, o(z)],y] — [ly, o(z)], x]
= [[x, o(2)],y] + [x, [y, o(2)]]
=[x, yl,0(2)] ,

for all z € g_;; axiom (ii) in Definition [[.T] follows directly from this fact and the following
chain of equations

Kk (x)y = U, v, o(x)],yl = [, v, [o(x), yll + [, v], yl, o(x)]
= [[w,v], [o(x),yl] = hw, v, [o(x), yll] + [, [o(x), yl], V]
=—[lly, o(x)],v],ul + [[[ly, o(x)],ul,V]

= K(yxu)v - K(yxv)u )

for all u,v,x,y € g—1. Note that we used g_3 = 0 at the third step, so that [[u,v],y] = 0. The
proof of (1) is completed.

Letv € Z be an element of the center (2.1) of X. Then [[x, o(v)],y] =0 forall x,y € g_; and
o(v) = 0, if g is transitive. In other words v = 0 and (2) is proved. If g is linearly compact
then g_; is a closed subspace of g, hence linearly compact; the triple product (2.4) is clearly
continuous. This proves (3). The last claim is straightforward. O

We shall now associate to a centerless Kantor triple system V, a 5-graded Lie algebra
g=9(V)=g2® - Do
with an involution o : g — g such that K(g, 0) = V and the following properties are satisfied:
(P1) g is transitive and fundamental,
(P2) [g—1,01] = go-
In the following, we will introduce certain spaces of operators. In the infinite-dimensional

linearly compact case, we will tacitly take the closure of such spaces (see [10, Lemma 2.1]).
We start with the negatively graded m = m_s @ m_; defined by

m_; =V, m_g = <ny |X,U € V> s (25)

where the only non-trivial bracket is [x,y] = Ky, for all x,y € m_; (if V is a Jordan triple
system, thenm_s = 0 and m = m_; is trivially fundamental). The Lie algebrag = g_2®- - -®g2
we are after is a subalgebra of the maximal prolongation g* of m.

We set g, = 0 for all [p| > 2, gp = m;, for p = —1, -2, introduce linear maps L,y : m — m,
Px:m—m_1 @ gy and Dy : m — g&° @ g{° given by

U—X}pZ} = (XUZ) ) [(PX>Z} = LZX ; [nyad = _(pry(Z) ) (2 6)
U—xnyuv} = KKuv(yJX o Lox, K] = Kuw(x) [ny7Kuv] = LKuv(y)X - LKuv(x)y ) .

where u,v,x,y,z € V. Here go = (Lyy Ix,y € V), g1 = (¢xIx € V) and g2 = (Dxy Ix,y € V).
By definition the maps Ly, ¢x and D, are linear in each of their subscripts.
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Proposition 2.6. The vector space g = g2 & - - - & g2 defined above is a subalgebra of g* satisfying
(P1)-(P2). It is finite-dimensional (resp. linearly compact) if and only if V is finite-dimensional (resp.
linearly compact).
Proof. By axiom (ii) of Definition[L.T| we have
(Lxy, [, VI = Ly, Kuv] = Kk (y)x = Kixyuv — Kixyviu
= [[Lxy,ul,v] + [u, [Lxy, VIl ,
hence L, € gg°. We also note that, by axiom (i) of Definition [L.T]
(v, Layly 2l = Ly, (yz)] = [Liy, (wvz)] = (uv(xyz)) — (xy(uvz))
= ((uwx)yz) — (x(vuy)z) = [Liwx)y — Levuy)s 2!
for all z € V, hence, by transitivity,
[Luvs Lyl = Liwvx)y — L vuy) 5 2.7)
for all u,v,x,y € V and gy is a subalgebra of g§°. In a similar way
[@x, u,V]] = [@x, Kuv] = Ky (x) = (uxv) — (vxu)
= [[ox,u],v] + [u, [, V]
and @, € g7°; we note that the inclusion [g1, g—2] C g—; and the equality [g1,g—1] = go hold
by construction. Furthermore
[[Luvs @x], 2] = [Luv, Lax] — [@x, (wvz)] = Liwvz)x — Lzvux) — Liwvz)x
—Lzvux) = — 1@ (vux), 2l

for all z € V, hence
[Luv, @x] = —@(vux) » (28)
for all u,v,x € V and [g1, go] C g1 as well.
To prove Dy € g%, it is first convenient to observe that [¢y, @] € g3° and then compute

Lo, oyl, 2] = lox, [oy, 2] + [lox, z], oy] = [@x, Loyl + [Lax, @yl
= Pyzx = Pxzy = —PK,y(2)
and
[[ox; oyl, Kuvl = [@x, [0y, Kull + [[ox, Kuvl, oyl = [@x, Kuy (Y)] + Kuy (x), @yl
= L (y)x — Lk ()
where u,v,x,y,z € V. In other words
[@x; @yl = Dxy , (2.9)
hence D € g3° and [g1, g1] = g2. We also note that
[Luvs Dxyl = [Luvs [@x, @yl] = [Luv, ©x], @yl + [@x, [Luy, @yl
(2.10)
= =@ (vux), Pyl — [Ox; @ vuy)] = D vux)y — Dx(vuy)

for all u,v,x,y € V; in particular [go, g2] C go.
Finally, we consider [¢., Dxy] € g3° and compute
H(Pm ny], Z] = [(pu7 [ny ’ Z]] + [[‘Pu7 Z], ny} = [‘PKW (z)» (pu} + “—zuv ny}
= DKXLJ (z)u — D(uzx)y - Dx(uzy) s
for all u,x,y,z € V. Applying both sides to v € V immediately yields [[[@w, Dxyl,z],V] = @,
where
w = _KKX]J (z)u(v) + K(uzx)y (V) - K(uzy)x(v)
by axiom (ii) of Definition[L.1l In summary [¢.,, Dxy] = 0 by a repeated application of trans-
itivity, [g1, g2 = 0 and [g2, g2] = [g2, [91, g1]] = 0. The first claim of the proposition is proved.
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The second claim is straightforward. We only note here that if V is linearly compact then
g is linearly compact too. This can be shown by the same arguments as [10, Lemma 2.1]. O

Now we define o : g — g by

Y
o(Lyy) = —Lyx and (2.11)
o(ex) =—x, G(ny) = ny )

where x,y € V. It can be easily checked that it is a well defined map as the center of V is
zero; using (2.5)-(2.6) one gets the following.

Lemma 2.7. o is a grade reversing involution of g.

It is straightforward to show that K(g, o) = V. If V and V' are isomorphic centerless KTS,
then the corresponding pairs (g, o) and (g’, ¢’) described in Proposition[2.6land Lemma[2.7]
are isomorphic. Indeed, if ¢ : V — V' is an isomorphism then ¢ : m — m/, ¢(x) = ¢(x),
d(Kyy) =K :p( oy extends to a unique grade-preserving ¢ : g — g’ satisfying ¢poo = o’o .

Theorem 2.8. There exists a one-to-one correspondence between isomorphism classes of centerless
KTS and isomorphism classes of pairs (g, c), where g = g_2 & --- & g9 is a transitive fundamental
5-graded Lie algebra such that [g_1, g1] = go and o a grade-reversing involution of g.

Proof. Let K be the KTS associated to (g, ). To prove the theorem, it remains only to show
that the pair (g, o) constructed from X is isomorphic to (g, o). The required isomorphism is
given by

g2 [o(x),0(y)] = Dxy
g1 o(y) = =0y
b: go [x, O—(UH — ny s (2-12)
g_1 x — x
g2 [Xﬂﬂ — ny
where x,y € X = g_1 = g_1. Itis not difficult to check that ¢ is well defined and invertible.
For instance, Ly, = 0 if and only if [Lyy,z] = (xyz) = [[x,0(y)],z] = 0 by transitivity of g,

hence if and only if [x, o(y)] = 0 by transitivity of g; this proves that ¢4, is well defined and
injective. One can also directly check that ¢go = ¢lg—1,91] = [bg—1, dgi1] = [g-1,01] = 9o,
hence g, : go — go is invertible. The proof for non-zero degrees is similar, we give details
for g_o: Kyy(z) = 0 implies (xzy) = (yzx) for every z € X, so [[x, o(z)],y] = [ly, o(z)],x] and
hence by the Jacobi identity [[x, y], o(z)] = 0. The rest follows from transitivity since o is an
involution. The facts that ¢ is a Lie algebra morphism and ¢ o 0 = ¢ o ¢ are immediate by
construction. g

2.3. Simplicity in the Tits-Kantor-Koecher construction. Let V be a centerless KTS and
(g, 0) the associated pair, see Theorem[2.8

Theorem 2.9. The Kantor triple system V is K-simple if and only if g is simple.

Theorem 2.9 was originally proved by Kantor in the finite-dimensional case, cf. [26]. We
provide here a streamlined presentation of an alternative proof which works also in the
linearly compact case. The result is a direct consequence of Propositions2.10, 2. 1Tland 212

We begin with some preliminary observations on Lie triple systems and Z,-graded Lie
algebras. We recall that a Lie triple system (shortly, LTS) is a complex vector space T with a
trilinear map [, -, -] : ®3T — T satisfying the following axioms (see e.g. [37]):

(i) [xyz] = —[yxz],
(i) [xyzl + [yzx] + [zxy] =0,
(iii) xylzwul]l = [xyzlwul + [zlxywlu] + [zwlxyul],
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forall x,y,z,w,u € T. AsubspaceJ C Tisanideal if [JTT] C g (the inclusion [TJT]+([TTJ] C
is then automatic by (i) and (ii)) and T is called simple if it has no non-trivial ideals. It is well
known that for any Zs-graded Lie algebra g = g @ g7 the space T = gywith product

[xyz] := [[x,yl, z]

isa LTS.
Let now V be a centerless KTS, with associated pair (g, o). The 5-graded Lie algebra g
admits the coarser Zo-grading

9=059D91, g0=9 2@ gD g2, g1=9-1Dg1, (2.13)

and T = g7 = g_1 ® g inherits the natural structure of LTS. We note that (2.13)) coincides with
the so-called “standard embedding” of T, as the action of g5 on g7 is faithful and [g7, g1] = gg.

Proposition 2.10. Let V be a centerless KTS, with associated (g,0) and T = g_1 & g1. Then g is
simple if and only if T is a simple Lie triple system.

Proof. We first consider Zo-graded ideals of g, along the lines of [37]. A direct computation
shows that a Zj-graded subspace
b=t ot, & Cgs, HCor,
of g is an ideal if and only if
(i) €gis anideal of the Lie algebra gg,
(ii) €7 is an ideal of the Lie triple system T, and
(iii) [e7,97] C €5 C stab(g7, 1),
where stab(g7, ¢7) = {x € g5 | [x, 97] C #7}. Using (i)-(iii), one can readily check that [t, g7] & £1
and stab(gq, £7) ¢ ¢7 are (Zo-graded) ideals of g exactly when ¢; is an ideal of T. In particular,
T is simple if and only if g does not have any non-trivial Z,-graded ideal, see e.g. [37, p. 49].
We have seen that g simple implies T simple. To finish the proof, it is convenient to con-
sider the involutive automorphism 6 : g — g associated to the decomposition g = g5 & g7 of
g; note that Z,-graded ideals of g are the ideals stable under 6.
Let T be simple and let us assume by contradiction that there exists a non-trivial ideal ¢
of g; by the previous result, ¢ is not Zy-graded. The ideals 0(¢) "¢ and 6(¢) + ¢ are Z>-graded,

hence 0(¢)Net=0,0(¢) +€ =g, and
g="ta0(f)
~Ept (2.14)

is the direct sum of two ideals isomorphic to ¢. It is immediate to see that ¢ is simple: if i is
a non-zero ideal of € then i @ 6(i) is a Zy-graded ideal of g, i ® 6(i) =g =t @ 6(¢) and i = ¢.
The Z-grading of g induces the Z,-grading
95 =9-2D g0 ® g2 ={(x,0(x)) [x € £},
g1 =0-1® g1 ={(x,—0(x)) [ x € ¥},
and therefore sits diagonally with respect to (2.14). This is a contradiction, as every simple
ideal of a Z-graded semisimple Lie algebra is itself Z-graded. Note that if S is a simple,

infinite-dimensional linearly compact Lie algebra, then der(S & S) = der(S) & der(S). In sum-
mary, if T is simple then g is simple and the proof is completed. O

In order to relate the simplicity of V with that of T, we first introduce an auxiliary notion
of ideal, motivated by the decomposition T = g_; @ g1 and the identification g; ~ g_; (see
o

also [16] for the more general framework of “Kantor pairs”). We say that a pair I = (J*,77)
of subspaces J* C V constitutes a P-ideal of V if

(TEVV) + (VITEV) + (VVIE) € I¢ | (2.15)

where ¢ = +1.
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Proposition 2.11. The Kantor triple system V is K-simple if and only if it does not admit any non-
trivial P-ideal.

Proof. (—>) LetV be K-simple and J = (J*,J~) a non-zero P-ideal; without loss of generality,
we may assume J* # 0. By (2.15) with ¢ = 1, it is clear that I is a K-ideal of V hence I* =V
If 7= =0, then (VI*V) = 0 by (215) with ¢ = —1 and J* =0, as V is centerless. This implies
that J— too is non-zero, hence I~ =Vand J = (V, V).

(«<=) We assume that V does not have non-trivial P-ideals and let I be a non-zero K-ideal
of V. Consider the pair J = (J*,J~), where

It =1,
I =veV]|(WV)CI}.

We want to show to J = (J*,J7) is a P-ideal.
Identity (2.15) with ¢ = 1 is satisfied by construction. To prove (2.15) with ¢ = —1, we first
recall that

(2.16)

(x(vuy)z) = ((wx)yz) + (xy(wvz)) — (wv(xyz)) , (2.17)
forall u,v,x,y,z € V, by axiom (i) in Definition[L.1] If v € =, the r.h.s. of 2.17) is in I, by the
definition of J~ and the fact that I is a K-ideal, therefore (J~VV) C J~; one similarly shows
the inclusion (VVIJ~) C J~. Finally, the rh.s. of 2.17) is in I if u € I, hence (VI*V) C I~ too.

It follows that J = (J7,J7) as in (2.16) is a non-zero P-ideal, hence J* = V. In particular
[=J%" =Vand V is K-simple. O

The following result finally relates P-ideals with ideals of T; it can be regarded as the
version for KTS of [16, Lemma 1.6, Proposition 1.7].
Proposition 2.12. Let V be a centerless KTS, with associated (g,0) and T =g_1 @ g1. Then:
(1) If 3= (3%,37) is a P-ideal, then § =3~ & o(IT) is an ideal of T,
(2) If J is an ideal of T, then
g NnV:= (8 mg*la 0(3 mgl)) )

2.18
n(d) = (n1(9), o(n*(d))) , 218
are P-ideals, where 1 : T — g1 are the natural projections from T to g11;
(3) T is simple if and only if V does not admit non-trivial P-ideals.
Proof. (1) We compute
[j g-19-— 1] 0 s
N | = cJ,
319 1l =(0"VV) ) . 2.19)
07 g191] = (919 g1l = o((VI"V)) C 0(I7),
]

U ggml cl0grg—1] +lo—1g I 1= VV)+ (VI )C T,
since g_3 = 0 and J is a P-ideal. Similar identities hold for o(J"), hence J is an ideal of T.

(2) We omit the direct computations for the sake of brevity.

(3) If T is simple, then V does not admit any non-trivial P-ideal by (1). Conversely, let us
assume V does not have non-trivial P-ideals and consider a non-zero ideal J of T. We have
n(d) = (V, V) by (2) and

0# (VVV) = (Vo(r"(3)V)
=g (J)g-1]
=lg-1dg1l Cdng-1,

since J c mH(J) @& nt(J) and [g_17 1 (J)g_1] = 0. It follows that J NV is a non-zero P-ideal,
hence JNV = (V,V),J =Tand T is simple. O
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3. FiNITE DIMENSIONAL KANTOR TRIPLE SYSTEMS

3.1. Preliminaries on real and complex Z-graded Lie algebras. We recall the following rel-
evant result, see e.g. [46, Lemma 1.5].

Proposition 3.1. A finite-dimensional simple Z-graded Lie algebra g = €D,z 9p over F (F = C or
F = R) always admits a grade-reversing Cartan involution.

In other words, there exists a grade-reversing involution 0 : g — g such that the form

BG(XaU) = _B(X> 99) ’ xyeg, (31)

is positive-definite symmetric (F = R) or positive-definite Hermitian (F = C), where B is the
Killing form of g. Note that 6 : g — gis antilinear when IF = C — for uniformity of exposition
in this section, we will still refer to any R-linear involutive automorphism of a complex Lie
algebra as an “involution”.

Due to Theorems[2.8/and [2.9] our interest is in a related but slighly different problem, i.e.,
classifying grade-reversing C-linear involutions of Z-graded complex simple Lie algebras, up
to zero-degree automorphisms. We will shortly see that the solution of this problem is tightly
related to suitable real forms of complex Lie algebras.

We begin with an auxiliary result — the Z-graded counterpart of a known fact in the classi-
fication of real forms. Here and in the following section, we denote by (g, o) a pair consisting
of a (finite-dimensional) Z-graded simple Lie algebra g = P, c; 9p over F = Ror Cand a
grade-reversing involution o : g — g. We let Gy be the connected component of the group of
inner automorphisms of g of degree zero.

Proposition 3.2. For any pair (g, o) and a grade-reversing Cartan involution 0 : g — g, there exists
& € Go such that ¢ 0 0 o ¢~ commutes with o.

This result is proved in a similar way as in [29, Lemma 6.15, Theorem 6.16] and we omit
details for the sake of brevity. The following corollary is proved as in [29, Corollary 6.19].

Corollary 3.3. Any two grade-reversing Cartan involutions of a simple g = ., 5, 9p are conjugate
by some ¢ € Go.

3.2. Grade-reversing involutions and aligned pairs. We now introduce the main source of
grade-reversing C-linear involutions on complex simple Lie algebras. Let

=P (3.2)
PEZ

be a real absolutely simple Z-graded Lie algebra and 6 : g° — g° a grade-reversing Cartan
involution. The complexification g of g° is a simple Z-graded Lie algebra g = EBPEZ gp and
the C-linear extension of 0 a grade-reversing involution o : g — g.

Definition 3.4. The pair (g, o) is the (complexified) pair aligned to g° and 6.

Definition 3.5. Two aligned pairs (g, o) and (g’, ') are isomorphic if there is a zero-degree
Lie algebra isomorphism ¢ : g — g’ such that ¢ o 0 = 0’ o ¢.

Proposition[3.7]below says that the isomorphism class of an aligned pair does not depend
on the choice of the Cartan involution but only on the real Lie algebra. To prove that, we
first need a technical but useful result.

Lemma 3.6. Let g° and g° be Z-graded real forms of a Z-graded simple complex Lie algebra g. If the
grade-reversing Cartan involutions

0:9° —g°, 0:9°—4g°, (3.3)

have equal C-linear extensions o,6 : g — g then g° and g° are isomorphic as Z-graded Lie algebras.
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Proof. Letg® = ¢ pand §° = £&p be the Cartan decompositions associated to (3.3). In other
words, the real forms u® = ¢ @ ip and u°® = £ @ ip are compact and
Dgo =y 00 =000,
ot ‘ (3.4)

1950 :19ﬁo nggoﬁﬁo 3

where 940, ..., 950 are the antilinear involutions of g associated to the real forms g°,...,u°.
It follows that 9, and 9. are grade-reversing Cartan involutions of g and 950 = ¢ o0 0!
for some zero-degree automorphism ¢ of g, by Corollary 3.3l

We replace g° with the isomorphic Z-graded real Lie algebra

§°=¢ 1%
with grade-reversing Cartan involution 0=¢lobod:g° — g°. By construction the
compact real form 1° = ¢! (11°) coincides with u°® and it is therefore stable under the action
of both o and the C-linear extension G of 8. We alsonotethat 5 =¢ ' oGodp =d L ooo o,
where the last identity follows from our hypothesis ¢ = o.

The Lie algebra go = Lie(Gy) of the connected component Gy of the group of zero-degree
inner automorphisms of g decomposes into

g0 = (goNu°) & (go Niu°),

as Y0 (go) = go. We denote by U the analytic subgroup of Gy with Lie algebra Lie(U) = goNu®
and note that the mapping

D:(goNiu®) x U — Gy, D (X, u) = (expX)u,

where X € go Niu°, u € U, is a diffeomorphism, cf. [20, Theorem 1.1, p. 252] and [29,
Theorem 6.31]. In particular ¢! = p o u, for some u € U and an element p € exp(go N iu°)
which commutes with wo cou™!, cf. a standard argument in the proof of [20, Proposition

1.4, p. 442]. It follows that
G=uoocou !

and ulgo : g° — g° is the required isomorphism of Z-graded real Lie algebras. O
We now deal with the isomorphism classes of aligned pairs.

Proposition 3.7. Let (g = g° ® C,0) and (g’ = g’° ® C, 0’) be aligned pairs with underlying real

Lie algebras
=P, >=Py. (3.5)
PEL pPEZ
Then (g, 0) and (g’,0’) are isomorphic if and only if g° and g'° are isomorphic as Z-graded Lie
algebras.

Proof. (<=) If the Z-graded real Lie algebras g° and g’® are isomorphic, then, without any
loss of generality, we may assume that they coincide. Hence 0,0’ : g — g are the C-linear
extensions of grade-reversing Cartan involutions 6,0’ : g9° — g° and, by Corollary 3.3} there
exists a zero-degree automorphism \{ : g° — g° such that 0 8 = 8’ 0 . The C-linear
extension ¢ : g — g of 1 is the required isomorphism of aligned pairs.

(=) Let ¢ : g — g’ be a zero-degree Lie algebra isomorphism such that ¢ o 0 = 0/ o ¢.
We replace g’° by the isomorphic Z-graded real Lie algebra g° := ¢~!(g’°) with grade-
reversing Cartan involution 0=¢lobo blgo : §° — g°. The C-linear extension of 0 is
oc=¢ loo’od:g— g hence LemmaB.fapplies and g° and g° are isomorphic. O

In summary, we have proved most of the following.

Theorem 3.8. Let (g, o) be a pair consisting of a Z-graded simple complex Lie algebra g = @, <7 9p
and a grade-reversing involution o : g — g. Then (g, o) is the aligned pair associated to a Z-graded
real form g° = @,z 07 of 9. Isomorphic pairs correspond exactly to isomorphic Z-graded real forms.
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Proof. In view of Proposition[3.7] it remains only to show that (g, o) is an aligned pair. By
Proposition[3.2] there exists a grade-reversing Cartan involution 9 : g — g which commutes
with o, we denote by u® the associated compact real form of g. We note that o(u°®) = u° and
let u° = ¢ & ip be the +1-eigenspace decomposition of of,e.

Let g° = ¢ & p be the real form of g with Cartan involution 8 = olgo : g — g° and E the
grading element of g, that is, the unique element E € g satisfying [E,x] = px for all x € gp.
We have

cE=—-E=FEepaip,
SE=—-E=FEecitayp,

henceE € p C g°. It follows that g° is a Z-graded real form of g and o is the C-linear extension
of the grade-reversing Cartan involution 0 : g° — g°. O

3.3. Classification of finite dimensional Kantor triple systems. In this section, we describe
all fundamental 5-gradings g = g2 @ --- @ g2 of finite dimensional complex simple Lie
algebras and their real forms. When dim g2 = 1, such gradings are usually called of contact
type; in the general case we call them admissible. Admissible real gradings are in one-to-one
correspondence with finite dimensional K-simple complex KTS, cf. Theorems[2.8] 2.9] 3.8

We first recall the description of Z-gradings of complex simple Lie algebras (see e.g. [40]).
Let g be a complex simple Lie algebra. Fix a Cartan subalgebra i C g, denote by A = A(g, h)
the root system and by

g“:{Xeg\[H,X}:oc(H)X for all Hef)}

the associated root space of x € A. Let hr C h be the real subspace where all the roots are
real valued; any element A € (h%)* ~ hr with A(x) € Z for all « € A defines a Z-grading

g= @ gp on g by setting:

PEZ
go= ho @ g%, gp = @ g%, forall pezZ”,
xeA x €A
Alx)=0 Alax)=p

and all possible gradings of g are of this form, for some choice of h and A. We refer to A(«)
as the degree of the root o.

There exists a set of positive roots AT C A such that A is dominant, i.e., A(«x) > 0 for all
o € AT, LetTT = {ay, ..., o} be the set of positive simple roots, which we identify with the
nodes of the Dynkin diagram. The depth of g is the degree d = A(xmax) of the maximal root
Kmax = Zle mioi. A grading is fundamental if and only if A(«) € {0, 1} for all simple roots
o € TI. Fundamental gradings on g are denoted by marking with a cross the nodes of the
Dynkin diagram of g corresponding to simple roots o with A(ex) = 1.

The Lie subalgebra g is reductive; the Dynkin diagram of its semisimple ideal is obtained
from the Dynkin diagram of g by removing all crossed nodes, and any line issuing from
them.

Proposition 3.9. There exists a bijection from the isomorphism classes of fundamental Z-gradings of
complex simple Lie algebras and the isomorphism classes of marked Dynkin diagrams. In particular
admissible gradings correspond to Dynkin diagrams with either one marked root o; with Dynkin label
my = 2 or two marked roots «, oy with Dynkin labels mi = my = 1.

Table[lbelow lists the Dynkin diagrams of all complex simple Lie algebras together with
the Dynkin label m; for each simple root «; and the group of outer automorphisms. Proposi-
tionB.9together with a routine examination of the diagrams gives the admissible Z-gradings
of each complex simple Lie algebra. Their overall number is illustrated in Table[Il



14 NICOLETTA CANTARINI, ANTONIO RICCIARDO, AND ANDREA SANTI

g [ Dynkin diagram [ #nodes [ Out(g) [ # admissible gradings |
2
—1
¢ if ¢is odd
1 1 1 1 ife=1
sl(e+1,C oO—O— —=O0 t>1
(t+1,C) Zoif € > 1 2
vy if € is even
1 2 2 2
s50(20+1,C) oO—O0— —0==0 0>2 1 —1
2 2 2 2 1
sp(£,C) oO—O0— —0——0==0 >3 1 -1
1
1 2 2 2
S3if¢=4 2 ife=4
s0(2¢,C) ! e>4
Zyif € >4 e—1ife >4
3 2
Go O==0 2 1 1
2 3 4 2
Fy4 O—O0=>=0—°0 4 1 2
1 2 3 2 1
3
Eg i 6 Zo 3
2 3 4 3 2 1
3
Er I 7 1 3
2 4 6 5 4 3 2
y
Es i 8 1 2

TabLE 1. Dynkin diagrams with labels of complex simple Lie algebras, their
group of outer automorphisms and number of admissible gradings.

We now recall the description of Z-gradings of real simple Lie algebras, cf. [13]. Let g° be
a real simple Lie algebra. Fix a Cartan decomposition g° = £$p, a maximal abelian subspace
ho C p and a maximal torus h, in the centralizer of h, in ¢. Then h° = h, & b, is a maximally
noncompact Cartan subalgebra of g°.

Denote by A = A(g, h) the root system of g = g° ® C with respect to h = h° ® C and
by br = ihe ® ho C b the real subspace where all the roots have real values. Conjugation
9 : g — g of g with respect to the real form g° leaves h invariant and induces an involution
o — & on b, trasforming roots into roots. We say that a root « is compact if ® = —o and
denote by A, the set of compact roots. There exists a set of positive roots AT C A, with
corresponding system of simple roots IT, and an involutive automorphism ¢: TT — TT of the
Dynkin diagram of g such that ® = —« forall x € TTN A,, e(TT\ A,) CTT\ A, and

a=¢(a) + Z by B forallx e TT\ A, .
BETINA,
The Satake diagram of g° is the Dynkin diagram of g with the following additional data:

(1) nodes in TTN A, are painted black;
(2) if x e TT\ A, and ¢(x) # o then « and ¢(«x) are joined by a curved arrow.

A list of Satake diagrams can be found in e.g. [40].
LetA € (h%)* ~ hg be an element such that the induced grading on g is fundamental. Then
the grading on g induces a grading on g° if and only if A = A [13, Theorem 3], or equivalently

the following two conditions on the set ® = {oc el M) = 1} are satisfied:

HONA=0; 2)ifx e ® then e(a) e d.
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g° Satake diagram [ # nodes [ # white nodes | # admissible gradings |
02—
if ¢ is odd
sI(€+1,R) oO—O—  —=O €21 ¢
2
% if £ is even
2 _
m4 if m is odd
sl(m + 1,H) e— 0o —0O—e >3 m
¢=2m+ 1odd m2 . .
—— if miseven
4
su(p,t+1—7p)
13 t>2 2p P
1<p <zl
2
>3
su(p+1,p+1) (= 2p+10dd [/ P
so(p,2¢+1—p)
oO— —0—e— —0—=—0 >2 —1
1<p<e €= P P
sp(¢,R) o0—O0— —0—0=<=0 €>3 4 e—1
sp(p, ¢ —p)
—1 e—O0O—@— —O0—0— —0=0 >3 P P
1<p<[——]
2
e>4
sp(p,p) o—O0O—0— —O0O—0==0 P p—1

£ =2p even

WV

0—=o0 o 2 ift=4
so(C,¢) >4 ¢
(—1ife>4

\Y

O C 2 ife=4
so(L—1,0+1) t>4 ¢ (—2ife>4
— 21 >

so(p,20—p) >4 . p—1
1<p<e—2 -

L>6
s50%(2¢0) m m-—1
1 =2m even

=5
s50%(2¢0) m+1 m
¢=2m+ 1odd

TaBLE 2. Satake diagrams of absolutely simple non-compact real Lie algebras
of classical type and their number of admissible gradings.
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[ e° ] Satake diagram [ # nodes | # white nodes | # admissible gradings |
Go
: O==0 2 2 1
split
FI O—0=—0—>0 4 4 2
FII o—0—0 O 4 1 1

6 6 3
EI

EII 6 6 2

EIII 6 3 2

EIV I 6 2 1
EV :: 7 7 3
EVI E 7 4 2
EVII I 7 3 2
EVIII : 8 8 2
EIX I 8 4 2

TaBLE 3. Satake diagrams of absolutely simple non-compact real Lie algebras
of exceptional type and their number of admissible gradings.

There exists a bijection from the isomorphism classes of fundamental Z-gradings of real
simple Lie algebras and the isomorphism classes of marked Satake diagrams. In the real
case too, the Lie subalgebra g is reductive and the Satake diagram of its semisimple ideal
is the Satake diagram of g° with all crossed nodes and any line issuing from them removed.
A grading of g° is admissible if and only if the induced grading on g is admissible.
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TableRland Table[Blabove list the Satake diagrams of all real absolutely simple Lie algebras;
compact real forms do not admit any gradings, hence their diagrams are not displayed. A
routine examination yields the admissible Z-gradings, their overall number is illustrated.

Theorem[3.8/and a simple computation using Tables2land 3 gives the enumeration of the
finite dimensional KTS with given Tits-Kantor-Koecher Lie algebra.

Corollary 3.10. Let g be a complex simple Lie algebra. Then the number K(g) of the K-simple KTS
up to isomorphism with associated Tits-Kantor-Koecher Lie algebra g is:
(1) g=sl({+1,C) with ¢ > 1:
- if £ = 2m + 1 is odd with m even then K(g) = 7"12#;
- if ¢ =2m + 1 is odd with m odd then K(g) = Tm2+10m—1,
- if L = 2m is even then K(g) = 3"12%;
(2) g =s0(20+1,C) with ¢ > 2 then K(g) = 1,
(3) g=sp({,C) with ¢ > 3:
- if 0 = 2m+ 1is odd then K(g) = mE5m,
- if € = 2m is even then K(g) = W;
(4) g =s0(2¢,C) with € > 4:
- if ¢ = 2m + 1 is odd then K(g) = 2m? + 2m;
- ift =4then X(g) =5;
- if { = 2m is even with m > 2 then K(g) = 2m? — 1;
(6) if g = Go then K(g) = 1;
(6) if g =Fy then K(g) = 3;
(7) if g = Eg then K(g) = §;
(8) ifg=Erthen K(g) =7,
(9) if g = Eg then K(g) = 4.

3.4. The algebra of derivations. In this section we study the Lie algebra
der(V)={6:V = V|8(xyz) = ((dx)yz) + (x(dy)z) + (xy(82))}

of derivations of a KTS V. This is an important invariant of a K-simple KTS and, as we will
shortly prove, it can easily be described a priori by means of Theorem[3.8]

In §2.2lwe saw that isomorphisms of V correspond to those of (g, o). It follows that der(V)
consists of (the restriction to V = g_; of) the 0-degree derivations of g commuting with o.
If V is K-simple, then g is simple, any derivation is inner and det(V) = {D € go | o(D) = D}.
Now note that gg is o-stable reductive with the center which is at most 2-dimensional. When
the grading corresponds to a positive subalgebra that is maximal parabolic, the center of g
is 1-dimensional and generated by the grading element E. Clearly o(E) = —E. Otherwise,
the marked Dynkin diagram of g has two crossed nodes, this happens for all admissible
gradings of sl({ + 1, C), two of so(2¢, C) and one of Eg.

In summary, both the center and the semisimple part g§° = [go, go] of go decompose into
the direct sum of +1-eigenspaces of o and

oer(V) ={D € g§* | 0(D) =D} ,
possibly up to a 1-dimensional central subalgebra.
Let g° be a real form of g compatible with the grading and (g§)°® = ¢y & po the Cartan

decomposition of the semisimple part of g§. The following result holds since o : g — g is the
C-linear extension of the Cartan involution 0 : g — g° of g°, whose restriction

6l(gg)ss : (80)°° — (a0
to (gg)** is still a Cartan involution, see e.g. [7, Lemma 1.5].

)SS

Theorem 3.11. Let V be a K-simple KTS and (g = g° ® C, o) the associated aligned pair. Then
der(V)=f®C
possibly up to a 1-dimensional central subalgebra.
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The list of Cartan decompositions of real semisimple Lie algebras can be found in [40].
Theorem 3.1l and an a priori identification of the algebra of derivations as the following
example shows will be crucial ingredients to classify the KTS of exceptional type.

Example 3.12. By Corollary3.10] there is just one KTS V with associated Tits-Kantor-Koecher
algebra g = Go. The aligned real form g° is the split form with marked Satake diagram

O==0
X

see Tables[Iland[3 It follows (g)®® ~ s[(2, R), the maximal compact subalgebra & ~ so(2,R),
and der(V) ~ s0(2,C).

4. CrassicaAL KANTOR TRIPLE SYSTEMS

In this section we first give explicit constructions of KTS based on matrix algebras and
then classify the K-simple KTS associated to classical complex Lie algebras. The section ends
with an observation on subsystems of generalized Jordan triple systems of higher kinds.

4.1. Main examples. The following examples detail general constructions of KTS over the
field F of complex or real numbers, generalizing similar results for special Jordan triple sys-
tems, see [21]. We introduce some notation for the complex KTS in view of §4.21

Example 4.1 (Rsl(m,n,r)). Let A be an associative algebra and * : A — A an anti-involution
of A, ie., forevery x,y € A, (x*)* =x and (xy)* = y*x*. Then A & A with the 3-product

<<X1> <Ul> <Zl>> _ (Xﬂﬂzl T 21U —93"221) (4.1)
x2/) " \yz2/) ' \z2 X9Y5Zg + ZoYsXg — Z9X Y]
is a KTS.

For instance, if A = M, (F) is the space of n x n matrices with entries in F and * is the
usual transposition * : x — xt, then A & A with the 3-product (4.1) is a KTS. The same holds
if n = 2k is even and * is the symplectic transposition

St x s ]gkxtjgkl , (4.2)

Jox = <_2k Sok> (4.3)

and Sy is the k x k matrix with 1 on the anti-diagonal and 0 elsewhere.
More generally, one can consider M, » (F) & M; 1 (F) and an invertible linear map

e Mm,n(F) > Mr,mUF) — Mn,m(F) > Mm,r(F)

where

compatible with the two direct sum decompositions and which satisfies the properties:
(x1Y72y)" = z7Yyx] »  (X9Y3z9)" = Z5Ysx3
(X3Y9z1)" = 21Y3Xy ,  (29Y1X])" =x1Y725 ,
for x1,Y1,z1 € M n(F), x2,Y2,22 € My 1 (F). Then My 1 (F) & M, 1 (F) with 3-product @.1)
is a KTS. Note that if m = n = r, then property (#.4) precisely says that * is an anti-involution.

As main examples over F = C we introduce the triple systems f&sl(m, n, r;t), given by the
vector spaces M n (C) & My i (C) with 3-product @.1) and

t
X X

Likewise, if m = 2h, n = 2k and r = 21 are even, it is easy to see that the map

. (X1 I2kx}]2}1)
' (X2) ” (I2hX§ Joi')

satisfies (4£.4) and we denote the corresponding KTS by &sl(m,n, r;st).
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Example 4.2 (fsl(m,n)). Let ¢ : My n(F) = M n(F) and P : My i (F) = My i (F) be any
invertible linear maps of the form

@(x) =BxA , P(x) = AxB,
for some A € GL,(F) and B € GL,,(F) such that B? = +1d. Then My n(F) © My m (F) with

the 3-product
<<X1> <91> <Z1>) B (XllI)(UQ)Zl +z1b(y2)x1 — <P(91)X221>
x2) ' \y2) "\z2/)) \xe@(y1)za +z20(y1)x2 — z2x1(y2)
is a KTS.

In particular, we will use the notation fsl(m,n;k) for the KTS over F = C associated to
A = Id and B = diag(—Idy, Idm_x).

We note that the Tits-Kantor-Koecher Lie algebras associated to the KTS Rsl(m,n,r;t),
Rsl(m, n,r;st) and Rsl(m, n; k) are all isomorphic to sl(N, C), for some N, but with different
gradings and involutions. In particular the involution is outer in the first two cases.

The Tits-Kantor-Koecher Lie algebras associated to the KTS described in the next two
examples are all of orthogonal, respectively, symplectic type.

Example 4.3 (8s0(m,n)). Let A € GL,,(F), B € GL(F) be such that B2 = ¢Id, e = +1, and let
us consider the associated KTS structure on M, nn (F) & My m (F) described in Example
For any x € M (F) we define
x' =S x'Sp , 4.5)
where Sy is the k x k matrix with 1 on the anti-diagonal and 0 elsewhere, and set

M = {(z;> S Mm,nUF) @ Mn,m(F) | xo = X{} .

One can check that M is a subsystem of My n (F) & M m (F) whenever A’ = ¢A, B’ = ¢B.
(Note that A’ = A means that A is reflexive while A’ = —A anti-reflexive.) If this is the case,
projecting onto the first component yields a KTS structure on M, n (F) with 3-product

(xyz) = xAy’'Bz + zAy'Bx — ByAx'z ,

for all x,y,z € My n(F).
The reflexive matrices

0 0 Sk
A=Id, B=[0 Idmox 0],

Sk 0 0

give rise to a family of KTS over F = C which we denote by &so(m,n; k). Another natural
class is obtained when n = 2j, m = 21 are both even and A, B anti-reflexive; we let

A= ]QjSQj s B = UQLSQl )
where Joy is as in (£.3), and denote the associated KTS by fso(m,n;JS).

Example 4.4 (Rsp(2m,n)). Let A € GL,(F), B € GLoy (F) be such that B2 = ¢ld, ¢ = +1, and
consider the associated KTS structure on Mam n (F) & My om (F) of Example 4.2l
We define &(x) = Snx’“];nl1 for all matrices x € Mam n(F) and set

M = {<z;) € M2m,n(F) 2] Mn,2m(F) | xo = &(x1)} .
If A’ = —¢A and BS' = ¢B (recall @.2), @.5)), then M is a subsystem of Mo n (F) & Mq 2m (F)
and upon projecting onto the first factor Mo, » (F) one gets a KTS with 3-product
(xyz) = xA&(y)Bz+ zAE(y)Bx — ByAg(x)z,

for all x,y,z € Mam n (F).
We note that the matrices A = Id and B = Jo,, satisfy the required conditions with ¢ = —1
and denote the corresponding KTS over F = C by Rsp(2m,n;J).
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If n = 2l is even, we may also consider A = J21S91 and B = diag(—Idy, Idom—2k, —Idx), as
they satisfy the conditions with ¢ = 1. The associated KTS is denoted by &sp(2m,n;k).

Example 4.5 (Rat(n)). We let far(n) = C™ @ Aref,,(C) be the KTS with triple product

<<X1> (Ul) <Z1>> _ ( X1YiZ; + 2y — Y5xozg )
X2/ \Y2/ \z2 XoYbZo + Z3Y5%s — 2%y} — (Y1) X2y
where Aref,, (C) is the space of complex anti-reflexive n x n matrices (recall (1.5)) .
The Tits-Kantor-Koecher Lie algebra associated to the triple system RKatr(n) is so(2n+2, C)

with the grading given by marking the first and last node. The grade-reversing involution
is the Chevalley involution.

4.2. The classification of classical Kantor triple systems. The list, up to isomorphism, of
all K-simple classical KTS over R is due to Kaneyuki and Asano, see [24} 6]. We give here the
classification over C, written accordingly to the examples and conventions of §4.1

Theorem 4.6. A K-simple KTS over C with classical Tits-Kantor-Koecher Lie algebra is isomorphic
to one of the following list:

o Rsl(r,m,n—m—r;t), n>3 1<m<[(n=-1)/2,1<r<n—m-—1;
e Rsl(2r,2m,2(n—m—71);st), n=>3, 1<m<[(n—1)/2],1<r<n—m—1;

e Rsl(n —2m, m; k), n>3:1<m<[(n-1)/2,0<k<[(n—2m)/2];

e fso(n —2m,m; k), n>7,n#6,2<m<[(n-1)/2,0<k < [(n—2m)/2];
e Rs0(2(n —2m),2m;]S), n>42<2m<n—1;

e Rsp(2(n—m), m;]), n=3, 1l<m<n—1;

e Rsp(2(n —2m), 2m; k), n>32<2m<n—1, 0<k<[(n—2m)/2l;

o Rar(n), n=>4

The ranges of natural numbers are chosen so that there are no isomorphic KTS in the above list.

Proof. By Theorem B.§ specialized to 5-gradings, complexification of the classical KTS of
compact type classified in [24] exactly gives the classification of all classical KTS over C. [

Remark 4.7. We remark that from the description of classical KTS in §4.} there are natural
embeddings of triple systems

Rso(m,n) C Ksl(m,n),
RKep(2m,n) C RKsl(2m,n).

The system Rat(n) has a different interesting embedding, which is dealt with in the final
remark of this section.

We recall that the so-called generalized Jordan triple systems of the v-th kind are those
systems with associated Tits-Kantor-Koecher Lie algebra thatis (2v+1)-graded. In particular
those of the 1-st and 2-nd kind are the usual Jordan and, respectively, Kantor triple systems.

An interesting phenomenon happens for some JTS. The 3-graded Lie algebras associated
to the JTS 4,5,11,13 of Table III, [24, p. 110], i.e., the orthogonal Lie algebras with only
the first node marked, are in a natural way graded subalgebras of some s((N,C) with a 5-
grading. This gives rise to an embedding of the associated JTS in a special KTS. In other
words, simple KTS admit suitable subsystems which are of the 1-st kind and yet simple.

A similar fact holds for far(n), which admits a natural embedding in a simple generalized
Jordan triple system of higher kind.
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Remark 4.8. Let A = M, n, (C) & My 1y (C) & Mp, ns (C) with the 3-product

X1 Y1 z1 X1U£Z1 + 219?1 - 957‘22% .
X2 Yo zo = X2y%22 + Z2U%X2 - 227‘19% —VYszX3Z9 |-
X3 ys z3 X3Y3Z3 + Z3Y3X3 — Z3XqYj

It can be shown that the product satisfies only condition (i) of Definition[l.Iland that it is a
generalized JTS of the 3-rd kind. We are interested in the case

nm=ng=1, ne =13 =mn, (4.6)

for which the associated Tits-Kantor-Koecher Lie algebra is s[(2n + 2, C) with the 7-grading
given by marking the nodes {1,n +1,2n + 1}.

Letni,...,n4 as above and consider the subspace of A given by
X1

M={[x2| €Alxs=—x], xj=—x2} .
X3

The space M is a simple subsystem of A of the 2-nd kind and it is isomorphic to Rar(n).

To see this, it is sufficient to consider the subalgebra so(2n+2, C) of anti-reflexive matrices
of s[(2n+2, C) and note that so(2n+ 2, C) inherits a grading from s((2n+2, C) that is actually
a 5-grading, the one mentioned in Example 4.5 Finally, the Chevalley involution of s[(2n +
2, C) restricts to the Chevalley involution of so(2n + 2, C) and our claim follows.

5. THE EXCEPTIONAL KANTOR TRIPLE SYSTEMS OF EXTENDED POINCARE TYPE

This section relies on the so-called gradings of extended Poincaré type, see [5, Theorem 3.1],
which have been extensively investigated by third author both in the complex and real case.
We recall here only the facts that we need and refer to [4, /5] for more details.

Let (U, 1) be a finite-dimensional complex vector space U endowed with a non-degenerate
symmetric bilinear formn and C¢(U) = Ce(U)y @ CL(U)7 the associated Clifford algebra with
its natural parity decomposition. We will make use of the notation of [33] and also of [1]; in
particular, we adopt the following conventions:

e the product in C{(U) satisfies uv +vu = —2n(u,v)1 for all u,v € U.
e the symbol S denotes the complex spinor representation, i.e., an irreducible complex

C{(U)-module, and Clifford multiplication on S is denoted by “o”.
e the cover with fiber Z, = {+1,+i} of the orthogonal group O(U) is the Pin group

Pin(U), with covering map given by the twisted adjoint action Ad : Pin(U) — O(U).
e if dim U is even, then S is so(U)-reducible and we denote by S* and S~ its irreducible
so(U)-submodules (the semispinor representations).
e we identify A*U with C{(U) (as vector spaces) via the isomorphism

1
w A Ay = ] Z SEN(T0) U (1) -+ - Upr(k)
eSSy
and let any « € A*U act on S via Clifford multiplication, i.e. xos forall s € S.
¢ we identify so(U) with A%U via (u Av)(w) = n(u, w)v —n(v,w)u, where u,v,w € U.
We recall that the spin representation of so(U) on S is half its action as a 2-form:

(WAV)-s = %(u/\v) os

forall s €.
We will sometimes need the usual concrete realization of the representation of the Clifford
algebra on the spinor module in terms of Kronecker products of matrices. Let us consider
the 2 x 2 matrices

1 0 0 —i i 0 0 1
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and set
) 1if j is odd;
x()=4_..".
2 if j is even.
If dim U = 2k is even then a Clifford representation is given by the action of
Cl(U) ~ M2(C) ® - - - ® Ma(C) = End(S)

k—times

onS =C?®---®C? with the elements of a fixed orthonormal basis (g5 )]221 of U realized as
—_——

k—times
g~ E® - ®ERgy;)®T®---®T, (5.1)

[%l]ftimes

forall j = 1,...,2k. Note that the basis elements satisfy ej2 = —1 asn(ey,ej) = &y for all 1,j.

It follows that the volume vol = e - - - egy. squares to (—1)* so that ST are the +1-eigenspaces
of the involution i* vol. In this paper, we will not need a concrete realization for dim U odd.

Definition 5.1. [1] A nondegenerate bilinear form 8 : S® S — C is called admissible if there
exist T, 0 € {1} such that B(uwos,t) =tB(s,uot) and B(s,t) = op(t,s) forallue U,s,t €S.

Admissible forms are automatically so(U)-equivariant. If S = ST ¢ S—, we also require
ST and S~ to be either isotropic or mutually orthogonal w.r.t. § (in the former case we set
1= —1, in the latter 1 = 1). The numbers (t, 0), or (t, 0,1), are the invariants associated with .

Setm_o=U,m_1 =S, m=m_s®m_;. If toc =—1 we define on m a structure of graded
Lie algebra with Lie bracket given by the so-called “Dirac current”

n(ls,tl,u) = B(uos,t),
fors,t€S,uecU.

Definition 5.2. Any graded Lie algebra as defined above is called an extended translation
algebra.

The main result of [4] 5] is the classification of maximal transitive prolongations

=P

pEZ

of extended translation algebras. The following result is also important.

Proposition 5.3. [5, Theorem 2.3] If dim U > 3 then for all p > 0 and X € gy, if [X, g—2] = 0 then
X = 0. In other words, elements of g, p > 0, are uniquely determined by their action on g_s.

5.1. The case g = F4.

There are 3 inequivalent KTS with Tits-Kantor-Koecher pair (g = F4, 0), cf. Corollary3.10l
In particular the grading of F4 with marked Dynkin diagram

0—0==—0—0
X
has two grade-reversing involutions, corresponding to real forms FI and FIJ, cf. Table[3l
In this case (U, 1) is 7-dimensional and S is the 8-dimensional spinor module. (There are
two such modules up to isomorphism, and they are equivalent as so(V)-representations. We
have chosen the module for which the action of the volume element vol € C¢(U) is volos =s
foralls € 8S.)
More explicitly the graded components of the 5-grading of g = F4 are gp ~ so(U) & CE and
g+2 ~ U, g+1 ~ Sas so(U)-modules. The negatively graded part m = g_o@®g_; is an extended
translation algebra w.r.t. a bilinear form 3 : S® S — C with the invariants (7, o) = (-1, 1).
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For any s € S we introduce a linear map s: m — g_; @ go of degree 1 by

1
] = _1(2) - E
5,8 = 1) (s,1) + 3B(s, UE, 52)
[S,ul =uos,
wheret € S,u € Uand
r2.ses —so(U),
n(F(z)(s,t)u,V) =B(uAvos,t).
Using Proposition [5.3] (see also [5, Lemma 2.5]) one can directly check that g; = (s|s € S).
Similarly we define a map 1 : m — go @ g1 of degree 2 for any u € U by
[U,s] =—uos,
~ (5.3)
['U-,V} = A('U./\V) + Hﬂ(UaV)E )
where s € S, v € U and where A, u € C are constants to be determined.
Lemma 5.4. If A\ =2and p=—1then u € gs for all u € U.
Proof. By so(U)-equivariance and transitivity, the action of go on m is necessarily of the above
form for some A, p. We then compute
0= [, [s,v]] = [[,s],v] + [s, [u,v]]
= —[wos,v] —AuAv,s] + un(u,v)s
A

A
:(—1+Z—%)v0uos—(z+g)uov05,

for u,v € U, s € S. The claim follows from the fact that the two terms vanish separately. O

The Lie brackets between elements of non-negative degrees are directly computed using
transitivity and (5.2)-(5.3). They are given by the natural structure of Lie algebra of gy and
A Z A A A, G4
[E,s] =5, [E, 4l =2u, [s,t]=Is,t],
where A € s0(U), 5t € g1 and U € go. We give details only for the third and last bracket.
First compute
[[A7 a},\)} = [Av [ﬁ7 VH - [ﬁ7 AV]
=2[A,u/\Vv] — [u, Av]
=2Au/Av—n(Au,v)E

= [Au,V]
and
[[?,ﬂ,u} =[s,uot] — [?,uo s]
= %B(s,uot)E— %B(t,uo s)E mod so(U)

=pB(s,uot)E =-m(ls,t],u)E mod so(U)

= [[s,t],u] mod so(U),

forall A € so(U), s,t € S,u,v € U. The brackets follow from these identities, Proposition5.3l

and the fact that the action of 1 on g_3 is fully determined by its component on E, cf. (5.3).
The algebras of derivations of the two KTS on S are the complexifications of the maximal

compact subalgebras of so(7,R) and so0(3,4), respectively (see Table Bland Theorem B.17):

ver(S) ~ s0(7,C) for FII,
ver(S) ~ 50(3,C) ® s0(4,C) for FI.

The following main result describes both triple systems in a uniform fashion.
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Theorem 5.5. Let U be a 7-dimensional complex vector space with a non-degenerate symmetric
bilinear form v and S the associated 8-dimensional spinor CL(U)-module. Let  : S ® S — C be the
unique (up to constant) admissible bilinear form on S and T'? : S® S — so(U) the operator given by
n(r® (s, the,v) = puAvos,t),
where s, t € Sand u,v € U. Fix an orthogonal decomposition
U=waow-

of Uwith dimW = 7 (i.e. with Wt =0, W = U) or diim W = 3 and let I = voly, € CL(U) be the
volume of W. (Lacts on S as the identity if dim W = 7 and as a paracomplex structure if dim W = 3).
Then S with the triple product

(rst) = T3 (r,Ios) - t+ %B(r, Tos)t, r,s,tes, (5.5)
is a K-simple Kantor triple system with Tits-Kantor-Koecher Lie algebra g = F4 and derivation algebra

@ {50(11) if dimW =7,

vet(S) = stab
ee(S) = stabso ) so(W) @ so(W) if dimW =3

Proof. It is immediate to see that I € Pin(U) covers the opposite of the orthogonal reflection

rw : U — U across W, that is Ad; = —ry, and that B(Ios,t) =p(s,Iot) foralls,teS.
Let 0 : g — g be the grade-reversing map defined by

—

o(u) =y, o(s)=1Ios,
o(A) =rwArw, o(E)=-E, (5.6)
G(A):IOS, G(U)ZTWU,

whereu e U, s € Sand A € so(U). Clearly 02 =1 and we now show that o is a Lie algebra
morphism. First note that oA, s] = o As and [0(A), o(s)] =
t=[rwArw,los]
=JoA(Iolos)

=IoAs,
hence o[A,s] = [0(A),o(s)]forall A € so(U), s € S. Identity o[A,s] = [0(A), o(5)] is analogous.
Similarly ofil, s] = —o(ios) = —Iouos while
[0(1), o(s)] = —[To’s, rwul

—(TWu)oIOSZA\aI(u)oIoS

=—louos,
proving ofii, s] = [o(1), o(s)] and, in the same way, ofu,s] = [o(u),o(s)] forallu € U, s € S.
The remaining identities are straightforward, except for ofs, t] = [0(5), o(t)], s,t € S, which

we now show. We have
n(of8, the,v) = —n(o(M® (s, 1), v) + B(s, t)n(w,v)
=M (s, t)rwu, rwv) + B(s, t)n(u,v)
= —B((rwuw) A (rwv) o s,t) + B(s, t)n(u, V)
and
n(lo(3), o(t)u,v) = —n([[ot,I o slu,v)
=41 (F(Q)(I ot,Tos)u,v)+p(Iot,Iosn(u,v)
(IouAvolot,s)+ B(s,t)n(u,v)
(r u) A (rwv) ot,s) + B(s, tin(u,v)
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A~

for all u,v € U so that o[s, t] = [0(5), o(t)].
The triple product (5.5) is the usual formula (rst) = [[r, o(s)], t] and the rest is clear. O

5.2. The case g = Eg.
The grading of g = E¢ associated to

W

is of extended Poincaré type and all the 4 real forms of E¢ are compatible with this grading,
leading to 4 non-isomorphic KTS with algebra of derivations equal to

50(4,C) ®s0(4,C) for EI,
. ) s0(5,C)®so(3,C) for EII,
0er(®) =9 50170 for EIII, (5.7)
50(8,C) for EIV,

possibly up to a 1-dimensional center. We note that this is the unique 5-grading of a simple
exceptional Lie algebra whose associated parabolic subalgebra is not maximal. The fact
that the center of gy is 2-dimensional makes our previous (and usual) approach to describe
KTS practically inconvenient. In this subsection, we will use another approach and exploit
the root space decomposition of Eg to describe the KTS associated to EIV. The remaining
products will be reduced to this case by a direct argument.

Let U be an 8-dimensional complex vector space, n a non-degenerate symmetric bilinear
formon Uand S = S* & S~ the spinor module, where each semispinor representation S+
is 8-dimensional. Let E be the grading element and F the operator acting as the volume
vol € C{(U) on S and trivially on U. It clearly commutes with E and so(U). The grading of
g = Eg is then given by

g+1 =S, go=s50(UW)®CE®CF, gia=1U.

We shall fix an isotropic decomposition of U = W & W* and consider the natural so(U)-
equivariant isomorphisms ST = A¢Ve"W* and S~ = A°4dwW*. With these conventions, the
action of the Clifford algebra on S reads as

wox=—-21,x,

5.8
woax=w*"Nu«, (5:8)
forallw € W, w* € W* and « € S. There is an admissible bilinear form on S with the
invariants (7, 0,1) = (4, +,+); to avoid confusion with the elements of S we simply denote it
by

cco B = (—1)BUE i (@A p)

where o, € S, [] is the “ceiling” of a rational number, i.e., its upper integer part, deg(«) the
degree of « as a differential form and w € A*W a fixed volume.

We depart with the KTS of type EIV. Throughout the section, we denote the unit constant
in Sby 1 and consider a basis (%, ey %) of W, with associated dual basis (dx!,. .., dx*)
of W* and induced Hodge star operator «: S — S.

Theorem 5.6. Let U be an 8-dimensional complex vector space with a non-degenerate symmetric
bilinear formn and fix an isotropic decomposition U = W & W*. Then the associated 16-dimensional
spinor representation S = A*W* is a K-simple Kantor triple system with the triple product given by

(S*,8%,8) =0,

. . . . o 5.9
(1, dx!?% dxt) = (dx!34, 1, dd*Y) = (dd* dxt, dx!?t) = (dxt, ¥ 1) =0, 69
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and, for all other homogeneous differential forms, by

(xeB)y+ (Bey)a— (cxoy) if o pB,y€eSt

(—1)(2(deg(@)+2)] o (W(a Ay) AxB) if «,p € ST,y eST,
deg(o) + deg(y) < 4,

(—1)2(deg()+D) o kx Axy) AR  if «,B €SE,yeST,
deg(a) + deg(y) > 4.

(o, B,v) = (5.10)

The product is so(U)-equivariant and its associated Tits-Kantor-Koecher Lie algebra is Eg.

Proof. Identities (i) and (ii) of Definition [[.1] can be checked by tedious but straightforward
computations, using the root space decomposition of Eg and so(U)-equivariance of (5.9)-
(5.10). We here simply record that so(U) is generated by the two abelian parabolic subal-
gebras which exchange W and W* so that so(U)-equivariance follows from the equivariance
under the action of these subalgebras. The latter can be directly checked using (5.8). O

To proceed further, we first note that any KTS of type EI, EII, EIII is a modification, in
Asano’s sense [6], of the KTS of type EIV. In other words, we consider new triple products
of the form

(“7B7Y)®:(a7®(BJ7Y) ) (511)

where the product on the r.h.s. is the EIV product described in Theorem[5.6land @ : S — S
an involutive automorphism of it. It is known that a modification of a KTS is still a KTS.
Note that @ has to be der(S)-equivariant, where ver(S) is detailed in (5.7) for all cases.
Furthermore, since any endomorphism of S is realized by the action of some element in the
Clifford algebra, we are led to consider det(S)-equivariant elements in C¢(U), which are also
involutive automorphisms of the triple product of type EIV.
We introduce the required maps

> for EI,
. 1 ~ o ~
Do) = ildx' A (F«x) 1% (*«)) for EII, (5.12)
ildx!' Na—1 5 «) for EIII,
oxT
where * is the modified Hodge star operator given by o = e(«) » « with e(«) = —«x when

deg(a) = 1,2 and e(a) = & when deg(a) = 0, 3,4. It is easy to see that any © is the volume,
up to some constant, of a non-degenerate subspace of U of appropriate dimension and hence
realized as the action of an involutive and det(S)-equivariant element of the Pin group. As
an aside, we note that conjugation by @ in case EIII is nothing but the outer automorphism
of so(U) associated to the symmetry of the Dynkin diagram exchanging S* and S~.

Theorem 5.7. Let U be an 8-dimensional complex vector space with a non-degenerate symmetric
bilinear formn and fix an isotropic decomposition U = W & W*. Then the associated 16-dimensional
spinor representation S = A*W* is a K-simple Kantor triple system with the modification

(“7[37"/)(13 :(“7®(B)>Y) ) “>B>YES> (513)

of the triple product described in Theorem [B.61by any of the three endomorphisms (5.12) of S. Each
product is dex(S)-equivariant, see (5.7), and its associated Tits-Kantor-Koecher Lie algebra is Eg.

Proof. The KTS described in Theorem 5.6l is so(U)-equivariant, hence equivariant under the
action of the connected component of the identity of Pin(U). It immediately follows that the
map @ in case El is an automorphism of the KTS. A similar statement is directly checked for
EIIl and, consequently, for EII too. Hence, general properties of modifications apply. O
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5.3. The case g = E7.
The grading

i x
of g = E7 is of extended Poincaré type. Let (U, n) be a 10-dimensional complex vector space
with a non-degenerate symmetric bilinear form and S = S* @ S~ the decomposition into

semispinors of the 32-dimensional spinor so(U)-module S. We have g ~ so(U)®s((2, C)eCE,
where E is the grading element, and

g—IZSJrlX(CQv QIZSi&(CQv

g-2= u, g2 = u )
with their natural structure of go-modules. There are 3 compatible real forms EV, EVI, EVI],
and the derivation algebras of the corresponding triple systems are respectively given by
50(5,C) @ s0(5,C) ds0(2,C), s50(3,C) ®s0(7,C) dsl(2,C) and s50(9,C) & s0(2,C).

We recall that in our convention (5.) the Clifford algebra Ce(Ul) acts on
S=C®---®C%, k=5,
_—
k—times

and that S* are the +1-eigenspaces of the involution i vol = T®- - -®@T. There is a unique (up to

constant) admissible bilinear form f : S® S — C on S with invariants (t, 0,1) = (—1,—1,—1).
It is given by

Bx1® - ®x%5,Y1 ®--- @Ys) = w(x1,Y1) < x2,Y2 > -~ w(x5,Ys) , (5.14)
where < —, — > (resp. w) is the standard C-linear product (resp. symplectic form) on C2
and xi,y; € C?,i=1,...,5. We note that semispinors ST are isotropic and (S*)* ~ STF.

We consider so(U)-equivariant operators
r-se@esS—-1u, 515
n((s, 1)) = Bluwos,t) 619
and
r?.ses —so(U),
(5.16)

n(r® (s, thu,v) = pluAvos,t),
where s,t € S, u,v € U. They are symmetric and satisfy I'(S*,ST) = r2(s+,s+) =0.
The structure of graded Lie algebra onm = g_» @ g_; is a mild variation of the usual Dirac
current:
[s®c,t®d =T(s,t)w(c,d),
where s, t € ST, ¢, d € C2. The Lie algebra g acts naturally on m by 0-degree derivations and
we now in turn describe g; and go. The general form of the adjoint action on m of positive
degree elements of g is constrained due to go-equivariance: foranyr € S—,c € C2and u € U,
we have thatr® ¢ € g1 and U € go act as
roc,tod=c I rtwlc,d + cop(r,t)w(c,d)E + c3 B(r,t)ced
[ —— | —— S —
element of so(U) element of CE element of s((2,C) (517)
r®c,v]=vor®c,

and respectively
Ut®d=—uot®d,

,vl=c4 uAv + c¢5 n(uy,vVE | (5.18)
element of so(U) element of CE

forallt € St,d € C? and v € U. The values of the constants cy, ..., c5 are now determined.
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Proposition 5.8. ¢; = —1, ¢y = %, c3=—landcy =2, c5=—1.

Proof. WeletreS—,te ST, uelU, c,de C? as above and depart with

0=[fr®c[ted, ul
[rec,ted,u+t®dr®cul
= w(c, d)(clr(Z)(r,t)u —2coB(r,t)u—T(t,uor)).

Abstracting w(c, d) and taking the inner product with any v € U yields
0=cip(uAvor,t)—2coB(r,t)n(u,v) +B(uovot,r)
= (Cl + 1)[3(11/\\) o, t) + (_2C2 + 1)B(r,t)ﬂ(u,") )
where we used uov =uAv—n(u,v). Since St ~ (S7)* and End(S™) ~ A*U @& A?U & AU
acts faithfully on S—, the two terms vanish separately and the values of ¢; and c» follow.

The proof of cg = —1 relies on the explicit realization (5.I) of the Clifford algebra. Let
T €S, t €St and choose c, d € C? satisfying w(c,d) = 1, then

rodtec,tedl =T(t,t)or®d

and
redltectedl=[ledtoc,tod +1t®c,[reodted]

=T (rt) - t®@d+cop(r,t)t @ d +3csp(r,t)t@d.

Abstracting d, substituting the values of c¢; and cy already determined and rearranging
terms, we are left with the Fierz-like identity

Fit,t)or =T () - t+ B(r,t)(3 + 3c3)t . (5.19)

We now choose suitable spinors

- 1 ®5 - 1 ®5
T+ ’ T\

and use (5.1) and (5.14) to get B(r,t) = 32iand I'(t, t) = 0. A similar but longer computation
says that

1
F(Q)(r,t) =—3 Z B(r,ey Nemotler Nem
1,m

=— ) BreaAejiotleNer
Uodd

=i ) BrteAe

lodd

=-32 ) eleut,
lodd
from which I'?)(r,t) -t = i80t. In summary, identity (5.19) turns into 0 = i80t+132(3 +3c3)t,
so that c3 = —1. The values of the constants c4, c5 relative to the adjoint action of go on m are
determined by similar but easier computations, which we omit. O

The description of the Lie brackets of g = E7 is completed, with the exception of the Lie
bracket of two elements r @ ¢,s ® d € g1 =S~ K C2, which is

roc,s®d =wlc,d(rs).
To prove this identity, it is sufficient to note that elements of g, are fully determined by their
adjoint action on g_ by (5.18) and check that the Lh.s. and r.h.s. yield the same result there.
Theorem[B.9l gives 3 different KTS associated with the graded Lie algebra just described.
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Theorem 5.9. Let U be a 10-dimensional complex vector space with a non-degenerate symmetric
bilinear formnand S = ST @ S~ the associated 32-dimensional spinor module. Let p : S®@ S — C be
the admissible bilinear form on S with invariants (t,0,1) = (—1,—1,—1) and
r-ses—u, r2.ses—so(U),
the so(U)-equivariant operators defined in (5.15)-(B5.16). Fix an orthogonal decomposition
Uu=wawt

of UwithdimW =1, dimW = 3 or dim W = 5 and let I = voly, € CL(U) be the volume of W. (I

acts on S as a complex structure if dimW = 1,5 and as a paracomplex structure when dimW = 3.)

Let ] : C? — C? be the standard complex structure on C?, except for dim W = 3 where we set ] := 1d.
Then S* ® C? with the triple product

(xyz) = (-T?(r,Tos) -t + 3B(r,Ios)t) ® w(b,Jc)d

(5.20)
—B(r,Tos)t®@ (w(b,d)Jc+ w(Jc,d)b),

for all elements x =T1®@b,y =s@candz =t ® d of ST ® C?, is a K-simple Kantor triple system
with Tits-Kantor-Koecher Lie algebra g = £7 and derivation algebra
50(9,C) @ s0(2,C) if dimW =1,
2er(ST ® C?) = staby, (1, ]) ~ < s0(3,C) @ s0(7,C) & sl(2,C) if dimW =3,
50(5,C) @ s0(5,C) ®s0(2,C) if dimW =5.

Proof. It follows from the fact that the involution

o) =mwu, or@d) =Ilor®]Jd,

N rwATw if A € so(U) .
o(A) = { JA]"Lif A €51(2,C) o(F) =—E, (5.21)
o(s®c)=los®]Jd, o(u) =rwu,

whereu e U, r®d e ST XC? s®c € STXC?, is a Lie algebra morphism. The proof is
analogous to that of Theorem[5.5)] making use of the explicit expressions of the Lie brackets
of g = E7, the fact that I € Pin(U) covers the opposite of the orthogonal reflection ry : U — U
across W and the identity f(Ios,Iot) = B(s,t) forall s,t € S. O

5.4. The case g = Eg.
The grading

" i

of g = Eg is of extended Poincaré type, with go = so(U) & CE and the other graded com-
ponents given by g+1 = ST, g12 = U. Here (U,n) is a 14-dimensional complex vector space
with a non-degenerate symmetric bilinear form and S = S* @ S~ the decomposition into
semispinors of the corresponding 128-dimensional spinor so(U)-module S.

There is an admissible bilinear form § : S ® S — C with invariants (7, 0,1) = (—1,+1,—1)
and usual operators

r-ses—-1u, 5
(s, 0),10) = B(wos, ) (5-22)
and
r2.ses —so(U),
(5.23)

n(r® (s, thu,v) = puAvos,t),

s,t €S,u,v € U We note that (S*)* ~ ST and that (5.22)-(5.23) are both so(U)-equivariant
and skewsymmetric. They also satisfy I'(S*,ST) = I'?)(S*,§*) = 0.
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The arguments used in §5.T] for F4 extend almost verbatim to Eg. In particular the non-
trivial Lie brackets of g = Eg are given by the natural action of gy on each graded component
and

[s1,s2] =T(s1,82), [t1,v] =voty, [t1,51] = =T (t1,81) + $B(t1, s1)E,
[, vl =2uAv—m(u,v)E, [{,s1]=—uosy, [t1,ta] =T(t1,t2),

forall si,s0 € g-1 ~ ST, t1,ta € g1 S, ve g o~ Uand u € g2 ~ U. The proof of the
following result is similar to the proof of Theorem[5.5 and therefore omitted.

Theorem 5.10. Let U be a 14-dimensional complex vector space with a non-degenerate symmetric

bilinear formn and S = St @& S~ the associated 128-dimensional spinor module. Let p : S® S — C

be the unique (up to constant) admissible bilinear form on S with invariants (t,o,1) = (—1,+1,—1)

and (5.22)-(.23) the naturally associated operators. Fix an orthogonal decomposition
U=waew

of Uwith dimW = 3 or dim W = 7 and let I = voly, € CE(U) be the volume of W. (I acts on S as a
paracomplex structure.) Then ST with the triple product

(rst) = T3 (r,Ios) -t + %B(r, Tos)t, r,s,teSt, (5.24)
is a K-simple Kantor triple system with Tits-Kantor-Koecher Lie algebra g = Eg and derivation algebra

50(3,C) @ s0(11,C) if dimW =3,

der(ST) = stab [) ~
et(ST) = stabgo(u) (1) {50(7,(@)@50(7,(C)1'fdimW=7-

6. THE EXCEPTIONAL KANTOR TRIPLE SYSTEMS OF CONTACT TYPE

6.1. The case g = Go.

We now determine the Kantor triple system V with Tits-Kantor-Koecher pair (g = G2, 0),
see also Example[3.12l To this aim, we consider a symplectic form w on C? and a compatible
complex structure J : C? — C?, i.e., such that w(Jx, Jy) = w(x,y) for all x,y € C2.

Theorem 6.1. The vector space S3C? with the triple product given by

(3Y328) = — 5 (wlx, Jy) 2w 2y © 2% + w(y, 2x © 22) + = (w(x, Jy))*2?

2 2
for all x,y,z € C? is a K-simple Kantor triple system. Its associated Tits-Kantor-Koecher pair (g, o)
is the unique pair with g = Go and its derivation algebra is der(S3C?) =s50(2,C).

The proof of Theorem [6.1 will occupy the remaining part of the section. We first recall
that the unique fundamental 5-grading of G» is associated with the marked Dynkin diagram
o=¢=0, With go >~ s[(2, C) @ CE, where E is the grading element, and

X

g2~ C, g+1 ~ S3C?

as s((2, C)-modules, by a routine examination of the roots of Go. We fix a basis 1 of g_» and
denote decomposable elements of g_; by x3, y?, where x,y € C2. The negatively graded part
m =g o ® g_1 of g has non-trivial Lie brackets

x*,y%] = (w(x,y))°1, (6.1)
and go acts naturally on m by 0-degree derivations. In particular m can be extended to the
non-positively Z-graded Lie algebra g<gp = m @ go and it is well known that G, is precisely

the maximal transitive prolongation of g<, see e.g. [48]].
For any x* € S3C? we introduce a linear map X3 : m — g_1 @ go of degree 1 by

%%, 9% = $(w(x,y)? (x®@ wly,—) +y ® w(x,—)) —(w(x,y))’E,
element of s[(2,C) (6.2)

[?3, 1] =x3 ,
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where y3 € g_1. A straightforward computation tells us that X® is an element of the first
prolongation g; of g< for all x3 € S3C?, therefore g; = (x3|x3 € $3C?). Similarly g» = C1,
where 1 : m — go & g1 is given by

[i,yfi] = g?) ) [i, ]]-] =—E 5 (63)

where y3 € g_1. The remaining Lie brackets of G can be directly computed using transitiv-
ity and (6.2)-(6.3). They are given by the natural structure of Lie algebra of gy and

AT =AY, =7, §0%=(wxy)?T, 6.0
A, 1] =0, [E,1] =21, '

where A € s[(2,C) and X3, 73 € g;.
Now we define a linear map o : g — g by

o(1)=1, o(x3) = Jx3,
o(A) =—At, o(E)=—FE, (6.5)
o(®) =¥, ol)=1,

where we denoted the natural extension of | to a complex structure on S3C? by the same
symbol. Using (6.1)-(6.4), one sees that (6.5) is a Lie algebra morphism, therefore a grade-
reversing involution of Gs.

The associated triple product is given by the usual formula and it is invariant under the
action of the stabilizer stab, (2 c)(]) = s0(2,C) of ] in sl(2, C) - this is indeed the associated
algebra of derivations, see Example B.12]

6.2. The case g = F4.

The grading with marked Dynkin diagram X admits one grade-reversing in-
volution, the complexification of the Cartan involution of the split real form, see Table 3]
By Theorem[3.11] the derivation algebra of the associated KTS is the complexification of the
maximal compact subalgebra u(3) of sp(6,R), i.e. gl(3,C).

To describe the triple system, we consider a symplectic form w on C% and set V = AJC®
to be the space of primitive 3-forms (kernel of natural contraction 1, : A3C® — C6 by w).
Let ] : C5 — C° be a complex structure on C8 compatible with w and denote the natural
extension to a complex structure on V by the same symbol.

We will tacitly identify S2C% with sp(6, C) by means of the symplectic form

xOy:z+— wx,z)y+ w(y,z)x,
where x,y,z € €%, and introduce sp(6, C)-equivariant operators
o: A2V 5 C, (6.6)
V:S2V = sp(6,C) , 6.7)
on V. The first operator is the non-degenerate skewsymmetric bilinear form on V given by
a/\B=(xep)vol,
where «, B € V and vol = £ w3 € ASCS is the normalized volume. The second operator is
symmetric on V and given by (a multiple of) the projection to S2C% w.r.t. the decomposition
$?V~ (Ve V) e s*CP

into sp(6, C)-irreducible submodules of S2V. In our conventions this operator is normalized
so that

3
oV :Zpqui
i=1

when o = p; Ap2 Apsand B = q1 A q2 /A q3, where {pi, qi | i = 1,2, 3} is a fixed basis of C°
satisfying w(pi,p;j) = w(qi, qj) =0, w(ps, q;) = dy;.
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Theorem 6.2. The vector space V = A3CS with the triple product given by
1 1
(aBy) = S(x e JB)y + 5 (aVJB) -y

forall o, B,y € VisaXK-simple Kantor triple system with derivation algebra dex(V) = stabgy,(6.c)(]) ~
gl(3, C) and Tits-Kantor-Koecher Lie algebra g = F.

Proof. The graded components of the 5-grading of g = F4 are go ~ sp(6,C) ®CE and g4+2 ~ C,
g+1 >~ V as sp(6, C)-modules. The negatively graded part m = g_» & g_1 of g has non-trivial
Lie brackets
[, B] = (x o )T, (6.8)
where 1 is a fixed basis of g_». In particular m can be extended to the non-positively Z-graded
Lie algebra g<o = m & go and F4 is the maximal transitive prolongation of g<o [48].
For any o € V we introduce a linear map &: m — g_1 & go by

[@, Bl =AxV B+ p(xeP)E,

@, 1] = o, (6:9)
for all B € g—1, where A, u € C are constants to be determined imposing & € g;:
0 = [a, [, 1]] = [[x, BI, 1] + [, [e, 11]
= p(oce B)[E, 1] + [B,
=(—2u—1)(xep)1.
Hence u = —% and a similar computation with @ actingon g2 = [g_1,g—1] yields A = —%. In
gther words we just showed that g; = (&|x € V) whenp=A = —% ; similarly go = (Ci, where
1:m — go 4 g1 is given by
@,pl=p, [M,1=-E, (6.10)

for all B € g_1. The remaining Lie brackets of F4 can be directly computed using transitivity
and (6.9)-(6.10). They are given by the natural structure of Lie algebra of gy and

— ~

A& =Ao, Ed=&, [&FBl=(xep)T,

b R (6.11)
A,1]=0, [E, 1] =21,
where A € sp(6,C) and &,E € 9.
Using (6.8)-(6.11), one can directly check that the map o : g — g defined by

o) =1,  ofe) =Je,
o(A)=—-A', o(E)=—-E, (6.12)
o) =—Jau, o(l)=1,

is a grade-reversing involution of Fy4. O

6.3. The case g = Eg.

The KTS with Tits-Kantor-Koecher pair (g = Eg, 0) are 8, associated with 3 gradings. We
already saw 4 of them in §5.2]land we study here those associated with the grading of contact

type

X

There are 3 non-equivalent grade-reversing involutions, related to the real forms EI, EII and
EIII, with derivation algebras respectively so(6, C), (sl(3,C) & sl(3,C)) & C and sl(5,C) & C.
Let V = A3CS and vol € ASCS a fixed volume. As for the case F4 in 6.2 we introduce the
sl(6, C)-equivariant operators
e AV C,
Vo 1 S2V = sl(6,C)
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with the e defined via wedge product as in §6.2land \ defined by
(xVB)(x) = lae(BAX) +ige(x/AX),

for all «, B € V, where iy is the contraction by xe € V* = A3(C6)*. We denote by M;, Ma,
the endomorphism of C° represented by the matrices

0 0 00 0 1 0 0000 —1
0 0 00 -1 0 0 1000 0
0 0 01 0 0 0 001 00 0
Mi=1g 0 10 0 ol M=o 0010 o (6.13)
0 -1 00 0 0 0 0001 0
1 0 00 0 O -1 0 0 0 0 0

and by 7 the scalar product on C° of signature (+ — + — +—). We let x : APCS — A6—PCS
be the corresponding Hodge star operator.

Theorem 6.3. The vector space V = A3CS with triple product
1 1
(xBy) = 5(acoxB)y — S{aV4B) -y

forall o, B,y € VisaK-simple Kantor triple system with derivation algebra dex(V) = stabg(g c)(n) ~
s0(6, C) and Tits-Kantor-Koecher Lie algebra g = Eg.

Proof. The graded components of g are go ~ sl(6,C) ® CE, g+1 ~ V and g+2 ~ C. Direct
arguments similar to those made for the contact grading of F4 show that the Lie brackets are
given by the natural action of the Lie algebra go and

o, B] = (oo B)T, @, Bl = (e )T,
@Bl =2aVp—3(xep)E, [&1]=a,
1,Bl =8, 1,1]=—E,
A& =TA,d, A, T1=0,

with o, p € g1, &P €g1, 1 €g_9, 1 € goand A € sl(6,C). The grade reversing involution
is given by

~

o(l)=1, o(a) = *a ,
o(A) =—A', o(E)=-F, (6.14)
o) ==, ol)=1.

and the triple product follows at once. O

Theorem 6.4. The vector space V = A3CS with triple product
1 1
(aBy) = 5 (o MB)y — 5V MB) -y
forall o, B,y € Vand M = My or My as in (6.13) is a K-simple Kantor triple system with

sl(3,C) @ sl(3,C)aC  ifM =M,

vet(V) = stab M) ~
(V) si(6,c) (M) {5[(57@@6 M = Mo

and Tits-Kantor-Koecher Lie algebra g = Eg.

Proof. Therestriction of the involution o to s((6, C) is either the complexification of the Cartan
involution of su(3,3) or su(1,5). By [40], one has that 6(A) = MAM™! for any A € sl(6,C),
where M € GL(6, C) is conjugated to either Diag(Ids, —Id3) or Diag(Ids, —1). In the first case
we set M = M and in the second M = M.

If we extend the natural action of M on g4; to a grade-reversing involution of g then
necessarily

ol&, Bl = [0(&),0(B)] = [Ma, MB] = —3 (Mo e MB)E — 1 (M MB)
= (oo B)E+ sM(xV BIM
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where we used that (Mo e MB) = —(xe ) and (MaV MB) = —M(« V B)M. In particular
olaV B) = M(aV B)M~L, hence o(A) = MAM™! for all A € sl(6,C) and we arrive at the
involution

o(l)=-1, cr(oc)zl\//l&,
o(A)=MAM~! | o(E)=-F, (6.15)
o(&) = M« o(l)=-1,
The claim on the algebra of derivations follows from stabg (s ¢)(M) ~ sl(k,C) ®sl(6—k,C)dC
where k = 3,1 for M is conjugate to M; and M., respectively. O

6.4. The case g = E~.

The Kantor triple systems with Tits-Kantor-Koecher pair (g = E7, 0) are 7, associated to 3
different 5-gradings. The contact grading

>< I

of E7 admits 3 grade-reversing involutions, corresponding to the real forms EV, EVI and
EVII, with derivation algebras respectively so(6, C) &s0(6,C), gl(6, C) and so(2, C) &s0(10, C).

The corresponding systems are close to those of extended Poincaré type studied in §5l
Indeed gp ~ so(U) ® CE and g42 ~ C, g41 ~ ST as so(U)-modules. Here (U,n) is a 12-
dimensional complex vector space U with a non-degenerate symmetric bilinear form n and

S=St*eS™

the decomposition into semispinors of the 64-dimensional spinor so(U)-module S.

In this section, we will make extensive use of the explicit realization (5.1)) of the Clifford
algebra C{(U) as endomorphisms of

S=C’®---®C>, k=6.
~—_——
k—times
We note that in our conventions S* are the +1-eigenspaces of the involution
fvol=T®---®T,

that is the opposite of vol, as k = 6. There exists an admissible bilinear form f : S® S — C
with the invariants (1, 0,1) = (—1,—1,1). It can be easily described using G.I): if < —,— >
(resp. w) is the standard C-linear product (resp. symplectic form) on C2, then

Bx1® - ®x6,Y1 @+ @Yp) =< x1,Y1 > w(x2,Y2) < x3,Y3 > - w(x6,Ye) (6.16)
where xi,y; € C2,1 = 1,...,6. In particular ST are orthogonal. As in §5.1] there exists an
operator

r2.ses —so(U),
@ (s, t)u,v) = B(uAvos,t),
where s,t € Sand u,v € U. It is a symmetric so(U)-equivariant operator.
We fix a basis 1 of g_o and write the graded Lie algebra structureonm =g_o & g1 as
[s,t] = B(s,t)1,

forall s,t € ST. We now turn to describe the positively-graded elements of g. For any s € S*
we introduce the linear map s: m — g_; @ go of degree 1 by

5,8 = AT (s, 1) + uB(s, t)E ,

5,1l =s,
where t € ST and A, p € C are constants to be determined. We note that the equations (6.17)

are not identitical to those encountered in the extended Poincaré case, see e.g. (5.2), as here
there is no Clifford multiplication of elements from g_o with g_;.

(6.17)
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N[

Proposition 6.5. The map s € gy forall s € S* ifand only if A = 1, u

Proof. We compute
0=1[s[t1]] = [[5, 4], 1] + [t, [5, 1]]
= _2HB(S,t)]]- + B(t,S)]].

for all s,t € S* and directly infer u = —3. The proof of A = 1 is more involved and it relies
on the explicit realization (5.I). We depart with

s, [t,7]] = B(t,1)s

and note that
[/5\7 [t,T]] = H/S\a tLﬂ + [t7 [/S\a T]]
=A@ (s, 1) T —ATP(s,7) - t
+3B(s, t)r— 3B (s, )t

for all s, t,r € ST. We now choose suitable spinors

1 ®6 1 ®6
s:r:< > , t:< )
+1 —1

and use (6.16) to get B(s,r) = 0, B(s,t) = 64i. Longer but straightforward computations
similar to those of Proposition 5.8 yield

r (s,t) =64 Z et/\eir1
lodd
and I'?)(s,s) = 0.
We are therefore left with the identity

—64is = AT (s, 1) - s + 32is

=64\ ) erAersr-s+32is
lodd

= —%647\3 + 32is

from which A = % follows. O

Finally we consider the generator T:m— go @ g1 of the 1-dimensional component g of g
defined by

A,t=t, [1,1]=-E, (6.18)

and note that [3,t] = (s, t)L foralls,t € S*. This completes the description of Lie brackets of
g = E7. We now turn to the KTS associated with the 3 different grade-reversing involutions.

The proof of Theorem[6.6]is similar but not identical to that of Theorem[5.5land we there-
fore outline its main steps.

Theorem 6.6. Let U be a 12-dimensional complex vector space with a non-degenerate symmetric
bilinear formn and S = ST & S~ the associated 64-dimensional spinor module. Let B : S® S — C
be the admissible bilinear form on S with invariants (t,0,1) = (—1,—1,1) and T®) : S® S — so(U)
the operator given by

n(r® (s, thu,v) = puAvos,t),
where s,t € Sand u,v € U.
(1) Fix an orthogonal decomposition

U=weaewt
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of U with dimW = 6 or dim W = 2 and let I = ivoly, where volyy € CE(U) is the volume
of W. (Lacts on S as a paracomplex structure in both cases.) Then the semispinor module S*
with the triple product

1 1
(rst) = —51“(2)(1‘, los)-t+5p(rlos)t,  mste st (6.19)
is a K-simple Kantor triple system with Tits-Kantor-Koecher Lie algebra g = E7 and

50(6,C) & s0(6,C) if dimW =6,

der(ST) = stab [) ~
) = el (D {50(2,6)@50(10,@ifdimW=2-

(2) Fix a split decomposition U = W@&W* of U into the direct sum of two isotropic 6-dimensional
subspaces and let

I, = exp(tX) € Spin(U) , X = (IdW 0 )

0 —Idw-

be the complex 1-parameter subgroup of the spin group generated by X € so(U) ~ spin(U).
If we set I =1 for t = i% then the semispinor module S* with the triple product

(rst) = —%r@)(r, Tos)-t+ %B(r, los)t, msteSt, (6.20)
is a K-simple Kantor triple system with Tits-Kantor-Koecher Lie algebra g = E7 and
ver(ST) = stabg, () (1) =~ gl(W) .

Proof. (1) Let 0: g — g be the grade-reversing map defined by

0(]l)=—i, 0(s)=Io/\s,
o(A)=rwArw, o(E)=-E, (6.21)
o(8)=1los, o(l)=-1,

where s € ST and A € so(U). Itis a Lie algebra involution, as I € Spin(U) covers the opposite
of the orthogonal reflection ryy : U — U across W, i.e., Ad; = —rw and p(Ios,t) = —B(s,Iot)
foralls,t €S.

(2) First note that I acts as a complex structure on U via the spin cover Ad: Spin(U) — SO(U).
In particular I € Spin(U) sits in the twisted center

tween CL(U) ={a € C{(U)|aov=—voa forall veV}

of C{(U), which is known to be generated by vol, as dim U is even. It follows that I? = xvol
for some fourth root of unity « and a direct computation with exponentials reveals that
12 0 s = —s for the positive-chirality spinor

®6
(1 +
S_<+i> esr.

In other words, I = vol in the Clifford algebra (recall that ST = +1-eigenspace of — vol) and
I acts as a complex structure both on U and S™.
Let 0 : g — g be the grade-reversing map defined by

—

o(l)=-1, o(s) =ilos,
o(A) =IAI"!, o(E)=-F, (6.22)
o(3) =ilos, o(l)=-1,

and note that 0? = 1 by the above arguments. Using the expressions of the Lie brackets of
g = E7 and the equivariance properties

RB(los,Iot)=P(s, 1), r(los,Iot) =13 (s, )11
for all s,t € S, we get that o is a Lie algebra involution, with associated KTS (6.20). O
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6.5. The case g = Eg.
Let

X
I (6.23)

be the contact grading of g = Eg, with even graded components gy = CE & E7, g4+2 = C and
where g is given by the defining 56-dimensional representation of E.

There are two inequivalent associated KTS, which correspond to the split real form EVIII
and the real form EIX. The first has derivation algebra the (complexification of the) maximal
compact subalgebra su(8) of EV, the second the maximal compact subalgebra of EVII:

amw:{izgm (6.24)

We anticipate that the KTS with det(V) = Eg & C is a variation of the triple system historically
first introduced by Freudenthal to describe the defining representation of E7 [15]. We will
introduce a paracomplex structure I : V — V which relates the triple system of Freudenthal
with ours, making evident that the KTS product is not equivariant under the whole E7 (as
for the Freudenthal product).

We note that g = Eg with the grading (6.23) is the only 5-graded simple Lie algebra with
go of exceptional type. Due to this, instead of looking for a uniform description of g and
in particular of the adjoint action of gg on g1, we shall use two different presentations, for
each one of the two KTS. We begin with some introductory background on Jordan algebras.

6.5.1. Preliminaries on cubic Jordan algebras and associated structures. We recall that a Jordan
algebra J is a complex vector space equipped with a bilinear product satisfying

AoB=BoA, (AoB)oA?=Ao(BoA?),

for all A,B € J. An important class of Jordan algebras is given by the cubic Jordan algebras
developed in [44, 35]; we here sketch their construction, following the presentation of [36].

Definition 6.7. A cubic norm on a complex vector space V is a homogeneous map of degree
three N : V — C such that its full symmetrization

N(A,B,C) = é(N(A—i—B—FC) —N(A+B)—N(A+C)—NB+C)+N(A)+N(B)+N(C))
is trilinear.

We say that ¢ € V is a basepoint if N(c) = 1. If V is a vector space equipped with a cubic
norm and a fixed base point, one can define the following three maps:

(1) the trace form,

Tr(A) =3N(c,c,A), (6.25a)
(2) abilinear map,
S(A,B) =6N(A,B,c), (6.25b)
(3) a trace bilinear form,
(A,B) =Tr(A) Tr(B) — S(A, B). (6.25¢)

A Jordan algebra ] with multiplicative identity 1 = ¢ may be derived from any such vector
space V if N is Jordan.

Definition 6.8. A cubic norm is Jordan if

(1) the trace bilinear form (6.25¢) is non-degenerate;
(2) the quadratic adjoint map : J — J defined by

(A%,B) = 3N(A, A, B)
satisfies (Af)f = N(A)A forall A € J.
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We define the linearization of the adjoint map by
A x B:= (A +B)f — Af — B (6.26)

and note that A x A = 2Af. (We remark that other authors define A x B with an additional
factor %, in their conventions A x A = A%) Every vector space with a Jordan cubic norm
gives rise to a Jordan algebra with unit 1 = ¢ and Jordan product

AoB:= %(AxB+Tr(A)B+Tr(B)A—S(A,B)1). (6.27)

We conclude with the definition of reduced structure group; for more details on cubic Jordan
algebras, we refer the reader to the original sources [44), 35, 36], see also e.g. [32} §2].

Definition 6.9. The reduced structure group of a cubic Jordan algebra ] with product (6.27) is
the group

Stro(J) ={t:] = JIN(tA) =N(A) forall A € J}

of linear invertible transformations of | preserving the cubic norm.

It is well known that over the field of complex numbers, there is a unique simple finite-
dimensional exceptional Jordan algebra, called Albert algebra. It is a cubic Jordan algebra of
dimension 27. The underlying vector space V is the space $3({1) of 3 x 3 Hermitian matrices
over the complex Cayley algebra il (=complex octonions) and the cubic norm N : H3(4) — C
the usual determinant of a matrix A € $3(4), the only proviso being that the order of the
factors and the position of the brackets in multiplying elements from il is important. The
interested reader may find the explicit expression of N in e.g. [32} eq. (16)]. The trace forms
(6.25a) and (6.250) associated to the identity matrix as basepoint coincide in this case with
the regular trace,

(A,B) = % Tr(AB + BA) ,

whereas the adjoint A of A € $3(41) is the transpose of the cofactor matrix [32, pag. 934].

The reduced structure group Stro($3(Ll)) of | = $H3(4) is a simply connected simple Lie
group of type Eg and the natural action on ] its 27-dimensional defining representation.
Elements t € Strg($3(4)) can be equally characterized by the following identity

T(A) x T(B) = (t*) }(A x B) ,

forall A, B € H3(U), where t* is the transposed of T relative to the trace bilinear form (6.25¢).
We recall that the defining representation | of E¢ and its dual J* are not equivalent; in our
conventions J* is still represented by the set ] but the action of Stro($3(4l)) is T+ (t*) 1. We
will not distinguish between ] and J* if the action of Stro($3(l)) is clear from the context.

We now turn to recall Freudenthal’s construction of the 56-dimensional defining repres-
entation of the Lie algebra E7 from the 27-dimensional Albert algebra [15]. It is a special
case of a more general construction by Brown in [9] which departs from any cubic Jordan
algebra, but for our purposes it is enough to assume | = $3(4) from now on.

We consider a vector space § = §(J) constructed from ] in the following way

sJ)=CeCaJa]"

and write an arbitrary element x € § as a “2 x 2 matrix”

x:<g g), where o, € C and A€],Be]J". (6.28)
We note that the Lie algebra E7 admits a 3-grading of the form
Er=Ja(Es@CG)a]",

deg(]) =—1, deg(Eg®CG) =0, deg(J*) =1, (6.29)
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where G is the corresponding grading element, and following [42] we will use the shortcut

O =0(p,X,Y,v) € Er
(beks, Xe], Y], ve(),

to denote elements of E;. The action of E7 on F is as follows, see [15] and also [42], §2.1].
Proposition 6.10. The representation of the Lie algebra E7 on § is given by

o« A\ ov + (X, B) GA — IvA +Y x B+ pX
(4, X, Y, v) (B 5>_<—¢*B+§vB+XXA+o¢Y —3[5v+(Y,A) )

In particular the grading element of (6.29) is given by G = ®(0,0,0,—3).

Decomposing the tensor product § ® § into irreducible representation of E7, one readily
sees that there exist unique (up to multiples) Er-equivariant maps

{H}:Fef—-C
and
X:§RF — Er.
The first map is the standard symplectic form
{x,y}=ad—py+(A,D)—(B,C), (6.30)
where
G -9

are elements of §. The second is the so-called Freudenthal product, an appropriate extension
of the operation (6.26) on ] to the whole §, see e.g. [42) §2].

Proposition 6.11. Forx,y € §as in (6.31), the Freudenthal product is given by xxy := @ (¢, X,Y,v),
where

>
<
)
+
@)
<
=

(6.32)

and AN B € Eg is defined by (A V B)C = 3(B,C)A + £(A,B)C — 1B x (A x C). The group of
automorphism of the Freudenthal product is a connected simple Lie group of type E7.

We are now ready to describe the KTS with derivation algebra Eg ¢ C.

6.5.2. The first product. In the following, we denote by I : § — § the paracomplex structure

on § defined by
I x A\ [« A
B g) B )"

Note that I is invariant under the subalgebra E¢ & CG of E; (6.29).
Theorem 6.12. The vector space § with the triple product given by
1
(xyz) = —4x x Iy(z) + 3 {x,Iy}z

forall x,y,z € § is a K-simple Kantor triple system with Tits-Kantor-Koecher Lie algebra tg and
derivation algebra der(F) = Eg & CG.
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Proof. The Lie algebra g = Eg with the 5-grading (6.23) has negatively graded part
m=g-29g-1
=Cloeg

with Lie brackets [x,y] = {x,y} 1 for all x,y € §. Clearly go = E7 & CE acts on m by 0-degree
derivations and it is known that Eg is the maximal transitive prolongation of g<¢ [48].

We will denote elements of g1 ~ Fby X,y : m — g_1 $go and fix a generator T:m— go®gr
of go. By E7-equivariance, the adjoint action on m is necessarily of the following form:

Xyl =cix xy) +ca{x, y} E, x, 1] =x,
and
T,y =7, [T,1] = c3E ,

for some constants cq, co, c3 to be determined. First of all

0=[1, 1] =[[1,x],1] + [x,[1,1]]

=[x, 1] +c3lx, E] =x+c3%,
and similarly
0= [;('\7 [yv ]]-]] = [C2 {X7U}E7 ]]-] —{Xﬂj} 1

=—(2co+1){x,y}1,

for all x,y € §, whence c3 =—1, co = —%. On the other hand
X, ly,zll ={y,z}x (6.33)

and

[X,yl,z] + [y, [X,z]] = [e1(x x y) +c2{x,y} E, z] —[c1(x x z) + ca{x, 2} E,y]

1 1 (6.34)
=cxxy(z) + 5 ylz—ex xzly) — 5 {x zhy -

Choose x =y = ((1) (1)> and z = ((1) _01> sothatx xy = @(0,0,0,—%),{x,y} =xxz=0,
{x,z} = {y,z} = —2 and get ¢; = 4 equating (6.33) with (6.34). The adjoint action of the
positively-graded part of g on m has been described. The remaining non-trivial Lie brackets
of g are given by the natural adjoint action of gy and [x, Y] = {x,y} 1 for all X,y € §.

Using the explicit expressions of the Lie brackets, it is a straightforward task to check that

o(l)=-1, o(x) = Ix,
U(®(¢>A>B,V)) :(D(CI),—A,—B,'V) ’ O_(E) =—E )
o(X) = Ix , o(1) =1,
is a grade-reversing involution of g and compute the triple product. O

6.5.3. The second product. To get the second KTS associated to the contact grading of Eg, we
emply a description of E7 dating back to Cartan [12].
The Lie algebra E7 admits a symmetric irreducible decomposition

E; =sl(8,C) & A*(C8)*,

where the Lie subalgebra s((8, C) acts in the natural way on A*(C8)*. To describe the brackets
of two elements in A*(C8)*, it is convenient to fix a volume vol € A8(C8), let § : AK(C8)* —
A8=K(C?®) be the map which sends any ¢ to ig(vol) and b : AB*(C8) — AK(C8®)* its inverse.
The maps ¢ and b are sl(8, C)-equivariant and can be thought as the analogs of the usual
musical isomorphisms when only a volume is assigned. Let also

o AR(C?) @ AR(C®)* — sl(8,C)
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be the unique sl(8, C)-equivariant map for any k = 1,...,7, which in our conventions is
normalized so that

ej..xe¢€ :T el®e—_ Z e]®e
i=1 j=k+1

where (e;) is the standard basis of C® and (e') the dual basis of (C®)*. With this in mind,
the Lie bracket of «, € A*(C®)* is the element

[(X,B}:OCﬁOB

of s((8,C).
The contact grading of g = Eg is given by go = E7 & CE, g42 ~ C and

+1~ A%(C%) @ A%(CP)*
where the negatively graded part m = g_» & g_1 of g has the Lie brackets
X, Y] = (x"(y) —y"(x))1
forall X = (x,x*), Y = (y,y*) in g_1 = A?(C®) @ A%(C®)*. The action of gg as derivations of m
is the natural one of s[(8,C) & CE together with
[o¢, XJ = (e Ax*)E, ix (@)

where « € A*(C8)*and X € g_;.
The next result follows from the fact that g = Eg is the maximal prolongation of m & go
[48] and from direct computations using s((8, C)-equivariance.

Proposition 6.13. Forall X = (x,x*) € A2(C3) & A2(C®)*, the operator X : m — g_1 & go given by

~

1
XY= (xoy" +yex')+(x" Ay — (xAy)’) —5 (X" (y) —y" ())E,
element of s1(8,C) element of A*(C8)* element of CE
X,1] =X,

where Y € g_1, is an element of the first prolongation gy. Similarly 1 : m — go & gy given by
1,Y1=Y, 1,1]=—E,
is a generator of ga.
It is not difficult to see that the remaining Lie brackets of g are given by the action of E and
AX=AX, (X=X, KV=KXY (6.35)
where A € 5((8,C), x € A*(C8)* and X,Y € A2(C8) @ A%(C8)*.
Theorem 6.14. The vector space A%(C®) @ A2(C3)* with the triple product

(XYZ) :i(lz*(X/\U) + §(X*( ) +y*(x))z+ (xey* —yex*) - z+ (x* +Ay* /\Z*)ﬁ)

L(x* Ay*) + %(x (y) —i—y (x))z* 4 (xey* —y ex*) - z* + (x Ay Az)

forall X = (x,x*), Y = (y,y*), Z = (z,2*) in A2(C3) @ A%(C®)* is a K-simple Kantor triple system
with Tits-Kantor-Koecher Lie algebra Eg and derivation algebra s((8, C).

Proof. The map defined by

ol)=1, o(X) = (ix, —ix*) ,
o(A)=A, ola) = —a o(E) =—-E,
O'()/(\) = (—ix,ix*), G(i) =1,

for all X = (x,x*), A € sl(8,C), « € A*(C®)*, is a grade-reversing involution of Es. O
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7. THE EXCEPTIONAL KANTOR TRIPLE SYSTEMS OF SPECIAL TYPE

7.1. The case g = Eg.

The Lie algebra Es admits a special 5-grading which is not of contact or of extended Poin-
caré type. It is described by the crossed Dynkin diagram

>< i
and its graded components are gy = sl(5, C) @ sl(2, C) @ CE, where E is the grading element,
and

g1 =A2(C°)*RC?, g1 = A2C°RC?,
g2 =AY C)", g2 = A'C?
with their natural structure of go-modules. In the following, we denote forms in A%(C?)*
(resp. A4(CP)*) by «, B, (resp. &, ¢, V) and polyvectors by & € A2C?, £ € A*C, etc. Finally
a,b,c € C? and we use the standard symplectic form w on C? to identify s!(2, C) with S2C2.
In order to describe the Lie brackets of Eg, we note that for k = 1,...,4 there exists a
(unique up to constant) sl(5, C)-equivariant map
o : AKCP @ AR(C?)* — sl(5,C) .

In our conventions, it is normalized so that

5k & kK o
1k _2—K e K o
el.xee =% E ei®e 5‘5 ejoe,
i=1 j=k+1

where (e;) is the standard basis of C° and (e') the dual basis of (C°)*. The structure of
graded Lie algebra onm = g_» @ g_1 is given by
[x®a,pRbl =w(a,b)aANp,
while the adjoint action on m of positive-degree elements is of the form
[x®a,pe®bl=c1153pa®b + c215fw(a,b)E + c3 w(a,b)xef
A — —
element of s1(2,C) element of CE element of s[(5,C) (71)
[&® Cl,'ll)} :1&11)@ a,

and
[E,B @bl =—1E@ Db,
[Ewl=caiyhE + c5 Eop (7.2)
< —
element of CE element of s((5,C)
for some constants cq, ..., c5 to be determined.
Proposition 7.1. The constants in ZI)-(Z2) arecy =3, co = -3, cs3 =1, cu =2 and c5 = 1.

Proof. As usual, elements of the first and second prolongation act as derivations on m.
First, let us choose a,b € C2? such that w(a,b) = 1 and compute

O=la®aBebfl=[x®apab,{+Bablaxal
=—2c2(15B)E +c3(xe B) - E— B A1gé
for all & € A2CP, B € A2(C%)*, & € A*(CP)*. Choosing suitable forms and polyvectors yields

a regular non-homogeneous linear system in c», c3. For instance ifa=e, B = e!? one gets
—202—%03:1, —2024—%03:0,
taking & = el234 and & = e23%5, respectively. In other words ¢y = —1%, c3 = —1. The adjoint

actionof gy ong 2 =1[g_1,9-1] gives c; = % with an analogous computation.
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We now note that
0=[E[Bab,pll =& B @b, v +[Bxb, E]
=—[p&@b,p +c5[B@b,Eew] +calizh)p @b
= P @b —cs(Ee) pOb+csipd)p @b

holds for all b € C2. Choosing £ = ej234, b = €!23% and, in turn, p = e!2 and then p = e%,
yields a system of linear equations

%05-1-04:1, —%C5-|—C4:07
whose unique solutionis ¢4 = 2, ¢5 = 1. O

The remaining Lie brackets follows easily, as g = Eg is the maximal prolongation of m =
g—2 @ g—1. They are given by the natural action of go on g, p > 0, and by
[&®a,p®bl=—w(a,b)&Ap

forall &, € A2C5 and a,b € C2.

By the results of §3.3]there is only one grade-reversing involution, namely the Chevalley
involution with derivation algebra so(5,C) @ so(2,C). To describe the associated KTS, we
denote by n the standard non-degenerate symmetric bilinear form on CP for p = 2,5 and
extend the musical isomorphisms

b:CP — (CP)*, 5:(CP)* — CP,
to forms and polyvectors in the obvious way. When p = 2 we also consider the compatible
complex structure ] : C — C? given by n(a,b) = w(a, Jb) for all a,b € C2.

Theorem 7.2. The vector space V = A?(C°)* ® C? with triple product
1
((e®a) (B @b) (y®c)) =—gnla B)(wla,c)y@Jb+w(]b,c)y®a)

1

for all o, B,y € A2(C®)*, a,b,c € C?, is a K-simple Kantor triple system with derivation algebra
der(V) =s0(5,C) @ s0(2,C) and Tits-Kantor-Koecher Lie algebra g = Eg.

+ bl BIn(a,bly @ ¢~ n(a,b)(B e a) -y B ¢

Proof. Let 0: g — g be the grade-reversing map defined by
o(&) = —&7, ola®a)=x'®Ja,
o(A) = —A", ofE) =—E , 73)
ol@®a)=—&®Ja, off)=-¢&,

forall A € sl(2,C)@sl(5,C) and forms &, «, polyvectors &, &, a € C2. Clearly 62 = 1 and by the
explicit expressions of the Lie brackets of E¢, one checks that o is a Lie algebra morphism. [

7.2. The case g = E~.
The Lie algebra g = E7 admits a special grading similar to that of E¢ in §7.1] i.e.,

X

with graded components g ~ s[(7,C) & CE, g_1 ~ A3(C7)*, g1 ~ A3C7, g_o ~ AS(C7)* and
g2 =~ ASCT. There is only one grade-reversing involution, i.e., the Chevalley involution. The
symmetry algebra of the associated KTS is so(7,C).

Let n be the standard non-degenerate symmetric bilinear form on C7, which we extend
naturally to any AXC7, k > 0. As in §ZI]we consider the sl(7, C)-equivariant projection

o : AKCT @ AR(CT)* — s1(7,C)
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normalized so that

T—k & kK &
1---k_;§ . i_ = 2 . j
ej.xee =TT e;®e 7 eje,
i=1 j=k+1

where (e;) is the standard basis of C7 and (e') the dual basis of (C”)*. We denote by g and b
the musical isomorphisms, inverse to each other, associated to n.

Theorem 7.3. The vector space V = A3(CT)* with triple product

(aBy) = Zn(o, By — (B o) -y

forall o, B, v € Visa K-simple Kantor triple system with symmetry algebra dex(V) = stabg((7.c)(n) =~
s0(7,C) and Tits-Kantor-Koecher Lie algebra g = E7.

Proof. The Lie brackets are given by the natural action of the grading element E, the standard
action (resp. dual action) of the Lie algebra s[(7,C) on AXC7 (resp. A*(C")*) for k = 3,6 and

[, Bl = A B, (& Bl =—&AB,
(&, Bl = —21zBE— (xeB), [ &=izE,
£ o) =ia, Eb) =20 E+ (Ee),

with o, B € g_1, & B € g1, &, € g_2, &, € go. The grade reversing involution is
o(&) ==&, ola) = —af,

G(A) - _At 9 O_(E) = _E 9 (74)
o(&) =-&, of&)=—&
and the triple product follows as usual. O
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